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A NOTE ON RELATIONS IN DISTRIBUTIVE ‘LATTICES
JUHANI NIEMINEN, Heinola (Finland)

There are two objects for this note. In chapter I we consider translations,
defined by G. Szasz [6 and 7], and congruence relations on a distributive lattice. In |
chapter II we define and consider a U-semicongruence, which we shall call a strong
U-semicongruence.

I. Translations on distributive lattice L B
1. Translations and congruences on distributive lattice L. In his paper [7] G..
Szasz defined a translation./(x) on a lattice: . :
Definition 1. A mapping / on a lattice L is called a translatlon if it
satisfies the following identity: g T
I(x)uy=I(xvy),  (x,yeL) ' - - (O]
Further in the same paper Szisz proved ([7] Satz 4): '
Lemma 1. A lattice L is distributive if and only if every translation/ on L is
a Nn-endomorphism.
M. Kolibiar [4] constructed a u- semlcongruence on a lattlce L relatmg to
translation on L. He presented the following properties (Satz 1): -
Lemma 2. On a lattice L there is a one-to-one mapping between translations
[ and u-semicongruences ©, having the following property:
1. There is in L a dual ideal I, such that every congruence class mod ©,
contains exactly one element of I..
The uU-semicongruence 6, relatmg to translatnon ! and the translatnon 19
relating to U-semicongruence ©, are characterized, respectlvely, by ok
2. x@y if and only if /(x)= I(y) (x, yeL), '
3. le(x)=x"eI for which x@x".
By lemmas 1 and 2 we immediately obtam _
Corollary. On a distributive lattice L there is a one- to-one mappmg
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between translations / and congruences ©, having the property 1 of lemma 2.
The congruence @, relating to translation / and the translation /g relating to
congruence O, are characterized, respectively, by properties 2 and 3 of lemma 2.
Now we can prove a property of the congruences ©;:
Theorem 1. Let L be a distributive lattice. The congruences @, constitute
a sublattice of the congruence lattice @(L) of L.
Proof. Let / and u be arbitrary translations on L. G. Szasz has proved ([8]
Satz 3: (3))

[(x)uu(x)=1l(u(x))= ly(x) =ul(x)

where lu = ul = p is a translation on L. At first we prove thatin ©(L) Q,u0, =6,,
where p =ul, by showing that 1. ®,UO, = O, and 2. 6,=6,U0,.

1. x®y = I(x) = I(y) > ul(x) = ul(y) > xO,y > O,=06, and similarly
6,=06,, whence O,UQ =0,.

2. Letx@,y. Then [(u(x)) =1(u(y)), hence u(x)Ou(y). Moreover u(u(x)) =
= u(x) (see [8]), hence xO,u(x), yO,u(y) and we get xG,U06,y.

Let / and u be arbitrary translations on L and let us consider the mapping
Inu. (I(x)nu(x)uy = (I(x)uy)n(u(x)uy) = I(xuy)nu(xuy), whence fol-
lows that /nu =p is a translation on L. To complete the proof we show that in
O(L), 6n6,=06,, where p=Inu, by showing that 3. n6O,=6, and
4. On6O,=06,.

3. x(G,nB,)y > xOy and xO,y > I(x) = I(y) and u(x) = u(y) >
Sux)nl(x) = u(y)nl(y) > x0,y. Hence O,nO,=6,.

4. We make use of the identity /(x)uu(y) = I(xvu(y)) = l(u(x0y))=
= [u(xuy). Now let x@,y. Then I(x)nu(x) = [(y)nu(y). It follows I(x)=
= [x)ull(y)nu(y)) = (x)Iy)Nnlx)vu(y)) = (x)Vl(y)nlu(xuy)=
= (I(x)ul()nU(y)vu(x)) = I(y)u((x)nu(x)) = [(y), hence xO,y. Similarly
x0,y, therefore x@,NO,y.

2. Translations and congruences generated by an ideal on distributive lattice.
A well-known construction for the congruence relation &, by means of a prime
ideal P of lattice L is as follows:

x0O,y if and only if either x, ye Porx,ye L — P

Then there are at most two congruence classes mod @, in L, which implies
that ®; is a maximal congruence on L. Let us consider the maximal congruences
on the distributive lattice L.

Theorem 2. Every maximal congruence @ on a distributive lattice L is
generated by a prime ideal P of L.

Proof. Any distributive lattice with more than two elements has a proper
congruence relation (see [1] p. 193, thm 15, cor 1). Hence L/© is a two-element
chain 0<1. This follows the assertion.
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We characterize the congruences generated on a distributive lattice L by an
ideal and the translation of L relating to it. According to condition 1 of corollary of
lemma 2 we must at first consider the congruence classes modulo congruences
generated by an ideal I of L. Gritzer and Schmidt have proved ([2] thm 2: f) that

" for any ideal I of L and for any x, ye L, x 2y, xO[I]y if and only if x = yud
where del.

Lemma 3. Let L be a distributive lattice satisfying the maximum condmon.
Then for an arbitrary ideal I of L the following holds true:

1. In every congruence class mod @[I] there is one and only one element
xeL: x=a, where I=(a].

2. I=(a]. Let x=a. Then {x} is a congruence class mod O[I] or x is
congruent mod @[I] to an element x,Za.

Proof. According to the maximum condition every ideal I of L is a principal
ideal (a], ae L. We may then modify the condition for the congruence relation
©[(a]] as follows: x@[(a]]ly < xua = yua.

Let T be a congruence class mod @[(a]]. According to the maximum
condition there is in T' a maximum element ¢,. For arbitrary ¢, €T, ¢, #¢,,t,;va =
=toua and t,<t,. If toZa, then trua = (t,va)ua, hence t,<toua € T which
contradicts the maximality of #,. Hence t,=a. If t,=a and t,€T then t,=t,ua =
=t,ua =t, which completes the proof of I The proof of 1 immediately shows
the validity of the assertion 2.

Now by lemma 3 we can construct the dual ideal I, in 1 of lemma 2.

Theorem 3. Let L be a distributive lattice satisfying the maximum con-
dition. For every congruence @[I] on L there is in L a dual ideal I, such that I,
contains one and only one element of every congruence class mod @[[].

Proof. As in the proof before I=(a], aeL. We define I,={x: x=a}. I,
contains, according to lemma 3, one and only one element of every congruence
class mod @[(a]]. Further, the definition of I, implies that I, is the dual ideal [a),
which completes the proof.

Corollary of lemma 2 (or Satz 4 of M. Kolibiar [4]) shows that there isin L a
translation / relating to the dual ideal [a) and thus generating the congruence
relation @[(a]]. Hence

Corollary. In a distributive lattice L satisfying the maximum condition
every congruence relation of type @[I] is generated by a translation of L.

We may now characterize lattices L in which every congruence relation is
generated by a translation.

Theorem 4. Let L be a distributive, relatively complemented lattice satisfy-
ing the maximum condition, Oe L. Then every congruence relation in L is
generated by a translation of L.

Proof. There is a one-to-one correspondence between ideals and congruence
relations of L (Hashimoto, [2] lemma 3); hence every congruence relation is
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generated by an ideal of L. Further, every homomorphic image of L is weakly
complemented (G. J. Areskin [2] footnote on p. 153), which according to Gritzer
and Schmidt ([2] thm 4) implies that every congruence relation is the minimal
congruence for a suitable ideal of L. But then corollary of theorem 3 readily
conveys the validity of the assertion.

We define a dual translation d on the lattice L: d(x)ny = d(xny), x, yeL.
Owing to the duality, the dual theorems of translation / on L are valid for 4. We
can characterize the minimal congruence relation ©,, on the distributive lattice L
generated by an interval [a, b], a, beL ([2] thm 1): ¢@,.d < (bud)nc =c and
(aud)nc=d, where c 2d, ¢, d e L. The proofs of lemma 3 and theorem 3 imply
that the congruence relations @[(b]] and O[[a)] are generated, on one hand, by
ideals (b] and [a), respectively, and on the other hand by the translation / and the
dual translation d, respectively.

Lemma 4. Let L be distributive lattice. Then O, = O[(b]]nO[[a)],
[a, b]<=L.

The assertion and the proof of lemma are included in 1.4, corollary by
M. Kolibiar [3].

As a corollary we now immediately obtain :

Corollary. Let L be a distributive lattice satisfying the maximum and the
minimum condition. Then every congruence relation @,, on L generated by an
interval [a, b] L is a meet of two congruences generated by a translation and a dual
translation of L.

II. On strong U-semicongruence on a distributive lattice

3. Strong U-semicongruence. In the following we define a U-semicongruence
on a lattice in such manner that by the properties of the U-semicongruence we may
see where the power of lattice congruence lies.

Lemma 5 gives an equivalent form for the definition of the congruence @ on
a u-semilattice L. The proof of lemma is obvious, and we shall omit it.

Lemma 5. A binary relation © on a U-semilattice L is a congruence relation
on L if and only if
xOx for every xeL,
xOy < xOyux and yOyux (x, yeL),
if x2y, x=z and xOy, xOz, then yOz (x, y, z€L),
if x=y=z and x@y, yOz, then xOz (x, y, zeL),

. if x=Zy and xBy, then xUtByut for every teL (x, yeL) = g

We shall now alter the condition 2 of lemma 5 so that the binary relation
produced by the alteration takes into account the Nn-operation on the lattice. This -

10

A



new binary relation we call a strog U-semicongruence, abbreviated s-semicon-
gruence.

Definition 2. A binary relatlon @O on lattice L is a strong U-semicongru-
ence if and only if © satisfies the conditions 1, 3, 4, 5 of lemma 5 and if

2. x@y < xuyOxny (x, yeL).

