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O IMMOCTPOEHMHM MEPBI U3 OBBEMA

HO3E® KAJIAC, Bpatuciasa

B Hacrosiuei pabote 06061aetcs MeTon npenoxennbiii . [ToGpakoBbIM.
M. [1o6pakoB CTPOUT TaK Ha3bIBAEMYIO NMOJIyaAqUTHUBHYIO MEPY ONpPEAEIEHHYIO Ha
cuUCcTEME BceX OOpENeBCKMX MHOXECTB, M3 HEKOTOpO#N (YHKIHH MHOXECTBA,
OMnpefie/IeHHON Ha CHCTEME BCEX KOMIMAKTHbIX MHOXECTB.

Hau meton moxox Metony T. HeyGpyHHa myGIMKOBAaHHOMY B cTaThu [2]. Mbl
TOXE BbIXOAMM M3 mapbl (%, B), rie % n B KaKHe-TO CHCTEMBI MOJMHOXECTB
OpPOCTPaHCTBa X M U3 KaKOH-TO (DyHKIIMH MHOXECTBA A OnpeeIEeHHON Ha CHCTEME
% . IonyagaMTUBHAs Mepa CTPOUTCS Ha 0-KoJblie P, KOTOpPOE CONEPXKHUT O -KOJNb-
IO MOPOXJAEHHOE CUCTEMOH B.

Ecnn Mb1 60j1€e TOro npeanooKuM, YTo (PyHKIMsE MHOXECTBa A ajiMTMBHas,
3 Haued paboThl CIHEAylOT Bce pe3ylbTaThl YX€ YNOMAHYTOH pa6orbr T.
HeyGpyHHa. '

IMycts (%, B) napa cucTEM NMORMHOXECTB NMPOCTPAHCTBA X BbIIOIHAIOLIAS
CIIEAYIOLIME YCIOBHS :

1. 0e UnB

2. Ecnm MHOXecTBa A, U A, NPHHAIJIEXAT CUCTEME %, TO TOXE MHOXECTBO
A |UA; NIpHHAQJIEXUT cUcTeMe .

3. Ecnu MHOXecTBO A € % v MHOXecTBa B,, B, npuHagiexaTt cucreme R
Tak, YTo A < B,UB; TO CyLIECTBYIOT MHOXECTBA A ;, A ; IPHHaJIeXalllee CHCTEME
U TaK, yTo A;cB,, A;cB, U1 A =A,UA,.

ITycts Ha cucteMe % onpepnesieHHas pyHKLIHMS MHOXECTBA A, KOTOpasi yqOB-
JIETBOPSET CIERYIOLIMM YCIIOBHSIM :

1’. dyHKus MHOXeCTBa A KOHeuHa U A (@) =0.

2'. Ecniu MHOXecTBa A, A, NMpHHAJIEXaT cHCTeEME % M eclii A A,, TO
AA)=EA(AY). _

3'. Eciu MHOXecTBa A, M A, nmpHHamnexar cucreMe %, 10 A(A,UA,) =
=AA)+AAL).

M3 cBotictB 1’ u 2’ cnepyer, uto pyHkuMs A HeoTpHUATENbHA.



Tenepb Mbl ONpefeinM Ha cucTeMe B (PYHKIHIO MHOXECTBa A ClleayouM
ob6pazsom:

A(B)=sup {A(C):CcB, Ce %)

ans mo6oro MHoxecTBa B € B.

Jlemma 1. ®yHkums MHOXecTBa A 06namaeT cleqyiOLUMMHU CBOACTBAMM :

a) A(#)=0,

6) A MOHOTOHHa (hYHKIIMS MHOXECTBa,

B) Ecnu B,, B, npuHamnexar cucreMe B u B,UB, npuHagnexuT cucreme A,
To A(B1UB,) = A(B))+A(B.).

HoxazarenscTBo. CBOHCTBO a) clieAyeT U3 onpepencHus hyHKIHMH A. IOoka-
xem 6). lTyctrb A, BeBuA cB.EciuCe% uCcA,10A(C)=A(B). Orciona
cnenyeT, uto sup {A(C): Cc A, Ce ¥} = A(B), 3uauur A(A)=A(B). Tenepb
pokaxem B). Ilycte B € B, B.€ B u nyctb ToXe B,UB, e RB. IIycTb MHOXECTBO
C w3 % 3aknwoyeHHoe B B,UB,. B cuny ycnosus 3 cyliecTBYIOT MHOXECTBa
C,, C€¥ rak, yro C,cB,, C;c=cB, u C = C,uC,. OTrciona cnegyeT, 4To
A(C) = AM(C)+A(Cy) = A(B))+A(B,). Torna Toxe A(B,uUB,) = sup {A(C):
CcB\UB,;, Ce¥)} = A(B))+A(B>).

ITycTh nanee BLIMOJTHEHbI YCIOBHS :

4. Ecnu B, e B, B.e B, To Toxe BiUB,e®.

5. Ecnmn Be®B, Ce¥, To Toxe B—Ce®.

6. Ecnu A € %, To cyuiectBytoT MHOXecTBa B € B, C € % Tak, uto A cB =
cC. '

4'. Ecin A no6oe MHOXECTBO NMpHHagiexalilee cucreMe %, To

A(A)=inf {A(C): AcBcC,Be®B,.Ce¥%)}

Lemma 2. ®yHkuus MHOXeCTBa A KOHEYHO-TIOJIyaJAuTUBHA.

MokazaTenscTBo. [Joka3aTh 3TOT (HaKT MOXHO METONOM HHAYKUMH H3
neMMblI 1.

Nemma 3. EctuBe®B,Ce¥necninCcB,t0A(B) = A(B—C)+A(C).

MoxaszarenscTrso. U3 ycnosus 4’ cieayer, YTO CYLUECTBYIOT MHOXECTBA
EeB, Ac¥U tak, 4To CcEcA nA(C)+&e>A(A). Ecnu M e, McE, 10
A(M)=A(A). Vi3 onpenenenns dpynkuun A cnenyer, yro A(E)=A(A). Hakonen
nonyuum, uto A(B) = A(B-C)UE) = A(B-C) + A(E),A(B) = A(B-0)
+ A(C)+¢, €>0.

Orciona caenyer, yto A(B)=A(B—C)+A(C).

ITycTb nanee BbIMOJHEHbI CIEAYIOLIME YCIOBHA :

7. Ecnu

{Bn }:-l

MPOH3BOJIbHAA MOCIEAOBATCIIbLHOCTL MHOXECTB NPHHAMJIC)KALIIMX CHCTEME B, TO
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UB.€3.

8. Ecan

Ce#%, u CcB.,

rae B, € B, To cywecTByeT Takoe 4yucio M, yto

M
Cc|B..
n=1
9. Ecnu Ce%, BeB,T0o C—-Be¥%.
5'. Ecnu

{Ca}n-s

nt06asi MoCNENOBATENBHOCTh B3aMMO HENMEPECEKAIOLMXCA MHOXECTB M3 CHCTEMbI
%, TO K MOGOMY NOJIOXKHTENLHOMY YHCIY € CYLIECTBYET HAaTypajJbHOE YHCIO M
TakKoe, 4TO st IO6Oro HaTYpaJlbHOTO YMCJIa P MOXHO MHMCaTh HEPABEHCTBO

M+P
A( U C,.) <e.
n=M+1

O6o03naynM Teneps yepes P, CHCTeMy BCEX MOAMHOXECTB A MpocTpaHcTBa X,
pst kotopsix inf {A(B—C):CcAcB, Ce¥, Be®B)=0.

Teopema 1. Cucrema P, npepcraBisieT cOG0OM 0 -KOJbLO.

oxa3zaTenscTBO. MBI IOKaXEM CHayYala, YTO €CIH A, € P2, A, € P,, TO TOXe
A,— A;€eP,. Ilyctb A, € P,, A; € P,. Beuny onpefenenns cucreMsi P; K no6oMy
MOJIOXKHTEJILHOMY 4YHMcly £/2 cyiuiecTByloT MHoXectBa C,e %, C,e ¥, B,e B,
B,eB,CicA,cB,, C:c A;cB; Takue, uto A(B,— C,)<e&/2, A(B,— C;)<&/2.
Ouepnpno Ci—B,<cA,—A,cB,—C,. [anee A((Bi—C;) — (C:—B)) =
SA(Bi—C) U (B:—C)=A(Bi—C))+A(B,—C;)<¢,3HaunT A, — A, e P,. U3
otHowenus C,uC,c A UA,cB,UB; n 13 Toro, yto (B,uB,) — (C,uGC,) <
c (Bi—C)) v (B,—(,), cnenyeT, uto A;UA, € P,.

Ina Toro, 4To6b1 P, GbUIO 0-KONBLO, JOCTATOYHO NMOKAa3aTh, YTO s JIHOGOI
MOCJIENOBATENLHOCTH

{An}:-l

B3aHMMO HENEpECeKaloHUXCs MHOXECTB NMPHHAMJIEXaLMX cucteMe P,, Toxe

UA,. GPz.

ycts An€Pz, n=1, 2, ..., AinA;=0. K m0o60My NMONOXHTENLHOMY YHCILy £ H
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K KaX/IOMy MHOXeCTBY A, cymecTtBytoT MHOXecTBa C, € %, B, € B, Coc An B.
TaK, 4TO

- [
AB.—C)< '2,.—+5
W3 ycnosus 5’ ciefyeT, 4TO CyLIECTBYET HaTypajlbHOE YMCIO M Takoe, 4To

M+P £
A( U c,.) <z,

n=M+1

rae p mo6oe HatypansHoe 4yucio. M3 neMmel 3 cienyeT, 4To

I( U B,)éi( U B.-U ‘C,.) +A( U C,.)é

n=M+1 n=M+1 n=M+1 n=M+1
_f M+P M+P M+P & &
él( U (Bu-Cn))H( U cn)g ; A(B.-GC)+2<s5.
n=M+1 n=M+1 n=M 41 4 2

e<( U B.-Uc)e U B..

n=M+1 n=1 n=M+1

W3 ycnosust 8 BLITEKAET, YTO CYIIECTBYET TAKOE HATYpPaJlbHOE YHCIIO p, YTO

' M+P
Ec U B..
n=M+1
3TO 3HAYMT, YTO

_ M+P

A(E)é).( U B,.)<
n=M+1

3aTeM

sA((B.-c))+5s S B -Gy +E<E+E.

[MoToMy, YTO
M o o
UG cUA.cUB.,
n=1 n=1 n=1

cnpasepnuso | J A, € P,.
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Jlemma 4. Ecnu mHoxectBo B € B, 1o inf {(A(B—C):CcB, Ce¥)}=0.
MoxazaTenbcTBo. [[onycTHM MPOTHBONOJIOXKHOE, 3HAYMT, CYLIECTBYET MHO-
XecTBO B € B, i KOTOPOrO BbIMOJIHAETCH

inf {{(B—C):CcB,Ce¥}=¢>0.

Torma nns moGoro MHoxectBa Ce# u CcB cnpaBelyIHBO HEPaBEHCTBO
I(B—C)Z¢. Ecnu mbl nonoxuM C;=@, To Mbl moiy4uM, yto A(B)Z¢e. U3
onpefenenus PyHKUMH A cienyeT, 4TO cywiecTByeT MHoxectBo C.e %, C,cB
Takoe, 4to A(C:)>¢/2; oyesnunHo A(B —C;)Z¢. Tak kak A(B—C,)Z¢€, TO
cyuiectByeTr MHOXecTBO C;c=B—C, pns koroporo A(C;)>e€/2; onars
A(B —C,uCs)Z€. Hycts C,, ..., C,_1 B3aUMO HENEPECEKAIOLIMECS MHOXECTBA
Takue, yto C;<B, Cie% (i=1, ..., n—1) u

I(B—UG)%&.

i=1
OTcioga onsiTh CIEAyET, YTO CyLIecTBYeT MHOXecTBO C, € %,
n—1 £
C.cB-JC: Tak,uto A(G)>E.
i=1
Mbl nony4ywiu TakuM 06pa3oM MociefoBaTeIbHOCTh
{Cn }:—l

B3aHMO HENEPECEKAIOIMXCA MHOXECTB NMPHHAMJIEXAIMX CHCTEME % TakKHX, YTO
A(C.)>¢€/2 pns mo6Goro mMOJIOXHUTENBHONO LENOro 4YHCia n, HO 3TOT akT
B MPOTHBOIOJIOXXEHUH C yCIIOBHEM 5'.
W3 npepuecTByioLIe# JIEMMBbI BBITEKAET, YTO CHCTEMa B CONEPXKHUTCH B O -KOJIbLIE
P,. .
Jlemma 5. OyHKUMA MHOXECTBA A CUETHO-NIOJNyaJAANTHBHA.
MokazaTenbcTBo. Mbl yXe 3HaeM, YTo A KOHeyHo-nonayaanuTusHa. ITycts
Tenephb

{Ba}a-1

nobasi mocneqoBaTebHOCTh MHOXECTB NPpHHAUICIKALIHX CHCTEME B u nycTb
MHOXecTBO C 3aKJIlOYEHHOE B

B cuny ycnoBus 8 cyuiecTBYeT MOJIOXHTENBHOE LiEJIoe YUCIo M Tak, uTo

M
CclJB..

n=1
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A(C).s_x(ﬁ B,.)éEI(B.)g S (B

n=1 n=1

OTciona BbITEKAET, YTO

x(UB,) —sup {A(C):Cc UB., Ce@} =S i(B.)
n=1 n=1 n=1

OnpenenuM Tenepb Ha O-Kojble P, (yHKUMIO MHOXECTBA {4 CIIEAYOLIMM
ob6pa3om: -

u(A)=sup {A(C):CcA,Ce¥}.

Teopema 2. PyHKUMS MHOXECTBA (4 OOGNAaET CIEAYIOLUIMMH CBOMCTBAMH :

a) u(@) =0, u(B)=A4(B) ans mo6oro MHOXecTBa B € % ;

6) u MOHOTOHHa,

B) u(A)=inf {A(B):A cB,BeB};

r) g CYETHO-NOJyaJiIHTHBHA ;

i) Ecniu A =B, BeP; u u(B)=0, To Toxe A €P..

oxa3zareascTBo. CBOWCTBO a) ciiefyeT M3 onpeneneHus dpyHkuuu u. Jloka-
xeM 6). Ilyctb Ay, A2€P;, AicA;z. Ecmn Ce¥%, Cc Ay, T0o A(C)=pu(A,). U3
3TOro HEpaBeHCTBa BbITeKaeT, 4To 4 (A,) = sup {A(C):Cc A, Ce A} = u(A).
Tenepb KOKaXeM B): ' ‘

Eciu A €P,, Be®B u A =B, 1o p(A)=u(B)=Ai(B). [Toromy uto A € P>,
cymwecTBytotT MHOXecTBa C € ¥, E€ B Tak, o CcAcE u I(E-C)<e. U3
nemMbl 3 BbITeKaeT, 4to A(E) = A(E-C) + A(C)<A(C) + € = u(A)+e,
3naunt u(A)=inf {A(B):A cB, B e®B}. [lna noka3aTennCTBa CBOHCTBA I') Mbl
BOCIOJIb3YEM MPENIIECTBYIOILEE CBOKCTBO (DYHKIMH {4 M TOTO, YTO (pyHKUHMS A
CYETHO-NOJNya[AMTHBHA.

IMyctsb {An}n-1 — HEKOTOpas MOCIEAOBATENLHOCTb MHOXECTB NPHHAJIEXKa-
wMx o -KoubLy P,. [Ins mo6oro € >0 u nas moGoron =1, 2, ... CYLIECTBYIOT TaAKHE
MHOXecTBa B, u3 B, uto

A.cB. HX(B,.)<;4(A,.)+;—,..
Orciona ciegyeT, 4To

u(u A..)éx(u B,.)é SAB)< S u(Al) +e
=1 n=1 n=1 n=1

Tak KaK £ NMPOH3BOJLHO, TO M3 ITHX HEPABEHCTB CIEAYET, YTO (DPYHKLMA |
_cyeTHo-nonyauTHBHa. HakoHen noxaxem CBOMCTBO 1) :

ITycTh MHOXECTBO A COAEPXHTCS B TakoM MHOXecTBe E € P2, uTo u(E)=0.

12



W3 onpenenenus yncna u(E) cnepyer, 4TO ecnM HEKOoTopoe MHOoXecTBo C € U
coepxurcs B MHoXecTBe E, To A(C)=0. Beugy Toro, 4to E € P, CyllleCTBYIOT
mHoxecTBa C € %, B € B, CcE =B Tak, 4ro 4 (B — C) <¢, 3Hauut £ >A(B — C)
ZA(B)-A(C) = A(B). Tak kak dc A cB u A(B —0) = i(B)<e, Mbl BuaHM,
4YTO MHOXECTBO A € P,.

ITycTs manee BHITOJHEHbI YCJIOBHS :

10. Ecnu B,1€ 3, B, B, To Toxe B,NnB,e .

11. Ecnu C,e ¥, C;e %, 10 Toxe C,NnC, e %.

6’. Ecin {C,}»-1 — yObIBalomwas nocjaeRoBaTENbHOCTh MHOXECTBA M3 ¥
Takas, YTo

N C.=0, o limA(C.)=0.

Jemma 6. ®yHKIMS MHOXECTBA [ HENpepbIBHA CBEPXy Ha MYCTOM
MHOXECTBE.

Hoxazarenscrso. IIycte {A,},.-; y6bIBalolias mociaefoOBaTEIbHOCTL MHO-
>KECTB MPHHAJJIEXAIMX O-Kolnbly P, U nycTh

NA.=0.

n=1

Beuny onpenenenns o-konsiua P, cywectsyior muoxectsa C, € %, B, € B Tak,
yro C,cA,<B, u

A'(B,,—c,.)<2,.%.
Hoﬁoxum
T,|=nC,',E,.=nBi. n=1,2, vi s
i=1 i=1

IMocnenosatensHocts {T,},.-1 mnpencraBisieT co6oi yGLIBAIOLLYIO MOCJIENOBa-
TEJIBHOCTb MHOXECTB M3 CHCTEMBbI %, nmpuyeM

M3 ycnosus 6’ ciegyer, 4To
lim A (T.)=0.
Ins kaxporo n cnpaBemyIMBO, 4YT0 A, < E,, T, = E,, 3Ha4YuT
k(A SAED)SAE, - T+ A(T) =A(E. - (1C) +M(T)=

13



(\ZE

=

AE, - C)+A(T)S SA(B, —C)+A(T)S5+A(T.).

=

-

M3 3THX HEpaBEHCTB CJIEAYyeT, 4TO
lim u(A,)=0.

3uauut, ecnu napa (%, B) v GYHKLUMS MHOXECTBA A YIOBJIETBOPSIOT BCEM
BLICKA3aHHBIM YCJIOBHSIM, MOXHO Ha 0 -KoJblie P2 CKOHCTpyMpOBaTh MOHOTOHHYIO,
CYETHO-IIOJNYaAAHTHBHYIO, HENPEPBLIBHYIO CBEPXY Ha MyCTOM MHOXECTBE H obpa-
WaKoLyIocs B HyJIb Ha MyCTOM MHOXECTBE (PYHKIHIO U.

Ilo cux mMOp MbI HE MPEANONAraly, YTO PYHKIMS MHOXECTBA A sBnseTcs Ha
cucreme ¥ aggurusHo#. ITycts nanee pyHKUMs A aJAMTHBHA.

Teopema 3. ®PyHKUMSA MHOXECTBA |4 MPEACTABIAACT co6oii Mepy Ha O -KOJib-
ue P..

oxa3aTeascTBO. Mbl JJOKaXeM, YTO {4 KOHEYHA M aJIHTHBHA. IOns Toro,
4yT06bI U GbUIa KOHEYHA IOCTATOYHO BBHAY T€OPEMbI 2 noka3atsb, 4To yHKIMs A
koneuna. Ilycte B € B. Beuny neMMmbl 4 cnpaBe[UIMBO, 4YTO CYLIECTBYET TaKoe
MmuoxectBo C € %, C < B, nns kotoporo A (B — C)<e. Bauny 1eMMbI 3 cnpasen-
nmBo, uto A(B)=A(B — C)+A(C)<e +4(C). FI3 3TOrO U U3 KOHEYHOCTH byHK-
umu A cenyet, 4ro cyHKuusi A KOHeuHa. Mbl IOKaXeM Teneps 4TO | aJINTHBHA
Ha o-konble P,. ’ .

Ilycts A;€P,, A€ P; u nycTb A.nA,=0. B cuny onpegeneHus u u € >0
CYLIECTBYIOT MHOXECTBA C., C, 3 % TaK, yto Cic A, Co;c Az ¥ ’

MCHZu(A) -5, A(CHZu(A) 3.

3arteM u(AUA;)ZA(CUC,) = A(C)+A(C) = u(A)+u(Az)—¢. Yncno €
M06oe MONOKATENbHOE, MOTOMY (A 1UA2) = pu(A1)+up(Az). OGpaTHOE HEpa-
BEHCTBO CJIEAYET M3 MOJYaIATHBHOCTH (DYHKIMH 4. Y Ke 3HAaeM, UTO [ HEOTpHLla-
TeJIbHA M HEMpEPHIBHA CBEPXY Ha NYCTOM MHOXECTBE, 3HAYMT [ MPEACTABIACT
co6oit Mepy Ha o-Konble Pa.

Nemma 7. Ecmun Be®B, Ce¥, u CcB, 10 A(B) Z A(B—C) + A(C).

HoxazarenscTBo. [lyctb BeB, Ce¥ n C cB, nycts panee CicB-C,
C,e¥. Torma CuCicB, CnC,=0. Orciona cnenyer, 4To AC)+A(Cy)=
= A(CUCy) = A(B), sunaunt A(C)+sup {A(C1):CicB— C, Cie¥)=A(B),
snaunr A(C)+A(B—-C) = A(B).

Nemma 8. Cucrema % couepxXurcs B o-Konsle Pa.

JokasaTeabcTso. Mbl IOJKHBI IOKa3aTh, YTO 1A IIOGOro MHOXECTBA C n3
cucteMbl % CNpaBENIMBO PaBEHCTBO inf {A(B-C):CcB,Be®}=0.

14



Iycts & no6Goe nonoXHTENLHOE YHCNO. BBHAY yCNnoBHMA 4' CyHIECTBYIOT
MHoXecTBa B € B, E € % rTak, utOo

cchEuA(C)+§>A(E)gA‘(B)

ui(B—C)§I(B)—A(C)<A(C)+§-A(C)=_§.

Mbe1 0603Ha4uuM Yepe3 P, HaCEACTBEHHOE O-KOMNBLO MOPOXAEHHOE KIacCOM
UORB. ) ‘

Jlemma 9. Eciu E € P,, TO CyliecTBYET TaKoe MHOXecTBO B u3 B, uyto
EcB.

HMoxasareascTso. MoxHO nerko y6eanres, yto cucrema X = {E: cymectsyer
B € B, E — B npencTaBNs€T HACJIENCTBEHHOE O-KOMNbLO. Beuay ycinosus 6 K o
DUURB. Orciona cinepyeT 4yto X o P;.

Mer onpepenuM Ha o-konbie P, (YHKIMIO MHOXECTBA ©* CIEAyIOLUHM
o6pa3om: u*(E) = inf {A(B):EcB, Be®).

Teopema 4. ®yHKuuA u* ABNAETCH HA HACIEACTBEHHOM O-KOJblie P, BHELI-
Hel MepoW.

HMoxazarenscrBo. To, uto u*(A)=Z0 u u*(@)=0 cnenyer u3 onpenencHUs
dbynxkuun p*. OTciona Toxe cienyer, YTO MYHKLHA (4 * MOHOTOHHA. MbI OKaXeM,
4YTO p* cyeTHO-nonyapauTuBHa. [TycTs {E,} .-, Mo6ast nocieN0BaTEILHOCTE MHO-
XECTB NpPHHaJNIeXalUmx o-Koasly Pi. K npoussonsHOMy umncy

£
—-=>
) 0

cywecrsyet B, € B, Tak, 4To

E.cB. n u*(E,)+§;;X(B;).

OueBHgHO
,,O, E.c ng B..
Orciona ciegyeT 4Tto
u*(g E..) éi(g B,.) gg iB.)=

= '(u*(Eu)+.f:)=;u‘(E..)+£

15



TaK KaK € MPOM 1BOJILHOE TO '3 ITHX HEPABEHCTB CIIEAYET. YTO {4 * CHETHO-NO-
JlyajANTHBHA. '

Jlemma 10. Ecniu Be B T0 u*(B)=A4(B).

oxa3zareascrBo. Ilycth Be®B H: otHomenus B B ¥ u: onpeneneHus
dyHkuun p* cnegyer uto u*(B)=A(B).

IMycts E nmo60o€ MHOXECTBO H3 B, conepxauiee MHOxectBo B. Torna
A(B)=A(E), 3HauuT

u*(B)=inf {A(E):BcE.E €%} =i(B)

'3 3THX' HEPaBEHCTB, CIEAYET IS J060ro MHOXECTBa B u3 B paBEHCTBO
u*(B)=4(B).

0O603Ha4nM yepes P* cuctemy Bcex U *-H3MEPHMBIX MHOXECTB. B canenytommx
TeopeMax Mbl fOKaxeM, 4To % =Pt u B c PY.

Teopema 5. JIi060e MHOXECTBO NPHHAIEXALLEE CHCTEME Y p*-"3MEpHMO.

oxazareascTno. Ilyctb BeB n Ae¥. Mbl nokaxeM, uto p*(B) =
= u*(BnA) + u*(BnA’). Iycrs E.. E,e#% E. cBnA' E:cBnE| Torna

u*(B)=A(B)ZA(E,UE:)=A(E)+A(E>)

u*(B)ZA(E,)) +sup {A(E:):E.cBNE}=
=A(E\)+A(BNE})=A(E\) +u*(BnE})

U Toro uto BNE!>BNA cnenyer u*(B)ZA(E\)+u*(BNA) Hauur
u*(B)Z=sup {A(E\):E,\cBnA'}+u*(BnA)
u"‘(B)ZA-(BnA')+u*(BnA)=u"‘(BnA)+u*(BnA’)

IMycts Tenepp E cno6Goe MHOXECTBO MpHHAjICXallee P, u nyctb Be®
rakoe, uto B > E. Torna cnpasepnuo A(B) = u*(B) = u*(BnA) + u*(BnA")
= u*(EnA) + pu*(EnA’), 3HaunT :

u*(E)=inf {A(B):EcB,B eB}Zu*(EnA)+u*(EnA’)

OGpaTHOE HEPABEHCTBO CIEAYET W3 MOJNYaIuTHBHOCTH BHELIHEN Mepbl. MbI
nokasanu, 4to ¥ c P¥.

JNlemma 11. JIns moGoro MHOXecTBa B € R ¥ g Mmo60ro MoJIOXKHUTENBHOTO
YyMCJia £ CYLIECTBYET TaKoe MHOXeCTBO A € %, A cB, uto u*(B - A)<e.

[MoxazaTenscTso. Beuny 1eMMbl 4 U JIEMMbI 10 cnipaBeIHBO
inf {u*(B—A):AcB,Ae¥}=inf {(A(BB-A):AcB,Ae¥}=0

M M3 3TOTO PaBEHCTBA YXE€ CJI€[lyeT YTBEPXICHHE JICMMBbI.

Jiemma 12. Ilycts E Takoe MHOXECTBO H3 HAaCJIENCTBEHHOrO 0-KOJbLA P,
uyto EcB, Be®. Torna ansa mo6oro 4ucina £ >0, CylwECTBYEeT MHOXCECTBO A
W3 % A cB Tak, uyto u*(E)<p*(EnA)+e.
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MoxkazarenscTBo. M3 npenbinyiueit IEMMbI CIIEAYET, YTO CYILIECTBYET MHOXEC-
TB0 Ae%, AcB Tak, 4to u*(B—-A)<e. Ho Torna E = (EnA) u
(En(B-A))

HHE)Su*(EnA)+u*(En(B-A))=
Su*(EnA)+u*(B-A)<u*(EnA)+e

Jemma 13. IMycte Be®B, E u C Takde MHoxecTBa u3 P,, uto E B,
CcB'. Torna u*(EuC) = u*(E)+u*(C).

HMoxkasarenscrso. M3 npenbinylied JIEeMMbI CIEAYET, YTO CYLIECTBYET TaKOe
MHOXeCTBO A U3 %, YTo A =B n u*(E)<u*(ENnA)+¢€. Mbl yxe 3HaeM, uTo
Kaxaoe MHOXeCTBO A U3 % pu*-usmepumo. Torna cnpasegnmso

u*(EnA)UC)=u*((ENnA)UC)NA)+
Hu*(EnA)UCO)NA")=p*(EnA)+p*(C)

n*(E)+p*(C)<u*(EnA)+e+u*(C)=
=pu*((EnA)UC)+e=u*(EuC)+¢

CnenosatenbHo p*(E)+u*(C)=pu*(EuC). IIpOTHBONONOXHOE HEPABEH-
CTBO CJIEAYET U3 MONYaAAMTHBHOCTH BHELIHEN MEPBDI.

Teopema 6. JI1060e MHOXECTBO NPHHAMIEXALLEE CUCTEME B U *-HIMEPHMO.

HoxazarensctBo. ITycte A n1060€ MHOXECTBO NMpHHAJJIEXalllee Hacleq-
CTBEHHOMY O -KoJibLly P, v mycTb B 111060€ MHOXECTBO U3 cUcTEMbI B. MHOXecTBO
A =(ANnB)U(ANB'), 3aTteM u3 npebIAyLIEA JIEMMBbI BbITEKAET, YTO

u*(A)=u*((AnB)U(ANB')=pu*(AnB)+u*(AnB’),

3HA4YuT, B c Pt.

O6o3HaunM depe3 P 0-KONbLO MOPOXAEHHOE KiiaccoM #u®B. U3 TEOpEMBI
S u 6 BbiTekaeT, Yyto P c Pt. Torna ¢yHKuMs MHOXECTBa I onpeje/ieHHass Ha P
paBeHcTBOM 1(E) = u*(E) nns moGoro E u3 P npeacrabnser co6oi Mepy Ha
o-Konsle P.

W3 nemmbl 4 u 8 BbITeKaeT, 4To P = P,. Ecnu E € P, 1o u(E) = ji(E).

Jlemma 14. Ecnu mHOXecTBO E € Py, To u*(E) =inf {i(A):EcA, A € P}.

Hoxa3zareascrso. u*(E) = inf {A(B):E < B,B € 8) Z inf {i(C):E < C,
C € P} = u*(E). :

JIiemma 15. K nmo6oMy MHoxecTBy E u3 P, cyuiectByer MHOXecTBO C € P
Takoe, 4to EcC u u*(E)=u(C).

HMoxkazarenscrBo. ITycte E € P,. Mbl cHavana mnokaxem, 4to u*(E)<o.
BBuny nemMMbl 9 cyliecTByeT Takoe MHOXeCTBO B u3 B, uto E = B. Toraa u3
MOHOTOHHOCTH (byHKIMHM p*, nemMbl 10 H M3 Toro, 4to A KoHeuHa byHKIMA
MHOXecTBa, cliefyer, 4to u*(E)=u*(B) = A(B).
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Beuay npeibinyiuei JIEeMMBI K JII060MY HaTypallbHOMY YHCIy £ CYLIeCTByeT
muoxectso C, € P Takoe, uto E = C, u i(C,) = pu*(E)+ 1/n. ITonoxum

c=NC..
n=1
Torna EcCeP u
_ _ 1
u*(E)Sa(O)=a(G)=u"(E) +

BBuay TOro, YTO 3TO HEPABEHCTBO CMPaBEMIMBO LI moboro uucina n, TO
u*(E)=p(C).

NMemma 16. Eciu A e Py u u*(A)=0, To A € P..

MoxazarenscTBo. Ilyctb A €P,. Torpa cylecTBYeT TaKoe MHOXECTBO
CePcP,. yto AcC n panee u(C) = a(C) = u*(A)=0. U3 Teopembl
2 cnenyert, 4yTo A €P;. '

Teopema 7. 0-KOJbUO BCEX WU *-U3MEPHMBIX MHOXECTB  CONEPXHTCH
B o-KojbLEe P,.

Hoxa3zarenscrBo. Ilycte E u*-u3MepuMoOe MHOXECTBO. Beuny neMmsbl 15
cyuiecTByeT Takoe MHoxecTBo CeP. 4TO EcC n pu*(E)=pa(C). 3arem
u*(C—E) = u*(C—-E) = u*(C)—u*(E)=0. Tlo npeabiayuiei nemme -
C —E eP,, suaunt E=C—(C—E)€P-.
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SUHRN
O KONSTRUKCII MIERY Z OBJEMU

J. Kalas, Bratislava

Nech v priestore X si dané dva systémy podmnozin %, %. Predpokladajme, Ze na % je
definovani mnozinova funkcia A. Nech %, B a A spliiaji uréité podmienky. Vyjdic z mnozinovej
funkcie A, na o-okruhu P,, ktory je v prdci definovany, sa zostrojuje subaditivna miera u. Ak
mnozinova funkcia A je aditivna, potom mnozinova funkcia y je miera na P,.

V poslednej casti prace sa uvazuje dediény o-okruh generovany systémom #uU%. Na tomto
o-okruhu definujeme mnozZinovi funkciu p*, ktora ma vSetky vlastnosti vonkajsej miery. Ak P je
o-okruhom vietkych u* meratelnych mnozin a P je o-okruh generovany systémom % u’. tak je
ukdzané, ze PcP*cP,. :

SUMMARY
ABOUT CONSTRUCTION MEASURE FROM THE CONTENT

J. Kalas, Bratislava

Let in the space X, two systems % and B of subsets of X be given. Suppose a set function 4
defined on the system #. Let %. B and A satisfy certain conditions. Starting from the set function 4, a
subadditive measure yu is constructed on the o-ring P,, which is defined in the paper. If the original set
function A is additive, then the set function u is the measure on the o-ring P,.

In the last part of the paper the hereditary o-ring generated by the system # U is considered.
We define the set function u* on this o-ring. The function u* has all properties of the outer measure.
Let P} be the o-ring u* measurable sets and P be the o-ring generated by the system U3 Itis shown,
that Pc P{cP,. )
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O ROZKLADE KOMPLETNEHO HYPERGRAFU NA FAKTORY
S DANYMI PRIEMERMI
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Uvod

Tato praca hovori o rozklade kompletného hypergrafu na m faktorov s danymi
priemermi. Uloha rozkladu kompletného grafu na faktory s danymi priemermi bola .
rieSend v ¢lanku [1], z ktorého vychidza aj tito praca.

V prvej Casti sa zaoberame existenciou rozkladu kompletného hypergrafu a je
istym zovSeobecnenim niektorych vysledkov z [1]. V druhej Casti riesime problém
rozkladu kompletného hypergrafu na faktory s priemerom 1. V tretej &asti rieS§ime
problém rozkladu pre n =2, 3, 4.

1. Vseobecny pripad

Na zaCiatku uvedieme niektoré pojmy, s ktorymi budeme neskor pracovat
(pozri tiez [2]).

Definicia. Nech X je konetni mnozina a M systém jej podmnozin.
Usporiadanii dvojicu (X, M) budeme nazyvat hypergrafom. Prvky mnoziny X
nazveme vrcholmi a prvky mnoziny M hranami hypergrafu. Hovorime, Ze vrcholy
X a y si susedné, ak x#y a existuje hrana h hypergrafu takd, Zze {x, y}ch.

Postupnost vrcholov a hrin v tvare

(X0, Bi, X1, Bay ooy Xmey, Biny X)

nazveme sledom, ak kazdé dva vrcholy x;, x;., st susedné a plati inklizia {x,,
Xi+1} € h;. Pod dizkou sledu budeme rozumiet pocet hrin v slede. Cestou nazveme
sled, ktorého vrcholy aj hrany si navzajom rozne. Vzdialenosfou d(x, y) vrcholov
x a y budeme rozumiet dizku najkratiej cesty, ktora spdja vrcholy x a y. Ak takito
cesta neexistuje, kladieme d(x, y) = .

Nech N je podmnoZinou hranove;j mnoziny hypergrafu (X, M); potom
hypergraf (X, N) nazveme faktorom hypergrafu (X, M). Pod priemerom hyper-
grafu (X, M) rozumieme maximum vzdialenosti vrcholov mnoZiny X. Ak toto
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maximum neexistuje, kladieme priemer rovnajici sa symbolu . Priemer hyper-
grafu H budeme oznacovat symbolom d(H).

Hypergraf H = (X, M) sa nazyva kompletny, ak M =2* — {@#}. Kompletny
hypergraf s n vrcholmi budeme v dalSom oznacovat K,.

Systém faktorov {H;}, i =1, 2, ..., m, tvori rozklad hypergrafu K,, ak kazda
hrana z K, patri do hranovej mnoziny prave jedného z uvedenych faktorov.
Pretoze hypergraf K, obsahuje aj hranu, ktora obsahuje vsetky vrcholy, existuje
v rozklade {H;} vzdy asporii jeden faktor s priemerom 1.

Veta 1. Nech K, je kompletny hypergraf a {H.}, i=1, 2, ..., m, je jeho
rozklad na faktory s priemermi d,, d, ..., d.., priom d; su prirodzené Cisla alebo
symboly «. Pre kazdé N vicsie alebo rovnajice sa n mozno rozloZzit hypergraf Ky
na m faktorov s priemermi d,, d., ..., dm. '

Dokaz. Faktory hypergrafu K, mozno podla priemerov rozdelit do troch
skupin:

a) faktory s priemerom 1:

c) faktory s priemerom oo.

Majme kompletny hypergraf Ky s N vrcholmi. Nech hypergraf K, s n
vrcholmi moZno rozlozit na faktory H; s priemermi d;, i=1, 2, ...,n. Nech
hypergraf K, je podhypergrafom hypergrafu Kn. Vyberme ITubovolne, ale pevne,
vrchol x, hypergrafu K,,. Pomocou faktora H; vytvorime faktor G; hypergrafu Ky
s rovnakym priemerom ako H;.

a) Ak d(H,) =1, faktor G; bude obsahovat tieto hrany: hrany, ktoré obsaho-
val faktor H; a vSetky hrany v tvare:

{Ik,. cens Kips Xn+1, Xn+2, oeen Xn}

kde vrcholy X .., ..., Xy nie si vrcholmi hypergrafu K, a hrana {xi,, ..., Xx,, Xo} je
hranou faktora H;. Kazdé dva vrcholy faktora G; su spojené hranou, teda jeho
priemer je 1. Treba si uvedomit, Ze faktory H; tvoria rozklad K,, a teda kazda
z hran je najviac v jednom z faktorov. Z toho dévodu aj faktory G; obsahuji rézne
hrany.

b) Ak faktor H; ma kone¢ny priemer d > 1, faktor G; bude obsahovat hrany
faktora H; a vietky hrany typu (x,, ..., Xk,, Xn+1, ..., Xn }, pricom {xx,, ..., Xk, Xo} j€
hrana hypergrafu, H; a x, je vybrany pevny vrchol. Ukazeme, ze faktory H; a G;
maju rovnaké priemery. Nech vzdialenost vrcholov x a y vo faktore H; jed.
obsahuje vsetky vrcholy faktora H;. Nech by existovala vo faktore G; cesta, ktora
spaja vrcholy x a y dliky mensej ako d. Tito cesta obsahuje vrcholy a hrany
hypergrafu Ky. Nahradme tieto vrcholy a hrany prvkami z K., a to tak, Ze hranu
{Xks +oes Xuys Xna1, ..., Xn} Nnahradime hranou {xx,, ..., Xx,, Xo} a vrcholy X1, ..., Xn
vrcholom x,. Takymto spdsobom dostaneme spor s predpokladom, pretoze sled
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vytvoreny vo faktore H; obsahuje cestu spajajicu vrcholy x a y, ktorej dizka je
mensSia ako di. Ak by niektory z vrcholov x a y lezal v Ky, nie viak v K,,, potom by
ich vzdialenost bola 1 a teda nema vplyv na priemer faktora G:.

c) Ak faktor H; ma priemer «, potom faktor G; bude obsahovat rovnaké
hrany ako H;, zrejme jeho priemer je opit .

Vysetrenim bodov a), b), ¢) st vyCerpané vietky faktory rozkladu. Aby faktory
G: tvorili rozklad, musime zabezpecit, aby kazda hrana z Ky patrila prave do
jedného faktora G;. Dosiahneme to tak, Ze vSetky hrany, ktoré neboli medzi
hranami niektorého z faktorov G;, priradime k niektorému faktoru s priemerom 1.
Tym sme vetu dokazali.

Z vety 1 vyplyva, Ze ak vieme rozlozit kompletny hypergraf s n vrcholmi na
faktory s danymi priemermi, potom moézeme rovnako rozlozit aj kompletny
K. na faktory s priemermi d,, d,, ..., d.. Symbol F(d,, ..., d.) bude oznacovat
minimdlne Cislo n také, Ze hypergraf K, mozno rozlozit na faktory s priemermi d,,
d>, ..., dn. Ak takéto Cislo neexistuje, kladieme F(d,, ..., d,,) = .

Veta 2. Nech d,, ..., dn, su prirodzené Cisla alebo symboly o, pri¢om
existuje i také, Ze d; = 1. Potom F(d,, ..., d=) je kone¢né &islo a plati nerovnost

F(d|., s BB, dm)§d|+...+dm=m

pricom ak d; je symbol «, tak v siéte namiesto d; dosadime 1.

Dékaz. Dokaz urobime konstrukciou rozkladu hypergrafu K,, kde n =
=d,+ ...+ dn + m. Rozdelme vrcholy hypergrafu do m skupin, Ze v i-tej skupine
bude d; + 1 vrcholov. Zoberme do tvahy opiit tri pripady.

a) Nech di=1. V i-tej skupine si dva vrcholy x a y. Hranovi mnoZinu
faktora H; bude tvorit hrana {x, y} a hrany, v ktorych chyba jedine vrchol x alebo
y. Zrejme H; ma priemer 1.

b) Nech d, je prirodzené ¢islo vicsie ako 1. Skupina vrcholov, ktorad prislicha
k d;, obsahuje d; + 1 vrcholov. Oznaéme tieto vrcholy x, x,, ..., X4+,. Hranovu
mnoZinu faktora H; potom budu tvorit hrany {x;, x;+,}, 1 =i =d,, a hrana, ktora
obsahuje vrchol x; spolu s vrcholmi réznymi od x4, ..., X 4,+1. Plati, Ze vzdialenost x,,
X4.+1 je d; a tiez, ze vzdialenost Tubovolnych vrcholov u, v je mensia alebo sa rovna
d:. Ak vrcholy u, v nepatria do i-tej skupiny, potom ich vzdialenost je 1. Inak je

ich vzdialenost celé &islo z intervalu (0, d; ).
' c) Nech d;=. V i-tej mnozine si dva vrcholy x a y. Hranovd mnozina
faktora H; bude obsahovat jedini hranu, ktora obsahuje vietky vrcholy hypergrafu
okrem vrcholov x a y. Priemer faktora H; bude zrejme .

Hranové mnoZiny faktorov si zrejme disjunktné. Aby faktory H; tvorili
rozklad, treba aby kazda hrana hypergrafu patrila do niektorého faktora. Vietky
hrany, ktoré nepatrili do niektorého z faktorov H;, pridime k niektorému
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z faktorov s priemerom 1. Faktory H, s priemermi d,, ..., d= tvoria rozklad K, ;
teda vetu sme dokazali.

Pri dokazoch viet 1 a 2 mali faktory s priemerom 1 délezitu dlohu. Pri grafoch
sa takéto faktory nevyskytuji, pretoZe jedinym faktorom kompletného grafu
s priemerom 1 je samotny graf.

2. Rozklad K, na faktory s priemerom 1

Aby faktor hypergrafu mal priemer 1, je nevyhnutné a staci, aby vzdialenost
d(x,y) bola 1 pre kazdu dvojicu (x, y) roznych vrcholov. To znamena, Ze kazdé
dva vrcholy hypergrafu si spojené hranou. v

Definicia. Hovorime, Ze medzi vrcholmi x, y hypergrafu H je susednost k,
ak v H existuje prave k rdoznych hran incidentnych s obidvoma vrcholmi x, y.
Poc¢tom susednosti faktora rozumieme siiet susednosti cez vsetky dvojice vrcholov
hypergrafu.

Pozniamka. Susednosti mOZeme scitat rovnako aj cez hrany hypergrafu.
Vysledok, ktory dostaneme, je rovnaky.

Lema 1. Pocet susednosti v kompletnom hypergrafe s n vrcholmi je

w=() @)+ ()74 (2) ()

Dékaz. Susednosti budeme séitavat cez hrany hypergrafu. Hrana s k vrcholmi

prispieva k celkovému sictu susednosti ¢islom (:) V kompletnom hypergrafe K.

je prave (n f k) takychto hran. S¢itanim cez vSetky hrany hypergrafu dostaneme

dokazovany vztah -
Lema 2. Nech priemer faktora splfia rovnost d(H)=1; potom pocet jeho

susednosti je aspoil (;)

Dokaz. Kazdé dva vrcholy faktora si spojené aspoil jednou hranou. Kazda
dvojica vrcholov prispieva k celkovému siiétu susednosti aspoii jednou susednos-
n

fou. Vsetkych dvojic vrcholov je (2

), teda susednosti je aspon (;)

Veta 3. Nech faktory H;, i=1, 2, ..., m, d(H;) = 1, tvoria rozklad komplet-
ného hypergrafu s n vrcholmi. Potom plati: m =2"72,
Dokaz. Celkovy pocet susednosti hypergrafu K, je

w=3 () (")
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Kasdy faktor obsahuje aspof (;_'

(26

w. 2050 SCG) ()
G)

) susednosti. Ak pouzZijeme vzfah medzi

binomickymi koeficientmi

postupne dostavame

Tym sme dokazali tvrdenie vety.
Poznamka. Pre n =4 neexistuje rozklad hypergrafu K, na faktory s prieme-
rom 1 tak, e m = 2" >, Nech by totiz takyto rozklad existoval. Kazdy z faktorov H;,

i=1, ..., m, obsahuje prave (g) susednosti. VySetrujeme hrany s n — 1 vrcholmi.

Faktor, ktory obsahuje takito hranu, obsahuje okrem nej uz len dvojvrcholové
hrany. Aby priemer faktora bol 1, faktor musi obsahovat n — 1 dvojvrcholovych
n
2
dvojvrcholovymi hranami lezi az n(n — 1) tychto hran, ¢o je spor.

Kvoli ilustracii uvedieme rozklad K, na faktory s priemerom 1. Nech K, ma
vrcholy x,, x,, x5, xs. Potom faktory maju tvar:

hréan. Cely hypergraf K, obsahuje ( ) takychto hran; lenze uz v n faktorochs n — 1

H, = {x, x2, X3, X4}
H2={X|,x3, Xa}, {Xl,xu X3}, {x2, X4}
H3={x|,x2, x4}, {xs, X2, X4}, {xhx3}

Ostatné hrany {x;, X2}, {xi, xa}, {x2, X3}, {x3, xs}, {x:}, {x2}, {x3}, {x4}
mozeme pridat k Tubovolnému z faktorov.

3. Pripad m=2, 3, 4

V prvej Casti, vo vete 2, sme dokazali existenciu rozkladu hypergrafu K, na
faktory s priemermi d,, ..., d». V tejto Casti ur¢ime hodnoty F(d,, ..., d») pre
m=2, 3,4, ak vSetky d; su prirodzené Cisla.

Poznimka. Ak d,, ..., d. su prirodzené Cisla, existuje d; = 1, tak F(d, ..., dm)
je konecné ¢islo. V dalsom budeme priamo predpokladat, Zze d, =1 a &isla d; si
usporiadané podla velkosti.

Pre hodnotu F(d,, ..., d) plati nerovnost F(d, ..., dw) =d. + 1. Ak faktor
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ma priemer d.., tak obsahuje cestu dizky d.., a teda aspoii d. + 1 roznych vrcholov.

Vysetrujme hodnoty F(d,, ..., dm) pre jednotlivé m.

a) Nech m =2. Podla poznamky d, = 1. Ak d,= 1, tak zrejme F(1, 1)=3. Ak
d,>1, tak F(1, d,) = d, + 1. Staéi ak ukazeme, ze F(1, d2) =d.+ 1. Nech faktor H,
hypergrafu Ka,., obsahuje len dvojvrcholové hrany také, ze tvoria cestu dizky d.
medzi dvoma vrcholmi hypergrafu. Faktor H, ma priemer d,, faktor H,, ktory
obsahuje vietky ostatné hrany, ma priemer 1. Nasli sme rozklad K 4,+:1 na faktory
s priemermi 1 a d., teda nerovnost plati.

b) Nech m = 3. Hladdme hodnotu F(1, d,, d5). Ak plati nerovnost d>=3, tak
F(1, d,, d;)=d;+ 1. UkaZeme, Ze plati F(1, d», d3) = ds+ 1. Vytvorime rozklad
hypergrafu K ., na faktory s priemermi 1, d-, ds. Podla znameho vysledku z tedrie
grafov mozno rozlozit kompletny graf s 2n vrcholmi na hamiltonovské cesty (t. j.
cesty dizky 2n — 1). Kazdy kompletny graf s aspofi Styrmi vrcholmi obsahuje dve
hranovo disjunktné hamiltonovské cesty. Ak faktory H., H; obsahuju len hrany
tychto ciest, tak plati d(H,) = d(Hs) = ds. Oznaéme (xi, hi, X2, ... Xay, has, Xds+1)
hamiltonovsku cestu. Ak k nej pridime hranu z (k +2) vrcholov {x,, X3, ..., Xk+2},
pricom k+2=d;+ 1, priemer faktora sa skrati na dizku d;—k. Uvedenym
sposobom mézeme priemer faktora H skratit na fubovolnu dizkud,, 1=d.=d;.

Zistime hodnoty F(1, d. ds). ak d;=3. Plati F(1, 1, d) =4 pre kone¢né d. Ak
by F(1, 1, d)=3, potom by d nevyhnutne muselo byt symbolom «. Faktory H, a
H, spolu obsahuji 6 susednosti, ¢o je celkovy pocet susednosti v K. Faktor H; by
bol potom totilne nesivisly. Konstrukciou mozno ukazat, Ze:

F(1,1,1)=4
F(1,1,2)=4
F(1,2.2)=4

c) Nech m =4. Ak jeden z faktorov ma priemer d =5, tak F(1. da, ds, ds) =
=d.+ 1. Ukazeme, ze F(1, d,, ds, di)=d.+1 pre d,=5. Kompletny graf s n
vrcholmi poéniic # = 6, obsahuje aspoii 3 hranovo disjunktné hamiltonovské cesty.
Ak d,=d,=d,, tak faktory H,, Hs;, H, budi obsahovat hrany tychto hamiltonov-
skych ciest. Plati F(1,ds, ds, ds) = di+ 1. Ak platid;=ds=ds—1a hamiltonovské
cesty st v tvare (X1, A1, ... X4, Bay Xay,+ 1) @ (Y1, Ui ooy Yago Udy Ya, + 1), tak faktory
H), a H}, ktoré vznikni z faktorov H, a H, pridanim hran {x,, x, xa}, resp. {y:, y2,
ys}. budi mat priemery d,=d;=d,— 1. Ukazali sme, ze F(1, di—1, dis—1,d,)
= d,+1. Ak d,<d,— 1, tak d,=d,—k a faktor H; dostaneme z faktora H:
pridanim hrany {x., X2, ..., X«+2}. Faktor H} s priemerom d; dostaneme z faktora
H, pridanim vhodného pottu trojvrcholovych hrin. Nech napr. d; =d,— p. Potom
k hranim faktora H, pridime vietky hrany typu {y., y.. ¥:}; 4. r. s€(1,p).
Rozklad hypergrafu K,,., na faktory s priemermi 1, d,, ds, d«=5 moZno vidy
zostrojit. Uvedieme bez dokazu hodnoty F(1, d2, ds, ds) pre d.s<5:
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F(1.1.1.1)=5, F(1.1,2,3)=4
F(1.1,1,2)=4, F(1,2.2.3)=4
F(1,1,2,2)=4, F(1,1,3,3)=4
F(1.2.2.2)=4, F(1.2,3,3)=4
F(1,1,1,3)=4, F(1,3,3,3)=5

F(1,1.1,4)=5, F(1,3,3,4)=5
F(1.1.2.4)=5, F(1,1,4,4)=5
F(1,2,2,4)=5, F(1,2,4,4)=5
F(1.1.3,4)=5, F(1,3.4,4)=5
F(1.2.3.4)=5, F(1,4,4,4)=0

Vysledky poslednej casti méZzeme zhrnit do nasledujicej vety.

Veta 4. Nech d.. .... di. i=2, 3, 4, su prirodzené ¢&isla; potom existuje
rozklad kompletného hypergrafu na faktory s uvedenymi priemermi a plati F(1, d,,
....di) = di+1 pre d;Zi+ 1. Pre mensie hodnoty d; si F(d,, ..., d;) uvedené
v texte.
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PE3IOME

O PA3BBHMEHHH IMOJHOIO I'MIEPTPA®A HA P®AKTOPBI
C JAHHBIMH THUAMETPAMH

J1. Huenen, BpaTucnasa

B 3To# pa6ore u3yyaetcs npobGnema pa36HeHHs NOJIHOTO runeprpaga Ha ¢axkTopbl C Hanepen

3aJaHHbIMH THAMETPaMH.
B nepBo# 4acTH MOKa3aHO CYLIECTBOBAHHE pa3GHEHMs H €ro «HacJeACTBEHHOE» CBOHCTBO. Bo

BTOpOH 4acTH M3y4aerca mnpoGnema pa3buenns Ha ¢akTopsl ¢ amameTpoM 1. B Tpere#t wactu
KOMIUIETHO MOKa3aH cly4yad pa3buenns Ha 2, 3, 4 ¢pakTopa.
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SUMMARY

ON DECOMPOSITION OF COMPLETE HYPERGRAPHS INTO FACTORS
WITH GIVEN DIAMETERS

L. Niepel, Bratislava

In this paper there is solved the problem of decomposition of complete hypergraphs into factors
with given diameters.

In the first part there is shown the existence of the factorisation and its “hereditary” property. In
the second part the problem of decomposition of complete hypergraphs into factors with diameter 1 is
solved. In the third part there is shown the case of decomposition of complete hypergrafph into 2, 3,
4 factors.
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NOTE TO THE EXPONENT OF CONVERGENCE

PAVEL KOSTYRKO, Bratislava

In the monograph [2] the notion of the exponent of convergence A(x) of
a non-decreasing sequence x = {x, },~: of positive reals is introduced by the formula
A(x) = inf {o>0:2x.‘ ‘< + oo}. Professor T. Salit suggested to investigate the

t=1

exponent of convergence as a real function defined on the set s* of all real
non-decreasing sequences {x, };~, with the property x, 2 y(0 <y) endowed with the
_x—yl
1+ |x —yl
Borel classification and some other properties of sets {xes*: A(x)<a} and
{xes™: A(x)>a} will be given. Also we will prove some properties of the
exponents of convergence of two dimensional sequences.

- It is well known, that the set X of all real sequences endowed with the Fréchet
metric is a complete metric space. The convergence in this space is the pointwise
convergence.

Lemma 1. The set s* is a perfect subset of (X, ¢) and hence the space
(s*, 0) is complete. :

Fréchet metric o(x,y)=> 2" (= {x}m, y = {y:}i=1). In this paper
t=1 -

Proof. If x(i) = {x(i). }iz1, x()es* (i=1,2, ...) and limx (i) =x, then x es”.

This follows immediately from the pointwise convergence in the sense of Fréchet
metric. Hence the set s is closed. If x es* then also x(i) es*, where x(i), = x, for
t=1,2, ..,i and x(i). = x.+1 for t=i+1, i+2,... (i=1,2,...). Obviously

limx (i) =x and consequently the set s* is dense in itself.

Theorem 1. The function A:s*— (0, ©) is discontinuous in every point

+

Xes .
Proof. Letxes”. Lety = {t"};,, >0 and 1/a#A(x). Then A(y) =lim sup
log t/log t* = 1/a (see [2], p. 41). We construct for each i = 1, 2, ... an element
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x(i)es as follows: x(i),=x, for t=1, 2, ...,i. If (i+1)*=x; then x(i), =t for
t=i+1,i+2,... f@(+1)<x;thenx(@i).,=xifort=i+1,i+2,....,j—1,wherej
is the least natural number with the property j° =x; and for t=j, j+ 1, ... we put
x(i).=t". The elements of this sequence {x(i)}i—: obviously belong to s* and

A(x(@)) = 1/a holds for each i = 1, 2, .... Since !Lrgx(i) = x and l_irgl(x(i))

= 1/a # A(x) the function A is discontinuous in x.

Corollary 1. The function A:5*— (0, ©) does not belong to the first Baire
class.

Proof. The statement of Corollary 1 is an immediate consequence of
Lemma 1, Theorem 1 and a well known Baire theorem (see [3], p. 182).

Theorem 2. Thesets A°={xes :A(x)}<a)and A, = {xes :A(x)>a)
belong to the third additive Borel class for each a € (— ®, + ).

Proof. We consider the set A°. Obviously, if a=0 then A°=@ and the

statement of Theorem 2 is true. Let a > 0. Then A* = {x:A(x) <a} =
={x:3‘,‘(,<(,<.2x,“°<+°o} = {x: 3 Y +oo} = U {xzzx,—‘“_'”"<
t=1 ’ k=kg t=1 k=kg t=1

<+ oo}. where k, is the least positive integer number with the property o=a—1/k>

t=1

>0. We put M, = {x:~2x,‘"< + 00}, where 0 =a —1/k (k =ko, ko+ 1, ...). Then

Mc = {x:V 3V Vx0mt+ ... + x5 =U/p} =N U N N {x:x7%m
Pp=1q=1 m=1n=1 p=1 gq=1 m=1 n=1

+ oo + Xgimen = 1/p}. We put Miggmn = {X: Xg%m + ... + Xgemsn = 1/p}. Let
x(i)eMipgmn (i=1, 2,...) and !imx(i)=x. Then }imx(i)f" = x,° for each
t=q+m,q+m+1, ..., g + m+n whence x € My,qmn. Consequently each of sets

M pqmn is closed and the set {x:A(x)<a} = U N U N ﬁ M ipgmn belongs to

k=ko p=1 q=1 m=1 n=1
the third additive Borel class. .
We investigate the set A,. If a <0, then obviously A, =s* and the statement

of Theorem 2 is true. Let a =0. Then A,.={x:l(x)>a}={x: E| zx,“"*""’:
k=1 t=1

£

= +°°} = U-{x:Zx.""””‘) = +00}. We put N, = {x: x° = +°o}. where

k=1 t=1 =1

* o 3 o0 q+m o o
o=a+1/k (k=1, 2,...). Then N; = {x:V 3V Sz } -NnuU

p=1 g=1 m=1 (=1

q
@ q+m q+m
N {x: > p}. It is easy to see that each of sets Nipgm = {x: > x ép} is
m=1 t=1

closed. Hence the set {x:A(x)>a} = U ) U [ Nipm belongs to the third

k=1 p=1 q=1 m=1
additive Borel class.
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Theorem 3. Every of sets A“={xes”:A(x)<a}, ae(— o, + ), is of the
first category in s”. . ..
Proof. It follows from the proof of Theorem 2 that A = |J M U N
k=kop p=1 g=1 m=1
N Miggmn = U [ My, where My, = {x: 3 V V x0m + ... + Xgimen =
n=1 k=kgo p=1 q=1 m=1 n=1
=1/p}. We show that each of sets M,, is of the first category in s . It is sufficient
to show that M, is an F,-set and its complement is dense in s* (see [3], p. 88).
Let z = {z}.~1€s”. Let £>0 and let u be the smallest positive integer for

which > 27'<e. We put y ={t"},_,, where a =1/0 and define the sequence

t=u+1
x={x}i1es’ as follows: x.,=z for t=1, 2, ...,u. If x.=(u+1)", then
x,=t"fort=u+1, u+2, ... If x,>w+1)%, then we put x,=x, fort=u+1,
u+2,..,v—1, where v is the smallest positive integer with the property v° Zx.,
and x,=t" for t=v, v+1, .... Obviously, o(x, z) <e holds for the sequence x.
There is ¢, such that x,=t" holds for each t=t,, to,+1, .... Hence for every q
there are m and n such that x,5m + ... + Xgimsn = (@+m)™ +

q+m+n

+ (@+m+n)™ = Y t'>p". Consequently the complement of My, is

t=q+m

dense. Each of sets Mipqm is closed and hence My, = |J [] [ Mypgma is an

q=1 m=1 n=1

F,-set. Since every of sets M,, is of the first category in s the statement of

oo £

Theorem 3 immediately follows from the expression A*=J () Ms,.
k=1 p=1

Remark 1. Using the method from the proof of Theorem 3 it is possible to see
that the set s= = {x es“‘:!i_g} xc = +o} is dense in s”.

Theorem 4. The set {xes :A(x) = +} is residual in s”.

Proof. According to Theorem 3 the set {x:A(x)<+x} = 0 {x:A(x)<n}is
of the first category in s *. According to Lemma 1 the s;pace s+'li; Icomplete:, hence

the statement of Theorem 4 is fulfilled.

Lemma 2. The set s.={xes":limx, = + »} is residual in 5.
f—»00
Proof. Since each of sequences x = {x,},~, €5 is increasing there exists always

limx,. Let B, = {xes": !irg x.=n}forn=1,2,.... It follows from the definition

t—o

of B, and from the fact that every sequence in s * is increasing, that for everyn =1,

2, ... the set B, is closed. Hence |J B, is an F,-set. According to Remark 1

n=1
s==s"—|J B, is dense in s *. Consequently | J B, is of the first category in s * and
n=1 X n=1
the statement of Lemma 2 follows.
. .
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There is a natural question whether the statements of Theorem 2 and
Theorem 3 are true if we replace the space s* by its subspace s~. The answer is
positive in the case of Theorem 2. This is a consequence of a well known fact, that
aset A in a metric space Y (< Z) belongs to the additive Borel class a if and only if
there is a set A, of the additive Borel class a in Z such that A = ApnY. The answer
to the question in the case of Theorem 3 is also positive.

Theorem 5. Each of sets A°={xes~:A(x)<a}, ae(—», +») is of the
first category in sa.

Proof. It is sufficient to show that any set B nowhere dense in s is also
nowhere dense in s-. Let K(x,£) = {y:0(x,y)<e} be an open sphere,
x €sx. There exists a sphere K(y,&8)cK(x,e) such that K(y,5)nB=0.
Since s is dense in s there is z e s~ and 1 >0 such that K(z, n)<K(y, 8) and
hence K(z,n) n B=4@. The set B is nowhere dense s-.

Further a formula for the calculation of the exponent of convergence of the
two dimensional sequence is given. This formula is analogous to that derived in [2]
for the one dimensional case.

Let us give some definitions which will be used in the next text. Let N be the
set of natural numbers. A finite real function defined on N X N is said to be a two
dimensional sequence and is denoted by S = {Sms}m.~=1. The set N X N will be
considered with the product partial order =, i.e. (m,n) = (p, q) if and only if
m=p and n=q. If some of the inequalities m=p and n=q hold in the strict sense
we write (m, n)<(p, q). A two dimensional sequence S = {Synn }m, »=1 is said to be
increasing (decreasing) if Sma = Spq (Smn = Spq) holds whenever (m, n) = (p, q). We

will say that lim sup sm.» = s € E, if for every £ >0 there exists (mo, no) € N XN

m,n—»x

such that 5., <s + ¢ holds for each (m, n) = (m,, no) and simultaneously for every
€ >0 and each (mo, no) € N X N there exists (m, n) = (mo, no) such that sm, >s —¢

holds. We will say that li'Eluilgp Smn = + if for every K >0 and each (mo, no) €
€N X N there exists (m, n) = (mo, no) such that s..,. >K and li’}"l"l”ilﬂ) Smn = — o if
for each K <O there exists (mo, no) € N X N such that s,. <K holds whenever
(m,n) = (mo, no). The notion l'1nn'|' _lgf smn Will be reasoned analogously to the

notion lim SUP Smn - We sill say lim sm, =s if lim SUP Smn =1lim inf Smx =Ss.
m,n—» m,n—o m, n— m,n—»x

The two dimensional series corresponding to a two dimensional sequence
{Gmn }m.n=1 is the two dimensional sequence {Smm}m.n-1 Of its partial sums sm. =

ay. It will be signed by z a;. We shall say that the two dimensional series
i,j=1

m
i=1 j=1

is convergent if there is a finite limit ...li..@.c. smn =s. This fact will be signed by
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Z a;=s. Further we shall use some properties of series with non-negative terms,
i,j=1

ie.a;=0fori,j=1, 2, ... (see [1], p. 377). If the series E a; is convergent then
i, j=1

_liim a; =0 (this statement holds also without assumption a; =0). Let z a; be
i, j—o . i, j=1

a series with non-negative terms. Then there exists the limit lim s, =
m,n—®

= Sup Sma.lfx isany permutation of the set N X Nthen >, a; = . axq.i)
i, f=1

m,n=1,2, ... i, j=1

Let us give some lemmas which will be used in the next text.

Lemma 3. Let Z b, be a convergent series with non-negative terms and let

i,j=1

a; =0. Let a; =b; hold for (i,j) e NxN with the exception at most a finite

number of pairs of indices. Then the series Z a; is convergent.
i,j=1
m

Proof. Let Gm, =, > aj, tma = 2, O.b; and let us suppose that 0=a, < b,

i=1j=1 i=1j=1
holds for each pair (i, j) € N XN. Then Sm =tm. holds for every pair (m, n) €

€ N XN, consequently lim s, = supvs,,.,. = SUP tmn = lim t,, <+, If ine-
qualities a; =b; do not hold for a finite number of pairs of indices, it is clear that

SUp Sma(= lim s,..) is again a finite number.

m,n Py

Lemma 4. Let z a; be a convergent series with non-negative terms and let

i,j=1

the two dimensional sequence {@m}m. -1 be decreasing. Then lim mna,,, = 0.

Proof. Let s..=> >a; and >, a;=s. Since for each &€ >0 there exists

i=1 j=1 i j=1
(mo, no) such that 0=s — s,., <& holds whenever (m, n) = (mo, no), for (m, n) >
>(u, v) = (Mo, No)0=Smn — Suw < |Smn — 5| + |5 —5w| < 2¢ is valid. The developed
inequality and the decrease of {@mn } m,n=1 IMPly (MR — MoM0)Amn = Smn — Smopy < 2€
for (m,n) > (mo, no). Hence mna,, < 2¢ + monoan. and from the fact

lim a,., =0 the statement of Lemma 4 follows. o

m,n—so

Let R = {Fmn}m.n=1, 'mn >1, be a two dimensional sequence. If o <7t then,

according to Lemma 3, the convergence of 2 r -~ implies the convergence of the

m,n=1
* @

series 2 r . This fact enables us to define the exponent of convergence A (R ) of

m,n=1

the sequence R by the following way:
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A(R)=inf {o>0: E Fon < +00}
m,n=1
In the next text it is shown that the exponent of convergence equals (under
certain assumptions) to the number

s(R)=1im sup log mn/log rmn

The main purpose of the next text will be to give conditions under which the
formula A(R)=s(R) can be used.

Theorem 6. Let R = {7 }m..-1 be an increasing sequence, 7m.>1. Then
s(R)=A(R).

Proof. Obviously it is sufficient to prove the inequality s(R)=A(R) (further

s <A) only if A <+. Let £ be any positive number. Then >, r.. =~ <+ and

from Lema 4 it follows the existence of (o, no) such that mnr,. "~ <1 holds for
every (m, n) Z (mo, no). From the last inequality log mn/log r.. < A + ¢ follows.
Hence s =A4.

The fact, that the sequence R in Theorem 6 is increasing is essential. This
shows the following example.

Example 1. Let R = {n}m.n=1, 'ma =mn, be a two dimensional sequence.
From the definition of the exponent of convergence it follows A(R)=1. Since
T'ma = 1, the sequence R’ = {7mn }m.n=1, F'mn = Fz(m.n) (7 is any permutation of the set
N % N) has the same exponent of convergance as R, i.e. A(R') = A(R) = 1. Let
' be the permutation of the set N X N which commutes the terms on the places
(k, k) and (k* k*) for each k=1, 2, ..., and does not influence the others.
Obviously the sequence R’ obtained from R by the application of the permutation

#’ is not increasing. Since riz2= k> we have lim sup log mn/log r,.. =4/3, conse-
B " m,n—»x

quently the assumption of the increase in Theorem 6 is essential.
Theorem 7. Let R = {7} m. =1 be an increasing two dimensional sequence,
rmn >1, and

w(R)=sup {o>0: there exists (mo, no) € N X N such that

rem<+w and D rp.=+w®}

m=mg, n=ng m,n=1
Let A(R) and s(R) have the introduced meaning. Then

a) u(R)=s(R) implies A(R)=s(R);
b) u(R)>s(R) implies A(R)>s(R).

Proof. a) Let us prove, that the inequality u(R)=s(R) (further u=s)
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implies the inequality A(R)=s(R) (A =s). The statement a) follows from the last
inequality and Theorem 6. It is sufficient to prove the inequality for s < + . In this
case for each £ >0 there exists (mo, no) such that log mn/log r.. <s + ¢ holds for
every (m, n) = (mo, no). The last inequality implies successively these inequalities :
mn <rm., (mn)*"?C < 0% and (mn) M0 > 7 Gince (s + 2¢)/
/(s +€)>1 from the last inequality and Lemma 3 it follows that the series

Tmn - is convergent. The assumption pu =s implies u <s +2¢ and the
m=mq, n=nq
convergence of > rn. " is a consequence of the definition of u. Hence

m.n=1
A =s +2¢. Since the last inequality holds for any £ >0 we have A =s.
b) First we will prove the inequality A Zu by contradiction. Let A <. Then
there exists 0, 0 >A such that o=y and Z rmn=+ (it follows from the

m.n=1

definition of u). Since o >4, the definition of the exponent of convergence implies

> rmm<+o. This is a contradiction. Hence it holds the inequality A =u and with

m,n=1
respect to the assumption y >s the statement b) follows.

Remark 2. The condition 7, >1 for (m, n)=(1, 1), which is introduced in
the definition of the exponent of convergence and in the assumption of Theorem 6
and Theorem 7, it is possible to replace by the condition: 7., >0 for (m,n) =
=(1,1) and with the exception at most of the finite number of pairs of indices
rmn>1. It follows from the given proofs. If 0<r.. =1 holds for infinite number
pairs of indices then obviously A = + o,

It is possible to generalize introduced definitions for n-dimensional sequence
(neN). It follows from the used methods in the proofs of Theorem 6 and
Theorem 7 that these theorems hold in n-dimensional case. Let us remark that in
one dimensional case the inequality u =s is always fulfilled since {0 >0: there
exists moe N such that > r,°<+w and D r,’=+o}=@ and u=sup f= —o.

m=mgo m=1
Hence the case a) of Theorem 7 is possible only. In two dimensional case it is
possible also the inequality u >s. This shows the following example.
Example 2. Let rmi=rim=m for each m=1, 2, ... and rn.. =(mn)’ for each
(m, n) = (2, 2). From the definition of the exponent of convergence it follows for

this increasing sequence that A=1. It is obvious that s =lim sup log mn/1og o=

= 1/2, i.e. A>s. According to Theorem 7a) the case u =s is impossible, hence
u>s.

Theorem 7 gives the necessary and sufficient condition under which it is
possible, for the calculation of the exponent of convergence of the increasing two
dimensional sequence R = {Zmn }m.n=1, 7mn > 1, to use the formula
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AR)= li;nnsgp log mn/log rma

To verify this condition in a concrete example it is relatively laborious. In the
next text we will give a sufficient condition under which it is possible to use the
above mentioned formula. This condition will be more suitable for the practical
calculation.

Definition. We shall say that the series 2 Amns Gmn >0, is row-wise

m,n=1

perfect if for each m and m, there exists m', m' = m,, such that lim sup am/am= <
. n—»00

<+, The series E Qmn, Gmn >0, is column-wise perfect if for each n and n,

m,n=1

there exists n', n' =Zno, such that lim sup @ms/@ms < +°. A row-wise and column-
-wise perfect series will be called a perfect series.

Lemma 5. Let 2 an. be a perfect séries with positive terms and let there

m,n=1
o

exist (mo, no) € N X N such that the series 2 ams converges (o >0). Then the
- m=mg, n=ng

series >, @ma cOnverges.

m,n=1
)

Proof. For each m =m, the convergence of the series 2 a,.. implies the
n=ng

convergence of the series 2 am.. It follows from row-wise perfectnees of 2 Amn

n=1 m,n=1
that for each m, 1=m <m, there exists m’=m, such that amn=Ka,,» for any
n=1, 2, ..., where the constant K does not depend on n. Hence for anym =1, 2,

..., mo— 1 the series 2 QAmn convergés. Analogously using the column-vise perfect-
n=1

nees of the series E aw and the convergence of 2 @mn, N =N, it is possible to

m,n=1 m=1

check the convergence of each of series 2 amforanyn=1,2,...,no— 1. If we put

m=1

Amn=S, Za:..=M,,. form=1,2,...,mo—1and Za:.,.=N,. forn=1,2,

m=mg, n=ng n=1 m=1

..., Mo—1, then obviously for each partial sum s... of the series 2 ams the

mo—l no—l o m.n=t
inequality sm = s+ D> M, + > N, follows. Hence the series >, am. converges.
m=1 n=1 m,n=1

Theorem 8. Let {rm}m -1 be an increasing two dimensional sequence,

= >1, and the series z rom be perfect.

m,na=1
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Th
en A =li,£n sup log mn/log rma

Proof. If we put @.. = ... then the perfectnees and Lemma 5 imply that the

set {0>0: there exists (mo,n)) € NXN such that > rm<+cw and

m=mg, n=ng
®

P = +o}=@. Since u=—x=s Theorem 7a) implies the statement of

m,n=1
Theorem 8.
Remark 3. Although the assumptions of Theorem 8 are stronger then those of
- Theorem 7 (as shown by the following Example 3), they are essential.
The two dimensional sequence R’ constructed in Example 1 is not increasing,

but the series Z ' is perfect, because R’ differs from R in any row or any

m,n=1

column at most in two terms and the series », rm. is perfect. Hence the

m,n=1
assumption of the increase in Theorem 8 is essential.
The two dimensional sequence constructed in Example 2 is increasing, but the

oo

series D, rna is not perfect, because lim supri, /7. = lim sup (mn)*/n + © holds

m,n=1

for each m > 1. Hence the assumption of the perfectnees of the series Z P i
m,n=1

Theorem 8 is essential.
Example 3. Let R = {I'ma}m.n=1, 'mn =2" . Theorem 8 is not acceptable for the

calculation of the exponent of convergence, because the series Z 2™™ is not

m,n=1

20™~™" — 4 o holds whenever m’ >m.

Since {0>0: there exists (mo, no) € N XN such that 2 27" < 4o and

m=mo, n=ng

Z 27 ™=+w}=0 acéording to Theorem 2a) it is possible to use the derived

m,n=1

formula. Hence A(R) = lim sup log mn/log 2™ =0.

perfect. Really, lim sup 7./ Toin = lim sup

Corollary 2. Let z be any positive number and R, = {m* +n*}n. .-1. Then
A(R;)=2/z.

Proof. It is easy to verify that the assumptions of Theorem 8 for the two
dimensional sequence R, are fulfilled. Hence for the calculation of the exponent
of convergence A(R;.) it is possible to use the formula ).(R,)=li"1}1ns_l.1‘p log mn/
/log (m* +n*). ' '

The inequalities 0=(m**—n*?)’=m*—2(mn)"*+n* imply 2(mn)"” =
= m'+n®, logmn/log(m*+n®) = (2/z) (1-log2/log(m*+n%)), ie.
log mn/log (m*+n*) < 2/z. Hence A(R.) =.2/z. Since }grl log m*/log 2m* =
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= 2/z for every £>0 and (mo, no) there exists (m, m) = (mo, no) such that
log m*/log 2m*>2/z —¢. Hence A(R.) = 2/z.
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SUHRN

POZNAMKA O EXPONENTE KONVERGENCIE
Pavel Kostyrko, Bratislava

V ¢lanku sa vysetruje exponent konvergencie A (x) (zavedeny v [2]) ako redlna funkcia definovand
na mnozine s* vietkych realnych neklesajicich postupnosti x={x}=, x,Zy>0, s Fréchetovou
metrikou. Dokazuje sa, ze A je funkcia tretej Bairovej triedy a kazdd z mnozin {x:i(x)<a},
ae(—®, +x), je prvej kategorie v s*. Taktiez sa zavidza pojem exponentu konvergencie A (R)
dvojnej postupnosti R = {7 }m.n-1- Ukazuje sa, Ze za istych predpokladov je mozné k jeho vypoltu
pouzit formulu

A(R) =,l§,r.t_1"§p.p log mn/10g r'oma

PE3IOME

3AMETKA O MOKA3ATEJIE CXOOUMOCTH

IT. Koc'rblpxo: Bpartuncnasa

B CTaThe paccMAaTPHBAaETCA NOKa3aTeNb CXOMHMOCTH A (x) (sBeneHbIi B [2]) KaK neAcTBATENbHAS
yHKUMSA OTIpENie/IEHHas Ha MPOCTPAHCTBE 5 BCEX BELIECTBEHHbIX HeyObIBAIOILHX MOC/IEA0BATENBHOC-
Teh x = {x,} 71, X, 27 >0, c MeTpHKo# Ppeue. [lokasaHo, 4T0 A aBnsercs GyHKUHMEH TPETHETO Klacca
Bepa i 4o MHOXecTBa {x:A(x) <a}, a € (—®, + ), nepBoi KaTeropHH Bs*. Toxe BBOIUTCH NMOHATHE
roKa3aTensi cxogumocTH A (R) st ABOMHOM NOCTEROBATENBHOCTH R = {7, }mn=1. [IOKa3aHO, 4TO MpPH
HEKOTOPBIX YCJIOBHAX BO3MOXHO /Il €r0 BHIYHCICHHA NONb30BATHCH dopmynioit

AR)= li,lll_'!.s_}l_P log mn/10g 7p
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ON AN APPLICATION OF THE TYCHONOFF FIXED POINT
THEOREM TO A CAUCHY NON-LINEAR PROBLEM

JOZEF VENCKO, Bratislava

I. Introduction and notations

In this paper the existence of a solution of the Cauchy non-linear problem

9"u(x, t) u(x, 1) du du
L a2t —B(x,t,u,at, 2,
ai+iu am+k—lu
3" ax’” T ™! a?) M
m=Zn;i=0,1,....m—1;j=0,1, ..., k; k is an arbitrary non-negative integer
a"u(x,t)] _ . %
[ ar ‘=0—u,(x) i=0,1,...m-—1, ?—u (2)
in the compact domain
o={(x, ) |xi=x=x;, 05t=d, x,<x,, d>0} 3)

is proved.