By definition 2 we immediately see that every lattice congruence satisfies the
conditions 1, 5 of the definition, whence every lattice congruence is an s-semicon-
gruence, and further that every s-semicongruence is a uU-semicongruence on
a lattice.

At first we consider the condmons which the lattice L has to satisfy in order
that a U-semicongruence might be an s-semicongruence and that an s-semicong-
ruence might be a lattice congruence.

Let x, y be elements of a lattice L. We denote by ©,, and O,,, the least
u-semicongruence and the s-semicongruence on L which collapse the elements x,
y.

Theorem 5. Every u-semicongruence of a lattice L is an s-semicongruence
if and only if L is a chain.

Proof. Let x, y be an arbitrary pair of elements in L, x@,,,,y, and suppose
that every uU-semicongruence on L is an s-semicongruence. Then xuy®, ,xNy.
But then x and y are comparable accordmg to the properties of the U-semicon-
gruence and to the minimality of @, ,,.

If, conversely, L is a chain, then x@,,,y implies xny@® _,,x Uy on the strength
of the comparability of x and y, and thus every uU-semicongruence is an
s-semicongruence too.

Theorem 6. Let the lattice L be a chain. Then every s-semicongruence is
a lattice congruence on L.

The proof is trivial.

The converse of theorem 6 is valid on a distributive lattice (theorem 7). For
the proof of .the converse we need: '

Lemma 6. Let L be a distributive lattice and @,,, a binary relation on L
generated by arbitrary elements a, b e L, and defined:

1. aubux aubuy and

xO,,,byo{z (anb)u(xny)=xny or 3. x=y

Then O,,, is the least s-semicongruence on L collapsing the elements a and b.
Proof. At first we show by definition 2 that ©,,, is an s-semicongruence :
1. is trivial according to 3. We assume in the following that x+#y.
2. xO,,y <> (aubuy) N (aubux) = (aub) U (xny) (aub) U (xuy)
and (anb) U (xNy) = xNy < xUYO..xNYy.
3. xO..y, xO,,,z and xZy, x=z > avbux = aubuy = aubuz and
(@anb)u (xny) =y, (@anb)u (xnz) =z > (@andb)u (ynz) = yNnz > yOu2.:
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4. xO,4y, YO,z and xZy=Zz > aubux = aubuy = aubuz and
(anb)uy =y, (anb)uz=z > (anb) U (xNz) = 7z > xO..7. :

5. X,y = (aub) U (xut) = (aub) U (yut) and (anb) U ((xut) N
Nyut)) = ((anb) U (xny))ut = (xny)ut = (xut) N (YUt) > xULO,.,y Ut
for every teL.

Let @i, be the least s-semicongruence generated by elements a, b € L. We
shall show that @, = O winus, Whence O,,, = @, ., according to the minimality of
@minab-

If xO,,y, then by the definition of ©,, (anb)u(xny)=xny, which
implies that (anb) U (xuy) = xuy. Further, yux®,,ynx implies that

avbuxuy =(aub)u(xny) l (2

Certainly a® ., b and thence by 5, (anb) U (xNy)O mnas (@Ub) U (xNy)>
= XNYOuin w(aUb) N (xny) and (anb) N (XUY)Opmin w(aUb) N (xuUy). The
transitivity and (2) together imply that xNy@u..(anb) U (xuy) >
> XNYOpin X VY D Opin v = Oy

Now we can prove:

Theorem 7. Let L be a distributive lattice. Each s-semicongruence is
a lattice congruence if and only if L is a chain.

Proof. According to theorem 6 it is sufficient to show necessity. We show that
if t=y and x =y, then ¢ is comparable with x. Hence L is a chain.

Let x=y and t=y; then xO,,y => xntO,,ynt since O,, is a lattice
congruence. ynt =t = t@,, xNt. On account of 3 and 2 of lemma 6 we have two
possibilities: I, by 3, t=xnt=> x=¢, and IL by2, (xny) U (xntny) =
xu(xnt)= x = xnt > x=t. -

In the following we shall examine whether the set of all s-semicongruences of
a lattice L forms a lattice ©.(L). We define the n-operation for ©,(L) in like
manner as that on ©(L), and then obviously @,,n6,,, where ©,,, ©,, are arbitrary
s-semicongruences on L, is an s-semicongruence on L. For the U-operation we
define a binary relation @ and prove theorem 8.

Definition 3. Let L be a lattice. @ is a binary relation on L corresponding
toaset {@,}, je A, of s-semicongruences on L such that @ satisfies the following
conditions: x,yeL, x®y if and only if there is a finite number m of finite
sequences on L

Z()l’ i1, seey zn;l
ZOZ9 ZlZs cvey Zn22 (3)
ZOm, Zlms coey Zn,,,m

such that

12



1. z,0,z;.\ foreveryi=0,1,...,n,—landr=1,2,...,mandforajeA.

2. For every sequence of (3) there is an interval I, = [I;, I7] = [zo,0...0Z4,,
ZorU...UZ,,]. The intervals given by (3) can be divided into different classes. In
every class I, I,, ..., I there is for every two intervals I,,, I, a sequence of
intervals of this class, I,,, I,,+1. ..., Ip+n=1,, where I,,.; and I,.;.1 (i=0, ...,
n—1) have at least one common element. Further for every class there is an
interval [I}, n I}, n ... n I}, I}, U ... U I}] which intervals can be divided into
classes as before. After finite steps there is only one class whichgives aninterval I, =
= [Zo1 O 211 O Zat O coe O Znjt O Zoz O cea O Zngms 201 Y oo U Znom]-

3. [xny, xuylcl,.

Theorem 8. Let L be a distributive lattice and & the binary relation on L

defined by definition 3. Then @ is an s-semicongruence on L and @ =J 6,
jeA
Proof. If & is an s-semicongruence, then immediately by definition 3
@ = | O,.. So it has to be shown that @ is an s-semicongruence. 1. is obvious and
jeA
the condition3 of definition 3 implies 2. According to the property 5 of
s-semicongruences we may to every term z; of the sequences (3) add the part Uz,
where teL is arbitrary. According to the distributivity, tU(zoiN..."\Zum) =
=({tuzo)N...0(tUZ, ), whence tu(xny)Prux Uy, which proves 5. Letx =y =z
and x®y, y®dz, where the proof of 4 is obvious in respect of y. Similarly, the proof
of 3 is in respect of x obvious.
Theorem 8 shows that @,(L) is a lattice when L is a distributive lattice.

4. s-semicongruences on a distributive lattice. At first, we consider the
pseudocomplement of an s-semicongruence @, on a distributive lattice L. To this
purpose we define the concept of the transpose.

' Definition 4. Let L be alattice and [a, b] aninterval of L, t € L, ¢ arbitrary.
The transpose of the interval [a, b] relating to ¢, written [a, b],, is the interval
[aut, but] of L. A transpose is proper if aut#but.

Theorem 9. Let ©, be an s-semicongruence on the lattice L and OF a
binary relation on L satisfying the condition: x®7y if and only if in every transpose
of the interval [xny, xuUy] every congruence class mod @, consists of a single
element. @7 is an s-semicongruence on L and a pseudocomplement of &, in ©,(L)
if and only if L is a distributive lattice.

Proof. Let L be distributive. We show that @7 is an s-semicongruence on L.
1 is obvious, and the definition of @} immediately implies 2 and 5.

4. Letx=y=z and xO}y,yO;z, and suppose that x@z. Then there is in L
an element ¢ and a transpose [z, x], containing a proper interval [a, b], such that
a®,b. Denote by ©, a lattice congruence on L. In particular a(©..,,00.,,)b,
which implies that there is a proper interval [u, v]c[a, b] such that u@®,,v or

13



u@.,,v. On account of analogy we shall only consider the first case. According to
theorem 1 in [2], in distributive lattice then (zwu)nv =u and (yvu)nv=v. If
zuu = yuu, then according to the preceeding equations u=v which is
a contradiction. But then obviously there is a proper interval [z, y]. or [y, x].
collapsed by the s-semicongruence ©,, which is a contradiction.

3. Let y=x, z=x and xO}y, xO@’z and suppose that y# x, z# x, and that'y
and z are noncomparable. According to 2 it is sufficient to prove that'yuz@®:3y,
yO@iynz (or yuz©O;z, z©5zNy, which has the same proof). Iy, yuz] < [y, x];
hence yuz©'y. Let [a, b] be a proper transpose of [ynz, y], which implies that
a=tu(ynz) = (tuy) n (tuz) and b =tuy for a given teL. Now [a, b] has
always a proper transpose contained in a proper transpose [z, x],. This is implied by
the equations au(tuz) = ((tuy) n (tuz)) U (tuz) = tuz and bu(tuz)=
= (tuy) U (tuz) = tuzuy > [tuz, tuzuy] < [z, x].. Further, if tuz =
= tuzuy, then tuy = (tuz) N (tuy) = a =b, which is a contradiction. Hence
ynzO3y .

Obviously @7 is the pseudocomplement of ©, on O,(L) when OF is
s-semicongruence on L.

Zny zny

Fig. 1

The distributivity of L is necessary. If L is not distributive then it shall corntain

at least one of the sublattices of figure 1. In the sublattice A we consider the

s-semicongruence O, . yOi.x and zO@;.x, but y@.z since [k, x] = [ynz, y]. In

the sublattice B there is y@;,,x and z@,x, but y@; z since [k, y] < [ynz, y]k.
THi$ completes the proof.

In a distributive lattice L we can define a minimal s-semlcongruencé gene-
rated by an ideal I of L.