To this aim we use Tychonoff’s fixed point theorem in the locally convex
topological spaces.

First let us introduce some notations. Let R" mean the n-dimentional
Euclidean space; R'=R, R"={xeR|[xZ0},R™ = {xeR|x=0},I" = {1, 2,
3,..} s = {0, 1, 2,...},

C(E,N) = {f(x1, x2, ..., x.)| f is a continuous function of n variables E e R" —
—-NcR},
+ w | & +
Gi(a, o, M)= {f(x, ) C(Eo, R") | =L e C(Bo, RY) )

£ 3 'a
for all s € IS anid 0§:x’:§M (_SQ',)  M#£0, Q#O,a#OeR"},

G(a. 0. M)={f(x. 0 e C(Es R‘)l 2 ecEn R )
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L] 'a .
foransezzandog-aa—xf;gm %.)—,Maeo,gaeo,a#OeR }

3'f

where _8765!"

AR 4 - 2L PPN
Further let us denote u;. ;= 3 ox’ ,j€lo,

A, A
2
o e U

A, A A
2 i =
Bx 0, Uyl U dou AL E

A,+A . A
g “B(x, t, Uoo, Uro, Uot, -.es Um=1.k)

3x"° dubh Ourd U, ..., Olhm—1.k

(6)

where x=m(k +1), A eI5.
am—1+ku(x’ t)}

9 3
A R ’ s RLIURL m-— = Ao ’ b ’ k] "',—;'j_t—
Let be % {B(x,t, uon Um-1.5)} 3x {B(x,t, u(x,t) at 3x

hence éa; { } denotes the derivative of the composite function. If E, is defined by
(3), then

l+l.

H(Eo, R)= {fe C(Eo, R) WE C(Eo, R)
fori=0,1,....m;j=0,1,2,...} ] 7)

The sum of functions and the multiplication by a real number is defined in the
set H in the natural way. We introduce the topology in this linear space with the
help of the following countable system of semi-norms: for ¢ € H we set

ai+[(p
ps(p)= max ,{n};‘x,x e ax'H’ sel 8)
i=0,1,—.,m
j=0,1,...,s

This system of semi-riorms is a non-decreasing one and fulfils the axiom of
separation, because po(@o) >0 for @;#0. The set

U(@o, s, €)={p eH|p.(p —@o)<e;s elo, £>0} )

defines a neighbourhood of the point @, in H. According to the well-known
theorems (e.g. [4]) H(Eo, R) is a locally convex linear topological space and
moreover (e.g. [6]) it is metrizable.
II. Existence of a solution
For the locally convex, complete linear spaces the following Tychonoff’s
theorem [1], [2] is true.
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Theorem 1. Let H be a complete locally convex linear topological space and
N c H a closed convex set. Let T be a continuous operator on N and T(N)<N. If
T(—N)— is compact, then there exists a fixed point of T in N.

We shall show that the space H defined by (8) is complete. The convergence
in this space means the uniform convergence of the functions together with all
their partial derivatives with respect to ¢t to the order m and with respect to
x to an arbitrary order. In fact the convergence {@s}.-1— @ means that for an
arbitrary U(@, s, €) there exists such roeI”, that for r>r, is @, € U(p, s, €) or
ps(@ — @) <e. Considering the metrizability of H the sequential completeness
means the completeness and hence each Cauchy sequence in H converges to an
element from H.

We remark that there exists a one-to-one correspondence between the
solution of the problem (1), (2) and the fixed point of the integro-differential
operator

m-—1 l r)m 1

Tu= 2 u‘(x)+f (- ~D [B(x, T, Uoo, ---, Um—-1.k) —a(x, T)uo,] dt (10)

Let us suppose
(H)): a(x,t)eG(a, 0, M) in E,, u;(x)eGx(a, 0, M) for x,=x =x, and
i=0,1, ... m-1;
(Hz): B(x, t, Uoo, U1i0, Uoly ..., u,,._l_k) € C(onR“‘, R+),
Bx“" u:&.u?g,...u:- EC(EoXR “‘1 R+)

-1k

where x=m(k+1) A els, i=0, 1, ..., x;
(Hs): Let there exist the functions b.(x, t), b,(x, t) with the properties:

bi(x,t)eG(a, 0, M)inE,fori=1,2, 0<a<% (a)

If we denote

= {u(x ) H(Eo R*)[0=2% < ﬁ—faw"" =01 ... "'} (11)
’ > Tarax' Tarax” j=o0,1, ...,
where uo(x, t) is the solution of the equation
3"u "u ;
?+a(x,t)ax—,,—bz(x,t)u—b.(x, t) (12)

with the initial conditions (2), then let for each s eI5, u €N in E,

9’ 3'bi(x,t)  'ba(x, u(x,t)
= =
ax, {B(x, t, Uooy ..., u,,._,_k)} = ax, + ax, (b)

hold.
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We remark that by the theorems 1 till 3 [3] uo(x, t) exists, is unique in the class
Gi(a,pe ™% Q), where a, ¢, Q are given constants.

Now we state our main result:

Theorem 2. If the assumptions (H,), (H.), (H;) are satisfied, then there
exists a solution of the problem (1), (2) in E, for which 0= gxl: = %—xu—o holds, for an
arbitrary s € I'5, where uo(x, t) is the solution of the linear problem (12), (2).

Before proving this theorem we shall prove the following lemmas.

Lemma 1. Let M c H(E,, R) be a set of functions, which are together with

m+s

their partial derivatives up to the order - (m fixed, s arbitrary) equicon-

ot™ ox
tinuous. Let M be a bounded set. Then each sequence from M contains
a subsequence which converges uniformly together with the sequences of its

m+s

derivatives up to the order - to an element of the space H.

ot™ ox
Proof. Let us take an arbitrary sequence {@3}i-1, @2eM for A=1, 2, ....
Since the boundedness in H means a uniform boundedness of the functions @7

m+s

together with all their derivatives up to the order 3 or it follows from the

Ascoli-Arzela theorem, that there exists a sequence {@;}i-: chosen from {@3}7-1
which converges uniformly in E, to @ € C(Eo, R).

Let us suppose that we have defined for i=0, 1, ..., m—1 a system of
sequences {@i}i-1 With the properties: '

{@i""}5=1 isasubsequence of {@;}i-: (a)
ai i+1 o ai
{—(apf;—} converges uniformly in E, to a—:f e C(Eo, R) (b)
A=1 &

Let us show that from {@7 }»-1 we can choose {@3 "' }7-; with the property (b).
Consider {a
ot

is uniformly convergent in E, to a function, say, f(x,t). We shall show that

O @_ f(x, t). In fact for 0Sto<t=d is

m
A
m

} . In this sequence there exists a subsequence {@i " }i-1 which
A=1

ar™
D, = f 3";;;:” o a"’“gt:'m*_‘l(x, 0 a-"“‘qg:gx, to)_,
38""8':1'),‘(_f, ) a"";tpm(i, ) _ g
Since g%-__am%ﬁ:’ = aa?and §-%)= 2’:—3, it follows from the uniqueness of
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the limit f =;—;pe C(E,, R). Hence the system {@i }r- has the properties (a), (b) '

for i =m too.
We construct from the sequence {@7 "'}~ a system of sequences {@7 " *}r-
with the properties:

{@r*""}x-1 is a subsequence of {@r " " }ra (@)

a.v ;'n-f-l.s % . . as(p ,
“or fi., converges uniformly in E, to 876 C(Eo, R) (b")
fors=1,2,...,if 7' " *=@""". The existence of such a system (with the proper-

ties (a’), (b’)) can be proved analogically to the first part of the proof of the
Lemma 1 with the help of the mathematical induction. The sequence constructed
by the diagonal process {@; """ °}:_, uniformly converges in E, together with the
partial derivatives up to the order mentioned in Lemma 1 to the function
@(x,t)eH. Lemma 1 is proved.
Lemma 2. If u(x,t)e H(E,, R) and B(x, t, Uoo, ..., Um-1 ) fulfils the as-

sumptions (H.), then for an arbitrary s € Io, x =m(k + 1), Ao, A1, ..., A€l

5

I {B(x,t, o0, .o, Um—1,6)} =

Apg+A +...+A,Ss x‘". ub

8 itk (X5 8, U005 ooy Um—1,k) Pag.ays ...t (Mot «eey Um—1, k+s)
(13)

holds, where P, 1. .2 (4o, ..., Um—1.k+s) is a polynomial in % + m(s — 1) variables
u, i=0,1,...,m—1,j=1, 2, ..., k+s of the degree at most s.

The proof of the Lemma 2 will be given by the mathematical induction. For
s =1 we obtain

9
a {B(x, t, Uooy ---y um—l.k)} =

=B, +Buoo' um+B..m- un+ "‘+B“m—l.k' Um—1,k+1

Therefore for s =1 (13) is true. Let us suppose its validity for s =1 and we
shall prove it for s +1:

as+|
F {B(x’ tv Uooy ---» um—l"‘)} =
3
= P Uty vnvy Um— -—{B
Ao+/\|+§.;.+k,.s:[ Aa.A......A.( 01 m l‘k+a) ax { x*o,u;‘;,...,u:-_l_. }+B" x“"‘;}"""‘:"q,k
'i {Pl A A.,,(u(n ceey Um—1 k+s)} = 2 [(B » + B
ox Oy Aty <o > ' Ao+Ap+ o HhySs P A s TN A A T



‘U +...+B CUm—1,k+1) " PAO.A.,....A,.(um, cees um—l.kﬂ)'*’

£, ugl, o ugy
+B . PAo,...,A.(uOI, ooy Um—1,k45+1)]

where Pi,a,. ..a(4o1, ..., Um—1,k+s+1) iS @ polynomial of the same degree as
Piga,,...0(Uo1y .., Um—1,k+s) DUt in % + ms variables u; i=0,1,....m—1,j=1, 2,

s+1

., k+s+1. From the last equation it follows Py {B(x,t, Uoos .-.» Um-1,K)} =

= 2 B Y Ouo.ul, ...,u.,(uOI, eeey um—l.k+a+l)

uotuyF...Fuy=s+1 x“"_ u;j' ...,u:o_l'k
where Qg u,. ... (U015 -5 Um—1,k+s+1) IS @ polynomial of a degree at most s + 1 in
® + ms variables ;,i =0,1,....m—1,j=1,2,...,5s + 1. Thus Lemma 2 is proved.
Proof of Theorem 2. Let N be the set defined in the assumption (H;). Clearly
it is closed and convex. We shall show that T(N)cN.LetueN.Forr=0,1, ...,

m — 1 and an arbitrary s € I'; in making use of the assumption (Hs), b) we have

r+s m-—r—1 l
0 Tu 2 )

i LN
(%1%)?1—), [— {B(x, 7, uoo, --» Um-1,6)} —aa? (a(x, t)uo,v.(x, ‘t))] dr=
- ‘t_‘ . ‘e 3, T)
= ;Zo ui () + o (m—r—1)! oax’
f (t t)m-l—r

m[ai (a(x r)uo..(x ‘r))—
5
= =5 (balx, ol r))] dr (14)
and
am+.|m al

ar" ox° ox'

{B(x,t, uoo, ..., Um-1.6)} —

o (@, 1) hon(x, 1)) S

sT0E0, 3 4, s, )~ s (@, in(x, 1) (15)

From the assumptions (H,) and (H:) we can see the validity of the inequality
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c L PR Oforr=0, 1, ..., m and arbitrary s € I';. The right sides of the inequalities

ot ax*
a——-—'fo(x’,t), r=0,1,...,m, s €I, because we have for
at dx

uo(x, t) the relation (35) in the paper [3], i.e.

(14) and (15) are equal to

m-—1 i

uo(x, t)= ;,:Ttiu'(x)+£, %5—1)1_)—( bi(x, t)dr —

¢ t_rm~l anu x’-r
- ((m _)1_)! [a(x, 7) _;———i,. )_bz(X, T)uo(x, ‘r)] dr (16)
Then the following inequalities

ar.d-sT.u < ar+su0
dt" ax* ~ ot ax*’

0 r=0,1,...,m,sel; 17)

IIA

hold and thus T(N)<=N.

We shall show now the continuity of the operator T in N c H(E,, R"). The
continuity will be proved, if for any £ >0, any p e I" and arbitrary function i e N
there exists such 8 >0, g eI that for each u e U(@, q, 8)Tu € U(T4, p, ) is true.
Forr=0,1, ..., m—1 and for s =0, 1, ..., p we have

]

ar+.lTu _ al+sTal
ot" ox* ot ox’

t (t_f)m—'_l [i _
o (m_r_l)! ax' {B(x9 T, Uoos --+» u,,.—,‘k)

B, T, oo s im0} + 5 (@(2, TNion(%, 7)
—a(x, t)uo(x, 'r))] dr, (18)

For r=m, s=0, 1, ..., p we obtain

"""Tu 3™"'Ta l

ar™ ax* ar" ax’'

= 5; {B(x, t, Uoo, ..., u,..—l_k)—'B(X, t, oo, ..., 12,.._“)} +

]

3 ;
tor (a(x, t)ion(x, t)—a(x, t)uom(x, t))l (19)
By Lemma 2 it is true that .
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37 {B(x, t, Uoos ..., Um-1.6) —B(x, t, foo, ..., Um-1.6)} =

i [(B (x’ t’ Uo0s -+ um—l.k)—

A
Ao+AyFtAySs xhoull, L,

(X, 000, oes Bm—1,&)) * Paro.ar. .a(Bo1s <oy Um—1,k4s) +

2
e WX

—B 1, 2
0, 1
x T toge m-1.k

+B ., 4 . (x,t, 000, ..y Um—1.1) " (Pag.as. ... s (Yot «vey Um—1, k4s) —

0 1 X
X0, uph,

= Pigs,....2(Hos .., Um-1.k+s))], (20)

where P, 1, ...2(Uo1, ..., Um—1.k+s) is @ polynomial with the properties mentioned in
Lemma 2. With regard to the assumption (H:) and to the from there following
boundedness of the functions By ..u»,, for (x, t)e Eo, u e N and

considering the boundedness of the polynomial P, »,. ..., and taking in account the

validity of (20) for u € N it holds, that to arbitrary 28—l>0 ( where I = max {?—,—})
and arbitrary p eI there exists such a ,>0 that for all u e N which satisfy the

inequalities

<b,, i=0,1,...m; A=0,1,... p+k

’ ai+lu B ai-ﬂ\a
ar ax* ot ax”
it holds

o’ . = £
IaT {B(x, t, U005 -+ um—l.k)—B(x’ ta Uooy -+» um—l.k)}|<ﬂ

is true for s =0, 1, ..., p. Taking into consideration the assumption (H,) to any
- A

-2£—l>0 there exists such 8,>0, that for all u e N fulfilling the conditions

d'u
ax*

au_
ax*

<é; for A=0, 1, ..., p +n the inequalities

a3 _ 3 _
2 @, Diion(x, 1) = alx, Ouon(x, r))|<2,, s =0, 1, oon B

hold. If we put 6 =min {68,, 6.}, g =max {p +n, p +k}, then we see that for
uelU(a, q, 6) considering (18) for r=0,1, ..., m—1,5s=0,1, ...,p

3" Tu _ 3" Ta
ot ax* at" ax’

d"l—"

<Ef G drgf(m_r)!ée 1)

1) (m—-r-1)
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In a similar way using the equality (19) we obtain the validity of the last
inequality also for r =m. Thus the continuity of T on N is proved.
In order to end the proof of Theorem 2 it is sufficient to prove the

compactness of the set T(N). It will be proved on the basis of Lemma 1 when T(N)
is bounded and equicontinuous together with all its partial derivatives up to the

order 37 ar (see e.g. [7]). The boundedness of T(N) follows immediately from
the relation (17) because the function uo(x, t) is on the compact set E, continuous

r+s
Uo

ot" ax’’
a constant K(s) such that p,(uo) = K (s). For the proof of the equicontinuity of the
set {Tu}..~n we use the fact that if u € N then p,(u)< K(s) for s € I; therefore

)

with all its partial derivatives r=0,1,...,m,s eIy Therefore there exists

3 3% are fori=0,1, ...,m,j=0, 1, ..., s, uniformly bounded and as it follows

from the Lagrange mean value theorem for i =0, 1, ..., m—1,j=0,1, ..., s —1,
they are equicontinuous. Since T(N) < N, it suffices to prove the equicontinuity of

am+sT A
the set {—,,.——%—} .IfueN, pel,, (&, 11), (§2, 12) € Eo, then
ot 9ox ueN

3" PTu (&, 1) _ """ Tu (&, 12)
™ ax” or™ ax*

P

2]
3 {B(x, L, Uoos vy Um—1,1) —a(X, t)uo..}ﬂh—

=11

P

3
-z {B(x, ) Uogs rny Umet,n) ~ G, t)uo,.}

(22)
x:fzz

If we apply the statement of Lemma 2 to the last equality we obtain

8"'+"Tu(El, Tl) _ 8"'+"Tu(§2, ‘[2)
ot™ ax’ ot™ ax”

A A A
9 i
[B X0 tgg oty ]
x=§;

=1t

=

IA

Ao+A +.. . +A,Sp

Pl\o.ll. _4__),(“0], ceey um—l.k+p) -

x=§;
=1,

—P;..)A,.....;.,(um, ans um—l.k+p) l+
x=5§;

t=1

+ 2 '{Bxxﬂ.u:o‘,....ull " ] =
Ao+A [T HAxSPD T Je=gy
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+

= I:B"‘\u"':l;""'":'-l.k ] 2 PAM,,,,A,;,,(um, et um—l‘k+p)
x=§; x=52

1=t t=13

al

+ 2( ) |['_l' Uo, p+n~l] = [—’aT uO.y-Hl—l] y (23)

x=§2 ax x=§

t=13 t=1)
where B4 A, is given by (6) and Py, . is a polynomial with
the properties mentioned in Lemma 2. The function B md (x o uk, ..., uf,:-l_k) is
forue N uniformly continuous in E, by (H>), its components u;, i =0, 1, ...,m — 1,
j=0, 1, ..., k are continuous functions, Pi,.1,. .1, 1S @ polynomial in the variables

w;,i=0,1,...m-1,j=1,2, . Lk+p andfmally-g—rlsfort—o 1, ... in E,

uniformly continuous following (H,). With regard to these facts to an arbitrary
£>0 there exists such 8>0, that for all (&, ), (2, 7:) € Eo, for which
|E, —&,| <8, |11 — 12| <8 the inequality

" P Tu(Er, 1) 37" Tu(&:, T2)
or™ ax” at™ ax*

<e (24)

for any p € I'; holds. Hence the compactness of T(N) is proved and with respect to
Theorem 1 the validity of Theorem 2 is proved.

Remark 1. The preceding theory can be illustrated by the following simple
example. Assume that a(x, t)=0 in E,, for each i =0, 1, -lLu&x)=w=
=const. >0, x; =X=X,, and b, =b:i(t)>0, i=1, 2, are oontmuous functions for

L

te(0,d). Let v=v(t) be the solution of the problem :7—bz(t) v = bi(t),

~min bz([)

v(t)’
taken on (0, d ). Finally suppose that B(x, t, u, ) = cu’ on Eo X R™. Then the
conditions (H,), (H.) and (H>) (a) are satisfied. The assumption (H>) (b) can be
verified to be true in the following way. By using the method of mathematical
induction we can obtain the equalmes

v®(0) = w;, and c be a constant such that 0<c = where min and max are

au(x ) 3 u(x, 1)
) ax'”’

for all s € I'o, (x, t) € Eo and u(x, t) € Cx(Eo). Thus the assumption (H5) (b) in this
case has the form

d'u 3 'u u b 3'b2 " 'u
CZ’-;()?:E’ ax - ox’ +2()ax ax ax
u

for each u € N (see (11), where instead of uo, v has to be put). Since 5;;50 in E,

Q
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for i=1, u €N, the last inequality is trivially satisfied for s =1. When s =0, we
have 0=cu’ = cuv = uc maxv = uminb, = b,u. :

Remark 2. Now consider B =b%(x, t)u +b%(x,t), bt € G:(a, 0, M) for

] ‘ s
i=1, 2. Suppose % = —g—%, i=1, 2, s €eIo. Then the assumptions (H.) and (H>)
are satisfied. Assuming also (H;) we get from Theorem 2 that for the solutions

) ~m a’l
uo(x, t) and u(x, t) of the problems (12), (2) and (2), %+a #—b?u = b}
g l: = -——a u,o, s 6 I, are true. This is a comparison
ax ox ‘

result between two solutions of linear initial problems.

respectively, the inequalities 0 =
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SUHRN

O APLIKACIHI TICHONOVOVEJ VETY O PEVNOM BODE
NA CAUCHYHO NELINEARNY PROBLEM

J. Vencko, Bratislava

V préci sa dokazuje existencia rieSenia Cauchyho nelinearneho problému

"u(x,t) "u(x,t)
or™ ax"”

a—u a—u al+lu am*kd-lu )
’9x’ 3t "ot ax' U 9t ax*

+a(x,t)

=B(x, tu 1)

mz2Zn,i=0,1,...,m-1;j=0,1, ..., k (k je TubovoIné nezaporné celé &islo)

v kompaktnom obore x, =x =x,, 0=t =d. K tomuto cielu sa vyuZiva Tichonovova veta o pevnom bode
v lokdlne konvexnom linedirnom topologickom priestore.
PE3IOME

TNPUMEHEHUE TEOPEMbl TUXOHOBA O HEMNOOBWXHOW TOYKE
HA HEJIMHEVIHYIO 3AJTIAYY KOIIU

W. Benuxko, Bpatucnasa

B pa6oTe NOKa3bIBacTCH CYIIECTBOBAHHE PEILCHHA HENHHEHHOM 3afayn Kown

m " i+ m+k—1
) u(:,t!+a(x’t)a u!x“,Q=B %1, du du 9'"u ) u )
ot oax" -

“ax o T A o
m2n,i=0,1,..,m-1;j=0,1, .., k (k-npoH3BONILHOE HEOTPHLATENLHOE 1IENIOE YHCIIO)

[a'u(x, t)

YL ]‘_o=u,(x), i=0,1,...,m-1 2)

HAa KOMIIAKTHOM MHOXeECTBE X,=x=x,, 0=¢=d. IIpu QOKa3aTEeNCTBE CYLIECTBOBAHHA PELICHHUS

3apayu (1), (2) npomensieM TeopeMy THXOHOBZ O HEMOABHXHOHW TOYKE B JIOKAJILHO BBIMYKIOM
NHHEHHOM TOMOJIOTHYECKOM fIPOCTPAHCTBE.
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AN A PRIORI BOUND OF THE ROUND-OFF ERROR
IN THE INTEGRATION BY MULTISTEP DIFFERENCE METHOD
FOR THE DIFFERENTIAL EQUATION y®=f(x,y)

ANTON HUTA jun., Bratislava

Introduction

The purpose of this paper is to generalize the assertion about the a priori
estimation for round-off error by the multistep difference methods for the solution
of ordinary differential equations. The subject under discussion is the generaliza-
tion of the considerations from [4] on the pages 242, 262, 312 and 318 with respect
to the order of the differential equation and at the same time it is the proof of a part
of Theorem 3.11 and an estimation of the constant K, from [2]. The proof is made
under the assumption that the order k of the difference formula is greater or at
least equal to the order s of the differential equation.

Let us consider the differential equation

yO=f(x,y) for s=1 | 1

The general k-th order difference formula for its solution may be written in
the form

k k
2, Oy nn=h" 3 Bf Cns, yar),  m=0,1,...N—k ()
n= u=

where
h=({b—-a)/N, x,=a+nh 3)
N is an arbitrary positive integer, k is a fixed integer and a, and 8, (1=0,1,
..., k) denote real constants which do not depend on n. We shall always assume
that ax #0, |ao| +|Bo| >0 and in addition, that k =s.
Definition 1. The formula (2) will be said to be stable in the sense of
Dahlquist, if all roots §; of the characteristic polynomial

u=0

0= at* @
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are such that |¢,| =1 and the multiplicity of the roots for which |&;| =1 is at most 5.
Then the following two lemmas are true. '
Lemma 1. Let the polynomial o(&) =ail* + ax1£*™" + ... + ao satisfy the

condition of stability and let the coefficients y; (=0, 1, 2, ...) be defined by

1
artaxf+... + aol

r=vo+ il +v:L2+ .., |Cl<1 (5)

Then there exist constants I'o, I'y, ..., I's—1 such that

s—1 .
ly,léz;)(”’i—l)n, 1=0,1,2, ... 6)
Proof. We proceed by induction with using Lemma 5.5 and Lemma 6.2 from
[4]. This two lemmas prove the validity of Lemma 1 for s =1 and s =2. Let the
lemma be true for s — 1 and let ax + ax—:& + ... +aol* = 6(8) = 'CkQ(C_I). Since
0(&) has no roots outside || =1 and since the roots on || =1 are of multiplicity at
most s, the polynomial ¢(&) has no roots in {{| <1, and its roots on || =1 are at
most s-tuple. If the roots of ¢(§) on || =1 with multiplicity s are denoted by &,
2, ---, s, then for a suitable choise of the constants A,, A, ..., A. the function

f(&)=

5 21(:.: o ™

is holomorphic in || <1 and has at most a finite number of poles with multiplicity
(s — 1) on |¢| = 1. By the induction step we have that the coefficients of the Taylor
expansion of f({) in { =0 are bounded. In view of

1 = (—Cu) -1+ _
cey-acey - e E(L i) 6o ®)

the Taylor coefficients at { = 0 of each term on the right of (7) satisfy an inequality
of the form (6). It follows that the same is true for the function

o(c) =f©+ 2(: cu.' ©)

n=1

Further we shall use the identity

11
aky,+ak_.y,_,+...+aoy,_k={ (10)

01>0
where it is assumed that y; = 0 for [ <0. This identity is proved by multiplying both
sides of (5) by ax + @x—1& + ... + aot” and comparing coefficients in the resulting
expansions in the same powers of {. The following lemma concerns the growth of
solutions of the nonhomogeneous linear difference equation
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k k
: Eaume:h’Zﬂu.m ZmsutAm 11)
u=0 u=0

Lemma 2. Let the polynomial o(£)=axl" + ... + ao satisfy the condition of
stability, let B*, f and A be nonnegative constants such that

ABkm| + [Bi-t.m| + ...+ |Bo.m| EB*, |Br.m| SB, [Am| SA,0=m =N (12)
and let 0<h’ <|a:|B”".
Then every solution of (11) for which
=2, u=0,1,.., k-1 (13)
satisfies
|z.|SK*e™™', 0=n=N (14)

Here

s—1 .
B‘E(N ki+l l)n

i=0

L*=

1-h'|ac’|B
s—1 . s—1 .
AZ(N k+l)n+kAzz(N k+l l)n
K*= i=0 i+1 i=0 I (15)
1-hlac’|B |

where A = |ax|+ |ak-1| + ...+ |ao|.

The proof is analogous to the proofs of Lemma 5.6 and Lemma 6.3 from [4].
Forl =0, 1, ..., n — k multiply the equation (11) correspondingtom =n —k —1[ by
v and add the resulting equations. If the sum is called S, we obtain by summing
on the left

S =(Zn +Ak—1Zn-1+ ... + AoZn-k)Yo+
+(Zn-1+ Ax-1Zn-—2+F ... + AoZn—k-1)71+

+...+(azk + Ak-1Zk-1+ ... + AoZ0) Y-k

Rearranging we get
Sn = QkYoZa + (AkY1 + Ak-1y0)Zn-1+ ...
vt (QYnkF ... F AoYn-20)Zk + (Ak-1Y st .-
oo+ QoYn-2k4+1)Zk—1F ... + A0V, _Zo
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By (10) this reduces to

S.. =2n +(ak_.y,,_k+ +a0}’n—zk+l)2k—l 4= s +aan_kZu (16)

Summing on the right, we find
Sa=h"{Br.n-kYoZn + (Br-1.n-xYo+ Br.n—k-171)Zn-1 + ... +
+ (Bo.n-kYot ...+ Br.n-2kYi)Zn—k+ ... + Bo.o¥. 2} +
+An-kYo—An—k—1V1+ ... + Ao¥Yn—xk a7
Equating (16) and (17) we find, using (12) and (13)
jalshla lal a2 (N TEHTRS 24

i=0 m=0

+A2<N k+l)r+kAZz(N kl‘l'l—l)r,l

i=0 i=0

Solving the resulting inequality for |z.|, there follows

n—1

|za|SH'L* D |zm| + K* (18)
m=0

where L* and K* are given by (15). We now proceed by induction. Since

A (N_k:"— 1)I‘,->1 and hence K*=Z, the estimate

i=0
|zm| SK*(1 + H°'L*)™ (19)

is true form =0, 1, ..., k — 1. Assuming its truth for m =0, 1, ..., n — 1 and using it
on the right of (18), we obtain

(1+h’L*) -1

< K’ *K*
|z.|=h’L*K WL*

+K*=K*(1+h’L*)"
Relation (19) is thus established for m = n and this holds generally for m =0,
., N. The statement of the lemma now follows by using 1+A‘L*=e""".
Instead of satisfying the difference equation (2) exactly, the quantities ¥,
actually calculated satisfy an equation which we write in the form

k k
zoauy-nd-u‘:h' zﬁ‘f(xn+uy y~n+u) +€n+ky n =09 19 2, e (20)
w= u=0

The quantities &, will be called the local round-off errors. The problem to be
studied in this paper is the influence of these local errors on the accumulated
round-off error 7, =y, — y.. We shall derive an a priori estimate for r, under the
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sole assumption that |e..|=¢ (n =0, 1, 2, ...) where ¢ is a constant independent
of n. '
Subtracting from (20) the corresponding equation (2) and writing

G =1 [f Om, Fm) = f(Xm, ym)), i Fm#0

gm = 0, if 'm= O
so that in any case |g.|=L, L' is the Lipschitz constant, we obtain
’ k k
2 a,.r,.+,.=hszﬂugn+..rn+u+€n+k (21)
u=0 n=0
Applying Lemma 2 to this relation with zw =rm, A=¢, N = (b—a)/h,Z=0
k
(since ro=ry = ... = ry,_y = 0), B* = LB = L |B.|, B=L|Bx| under the
u=0
assumption that A* <L~ '|Bx'ax| we get
|r.| =€h ™ (x» —a)'T* exp [(x. —a)' T*B*] (22)
where
[ | Ij
max | max , max [ ————
i s\ . i s—1\.
((-) ) (( ) )]
r* = : s -1 ]
1—-h Llak ﬂkl

Therefore the following theorem is true.

Theorem 1. Let the function f(x, y) be defined, continuous and satisfy the
Lipschitz condition in y with the constant L in the region a =x =b, |y| <. Let
s= 1, k=s be integers and let be given the differential equation (1) with the
difference formula (2) stable in the sense of Dahlquist under the conditions (3),
where ax# 0 and |ao| + |Bo| >0. Let the calculated results satisfy (20), where for
the local round-off errors |e,|=e, n=0, 1, ..., N is true and let A" <L™'|B: ax|.
Then for the accumulated round-off error (22) is valid.
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SUHRN

ODHAD ZAOKRUHLOVACEJ NEPRESNOSTI DIFERENCNEJ
VIACKROKOVEJ METODY PRE DIFERENCIALNU ROVNICU y®=f(x, y)

A. Huta jun., Bratislava

V ¢&ldnku sa vysetruje vplyv lokdlnych zaokrihlovacich nepresnosti na celkovi zaokrihlovaciu
nepresnost pre diferencidlnu rovnicu y“’=f(x, y).

Dokazuje sa nasledovnd veta:

Veta 1. Nech funkcia f(x, y) je definovan, spojita a spliia Lipschitzovu podmienku vzhladom
na y s konitantou L v obore a=x=b, |y|<w. Nech s=1, k=s si celé ¢&isla a nech je dand
diferencidlna rovnica (1) s diferenénou schémou (2) stabilnou v zmysle Dahlquista za predpokladov (3),
kde ay#0, |ao|+|B,>0. Nech skutotné vysledky spliiaji (20), kde pre lokélne zaokrihlovacie
nepresnosti plati |e,|Sg (n=0, 1, ..., N) a nech h* <L~'|B;'a,|. Potom pre vysledné zaokrithfovacie
nepresnosti plati (22).

PE3IOME

OLIEHKA MOTPEUIHOCTH OKPYTIJIEHMSI PA3HOCTHOI'O
MHOT'OIIATOBOI'O METOJIA I TU®P®EPEHIMAIILHOIO YPABHEHHUS
yO=f(x,y)

A. Xyrs mi1., BpaTucnasa

B 37Ol cTaTbe HCCEAYETCS BIHSHAE NOKANbHbIX OTPEUIHOCTEN OKPYTTIEHHS Ha OGO Morpel-
HOCTb OKpYrJIEHHs AJisi ARGEPEHIMANLHOTO YpaBHeHHs y* =f(x, y).

HokasaHa ciefqyiomas Teopema :

Teopema 1. Ilycts ¢ynkuns f(x,y) onpepeneHa, HenpepbiBHA M YAOBIETBOPSET YCIOBHIO
JIunumua no y ¢ nocrosnuoh L B o6nactu a Sx =b, |y| <. IMycrs s =1, k =5 nensie YKcIa ¥ NycTs
3afaHo AudpepeHimMansHoe ypaBHenwe (1) c passoctHoH copmynoi (2), ycTo#YMBOH B CMbicie
Maneksncra npu ycnosusx (3), rae ax#0, |ag| + |Bo]>0. Ilycrs, xpome TOro, gpakTHuecKHe
pe3yNbTaThI YHORIETBOPAIOT YcIoBrio (20), e ANs JOKAIbHBIX MOrPEHOCTEA OKPYTJICHHS HMEET
MeCTO oTHoweHHe |6, | S¢ (n =0, 1, ..., N) npuiem h* <L '|B. 'a,|. Torna nis koneuHo# norpemHoc-
TH OKPYTJIEHHS HMEET MECTO OTHOWIeHHe (22).
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MODELS OF THE KLEIN BOTTLE

MILAN HEINY, Bratislava

1. Introduction

The Klein bottle Kb is a topological factor space I’/R where R is an
equivalence relation given as follows: if (x, y) # (x’, y') are two points of the unite
square I, then

{x,x'}={0,1} and y=y’

(x’ y)R(x,’ y') == <{y,y’}={0, 1} and x+x'=1

It is well known that Kb may be embedded neither into the 3-dimensional
euclidean space E” nor into the 3-dimensional real projective space RP’. Roughly
spoken: the Klein bottle cannot be constructed as a surface in “our” space.
However, there is a way in which to model Kb in “our” space, namely using lines
instead of points.

The aim of this article is to prove the following three assertions.

Theorem. Letin RP’ be given a quadric S of the signature (3, 1). Let M be
a line in RP’ which does not tangent S°. The space K of all tangents U to S*
intersecting the line M (regarded as a topological subspace of the Grassmannian
G.(RP?)) is homeomorphic to the Klein bottle Kb.

Corollary 1. The subspace K, of G.(E*) which consists of all tangents U to
the unite sphere S’cE’ intersecting or parallel to the x’-axis (x'=x>=0) is
homeomorphic to Kb.

Corollary 2. The subspace K; of G,(E’) which consists of all tangents U to
the unite sphere S” = E” parallel to a given plane E* = E* is homeomorphic to Kb.

2. Preliminaries
In any real projective space RP" a coordinate system
o:R"*' - {0}>RP"

is assumed to be given.
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We recall (see [1] pg 356) the Pliicker map
7:G(RP’)>RP’, U—a’, ..., u’)

which goes from the set G,(RP”) of all lines in RP® into RP’ and is defined as
follows : choose arbitrary two distinct points A =0 (a°, a’, a’,a’), B=o(b"’ b, b>,
b?) of a line U € G,(RP’). Denote [i,j] = a'b’—a'b’, i, je {0, 1, 2, 3}; then

u’=[0,1], u'=[0, 2], u*=[0, 3]
w’=[2,3], u*=[3,1], «’=[1, 2]

This map is well defined, injective, and
G.(RP)=Q={o@’, ..., u”); u’v’ +u'u* +u’u’=0) 1)

is the regular hyperquadric of the signature (3, 3) in RP°. From now on, G,(RP?) is
a topological space with a topology induced by 7-hence G(RP?) is homeomorphic
to Q.

Let Y =o0(y° y'. y> y)eRP’ be a point, U = 7 'eo'), V =
=n""e0(v') e Gi(RP’) two lines and

SZ= {a(xo,xl’ xz’ xS); (xO)Z_ (xl)z_ (x2)2_ (x3)2 — 0} (2)

a “unit sphere” in RP’. Then by [1] (3.185) and (3.192) it is

UnV#0 e uv’+u'v+u®v’ +u’v’+u'v' +u’v?=0 3)
and
yOuS_ylul+y2u0___0
y0u4+ylu2 _y3u0=0 4
y0u3 _y2u2+y3ul=0 ( )

y1u3+y2u4+y3u5=0

YeU & -

Lemma. A line U is tangent to the quadric S if and only if
@) + @'y + W) =) + @) + @) (%)
Proof. Let Y e UNnS” and suppose u’# 0. Then y’ and y® may be expressed as
functions of y° and y' using first two of the equations (4). After substituing these
into the equation (2) the quadratic equation with the discriminant
D =4[’y + (') + () = (@) = () = (Y]

is obtained. Obviously U is tangent to S” if and only if D =0 i.e. (5). It is obvious
how to finish the proof in the case u’=0: take any other u'# 0 instead of u° and
corresponding two of the equations (4).
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3. Proof of the Theorem

Two cases are to be destinguished: 1. MNS? consists of two points C; # C;;
2. M S’ is empty. The space K will be denoted by K in the first and by K in the
second case.

1. Let MAS>= {C,, C,}. There exists such a coordinate system in RP’ that S’
is givenby (2)and C,.; = 0(*1,0,0,1). Thus M = C\C:=n"'.0(0,0,1,0,0,0)
and according to (3) lines U =2 "'co(u') and M intersect (or are equal) if and only
if u’=0. Therefore from (1) and (5) it follows

Ki= (woo(u'); u’=0, u'u’+u'u*=0,
@) + @'y + @) =@’y + @'}
Since (u°)”+ (1*)’# 0, it may be assumed (normalized) that
@)+ @'y + @)’ =1, @) +@y=1 (6)
Hence there exists x € I such that
w=¢esinmy, u*=¢ecosmy, e=+*1 7

Moreover, this y is uniquely defined by (7) except the case of u’=0. The
relation u’u’+u'u*=0 together with (7) yields

u’=¢€z cos y, u'= —ez sin wy 8)
and using (6) it is z>+ (4°)* = 1. Hence there exists x € I for which
Z =cos 27x, u’=sin 27x 9)

Thus each point 77 'co(u') € K, may be expressed in the form

u’= cos 2mx cos wy, u’=sin wy
u'= —cos 2nx sin my, u‘=cos my
2 . 5

u = —sin 2nx, u =0

These relations define a surjective continuous map
D:I’> K, (x,y)—u'(x,y))

and K, is homeomorphic to the factor space I’/R, where R, is the equivalence
relation given by

(x, Y)Ri(x", y") = P(x,y)=P(x,y)=P(x',y')

The proof of case 1. will be finished by showing R = R,. It is not difficult to
check the inclusion R = R,. To prove R; =R, let us take two different points (x, y)
and (x', y') for which
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u'(x,y)=t'(x",y’) for i=0,...,5

Since (u’)’+ (u*)’=1,itist=+1or —1.If t=+1, then i =3,4 yields y =y’
and i=0, 1, 2 yields {x,x'4 = {0,1}. If t=—1, then i =3, 4 yields {y,y'}=
={0,1} and i =0, 1, 2 yields x +x' = 1. The proof of case 1 is finished.

2. Let MNnS®=. There exists such a coordinate system o in RP’ that S° is
given by (2) and M = {0(0, x', x> 0)}. Thus M=a"".0(0, 0, 0, 0, 0, 1) and
similarly as in the case I) it is

1 2 0 3
oo(u'); W’=0, u’uw’+u'u*=0,

2={n"
@)+ @) =)+ @) + @)}
Further, K, is homeomorphic to K, for there exists an involutive
homeomorphism

5 5 0 1 2 3 4 5 3 4 5 o 1 2
@:RPP>RP,o(u,u,u’,u,u,u)—»om,u,u,u,u,u)

with invariant subspace Q which mutually interchanges K, and K,. The proof of
the Theorem is finished. Both Corollaries come immediately from an inclusion map
E’SRP?, (x', x%, x*)>0o(1, x', x?, x°) and its extension to Grassmannians.

4. Example

At the end of the paper we turn our attention to the omitted case “M is
tangent to S””’. An instructive example of a non-Serre fibration will be obtained.

Let S’=x>+y’+z>=1 be a unit sphere in E’ and M its tangent at the north
pole N=(0, 0, 1) given by y=0, z=1. Let K, be a topological subspace of
E' x G,(E?) which consists of all couples (V, U) where V eM is a point and U a
tangent to S” passing through V. Then there is a fibre map p: Ko—M, (V, U)—>V
which is not a Serre fibration, although p ~'(V) is homeomorphic to S’ for each
V eM. To prove the last assertion let us regard the commutative diagram

u

! — Ko

I

S'X[ —— M
where i: €“+ (e, 0) is an inclusion map,
W: e“'»—-»(N, {N+s(cosg-,sing,0),seR})
A: (€%, )—>(,0,1).

By showing that there is no lift A: S' x I — K, preserving the commutativity of



the diagram the non-CHP (covering homotopy property) for (Ko, p, M), and hence
the assertion, will be proved.

Suppose by contradiction that there exists a lift A such that p.A =A. Then A
may be viewed as a homotopy in G,(E’®) which takes an uncontractible circle
Ao(S")=u(S") into a contractible one A(S"); here A,(S') is a “cone” which
consists of all lines

s s s
1+—(1+cosa), —=sina, 1+—(1—cos a ); seR}
{( = » 75 4 )

where a €[0, 2x].
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Topologicky podpriestor priestoru Gr,(RP?), ktory sa skladd zo vietkych dotyénic kvadriky
signatiry (3, 1), ktoré pretinaji priamku nedotykajicu sa tejto kvadriky — to je model Kleinove;j flase.

PE3IOME
MOJIEJ/IN BYTBUIKHA KJIEMHA
M. I'eiiHel, Bpamgnana -
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REMARK ON MATCHINGS IN REGULAR GRAPHS

JAN PLESNIK, Bratislava

In this paper, all notions not defined here will be used in the sense of [4].
Given a graph G =(V, E), V and E denote its point set V(G) and line set E(G),
respectively. For a set M ¢ V(G), G(M) denotes the induced subgraph of G with
point set M and hs (M) denotes the number of odd components of G(V — M). (By
an odd component we mean that with an odd number of points.)

A matching of a graph G can be defined as a subgraph H of G in which each
point has degree 1. We refer to the difference | V(G)| — | V(H))| as the deficiency of
the matching. Thus a 1-factor of G is a matching with deficiency zero.

The paper deals with matchings in regular graphs whose line-connectivity
differs from the degree no more than by unity. There are several results on this
subject. We mention here only those from among them, which will be used in the
sequel.

Theorem A. ([2]). Let G be an (r — 1)-line-connected regular multigraph
of degree r >0 with an even number of points. Then G has a 1-factor containing an
arbitrarily prescribed line.

Theorem A appears as a consequence of the following assertion.

Theorem B ([5]). Let G be an (r — 1)-line-conniected regular multigraph of
degree r >0 with an even number of points. Then G has a 1-factor not containing
r — 1 arbitrarily prescribed lines.

The following two results are due to Grant, Holton and Little (see [3]).

Theorem C. Let G be an (r — 1)-point-connected regular graph of degree
r >0.If d is a non-negative integer and the number of points of G has the parity of
d, then G has a matching with deficiency d containing one arbitrarily prescribed
line.

Theorem D. Let G be an r-point-connected regular graph of degree r>1
with an odd number of points. Then for any v € V(G), G —v has a 1-factor.

In this paper we have generalized the abovementioned four results. Our first .
theorem is based on the following assertion which immediately follows from
a result due to Berge (see [1] or [2]).
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Lemmasa 1. Let G be a multigraph, and let d be a non-negative integer. Then
in order that G shall have no matching of deficiency d it is necessary and sufficient
that one of the following three conditions shall hold:

1. d>|V(G)|,

2. d#|V(G)| (mod 2),

3. There is a subset S of V(G) such that d + |S|<hs(S).

The next theorem is a generalization of Theorem B and the proof of it given
below is an extension of that of Theorem B from [5].

Theorem 1. Let G=(V, E) be an (r — 1)-line-connected regular multi-
graph of degree r >0 with p points. Let d and x be integers where 0=d =p,
d=p (mod2), and x=r+rd/2—1. If E'cE with |[E'|=x, then the multi-
graph G'=(V, E — E’) has a matching with deficiency d.

Proof. Assume that the multigraph G’ has no matching with deficiency d.
Then by Lemma 1 we have the case (3), i.e. there is a set S< V such that
G'(V —S) has n odd components (say) Gi, G3, ..., Gn, where

n=ho(S)>d+|S]| (1)
As n—|S|=n+|S|=p=d (mod 2), (1) implies
n—|S|=d+2 ()

Denote V(Gi) by V; fori=1, 2, ..., n. The number of all lines of G incoming
to V; from S, or from V—S —V, will be denoted by s;, or by ¢, respectively.
Denoting by d; the sum of degrees of points in G(V;), we have °*

O=d,=r|Vi|-(@s+t)=r|V|-(r—-1)=r(|Vi|-1)+1=1 (mod 2)
It follows that r —1<s; +1¢;, or

rss+t (i=1,2,....n) 3)

From S exactly 2& lines income to |J Vi. As G is regular of degree r,
i=

i=1

> si=r|S| 4)

i=1

Further, the condition |E'| =x gives

;:;t: =2x 5)

Using (3), (4), and (5), we obtain rn = r|S|+2x, or
r(n—|S|)=2x (6)



From (2) and (6) we have r(d +2)=2x which contradicts the assumptions of
Theorem 1. This completes the proof.

Corollary. Let r, p, d be integers, where r=1, 0=d =p and d=p (mod 2).
Let G be an (r — 1)-line-connected regular multigraph of degree r with p points. a)
If p is even, then G has a matching with deficiency d not containing d/2 arbitrarily
prescribed points and r — 1 arbitrarily prescribed lines. b) If p is odd, then G has
a matching with deficiency d not containing (d + 1)/2 arbitrarily prescribed points
and r/2 —1 arbitrarily prescribed lines.

The proof is obvious. Note that Corollary a) or b) involves Theorem B or D,
respectively (put d =0 or d =1, respectively).

The following two constructions enable us to make from a given regular
multigraph a new one with further useful properties.

Lot G be a multigraph and let e,, e, ..., e, be n lines of G(n=1). Let e =uy;
for i=1, 2, ...,n. 1.Provided that w ¢ V(G) we put S (G;e:, ..., €)=
=(V(G)u{w}, (E(G) — {ey, ..., ex}) U {tuw, wuy, ..., uaw, wou,}). 2. Provided
that x, ..., Xn, Y1, ..., Yn—2€ V(G), we put S** (G ey, ..., &) = (V(G) U {x, ...,
s Xns V1o eees Yn2}, (E(G) = {€4, ..., € }) U {tiXs, X101, ooy UnXn, XaUn YU {Xiy; i =1,
wonj=1, ..., n=2}).

Lemma 2. Let G be an (r — 1)-line-connected regular multigraph of even
degree r =2 and let ey, ..., €., be r/2 arbitrary lines of G. Then the multigraph
S*=S8"(G; ey, ..., e.1) is (r — 1)-line-connected and regular of degree r.

Proof. Clearly S” is regular of degree r. Assume that there is a set Q of r—2
lines which disconnects S*. Let S and S be two components of $* — Q. If S7 or
S consists only of the point w, we have a contradiction because the degree of w is
greater than r—2. If boths ST and S; contain points of V(G), we have
a contradiction again because in the construction of S* every line e; is substituted
by the path u,wv; and G is (r — 1)-line-connected.

Lemma 3. Let G be an (r — 1)-line-connected regular multigraph of degree
r=2andlete,, ..., e, be r arbitrary lines of G. Then the multigraph $** =S**(G;
e, ..., &) is (r —1)-line-connected and regular of degree r.

Proof. The regularity is immediate. Assume that there is a set Q of r — 2 lines
which disconnects S* . If there are two components of S** — Q each containing at
least one point of G, we have a contradiction because every line ¢; is substituted by
the path uxv;, and G is (r — 1)-line-connected. Therefore the set V(G) lies in
a component S;* of S*"— Q. For any two points y;, y; there are r line-disjoint
y: —y; paths (namely yixyy; ; k =1, ..., r), so that all the points y, ..., y.—; lie in the
same component of $**—Q. For any two points x;,, x; there are at -least
r—1 line-disjoint paths joining them (e.g. the paths xywx;, k=1, ..., 7 —2 and
a path xa; — ux; where u; — u; is a path containing no line x,y, the existence of which
follows from the connectedness of G). For any two points x;, y; there are the
following r—1 x;—y; paths: xyy;, xiyexey; (k=1, ..., r—2 and k#j), xats — uxsy;
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where w —u, is a path containing no line x,y. and fe€ {r—1,r} — {i}. Thus
S** — Q has only two components: S " containing only all the points of G and S:"
containing the other points of S *+ However, there are 2r lines going from V(G) to
V(§*) - V(G). We have a contradiction and the lemma is proved.

Theorem 2. Letr, d, p be integers with r=1,0=d =p,d=p (mod 2). Let
G be an (r —1)-line-connected regular multigraph of degree r. Then G has
a matching with deficiency d containing one arbitrarily prescribed line and not
containing other rd/2 arbitrarily prescribed lines of G and having all the
non-matched points in the set of all points incident with the rd/2 lines.

Proof. If r =1, the assertion is trivial. Therefore let r =2. If d =0 we have
Theorem A, so we can suppose that d Z1. Consider 1+rd/2 arbitrary lines of G

(say) eo, €1, ..., €ran. If d is odd then r is even and we can construct a multigraph
+ ++ ++ ++

G0=S (S (S (S (G, e,,...,e,); Crals soes ez,)...; € (d—3)r/24+15 41> e(,,_,),,z)',

€@-1yrar1s - €arp). If d is even we can construct a multigraph G. =

=8"(..ST(ST(G; e, oo ) €rn1s oy €21) i C@-2pz41s s €ar2). According
to Lemmas 2 and 3 both G, and G. are (r — 1)-line-connected regular multigraphs
of degree r, so that by Theorem A they have 1-factors containing the prescribed
line e,. From the definition of S** we see that each of points y{’, ..., y?, is matched
with a point of the set X© = {x{°, ..., x} (i corresponds to the i-th r-tuple of
prescribed lines (eg_l),+.. , ..., €;)). Therefore, there are exactly two points of X L
which are matched with points of G. From the construction of S* we see that the
point w is matched with a point of G. In any case the points of G matched with
points not in G are incident with some of the lines e, ..., €. Thus, being
restricted to G, every 1-factor of Go (G. respectively) gives a desirable matching of
G with deficiency d containing e, and not containing e, veey €ra2. Q. E. D.

Note that Theorem 2 involves Theorems A and C as special cases.

Remark. The preceding proof can be easily modified to deduce Theorem 1
from Theorem B. ‘

Acknowledgment. The author expresses his thanks to J. Bosik for his careful
reading of a preliminary version of this paper and for suggesting the construction of
S$** which led to a substantial improvement of the paper.
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SUHRN
POZNAMKA O PARENIACH V PRAVIDELNYCH GRAFOCH

J. Plesnik, Bratislava

Dokazuje sa nasledovni veta: Nech G =(V, E) je pravidelny graf stupiia r >0 s p vrcholmi
a hranovou sivislostou aspofi r—1. Nech d a x si celé ¢isla, kde 0=d =p,d=p (mod2) a
x=r+rd/2—1. AKE'cE a |E'| =x, potom graf G’ =(V, E — E’) mé parenie neobsahujiice prave d
vrcholov. Tiez sa dokazuji niektoré dalSie tvrdenia tohto typu. Tieto vysledky si zovieobecnenim
niektorych doterajsich vysledkov.

PE3IOME
3AMEYAHHUE O MMAPOCOYETAHUSAX B OOQHOPOOHBIX IPAGAX

1. Inecuuk, BpaTtrcnasa

HMokasbiBaetcs cnenyomiasi ToepeMa: ITycTh NaH p-BepIIMHHBINA OonRHOpORHbIA (7 —1)-pe-
6GepHo-cBsi3HbIi rpap G = (V, E) crenenn r > 0. Iycts d ¥ x Takue uenbie Yucna 4ro 0S d Sp,d=p
(mod2) w x=r+rd/2-1. Ecmm E'cE w |E'|=x, torna rpap G'=(V,E—-E') obnanaer
MapocoieTaHHEM KOTOPOE HE CONEPXHT TOYHO d BepiiHH. Toxe JOKa3bIBAIOTCA HEKOTOPbIE AaNbHEH-
WIHE YTBEPXNIEHHA 3TOTO THMA. 3TH PE3yNbTaThl ABAAIOTCH OOGOOIIEHHEM HEKOTOPBIX MPEXHHX
Pe3yNbTaTOB.
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1. Erwidgen wir die Differentialgleichung dritter Ordnung

[r(x)y')”" +[Aq(x) +pup(x)]ly =0 (1)

wo r(x)>0, q(x)>0 stetige Funktionen von x € (a, c) sind und p(x) ist eine
definierte und stetige Funktion von x e (b,c), a<b <c, wobei p(x)=0 fiir
x€e(a,b) und p(x)>0 fiir x e (b, c) ist Au € (0, ») sind Parametern.

In dieser Bemerkung zeigen wir, dass es moglich ist die Parametern A, u so zu
wihlen, daB die entsprechende Losung y(x) der Gleichung (1) die
Randbedingungen

y(@)=y'(a)=y(b)=y(c)=0 ‘ 2
erfiillt. Ein dhnliches Problem wurde in der Arbeit [1] fiir die Differentialgleichung
Yy +q(x, A, u)y=0

gelost.

2. Es gilt daher den Satz:

Hilfsatz 1. Esseien I, J Intervalle der realen Verédnderlichen, r(x) >0 eine
stetige Funktion auf I, g(x, A)=0 eine stetige Funktion fiir (x, A) eI X J. Weiter
sei y(x,A) eine nichttriviale Losung der Differentialgleichung

[rx)y'l"+q(x,A)y=0 A3)

mit der Eigenschaft y(a,A)=0, a eI. Wenn wir mit ¢(1) eI die Nullstelle der
Funktion y(x, A) bezeichnen, welche rechts von a liegt, dann ist @(A) stetig fiir
einen solchen Parameter A fiir welchen @(4) eI gilt.

Beweis. Wir bemerken, dass die Losung y(x, A) keine doppelte Nullstelle in
einem Punkte x; € I haben kann, welcher rechts von Punkte a liegt. Tatsédchlich,
wenn y(xi,A) = y'(x;,A)=0, dann erhalten wir in der Integralidentitit
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ry’[f)"l'_f, {[ry'1> —rqyy'} dt={ry'[ry"] }x=x

welche fiir die Losung der Differentialgleichung (3) gilt (wir erhalten diese durch
multiplizieren der Gleichung (3) mit dem Produkt ry’ und durch Integration von xo
bis x, xo, x € I) wenn wir x =x, wihlen und x, ist die erste links von x, liegende

Nullstelle von y’, erhalten wir die Gleichheit {[ry']* — rqyy']} dt =0 was im

Hinblick auf das konstante Zeichen der Funktion unter dem Integral zu einem
Widerspruch fiihrt. Es gilt also y (@ (4 ),.A) =0,y"(eA),(}) E% y(x, 1) +0.
x=@@R)

Da y(x, A) eine stetige Function der Verinderlichen x, A in jedem geschlossenen
zweidimensionalen Rechteck ist, welches ein Teil von I x J ist folgt aus dem Satz
iiber implizite Funktionen die Stetigkeit @(4).

Hilfssatz 1 ist in den Arbeiten [1], [2] fiir die Félle r=1, eventuell g(x, )=
= Aq(x) angefiihrt.

In der Arbeit [2] finden wir den Beweis fiir den folgenden Oszillationssatz.

Oszillationssatz. y(x,A) sei die Losung der Differentialgleichung

[r(x)y']’ +Aq(x)y =0 4

mit der Eigenschaft y(a, A)=0. Es seien —o <a <b <, r(x)>0, q(x) =0 stetige
Funktionen von x € (a, ©),A >0. Dann existieren zu der natiirlichen Zahl y solche
A, >0, dass fiir A>A, die Funktion y(x,A) im Intervall (a, b) wenigstens ¥y
Nulistellen hat.
' Bemerkung. Ganz dhnlich wie der Beweis des Oszillationssatzes in der Arbeit
[2] kann auch der folgende Satz beweisen werden.
Hilfssatz 2. Die Koeffizienten der Differentialgleichung (3) mogen folgen-
de Bedingungen erfiihlen: r(x)>0, q (x,A)=0 sind stetige Funktionen von

x e{a, ®©) und A € (A1, A2), lim q(x, A)=0 sei gleichmissig fiir alle x € (a, ©)
A=Az

und es sei a <b <. Wenn y(x, A) die Losung der Differentialgleichung (3) mit
der Eigenschaft y(a, ) =0 ist, dann existiert zu einer beliebigen natiirlichen Zahl y
ein solches A, € (A1, Az) dass y(x, 4) fir A >A, in (a, b) wenigstens y Nullstellen
hat.

3. Die Koeffizienten der Differentialgleichung (1) sollen die in Abschnitt 1
angefiihrten Bedingungen erfiillen. Erweitern wir ihre Definition auf den Intervall
(a, =) auf folgende Art:

r(x) =r(c) fir x=c
q(x)=4q(c) fir x=c
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p(x)=<;)(c) fir xe(a,b)

fir x=c

Beweisen wir folgenden Satz.

Satz 1. Es seien alle oben angefiihrten Voraussetzungen erfiillt. Dann exi-
stiert eine solche natiirliche Zahl N und solche Folgen von Parametern {An+p}p-o,
{un+p}a=-o fiir welche die Folge der Losungen der Differentialgleichung (1)
{¥n+p}p=o derart existiert, dass yn+y = y(X, An+p, Un+p) fiir p=0, 1, ... die
Randbedingungen (2) erfiillen und im Intervall (a, b) gerade N + p Nullstellen
haben.

Beweis. Es sei y(x, A, u) die Losung der Gleichung (1) mit der Eigenschaft
y(@a,A,pu) = yx(a,A,u) = 0, [ry:]i(a, A, u)#0. Aus dem Oszillationssatz folgt,
dass bei geniigend grossem A im Intervall (a, b) weinigstens eine Nullstelle der
Funktion y(x,A, u) liegt. N bezeichne die Anzahl der Nullstellen in diesem
Intervall. Es existiert also ein solches A, u, N dass

A, n)<b=xna(,p)

gilt, wo xy die N-te Nullstelle der Losung y(x, A, 1) in (a, b) ist. Weiter impliziert
der Oszillationssatz die Existenz eines solchen A*>A dass xn+1(A*, u)<b. Aus
dem Hilfssatz1 folgt dann die Existenz eines solchen Axe(A,A*) dass
y(b,An,u)=0 und y(x,An,u) hat im Intervall (a, b) gerade N Nulistellen.
Fixieren wir jetzt Ay und bezeichnen wir mit v die Anzahl der Nullstellen der
Losung y(x, An, p) im Intervall (b, c) fiir irgendeinen Parameter ji. Also wenn
E.(An, ) die v-te Nullstelle der Losung y(x, An, @) in (b, ¢) ist, gilt

E(An, B)<c =& +i(An, 1)

Der Oszillationssatz verbiirgt uns die Existenz eines solchen u*>pa, dass
Ev+1(An, u*)<c ist. Aus der stetigen Abhingigkeit der Nullstellen folgt die
Existenz eines solchen un € (@, u*) dass y(c, An, =) =0 ist. Damit haben wir
bewiesen, dass yn =y (x, An, u.) die Lésung der Randwertaufgabe (1), (2) ist und
im Intervall (a, b) gerade N Nullstellen und im Intervall (a, b) y Nullstellen hat.

Wenn wir auf diese Art fortfahren, beweisen wir vollstindig die Behauptung
dess Satzes 1.

Erwiagen wir jetzt die Differentialgleichung

[r(x)y’]” +q(x,Au)y =0 5)

Dan gilt folgender Satz:

Satz 2. Esseien a <b <c reale Zahlen. Es sei r(x) >0 eine stetige Funktion
vonx €{a,c)undesseiq(x,i,u) = qi(x,A) + qu(x, u) wo q.(x, A) eine stetige
Funktion von x € (a, ¢) und A € (A4, A,) ist, weiter
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_/ t(x) fir xe(a,b)
qu(xv“)_'<s(x,“) fiir xe(b,C),MG(MI,Mz)

s(b,u)=t(b). Es sei qu.(x,u) eine stetige Funktion von xe(a,c), und
pe(M,, My). Weiter sei q(x,A,u)=0 fiir alle xe(a,c), Ae(A,A),

u e (M,, M;) und Al",'\l gi(x,A)= gelte gleichmissig fiir alle x e (a,c) und

endlich gelte “lirpl qu(x, u) == gleichmissig fiir alle x € (8, c) wo b<f <c ist.
—M2

Dann existiert eine solche Zahl N und Folgen der Werte von Parametern
{An+p}p=0, {in+p}s=0 Zu velchen eine Folge von Funktionen {yn.,},-o0 existiert wo
YN+ = y(X, An+p, Un+p) die Losung der Differentialgleichung (5) ist, welche die
Bedingungen (2) erfiillen und im Intervall (a, b) gerade N + p Nulistellen haben.
Der Beweis des Satzes 2 wird analogisch genau wie der Beweis des Satzes 1
durchgefiihrt nur wird anstatt des Oszillationssatzes Der Hilfssatz 2 verwendet.
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SUHRN

POZNAMKA K JEDNEMU OKRAJOVEMU PROBLEMU V TROCH BODOCH
PRE DIFERENCIALNU ROVNICU TRETIEHO RADU

J. Vencko, Bratislava
V poznimke sa hovori o diferencidlnej rovnici [r(x)y']” + [Aq(x) + up(x)ly =0 (1). UkéZe-
me, Ze parametre A, u moZno vybrat tak, aby rieSenie y(x) rovnice (1) splialo okrajové podmienky
y(@) = y'(@) = y(b) = y(c) = O pre a<b<c.
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PE3IOME

NMPUMEYAHHE K OL[HO_FI KPAEBOH 3AJIAYE B TPEX TOYKAX
IUIs1 TUPPEPEHILIMAJIBHOIO YPABHEHUSI TPETHEIO IMOPAOKA

H. Bennko, BpaTticnasa

B aro# 3anaue paccMaTpuBaetcs nuddepennmanstoe ypasrenre [r(x)y’]” +[Aq(x) + up(x)]y =
=0 (1). ITokasaHo, 4TO NapaMeTpPbl A, 4 MOXHO MOAOGPATH TAKHM CIOCOGOM, YTOGbI peleHHe y(x)
ypasHenns (1) ynosneTBopsio KpaeBbM ycoBusM y(a) = y'(a) = y(b) = y(c) = Onnmaa <b <c.
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REARRANGEMENTS OF SERIES AND A TOPOLOGICAL
CHARACTERIZATION OF THE ABSOLUTE CONVERGENCE
OF SERIES

JAROSLAV CERVENANSKY, Bratislava

A

Let E denote the set of all permutations of the set of all positive integers.
Define the function ¢ on E X E as follows. For x = {Xa}n-1, ¥ = {ya }n-1 € E, put

1 |xn =yl
e, Y)=..2=12—" 14+ [xa—yal|
It has been proved [1] that g is a metric and that the metric space (E, o) is of
the second category at each of its points. In [1], [4], [5] and [6], some properties of
the rearrangements of series are studied from the point of view of the topology in
E. '
Let

Sa=ai+ta+...+a.+... 1)

n=1

be a series with complex (real) terms. To every permutation x = {x, }n-, € E there
corresponds a rearrangement

>ax.), (a(xn)=a.,,n=1,2,..)
n=1
of the series (1). The main result of [1] and [5] is the following Theorem :
Theorem. Let Z a, be a non-absolutely convergent series with real terms.

n=1

Then for all x = {x,}.-1€ E with the exception of the points of a set of the first
category in E, we have

lim inf 3 a(x)= -, limsup 3a(x) = +e
nEre k=1 S =1

In the present paper we give a simple generalization of the said result (see
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Theorem 1.1). Further we shall prove a “topological” criterion for absolute
convergence of series with complex terms (Theorem 1.3) and also study some
properties of certain real-valued functions defined on E.

Definitions and notations

1. Let Za,. be a series with real terms. Put

n=1

N.={n,a,=0}, N_={n,a,<0}

A series Za,. with real terms is said to be of the type (a) or (B),

n=1

}; a, =+ and Z la.|<+w,0r Y a.<+wand Y a,=—oo,respectively.

neNy neN_

A series Za,. with real terms is said to be of the type (y), if 2 a, =

n=1

=,.§_'af'|=+w (we put Ea,.=0).

ned

2. a) Suppose that Za,. is a series with real terms. Define a function

n=1

= /(2a,.> on E as follows.

n=1

Let x = {x,}.-1€ E. If the series 2 a(x,) converges, then we put
n=1

> a(x)
fx)=—tmge—=
1+ Ea(x.. l

n=1

If ia(x,.)=+°°, or ia(x,)=—°o, then we put f(x)=1, or f(x)=-1,

respectively. For an oscillating series 2 a(x,) we put f(x)=0.
n=1
b) Suppose that Zz,. is a series with complex terms and x = {x,}r- € E.
n=1
Define the function ¢ =(p(ﬂ2 z,.) as follows. If >’ z(x.) converges, put
=1

n=1

i z(xa)

rx)=—"7=—
1+ ZZ(x,. I
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If > z(x.) does not converge, then g(x)=0.
n=1

3. a) Let Z a, be a series with reals terms. Denote by K(z a,.) the set of all

n=1 n=1

those x = {x.}.-, € E for which the series > a(x,) is convergent. Let GI(Za,.)

n=1 n=1
o

and Gz(Z a,.) denote the set of all x = {x,},.;€ E with 3 a(x.)=+o and with

n=1 n=1
o

> a(x.)=—o, respectively. Define then

() K(Faoo (Faoo(3e

D(Ea..)=E—K(,2la..); p*(Za,) =E—K*(2a..)

n= n=1

b) Let > z. be a series with complex terms. Denote by K(Zz,.) the set of
n=1 n=1

all x={x.}..1€E such that the series > z(x.) converges. Set D'(zz,.>=
n=1

=1
o

=E - K( > z,.) .
n=1
4. A point b is called an accumulation point of a sequence {x, }.-, iff for each
neighbourhood 0(b) of b there are infinitely many n with x, € 0(b). The set of all
accumulation points of the sequence {b,};-, will be denoted by {b.}..

5. If xeE, >0, then we put S(x, ) = {y€E, o(x, y)<é)}.

6. The symbol (—, +x) stands for the set (=, +®) U {—®} U {+x},
and (0, +%) denotes the set (0, +) U {+o}.

7. Let X be a metric space, let g be a real — valued function defined on X.
We say that g has the strong Daboux property if for each € >0, ¢ € (— %, + ), and

every two points u, z € S(x, €) (I\_l denotes the closure of M) with g(x)<c <g(2)
there exists y € S(x, €) with g(y)=c (see 3D.

Suppose now that g is an arbitrary function defined on X. The function gis
called strongly locally recurrent on X if for each x € X and € >0 there exists an
uncountable set (having the power of the continuum) of points y € S(x, €) such that
g(y)=g(x) (see [8]). -
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1

The following theorem is essentially due to R. P. Agnew and H. M. Sengupta
(cf. [1], [SD.
Theorem 1.1. Let

Sa=a,+a:+...+a.+... )
n=1
be a series with real terms.
a) If the series (2) is of the type (a) ((B)) then for each x = {x,}.-€ E we

have ia(x.,)= +00(Za(x,.)= —oo>.

n=1 n=1

b) If (2)is of the type (y), then the set of all those x = {x, }.-: € E for which

n—sw

lim inf > a(x)=—c, limsup X a(x)=+o (A)
k=1 A k=1

is a residual G; set. .
c) If (2) is a series of the type () and a, — 0 then for all x = {x,}.-: € E, with
the exception of points of a set of the first category in E, we have

(o] =(-oee) ®

Remark. The hypothesis in b) is evidently weaker than assuming non—
—absolute convergence of series (2). Consequently the assertion b) is a little
stronger than the said result by R. P. Agnew and H. M. Sengupta. The assumption
in c) is clearly fulfilled if (2) is a non-absolutely convergent series, and so c) refines
the theorem by R. P. Agnew and H. M. Sengupta.

Proof of the Theorem. The assertion a) is evident. We are going to prove b).
Let (2) be a series of the type (y). Denote by A (k) the set of all those

{

X = {Xn}n=1€ E for which there can be chosen an I =I(x) with X a(x;)>k. We
ji=1

show at first that A(k) is an open set in E. In fact, assuming that x =
= {X.}a-1€ A(k), we show S(x,27"") < A(k), I=I(x). Let y =
{

= {ya}n-1€S(x,27"7"). Then clearly y;=x, (i=1, 2, ..., I), hence D a(y;)>k and
i=1
therefore S(x,2”'™") = A (k).
Put A=) A(k). Then A is a G; set in E. Evidently A is the set of all such
k=1

X = {Xp}n-1 € E that lim sup'Za(xi) = +o. Now we show that A is dense in E. Let
R =1

Z = {Za}a-1€E, 6§ >0. It is sufficient to prove that AnS(z,5)# 0. Let m be
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a positive integer with 27" <§. Define a sequence x = {x,}n-; as follows
Xi =2z (i=12,..,m) 3)

Put N_—{z1, 22, ..., Zm} = {li<l:<...}.

Choose a positive integer k;, and pairwise distinct positive integers Xm+1, ...,
X m+k; Which are all different from the numbers x,, x., ..., X.. in such a way that the
following conditions are satisfied

1,. there is none of the numbers /; (i=1, 2, ...) among the numbers X +1,
Xm+2y voey Xm+kys :

2,. the numbers xi, ..., Xm, Xm+1, .-., Xm+k, include all positive integers less
than /,.

m+k,

3. Z a(x‘-)>ia(x.-)'+ 1

i=1 i=1
In view of the hypothesis of the theorem, such numbers can be chosen. Put
Xm+k+1=1;. Choose a positive integer k»>k;+ 1 and pairwise distinct positive
integers

Xm+ki+2s Xm+ki+3s ey Xm+k,

that are all different from numbers xi, ..., Xm+k,+1, in such a manner that the
following conditions are fulfilled:

1,. none of the numbers /; (i=1, 2, ...) can be found among the numbers

Xm+ki+2s Xm+ki+35 ooy Xm+kae

2.. All the positive integers less than /, are included among the numbers x, x>,

vees Xmtkye

m+k, m+k,

3. 2 a(x)> Z a(x)+1

Put Xm+k,+1=10. Choose a positive integer k;>k,+ 1 and pairwise distinct
NUMDbETS X m+k,+2, ..., Xm+k, that are different from numbers x4, ..., X m1k,+1 and such
that conditions analogous to 1,, 2,, 3, are fulfilled.

Thus a sequence x = {x,}.-, can be constructed by induction. Clearly x € E
and by 3, (s=1, 2, ...) we have also x e A. Besides, in view of (3) we have
x €S(z, 8) and hence x e AnS(z, 8). The last statement proves that A is a dense
G; set in E. Therefore A is a residual set in E (see [2]).

Analogously it can be proved that the set B of all those x = {x,}.-1 € E for

which lim inf Za(xi) = —oo jis a residual G; set in E . On the other hand, AnB is
LA =3 |

the set of all x = {X,}.¢1 € E for which (A) holds.
Assertion c) is a consequence of part b) and the following theorem that can be
found e.g. in [9]:
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“Let X be a compact metric space, § = {x,} a sequence of ist points and C(&)
the set of all accumulation points of the sequence §. Let lim @ (X, Xn+1) =0. Then
C(&) is a connected set.”

In fact, suppose z a, be a series of the type (y) and a, — 0. Then by part b) of

n=1
our theorem there exists a residual G; set M in E such that for x = {x, }.-1€ M we
have

liminfs..(x)=—°°, lim s_pps,.(x)=+°°

where s..(x)=ia(x.) (n=1, 2, ..).

We shall now verify the assumptions of the said result from [9]. Consider the
sequence {s.(x)}.-1, x € M. It is a sequence of real numbers and in view of the

assumption a, — 0 it can be shown that lim |s.(x) —sa+1(x)| =

It is still necessary to verify that (—o, + ) is a compact. This is done €. g. in
[12]. 0

So all hypotheses of Theorem 1 of [9] are satisfied, that means that {s,(x)}. is
a connected set. By what has already been said we obtain

—o € {s.(x)}s; andalso +x € {s.(s)}n

hence {s.(x)}.= (—, +=) which means that {Ea(xk)} = (—w, +) for all
k
x={x,}n-1€ M and eompletes the proof of the theorem.

Theorem 1.2. Let Zz,. be a series with complex terms. Let z |za] = +a,

Then K(Zz,.) is a set of the first category in E.

n=1
Proof. Denote z, =a, +ib, (n =1, 2, ...) where a,, b, are real numbers. The
assertion of the theorem follows from Theorem 1.1 and the evident inclusion

(Ez..)cx(za..)nx(z b)

n=1 =1 n=1

Theorem 1.3. A series 2 z, with complex terms converges absolutely if and

n=1

only if there exists a set H c E of the second category in E and such that for every

X = {Xn}n-1€ H the series 2 z(x.) converges.

n=1

Proof. If D |z.| <+, it is sufficient to put H = E and observe that E is of

n=1
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the second category in itself (see [1]). Conversely, let there exist such a set Hc E

of the second category in E that for each x ={x.}.-1€ H the series Zz(x,.)
n=|

cenverges. Suppose that > |z.| = +. By Theorem 1.2 the set K(Zz..) is of the
n=1

first category in E. Then it follows from the obvious inclusion H c K( Z z..) that H

is also a set of the first category in E. This contradicts the assumptions of the

theorem. Therefore 2 |z.| necessarily converges. The theorem is proved.

In what follows we shall investigate the topological structure of the sets

o

K( Z a,.) , K *(; a,.), (K( i z,.)). We shall show that for any series i an (5: z,.)

n=1 n=1 n=1 n=1

these sets belong to the second Borel class.

Theorem 1.4. Let Ea,, be a series with reals terms. Then each of the sets
n=1

K(im), K"‘(Ean) is an F,s set.

n=1 n=1

Corollary. Each of the set D(Za,.), D*(Za,.) is a Gs, set.

n=1 n=1

Proof of the theorem. By the Cauchy—Bolzano test for convergence of series
we have

K(Za,.)= A U A Ck,m,n) 4)

n=1 k=1 m=1n=1

where ‘
Cl, m, ,,)={x = (%)} €E, '"z* a(:t:)lé%}

j=m+1

Observe that the sequence {x""},’f..(x"" = {xf.")}:_,) of points of the space E

converges to x = {x,}.-.E if and only if for each r =1, 2, ... we have ‘lglm x®=x,.

This implies that for any positive integers k, m, n the set C(k, m, n) is closed.

Then by (4) we obtain that K(Za,.) is an E,s set. :

n=1

Since K*(Za,.) = K(Za,.) V] Gl(za,.) v Gz( a..) it is sufficient to
n= n=1 n=1 n=1

prove now that G,(.E a,.) , Gz( > a,.) are Fs sets in E. We are going to prove this
n=1 n=1

for G,(Z a..). For G;(Ea,.) the proof is analogous.

n=1 n=1
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It follous directly from the definition of G, = G.(Ea,.) that

n=1
Gl=p U nB(k,”)
=ln=1n=m
where

B(k,n)={x={xi}}’°.,eE, éla(x;)ék}

Clearly B(k, n) is a closed set in E (for any k, n), and hence G,(Za,.) is an

n=1

F, setin E.