Theorem 10. Let L by a distributive lattice and I an ideal on L. '|,[I] is

14



a binary relation on L satisfying the condition: x©,[I]y if and only if xUz = yuz
for a given z €eI. Then ©,[I] is an s-semicongruence on L, and a minimal one
generated by the ideal I.

Proof. Itis well-known that the relation ©,[I]is a lattice congruence on L. It
follows immediately that ©,[I] is an s-semicongruence.

Let ©, be an s-semicongruence on L with a class I. If x®,[I]y, then x Ut = yut,
tel,whence x =xn(yut) = (xny)u (xnt),y=(ynx) U (ynt). But xntO,ynt,
since xnt, ynt € I. Hence xO,y and thus ©,[I]= ©,, which implies the minimality
of 6,[I].

Fig. 2

Finally we consider some properties of a minimal s-semicongruence ©,,, on
a distributive lattice L. The distributive lattice L of figure 2 implies that the lattice
congruence @.,, and the s-semicongruence O,, are different, since c@..,d but
x@,.d. !

Theorem 11. Let L be a distributive lattice and a <b, a,beL. [a, b] is
a congruence class mod ©,,,.

Proof. It is sufficient, owing to the transitivity of @,,,, to show that x ¢[a, b],
x € L imply x@a or x@,,b. We have five different cases:

1. x<a. Then (anb) U (xNa) = aux = a *# anx = x > xO..a.

2. x>b. Then (aub)ub = b # avbux = x > x@,.b.

3. x<b, and x is noncomparable with a. Then (anb)u (xna)=au(xna)=
=a Fxna > x@,.a.

4. x>a, and x is noncomparable with b. Then (aub)ub = b # bux >
> x@.b.

5. x is noncomparable with both a and b. The proof is similar as in the case
3 and 4. _

Theorem 12. Let L be a distributive lattice. O,,, NO,; =0 for any a>b =
=c¢>d,a,b,c,deL. '
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Proof. Let a>b=c>d and x>y such that x(O,,,nO,,)y. Then xO.y,
x0O,..y, whence cux = cuy,duy =y and buy =y, which imply that x>y =b =
= c¢>d. But this is a contradiction to the equality cux =cuy. Therefore
O NO,, = 0. ) .

The opposites of theorems 11 and 12 are not valid. In order to show this, we
consider the non-distributive sublattices A and B of figure 1. In the sublattice A
we find by considering the minimal s-semicongruence @, .., : YO, , yNZ >
> x0,..,z and x0O,,., ,k. Then on account of the transitivity, zO,,~, ,k =
>x0,,.. ,ynz.Nowe.g.yO,, . ,x,whence O,,.. ,nO,, #0. In the sublattice B we
see, by considering the minimal s-semicongruences O, ,, O, « and O, ,,
that the assertions of theorems 11 and 12 remain valid, although B is not even
modular. By the aid of the sublattice A we can now formulate two corollaries, the
proofs of which are obvious.

Corollary 1. If L is a modular lattice and if for every pair a,beL, a<b,
[a, b] is a congruence class mod O,,, then L is a distributive lattice.

Corollary 2. If L is a modular lattice and if ©,,,nO,, =0 for any a>b =
= c>d,a,b,c,deL, then L is a distributive lattice.

We demonstrate a property of an atom of the lattice &,(L).

Theorem 13. In a distributive lattice L an interval [a, b], a ~<<b, a,b € L,
generates an atom of the lattice ©,(L) if and only if [a, ] has no proper transpose.

Proof. Let [a, b] be an interval with the property mentioned in the theorem.
Then a®,,b => O, #0. On the other hand there is no other proper interval
collapsed by ©,,, which implies that there cannot be any other minimal
s-semicongruences O, generated by the proper interval such that @, <®,,,. Hence
@, is an atom of ©,(L).

Let, on-the contrary, €,,, be an atom of ©,(L) and suppose that a=—<b. If [a, b]
has a proper transpose [c, d], then cO,,,d, but by definition of ©,.,, a®,..b, which is
a contradiction.

I wish to give sincere thanks to Professor M. Kolibiar to whom I am obliged for numerous suggestions
concerning corrections and improvements of this paper.
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ASYMPTOTIC EQUIVALENCE OF VOLTERRA
INTEGRAL EQUATIONS

ARLETE CERQUEIRA LIMA, Brasil

Introduction
Let us consider the perturbed system of Volterra equations
x(t)=f(t)+f a(t,s) [x(s)+g(s, x(s))] ds, t=0 (1)

where x.f, g are the component vectors and @ is a given #n X n matrix. Our aim will
be to compare the solutions of (1) with those of the system of linear unperturbed
equations

y© =10+ [ ae.) y(s) ds @

obtained from (1) omitting the nonlinear term. The nature of this comparison may
be stated as follows : to determine the conditions which should be imposed on f(¢),

g(z, x) and a(t, x) so that the solution y(¢) of (2) corresponds to a solution x(¢) of
(1) such that

lim [x(2)— y ()] =0 3)

{—©

and conversely, that is, given a solution x(¢) of (1) there exists a solution y(t) of 2)

such that (3) is true. In other words, the systems (1) and (2) should be asyptotically
equivalent. '

Together with (1) and (2) let us consider equations (4) and (5) below _
x'(t)=F(t)+A(t)x(t) + Jﬂ B(z, s)x(s) ds + (Gx)(¢)
4)

x(0)=x, (0=t<»)
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YO =F@©)+AQY©) + [ B(.5) y(s) ds

5
y(O)=x, (0=t<w) )

where F and G are given vectors and A and B are given n X n matrices. In general
the perturbations G are nonlinear functionals. Although it is possible to integrate
(4) and (5) and then obtain (1) and (2), in many applications it is interesting to give
criteria directly to (4) and (5).

J. A. Nohel, [1], [2], has studied the systems (1) and (2), (4) and (5),
establishing asymptotic equivalence between continuous and bounded solutions of
(1) and (2) [1, T.3] and of (4) and (5), [2, T.2].

We will prove that Nohel’s theorems remain valid if we alter the assumptions,
especially the ones about the functions g(z, x) and, (Gx) (¢).

Follownig Nohel’s approach, using the concept of associated resolvent to
a given kernel, we have that the resolvent r(, s) is the solution of the equation

r(z, s)=a(t, s)+J' a(t, u) r(u,s)du , 0=s=t<ow (6)
This solution exists (and is locally integrable on (¢, 5)) if the kernel a(z, s) is

locally integrable in (¢, s) for 0=s =t <. For s =¢=0, we define r(¢,s)=0.
Under these conditions the solution of the system (2) can be written as

y(t)= f(t)+J;’ r(t,s) f(s)ds, ©)

provided we make some additional assumptions about f.
Furthermore, it is possible to show that system (1) can be changed into an
equivalent system

x(O=y(©)+ [ 1t.5) g6, x(s)) ds ®)

where y(t) is given by (7).

With this is mind we will first study the asymptotic equivalence between the
solutions (7) and (8).

Inicially we will prove the following theorem

Theorem 1. Let us suppose that

a) r(t, s) is locally integrable on (¢, s) for 0Ss=t<o;

b) there is a constant B >0 such that

f Ir(t,s)|ds=B, (t=0)
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t+h t
) lim U [r(t+h,s)| ds +f [r(t + A, s)—n(t, s)lds]=()
h—= t 0
for every t>0;
r
d) lim | |r(¢,s)|ds=0, forevery T>0

e) the function g(z, x) is continuous on (¢, x) for 0=t< and |x|<®;
f) there is a function F(¢, u), continuous on (¢, u) for 0=t< o and u =0,
non-decreasing with respect to u and such that,

lg(e, x)|SF(, [x]) )]
with
lim F(¢, c)=0, for every ¢ =0 (10)
and
= W , -
!Lrg FG.u) oo, uniformly, for 1 =0 (11)
or
T—_u . =
!L"l Ft, 1) c>0, uniformly, for t=0 (12)

C_I_Sy<1, for some y, O0<y<c.

Let y(z) be a solution of (2), continuous and bounded on [0, «). Then there is
a solution x(t) of (1) which is continuous and bounded on [0,%) and such that,

with the additional hypothesis that

lim [x(£) = (1)) =0 (S

Conversely, if x(t) is a solution of (1), continuous and bounded on [0,%), then

there is a solution y(¢) of (2) which is also continuous and bounded on [0, «) and
such that (13) holds.

Proof. Consider BC, the Banach space of all functions continuous and

bounded on [0, «), with norm ||| =sup |y(¢)| and let y(t) € BC be a solution of
=0

(2). Then there is a constant K >0 such that, ||y|| <K. We will first prove that (1)
has a solution x(¢) belonging to BC.
Let us define on BC the operator Ry in the following manner:

ot
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RY) O=y®)+ [ 1(t.5) 965, w(s)) & (14)
Consider now

Se={lw()eBC| lly(1)l|=2¢},

where ¢ will be determined afterwards.
We will prove that:
1.. There is 9 >0 (¢ >K) such that RS, cS,.
In fact, if y €S,, using (14), (9), (10) and b), we have

(Rw) OISy O1+ [ 16, 9)] FGs. [y(s)]) ds =

(15)
§K+j r(¢, s)| F(s,20)ds=K + sup F(s,20)B

s€[0, »)

Now, from (11), we have that for every B there is a sequence, {d,}.-, with

lim d, =<, such that

n—sx

d, > -
ZB<F(t, 4y’ forevery t=20 and n=1, 2, ... (16)

Consider n such that d, >2K and take ¢ =%.
From (16) it follows that

F(t, 20)=F(t, dy) <22

L) Q y Yn ZB

and therefore

d
S n
wup B, 2e)=5p

Then, from (15) . ‘ .
. . d,
(R) 0] Se+55-

B=2p

and, consequently

- lIRyl=2¢

1. We will show now that there is ¢ >0, o >k, such that RS,cS,, using -
(12).

From (12) we have that for every arbitrary y >0, y <c, there is a sequence
22 ..



{u,}x-1, with lim u, = oo, such that

c—y< foreveryt=0andn=1,2,....

Un
F(t,u,) -
Consider n such that u, >2K and take o =525.
Similarly, we find '

: 20
F(t, 20)=F(t, u,.)<:;_—; foreveryt=0
thercforé, v
T 3 2

- sup. F(t 29)<
te0, ») Y

and v o £og -
20 ( ZB)
4 = _— = —_

[(Ry) (I)I—Q+c—y‘B' 0 1+c—y <20

2. The operator R is continuous on S,.

The proof of this statement, using either (11) or (12), is identical to the one
given by Nohel [1, T. 1].

3. The functions in the set RSQ are bounded (what isobviousfrom 1 or 1’) and
equicontinuous on every closed interval [0, d] of [0, «).

In fact, supposing ¢ >1,, t,, t €[0, d], we have

IR) ()= (Rw) (@)} S |y(1) - y(t)| +
e dup fats, wI | [ e ) - r 9] as + [ Iee, o) as]

O=s=e

However, from (9) and (10) we find
sup lg(s, (s))l = sup. F(s, 29)<H for some constant H >0 (17)

On the other hand given' & >0, we choose 6,>0 such that
| ||Y(t) y(t)|=e 2 for lt_tol=6|

" We also choose 8,0 (see c)) such that" -

| L"|r‘(x, $) =1t s)| ds#l[“' Ie(e, )] ds <52z,
for 1 ' 8 e N e o ¥ uSE, .. R L TR L O R
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|t — o)<,
Then, for
|t —to| =8 =min (5, 6) ,
we find

¢ He
[(Ry) (£) — (Ry) (1) <5tog=¢

what proves the equicontinuity.

As we have shown, the proof of iii) is independent of the assumptions (11) and
(12).

Under these conditions, from Schauder—Tychonoff’s Theorem, R has a fixed
point on S,, that is, there is a function y €S, such that

u3(t)=r(t)+£ r(t,5)g(s, ¢(s))ds, (0St<wx)

and from the equivalence between (1) and (8), we have that v is a bounded
solution of (1).
We shall prove now that

lim [ (£) — y ()] =0

t—x

Consider ¢ >0, arbitrarily given. Using (10) we can choose T >0 such that

F(. 29)§2iB. t=T) (18)

where B is the constant given in b) and considering also d), we can choose T, >T
such that

LTIr(t.s)l ds <ﬁ, (t=T) (19)

where M is a positive constant, to be determined later.
Furthermore, from (8) and since ||y || =20, we have, for t =T,
T 1
() —y@I= |, Ir(t. 5)| F(s. [9(s)]) ds + f (e, )| Fs. [9(s)) ds = (20)
T t
= sup F(s, 29)] |r(z, s)| ds + sup F(t, ZQ)f]r(t, s)|ds, =T
0 TSt<w 0

0sSssST

Using (10) there is a constant M such that sup F(s, 2¢)<M and from (18)

OsSs=T
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£
up F(1, 20)<=—=.
Sup Ft. 20)<3g

Then

(t) — =m- 4+ & = >
(@) —y(O)|=M 5 +55B=¢, 2T

Consequently

lim [ (1) -y ()] =0

t—soo

and the proof is independent of the assumptions (11) and (12).

To show the converse, let u(t) be a solution of (1) (that is, of the equivalent
system (8)).

Consider, as a definition,

v =u(® - [ e, 5) 965, u(s)) o5 1)

From this and using (9) and b), we have
v()|=|lul| + HB<», 0=t<e

where F(s, 2¢)<H, for 5 €[0, »), since from (10) we conclude that F(t, 29) is
bounded on [0, «). That is, v is bounded whichever hypothesis, (11) or (12), is
considered.

We state that:

a) lim [v(t)—u(2)]=0

t—so0

To show this, consider an arbitrary £ >0 and assume ||u|| <. Defining T and
T, as before (in (18) and (19), respectively), and from (21) and (9), for t =T, we
have

v - =[ x| Fs, lu) ds+ [ e, )] e, s ds

and from b), d), (18) and (19), for t>T,

_ m-E L &
[v(2) u(t)|_M2M+ZBB

in a similar way as it was done in (20); as a result, our statement is true
independently of (11) and (12)

b) v(¢) is a solution of (2).
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The proof of this fact is also independent of (11) and (12) and is 1dentlcal to
the one given in [1, T. 3].
This ends the proof of the Theorem.
Note. For Nohel [1, T.3]

_(A@lxl. x|z
F(""")‘{A(t) L xl<t

where
A()—»0 and = |AB]| =

This is equivalent to the situation we p'res'ented‘when (12) holds, that is

u 1o 1 _ 1

= =

1Al

lim ) 3‘12;1(:) 10

sup A(¢)

[0. =)

for every ¢ € [0, »).
Theorem 2. Let L,(S)={y:vy is measurable on S=[0, ) . and

[ WOl dr <) if y €L, (S) define [lvll, = ( j vl ar)

Let us suppose that the resolvent r(z, s) satisfies the following condmons
There are constants p>1, and B>0 such that

f Ir(t, 5)|° ds) "<B. (0=t<w) o .;('22)

!.i_T) {([H It + ks 5)J° dS)l/P+

+(L’,‘_r(i,+_h,S_)—r(t,'S)|P.;ds.).1:.e}.t'=b’ - (0=r<w) =

and for every fixed T>0
. s i \
“lim | |r(z, 5)]? ds=0 : (24)
t— JO

Consider g(¢, x) maesurable with respect to ¢ fOr'éVe‘ry fixed X and continuous’
in x for every fixed #, 0=¢ <, |[x{<o and such that

g, 0| SF(, |x]|) (25)

whete F(r, i) is a continuous furction in (t u), for O<t< o and u >O non-dec-"
reasing with respect to u, with e £ F

F(t,k)=0 and F(t, k)eL,(0, ),forevery k=0, . < :.(26)
26 .



where l+l= .
q
Furthermore, suppose that

— u
im ——= i =
11}2 F, ) o , uniformly, for =0 (27)
and let BC be the Banach space mentioned in the proof of Theorem:1.

Then, given a solution y € BC of system (2), there is a solution x € BC of
system (1) such that

lim [x(#) - y(]=0

and, conversely, given a solution u € BC of system (1) there is a solution v € BC of :
system (2) such that S aow &

lim[u(?)—v(z)]=0

t—

Proof. We will once again follow Nohel’s proof [2, T. 1].

1. Assuming there is a solution y €e BC of (2), let us show that there is
a solution x(¢) of (1) on 0=t <. We will use Volterra’s equation, (8), which is
equivalent to (1). From [3, Lemma 1.1] or from [4, T. 1.1], there is a solution x(¢),
locally continuous ; from (23) x(¢) is continuous. Consider a given T>0; let us
prove that x(z) exists on [0, T]. In order to get this result, define a constant
k=k(T)>0 by

T
k =max{ sup |y(t)|, sup If | vt 5) |7 dsl'f”}, (28)
ost<o o<e<T JoO Y ey
Using (23) let us choose ho>0 as small as necessary, so that
t+h 1p ‘
U |r(t+h,s)|"ds] gz—lk-, O=h=h,, 0St=T)  (29)

Let us assume that the solution x(¢) exists on 0=¢t=T, § T — h,. Consider
M=M(T,)= sup |x(t)|
0s¢sT,

From (8) and using Hoélder’s inequality, we obtain '~

xcr syt ([ rasr &) ([P, Ixe o)

1/q

A
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§k+k<J:T'F"(s,M) ds)

)

Take

P,=(}F'(s, Myds)"
0

and let L be a number, to be determined later, such that

k + kP, <% (30)

For h sufficiently small, |x(T,+ k)| <L. We assert that this last inequality
holds for every 0=h =h,.

In fact if we assume that there exists a first 0 < h = h, such that |x(T, +h)| =L,
from (8), (25) and Holder’s inequality it follows that

= |x(T,+h)|§|y(T.+h)[+fT'|r(T. +h,s)| F(s, |x(s)]) ds +

+r'*h|r('r. +h,s)| F(s, |x(s)]) ds =

T,

/q

T, 1/q T, +h 1
§k+k(j F"(s,M)ds) +ﬁ(f F"(s,L)ds)
0 T,

Taking
T, +h 1/q
P2=(j F(s, L) ds)
T\

we have, using (30)

On the other hand, from (27) we have that for every R >0 there is a sequence

{u, } =, with lim u, = o, such that

nrs®

R§F(sunu 3’ foreverys=0andn=1,2, ...