M

Theorem 1.5. Let > z, be a series with complex terms. Then K(

n=1 .

z,.) is an

n

F. set in E.

Corollary. D(zzn) is a Gs set in E.

Proof of the theorem. Consider the series 2 z. where z, =a, +ib, forn=1,
n=1

2, ... We may write D z.= D, (a» +ib,). The last equality implies that

K(zz) =K(’§::la..)nK("§::1b..) |

By Theorem 1.4 K(z a,.) and K(Z b,.) are F,s sets, thereforeK(Zz,.) is
n=1

n=1 n=1

also an F,s set in E.

2.

In the sequel we shall study some properties of functions f (2a,.> and
n=1
¢(le.).
Let 2a,.=a..+a2+...+a,.+... be a series of the type (y) and let a,—0.

n=1

Although the definition of /( > a,.) depends on the series Y, a., we shall prove that

n=1 n=1

all the function /( 2 a,.) for all the series of the type (y) and with a, — 0 have some

n=1

interesting common properties.
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Theorem 2.1. Let > a, be a series of the type (y) and let a, — 0. Then the
n=1

function f = f( Za,.) has the following properties.
n=1

1. f is strongly locally recurrent at each point of E.

2. f(E)=(—1, 1) ; moreover for each x € E and any £ >0 we have f(S(x, €))
= (-1,1).

3. f possesses the strong Darboux property.

4. f belongs to the third Borel class.

Remark. It follows from 2 that f= [(Za,.) is discontinuous at each point
n=1
x € E. Thus f may serve as an example of a function which is discontinuous at every
point and, at the same time, has the strong Darboux property.

Proof of the Theorem. Proof of 1. Let x={x,}.-,€ E, §>0. Put f(x)=

__n
1+|n|

, where 1= > a(x.) if the series > a. converges, n =0 if that series
n=1

n=1

oscillates, and n = + oo (—») if 2 a, = +°°< Za,. = —°°>. (In the latter case we put
n=1

n=1
f(x)=1 and f(x) = —1 respectively.) Choose a positive integer N so that 27~ <§.
Put y;=x; (i=1, 2, ..., N). The series

a(xna)ta(xne2)+ ... +a(xn-i)+ ...

is of the type (y) and a(x;)—0 (with i —» «).
Therefore there exists such an uncountable set (whose power is that of the
continuum) of permutations {k;}7=N+1 of theset {N+1,N+2, ..., N+k, ...}
o N

that _=;Ha(xk_,) =n- Z‘ a(x;) (see [7]). Putting y;=x,, i =N+1, N+2,...) we

obtain an uncountable set, again of the power of the continuum, of points
y ={yn}n-1€8(x, 8) wiht f(y)=f(x).

Proof of part 2 is similar to that of 1.

Assertion 3 follows directly from 2.

We are going to prove assertion 4. In fact we have to show that, for every real
a, each of the sets

M*={xe€E, f(x)<a}, M,={x€E, f(x)>a)

is an F.s, set. We carry out the proof for M“.

Suppose a >1 or a =—1. Then the assertion for M* is obvious. Let therefore
—1<a=1. Consider the following two cases.

a) O<a=1 o

b) —1<a=0

.83



In case a) we get

M‘=D‘(2a,.)uR" | )

n=1

where R® = {x eK‘(Za,.), f(x)<a}. Put

n=1

Ftm={e= i exe(a). o)
+ S a(x;

i=1

then

R“=lggQF(k,n) | 6)

Since F(k, n) is a closed set in K "‘(2&,), it follows that R is an F, set in

n=1
@ )

K‘( > a,.). However K‘( > a,.) is an F,s set in E and hence R® is an F,s setin E.

n=1 n=1
o

By.Corollary of Theorem 1.4, D"( Z a,.) is a G», set in E. Applying (5) we obtain

that M® is an Fos set in E.

In case b) we have M* = {x eK *(Za,.), f(x)<a} and a similar reasoning

n=1
yields that M* is an Fos, set in E.
In a similar way in can be proved that M, is an Fs, set in E. Thus the Theorem
is proved. :

oo

Theorem 2.2. Let Zz,. = 2 (a. +ib,) be a series of with complex terins,

n=1 n=1

where a., b, (n=1, 2, ...) are real numbers. Then we have:

A. If > |z.| <+, then @(E) contains a single point.

n=1
B. If one of the series 2 a, or E b, is of the type (a) or the type (B), then
n=1 n=1
@(E)={0}.
C. If both series > a, and Y, b, are of the type (y) and z.— 0, then

n=1 n=1
1. @ is strongly locally recurrent at each point of E.
2. If E Z» is a nonabsolutely convergent series, then the function ¢ maps the

n=1

set E into
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2'. apartofa conic section, lying in the unit circle,
2". the interior of the unit circle, i. e. ¢(E)={z=a + bi; |z| <1}.
3. The function ¢ belongs to the third Borel class in E.

Proof. A. Since ) |z.|<+co, all the series > z(x.), for all x = {x, }n-1€E,

n=1 n=1
4
1+]z|

converge to the same value z =a + bi. Hence @(x)= for all xeE.

B. Let the series Z a. be of the type (a). Then by part a) of Theorem 1.1 we
n=1

- have 2 a(x.) =+ for each x = {x, }-: € E. This however happens if and only if
n=1

none of the series Zz(x,.), for x e E, converges, i.e. for all xe E we have

n=1

@(x) = 0. The situation is quite analogous if 2 a, is a series of the type (B) and if

n=1

> ba is of the type (a) or of the type (B).

n=1

C. 1. Letx°={x3}7-, be an arbitrary point in E. Since 2 a, is a series of the

n=]1
type (y) and a, — 0 with n — o, it follows that > a(xy) is also a series of the type
n=1

(v) and a(xn)—0 for n— . Hence there is a subsequence {a(xn)}i~, of the
sequence {a(xn)}r- such that for each i = 1, 2, ... we have

la (i) <37 (7)

Since we have also assumed that 2 b. is a series of the type (y) and b, —0

n=1

with n— o, we infer that Zb(x,‘f) is a series of the type (y) and b(x2)—0 for

n=1
n—», and hende b(x5)—0. Therefore there exists a subsequence
{b(xind (n,))}r-1 of {b(x2}i~, such that for all k = 1, 2, ... we have

16" ind ()| S 3¢ ®)

The sequence {a(x° ind (n,))}5-: is a subsequence of {(x5)}i=1, and hence, in
view of (7), we have

la(x* ind (m,))] S2¢ ®
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The inequalities (8) and (9) prove that > a(x’ ind (n,)) and ¥ b(x" ind (n,))
k=1 k=1

are absolutely convergent series.
Let € >0 and choose a positive integer N with
1

?>£ (10)

Let k° be the least positive integer such that

niko>N+1 (11)

Denote by W the set of all those x° € E that can be obtained from x° by some
permutation of the coordinates x° ind (r;) for k Zk°.

Being a set of all the permutations of an infinite subset of all positive integers,
W has the power of the continuum.

To complete the proof it remains to show that for every x"e W the following
statements are true:

a) g(x )<e

b) 1. Za(x,.) Ea(x,.) if Ea(x,.) converges ; if Za(x,.) does not con-

verge, neither does the series Za(x_g).

2. Eb(x,.) Zb(x..) if Zb(x,.) converges; and if Eb(x,.) does not con-

n=1
w

verge, neither does > a(xy).

a) Consider any x°e W. Then by the definition of the metric ¢ and by (10)
(11) we have

1 |x3-x3
o(x°, x0)= 2 ———

o)l S |x,.—x..|

S 1 |x2-xt > 1 1
- STt S

n=n; 02” 1 + Ix"—x'II

<
-1 2"
b) 1. Let Za(x2)=l. Then
n=1

"2 a(xy)= LZ_‘ a(xy)— kioa (x°ind (u,,‘))] + é;oa (x°ind (n,,))
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This in view of (9) implies

Sa@D=[ 36D~ 3,06 ind ()] + 30" ind (m,) =

o

[ 5: a(xn)— k;()a(x" ind (n, ))] + é;oa(xo ind (n,,)) = é a(xn)

n=1

If 2 a(x) does not converge, then clearly its convergence character will not

be changed by any permutation of a(x° ind (n,,)) entries (k = k°) of the sequence
{a(x2)}n-1.

The assertion b) 2 can by proved analogously as b) 1. C. 2. By the convergence
domain of a series we shall mean the set of all the numbers that can be obtained as
the sum of a convergent rearrangements of the series. By the well-known Steinitz
theorem (see. e. g. [10]), the convergence domain of a conditionally convergent
series with complex terms may turn out to be one of the following sets:

2'. The stralght line £ consisting of all those points z of the complex plane for
whlch R(z-e¥) = R(s - ™), where s is any finite sum of some rearrangement of

Z z. and R (u) denotes the real part of a complex number u. This is the case if
there exists exactly one angle ¢ (0=vy <) with the property that the real part
Z%(z, e") of the series obtained from the given one by turning its terms by

converges absolutely.
2". The whole complex plane in the case that no angle ¢ has the property
described in 2’.

Consequently, in case 2', we have @(E)={¥(z): #(z)= ; where z

-
1+|z]
runs through the convergence domain, i.e. the straight line £}. Consider the
mapping X: #(z) = T l | where z =x +iy. It can easily be seen that for all z we

have |%#(z)|<1.

To get a better idea of the set @ (E) we have to realise what is the image of  in
the above mappmg .

Let m R® with the coordinate system (x, y, t) be given the conical surface
x*+y’=1, let @ be the part of the conical surface given by t =0; let p = (0, 0, 1)
be a point. Identify the plane ¢ =0 with the plane C (C — the set of all complex
numbers) in the usual way R>—>C; (x, y)>x +iy =z (see Fig. 1).

The mapping % may be viewed upon as the superposition Bo.a where

a: Cod,z—(wx,wy, (1—w)) where w = 2|

, ' ’ 2(zz-1)
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Fig.1.

and
B: @—>C, (x,y,t)—>(x,y)

Geometrically, 8 is the orthogonal projection into the plane ¢ =0. It is not
difficult to verify that a(z) is the common point of the abscissa pz and the
surface @.

It is now evident that #(5) =B .a(£). Since, however, a({) is a conic section
(the section of @ by the plane p¢), B(a(§)) is again a conic section or a part of
a conic section.

The following discussion can be deduced from the properties of @.

1. If £ has no common point with the unit circle in the complex plane ¢t =0,
then @ (E) is a part of an ellipse. ‘

2. If £ is a tangent of the unit circle, then @(E) is a part of a parabola.

3. If  cuts the unit circle, then @ (E) is a part of one branch of a hyperbola.

In the case 2" it is easy to see that the mapping

> z(xa)

n=1

o(x)=—

1+|iz(x,.)l,

n=1
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defined under 2b) in the ,,Definitions and Notations* section of the present paper,
maps the set of all complex numbers onto the set of all those complex numbers u
for which |u|<1.

C. 3. It is sufficient to prove that

Q:=¢ {z=a+bi;a<A,b<B;A, B —real)
and
Q:=¢ {z=a +bi;a>A,b>B; A, B —real}

are F s, sets. (¢ '(M) means the inverse image of M, not the inverse function).
If A=-1and B=-1 or alternately A >1 and B > 1, the assertion is evident.
Suppose therefore that the contrary is true. We prove the assertion for Q;. Put

> z(xa) Za(x..) . ;b(x.)

n=1

= +1 = =
1+ Zz(x,.l 1+ Zz(x..l 1+ ..le(x”),

P(x)=
A=t
=@1(x) +i@a(x)
Now we have
Q:={@i'{x; x-real, x <A }}n{@;'{x; x-real, x <B}}

Denote Q,=Q;nQ7%.
As we have already observed, it is sufficient to take the values A, B from the
interval (—1, 1). Consider the following two cases

1. 0<A=1
0<B=1
2. -1<A=0
-1<B=0
In the case 1, we get
o:=D(2z..)us? 12)
=1
where '
{xeK( ,.); ¢p,(x)<A}
n=1
Put
- Ea(x..) 1
o > n-l
F,(k,n)={x={x,},-.ex(2 ) }
=1

1+|21z(x,. I
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then

st = U U NFitk, n)

Since Fi(k, n) is closed in K(E z,.> the set S7 is of the type F, in K(Z z,.).
n=1

n=1

On the other hand, K(Ez,.) is an F.s set in E, hence S is also an F,s set in E.

n=1

ﬁ(Ez,.) is a Gss set in E (see Corollary to Theorem 1.5). From what has been

n=1
said we infer by (12) that Q; is an F.s set in E.
In an analogous way we could prove that Qf is also an Fs, set in E. Then
Q:=Q1NQ1, being an intersection of two Fos, sets, is an Fos, set in E.
The proof that Q; is an F,s, set in E runs in an analogous way.
The proof of the theorem is complete.

" BIBLIOGRAPHY

[1] Agnew, R. P.: On rearrangements of series. Bull. Amer. Math. Soc., 46, 1940, p. 797—799.
[2] Kuratowski, K.: Topologie I. Warszawa 1958.
[3] Misik, L.: Uber die Funktionen der ersten Baireschen Klasse mit der Eigenschaft von Darboux.
Mat. ¢as. SAV, 14, 1964, s. 44—49.
[4] Pél, L.: On a problem in the theory of series. Mat. Lap., XII, 1961, p. 38—43.
[5] Sengupta, H. M.: Rearrangements of series. Proc. Amer. Math. Soc., 1, 1950, p. 71—75.
[6] Sengupta, H. M.: Rearrangements of series. Proc. Amer. Math. Soc., 7, 1956, p. 347—350.
[7] Salit, T.: O niektorych problémoch v teérii nekoneenych radov. Acta fac. rer. nat. Univ. Com., 3,
1958, s. 23—39.
[8] Salat, T.: On subseries of divergent series. Mat. ¢as. SAV, 18, 1968, p. 312—338.
[9] Asi¢, A. D.—Adamovié, D. D.: Limit points of sequences in matric spaces. Amer. Math.
Montly, 77, 1970, p. 613—616.
[10] Ness, W.: Uber die umordnung von bedingt konvergentefi Reihen. Math. Zeit., 42, 1937,
s. 31—50.
[11] Sikorski, R.: Funkcje rzeczywiste. Tom II. Warszawa 1959.
[12] Kelley, J. L: General Topology. London 1966.

Author’s address : Received: 28. 4. 1975
Jaroslav Cervetiansky

PFUK, Katedra matematickej analyzy

Matematicky pavilén

Mlynské dolina

Bratislava

90



SUHRN

UPRAVA RADOV A TOPOLOGICKE KRITERIA
ABSOLUTNE]J KONVERGENCIE RADOV

J. Cervenansky, Bratislava

V prvej casti tejto price je jednoduché zovseobecnenie hlavného vysledku prac [1], [5] autorov R.
P. Agnewa a H. M. Sengupta. Dalej sa tu studuji niektoré topologické kritérid absoliitnej konvergencie
radu s komplexnymi ¢lenmi. V druhe;j ¢asti sa hovori o niektorych vlastnostiach istych realnych funkcii,
definovanych na priestore E v§etkych permutdcii mnoZiny vietkych prirodzenych éisiel. V zdvere price
sa opisuju niektoré spolocné vlastnosti tychto funkcii.

PE3IOME

O®OPMIIEHME PSAJA U TOITOJIOTMYECKHUE IMTPU3HAKH
ABCOTIIOTHON CXOOUMOCTHU PSA

51. Yepsensincku, BpaTucnasa

B nepBoit 4acTu 3T0# paboThl MPHBENEHO NpocToe 060GILEHHE ITaBHOrO pe3ynbTat pa6or [1], [S]
asropoB P. II. ArueBa u I M. Cenrynra. Jlanbiie 3fech H3y4alOTCA HEKOTOPBIE TOMOJOTHYECKHE
NPH3HaKH a0GCONIOTHOM CXONHMOCTH KOMILIEKCHOrO pspma. Bo BTOpoi# 4actH pa6GoTel M3y4aloTcs
CBOMCTBa HEKOTOPBIX NCHCTBHTENbHBIX (PYHKLHH, ompefeneHHbIX Ha mpoctpaHcTtBe E Bcex nepec-
TaHOBOK MHOXECTBAa BCEX LEJNbIX MOJOXHTEJIbHbIX umucen. HakoHen o6paijaeTcsi BHMHMaHHE Ha
HEKOTOpbIE OOLIHE CBOHCTBA ITHX (PYHKLMH.
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MATHEMATICA XXXIV — 1979

ON SMALL SYSTEMS

PETER CAPEK, Bratislava

The problems studied in the present paper are of part of the field of measure
theory in which the notion of measure is replaced by systems of sets resembling the

families #, = {E e¥: u(E) <,ll} where p is a measure on the o-ring &. This type

of questions is discussed in [6], [7] and other papers.

In [1], J. Lloyd constructs in a natural way the system of null sets (analogous to
{Ee¥: u(E)=0} see e. g. [4], [5]). He also gives a construction of small systems
N'% similar to the Caratheodory construction of outer measure. In section 1 of the
present paper a generalization of Lloyd’s constructions is given. An outer measure
v which is an aproximation of systems A% is constructed in Section 3. In section 2 it
is shown that one of the theorems in [1] is false and corrected theorem is proved.
This correction has been obtained in a more detailed study of nonatomic measures
on a ring.

In the sequel we shall use the following notation. N denotes the set of positive

integers, N~ = {5 ne N}. If £ is a family of subsets of X, then %(e) will stand for

the hereditary o-ring generated by ¢, and o(¢) will stand for the o-ring generated
by e. If A =X then A |e¢ will denote the family {E€e: EcA}.

All notations of measure theory not defined here are used in the same sense as
in [2].

1.

Throughout the paper X is an abstract set and & is a o-ring of subsets of X.
We shall denote by T a subset of (0; ) having 0 as its limit point.

Definition. Let X be an abstract set, ¥ a o-ring of subsets of X, and
{M,}n-1 a sequence of subfamilies of ¥, such, that

(A) for each neN, M.#0;
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(B) for each n € N, there exists a sequence {k;}.;-, of positive integers such

that E;e My, (i=1, 2, ...) implies |J E; e M, ;

. i=1
(C) for each neN, if EeM, and Fe ¥, then EnF e M..
A sequence {#,}.-: satisfying all the above properties will be called a small
system on .
In what follows let {¥, },.rbe a family of nonempty subfamilies of a ring R.
Definition. Given E € #(R), we say the class of sets {E; }icr, [#0, Ic N, is

an n-cover for E, provided that E; eW,, for some ,eT (iel), | JE.oE and

iel

> §-—1-, where n eN.
iel n

Definition. For eachn e N, we define A% = {E € #(2): E has an n-cover}.

Remark 1. If we choose in particular T =N~ then the above construction of
{N *}n-1 coincides with the construction of {4 %},-: in [1]. Therefore our construc-
tion generalizes that of Lloyd.

To avoid confusion let us point out that the systems ., in [1] are understood

differently than our systems N;. In [1] ¥, corresponds to the set {E €R: u(E) <%}
while in our paper W; corresponds to {E e R: u(E)<t}.

Remark 2. Suppose E;eAN'%,, where ielcN and 2‘, §%, then

1
s
UE.' EN’,’:

iel
Theorem 1. The family {N¥}.., constructed above is a small system in #(¢)

having the following properties :
a) for each neN, BeN:;
b) for each ne N, N . cN%;
c) for each neN, if EeN% and FcE, then Fe N%.

Proof. Since 0 is a limit point of T, there is t, € T such that toéi. Since N,,# @

there exists an n-cover for the empty set; a) is proved.

Since every (n + 1)-cover for E is at the same time an n-cover for E, b) is
obvious.

Property c) is also evident, since every n-cover for E is an n-cover for each of
its subsets.

Axiom (A) for small systems follows from a).

To verify (B) choose for each n € N a sequence {k;};~; such that Z El-
i=1 i

. example k,=n2',i=1, 2, ...). If E;eN'%,, by Remark 2 we have |J E; e N'%.

i=1

1
=
= (for
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(C) is an obvious consequence of c).
Definition. We will call {¥*},., the small system induced by {V},cr

2.

Let u be a measure defined on a ring ®. Throughout this section A, will
denote the system N, = {Ee®R: u(E)<t}. We are going to study the following
question: Under what conditions on T or (®,u) is the equality N%*

= {A €eH(R): u*(A)< %} true, where p* is the outer measure induced by u.

Definition. If 4 is a measure on a ring R, a set E € & of positive measure is
called an atom if, given F € ® such that F c E, then either u(F)=0 or u(E — F)=
0.

A. Zaanen states the following lemma in [3].

Lemma 1. Let R be a o-ring, and u a measure on R. If E e R is of finite
positive measure and E does not contain any atoms, then for real number c, such
that 0<c <u(E), there exists a subset F of E such that Fe R and u(F)=c.

Remark 3. J. Lloyd quotes this lemma in 1 incorrectly. Instead of the
hypothesis that R is a o-ring he assumes only that & is a ring. As shown by the
following example Lemma 1 is no more valid if R is assumed to be a ring only.

Example 1. Let R, be a ring of subsets of the real line consisting of all those A

n
that can be written A =|_J[a;, b;), where a;, b; are rational numbers and [a;, b;) are
i=1

pairwise disjoint. Define a measure u by u(A) = E(b,—a,). Evidently u is
: i=1

a measure, being a restriction of the Lesbegue measure to ®,. Since u attains only
rational values the conclusion of Lemma 1 is false.

Using the above mentioned incorrectly quoted lemma J. Lloyd “proved” the
following proposition [1]. .

“Let u be a measure on a ring & and {/A*}._, be a small system induced by

{N.}icr, where T=N""_If u has no atoms, then N'% = {E eEX(R): u*(E)<%}, for

each neN”.
The following example shows that this proposition is actually false.
Example 2. Let R be the set of reals and & the ring of those subsets of R that

can be represented in the form A =|J[a:, b;) where a;, b,eR and the intervals
i=1 = .

[a:, b:) are pairwise disjoint. Put u(A)= Y [g(b:) — g(a;)] where g is the function
i=1

defined by : g (x) =0 for x =0,35 and g(x) =x for x € (0,35 ; 0,45) and g (x) =0,45

for x =0,45. Then u“‘(R)<-;- whenever R é N'%.
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We shall now correct Theorem 10 in [1], by assuming that “u* has no atoms
on o(R)” instead of the original asumption that “u has no atoms on R”’. To prove
the corrected theorem we shall use the following lemma.

Lemma 2. Let u4 be a measure on a ring ® and u* the Caratheodory
extension of u to 0(R). Then u* has no atom of finite measure if and only if the
following condition holds:

(D) For each A € R with 0<u(A)<x the set {u(E): E €A |R} is dense in
the interval [0; u(A)]

Proof. Assumed that (D) is satisfied and let B e 0(R) 0<u*(B) <. Put

€ =% pu*(B). There exists a sequence {E,}.-: of sets in R such that B =| JE; and

i=1
Eu(E.) <u*(B)+ ¢. We may and do assume that E, are pairwise disjoint since if
i=1

n—1
they were not, we could consider F, = E, — |J E; instead of E, for n =2. Then

i=1
there exists no such that

w(OE) = SuE)>u®)1-c=2¢

By (D) there exists F € [(UE.) lgt] with e <u(F)<2e. Since u*(OE,» — B) <g

i=1 i=1

and Fc|JE: we obtain

u‘(F)=u*[('CJ‘E,~ —B)nF] +u*(BAF)<¢ + u*(BAF)

and hence u*(BNF)>u*(F)—¢&>0. On the other hand u*(BNF)<2e <u*(B)
and thus we have proved that B is not an atom.

Conversely. Let u* has no atom having finite u*-measure. Let A €R,
O<u(A)<x and 0<c<u(A). It is sufficient to prove that for any £ >0 there is
FeA|®R such that u(F)e(c —¢; c+¢). By Lemma 1 there exists Be A |o(R)

with u*(B) = c. Hence there is a sequence of sets B, in A |® such that B < JB;
‘ i=1
and 2u(B.)<c + . We may and do assume that B, are pairwise disjoint. There
i=1
ng Ro
must exist n, such that u(UB,) = Zu(B,)>c —¢. It is now sufficient to put
i=1 i=1
F = L‘JB'. ‘
i=1
Lemma 3. For each n e N we have .Af:c{A e%(ER):u"(A)<’l'}
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Proof. Let E e N'%. Then there is { Ei}xex Where K is countable nonempty

subset of T with E, € &, for all t,(k € K), while | J E, o E and E b -_<-l. Then for

keK keK

every k € K we have u(Ex) <t hence u ( U E,‘) —. It follows u*(E )< which

keK
proves the lemma.
Theorem 2. Let 4 be a measure on R such that its extension u* to o (%) has
no atoms. Then for every n e N we have

Nﬁ={Ee%(@):u*(E)<'lT}
Proof. In view of Lemma 3 it is sufficient to show that &/* o
:{Ee%’(gt):y*(E)<’ll}. For a given neN assume that u“'(E)<;l!-. ‘Then
there exists a sequence {E;};-; such that E;e R (f=1, 2, ...) EcE and

Zu(E;)<%. Let £ be given by
i=1

&= 21 u(E:) (1)
Since 0 is a limit point for T, for each i e N there is ; € T with 0<¢ <§;. We
can then choose, for each i e N, a positive integer p; such that
€
(i —1) 6 =u(E)<pi -t =p(E)+5 (2)
Define 8; for each i e N by
61=p1 't;"‘u(Ei) 3)

In view of Lemma 2 for each i e N we can then construct by induction the
collection {E%}% ;' of pairwise disjoint subsets of E; such that

S ,
A —p—<u(E )<t (k=1,2,..,p—1) (C))
p,—1
The set El'=E, — U E’ then satisfies
s . k=1

W(ED) = k() - S w(ED) )
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and combining (5) with (4) for k=1, 2, ..., p.— 1 we obtain

Py < —(p. — . _é
B(E) = (= 1) 4 <u(EN)Su(E) - @i=1)- (4 p)

i

Aplying (2) we get u(E?)>0 and by (3) it follows:

6,’ 6,~
[l(Er')é[l(E;)—pg A +61 + t: iy ——
Di Di

and hence El"eN,, ieN.
The countable family {E{}i., ., covers E and moreover by (2) and (1)
we have:

‘_zlp; ; t,§2[u(Ei)+§;]=e +‘Z1u(E; oL

i=1 i n
Thus we have that {E}}%., 2, is an n-cover for E. And therefore E € A'* for
every set E € #(R) with u"'(E)<'%.
Theorem 3 is another result concerning the question: when do we have

.N':={Ee%’(gt): u“(E)<%}?

Theorem 3. If T 5[0, 1] then A% = {Fe %(Q):u‘(F)<'—i-} foreachn eN.

Proof. In view of Lemma 3 it is sufficient to prove that AN* o
3{Fe%(92):u‘(F)<%}. "

Letu*(E)< rlz Then there is a sequence { Ex }«-: of sets in the ring R such that

Ec|JE: and 2u(Ek)<%. Put 6=’ll— > u(Ex). Since Tn[0, 1] is dense -in
=1 k=1

k=1
[0, 1] for each k € N there is & € T with u(Ex) <t = u(E) +29;. Then E; € N,, for
each ke N and '

. gtkég[u(&)+§]=6 +.§::“(E* L

n

which proves that E e N'%.

3.

In this section let R be a ring and let #(%®) be the hereditary o-ring generated
by ®.
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Suppose that @ is a set function defined on ®. Define set function v on H(R)
by:

v(A)=inf{Z<p(Ek):A<:DEk, E.e®, n=1,2,...}, Ack(@®) (6)

The following lemma states : in order that v be an outer measure it is sufficient
that @ satisfy the following conditions

I. @ is nonnegative,

II. @(@)=0.

Lemma 4. if ¢ satisfies I. and II. then the function v defined od FH(R) by:

v(A)=inf{Z(p(Ek):AcL°:|Ek, E.e®, n=1,2, }
k=1 k=1

is an outer measure.

Proof is analogous to that of Theorem 5.1. in [2].

In a similar way as in section 1 assume that T c (0, =) has 0 as its limit point.
Consider a family {/.},.r of subfamilies of ® such that for each re T we have
deN:.

Define ¢ on R by ¢(E)=inf {t € T: E €X,)}. (Hereafter @ will always denote
this function determined by the family {A;},c1).

In terms of @ we can define the function v on H(R) by (6). Since the fixed
function @ satisfies I. and IL., it follows from Lemma 3 that v is an outer measure.

Theorem 4. For every n e N we have:

{Ee%’(gl):v(E)<%}cJV:c{Ee%(gl):v(E)érlT}
Proof. Assume v(E)<’17. From definition of v it is clear there are sets

E: € R(keN) with E c | J E, and E (p(E,,)<'l'. Put 6 =%— E @ (Ex). It follows
k=1 k=1 k=1
from definition of ¢ that for each k e N there exist teT with @(E))=t.<
6 oo oo
(p(Ek)+5; and E.€N,. On the other hand >4 < 3 [¢(Ek)+56,,-] = &
k=1 k=1
- ] . .
+ :(Z @(Ex) == which proves that E has an n-cover, and the inclusion
=]
{E e%(gl):v(E)<;l!-} < N'% is proved.
Now let E e %. Then there exists a sequence {E;}f., such that E O Ei,

k=1

E; e N,, and ; te é%. By the definition of ¢ we have @(E:)=1, for each k € N and
=1

so v(E) = Eq)(Ek) = Ztk §'1'. It follows that v(E)§nl.
k=1 k=1
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SUHRN
O MALYCH SYSTEMOCH

P. Capek, Bratislava

Nech ® je okruh, o(®R), nech je g-okruh generovany R. V &asti 1 uvidzame zovSeobecnenie
Lloydovej konstrukcie malého systému {A, }.-, definovaného na o(2), ktory je odvodeny zo systému
{N.}r-, neprazdnych podmnoZin. Nech u je mierana ® a u* je vonkajsia miera na dedi¢nom o-okruhu

¥(R) generovanom R. Hlavnym vysledkom prace je veta 2, ktord tvrdi: Ak ¥, = {E eR: u(E)<;l-;}.

n=1,2,...apu* nemi atom na o(R), tak pre vietky n plati rovnost N} ={Ee3t(9!):u‘(£)<’%}.

Tento vysledok opravuje nespravne tvrdenie J. Lloyda. Veta 2 sa dosahuje pomocou lemy 2, ktord
tvrdi, e u* nema na o(R) atom kone¢nej miery <> ak pre vietky A e R ; 0<pu(A)< je mnoZina
{#(E):E € A |R) husta v intervale [0, u(A)]. V &asti 3 konstruujeme vonkajsiu mieru v aproximujiicu
maly systém {A2}...
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PE3IOME
O MAIJIBIX CHUCTEMAX

I1. Llanek, BpaTucnasa

Hycre R-konbuo, H 0(R) 0603HauaeT 0-KOABLO MOPOXAEHHOE KonbloM R. B uactu 1 faHo
0606uienne koncTpykumu P1. Jlofina, Mano#t coicremsl { A%} n., onpenenetnoi Ha o (R), U NoNny4YeHHOM
u3 cucremst {N, )5, Henycreix nogMHoxects R. ITycts p-Mepa onpeneneHHas Ha R u y*-BHeWHss
Mepa Ha HacNefCTBEHHOM o-Konble X(R), nopoxneHHoM R. OCHOBHLIM pE3yNLTaTOM pPaGOTHI
asnsercs TeopeMa 2: Ecnn

K= {Eea;u(5)<nl},n =1,2,..
H 1* He coflepXHT aToM Ha o(R), TO ANA BCEX UMEET MECTO
Ni= [Ee?t’(gt):u‘(E)<’ll].
3TOT pesynTaT HcmpaBiser owHGowHoe yrBepxaehwe V. Jlodna. YnomMHaBWMics pesyaTaT
nonyyaercs ¢ noMousio JleMst 2, yreepxaalolneit, 4To u* He nMeer Ha o (R) aTOM KOHEUHONH MepbI

<> ecnu pas Beex A € R, nas kotopeix 0<p(A)< + muOoxectBo {u(E):E € A|R}-nnomHo

B npomexytke [0, W(A)], yactn 3 paGoThI MOCTPOEHA BHEWIHSA MEpa v NMPHONMKAIOU[As MATYIO
cucremy {Na}aoi.
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In a series of papers (see e. g. [5] or [6] among others) J. A. Rjabov has proved
that the solutions of a delayed differential equation

x'()=a(t)+b()x(t —1(t)) 1)

generated by arbitrary initial functions can be asymptotically approximated (for
t — ®) by so called complete or bilateral solutions, i. e. solutions of (1) for all f € R ,
provided that ||a]|, ||b]|, and ||z|| are sufficiently small (see remark after Theorem 4
below). Receritly [7] he generalizes his results also to some weakly non-linear
equations. For complete references the reader is referred to the review paper of
R. Driver [2] where also some improvements of Ryabov’s results can be found.
Some new conditions for existence of complete solutions in more general cases can
be found in [8].

In the present paper there are given some generalizations and improvements
of above quoted results, for linear equations, in section 3 below. This results are
obtained by using some modification of the Wazewski’s topological principle which
is developed in section 2, for the case of more general non-linear delayed
differential equations.

In the sequel the set of reals, the set of non-negative reals, and the
n-dimensional Euclidean space will be denoted by R, R", and R,, respectively.

The norm ||.|| in R, is defined by. I(xss ..., x)|| = max |x:|. For x, yeR.,,
X=(X1, ..., %), y =(y1, ..., ya) the inequality x >y (resp. x Zy) means that x, >y
(resp. x; = y,) for each i.
Preliminary constructions
Consider the delayed differential equation
x'O)=f@t, x(t - 0:(1)), ..., x(t — Tu(r))) )]
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where 7.:R—R"* are continuous functions, f: Rm.+1— R, is continuous and
satisfies a Lipschitz condition with respect to all variables except for first, on each
set of the form I XR,.. where IcR is a bounded interval, i. e. for each such I there
is some positive constant N such that ||f(t, yi, ..., Yma) — f(t, 215 -.os Zma)|| =

=N max |y; — z;| whenever ¢ € I. These assumptions guarantee that for each con-

tinuous function @o: (—®, a]— R, there is exactly one function @: (—%,b)— R,
such that g is a solution of (2) for t € (a, b), and @(t) = @o(t) for t =a. Note that in
this case @'(a) may not exist. '

We begin with the following

Lemma 1. Let @ be a continuous function (—, k]— R, which is a solution
of (2) for t € (s, k), with initial function @.(t) = @(¢) for t € (—, s]. Let € >0.
Then there is some 6 > 0 with the following property : If y, is a continuous function
(=, s + h]—> R, such that ||@o(&)—yo(E+h)|| <6 for each E=s and if |h|<d
then there exists a function vy which is a solution of (2) in (s + &, k + h], with ¢, as
initial function and such that ||@(§) — ¢ (&+h)|| <e for each & €[s, k].

Proof. Let I=[s—1, k+ 1], u=min{E—1(§); Eel,i=1,2,...,m}. LetJ
be a closed bounded interval in R, such that ¢ (&) € J for each & € [u, k]. Let w, be
the modulus of continuity of @ in [u, k], w, the modulus of continuity of f in I xJ™

and w; the modulus of continuity of 7; in I. For § Z0 put w.(§) =max w;(§). Let N
be Lipschitz constant of f in I X R.... Let 6 <1 be a positive number and assume
that |h| <& and that sup l@(E)— wo(E +h)|| <. Let (s + h, a+ h) be the largest

interval in which there exists a solution ¥ of (2) with v, as initial function. Put
b =min {a, k} and let t €[s, b), Then we have the following estimate :

max le®)—wE+h)I=|lg(s)—vols +h)| +

+ [ 1€, 9E -1 @), .. 0E - 7@~
—fE+h, @E-Ti(E), . E —Tm ) OE +
+ [ 1€ +h, 9E-1®), . 0E - 5a @M -
FE+h, PE=TE+R)), -.rs 9E —Tm(E+ R AE +

+max N[ lp@ ~u(E +h) - (E +h—u(E +h)]| dE =
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=6+ (@(0) + (@@ (6)) (k=5)+N (6 +max [l9(8)— w( + ) dE.
Using the well-known Gronwall lemma (see e. g. [3]) we get

sup leE) -y E+h)|=

=6+ (k—s) (r(8) + wr(ws(w:(8))) + NS)) - ™.

The right-hand side of the inequality tends to zero whenever & —0. This
means that y is bounded in the interval [s + &, b + h) hence y can be continuously
extended to the interval [s + h, b + h]. To finish the proof it suffices to note that
b =k since in the case b <k, ¥ is a solution of (2) in (s +h, a + k] which is
impossible. Thus the Lemma is proved.

In the sequel we shall use the following notation: Let C* be the metric space
of all uniformly continuous functions (—o, 0]—>R. with the metric u(f, g)

= min {sup ||f(§) — g(&)|], 1}. Let L, =R x C* be the metric space with metric
=0

o((r,f), (s, g)) = |r—s| + u(f, g). If @ is a uniformly continuous function I — R,
where I is a below unbounded subinterval of R then for each tel, @, e C¥ is
defined by @,(u) = @(t+u) for each u=0.

Let @° be a uniformly continuous function (—, t}]— R, and let @ be the
solution of (2) with ¢° as initial function defined on the largest possible interval
[t,b) (p(§) = @°(E) for E=t). Then the set {(E, @:); E€[t, b)} is called the
integral curve of (2) going from the point P =(t, ) and it will be denoted by
Q(P).

Let T be an open subset of the space L, and let P € T. If Q(P)<T then Q(P)
is called an asymptotical curve. Otherwise there is the first point Q(P) € L, on the
curve £2(P) which does not belong to T. Let G=T be the set of all those points
from which do not go asymptotical curves and let S ={Q(P), P € G}. Define
a subset S* of S as follows: If Pe G and Q(P) = (s, ¥.) then Q(P) €S* if and
only if there is a positive 6 such that, for ¢ € (s, s + ) we have (¢, y.) é T. Here A
denotes, as usually, the closure of A.

Finally we recall that a set A is a retract of AuUB in the sense of Borsuk
whenever there exists a continuous mapping (a retraction) g from A UB onto A
such that g(t) =t for each te A.

Now we are able to prove the following theorem which is a generalization of
Theorem 9.8.1 from [1].

Theorem 1. Let S=S* and let @ be a mapping from GuUS to S such that
®(P) = Q(P)for Pe G and ®(P)=P for P € S. Then @ is a retraction from GuUS
onto S.

105



Proof. It suffices to show that @ is continuous. Let {P,}.-: be a sequence of
points from GuUS converging to some Poe GUS. We show that & (P,)— @ (P,).
Let P, = (t(n), @im), Qn=P(P.) = (s(n), @5wm), where @" is a solution of (9) in
the interval (¢, (n), c(n)), n=1, 2, ....

First we assume that Poe G. Since G<T, T is open and TnS =@, it suffices to
consider the case P, e G for alln. Let £ >0. Let Ao=(x(0), @), Bo=(y(0),
@5o) be two points from ©(Po) such that the curve PoA, lies in G, Bo € T and the
diameter of the curve AoB, is less then €. Clearly x(0) <s(0)<(0). Let h(n)=
=t(n)—1t(0). By Lemma 1, ¢(n)>y(0)+h(n), for all sufficiently large n. For
each such n put A,=(x(0)+h(n), @io+h(n)), B.=((0)+h(n), ¢;(0)+
+ h(n)). Let £,>0 be the distance of B, from the set T and &,>0 the distance of
the curve PoA, from the set L,\T(PoA, is a compact). Let €3 = min (g, &, £;). By
Lemma 1 there is some integer N such that o ((&, @2), (§ + A(n), @+sm)) <& for
all n >N and & €[¢(0), y(0)]. But from this follows that for each n >N the curve

P,A, lies in G and B, ¢ T, hence Q, lies between A, and B,. Now it is easy to see
that 0(Q,, Q.) < £+¢&; = 2¢, for each n>N.

If Poe S, then we may assume without loss of generality that P, € G, forn =1,
2, .... In this case put A, =P,, for each n. Now the proof is similar, as in the
preceeding case. We assume that the diameter of the curve PoB, is less then £ >0.
For all sufficiently large n, Q. lies between P, and B,, and again we have
0(Qo, Q) < 26, for n>N. This finishes the proof of Theorem 1.

Theorem 2. Let S=S* and Z<=TuS. If ZnNS is a retract of S, but not
a retract of Z, then there is some P € Z such that Q(P)cT.

Proof of the theorem is based on Theorem 1 and can be found e. g. in [1].

Now we are able to prove the main result of this section:

Theorem 3. Let the above quoted assumption on f and =, i=1, ..., m, be
satisfied. Assume that ¢ >¢@ are continuous functions R —»R,, @ a uniformly
continuous function R - R, and € € R, a positive constant such that

y@)—e>w@)>pl)+e 3)
for all t=t* where t* is a constant, and

max (D" ¥ (), D W(®)} <f(t, y1, ... ya)<min {D'p(1), D0(®)} (4

for yie[@(t— @), vt —u()), i=1, 2, ..., m, t e R (the symbols D', D°,D",
D~ denotes, as usually, the Dini derivatives). Then there exists a function
"X: R—R.,, which is, for each ¢, a solution of (2) and such that p =x=vy.
In the proof of Theorem 3 we shall use the following two lemmas:
Lemma 2. Let the assumptions of Theorem 3 be satisfied. Let b € R be such
that, for each i=1, 2, ..., m, either t(b)>0 or 7 (t)=0 for each ¢ in a certain
neighbourhood of b. Then there exists a continuous function x”:R > R,, which is
a solution of (2) in the interval (b, ©) and such that @ =x"=vy.
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Proof. We apply Theorem 2. Let T={(t,y)eL.; y.—c>y>q@ +c, for
a suitable positive constant c € R,}. T is an open subset of the space L, and since
(t*, w)e T, T is non-empty.

The set Z is defined as follows: Choose 1 >0 such that for each i we have
either t —7:(t)<b —n forall t e [b —n, b], or 7:(¢t) =0 for all ¢t from a certain open
neighbourhood of the interval [b — 7, b]. From the continuity of functions 7; it
follows that there is such a d <b —1, that max {¢t —w(t); te[b—n, b], u(t)>0,
i=1,2,...,m} <d.Toeachue[p(b), y(b)] assigne a function y“: (—», b]>R,
defined by

y“(t)=w(t) for t=d

y (@) = u+£ fit,y“@¢—t.@)), ..., y“(t —t.(t))) dt for te[b—n,b].

The assumptions on f, n guarantee that for u#v and for t e[b —n, b] there is
y“(t)# y°(¢), that y“(¢t) depends continuously on u in the interval [b — 7, b], and
from (4) we get

)<y (®)<y() &)

for te[b —n, b). Now let y“ be continuous in the interval [d, b —n] and such that
for each te[d, b —n] (5) holds, and let for each u, v

max [ly“(6)=y" Ol =lly*® —n) =y —n)l|.

[d.b—n
We have

S={(t,@); teR}U{(t, y»); teR}
Put

Z={(b,(y)b); uelp®), y(®d)}

and

Z,={(b, (y*)»), u is from the boundary of [@), ()]}

It is easy to verify that the mapping v: (b, (y*)s)—u is a homeomorphism
from Z onto the closed interval [@(b), y(b)] in R, such that v(ZnS)=v(Z,) is
the boundary of the interval [@(b), ¥ (b)]. But the boundary of any closed
bounded non-degenerate interval in R, cannot be a retract of this interval (see e. g.
[4]), so ZNS is not a retract of Z.

It is easy to see that ZnS is a retract of S. From (4) it follows that S =S*.
Hence all assumptions from Theorem 2 are satisfied and hence there is a point

P=(b, (y*)» € Z such that Q(P)cT.
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Let x be a solution of (2) in the interval (b, «) such that x(t) = y*(¢) fort =b.
Clearly ¢(t) = x(t)=vy(¢) for each t € R and the proof of Lemma 2 is finished.

Lemma 3. Let f, ;=0 be continuous. Let ¢ =y be continuous functions
R > R,. Assume that {# }x-: is a decreasing sequence of real numbers which tends
to —o. Let for each natural k there is a function z“: R — R, which is a solution of
(2) in the interval (#, ) and such that ¢ =z" =v. Then there is some z:R — R,,
which is everywhere a solution of (2) and p =x=vy.

Proof. Since ¢ and vy are continuous the functions {z*}r.,; are almost
uniformly bounded (i. e. uniformly bounded on each subcompact of R) and since
their derivatives (z*)'(¢) = f(t. 2*(t — 7:(?)), ..., 2° (¢ — T ())) are almost uniformly
bounded the functions {z*}r- are almost equicontinuous. So there is a subsequ-
ence {z*}~-1 which converges almost uniformly to some function z. It is not
difficult to verify that z is a solution of (2) with the desired properties, q. e. d.

Proof of Theorem 3. We shall define a sequence {f}«- as follows: Put for
i=1,2,..,m, Ai={t; t.(t) > 0}. If all sets A; are below bounded by some
constant c let {# }x-: be an arbitrary sequence of numbers <c decreasing to —. If
some A, is below unbounded let B be a set of the form B = A ;yn...NA ) which is
below unbounded and such that BN A; is below bounded by a constant d for each
j#i(1), ..., i(s). Such a set clearly exists and is open. In this case let {t }x-1 be
a sequence of points from the set BN (—, d) decreasing to —. It is easy to verify
that for each i and each k either () >0, or 7:(t) =0 for each ¢ from a certain
neighbourhood of #.. By Lemma 2 there is a sequence {x*}r- of functions R — R,
such that @ =x* = and x" is a solution of (2) in the interval (., ), for each k. By
Lemma 3 there is a solution x of (2) in the whole R such that g=x=vy.
Theorem 3 is proved.

3. Main results.

In this section we apply Theorem 3 to the delayed linear differential equation

x'A)=A@Ox(E =T () + ...+ An(t)x(t — T (2)) (6)
where A; are continuous square matrices R >R, XR,, 7;: R—>R * are continuous
and x: R > R,. Define a function 7: R—>R" by t(t)=m‘ax (7:(t). The norm of
matrix (a;) is defined by ||(ay)|| =max |a;|. Now we can state the following.

Theorem 4. Let for each‘t €R A
3 [ Il dg<ime ™

Let x: R — R, be a solution of (6) for ¢t >b. Assume that 7 is bounded. Then
there exists a complete solution y of (6) and a positive r such that for each ¢t > b,

()= y @)l <r. exp (ne f I+ .. + An (@] dE). ®)

108



In other words, y asymptotically approximates x, for ¢ — + .
Remark. As a consequence of Theorem 4 we have the following result
concerning the differential equation

x'(t)=a()x(t—1()) )

where a: R — R is continuous and bounded: Let L =sup la(@®)|, T= sup 7(t), and

let LT <1/e. Then each solution of (9) can be asymptotically approximated by
a complete solution. The recent results in the case of bounded functions a, t are
more restrictive (see e. g. [2]). There is assumed that, moreover, the complete
solutions of (9) are bounded for ¢ > b. Or the boundedness is not required but there
is assumed. that LT <c where ¢ <1/e is a certain, precisely defined constant.
Proof of Theorem 4. Define the function A:R—R by A(t) =

=exp (nef(”A,(E)Il + ... +[|A®)I) d§). Choose d >b such that t —t(£)>b

for:>d.Letc=%;](f A + ... + [|[An(E)|]) d&. Clearly ¢ <1/ne. Let r
» t—z(t)

be a positive constant. Let I € R, be the vector whose all coordinates are 1. Define
functions 9 and @ as follows:

wt)=ri(t) - I+x(t) for t=b
Yv(@)=@I+x(b))A(t) for t<b
Assume that r is sufficiently large such that rI +x(b)>0 (coordinatewise
inequality). Similarly
- e@)=—-rA(t) - I+x(t) for t=b
e@®)=—-vy(@)+2x(b) for t<b

We show that for sufficiently large r =r(b) the functlons Y, @ satisfy the
conditions (4) of Theorem 3. Choose

ZiE[(p(t—n(t))a W(t"ﬁ(t))], i=1,...m (10)

First assume that t—t(¢)=b. Then we have A(t)z: +...+ An(t)zm=
=A(@) (ur + x(t—7(0) + ... + An(t) (um + x(t — Tm(2))) = —n]|A@)]||r
At — t(@)I — ...—n||An@IAE — (@) + x'(1) > —n(JA@)] + ...
+ |An(@)|DrA(t)el + x'(t) = v'(t) (the last inequality follows from the fact that
A(t—7(t)) < A(t)-e). Similarly the inequality A(t)z, + ...+ An(t)zn < @'(2)
can be verified. The inequalities (4) are satisfied also for ¢ <b, the proof is similar
as in the preceeding case. It remains to consider the case t=b and t—7(t)<b. Let

M = ![22}}](||x(t—f('))||-Fl’0m (10)wehavez; = w; + x(t —w(t))fori = 1,...,m,
where w; € [—(rI + x(B)A(t — n(t)) — MI, (rI + x(b))A(t — w(t)) + MI].
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We have Ai(f)zs + ... + An(B)zm = Ai(Q)ur + ... + An(®um + x'(t) >
> —n(JAi®)| + ... + |A-@®]) (7T + x(B)A(t)e™ + MI) + x'(t). It is easily
checked that, for sufficiently large r the right-hand side of the last inequality is
greater then y'(t) (resp. greater then max (y i(b), w (b)) when ¢t = b). Similarly
one can prove that for sufficiently large r, A(t)z1 + ... + Am(t)zZn is less then
@'(t) (resp. less then min (¢ 1(b), ¢ .(b)) when ¢t =b). Thus for suitable r >0 the
functions vy, ¢ satisfy the conditions (4). Hence by Theorem 3 there exists
a complete solution y: R — R, of (6) such that <y <. From this and from the
inequality @(t) < x(¢) < y(t), for t >b, we obtain (8), q. e. d.

The following theorem gives information on the asymptotical dimension of the
space of all solutions of (6).

Theorem 5. Let the assumptions of Theorem 4 be satisfied and let & € (0, 1)
be a constant such that

> |A:(&)|| dE<?/ne  forall teR
i=1Je—t(@t)

Then there exists an n-dimensional linear subspace U of the space of all
complete solutions of (6) such that each solution of (6) generated by arbitrary
initial function can be asymptotically (for t — + ) approximated by some member
of U. In other words, the space of all solutions of (6) is asymptotically n-dimensio-
nal. :

Proof. Denote by U., the class of all complete solutions x of (6) such that

"x(t) = s5-exp (ne ) mlA.-(E) dg

We show that through each point (4, w) € R X R, goes exactly one member of U,.
It is easy to verify that for each x € U,, and each ¢, we have ||x'(¢)|| <3a(a, s,
t)/3t. From this we have, for each x € U, :
If ||x (20)|| = a(a, s, to) for some t,, then to=a . (11)

) = af(a, s, t) foreachteR. Let U, = U,.

t i=

Now let y, z € U, such that y(u)=z(u) for some ueR. Let v=inf {s; y,
z € U,}. From (11) it follows that y, z € U,, and that ||[y(¥)|| = ||z(v)|| = v. But
the assumptions of Theorem 5 guarantee that through each point (u, w) € R X R,
goes exactly one complete solution of (6) which belongs to U. ., cf. [8]. Hence
y=z. :

To finish the proof it suffices to note that for eacha,beR, U,=U, =U, U is
n-dimensional linear space, and that if some complete solution x of (6) satisfies the
inequality @ <x <, where @, y are the functions involved in the proof of
Theorem 4, then x e U. .
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SUHRN

ASYMPTOTICKE VLASTNOSTI RIESENI LINEARNYCH
DIFERENCIALNYCH ROVNIC S ONESKORENYM ARGUMENTOM

K. Smitalova, Bratislava

V préci je dokizand tito veta: Nech v rovnici

x'(O)=A()x(t+7,(2))+ ... + Ax(t — T.(2)) a

si matice A(t):R—>R, XR, a aj funkcie 7,: R - R™* spojité a nech
2] 14l ds <1/me
i=1Jt (e

Nech x: R—R, jerieSenie rovnice (1) pre vietky t =1, a nech 7(t)=max 7,(¢) je ohrani¢ens funkcia.

Potom existuje tplné rieSenie y(¢) rovnice (1) (definované pre vietky ¢) a kladné r také, ze

e =y Oll < -exp (ne [* N4+ ..+ 1 Ans)l ds)

pre vietky £>t¢,. :
Pri d6kaze vety sme pouzili WaZevského topologicky pringip.
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PE3IOME

ACUMIITOTUYECKHME CBOVICTBA PEHNIEHWH JIMHENHBIX
MUPDGEPEHIIUAJILHBIX YPABHEHHUN C 3ANANBIBAIONIMMCS APTYMEHTOM

K. Cmutanosa, Bpatuciasa

B craThe noKa3biBaeTcs ciepytomas reopema: ITycte B ypaBHEHHH
X(O)=AOx( — () + ... + Ax(t =T (1)) m
k;anllnbl A/(t):R—>R,XR, u ¢dynxumu 7,;: R > R™ HenpepuiBHbIE H

S[ 1Al ds<ine

i=1Je"x(0)

IMpennonoxuM, 4to x: R — R, ssmsiercs pemenneM (1) nns Bcex t=t, U 4TO r(t)=m§1x (1)
orpaHnyenHas ¢yHkuus. Torna cywecTByeT nBycTopoHHee peuieHne y(t) ypasHenus (1)
H TIONIOXKHTEJNILHOE I TaK, YTO

. 0
Ix®)=yO)l<r-exp (e [ 1A + .. + 1Ans)l] ds)

VI BCEX ¢ > 1o.
Teopeua MOKa3bIBaE€TCA NMPH MOMOLLUH TOMOJIOTHYECKONO NMPHHIHNA Baxesckoro.
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JUNIVERSITAS COMENIANA _
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXIV —1979

D-CTPYKTYPA

METEP LIBUK, Bpatucnasa

1. Beenenne

OpHbIM M3 BaXXHEHIIUX MOHATHH aP(PUHHOM reOMETPHH SBIIAETCS MOHATHE
cepeAMHa Napbl TOYEK. AreO6panyeckui MOAXON K M3YYEHHUIO 3TOro MOHATHS
nokassiBaeT SH I'aTsie B paGorax [1] u [2]. Cepenuna napbl TOYeK 3TO OGMHapHOE
COOTBETCTBHE

0:AXA—>A

Ha KOTOpO€ HaKJIafAbIBalOT JajbHeiume tpeboBanus. ITo M'aTano 3T0 UMEHHO:

1. (A, 0) aBiseTcs KBa3Urpynmno#, KoTopas

2. upemnoreHTHa: Vae A: o(a,a)=a

3. meguanbHa: Va, b, c, deA: o(o(a, b)o(c, d))=0o(o(a, c)a(b, d))

4. xomMmyTaTuBHa: Ya, beA: o(a,b)=0(b, a)

IMoxpaxas 3TOMy NOCTPOEHHIO «MOYTH apPHHHOrO» MPOCTPAHCTBA, U3yYaeT
SIn Oymnak (cM. [3] u [4]) moBopoT Ha mpsAMOM yrosl B IBKJIHIOBOM IUIOCKOCTH.
Omnpepensier ROT-cTpykTypy Kak KBasurpynmy (A’ ; o) IJIs KOTOPO# cnpaBeninBa
TOJILKO OfJHA aKCHOMa :

Xo(xoy)=2zo((x0z)oy)

B 3TOi CTaThe pellaeM BOMPOCHI anreGpanyeckoro Moaxona K HM3yYEeHHIO
CHMMETPHHM OTHOCTHTEIILHO NMPAMOM Ha MHOXECTBO BCEX NPSMBIX ITy4Ka DBKIIMIO-
BOM MIockocTH. Hama ToYka 3peHds Ta Xe caMmasi KaK B YIIOMSHYTBIX paGoTax,
XOTS B TEYEHHH M3ydEHHUs: NPOGIEMBI MbI HE NMOJIL30BAIHKCh pe3yibTaTaMu Baxma-
Ha (cM. [5]). :

2. Onpenenenne

Anre6pau3anys reOMETPHYECKOrO MOHATHA M HadyMHaeTcsi HCKaHMEM TEX
HaJJIeXallMX CBOWCTB MOHATHA M, KOTOpbIe NPHHMMAaeM 3a ONpERENIAIOLIHE.
B BrI6OpE TEX WIM APYTHX CBOMCTB OTpa)KaeTcs, KOHEYHO, TOYKA 3pECHHs aBTOpa.
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ITocie TIHATENBHOrO NEPECMOTPA Pa3IMYHBIX MOAIEIEH NPHHSIIHM MBI CIEAYIOLIee
Onpenenenne 1. I'pymnoun (D, o) oGnanatouwmii 4YeTHIPEMS CBOMCTBAMH
(6yneM MX Ha3bIBaThb aKCMOMaMH)

1. mpemnoreHTHocTh: VaeD:o(a,a)=a

2. MepmnansHOCTh: Va,b,c,deD:o(o(a,b),o0(c,d) = a(o(a c),o(b,d))

3. anactuyHocth: Va, beD: o(o(a,b),b)=a

4. nns moObIx a, b € D ypaBHenue o(a, x) = b UMeeT TOYHO ABa PEILLIEHHS —
OyneM Ha3bIBaTh D -cTpyKTYpOM. :

B nanbHeimeM 6ynem o(a, b) nmucates npocto ab, ab - ¢ 3Hauur o(o(a, b), c)
U T O

He TsXeno npoBEpUTH CIEYIOLIYIO OCHOBHYIO MOfeNb D -cTpyKTyphI:

Monens 1. Ilyctb D-MHOXecTBO L BCex mpsiMbIX DBKIMAOBOM MIOCKOCTH
MpoXOAsMX Yepes onpenencHHyto Touky 0. (ITyyok ¢ Bepumnon 0). Insg a, b e L
onpenenseM o(a, b) =ab Kak npsMyr0 CHMMETPHUYHYIO C IPSIMOM @ .OTHOCHTEJILHO
npsiMoit b.

3. He3aBHCHMOCTH AKCHOM

'TTokaXKeM 4YTO aKCHOMAaTHYECKas CHCTEMa cocrosiias U3 akcuoM 1—4 sB-
JISETCS HE3aBUCUMOM. DTO BBIXONHUT M3 CYLIECTBOBaHMS Mopnenei 2—S5. Bce 3Tu
MOJIEJIH MOCTPOEHHBI KaK npoussenenue (K, .) = (D, .) X (E, %) mo6o# D -cTpyk-
Typsl (D, .) 1 HagnexxauMM o6pa3oM omnpeneneHHoro rpymouaa (E, +)

Moneas 2. Ilycts (E, *) anacTu4Hasi, MEAMaNlbHAsA, HO HEHIEMIIOTEHTHAS
KBasurpymna; Hanp. (Z., +) Torma ans (K, *) BbIIOJHEHBI BCE AKCHOMBI 3a
HCKJIIOYEHHEM aKCHOMBI 1. '

Monens 3. ITycts (E, X ) MAEMNOTEHTHasl, 3J1aCTHYHA HO HEMENHUALHAS
KBa3urpymnmna; Hanpumep E=Z*=Z — {0} u

awb= <a eciu a=»b
b—a ecnm a#b

Torpa pag K, BbIMOJNHEHbI BCE aKCHOMBI 32 MCKJIFIOYEHHEM aKCHOMBI 2.
Moneas 4. Ilycte (E, ») sBuaserca A -crpykrypoit (cM. [1]); Hanpumep

1 -
E=Ruasb= 3 (a +b). Torna pns (K, .) BLINONHEHBLI BCE aKCHOMBI 32 HCKJTIOYE-

HHUEM aKCHOMBI 3.

Moneas 5. ITycts (E, ») = (D, .) aBnsercs D-ctpykrypoit. Torpa ans (K, o)
= (D, .)x (D, .) BbIIONHAIOTCA NEPBbIE TPH aKCHOMbI, HO TMOCJHENHAA YXE He
BBINOJIHSETCA, TaK KaK YPaBHEHHE @ - X = b NOBHAMMOMY IOMYCKaeT TOYHO YETHIPE
peleHHus.
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4. Mopenn

ITokaxceM HeCKOJNbKO AanbHEHUINX Mopmeneit D -cTtpykTypsl.
Monens 6. Ha neiicTBuTenbHoil npsmMoi R onpenensieM onepauuio

0:RXR->R, (x,y)>2y—x
3aMeTumMm, uTO
"0(-a):R>R, x—x,a

SIBNSI€TC CHMMETPHEH OTHOCHTEJILHO TOYKH a . He ctoxxHo npoBepHTs, 4TO (R, 0)
ABISACTCA HMAEMIIOTEHTHOW, MeNHaNbHOMN, 3J1aCTHYECKOH KBazurpynno (Mexny
MPOYMM: €€ MbI TaKXe MOIIH GpaTh Kak NMpUMEp BMecTO Mopen 5.) Tak Kak
TMONMHOXECTBO Z BCEX LENbIX YMCEN 3aMKHYTO OTHOCHTENBHO ONepanum @ TO
cywectsyeT aktop-ctpyktypa (R/Z, 0,). O603Hauas y obpa3 uucna y npu
KaHOHHYECKOH NMPOEKLHH

P:R—->R/Z

moJiy4yaem :

01:R/ZXR/Z—>R/Z, (%,y)—>2y—x

Onepauusi 01 coxpaHsieT nepBble Tpu CBOMCTBa ONEPALMH O, HO HE COXPaHSET
CBOWCTBO KBasurpynnel. Ha camom nene ypasHeHue 0i1(@, x)=b omeer nma

peleHus % (a+b), % (a+b+1). Utak (R/Z, 0,) sBnsieTcs ‘D -cTpykTypoii ; 060-

3HA4YHUM €€ KakK Mojelb 6.

Monear 7 nomyunm reomeTpusanueit Mogenu 6. Iycts S'={z e C: lz| =1}
€MUHCYHasA OKPYXHOCTh B KOMIUJIEKCHOH INIOCKOCTH. ITpu noMowm 6ueKTHBHOrO
oTobpaxeHua

@:R/Z>S', ¥ —»e™ VxeR
MOXHO OKPYXHOCTh OTOXJIECTBHTB C MHOXecTBOoM R/Z. Torna onepauus
0::8'xS' 58", (e, &)@

ABNAEeTC @-o6pazoM onepauuu @, u (S, Q2) €CTb RaNbHEHIIHM NpPHUMEpPOM
D -cTpykTyps1; ee Gynem Ha3bIBaTh Mojens 7. :

3amMeTnm, yTO 02(e”, ”) ecTh TOUKa CHMMETPHYHA C TOYKOM €' OTHOCHTENb-
HO npsiMo¥i coenuusirowie#t Hayano 0 ¢ Toukoii . Eciu B Mofnend 7 MHOXECTBO S
Touyek € 3ameHnTH MHOXecTBoM K Bcex nonynpsameix 0e” M ecrecTBeHHBIM
06pa3oM 3aMEHHTH ONEepalMio @, Ha ONepaLHIo, KOTOPYI0O 0603HaYuM Qs3, TO
nony4aem monens 7' : (K, @s). '

Ipumeuanne : HenocpenacTBeHHO U3 NOCTPOEHHUst Mofiene 6, 7, 7' BuITekaer,
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yto oHM u3oMopdHbl. Bonee Toro, maxe Mopens 1 Takxe u3oMopdeH ¢ ITHMH
Tpems. OToOpaxeHue

Y:R/Z>L, $—0e™

oTob6paxalolliee KjiacC X Ha MOPAMYIO, COCAMHAIOUIYIO Hadajlo KOOpAMHAT
0 c Toukoi €™ sBaseTcs OGMEKTHBHBLIM H

HTak, XOTS GbUIH OCTPOEHBI YX€ YeThIpe MOAENH D -CTPYKTYpPBI, HA CAMOM
mene 3TO TOJNbLKO ONHH NpuMep. Bo3HHMKaeT BOMpOC, CYLIECTBYET JIH MOAEIbL
D -cTpykTypbl He H3oMopdHoi Monenu 1. OTBeT ecTh MOJIOXKMTENbHBIA. B cieny-
JOLIEM MpHMEPE Mbl IMOCTPOMM Jlaxe OGoNbwiod Kiacc He H30MOPhHBIX
D -cTpyKkTyp.

Monens 8. ITycts (E, ) UACHNIOTEHTHas, MelHaJIbHasl, 3JIaCTHYHAs KBa3H-
rpymna. Torna ee npoussenenue (K, o) = (D, o) X (E, %) c mo6oit D-cTpyKkTypoit
(D, o) sBnsietcs onsth D -cTpykTypOii. [IpOBEPHTDH ITOT (PAKT OCTABHM IHTATENIO.

B xauecTBE KOHKPETHOTO MPHUMEPa TaKOro poiia BO3bBMEM

Moneas 9. ITycts E MHOXECTBO BCeX TOYEK DBKIMIOBOH IIIOCKOCTH, KOTO-
PYIO paji¥ MPOCTOTHI OTOXAECTRIISAEM C INIOCKOCTBIO C BCEX KOMIUIEKCHBIX YHCEIL.
Onépauuﬂ *+ Ha E = C onpenensieTcs 4yepes

Xxy=2y—Xx

T. . oro6paxenne E —E, x+>Xx*a SBIAETCS CHMMETPHEH IIOCKOCTH OTHOCH-
TEJIBHO «TOYKH a».

IToroMy 4TO (E *) sIBJIsieTCS MACHINOTEHTHOM, MEUATIbHON M 3aCTHYHON
kBasurpymmoi u (S', 0;) D-ctpykrypoit (cMm. Mopens 7), To (K, o) = (S, gz)x
(E, ») sBnsiercs Takxe D -cTpykTypoi. Ecnu Temeph 3J€MEHTY (e“,a)eS'xXE
naTe 6osee HarIAMHbBIA npm nonynpamMo# {a +te® ; t € R.} c Ha4aoOM B TOYKe @ H
HanpaBJIEHHEM BEKTOPA €, TO MOJy4yaeM T€OMETPHYECKYIO MOJIeNb 9, 3/IeMEHTa-
MH KOTOpO# CIIyXaT BCe MOJynpAMble IBKIMAOBOH MIOCKOCTH.

3aMeTHM, YTO AaHAJIOTHYHBLIM 06pa30M MOXeT GbITh MOCTpoeHa D -CTpyKTypa
Ha MHOXECTBE BCEX MONYNPSAMBIX IIIOCKOCTH JIo6aueBCKOro.

IMocnenHss Monelp Hauiero o63opa mojiydyaeTcsi B pe3ylbTaTe CIEAyIOLIero
ponpoca: ITycts (L, o) siBnseTca mofens 1 D -CTPYKTypel. Haitrn camyio D -nont-
cTpykTypy (M, o) D-cTpykrypsl (L,0)

IMocpencTBoM oToGpaXxeHns Y (Wiu Goyee TOUHO Y ') cBomMTCS 3Ta 3aKaya
K 3a7a4e OThICKaHMs caMoil Majoit D -nonctpykrypel (H, ) D-struktury (R/Z,
01)- He Tepsas oOIUHOCTH MPENNOIOXHM 0e H. U3 akcHoMbl 4 BBITEKAET, YTO

1 3
MOTOM %e H. HoBoe npUMEHEHHE 3TOH aKCHOMBI BJIEYET 7+ 3t eH,~ ¥ € H u T. . SIcHO,
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4YTO MHOXECTBO H COCTOMT M3 BCEX KJIacCOB a2 " AMagM4ecKkux qpoGei. B mo6om
TakOM KJacce CYCUIECTBYET TOYHO ONHO 4YMCIO M3 uHTepBaia [0, 1) koTopoe
MOXHO mucaTh B Buae 0 win

0,a:a; ... a.1=a2 ' + a2 +%. . +a.,27" +27¢* (A)

rae ;=0 unu 1 pnsa Becex i =1, 2, ..., n. DTOT (bakT MOKaA3BIBAET CIEAYIOLIYIO
KOHCTPYKI[HIO HCKOMO¥W MOJEJIH.

Mopens 10. ITycte MHOXecTBO H COCTOMT M3 BCEX OMARHYECKHX YHCEN
uHTepBana [0, 1), koTopsie GyneM nucaTs B Buae 0, a; ... a,1 (HoJb nuIIeM npocTo
~ 0) xak moka3aHHo B (A) Ha mHoxectBe H onpenensiem onepaumo t: H x H—H
yepes

7(0,a: ... ax1;0, by ... ba1)=0, alas ... al1+0, bsbs ... bnl—¢

t(0;0, b, ... b 1) =0, b, ... bal
(0, a; ... a,1;0) =0, aj...axl
7(0;0,1) =0

rae wrpuxoM o6o3HavaeTcs mHBoMonusa Ha {0,1} —t.e. 0'=1, 1'=0;

e=0 ecmn O0,aia3...a.1+0,b,...b,1<1
e=1 ecmm O0,aja;...arl+0,b,...5,1=1

4 ONnepauMM BBINMOJNBLHAIOTCH HaJ MOJIEM Z,.

Hanpumep t(0,0011; 0,01011001) = 0,1101 + 0,1011001 — £ u TaK KakK
0,1101 + 0,1011001 = 1,1000001 > 1, To € = 1 u 7(0,0011; 0,01011001) =
= 0,1000001.

" Ha caMoM fiefie 3TO MOXHO HAIJISHO MKCATh TaKXe TaK:

3. _89

0.0011=12; 0,01011001 =52
—(3\_(;_3\_(13\. _(, 89\ _(89
0,1101=—(16)_(1 16)_(16),0,1011001_(2256)_(128)

ITposepurs, 4To (H, T) aBnsercs D-CTpyKTypOoH, OCTaBIsAEM YHTATEIIO.

5. Teopemsi

Hna D-crpyktypbl (D, o) moKaxeM HECKOJNBKO OCHOBHBIX YTBEDXICHHH.
YToOBl COKPAaTHThL fA3bIK JOKA3aTENbCTB, GyneM 4Yepe3 i 06GO3HAuaTh YCJIOBHE
MPUMEHAA HACHIIOTEHTHOCTD MOJIy4aeM ; MOJO6GHO IJIsi MEQHAJIILHOCTH IHILEM M,
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JUIS 3NACTHYHOCTH MHILEM € U A1 aKCHOMBI (4) nuieM d.
Teopema 1. [Ins mo6bix a, b, c, d, € D BbINOJILHAETCA

1. ac=bc > a=b 1)
2. ab=c > a=ch 2)
3. ab=b >a=b ’ 3)
4. a-bc=ab-ac, ab-c=ac-bc 4)
S. ab-a=a-ba (5)
. 6. ab-ba=a(a-ba) (6)
7. (a-bd)c=(a-cd)b _ 7

HoKa3aTenscTBO. Y TBEPXKIACHMS NOKa3bIBAIOTCA NMOCTENCHHO.

. TMlycts ac =bc. Torna a = ac-c=bc ¢ = b wnrak (1) cnpaBemJIMBO.
Mycts ab =c. Torna a = ab - b =cb noxazaHo (2).

IMycts ab =b. Torna M3 fBa BbITEKAET @ = bb £ b poxaszauo (3).

m i m
a-bc ~ aa-bc = ab-acuab-c = ab - cc = ac - bc nokazaso (4).
Ecnu B (4) BcTaBuTh @ =, TO nojnyyaeM (5).

ab-ba = (ab-b)(ab-a) = a-(ab-a)=a-(a-ba)

o w s W=

7. pc-bd =pc - bd $2 ((pc - bd)bd)c = p nono6uo ((pb - cd)cd)b =p nycTb

a = (pc - bd)=(pb - cd), BeiTeKaeT (a bd)c=(a-cd)b.
Onpenenenne 2. YpaBHEHHE ax =a HMMEET TOYHO ABA PELICHHMA; OHHM
ABNSETCH @ ¥ Bropoe o603HauuM depes a’. OToGpaxeHune

v:D—->D, a—a’

6yneM Ha3bIBaTh NEPNEHANKYIAPHOCTBIO. Tak kak B Mofiesid 1 npsMas a’ neprneH-
mMKynspHas K mpsimoit a. Utak

aa’'=a w a#*a’ (8)

Teopema 2. ecnu ab =ac, To nu6o b =c, nubo b'=c

J.Ion:nmscm Iycts ab =ac u b# c. O6o3naunm ab =d, Torna ac =d.
Tak xak no d ypaBHeHue ax =d nMeeT TOYHO ABa pelleHMs, TO ax =d BiedeT
x =b, nu6o x =c. Tenepr umeeM

d -—I-dd=ab-ac =‘a-bc

1 no ckazanHoMmy bc =b nu6o bc =c. Bropas BO3MOXHOCTE BJI€4ET (mpumeHsIs
(3)) b = ¢, 4TO NPOTHBOPEYHT MPEANOJIOXKEHHIO ; H TaK bc = b, oTKyna no onpene-
nenmio ¢ =b'.
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Cnencreme. Ecnu ¢ ogHO M3 ABYX pelueHHil ypaBHeHus ax =b, To ¢’ BTopoe
M3 3THX pEIICHUM.
Teopema 3. IlepneHANKYISAPHOCT €CTh HHBOJIIOTHBHOCTBIO, T. €.

v’=1u (a') =a nnsaBcex aeD

s 8 '
okazareascTno. [Ins m11060ro a € D BpmosibHAETCA @ *a’'a =aa’' -a=a-a=

i .
= g. U3 omnpepenenus 2 BbITEKaeT, YTO a'a=a nubo a’'a=a’'. IlepBoe u3

cootHoweHuit mpotuBopeduT (3) u (8). IMomyyaem:
a'a=a’ 9)

Teneph ypaBHEHHE a’'X=da WMeeT 2 peIlIeHHs, HO a, a’, (a')’ sBnsaoTCA
pelIeHusIMU U cBep Toro a#a’ #(a')’. ITo BO3MOXHO NpH ycIoBuH @ = (a')’, uTo
noTpeboBaNoch JOKa3aTh.

Teopema 4. OroGpaxenue v ssasercs adprToMopdusmMoM D -CTPYKTyphbl.

Moka3areascrBo. Ham TpeGyeTcs qoKa3aTh, yTo (ab)’' =a'b’ nns mobbix a,
b e D. OGo3Hauyas ab = c nony4aeM; ypaBHEHHE CX =C HMEET TOYHO [IBa peuie-
HUsA: X=Cc U Xx=c'.

He cl10XHO MpOBEPHUTH, YTO NMOMHUMO ¢ M ¢’ Takxe a’'b’ ABIAETCH PELICHHEM.
Tak kak c#c’, To a'b’'=c’ wnmu a'b’'=c. IlocnenHee paBEHCTBO IMPHUBOAUT

K npoTtuBopeuuio a'b’ = ab = ab’ él a' = a. Atak a'b’ = (ab)’

Onpenenenne 3. DneMeHThI a, a’ GyfeM Ha3bIBaTh PELICHUSMH NEPBOM CTe-
NEeHH ypaBHEHHS ax =a.

Kax by, ..., by pemienns (k — 1)-o#i cTeneH: ypaBHEUS ax = a, TOTAA PELLICHHSA
E,E' Bcex ypaBHeHmil b; - & =>b; GyneM Ha3pIBaTh PEIICHHAMH K-TOH CTENEHH
ypaBHEHHUS ax =a.

Jema. ITycts L MHOXecTBO peuieHHii k--To# crenenu To card L = 2%,

Hoxkazarenscrso. MaTeMaTHYecKass HHIYKLHA.

1. Ha ocHOBaHHH omnpefeyicHus 3.

2. Ilns o603Ha4eHus 2" ' pemennit yno6Ho Hcnonb30BaTh Mofelns. 10. 3aech
BeIpaXXeHbI Kak uucia 0, a; ... a,—; rae a; paBHo 0 wnu 1. HarnsagHo, 4To pemeHus
ypaBHeHHsA 0,a; ... @n_1 X = 0,b; ... by_yumeroT BHA 0, 1Cy ... Ca—13 0, 0cy ... Ca-1.
Ho 3To yXe ypaBHEHHMs pelleHHs K-TOH CTENeHH.

CylIECTBYIOT YEThIpE THIIA YPAaBHEHHH :

1. 0,a,...a,-20-x=0,by ... b2 0
II. 0,a, ... @an—21-x=0,b, ... bo> 1
ML 0,a;...,20-x=0,b;...b,21
IV. 0,a;...an21-x=0,b; ... b, 0
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Ypasuenns 1. u II. TUna He nOMyCKalOT HOBBIX pewenui. Y ypasuenmii II1. u IV.
THIA BCe PELICHUSA HOBbIE. DTO 3HAYMUT, YTO 2" ' HOBBIX pewenuit u 2"~ peennit
(k —1)--oit crenenn. U3 Toro BeiTekaer, yTto card L = 2%,

Teopema 5. He cyuwectByeT KoHe4Has D -ctpykrypa.

JloKAa3aTeNLCTBO SICHO M3 NMpPENBIAYILEN JTIEMBI.
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SUHRN
D-STRUKTURA‘

P. Cvik, Bratislava

D-3truktirou nazyvame idempotentny, medidlny a elasticky grupoid, v ktorom rovnica @ - x = b
mi vidy prave dve rieSenia. Tito univerzilna algebra je zovieobecnenim zviizku priamok, v ktorom
a-b je priamka simerni s priamkou a vzhladom na priamku b. Dokézali sme bezospornost
a nezdvislost axiomatického systému, uk4zali sme Sest r6znych modelov. Pit dok4zanych viet predstavu-
je zdkladni informéciu o tejto algebre.
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RESUME
D-STRUCTURE
P. Cvik, Bratislava
Under D-structure we mean an idempotent, medial, and elastic grupoid in which any equation
a-x=b has exactly two different solutions. This universal algebra is a generalization of a set of all
straight lines passing through a given point 0 where a - b is the line symmetric to a line a whith respect to

b. Consistency and idependence of axiomatic system is proved and six different models are described.
Five theorems give basic information about this algebra.