Take the value of L as being equal to one of the u,, as large as required.
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Under these conditions,

L
F(S,L)-—-ﬁ
and T, +h 1/q T,+h 1/
1 L 1 q )
= S— = — 1/q
P, (L F"(s,L)ds> == (L ds) Eh
B '
Taking R = % e have that
L=|x(T,+h)|<E+L k=L
' 2 2k

which is a contradiction; therefore x(¢) can be extended to [0, T]. Since T>0 is
arbitrarily chosen, it follows that the mentioned solution can be extended on [0, ).
2. Let us show now that x(¢) e BC. From (27) we conclude that there is an

increasing sequence {c, }r-o, with lim ¢, = ® and ¢, > |x(,)| such that the sequence

{M} is non-decreasing and

Cn

fim E: ) _ g,

n—m

uniformly, for 1 =0 (31)

n

Let us assume that x(¢) is not bounded. Then, since |x(¢)| is continuous on
[0, ), we have that the equation |X(f)|=c, has at last one solution for every
n=1,2,.... Let ¢, be the smallest of them. This means that |x(z,)|<c, for

te[0, t,) with |x(,)] =c., or sup |x(s)|=c,. Itis clear that{t,}>., is an increasing

0=s=c,
chuence and lim ¢, = .
Now, from (8) and Holder’s inequality, it follows that

1/q

@Iy @I+ ([ Ine, )b as) ([ Fres, e as)“+

+<J’:|r(t,,, $)? ds)lp (L F(s, c) ds)w

for n as large as 7, >T.
From (31) we have that for n,>0 there is n,=n, such that

F(s, ¢.) - F(s, Ca)
G G

(32)

for every n=n, and s =0.
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We choose T so that

” F(S,C,.o) * )”q<L
() (Fe) ao) "3 33
Then, using (32), (33) and (22), we have that for n as largeasn=n,and £, > T
' e =|ly®ll+
T 1/p T q l/q 1
+<J' [r(t., )7 ds) . c,,(j [M] ds) +Bc, =
0 (1] Cno 2B

or .

Celgr ([, s @) () (B =) ) =

Now, frotn (24), it follows that the expression in brackets will tend to 1/2
which implies a finite limit for the sequence {c,};-, and this is a contradiction.
Therefore x(¢) is bounded.

3. We will now show that lim[x(z) — y(¢)] =0, when y(¢) € BC is a solution of
(2) and x(¢) € BC is a solution of (1) which exists as a result of 1 and 2.

, Let sup |x(t)]=M, £>0, given, and choose T>0 as large as required for

0St<w

o ; r 1'q
- € >
o '(J’T‘F"(s,M)ds) <. iET (34)
From (24) we choose T,>T such that
£

frlr(t,s)l" ds< =T, (35)

T 1/q »
2( f F(s, M) ds)

0
Then, using (8), (25), (22), Holder’s inequality, (34) and (35), we have

@)=y 1= [ e, )] Fis, (o)) s +

[ e )l Fes, 1x@)) as s

éZ(J;TF"(sfM) ds)"‘ (LTP(S’M) ds)u"LB B¢

for t= Tz.
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-This proves our statement.-

4. Letu(t)e BC be a solunon of (1) We shall show that there is a- solutlon
v(t) e BC of (2), such that

| ’iifn(u(t‘).; v(t)5 0

t—so0

Consider, as a definition, that

v(t) u(t) - I ot kG, u(s))ds

It is 1mmed1ate that v(t) is a solutlon of (2). E
Using (22), (25) and Holder’s inequality, it follows that

IV(t)|.§||u||r+1§<J;TF"‘(s, lu(s))) ds)',“',-,

. Assuming sup |u(t)] =N, we have, from (26), that

0OSt<o
> S 1aq « ! & 7
‘lv(t)~|§||u||+3(f F"(s,N)ds) €@ et
0 ¢

From (23), v is continuous on 0 =t < « and consequently belongs to. BC. Since
both solutions are now bounded, the final part of the proof is similar to what was
done in 3.

Call LL,(D) the set of all measurable functions a on a set D such that the
seminorms J' |a(t)| dt are finite, for every compact subset X of D.
z

Consider now equations (4) and (5). In this situation we can define a resolvent

* R(t, s), associated to A(¢) and to B(¢z,s), as the solution of the initial value
problem.

R (. )=AO RE,5)+ [ Bl 1) R, 5) d
' o (36)
R(S,S)=I, 0=s=t

¥ R < & v oo ! o . i

where I is the identy n X n matrix, For s >t =0, define R(t, s) = =0.IfAeLL, (R")
andBeLL {(R* X R"), where R* =[0, 00) it is easy to see from the equatlon below

R(t, s) I+J’ [A(u)+j B(a u) do] R(u, s)du |

which is the equivalent to (36), that R(z, s) exists and is continuous on (t, s)",'for
0=s=t and (36) holds almost everywhere for 0=s =¢. Moreover, under several
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hypothesis, including those from Theorem 3 below, (4) is equivalent to Volterra’s
equation,

x()=y(t) + L "R, ) (Gx) (5) ds 37)
where y(t) is the solution of (5) given by
y(6)=R(t, 0)x, + f 'R, 5) F(s) ds (38)

The perturbation G is a continuous mapping from BC to LL,(R *) such that
I(Gy) (I=FG@, |lyl), (0=st<w) (39)

where F(¢, u) is a continuous function of (¢, ©), for 0=¢< o and u =0, nondec-
reasing with respect to u, with F(t,k)Z=0,and F(¢,k)eL,(0, x),for every k =0,

where —1-+ : =1.
P q

The use of (37) in place of (8) and (39) instead of (25) makes it possible to
proof the Theorem below in the same manner as carried out of Theorem 3.

Theorem 3. Consider A(t)eLL,(R*) and B(t,s)eLL,(R*XR"); sup-
pose, now, that the resolvent, defined by (36) satisfies the hypothesis (22) and (24).
If the perturbation (Gx) (¢) satisfies (39) and (27) then system (4) and (5) are
asymptotically equivalent.
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. I. Introduction

Since the theory on linear systems of differential equations
x'=A(t)x

is well known and, to a certain extent, complete, many research workers on this
field have been concerned with comparing the properties of their solutions with the
ones of the derived system

y' =A@y +1(1.y)
obtained by adding a perturbation.
In this paper, in particular, we will study the solutions of a system of the type

y =A@y +f(t.y)+p(1) (n

which contains one linear term, one nonlinear and one forcing term, this last one
depending only on the independent variable ; these solutions will be compared with .
the ones of the system

x' =A(t)x +p(t) (2)

obtained from (1) by omitting the nonlinear term.

The nature of this comparison can be stated as : to determine which conditions,
besides the one of continuity, can be imposed upon the n X n matrix, A(¢), and to
the nx1 column vector, f(t,y), 0=t<o, |y|<o, so that there will be
a correspondence, @, among the solutions y(¢) of (1) and x(¢) of (2) in such a way
that if x(¢) and y(¢) are corresponding solutions, then

lim |y (£) —x(t)| =0

11—+
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Such a problem is known as “‘asymptotic equivalence between two systems of
differential equations”.

In this paper we will present a generalization of Brauer’s theorem which
appeared in [1]. This will be done by substituting the condition

[£(t), =2 ()ly| (3)
which the author uses for a perturbation £(z, y), for a more general condition
[, I =A(0) F(lyl) (4)

The generalization is achieved by using Bihari’s inequality [3] instead of
Gronwal—Bellman’s.

We shall also prove that:

a) to suppose the solutions of (2) are bounded, together with the other
assumed conditions, is enough to show that all solutions of (1) exist on [0, ) and
are bounded on this interval.

b) the reciprocal of the implication presented by Brauer is also valid and on
the whole interval [0, «), what is an extension of Brauer—Wong’s theorem [2].

c) there are functions that satisfy (4) but not (3), what will be shown by an
example.

In order to make this paper self-contained we shall state the following two
lemmas:

Lemma 1. (Brauer [1] — Lemma 1). Let us suppose «a is a positive constant
and A(¢) a continuous function, non-negative for 0=t < such that

Lwl(s) ds <o
or '
}in:/l(t)=()
Then

lime™™ f e” A(s)ds =0

Lemma 2. (Bihari, [3]). Let u(¢)=0 and f(#) Z0 be continuous functions for
Lh=t<oo,

Let ¢ >0 and F(u) be a continuous, and non-decreasing function on 0=u =
=u <o and positive for 0<u <@ =oo.

Let also

q;(u)=f %, 0=u<i, ¢>0
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Now, if

w=c+ [ f5) Flu(s)) ds )

and
[[foassva-).  wsi<a (6)

then
wosy {[ 1oaf.  wsi<e )

Note. If 7 =o and (i1) = %, the inequality (7) holds without restrictions.

Ii. A generalization of Brauer’s result [1]

Theerem. If the matrix A is constant, all the solutions of (2) are bounded on
[0, ) and f(¢,y) satisfies

[f. pI=A@ FdyD) . lyl<e (8)
where:
a) A0Z0,  A(t)eCl0, =)
and
lrl(s)ds<oo

b) F(u) is a continuous and non-decreasing function for 0=Su<o», and
positive for 0 <u <o and such that the function defined by
“ do
—=y(u), H>0, 0=su<u
AR

H
shows the property

” dv
¢(°°)=L Fo)~~

Then:

L. every solution y(¢) of (1) given by Cauchy’s condition y () = Yo, t€ [0, =),
exists and is bounded on [0, ®);

I1. the equations (1) and (2) are asymptotically equivalent, that is, to every
solution y(¢) of (1) corresponds one solution x(t) of (2) such that
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lim |y (£) - x(1)| =0 ®

and the converse is also true, that is, to every solution x(¢) of (2) corresponds one
solution y(¢) of (1) such that (9) is satisfied.

Proof. The theorem assumes that the solution of (2) are bounded on
(0=t <. Then using the fact that the general solution of (2) can be written as

x(t)=u(t)+x,(t)

where u(t) is the general solution of the system
u'=Au (10)

and x,(t) is a particular solution of (2), we have that
U(t) = X(t) —X”(t)

is bounded ; this means that all solutions of (10) are bounded on 0 =¢ < 0, which is
equivalent to say that there is a constant M >0 such that

UOI=M, |U@E-9)[=[U@) U '($)I=M (11)

for 0=s=t and where U(¢) is a fundamental matrix of (10).