121






UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
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CHAIN IN S,

IVAN TRENCANSKY, Bratislava

Let K be a field of all complex numbers and let S, be a onedimensional
projective space over K.

Let 1. Py, P;, P; be three mutually different points of the space S, 2. P = (x,,
), v=1, 2,3, in a coordinate system X of the space S,, 3. P = (x, y) be any point
of the space S, (with regard to X).

A complex number defined by the expression

x y ,xl y.l
X2 Y2| |X3 Y3
=6 P’ ’ ’ = 1
6 ( P1P2P3) lx y X, yll ()
X3 y3| (X2 ¥2

is called the cross ratio of the points P, P,, P,, P; taken in the given order, if the
denominator in (1) is not zero. If the denominator is zero and numerator differs
from zero we say that the cross ratio is infinite and we write 6 = .

Remark. From 1. it is obvious that a case when both numerator and
denominator are zero will not occur. )

Definition 1. Let P,, P,, P; be three mutually different points of S,. The set
of all points P € S, such that the cross ratio 8 (P, P,, P,, P;) is a real number or
equals infinite is called a chain determined by points P,, P,, P; (in the diven order).
We denote R (P, P,, P3) or R (P.). _

Properties. 1. The cross ratio is invariant with respect to exchange of
a coordinate system in S,. If X is such a coordinate system in which P,=(1, 1),

P.=(0, 1), Ps=(1, 0) then 6(P, P,, P,, P5) =§, hence R(P,, P,, Ps)is the set of all

P =(x, y) for which 5 is real or infinite.
2. Obviously holds
Py, P;, P;€ (P, P,, P;)
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3. Besides:

a) R(Pi, P, P3)=R(P,, P, P,)

b) %(Pl, P2, P3)=@(P2’ P17 P3)

To prove this it suffices to note:

a) (P, P,, Ps, P2)=% for x#0 and 6 = for x =0;

b) 8(P, P, P, P;) = —*1Y

for x#+0 and 6 = » for x =0.

Result. R(Py, P;, P;) = R(P,, P., P,,), where (v,, v, v3) is an arbitrary
permutation of numbers 1, 2, 3.

4. Let Q;, Q;, Q; be three mutually different points of the chain ®
(P|, P,, Ps)- Then R (Ql, Q, Qa) =R (Pl’ P,, P3)-

Proof. Denote Q, =(x,,y,), v=1, 2, 3 in X. Let us distinguish two cases:

1. For just one of the points Q, there is y, =0,

2. yw¥0,v=1, 2, 3.

Case 1. With regard to Property 3 we shall suppose y;=0, hence y;#0,

1

. . x x
y2# 0. From the assumption on Q, it follow y_= r; ;3= r., where r,, r, are reals
1 2

and ri#r,. Let Qe® (Q,, Q;, Qs) and Q=(x,y). Then the cross ratio

6(Q,0,, 02, Q;) = y;r_—rzry) is real if y# 0, and is equal to = if y =0. In both
1— 72

cases Q € R (Py, P,, P;). Conversely, let Pe® (Py, P;, P;) and P =(x, y). Then
5(P, P, P, P)) = 5 is real if y#0, and = if y=0. In both cases
PeR(Qy, Q1 Qs).

Case 2. From assumptions on Q, it follows that R r.,v=1, 2, 3 is real and

v

r. are mutually different. Let Q e R(Q:, Qz, Q;) and Q =(x, y). Then the cross
ratio

4(Q, Q,, Q,, 03)=ﬂ. n—rs

X—=ry ri—r:

is real if x —r;y#0 and 6 = if x —r;y =0. Here we distinguish two cases:
a) y=0,b) y#0. In the case a) Q = Ps, so that Q e R(P,, P,, P3). In the case b) if

x—ry=0, thenf is real, hance Q € R(P,, P,, P5); if x — r;y+0, then ;——:2—: is
I }

X ;
=—r

real. Therefore i is a real number. This number differs from 1 (since r,=r;

——r
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yields Q; = Q.), therefore iis real. Hence Q € R(P,, P,, P3). Let P € R (P, P», Ps),
and P=(x, y). If y=0, then

ry—r
rl_r

(P, Q1, Q2, Q3) = >is real, thus P e ® (Q,, Qa, Q).
2

If y#0, then ;— is real. Besides 6(P, Qi, Q;, Q) = o if x —r3y =0, thus
PeR(Q., Q2, Q) and if x —ry#0

Z—r
X—ry rn—r; y ri—rs

6(P, Ol, Qz, QJ)= * = :
X—=ry ri—r, Xx ” riv—r;

-7

consequently & is real and P e R(Q;, Q., Q).
Definition 2. The subset & =S, is said to be a chain if there are three
mutually different points P,, P,, P;€ S, such that ® = R(P,, P,, P,).
Definition 3 (Cauchy’s representation of point). Let =R X RuU{x}.
Elements of & are called points. The point  is called an ideal element of .£. Let P
be any point of S, and let P = (x, y) in a fixed coordinate system Z of the space S;.

In the case y#0 a point [a, b]e ¥, where a+bi=;x-(a ER, beR) is called

Cauchy’s representation of P. We denote it P° and we write P°= [a, b]. In the case
y =0 we take an ideal element of £ for Cauchy’s representation of P. Then we
writé P°=co.
Remark 1. The set £ is called the Cauchy plane. Point o is called the ideal
point of the Cauchy plane, other points are called its points or non-ideal points.
Definition 4. Let P}, P3, P$ be three points of £ and

a) at least one of them is the ideal point
b) let Py=[a,, b,] for v=1, 2, 3 and

a, b1 1
a bz 1
as b3 1

=0.

Then the points P, P}, P3 are said to be collinear.

Corollaries. If two of points P} (v =1, 2, 3)-coincide, then points P°, P}, P3
are collinear.

Remark 2. Let P9, P}, be two non-ideal points of £ which don’t coincide. In
the next let % (P}, P3) denote the subset of £ defined as follows : P°e % if and only
if points P°, P{, P3 are collinear.
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It follows immediately: {P9, P} = ¥ (PS5, P3).

Remark 3. Let QY, Q3 be two non-ideal points of the set ¥ (P, P3). Then
H(PS, P3) = %(Q3, Q). _

Proof. Let P! = [ay, b,], P§ = [a;, bs], Q) = [c1, di], Q) = [c2, ds]. The
assumption gives:

Ci d| 1 C2 d2 1
a b| 1{ = 0 a b; 1 =O
a; bz 1 a» bz 1

Hence

(Cl, d], 1)=a(a., b], 1)+ﬁ(az,- bz, 1)
(Cz,-dz, 1)=Y(a1, b, 1)+6(¢12, b,, 1)

where a, 8, vy, 6 € ¥. Since

: g,#o (in the other case y=Aa, 6 =AB, AeX
implies Q7= Q3) it holds

(a., b], 1)=a'(C1, dl, 1)+ﬂ’(C2, dz, 1)
(az, bz, 1)=y'(c1, dy, 1)+ 8'(c2, d2, 1)

Let now X°e% (P!, P3); if X°=o then X°e¥(QS, QY); if X°# o and
X°=[x, y] then .

x y 1

a, b, 11=0

as bz 1
Hence

x y 1

C d| 11=0

C2 dz 1

so X°e ¥ (Q7, Q3). Similarly, X°e #(Q$, Q3) gives X°e ¥ (P?, PY).

Definition 5. Let # be a subset of ¥ defined as follows: There exist two
non-ideal points P, P3(P}+# P3) of £ such, that # = % (P, P3). Then A is called
a straight line of the Cauchy plane ¥, more precisely — a straight line of £ defined
by points P9, P5. ' ’

Remark 4. From previous it follows that a straight line # is defined by any
pair of its different non-ideal points.

Remark 5. From the definition 5 follows immediately that the ideal point
P°= o is a point of each straight line in the Cauchy plane.

Definition 6. Let P,, P,, P;e £ be three non collinear points, P?=[a,, b,].
" The set # of all points P°=[a, b] (P+ ») for which
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a’*+b*a b 1
ai+bla b 1
a§+b§ a, bz 1
ai+b3 a; bs 1

=0

Then M is called a circle of the Cauchy plane.

Remark 6. Since points P{, P3, P are non-collinear, they all are not ideal and
it holds
a; b, 1
a, b, 1/#0
as; b; 1

Remark 7. From definition it is clear that PS, P3, Ple .

Remark 8. None circle in Cauchy plane contains the ideal point.

Theorem 1. Let achain R contain a point U = (1, 0) (in a coordinate system
Z of the space S,). Let P, P,, P; be three points of the chain R. Then Cauchy’s
representations P{, P3, PJ are collinear.

Proof. If at least one of the points P,, v=1, 2, 3 coincide with U, the
proposition is clear by the Definition 4. If some of points P, coincide, we get the
same result.

Suppose P,+ U, v=1, 2, 3 and no two of points P, coincide ; denote P, =
=(xv, y.) forv=1, 2, 3 in the coordinate system X. Let ﬁ=a,, +ib, forv=1, 2,

3 where a,, b, are real. From definition of a chain it follows that there exist three
points Q;, Qz, Q; such that no two of them coincide and R = ®(Q,, Q,, Q). By
property 4 R=R (P, P>, P;) take place. Since Ue®R, 6(U, P,, P, P,) is a real
number or . But

e ol [ 2] L B2
B, Py By P)= i g e b
X3 Y3 X2 y:l ,xz )’zl

" As denominator differs from zero, & is real. Thus

X

N y; (a1+1b1) (a3+1b3)

U P P P = O et )~
b4 y:

=[(a1 —as) (a1 —az)+ (b,— b;) (bl —Ba)] +
(a1—a5)"+ (b1 — bs)’

+ i@~ a3) (b2=b3) — (a1 — as) (b1 —by)]
(a1—az)*+ (b, —b,)’
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is a real number. Therefore

a b| 1
a bz 1
as b3 1

(al—az) (bl—b3);(al_a3) (bl—b2)= =0

which means that P}, P3, P3 are collinear.

Theorem 2. Let R = R(P,, P, P;) be a chain. If the Cauchy representations
(in a given coordinate system X) P}, P35, P3 of P,, P,, P; are collinear, then &
contains the point U = (1, 0).

Proof. From property 4 it is clear that ® = ®(P,, P,, P;). We distinguish two
cases: :
a) One of the points P}, P, P3 is the ideal point of the Cauchy plane. Then the
assumption of the theorem is true.

b) None of points P}, P3, P3 is the ideal point of the Cauchy plane. Denote
P.=[a,, b,], for v=1, 2, 3 and count 8(U, P, P, Ps). It holds (see proof of
Theorem 1):

o W g
N ys_(a;+ib,)—(a3+ib3)_
B(U.Pw Pa, P = L= O ) ™
.M Y2

_(a1—as) (@ —az)+ (b, — bs) (b, — b)
B (ai—ax)’+(bi—bs)"

Therefore é is a real number and hence U e R.

Consequence. If R(P,, P, P;) = ®(Q,, Q:, Q;) then the collinearity of P,
P3, P3 imply the collinearity of Qf, Q3, QY.

Definition 7. The set of all Cauchy’s representations of points of a chain ®
is called the Cauchy’s representation of a chain &. We denote it R°:

Theorem 3. Cauchy’s representation &° of a chain @ is a straight line if and
only if ® and the point U = (1, 0) are incident (with respect to given coordinate
system X). '

Proof. Let & be a chain containing the point U = (1, 0). The there exist three
different points P,, P,, P; such that ® = ®(P,, P,, P;). Let us assume P,+ U,
P,#+U. Let X be any point of ®#. From Theorem 1 it follows: X°, P}, P3 are
collinear, so that the point X° and a straight line defined by points P, P3 are
incident. Conversely, if a point Y° and a straight line defined by P{, P are incident
then Y, P}, P} are collinear. The cases Y°= =, or Y°= P}, or Y°= P} are obvious.
In the rest of cases 8(U, Y, P,, P,) is a real number (see Proof of Theorem 2).
Therefore Y e R. Let R° be a straight line of £, then ®° and the ideal point of the
Cauchy plane are incident. Thus # and the point U = (1, 0) are incident.
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Theorem 4. Let # be a subset of S; such that its Cauchy’s representation
M’ is a straight line of & (in a coordinate system X of the space S,). Then 4 is
a chain (by Theorem 3 # and the point U =(1, 0) in X are incident).

Proof. Since M’ is a straight line of £ there exist two non-ideal points P,
P2+ P! of £ such that #° = (P}, P3). Denote P} = [ai, b], P? = {aa, b,]. Let
P$ = o (the ideal point of #). Then P3 e 4, so that # is incident with each of points
Pi, P,, P;=(1, 0), while no two of this points coincide. We are going to prove:

M= @(Ph P2, P3). Denote P] =(x1 y|), P2=(X2, yz). Let P=(x, y) be any point Of
M. Then P°e M° and we have:

8(P,P,, P, Py =Y. XX Y22 4o, y#0
Yy Xiy2—yiXx2

and T
6(P,P,,P3,P;)=c for y=0
In other case, clearly P € R(P;, P,, Ps). In the first case

X X
_y y2_ (a+bi)—(az+bi) _
6(P,P,, P, PJ)—Q_Q_(an+b1i)—(az+b2i)—

Y. y2

_(a—a) (@ai—ax)+ (b —b) (bi—b,) +i[(a:—a,) (b — b,) —(a —az) (b, —bs)]
- (a1—a.)’+ (b, —b,)’ ’

Since P°e M =¥ (PS, P3) it holds

a b 1
a b] 1
a; bz 1

0= =(al_az) (bz—b)—(bl—bz) (az—a)

Thus 6(P, P,, P,, Ps) is a real number. Therefore P € R (P, P>, P;). Let now
P=(x,y) be a point of S, such that P e ® (P,, P,, P;). Then

8(P, Py, Py, Py) =22 ZV27YX2 g yug
y Xiya2—yiX:

and

6(P,P|,P2,P3)=m for y=0

In the second case P° is the ideal point of £ so that P°e #° and P e 4. In the
first case we have
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(a —az) (a, —az)+ (b —bz) (b] —b2)+
(a1 —a,)* + (b, — by)’

+i[(a1 —az) (b —by)— (b1 —b,) (a —a,)]
(al = a2)2 + (b| = b52

As & is a real number its imaginary part equals zero, so:

6(P,P1,P2,P3)=

a b 1
a b] 1 =0 -
a: bz 1

Therefore P°e ¥ (P35, P3)=M° thus Pe M.

Theorem 5. Let a chain # and a point U =(1, 0) are not incident (in
relation to a coordinate system ). Then its Cauchy’s representation &’ is a circle
(in relation to the coordinate system X).

Proof. Since Z is a chain there exist three points P,, P,, P; such that no two
of them coincide and ® = R (P, P,, P;). As P,, P,, P;e R, points P!, P35, PJ are
incident with ®° and they all are non-ideal and not collinear ; otherwise a chain R
should be incident with a point U = (1, 0). In the next we shall use the notation A

a’+b*>a b 1
ai+bi a b, 1
a;"'bi a, b, 1
a§+b§ as by 1

Let P°e ®R°, then P € R and 6 (P, P,, P,, P;) is a real number or . In the case
P=P;:P°=P) and a =a,, b =b,, therefore A =0. In the case P#P; the de-
nominator of the expresion

S
Il

Xy
X2 Y2

y
X3 Y3

X1 y,l
X3 Y3
X1 Y1
X2 Y2

a(P Pl,P2,P3)—

is not zero and 8 (P, P,, P,, P,) is real. But

X1
b4
X3
Y3 _
é(P,P,,P;, P})=———=
X1
Y1
X2
y2

N
NN

‘<|k < =
W W
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a+bi 1] |a;+bi 1

_lax+bii 1] |as+ bsi 1,_

T la+bi 1| |ai+byi 1]
as+bsi 1| |a,+ bsi 1,

=t(a ‘02) (a1 ~as)—(b—b,) (b —bs)]+il(ai—as) (b—b,) + (a —ay) (b:—bs)]
[(@a —as) (a1 —az) = (b — b3) (bi—b,)| +i[(a1—az) (b —by)+(a—as) (bi-b))]

/lA B
_A_HB_(AC+BD)+1(|C Dl)
T C+iD C’+D’

Hence
A B
‘c p|=°

but

a’+b>a b 1

_|A B|_ |ai+bi a; b, 1
lc D,_ as+b? a; b, 1
ai+b? a; by 1

The proof of the last statement is lenghtly but elementary. Therefore A = 0.

Let now P° ba a non-ideal point of £ and let for P°=]a, b], P'=[a,, b,],
v=1, 2, 3, holds A =0. Denote P=(x, y). If P=Ps, then PeR(P,, P,, P5). If
P+ P;, then

Xy

" 8(P, Py, Py, Ps)= ; i’

X3 Y3

X1 )’1,
X3 Y3
X1 )’1l
X2 Y2

with the denominator not being zero, so that

/ |AB
(AC+BD)+1(—IC D,)
C’+D?

6(P,P1,P2,P3)=

by the first part of the proof.
But 0=A = —lé g , therefore 6(P, P,, P,, P;) is a real number, i.e.

PeR(P;, P;, P;) and P°e R°. »
Theorem 6. Let # be a circle of the Cauchy plane £. Then there exist
a chain ® = S, such that R°= 4.
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Proof. As M is a circle of £ there exist three non-collinear points PY, P, PS

of & such, that P°e £AP°e M <> a) P° is non-ideal point, b) for P°=[a, b],
P.=[a,, b.], v=1, 2, 3 it holds A =0. Consider the subset R(P:, P,, Ps)c
< S1 - R(Py, Py, P5) is a chain of S, ; denote it . Let P’e R°; if P°=P3 we have
P°e M ; if P°+ PS we have Pe R = R(P,, P,, Ps), thus 8(P, P, P, P;) is a real
number. But

(AC+BD)+1 'C D’

6(P,P|,P2,P3)= C +D

Therefore — i,e. A=0, and P’e M.

p=s B

Let now P°e M ; then P° is not the ideal point and A =0. If P°=P3, then
P=P;, PeR(P:, P, P;) = R; therefore P°e R°. If P°#P5, then P#P;,
Pe®R (P, P,, P;)=R ; therefore P°e R°. Hence 8(P, P,, P, P,) is a real number,
so PeR(P:, Py, P;)=% and P’ e R". ‘

Theorem 7. Let R° be a Cauchy’s representations of a chain ® = S,. Then
R° is a straight line if U=(1,0)e®R’ and R° is a circle if U= (1, 0)eR.

Proof. Follows from theorems 3, 4, 5, 6. Let y be a set of all chains of the
space S.. '

~ Let E% be a three dimensional Euclidean space completed by the ideal
elements and let G(0, X, Y, Z) be its rectangular coordinate system with an origin
0. Let x be a unit sphere of E% with the centre in 0. Symbols int x and ext ¥ denote
the sets of all interior and exterior points of % respectively. Now we are going to
describe an important mapping @: y —ext x.

Construction. Consider a plane (XY) of E%. Let all its ideal points coincide ;
we have a model of the Cauchy plane. Denote it [ XY]. Let X is a coordinate system
in S,. Let P=(x,y) be any point of S,, and let P°=[a, b] be the Cauchy’s
representation of P in the case y+# 0. By the same symbol we denote a point of
[XY]:P° = (a, b, 0) with respect to G(0, X, Y, Z). The stereographic projection
of the point P’ from S = (0, 0, 1) on x will be called the Riemann’s representation
of P, and denoted P’. In the case y =0 let the Riemann’s representation of P be S.
It is well-known that just defined representation of S, is a bijective transformation
of S, into x (clearly depending on X). Let now R € y ; we distinguish two cases :

1. R and a point U = (1, 0) are incident. Then the Cauchy’s representation of
®° in [XY] is a straight line and therefore the Riemann’s representation of the
chain & is a circle of a plane ¢ (¢ and S are incident). The pole R of this plane with
respect to x is clearly a point of ext x. We cane take a point R for the
representation @ (R ) of the chain R.

2. R and a point U = (1, 0) are not incident. Then the Cauchy’s representa-
tion of ®° in [XY] is a circle. Therefore the Riemann’s representation of the chain
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% is a circle in a plane g (p is not incident with S). Its pole R with respect to x is
clearly a point of ext x. As in 1. take a point R for the representation @ (®) of the
chain R.

Just defined representation of the set Y (1, 2) is clearly a bijective transforma-
tion of y on ext ». Denote it @, i. e. (R)=R.

Theorem 8. Representation ¢ defined above has the following property:
Let p be a straight line of the space E %. Then the set of all chains which are the
representation of the points of {p next x} in @ " is a set of coaxal circles in [XY].
The set is

a) elliptic — if p intersect x in two distinct points ;

b) hyperbolic — if p does not intersect x;

¢) parabolic — if p is a tangent to x.

Conversely. Let us consider a set of coaxal circles in [XY]. Then their
representation in @ are points of {pnextx}, where p is a straight line which
a) intersect x in two non-incident points (elliptic case), b) does not intersect x

* (hyperbolic case), c) is a tangent to x (parabolic case).

Proof. Case 1. The straight line p intersects x in two points Qi, Q.+ Q,.
Then its conjugate polar line p’ in E% does not intersect . Let one of points Q,, Q,
be the point S = (0, 0, 1). In such a case the set of circles in which polar planes of
points of {p next x} intersect x is projected from S into a set of concetric circles of
[XY] whose common centre is the point of intersection of p and the plane [XY]
3D.

Let none of points Q;, Q; coincide with S. In such a case polar planes of points
of {pnext x} intersect x in circles, whose planes are incident with the conjugate
polar p’. This circles are projected from S into an elliptic set of coaxal circles of
[XY] with the radical axis in the projection of the straight line p' from the point S
([3]). If the intersection circle and the point S are incident then it is projected from
S into a straight line (the radical axis).

Case 2. The straight line p does not intersect x. In this case its conjugate
polar line intersect x in two points Q,, Q,# Q,. Let one of points Q,, Q; be the
point S (i. e. p is incident with a tangent plane of the point S to x). In this case
polar planes of all points of the straight line p are incident with S, and so are the
intersection circles. Therefore they are projected from S into pencil straight lines
with the centre in the point of intersection Q:Q:n[XY].

Let none of points Q,, Q; coincide with S. In this case polar planes of points of
the straight line p are not incident with the point S. Therefore the intersection
circles are projected from S into the hyperbolic set of coaxal circles of [XY] with
the limiting points in the projections of points Q,, Q, from S into [XY].

Case 3. The straight line p is a tangent to x ; denote its tangent point by T.In
this- case the conjugate polar line p' is incident with a tangent plane of T.
Moreover, p’ and T are incident and p' is perpendicular to p.
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Let T and S coincide. In this case polar planes of points P# T of the straight
line p are incident with the straight line p’ and intersect x in circles, which being
incident with S an projected from S into the parallel straight lines of [XY] (as p" is
parallel to [XY]).

Let now T+S ; in this case polar planes of points P# T of the straight line p
intersect x in circles with a common tangent p’ in T. Therefore they are projected
from S into the set of circles of [XY] with a common tangent ¢ in projection of the
straight line from S.If the intersection circle is incident with S (in only one case), it
is‘projected from S into the straight line ¢.

The converse assumption follows from well-known properties of the stereog-
raphic projection:

1. The stereographic projection of a straight line is a circle on x passing
through the centre S of the projection. The stereographic projection of a circle is
a circle on x which does not pass through the centre S.

2. The stereographic projection of the set of coaxal circles of [XY] is the set of
circles of an axial pencil. The axis of the pencil intersects » in two pdints Qi,
Q. # Q, (in the case of the hyperbolic set) or does not intersect x, or is tangent to x
(in the case of the elliptic or the parabolic set).

3. The stereographic projection of a pencil of straight lines of [ XY] with the
centre in a non-ideal point O, or the stereographic projection of a pencil of parallel
straight lines of [X Y] is a set of circles of an axial pencil, which are incident with S.
The axis of the pencil is SO in the first case ; in the second case it is incident with S
and parallel to [XY], i. e. it is incident with a tangent plane of S to x.

From above it follows that poles of planes of an axial pencil (which are incident
with the intersection circles with respect to x) are incident with a conjugate polar
line to the axis of the pencil and have the property from the theorem.
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priamky a konStruuje sa zobrazenie mnoZiny vietkych retazcov na mnoZinu vonkajsich bodov vzhladom
na gulovii plochu v rozsirenom euklidovskom trojrozmernom priestore.

PE3IOME
LEIIb B S,
H. Tpenyancku, BpaTtucnapa

B craThe H3y4aloTCs IIENH B ONHOMEPHOM IIPOEKTHBHOM NMPOCTPAHCTBE Haj MOJIOM KOMILTEKCHBIX
uucen. Msyyaercs o6pa3 uemu B miockocTH KowmM, koTopas SBISETCS MONENbIO KOMILIEKCHOM
MPOEKTHBHOH MpPAMOA. B 3aKiioYeHHH 3TOH GTAaTH MPHBONHMTCS HAa OCHOBAHHH NPEUIECTBYIOLIENO
METO/la H pe3yJIbTaTOB OTOOPaXXEHHE MHOXECTBA BCEX lienell Ha MOAEb KOMILIEKCHOH POEKTHBHOM
npsiMo# PHMaHa M CTPOHTCS OTOGpaXkeHHE MHOXECTBA BCEX LeNeH HA MHOXECTBO BHEILIHHX TOYEK MO
OTHOWIEHHIO K c)ePHYECKON OBEPXHOCTH B pacuIHpeHHOM npocTpaHcTBe EBKiNHAa.
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ON A MODIFICATION OF THE METHOD
OF MAJORANTS
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The Cauchy problem for partial differential equations (in short p. d. e.) in the
class of analytic functions has been solved by means of the method of undetermined
coefficients and by the method of majorants. While the former gives a formal
power series solution, the latter consists of finding a majorant power series for that
formal solution. The majorant power series is a solution of a majorant p. d. e.
satisfying majorant initial conditions. Thus the method of majorants can be roughly
stated as the following principle : In the class of analytic functions the solution of
the majorant Cauchy problem majorizes the solution of the given problem.

We shall show that suitably changing the notion of the majorant the same is
true in a wider class C” of functions. The Cauchy problem has been very intensively
studied in that class, especially in function spaces of Gevrey type. A survey of the
methods and results can be found in the paper [5]. Different formulations of that
principle will be given especially for linear p. d. e. Some elements of the idea of
modification of the mentioned method are contained in the paper [3] (Theorems 3
and 4) and in the thesis [4] (Theorem 3.1).

Notation and Preliminaries

Let Z be the set of all natural riumbers, R" the n-dimensional euclidean space,
R'=R,R" = {xeR:x=0}. '
LetN,m,m+1,....my+1eZandtoeR.LetM = m(m,+1)...(my+1).
N

Let a = (ao, a, ..., ax) be an (N + 1)-dimensional multiindex, |a| = > aiits
i=0

length. a determines the N-dimensional multiindex (ai, ..., an) which will be
denoted as a’.
Let

A ={(ao, ai,...,an); 0=Sao=m-—1,
0=a;<w>, .., 0=ay <)}
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A" ={(ao, A1, ..., An); 0=a0=m,
0§a1<°°, ...,O§a~<°°}

A’={a’:aecA}

Aml.mz.....mN‘_—' {(ao, A5 «205 an); Oéao§m—1,
0§a.§m1, ncely, OéaN_S.mn}

The set A m,. m,....mu (as well as A, A™, A°) can be well ordered, e. g. by the
rule: for a, B € A my, m,. ...me @ < if and only if either |a| <|B]| or |a| = |B], @o>Po,

or |a|=|ﬁ|, ao=ﬂo, oy Aj—1 = ﬁi—-l, a]>ﬁ,' for a je{l, 2, ...,N}. Then
A pm,.m, ...my €an be written in the form of a sequence ai, a, ..., am.
Let GeR" be a region of points x =(xi, ..., x~) such that there exists

a nondecreasing sequence of bounded regions {G, },. =1(G., cGg,+1foreachqeZ)

with the property G = J G.. G, is the closure of G, for each q € Z.

q=1

Let (to, ®) X G = H, {to,to + p) X G, = H,.a (P, q€Z), (to, to + r) X
X G = H,(reR, r>0).

Let L(L™) be the linear space of all real functions defined on H with the
property

3"u

D U=z FyTa axi’J"e C(H)forallaeA (1
(for all a e A™).
Hence L™ cL.
Let wi(x): G>R,i=0, 1, ..., m—1, be such that
D*”ueC(G) forall a’eA’ (i.e.ueC”(G)) ()

Let B(t, x, y1, ..., yu): HXRY > R. Consider a (1+ N + M)-dimensional
multiindex B = (Bo, B1, ... Bns Bn+1, ---, Bn+n) Where all B; =0 are integers, j =0, 1,
..., N+M. Then B° = (Bi, ..., Bn> Bn+1s --., Buem) is the associated with B,
(N + M)-dimensional multiindex. '

Denote

D*B=
B AxT ... xRN ay'iN+t ... Qyhr M

(B; =0 are integers, j =1, ..., N+ M).
Let the function B possess the following property
D*Be C(H x R™) for each (N + M)-dimensional multiindex 3)
Specially, B € C(H X R™).
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The class of all functions B: H X R™ — R satisfying the assumption (3) will be
denoted by &.

Formulation of the Problem

To find a solution u € L™ of the initial value problem

E;t—:=B(t,x,D"‘u, cy D*™u), (t, x)€H “
i
aug:‘,x)=u.-(x),x€G,i=0,~--,'"‘1 )

Remarks 1. The p. d. e. (4) is in the variable ¢ of the order m, in the variable x;
of the order m;, i=1, ..., N.

2. Neither the equation (4), nor the initial conditions (5) (under weaker
conditions on u;, i =0, ..., m — 1) require from the solution u to have the partial
derivatives with respect to x;, i =1, ..., N, of all orders. This demand has been
made only for the sake of simplifying the future considerations.

Lemma 1. Let u e L (i. e. u satisfies the condition (1)) and let B satisfy (3).
Then the composite function B, =Bou defined in H by the relation

Bi(t, x)=B[t, x, D*'u(t, x), ..., D*™u(t, x)]

shows the following property:
For each a’cA°

D*B,= 3 D”BI[t,x, D"u(t, x), ...D™u(t, x)] -
18°1=1a°l
- Pgo(D%u(t, x), ..., D%u(t, x)) ' 6)
where Py are polynomials with nonnegative coefficients which are independent on

B and u in the variables Du, ..., D“u such that the components a;, i =0, 1, ...,
N, of the multiindices a,, ..., a. satisfy the inequalities

0=ap=m-1, 0=,=m+|a’], i=1,..,N @)

N
Pge are polynomials of at most mn(m‘ + |a®| + 1) variables and of the degree
= .

at most |a°).

Proof. By mathematical induction in the length of multiindex |a®|. For
|a°| =0, D*°B, =B - 1 (for short, the argument of B is not written). When |a’| =1,
we have
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9B, _3B 3Bdu 3B du 03B du

§;=a_x, du Ax; du ot ax,+ du -ax. 8x.+'"+
a — PN
ot axl
3B d’u 2 3B ™u bt
Bu dxndn T 3" wa™an
8x~ at"'-
3B 3™"'u 3B 3™*'u
3™u OxTx; Fat 9™ u Ax NN Ox; ®
ax,m‘ ax:ﬂ

We see that the lemma is true for |a°| = 1. Let us suppose that it is true for all
multiindices of the length smaller or equal to k. Each multiindex of the length k + 1
determines a derivative of the form % D“°B,, where |a°| = k. If the operator a—i— is

i i
applied to the equality (6) which is supposed to be true by the induction
assumption, on the right hand side we get a sum of expressions which contain either
£ D*B, or 2, Pge. The calculation of 8 D*’B gives a similar sum to (8). With
ax, ax; axi
respect to the fact that the derivative of a composite function of many variables is
a linear combination with nonnegaﬁve coefficients of some derivatives, further that
the derivative of a polynomial with nonnegative coefficients is again a polynomial
with nonnegative coefficients we get that the application of the opérator aix to (6)

i
yields an expression on the right hand side which is similar to the right hand side of
(6) with the only difference that D*’ can be of the order at most k + 1, the degree of
the polynomial Pgo will increase by 1 and in all cases at most by 1 (due to % D”°B>
i
and the components of multiindices a., ..., @ can increase by at most 1 (the

: .. O o
increase comes from the members containing % Pgo). Thus the estimations (7) as
i

well as the assertion about the degree of Pse are true. The coefficients of the
polynomials P for |a’| =1 depend neither on B nor on u. From the induction
assumption this statement remains valid for the multiindices with the length k + 1.
Thus the proof of the lemma is complete. '

Continuity of the composite function B.u implies

Lemma 2.  The function u e L™ is a solution of the initial problem (4), (5) if
and only if u e L is a solution of the integrodifferential equation

to)‘ ¢ @ _S)m-l

u(t,X)=§;ut(x) (’;! + o (M —1)!

B[s, x, D'u(s, x), ...D"™u(s, x)] ds
&)
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This lemma leads us to consider the operator T defined in L by

Tu(t, x)= Zu.(x)( to) ((tm i)l)! X

X B[s, x, D®u(s, x), ..., "‘“u(s,x)] ds (10)

By Lemma 2, each fixed point of that operator is a solution of the problem (4),
(5). With help of the same lemma we get that for each a € A there exists and
belongs to C(H)

m-—1 ao t t 1 a,
D°Tu(t, x) = _ZD )((l oa))'
+ ! M'DQOB[S x Da,u(s x) DaMu(s X)]ds (11)
fo (m—l_ao)' %= ’ 9 coey ‘ 0
and
a T:t(t x)—B[t x Dalu(t x)’ . Da"‘u(t,x)]¢5C(H)
Hence

T:L—L" _ (12)

In order to be able to continue in further considerations, we shall introduce in
L the topology of a locally convex linear topological space by means of the system
of seminorms

v(u;p,q,r)=max{ max |Du(t, x)|}

aeA

foreachp,q,reZ : (13)

which satisfies Hausdorff’s axiom of separation. As usual, under the £(>0), p, q, r
neighbourhood U(uo; €, p, q, r) of the point uo the set {u e L: v(u—uo; p,q,r)<
< e} will be understood. From the countability of the system (13) the metrizability
of the space L follows. Convergence of a sequence {u, }»-1 in this space means the
uniform convergence of each sequence {D°Un }.-1 for all @ € A on each H, ,. The
Cauchy sequence is recognized by the fact that each sequence of admissible
derivatives is uniformly Cauchy sequence on each H, , and hence, uniformly
convergent. Therefore the considered space L (denoted by the same sign as the one
without topology) is complete. On the basis of the example in [6] (p. 32) L is
a quasi-normed space and hence, a Fréchet space. A set S cL of functions u is
bounded, when on each H,, , the set of D“u for each a € A is uniformly bounded.
Lemma 3. When the set ScL™ is bounded in L and the set
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{Da"a"—“: . eS} (14)

is uniformly bounded for each a’e A°on each H, .(p, q € Z), then S is relatively
compact.

Proof. Since L is metrizable, it suffices to prove that each sequence {Un}n=,
u, €S, contains a subsequence {un}x-1 Which is convergent and hence for each
o €A {D°Up, }5-1 is uniformly convergent on each H,_,. From the boundedness of
S the uniform boundedness of each sequence {D°un}n-10neach H, ,foralla e A
follows. This, as well as the uniform boundedness of the set (14), implies the
equicontinuity of {D°us}s-1 On each H, ., On the basis of the Ascoli-Arzela
Theorem each sequence {D“un}n-1 on each H, . (@€A, p, g€ Z) contains
a subsequence which is uniformly convergent. There are countable many sequences
{D°u,} and countable many sets H, 4 (the set A x Z? is countable), therefore
applying the diagonal process of choice we can get a subsequence {uUn, }x-1 with the
desired properties.

Lemma 4. The operator T defined by (10), is continuous and compactin L.

Proof. Continuity of T. Let uo€ L be arbitrary, but fixed and Tuo=vo. Let an
arbitrary neighbourhood U (vo; €, p, q, r) of the point v, be given. From (11) for
each ueL, |a|=r it follows

D°Tu(t, x)— D°Tuo(t, x)=

t (t _ S)m—l—ao

- o (M —1—ao)! {Dao(Bou) (s’x)_Dao(B°u°) (s,x)} ds

By means of (6) we get that the expression in brackets can be written in the
form ’

> {D”Bl[s, x, D™u(s, x), ..., D*™u(s, x)]-
18%15la”)
- (Pgo[D u(s, x), ..., D%u(s, x)] — Peo[D%uo(s, x), -.., D%uo(s, x)1) +
+(D”°B[s, x, D*'u(s, x), ..., D*™u(s, x)] —
—D®BI[s, x, D™ua(s, x), ..., D*uo(s, x)]) - Pe[Duo(s x), ..., D*ud(s, x)1}
| . (15)
Since |a°|=|a|=r, by Lemma 1, the derivatives DB in (15) occur at most

of the order r and the derivatives D®u, ..., Du at most of the order ri=m—1+
N

+ Zm, + Nr. From the continuity and boundedness of these functions as well as of
i=

the functions Pse on compact subsets of their domain it follows that there exists such
" a6,>0 thatfor all u € U(uo; 61,P, g, 1) the relation Tu € U(vo;€,p,q,r)is true.
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Compactness of T. Let an arbitrary H, , and an arbitrary a € A, |a|=r, be
given. When S is a bounded set, then the set of all D°u, u €S, up to the order r,
(with the above meaning) is uniformly bounded on H,, ,. Then from the continuity
of the functions D"QB, on the basis of Lemma 1, it follows that also the functions
D*® (Bou) for u € S are uniformly bounded on H,, ,, and hence TS is bounded in L,
too. D* g—,.g— D“O(B ou) are by the above said uniformly bounded on H,, ..
Taking this and (12) into account, by Lemma 3 we get the relative compactness of
TS.

With respect to the last Lemma the Tichonov fixed point theorem can be used
for proving the existence of a fixed point of the operator T if a closed, convex and
bounded set S <L can be found such that T maps it into itself. This set may be
determined by a modification of the method of majorants and by partial ordering of
the space L, ;

Modification of the method of majorants

We shall say that u, e L majorizes u; € L if |D°u,(t, x)| = D®u,(t, x) for all
aeA and all (¢t,x)eH. :
In symbols,

U <u,

Similarly, if B,, B, are two functions from the class 8, then B, < B, when and
only when lD”oBl(t, X, Vi ooy YM)| = D"oBz(t, X, Y1, ..., yu) for all admissible
(N + M) — dimensional multiindices and all points from H x R™

If v, vo: G>R satisfy the conditions (2), then v, <v, if and only if
|D*°v,| = D*°v, for each a’c A°.

The most important properties of the relation <.

LetweL,j=1,2,3,4, B, B;€ 8. Then the following statements are true :

If u<fus, u, <<u,, then u, =

If uy<<u,, u,<<u,, then u; <<us.

u;<€u, if and only if 0 <u,.

If uy<fuz, us<€us, then u; +us<€u, + u,.
If u,<<u,, us<<us, then uus <<usus.

. If uy<€u,, By <B,, then Byou; <<B>ous,.

The proof of the properties 1—S5 is simple and will be omitted. The sixth
property is based on Lemma 1 and its generalization if instead of a° a is
considered and in its proof the nonnegativity of the coefficients of polynomials Pgo
as well as the nonnegativity and monotonicity of the derivatives D’’B, are used.
Similar properties are shown by the majorant power series, see [2].

QB wN =
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With respect to the property 3, the relation < does not mean a partial
ordering of the space L. However if we restrict ourselves to L*={ueL:0<u},
then this relation defines a partial ordering on L”. This can be extended to L by
introducing the relation <.

Let ui, u» € L. We shall say that u, is a predecessor of u,, in denotation u; <u.
if D°u;=D°u, for all a e A.

Slmﬂarly, if B,, B, are two functions from the class 8, then B, <B; if and only
if D* BISD” B, for all admissible (N + M) — dimensional multiindices Be.

Finally, if vy, v, : G — R satisfy the assumption (2), then v, <v, when and only
when D*’v, =D*v, for each a’c A°.

From the properties of the relation < we shall consider the following ones.

Let y;eL, j=1, 2, 3, 4, Be®. Then the following statements are true:

If u,<us, u<u,, then u;, = u,.

If ui<u,, us<us, then u, <us.

u,<u, for each u;eL.

If u,<uz, us<ug, then u, +us<u,+ ua.

If u;<u,, 0<us, then Ustts < Ualts.

If 0O<u,<u,, 0<B, then Bou;<Bou,.

0<u, if and only if 0<u,. Similarly, 0<B if and only if 0<B.
If 0<u,, 0<u,, then u,<u if and only if u; <u..

g0 N Qv A R =

The proof of the property 6. follows from the sixth property of the relation <
if we take into consideration that from the assumption 0<u;<u., 0<B the
statements u; <<u., B <B follow.

From Lemma 2 and (10), (11) the following assertion follows which will be
useful in the subsequent considerations and which will be given as

Lemma 5. Let the functions w;, i =0, ..., m — 1, satisfy (2) and let B € &.
Further, let ’ '

0<B, 0<u, i=0,..,m—1 : (16)

Then each solution u of the Cauchy problem (4), (5) satisfies 0 <<u.

Generalized comparisbn test

By means of the foregoing lemmas the following theorem will be proved
Theorem 1. Let the functions B, B, €3 and let u, ul, i=0, . -1,
satisfy the assumption (2). Let

B<B,, u<u;, i=0,..,m—1 17
Let there exist a solution ut of the Cauchy problem
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3"u

S#=Bu(t,x, D", ...D"™u) (,x)eH (41)
3___“2‘:”‘)_u(x)xec i=0,...m—1 (51)

Then there exists a solution u of the problem (4), (5) for which u <u?*.

Proof. Let S={ueL:u<ut}. From Lemma 5 it follows that uteS and
hence S # @. Further it is true that S is a convex, closed and bounded subset of L.
We shall show that TS = S. In fact, let u € S and a € A. On the basis of (11), of the
assumptions of the theorem and of the property 6. of the relation < we have

m-—1 » (t t)l a,
ID*Tu(t, )| = 3, [D*w(x)| S o1
t (t__s)m'—l—ao

+ - |ID“(Bou) (s, x)| ds =

o (M —1—ao)!

<" poy! —t) 7% [ (t=s)"
ZD ()(z a)!+,o(m—1—ao)!

i=agp

- D*°(B1out) (s, x) ds = D°Tut(t, x) = D°u*(t, x) for each (¢, x) e H

Lemma 4 guarantees the fulfilment of all remaining assumptions of the
Tichonov theorem, by which there exists in S at least one fixed point u of the
operator T. By Lemma 2, u is a solution of the Cauchy problem (4), (5). As an
element of S, u satisfies u <u*.

Since the functions B, ui, i =0, ..., m — 1, satisfy with (17) also (16), the
problem arises what can be said about the existence of a solution of the Cauchy
problem (4), (5) under the assumptions of Lemma 5. Except the trivial case when
B=0andall ,=0,i=0, ..., m —1, for such functions B and w;, i =0, ..., m—1,
and two constants k;, k;€ R the relation k:B <k,B as well as k,u; <k.u;, i =0,

m — 1, are true if and only if k, =k,. With respect to this, from Theorem 1 the
following corollary follows.

Corollary. Let the functions B and u;, i =0, ..., m — 1 satisfy the assumptions
of Lemma 5. Then there exists a unique number Ao, 0 =A0,= = such that for each -
A Z0 satisfying A <A, there exists at least one solution of the Cauchy problem

gt =AB(t,x, D"u, ..., D*™u) (t,x)eH 4)
i
2ule 8 pux), xeG,  i=0,..,m—1 (52

and for A, A >A,, the problem (4,), (5.) has no solution.

145



Examples. 1. The solution u of the problem %‘f=le", u(0)=A4, for A>0is

the function u(¢t) =log e_'le_):t_ which is not defined for all ¢, 0=t <. Thus in the
case of the functions B =¢", uo=1, Ao=0. '

2. Clearly for the problem 93: u, u(0)=1, Ao=oo.

de
du 2 1 2 . .
3. The problem - A L u(0) = A has the unique solution u(¢) = -

= Az/(n—2A7 arc tg t) which exists in (0, <) only for —1=A=1. Thus A,=1.

In the next theorem the relation < will be used.

Theorem 2. Let the functions w;, i =0, ..., m — 1, satisfy (2) and let Be 3.
Then a necessary and sufficient condition that there exist a solution u of the initial
problem (4), (5) is that there exist two functions u%, vteL™ with the following
properties : ’

1. ut<vy : (18)

2. Forallu,,u,eS={ueL:uf<u<v*}and each a’€ A° the implication

U <u; > D (Bou) D (Bous)is true; (19)

«0 dut(to, x)
ar

0 'V %(to, X)

=D“u,(x)=D" =

3. D
foreachaoer,xeGandi=O,...,mfl (20)

4. D*° %:—,‘..léD"o(Bou’!‘); D*(Bov¥)=

forall a’eA’ (21)

If such functions u*, vt exist, then the sequences {#%}.-1, {v%}a-1 defined by
the relations

ura=Tul, via=Tvx (nez) (22)

where the operator T is defined by (10), show these properties:

1. ut<u3<..<u*<..<vi<..<vi<v}

2. There exist lirgu:=u", !inlv: =vp*inL;

3. u*<u*<v*<viforeachneZ;

4. u*, v* are solutions of the problem (4), (5).

Proof. Necessary condition. Let there exist a solution u of the problem (4),
(5). Then the functions ut =v?1=u satisfy (18) and, on the basis of (4), (5), the
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equalities in (20), (21). S is reduced to one point 4 and (19) is true for this element.
Sufficient condition. With respect to (10) and (11) from the assumption (19) it

follows that for any two elements u;, u.€S such that u;<u, the inequality

Tu, <Tu. is true. Hence T is isotone in S. As u¥ can be written in the form

2 au’!‘(to, x) (t—to)

< i!

ut(t,x)=

“C@—s5)"""3"ut(s, x)
o (m —1)! ar™

by comparing (23) with (10) and (11), on the basis of (20) and (21), we come to
D°ut =D°Tut = D°Tvt = D®v* for each a€ A. Thus ut<Tut<Tvi<vi.
With respect to the monotony of T, this implies that the sequences {u¥}.-i,
{v*}.-1 defined by (22) show the property 1. Thus for each @ € A the sequence
{D®u*}~-1 is nondecreasing and bounded from above by D°v¥ for an arbitrary
m e Z. Hence at each point (¢, x) € H there exists

+

ds (23)

!inl D u¥(t, x)=uq(t, x) SD“vA(t, x) (aeA,meZ) (24)

The sequence {u%}.-, is bounded in L. By the compactness of T there exists
a subsequence of the sequence {u*}.-:, say {u?%, }x-1 which is convergent in the
space L, and hence for each a € A the sequence {D°u?*,}«-: converges on each
H,., uniformly and the limit function is u, (on the basis of the uniqueness of the
limit). Therefore u, are continuous on H and, by Dini’s theorem, the convergence
of each sequence {D“u*}.-, on each H,_, is uniform. Therefore there is a function
u*eL such that u, =D°u* and lim u*=u* in L. The inequalities (24) give

n—o

u*<vk foreach meZ (25)

In a similar way we get ’]‘in;l, v =v*, whereby from (25) u* <v* follows. This

together with the inequalities u% <u*, v* <v?} shows that the properties 2. and 3.
of the sequence {u%}.-:, {v%}.-1 are true.
From (10) and (22) we get

to) “@t—-s)""
o (m—1)!

where by the limit process, using the Lebesgue Dominated Convergence Theorem
and taking into consideration the continuity of B we obtain that u* is a solution of
the equation (9) as well as of the initial problem (4), (5). The same is true about v *.

If in addition to the assumptions of Theorem 2 0<B, then, on the basis of
the property 6. of the relation <, the operator T is isotone on the positive cone

uta(t,x)= Zu(x) -(Bou¥) (s, x)ds
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L" = {ueL:0<u}. If moreover 0<u;, i =0, ...,m—1, then 0<TO0 and ut=0
can be put in Theorem 2. In this case the following corollary is true.

Corollary. If in addition to the assumptions of Theorem 2 0<B, 0<u;,
i=0,...,m—1, are true, then a necessary and sufficient condition for the existence
of a solution to the Cauchy problem (4), (5) is that there exist a function v{e L™
showing the following properties:

1. O<v¥
i

a a® to, -
2. D*w(x)=D a—v-%(—txo-i) for each a’e A°, every xeG and each i=0, ...;
m—1.

3. D*(Bov})=D*" L

ot

If such a function exists, then the sequences {u¥}.-., u¥=0, {v%}.-: defined
by the relations (22), possess the properties 1—4 from Theorem 2.

Suitably modified Theorem 2 applies to ordinary differential equations. Let us

consider the initial — value problem

d"u du d™ 'u <
a —/(t,u,dt, ...,Fr>, to=t<® (40)

for all a’e A°.

dut)
bl L NP

= ®  i=0,...m-1 (50)

under standart assumption f(t, U, ..., Um) € C (<to, ©) XxR™); uPeR, i=0, ...,
...,m—1. When by L(L™) the locally convex topological vector space Cm-1(<
to, ©)) (Cn(<to, ©))) provided by the system of seminotms

. — ®
vo(u;p)=,_max_ { ,osrpgggplu ol

(130)

(vo(u; p)=,_max { max [u®®})

is understood, Lemma 2 and Lemma 4 remain valid ; u, <u. will now mean that
i i
%L:;l = %‘?‘F, i=0, ..., m—1. Theorem 2 will change in the_ following way.
Theorem 2’. In order that there exist a solution u of the initial value
problem (4,), (50), it is necessary and sufficient that there exist two functions u1,
vt e Ca(<to, ©) with the properties:
1. ut<vt
2. For all uy, u,€S = {u € C-1(<to, ®): ut<u <vt} the following implica-
tion holds:
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u<ux > l{t, us(2), ..., dd_tl,,'.‘_'(t)]é
_I[t us(t), . Z(t) ] (t €10, ®));
3. ‘%ﬁgugﬁd—”d%i) for all i=0,..,m—1
4. %;,,ﬁéf{t, ut(e), ..., (L;g—fi(t—)]
%éf[r, vi@), ..., dm;l’f(t)]

for all t e <to, ).
If such functions exist, then the sequences {u%}.-., {v%}n-: defined by

m-—1 i
the relations (22) where the operator T is defined by (Tu) (t)= 2 uy (—ti'—to)+
i= .

m-—1 m—1
+ : %;_—)1)’ . f[s, u(s), ..., ddtu(s)] ds, possess the properties 1—4 from
Theorem 2 with the only difference that u* and v* are solutions of the problem
(40), (50).

The proof goes on similarly like the proof of Theorem 2.

In a similar way one could modify Theorem 1 and Corollary of Theorem 2 for
the problem (4,), (50).

Consider now the problem (4), (5). For the sake of simplicity of notation let us
rearrange the set Ay, ..., my in such a way that the first m terms D*u, D%u, ...

m-—1

..., D"u mean u, 2“, 55 :—t..—_—ru (as to the other members of the considered set, in
this case they can be ordered in an arbitrary manner). Let us suppose that the
function B € 8B does not depend explicitly on x, i.e. B=B(t, y,, ..., yu) and that
the initial functions w,(x) = const. = uy’,i = 0, ..., m — 1. Then each solution of
the initial-value problem

d"u du d" 'u <
dt B( s U, dt, ceey dtm_ ’ 09 coey 0), to=t<oo

d'u(to) ®
—9_u

a U i=0,...m-1

is a solution of the problem (4), (5). From Theorem 2’ the following corollary
follows.

Corollary. Let the function B € 8 do not depend explicitly on x and let the
initial functions u,(x) = const. = u$’, i=0, ..., m—1. Let
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aB(t, Yi5 -oe5 Ym, 0, S 0)20
ayi -

foralli=1, ..., m and at all points (¢, Y1, --., ¥ym) € {to, ©) X R™. Let further, exist
on (to, ) two solutions u1(t), v1(t) € Cn({to, ©)) of the differential inequalities

d"ut _ dut  d"'ut
dtm =B(t’ uTa dt 3 dssy dtm— 09 ,O)

and

d™vt_ (., dvt  d"'vt
o= 2B(n vt T ,0,...,0)

respectively, with the properties

d'u 1(t0) = ug) éd‘U 1(t0)

WI=vh Tar

i=0,..,m-—1

Then there exists a solution of the initial — value problem (4), (5).
Let us consider the problem (4), (5) in the special case when the differential
equation (4) is a linear and hence of the form

== a,(t, x)D"u +f(t, x) (41)

y€A ind (my, ....myN)
Condition (3) means the assumption
D*a, e C(H), D*fe C(H) foreach a®e A° andeach Y€Am, .my (31)

In accordance with the definition of the relation B, <B,,

ayt, x)Du+f'(t, x)< a,(t,x) - D'u+f(t, x)

y€A ind (my, ....mN) v€A ind (my, ..., mN)

if
|D°°a',(t, x)| =D%a,(t, x)
ID“f'(¢, x)| SD“F(t, )

everywhere in H for each a’eA’.
Hence Lemma 5 remains to be true for (4,) if instead of (16)

D®u(x)20, i=0,...,m—1, D%a/t,x)Z0, Df(t,x)=Z0 (16,)

at each point (¢, x) e H and for each a’e A’ is valid.

Besides the mentioned results the following statement for the differential
equation (4 ‘< true.
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Theorem 3. Suppose that besides the standart assumptions (2), (31) D"oa, =
=0 for each a’e A° and each y € A . ... my is true and that there is a number 4 >1
and a solution w in H of the differential equation

- a,(t, x)D"u
at veA ind (my, ..., mN)
with the property
D®w(t, x)>0 foreach a e A and each (t,x)eH (26)

Then a necessary and sufficient condition for the existence of a solution to the
problem (4,), (5) is that there exist such a function #* € L that for each p,qeZ
there exist a constant M, , for which

|D*(Tu*—u*) (t, x)| =M, .D°w(t,x) (¢, x)eH, ;,,a€A) 27

Here T is the operator associated with the problem (4,), (5) and hence of the
form

m—1 (t—to)l t (t_s)m-l

Tu(t, x)= ;u.(x) T + =D f(s,x)ds +
=9 :
+ S| e s D uGs, x) ds (u eL,(t,x)eH))
' (10,)
If the equation (4,) is reduced to the form
am
S =alt, X)u+f(t, x) (4

then there exists a unique solution of the problem (4:), (5).

Proof. Necessary condition is clear. For u* we take a solution of the problem
(41), (5) and then (27) is fulfilled for all M, ,=0.

Sufficient condition. L can be provided, besides by the system (13), also by
the system of seminorms y introduced by

. _ |IDu(t, x)|
u(u;p, q, r)=max {(._ir)lz’,(,'.—D“w(t,x)} (28)

la|=r
aeA
for each p, q, reZ.
Let

. o a _
gnllsn {(:,?EE...D w(t,x)}=kp.q.r
aeA

max D°w(t, x)}=K
max { max Dw(t,x)}=Kp.q.
aeA
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Then, by comparing (28) with (13), we get

vu;p,q,r
Y(u;ip.q.r) Kp 4 )éu(u;p,q,r)é
p.q.r

<v(u;p.q,1)

- kear

(ueL,p,q,reZ)
Hence both systems of seminorms define the same topology in L.
Letp,q,r € Z be given. For (t,x)e H, ,,a € A with |a|=r,u,v €L we have

D“[Tu(t, x)—T‘U(t’ x)]_ 1 ¢ (t—s)m_l—ao .
D°w(t, x) _D"w(t,x) o (m—1—ao)!

_ (30)
D*(a,(s, x) - D" (u(s, x) —v(s, x))) ds

vy€A ind (my, ..., mN)
On the basis of the Leibniz rule for the derivative of product ([1], p. 50)
D*(a,(s, x)D" (u(s, x)—v(s, x)))=

0

! e+y
P> 050:—9'D°a,,(s,x)-D (u(s, x) —v(s, x))
+o=a . .

With respect to (28) we have

ID**"(u(s, x)—v(s, x))| Spuu—-v;p,q.lel+|yDD*"w(s, x)

and hence

|D**(ay(s, x)D" (u(s, x) — v(s, x)))| =

a’!

_a+p-ao 6 ! Q !

IA

-D%a,(s, x)D*""w(s, x) -

u(u—v;p,q,r+m—1+m+..+mn)=
=D*(ay(s, x)D'W(s, x))u(u—v;p,q,r +K) (31)

where K=m—-1+m,+ ... +mn. .
From (30), using (31), we come to' the inequality

|D°[Tu(t,x)—To(t, x| 1 ()
D°w(t, x) =D°w(t, x) b (m —1)!
a,(s, x)D'w(s, x)ds -u(u—v;p,q,r+K) (32)
y€A ind (mq, ..., mN) F

The function w satisfies initial conditions (5) with some functions u;(x), say
w(x)=u(x),i=0, ..., m—1. Then Lemma 2 gives
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m-—1

w(t, x)= E #(x)

(t'j‘to)‘_'_
i!

afELL S anpwena

and further, by (11) e
D°w(t, x) =‘";E;;D“°ai(x) (Z_l‘_-"’g%+
+AD? ‘; ((tm;i)lz)——: - ay(s, x)D"w(s, x) ds
Therefore
D"wl(t,x) ) ((t,,,—i):)_; e ina Mh_mmw)av(s,X)D'W(s,x)dsé-ll— (33)

because the assumption (26) guarantees that all DG (x)>0. Combining (32) with
(33) we finally obtain

u(Tu—Tv;p,q,r)§%u(u—v;p,q,r+K) (34)

The operator T, given by (10;), maps L into itself, therefore there exists the
sequence {uX}.-o where u¥=u* and ut=Tu%_,, n=1, 2, .... By (34), the
sequence shows the following property. For n, ke Z uy(uk+«—ut; p, q, r) =

k k

1
é/Zu(u:H—u:u-:; p.q,r) = 2)?””‘(“7 - u¥; p,q, r+(n+l-1K).
=1 =1
The assumption (27) means that (vt —u%; p, q, r) = M, ,, and thus

11-2~"
pUra—ur;p,q,1)SEMpq3w 751 (35)

This, with respect to (29), implies that each sequence {D“u%}.-o for a € A is
uniformly Cauchy on each H, , and hence {u%}.-o is in the space {L, {v}} a
Cauchy sequence. Because this space is complete, there exists lim u% = u** and by
the continuity of T, u** is a fixed point of T.

If the equation (4,) is of the form (4.), (31) turns into

ID*°(a(s, x) (u(s, x)—v(s, x)))| =

o
a! F e
= ——D%a(s,x) - D°w(s,x)u(u—v;p,q,r
“;;.,06!9! (s, x) (s, x)u( p.q,r1)
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and hence in (34) K =0 can be put. Then (35) may be written as

11-27"
pUrw—ur;p,q, 1S =ruUt—-ut;p.q,r)

From that the existence of the solution u** of the problem (4.), (5) follows,
similarly as in the general case. Its uniqueness is assured by (34) for K =0.
Corollary. Let the assumptions of Theorem 3 be satisfied and let, further,
f and w, i =0, ..., m — 1, be such that the function F defined in H by
m—1 i m—1
: _ (t—to) (t—s)
F(t,x)—izou,(x) T =11
to

ty. For each p, q € Z there is a constant M, ,>0 such that
[D°F(t, x)| =M,..D°w(t, x) ((t, x) € H,.o, a €A).

- f(s, x) ds shows the following proper-

Then there exists at least one solution of the problem (4,), (5).
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SUHRN
O MODIFIKACII METODY MAJORANT
V, Seda, Bratislava
V prici sa rozSiruje pouZitic metédy majordnt na rieSenie Cauchyho ilohy z triedy analytickych

funkcii na triedu nekone¢ne diferencovatelnych funkcii. Na tejto triede sa definuje Ciastoéné us-
poriadanie a plati: RieSenie majorantného Cauchyho problému majorizuje rieSenie daného problému.

PE3IOME

O MOIN®PUKAIIMK METOJA MAXOPAHT

B. lllena, BpaTucnasa
B paboTe pacuiHpsieTcs MPHMEHEHHE METOla MaXOPaHT JUIA pelleHHs 3afayu Kown n3 xiacca
aHanuTHYecKHX (yHKUMA Ha kiuacc GeckoHeyHO nupdepeHuMpyeMbix (yHKuuA. B 3ToM Kiacce

onpefenseTcs 4YacTHYHOE YNOPANOYEHHE M MMeeT MecTo: Peienne MaxopaHTHOM 3amaun Kowm
Ma>XOPHPYET peLCHHE NaHHOH MpOGIEMBI.
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(s) !

y ' =f(x,y)

ANTON HUTA jun., Bratislava

Introduction

The purpose of this paper is to generalize the assertion about the a priori
estimation for discretization error by the multistep difference methods for the
solution of ordinary differential equations. The subject under discussion is the
generalization of the considerations from [4] outhe fages 221, 247, 298 and 314
with respect to the order of the differential equation and at the same time it’s the
proof of a part of Theorem 3.11 and an estimation of the constants K; and K from
[2). (The estimation of the constant K, cf. [6]).

Let us consider the differential equation

yO=f(x,y) for s=1 (1)

supposing that the function f(x, y) is defined, continuous and satisfies the Lipschitz
condition in y with the constant L in the region a =x =b, |y| <.

The general k-th order difference formula for its solution may be written in
the form

k k
Z)auynﬂt:h' zoﬂuf(xnﬂ-, Yn+u)s n=0,1,...N—-k (2)
= u=

where
h=(b—a)/N, x,.=a+nh 3)

N is an arbitrary positive integer, k is a fixed integer and a, and 8, (u =0, 1, ..., k)
denote real constants which do not depend on n. We shall always assume that
ax# 0, |ao| + |Bo| >0 and in addition that k=s.

Definition 1. The formula (2) .will be said to be stable in the sense of
Dahlquist, if all roots &; of the characteristic polynomial
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9(C)=“ZoauC“ ' 4

are such that |;| =1 and the multiplicity of the roots for which |&;| = 1 is at most s.
Then the following two lemmas are true.
Lemma 1. Let the polynomial (4) satisfy the condition of stability and let the
coefficients y; (I=0, 1, 2, ...) be defined by

1
Ol +ak_,C +iuvs +aoC"

=votvig+yal’..., [E]<1

Then there exist constants Iy, Iy, ..., I,—; such that

s—1 .
IY:I§Z<I+; l)n 1

i=0

Lemma 2. Let the polynomial (4) satisfy the condition of stability, let B*, 8
and A be nonnegative constants such that

k
S |Bu.m| SB*, |Be.m| =B, IAm|=A,0=m =N
u=0
and let 0<h’ <|ax|B~'. Then every solution of the equation

k k
2 Aulm+uy = h’ 2 ﬂu .mZm+p +A-m
u=0 u=0

for which :
lz|=Z, u=0,1,..., k-1
satisfies '
|za| =K*e™™", 0=n=N
Here

s—1 ;o
B*E (N k?—l l)n

‘= i=0
L = % a8
s—1 ., s—1 - s
AZ(N.+-k1+’)n+kAzZ(N e l)n
K*= i=0 i _ll-o 4
1-h'lac |B

k
where A = |al.

u=0
The proof of Lemma 1 and Lemma 2 cf. [6].
In the next we associate with (2) the difference operator
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L[y(X);h]=“§_‘6auy(x +uh)—h"‘zoﬁuy"’(x +uh) (5)

We shall apply the operator L only to functions which have continuous
derivatives of sufficiently high order.

Definition 2. The given difference operator of the form (5) is said to be of
order p =0, if it satisfies the following conditions

k
>u'a,=0 for t=0,1,2,...,s—1

u=0
L3 =l S g, for tmsa b1, atp=1 (6
t!;.:oua"_(t—s)!.;u B. for t=s,s+1,...,5+p (6)
As a special case of this definition cf. Definition 3.1. in [2]. Examples of
operators for which s =3 cf. [3].
Remark. From the practical point of view the difference equation (2) is
completely equivalent to the equation '

k k
2 AuYn+e+u= h‘ Z ﬁ“f(xn+l+m yn+r+u)
u=0 u=0

‘'where ¢t is any fixed (positive or negative) integer. Proceeding as above, we may
associate with the relation stated above the difference operator

L[y(x); h]= gauy(x +(t+u)h)— h’z)ﬁuy"’(x +(t+u)h)

Clearly L.[y(x); h]=L[y(x +th); h] is true. We thus find that if L[y(x); k] is
of order p, then L,[y(x) ; k] is of order p too and the order p does not depend on ¢.

If (5) is an operator of order p, we shall assume that the exact solution y(x)
has a continuous derivative of order p +s for x €[a, b] and set

Y = max |y®*7)| ™
x €la, b]
It will be shown that for sufficiently accurate starting values the accumulated
discretization error is of the order of A”.
Lemma 3. Let L[y(x); h] be a difference operator of order p >0. There
exists a constant G >0, depending only on L such that

IL[y(x); ]| Sh""GY, a=x,x+kh=b (8)

for all functions y(x) having a continuous derivative of order p +s in [a, b].
The proof is analogous to the proof of Lemma 5.7 in [4]. An expression for G
can be found by using Taylor’s theorem with the integral form of the remainder. If
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y(x) has a continuous derivative of order q in (a, b), and if x and x are in (a, b),
then we have

E-x)"

@-nr’ @

YE) =y(x)+(E—x)y' (x)+ ...+

1 * = q-1 (q
+m£(x—t) y()(t)dt

Applying this for g =p +s with X =x+uh (u=1, 2, ..., k) to both y(x) and
y“(x) we obtain after putting t =x +hw

+s = — W Pt +s
y(x+uh)=...+h"° 0%;)_—1)!y(”‘ (x + hw) dw
“w—wy™!

y(x+uh)=...+h" y@*(x + hw) dw

b (p—1)!
where the dots represent terms involving derivatives of order <p +s. If the
operator L[y(x); h] has order p, and if each term on the right of (5) is replaced by
one of the above expressions, then the terms represented by dots cancel owing to
the definition of p, and what remains may be written in the form

Lly(x); h]=h"* f “G W)y + hw) dw ©)

where the function G(w) is called the kernel of operator L[y(x); k] and it is
represented in each of the intervals [u,u+1) (=0, 1, ..., k—2) and in the
interval [k — 1, k] as follows; for w e[k — 1, k]

(k _ w)p+s—1

(p+s—-1)!
and for we[u, u+1) (u=0,1, 2, ..., k—=2)

(k=w)!

G(w)=a = Be T

k

Gw)= > ( (i—w)"*'*‘_ﬂ‘ (i—w)"">

L \F p+s-1)! @-1!

It now easily follows that
L @); KIS [ 1GO 1y** e+ wh)] dw
and that (8) is true with .
G =Lk|G(w)| dw
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Lety, (n=0, 1,2, ...) be now the exact solution of the difference equation (2),
defined by the starting values y, =n,(h), u=0, 1, ..., k — 1. As to the starting
errors, we assume that

[y —y@)I=R"T'6,  u=0,1,.., k-1 (10)

We now subtract i,[y (xm); k] from the corresponding relation

ko k
zoauymw— h* Enﬂuf(xm-*m Ym+u)=0
u= u=

satisfied by the values y,,. Writing dp, =y, —y(Xm), m=0, 1, ... and setting

Gm =[fXms Ym) = fXm, y(Xm))dm', if dm#0
dm = O, if dm = O

so that in any case |g.| =L, where L is the Lipschitz constant, we get

k k
2 admiu=h’ Eﬂugnﬁudnﬂu'l' R

u=0 u=0

where |R.|=GYRr"™.
Applying Lemma 2 to this equation with z, =dn, Z=h""'6, N=(x, —a)/h,
k

A=GYR"™, Bu.m =Gm+uBu, B=L|Bx|, B*=LB =L |B.| under the assumption
n=0
that #° <L 7'|Bx 'a.| we get for a=x,=b

|da| =T*((xn —a)' 'kAS + (x» —a)'GYh") exp ((x. —a)’T*B*) (11)

()~ )

)

1—h°L|ax Bl

where

As in the first and second order case (cf. [4]), the estimate (11) exhibits very
clearly the influence of the various sources of error on the accumulated error. The
term involving kAJ represents the influence of the starting error and the term
involving GY represents the error resulting from local discretization.

Remark. This form of the discretization error estimate is analogous to the
form of estimate from [4]. In the case that we assumed about the starting errors
Z=6 =, _max |y« —y(x.)|, we should get the error estimate in the form

analogous to the form from [2], namely .

|da| =M *((xa —a) 'kASh"' ™+ (x. —a)’GYH") exp ((x. —a)’T*B*)
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Therefore the following theorem is true.

Theorem 1. Let the function f(x, y) be defined, continuous and satisfy the
Lipschitz condition in y with the constant L in the region a=x =b, |y| <. Let
s=1, k=s be integers and let be given the differential equation (1) with the
difference formula (2) stable in the sense of Dahlquist under the conditions (3),
where a,#0 and |ao| + |Bo| >0. Let the associated difference operator (5) have
order p, let the sequence y. be the exact solution of (2) where for the starting
errors the relation (10) is true and let h* <L '|B'ax|. Then for the accumulated
discretization error (11) is valid.
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SUHRN

APRIORNY ODHAD DISKRETIZACNEJ NEPRESNOSTI DIFERENCNEJ
VIACKROKOVEJ METODY PRE DIFERENCIALNU ROVNICU

yO=f@x,y)

A. Hufa jun., Bratislava

V &anku sa vysetruje vplyv zadiatoénych a lokélnych diskretiza¢nych nepresnosti na celkovi
diskretizaént nepresnost pre diferencidlnu rovnicu y“ =f(x, y).

Dokazuje sa nasledovnd veta.

Veta 1. Nech funkcia f(x, y) je definovand, spojité a spliia Lipschitzovu podmienku vzhladom
na y s konstantou L v obore a=x=b, |y|<w. Nech s=1, k=s si celé ¢isla a nech je dand
diferencidlna rovnica (1) s diferenénou schémou (2) stabilnou v zmysle Dahlquista za predpokladov (3),
kde a,#0, |@o| +|Bo| >0, a nech pridruzeny operator (5) je radu p. Nech {y,} je exaktnym riesenim
(2), kde zatiatoéné nepresnosti spliiaji (10) a nech h* <L ~'|Bi ' ax|. Potom pre vysledné diskretizaéné
nepresnosti plati (11). .

PE3IOME

OLIEHKA IOTI'PEIIHOCTU OUCKPETHU3ALIMA PASHOCTHOTIO
MHOTOIIATOBOI'O METOJA OJIs1 MU®PEPEHIIUAIIBHOI'O YPABHEHHUSA

y©=f(x,y)
A. Xyt mn., Bpatucnasa

B 2T0# cTaThe HCCTENYETCH BAMAHHE HAYaJIbHbIX H JIOKAJIbHBIX MOrPELIHOCTEH IMCKPETH3ALMH Ha
06LIyI0 MOrPEHOCTL AHCKPETH3ALMH 1S NH(depeHIHaNbHOTO yPaBHEHHA y©=f(x, y).

Ioka3saxa crienyouas TeopemMa.

Teopema 1. Ilycts ¢ynkuma f(x,y) onpeneneHa, HEMpepbIBHA M YAOBJIETBOPAET YCIOBHIO
JIunwmna 1o y ¢ noctosHHo# L B o6nacth a Sx =b, |y| <. [lycrs s Z 1, k =5 ueneie Yucna U MycTh
3aaHo mupepeHManbHoe ypasHenne (1) ¢ pasHocTHoO# ¢hopMyno#i (2) ycToH4MBOA B CMBbICHE
Hanskeucra npu yciaosusx (3), rme a,#0, |as| + |Bo/>0, u nmyctsb conpsxenubiii onepatop (5)
nopsnka p. Ilycts {y.} sBAseTcs TOYHBIM peuleHHeM (2), IMe HayalbHble MOTPELIHOCTH YIOBIE-
TBOpAIOT ycoBHio (10) npuyeM h*° <L ~'|B,'ax|. Torna misi KOHEUHOM MOTPEUIHOCTH HCKPETH3ALMH
uMeeT MecTo oTHoweHue (11).
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ON MULTIPLICATIVELY k- THIN SETS

EVA NYULASSYOVA, Bratislava

' In this paper we shall consider a special case of the following problem : Let us
have the function f N* > N (N is the set of natural numbers, k € N, k> 1. The set
M N is called f-thin provided f(x, x, ..., xx) ¢ M for every k-tuple (x4, x2, ...,
xx) € M* such that x, # x; fori#j. We shall determine the properties of the function
f*: N— N, where f*(n) is the greatest natural number such that the set {n,n+1,
.» f*(n)} can be decomposed into two disjoint f-thin subsets.
The additive k-thin sets (i. e. f-thin sets, where f(x;, x2, xs, ..., Xx)=
= X;+x;+x3+...+x) and the multiplicative k-thin sets (i. e. f-thin sets (i. e.
f-thin sets,
where f(xy, x2, ..., x) = “X2°...-xx) were considered in the paper
[1]. We shall continue the mvest1gat10n of the multiplicative k-thin sets. To simplify
the procedure let aw(x:, X2, ..., Xe)=%,+x2+ ...+ x and me(X1, X2, ..., Xi)=
=X1"X2'... X% (k=2, 3, ...). We shall give a lower estimation for m*(n) and
asymptotic formulas for the functions m% and m3%.
The method used in the paper [1] for the determination of lower estimation for
at(n) can be used for the determination of lower estimation for m¥(n).
Theorem 1. For each k>1 there exists a polynomial p.(n) of degree
K+k-1,

p-k(n)=n*"**" +% (k=1)(K*+k—2).n""* 2+

such that m¥(n) = pi(n) (n=1, 2, ..).
Proof. Let

a=n(n+1)...(n+k- 1)=n"+%k(k— Dn "'+
B=a(@+1)....(a+k- 1)=u"2+%k2(k— Dn*'+
y=n(r+1)..(n+k-2)-B =n*’*"“+%(k— 1) (K*+k—-2)n*** 24 .

Let us consider the following decomposition of the set {n,n+1, ...,y — 1}
into two subsets A and B:
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A={n,n+1,..,a-1)u{B,B+1,...,y—1}
B={a,a+1,...,8-1}
It is easy to check that the sets A and B are multiplicatively k-thin. Hence
mi(n) = y—1=pi(n).
Corollary 1. Let k> 1. Then

nmim(:“??—n)z%(k—l)a‘+k—z)

n—o

Theorem 2. Let the function m%(n) have the introduced meaning. Then

lim inf (_’12_(‘"_)_ n) =2 and '1'i112 sup (ﬂ%_(z_'l_)__ n) =4

Proof. The first part of Theorem 2 follows immediately from ‘Corollary 1. The
second inequality m3(n)<n’(n + 1)’(n +2) which has been proved in [1].
Theorem 3. Let the function m%(n) have the introduced meaning. Then

lirg= inf (m—:gﬂ-—n>§10 and lirg sup ('"—:%'—)—n)gm

Proof. The first part of Theorem 3 follows from Corollary 1. Now we prove
the second part of Theorem 3. Fixe some n and assume that there is a decomposi-
tion {n,n+1, ..., m%(n)} = AUB into two disjoint multiplicatively 3-thin sets A
and B. ‘

We shall investigate the following three possible cases for the numbers n,
n+l,n+2,n+3 and n+4:

A. all the five elements belong to one of the sets A and B ;

B. four elements belong to one set and one element belongs to the other set;

C. three numbers belong to one set and two to the other set.

We shall use the symbols a, b, c, d, e for the investigated elements.

A. {a, b, c,d}cA. It is easy to derive {abc, abd, acd, bcd} = B, further
a’b’c’d’e A, as well as

a*b’c’d*’eB - (1)
Since {a,d}c A and also ad(a’b’c’d) = a’b’c’d’c A we have
a’b’c’deB )
We show, that ab € A cannot be held. If abe A, then a - b(ab) = a’b’eB.
Similarly, (ab) - ¢ - d € B and then a’b*(abcd) (acd) = a*b’c’d’ e A, which con-
tradicts (1). Hence ab € B. Similarly, ac € B.
Finally we have a’b’c’d = (ab) (ac) (bcd) € A, which contradicts (2). Hence
m3(n)<a‘b’c’d’
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B. (a,b,c,d}cA, eeB. Itis easy to derive that {abc, abd, acd, bcd} =B,
a’b’cdec A

{a’b’cde, a’b’c’de} =B 3)

and a’b’c’d’e A. It follows from the last relation, {a,d} <A and from the
expression a’b’c’d> = a-d - (a’b’c’d) that necessarily
_ a’b’c’deB 4)

If abeA, then {a’b? abcd} =B and a’b’cde e A, which contradicts (3).
Hence ab € B.

If ace A, then {a’bc, abcd} =B, and a’b’c’de € A, which contradicts (3).
Hence ac e B.

At the end we have (ab) (ac) (bcd) = a’b’c’d € A, which contradicts (4).
Hence m%(n) is smaller than the greatest from the numbers a’b’cde, a’b’c’de,
a’b’c’d’.

C. {a,b,c}cA, {d, e} cB. Clearly abc € B, abcde € A . From this and from
the equalities ac(cde) = b - ¢ - (ade) = a - ¢ - (bde) it follows {cde, bde, ade} = B.
Hence abcd’e’ € A. Further we have a’bc’de = abcde(a) (c) € B and ab’c’de =
=abcde(b) (c) e B. From {abc, cde, e} = B we have

abc’de’e A 5)

Thereisa - b - (cd’e’)e A, {a, b} c A and then cd’e’ € B. From the equality
cd’e® = cde(d)(de’)eB and from {d,cde}cB we have de’cA. Since
abcde e A, we

abc’d’e¢*eB (6)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>