1. Let y(¢) and x(¢) be solutions of (1) and (2) respectively satisfying the
initial condition y(t,) = x(t,) = Yo, to€[0, ).

From the continuity conditions we know that y(¢) exists on (¢, — &, t, + 8,) (on
[0, ta+ 6>) if £,=0). We will first show that this solution exists and is bounded on
[to, ). Using the formula of variation of constants we find

x(t) =U(t)yo+ f U U (s) p(s) ds
Y(t)=U(t)y(,+J;’ U(e) UﬁI(S)P(S)dsﬁ- (12)
+f' U@)U'(s) f(s, y(s))ds . teftn, ta+0,)

where U(¢), with U(z,) =E is the fundamental matrix of (10).
As a result of the hypothesis assumed above, we have,

|y(t)]§H+MJ:' A(s) F(ly(s)|) ds , te(t, to+6,) (13)
where H is a constant such that .
O =1U@ yo+ [ VO U () pG) ds|SH.  ref0, )
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because all solutions of (2) were supposed bounded.
Using (13) and taking into account that all conditions of Bihari’s lemma are
satisfied, we have LG

ey ess 2

éw""'{Mf /l'(s).('i's}, 't’e[t..,t(,+62)

since ¥ ', as inverse function of y, is non-decreasing.
..(From thg fact that .. . =

MJ ).(s)ds<°0 F%s—)—w(oo) H>0

it follows that the solutlon y(t) IS bounded on [ t(,+ 62) and can, therefore, be
extended

- From (14) it is clear that’y(¢J'can be’ extended on [t,, ) and that on this
mterval it is bounded.

- It oider to prove: that y(t) can dlso’be exterided on [0, t,) let us make the
transformation

t=th—1T
Then (1) becomes * K A o
dy(#
oty 'Y(dtl )" { AY(,tu T) f(tu T, Y(t(, .—_t)) = p(t()_ T)
Now let

LI BN fEe :
y(-T)=u(@).  f6-T y(t-1)= ~g(r. u()

and
P(to T)— —P(T)
Then

du_ Au+g(r. u() +P(x) )

For equation (2) we consider x(f,— )= v(7) and find

dv ' /
o —Av+P(r) | .(2)

As a result, the solution y(¢) of (1) which exnsts on (t., 4y, ty] is just the
solution u(z) of (1¢) which ®xists oh 0=x <4,. '
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Since
v(t)=x(t,—t)=Xx(1)

exists on 0=t <, it follows that v(t) exists and is bounded on — <t =¢,.
The matrix — A has then all the roots with non-negative rezl parts.
Let G(z) be the fundamental matrix of the equation

dz

dr

such that G(0) =E, where E is the identity matrix. Then the selution #(t) satisfies
the integral equation

u(r) =G(1,')y.,+J(: G(t) G '(s) 9(s, u(s)) ds +

+f'G(r) G'(s) P(s) ds (15)

We already know that u(t) exists on [0, §,). We shall nrow prove that it also
exists on [0, 2,).
The function

G(1)y, + f :G(r) G'(s) P(s) ds

as a solution of (2') is bounded and, therefore, there is K,>0 such that
|G(r)+J G(7) G '(s)ds| =K, , Te(— o, 1)
0
We have also that for G(r) and G(z) G™'(s),
GOSN, [G() G'(s)| = |G(t —5)| =N,

0=s<t={,

Using (8) it follows that
lg(z, v)| =B(r) F(lu])

where
B(T)=A(ts—T)=0, 0t
Then from (15),

U@ISIGE) yo+ [ 6) G-'65) P(s) a5+
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+N[ ) F(lu(s)) s =

<K+ N[ B6) Flu@)) ds
But from Bihari’s lemma we have

u@isv[Beras].  velo0.0)

and consequently, since ¥ ' is monotonic

u@isv[["seras|,  rero8)
LJo .

As a result of this u(t) can be extended on [0, £,].
II. Since the solutions of (10) are bounded, the characteristic roots of A have
their real parts negative or zero. Let us suppose that A has the canonical form and

can be written as
_ A| ’ 0 )
A‘( 0. A,

where the characteristic roots of A, have negative real parts and those of A, have
zero real parts. Then the fundamental matrix U(z) of (10) is

w0=("3"" uo) @)

where U, () and U,(¢) are square blocks, U,(¢) containing all terms corresponding
to the characteristic roots of A with negative real parts and U,(¢) the ones
corresponding to the characteristic roots of A with zero real parts.

Now let us decompose the identity matrix into blocks of the same kind:
1=, +‘2 where

—=lo

and lz =

Then
U() U '(s)=U@) LU '(s)+U@) LU '(s)

Since all solutions of (10) are bounded, to every characteristic root of A with
zero real part corresponds a simple block and, consequently, there are constants
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K >0 and a >0 such that L
|U() WU '(s)|=Ke ““, 0sSs=t

(17)
[LU'(s)|=K, 0Ss<w

Applying once more the method of variation of constants, we can find
a constant vector ¢, such that, the solution y(¢) of (1) satisfies the equation

y(t)=U(t)c +J‘r‘U(t) U-'(s) p(s) ds +
+[ o LU-(s) (5. y(s)) ds - U awy

- [( v 1) s, yo) as

Note that each ‘solution of this equatlon is a solution of (1) as well From the
formula of variation of constants it is possible to see that

c=y(,+r|2u-'(s) (s, y(s)) ds

Yet

. -

|[ 16 ts. yon | sk [ ARy e

and |y(s)| is bounded, F(]y(s)}) is monotonic in |y|, therefore F(|y(s)|) is

bounded on 0=¢ <. oy -

 Andsince T

j ;1(s)ds<oo '
0t

we have that

[ “LU(S) s, y(6) ds

converges and (18) is meamngful
We shall at present establish a correspondence db between the solutions of (1)
given by (18) and those of (2) given by, :

d>(y(:)) %(0)=U(e + j uOu- *(s)p(s)ds

Thls correspo:ndence establlshes the asymptotm eqmvalence between the
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solutions of (1) and (2), because,
y(t)——x"(t)=f’ U@) LW '(s) f(s, y(s)) ds — ’
- [[uo 1u© 6. y6p as (19)

and from (17) we have

YO -2 SK[ e 46) Fly(s)l) ds +

+MK [ 4(6) Flly (o)) ds

F(|y(s)|) is bounded on 0=t < «. Then the first integral on the righ-hand side
of (19) approaches zero as t—o (Lemma 1) and the second integral also
approaches zero due to A(#) being integrable.

Then

lim|y(t)—x%()| =0

t—o

To prove that the converse also holds, we will initially show that to every
solution x(#) of (2) corresponds a solution y(¢) of (1) defined on a certain interval
[to, ), such that (9) is satisfied. From I) above we already know that such
a solution y(¢) can be extended to [0, ®).

Let us consider the Banach space B of all continuous and bounded functlons
on [t,, ®), assuming values in R", with norm

[|£ll =sup|f(2)|

=t

where ¢, will be fixed below.

Let x(¢) be a given solution of (2). Since it is ‘bounded, thcre isa constant Q
such that ||x||=g.

Consider now the closed ball .
Bp={weB [|w||§g}

For @(t) € B,, let us define the integral operator

Gy () =X+ [ VOLV'6) fs. (o) ds—

[ Vo e een s ez
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where V(¢), with V(¢,) =E, is the fundamental matrix of (2).
Since ¥(¢)=U(¢t —¢t,) and from (8), (11) and (17), we have

(GowlSe+K|[ e () Fllp(s)] ds +

to

+MKf' AG)F(le@s))ds, t=1,

or
IGe()]| =0 +KF(2@)J:' e "I (s) ds +
+ MK F(ZQ)J‘ZA(s)dsé
<o +K F(20) U A(s) ds +Mf/1(s) dsJ _
= o+ K F(2¢) max {1, M}fi(s) ds
But ”

j A(s)ds <o, thenwe can choose t,so that

- 0
=
f As) 45 = r 20y max {1, M)
Therefore,

|G(p)| =20, thatis, GB,,cB,,
where B,, is a closed and convex subset of the Banach space B.
Next we shall prove that G is continuous: let @, (f) € B,,, @(t) € B,,,
n=1,2,...so that ||@.(t) — @(¢t)|| =0, uniformly on [t,, =).
Then

Go. - Go =J:‘ V() LV7(s) [f(s., @u()) = (s, @(s))] ds —

—fV(t) LV7'(s) [f(s, @.(s)) — f(s, @(s))] ds
or, taking the norm

G~ Gl SK[ | &2 [#(s. ()~ £(5, p(s))] ds +



+fo1< (5, @0 (5)) — £(s, @(s))| ds =
<K 116, gu() ~ 15, @) ds +
+MK[ 116, (5D~ 16, (o) 5=

<K max {1, M}rlf(s, @.(5)) ~ £(s, @(s))| ds

"
|G~ Gl =K max (1. M} | 1#(s. @u(s) = £Gs, (6] ds
However
1165, @ ()~ 1G5, @(5)| S2A(5) F(20)
where
lim [£(s. ¢ ()~ (s, 9(s)| =0
and

f A(s)ds <o,

0

as assumed, we have, using Lebesgue’s theorem, that
lim || G, — Ge||=0

This proves that G is continuous on B,,. _

In order to apply Schauder—Tychonoff’s fixed point theorem it is sufficient to
prove that the GB,, functions are uniformly bounded and equicontinuous on each
closed interval contained in [¢,, ).

Since GB,, c B,,, it follows that the GB,, functions are uniformly bounded.

Let us now consider ¢, t' €[t,, ©), t<t'.

Then
Go(t) — Go(t') =x(t) — x(t') + f V(1) LV(s) £(s, p(s)) ds —

—wa(t) LV~'(s) f(s, @(s)) ds —f"V(t’) LV~ '(s) f(s, @(s)) ds +
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+j‘mV(t’) LV~'(s) f(s, @(s)) ds =
=x(t)—i(t")+f [V(£) = V()] L V- (s) £(s, @(s)) ds —
-| V) V) 1G5, () ds = [ VO LV (5) 1G5, 9(5)) ds -

=[O v o) 6. o) ds
Therefore
|G ()~ G (1) = x(t) — x(2)| +

+ [ L V() LV () = V(') WV ()] AGs) F(ll) ds +

0

+K[ 16) Fllp(o))) ds + MK [ 45) F(@(s)) as +
K[ VOV A6) Fllo)) ds =
= x(0) = x(@)]+ F20) [ V@ LV-16) V() V1) 25) s +
+(L+MKFQ0) [ 4(5) ds + KF(20) [ 46) VO~V s

Since x(t), V() LV~'(s), V(¢) and f A(s) ds are continuous, it follows that

Go(t) are equicontinuous on every closed interval contained in [¢,, ®).

This implies that G has at least one fixed point in B,,, that is, there exists
‘a yeB,, such that Gy=y."
" From tHe definition of the operator G, we have:

R ITORS 101

[ vorv-e 16, vy ds| +

+ j V() V() (s, y (s) ds' <
éKF(ZQ)j' e ") (s)ds + MK F(ZQ)le(s) ds

From Lemma 1 and due to the fact that A(?) is integrale, we have that
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(]

lim |y (¢)— x(t)| =0

(-

Note 1. Condition (8) fogéthér with

()= fF(v) . H>0

assures that every solution y(¢) of (1) exists and is bounded on [0, ) ; however, if
this last condition is not satisfied it might happen that not every solution exists on
[0, »), and yet, if it exists, it might not be bounded.

To show this fact let us consider the following example: the solutions of

§ S yfz'tlzy'z, =1

U A
are y=0.and y =1
ENER e @

It is evident that not every solutlon exnsts on [1, »).

In this example,
e . A G wr dp -
g ol s : _F((p)—(p, and. L q)2<°°
- Note 2. The function L .
L fey=A@myViny,  1<y<w
satisfies condition (8) of our theorém, but does not satisfy: the condition

e, I=A() Iyl

from Brauer’s theorem [1].

In fact

F(u)= uVln I<u<w

is a continuous, positive and non- decreasmg flll'lCthI‘l Also,

[ ‘ln _Vi-2VinE

where H>1, 1<u<ua and

J’ = dv o A ' o
w vVinv L
On the other hand - fa f o e gnh
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ft,y)=A@)yViny

does not satisfy the condition of Brauer’s theorem [1], since the inequality

If (2, )| =A(t) ly| Vin y=i(r) y|

where
J' A(t)dt<w, and 1<y <o
0

does not hold true.

Note 3. Let us now consider in two planes X and Y, the set of all initial values
of the asymptotically equivalent solutions of (1) and (2) respectively, for t=#¢,.
From that it is possible to define the asymptotic equivalence among these initial
values in the following way: ‘“the initial values, x, of X and y, of Y are
asymptotically equivalent if there is a solution x(¢) of (2) with initial value
X, =X(t,), and a solution y(¢) of (1) with initial value y, =y (%), such that x(¢) and
y(t) are asymptotically equivalent”.

From this definition the result of our theorem may be stated as follows:
“There is asymptotic equivalence between the planes X and Y, ¢,=0, that is, to
every initial value x, of X corresponds an initial value y, of Y such that x, and y,
are asymptotically equivalent”.

In general, when we have asymptotic equivalence in the restricted sense, that
is, when relation (9) is satisfied only among finite subsets of solutions of (1) and
(2), it should be interesting to study the properties of the subsets of the
asymptotically equivalent initial values with respect to their power, convexity, if
they are open or closed, bounded or not, and so on.
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1. Consider the non-linear system
x=Ax+f(t,x) - (1

where x is an n-dimensional vector, A an n < n matrix, f(¢, x) an n-dimensional
vector function continuous in (¢, x) for =0, and |x| <, | | being any convenient
vector norm.

Many papers are devoted to the asymptotic equivalence between the solutions
of (1) and those of the linear system _ .
y =Ay : (2)

as for instance Weyl [13], Levinson [6] [7] Wintner [14] [15], Jakubovic [5], Brauer
[1] [2], Strauss and Yorke [11], Brauer and Wong [3] [4], Onuchic [8]—[10], Svec
[12]. We have based our ideas on Svec [12], where he proved the asymptotic
equivalence between (1) and (2) under certain conditions concerning the matrix A
and the non linear term f(z, x). He started with an asymptotic equivalence result
between the systems

x=A@)x+1(t) » (1)
y=A()y _ , (2"

A(?) being n < n matrix function continuous on [0, ), f(¢) a continous function on
[0, ).
In most of the papers, the conditions on f(¢) used by the authors are of type

Jm|f(t)|dt<oo oF < i B

limf(£)=0 or o t ¢ . L@

00
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t+ 1

lim [ f(1)=0 (5)

We observe that condition (3) as well as condition (4) implies (5) but condition (5)
does not imply (3) nor (4).

In this paper we will introduce a new condition still more general than (5) and
will prove the asymptotic behavior of all bounded solutions of (1) when the
eigenvalues of A have negative real parts, requiring that (¢, x) obeys a condition of
the form

(e, )| =F (2, |x|) (6)
for each te[0, ©) and |x| <.
The case when (6) and J' F(t, ¢) < are fullfilled is included in Theorem 1 of

Brauer and Wong [4]. Our theorem generalizes not only this case but also the case

t+1

when lirEF(t, ¢)=0 and limj F(t, c)=0.

2. Without loss of generality we can suppose that A has the Jordan form.

Let u,<u,<...<y,=—a, a>0, be the distinct real parts of eigenvalues
A:(A) of A and let m; be the maximum order of those blocks in A which correspond
to eigenvalues with real parts y;. So

Re 4;(A)= —a =max Re 4;(A) ; denote m*=m, .
i
If Y(z), Y(0)=E is the fundamental matrix of (2) then
[Y()|Sae™ X, () SKe™™, =0 (7)

! t=1

1 o=r=1 and 0<f<a.

where X, ()= {

Let us prove (7). Let —a < —f<0.

Since lim e——é)f':.—,'(t—) =0 and the function

t—>a

e “X,.-(2)

—pi
e ™

is continuous on [0, %) it is also bounded [0, ). Therefore, there exists K >0 such
that

e *X,.(1)

<<
e__ﬁ, =K

fol all ¢ € [0, ) and (7) follows.

The following Lemma 1. has been used in many of the papers we refered and
will be helpful in the proof of Lemma 2.

Lemma 1. Let o be a positive constant and let g(x)=0 be continuous on
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()=t < and such that either
a) f g(t)dt<e> or

b) limg(t)=0 or

r+1

c) lim g(t)de=0
Then

lim e""j e” g(s)ds=0
—x 0

Proof. If a) or b) is satisfied see Brauer [2]; if c) is satisfied see Strauss and
Yorke {11].

Our Lemma 2 generalizes Lemma 1 and will be used in the proof of our
Theorem 1.

Lemma 2. Let y(¢)=0 be a continuous function on [0, <), {G,(t)} a
sequence of continuous functions on [0, «) such that

Gi(t)=J’ G,.\(s)ds , i=1,2,... (8)
where G,(t)=y(t). Let k be the first natural number such that
G (t)—>0 as t—o» 9)
and ¢ a positive constant.
Then
lim e"”f e”y(s)ds =0 (10)

Proof. If k=1, by Lemma 1

lim e""’f e”Gi(s)ds =0

t—00

Let k> 1. Using Lemma 3.4 and Lemma 3.5 of Strauss and Yorke [11] we get

r

J' G.i(s)ds= Gi(s)ds (11)

to—1
forall r=¢,=1,i=1,2,....
and
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t

f e”G.(s)ds=| e “*VG(s)ds (12)

g1

for all 0>0, t=¢,21,i=1,2, ....
Then, we will have using (12)

t
e~mj em i—](s)ds=e_mf
0 (V]
t

!
ée""f e”Gi_i(s) ds +e’ e“"j e”Gi(s) ds

e”G,_,(s) ds +e‘”’J’I‘ e”Gi_y(s)ds =
(13)

fori=1,2,....t=1.

The first term in the last expression obviously tends to zero for i=1, 2, ...
while the second tends to zero for i =k (by Lemma 1). So, for i = k in (13) we get

lim e“”f e”Gi-(s)ds =0
0

t—%

Then from (13) successively we get

lime“"J e“G,_\(s)ds =0 fori=k—1, k=2, ..., 1

t—oo

3. Theorem 1. Let
t+1
G,-(t,c)=J' G._(s,c)ds, i=12,...

be continuous functions on [0, ) for all ¢ =0 where G,(t, c)=F(¢, ¢) and F(¢, u)
is continuous in =0, u =0 and nondecreasing in u, for u =0. Suppose that there
exists a natural number k such that

Gi(t,c)>0ast—xforallc=0 (11)

Suppose that in (1), f(z, x) satisfies
|[f(t, x)| = F(t, |x]) (6)

for each ¢ € [0, ) and |X|<oo and that the eigenvalues of A have negative real
parts. Then
- a) There exists at least. one bounded solution of (1) defined on

[to, @), t,=0.

b) Each bounded solution of (1) has the property: !irg x(t)=0. ‘

Proof. a) Let Y(¢), Y(0) =E be the fundamental matrix of (2). Then using the
variation of constants we get
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x(£)=Y(t — to)Xo+ f Y(e—5) F(s. X(s)) ds . 1>, X(t;)=Xo

We will prove that this integral equation and consequently (1) has at least one
bounded solution.
Let -

Si={@eClt. im@()=0;  [|@l= sup [P}

Then it is obvious that S, is a Banach space.
Define on S, the operator .

TP =Y(t —t))xy+ J" Y(t—s5) f(s, @(s)) ds

and consider the subset S,, where -
Soe ={PeSi|||P||=Z0 , 20>K|x|}
We claim: '

1 TSQO c SQQ
For using (7), (6) and the monotomclty of F we have for @ € S,

IT0|S VG- )] bl + [+ [¥(e=9)] [£(s, @(5))] ds'=

fo
t
=K |x| e“’“"u’+KI e P"IF(s, o) ds
1 T . to

Now using the fact that >0 and Lemma 2, we can choose ¢, such that for
t =1, this expression becomes =g and therefore

ITell=e

2. T is continuous on S,.
Let be ®,, P €S,, || P, — @||—0 as n— . Then P,(t)— P(t) uniformly on
the mterva'!' [to, cn) For TP, — T® we have

IT‘P T‘d’+<f IY(l—S)I If(s ‘P(S)) 1(s, ‘1’(5))|d~*f<

. ;Kj;;-,f"-é (s, @,(s) —F(s, D) ds, 12ty

Using ¢he continuity of f(¢, x) and the uniform convergence of @,()— @ (¢)
on [z, ®) we have that ngen :;>0 there exists an integer n.,(e) such that for
n= n(.(e) '

i Lise
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|f(s, @.(s))—f(s, d>(s))|<£‘ Vs e[t,, ®)

Then
K[ e Df(s, B,(s)) — (5. D(s))| dsgxef P dsé%,
n=Zn(g)
Therefore
T, - mug%ﬁ . szl

and this proves the continuity of T on S,.

3. TS,, are equicontinuous on every interval (¢, #,]:
Let t<t', t, t' €[t,, t,], then
TO(t')— TP ()= (Y(t' —to) = Y(t — t.))x0+

+J” (Y(t' =s)=Y(t—35))f(s, P(s))ds +

+[ Y@= 16, 06 a5

Then
|TD(¢") - Tdb(t)l =Y —t) = Y —t,)| | x| +

+ﬁ [Y(t' —s)—Y(t —s)| |F(s, 0)] ds +

+['|Y(t' —s)| |F(s. 0)] ds

This last expression does not depend on @ and the continuity of Y(¢) and the
continuity of the integral assure the equicontinuity of the functions of TS,,.
Now, from the fact that TS,, =S, it follows that the functions of T5S,, are

uniformly bounded.

The conditions for using Schauder’s fixed point theorem are so satisfied.
Consequently the operator T has a fixed @ on S,,, i. €. TOTP = & which means

that @(¢) is a bounded and defined solution of (1) on [t,, =), and lim &(t)=0.

b) Suppose now x(t), x(¢,) = X,, is a bounded solution of (1), i.e., there exists
M such that |x(#)] =M, t=¢,. Then this solution satisfies the integral equation
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x(1)=Y(t “tu)xu+fl Y(t—s) f(s, x(s)) ds , t=t,

and conversely, each solution x(¢) of this integral equation is a solution of (1)
satisfying the condition x(t,) = X. .
Then

@IS Y@= Il + [ I¥G=3)] 16, X)) ds =

=K e»ﬁ(l—'.,)‘x“I +Kf e"ﬁ""”F(S. M) ds

Since B8 > 0, the first term in this last expression tends to zero and by Lemma 2,
also the second. Therefore, x(t)—( as t— o and this completes the proof.

As a consequence of theorem 1 we can state the following

Corollary. Let {G,.(¢)} be as in Lemma 2 where G,(t) =f(t) ; suppose there
exists a natural number k such that

Gi(t)—>0 as t—>x
and A is as in Theorem 1. Then all solutions of the equation
x=Ax +1(¢)

converge to zero as ¢ —» oo.

The theorem says that for each solution x(¢) of (1) defined on [¢,, ) either it is
unbounded or if it is bounded, has limit zero as t— .

So, there exists an asymptotic equivalence between the set of all bounded
solutions of (1) and the set of all solutions of (2) since Re 4;(A)<0.
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SUHRN
o ASYMP’TOTICKOM CHOVANI SA PERTURBOVANEHO SYSTEMU
M. G. Cerqueira, Brazilia

V prici si uvedené podmienky, ktoré zarucujia existenciu ohrani¢enych rieseni dxferencnalneho
systému X = Ax+f(t x), =0 a ich konvergenciu k nule. ;

PE3IOME

OB ACUMIITOTUYECKOM I[MOBEJEHUH BO3MYIHEHHOM
JIMHEVTHON CUCTEMBI

M.I". Cepkeiipa, Bpazunns

B paGoTe npHBEAEHBI YCNOBHS, KOTOPbIE 06ECNIEYHBAIOT CYLUECTBOBAHKE OTPaHMYEHHBIX . pe-
IeHHH cHcTeMbl nddepeHIHANbHBIX yPaBHEHHMA

X=Ax+1(,X). 1=0

" W CTpeMJEHHe MX K HyJIO NpH {— + .
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EXTENSION OF MEASURES
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Let X be a set and R a ring of subsets of X. If u is a positive measure on R,
then u can be extended to the outer measure u* on the hereditary o-ring H
generated by R. Also, the restriction of u* to the o-ring Ju(R) of the u*-measur-
able sets of H is a complete measure [2, p. 47].

Now we define a class P(s{) which plays a central role in the development.

Definition. If X is a space and s a nonvoid class of subsets of X, then P(s4)
is the class of the sets E = X such that E — A € A for every A e d (A#0).

The following properties of P(s4) are evident.

1. If A—Bed for every A, BedA, then A< P(A).

2. If E e P(sA) is disjoint from some set A € 4, then Ee .

Let u be an extended nonnegative real valued set function defined on the class
o of subsets of X such that # € & and u(@) = 0. Then we introduce the following

Definition. We define the d-variation i of u on P(sd) by the equality

fi(E)=sup u(E—A)

supremum being taken for AcE, Aed, and A#0 if E€HA.

Also if there is no Aesd, A¥P, AcE, EEd, then i(E)=0.

The following properties of @ follow immediately from the above definition:

1. G(A)=u(A) for every A e, if p is monotone ;

2. 0Sp(E)==;

3.4(0)=0;

4. p(E)=u(F) if EcF and @ is monotone.

In what follows when we consider a ring 4, we mean o # {®@}.

Here we show that if o is a ring and 4 a measure on #, then u* can be
extended from the o-ring J,(s4) of u*-measurable sets of the hereditary o-ring
generated by o to a complete measure fi* on the o-ring P(J,(A)). Thus a measure
K on a ring A is extended to a complete measure fi* on the o-ring P(J,(A)) which
contains J,(A). Also we extend u on s to a measure i on the o-ring P(s)
containing A and then obtain the complete measure ji* on the o-ring J;(P(s4)) of
the ji*-measurable sets of the hereditary o-ring generated by P(s4).
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Theorem 1. If & is a ring (o-ring), then P(A) is a ring (o-ring) containing
A.

Proof. Let of be aringand E, FeP(sf). Then E — A e/, F— A e for every
E,Fed and d#@.Now (EUF)—A = (E-A)uU(F-A)ed.So EUFeP(HA).

Also (E-F)—A=E—-(FUA)=E-[(F-A)UA]e .

So E —FeP(s). Hence P(A) is a ring.

Next, let # be a o-ring and E,, E,, ...€ P(A). Then E, — A €A for every
Aedand A#0,i=1,2,.... Now (E,UE,u...)—A = (E,—A)uU (E,-A) U
U...EA.

So I:JE(eP(d). Hence P(#) is a o-ring.
i=1

That P(sd) contains o follows from property 1 of the class P(s{).

This completes the proof.

Example. Let = {0, A}. The smallest ring containing #4 is R = {@, A}. But
P(sd) contains @, A and all subsets of A. Thus P(s4) is not necessarily equal to the
smallest ring containing .

Theorem 2. Let A be closed under finite unions. If ¢ is countably additive
on #, then fi is countably additive on P(sA).

Proof. That @ is superadditive may be shown as in [1, p. 34].

On the other hand, let E,, E,, ... be disjoint sets of P(sf) and E=JE,,
n=1

where E € P(A).
Then for Aesd, AcE and A+ @ if E€A, we have u(E—A)

Hence

Consequently

W(E)=3 A(E.)

n=1
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This completes the proof.

Now from the properties of & and from the above two theorems we obtain the
foilowing

Theorem 3. If u is a measure on a ring (o-ring) &, then  is a-'measure on
the ring (o-ring) P(s4) which extends p.

We denote by ji* the d-variation of the restriction of u* to the o-ring J,(A).
For the remaining part we suppose that u is a measure on a ring & of subsets of X.

Theorem 4. The d-variation ji* of the restriction of u* to the o-ring J,(A)
is a complete measure on the o-ring P(J,(4)) which extends u.

Prooi. That g* is a measure on P(J,(#4)) and that g* extends u follow from
Theorem 3.

Let EeP(J,(A)), i*(E)=0 and FcE.' If A €J,(d4), then E—A e€J,(A),
A#P. Also u*(E—A)=0, since 0=u*(E—A) = u*(E)=0. Again F-Ac
cE—A sothat u*(F—A) = u*(E — A). Hence u*(F — A) =0 and consequently
F—Ael,(4). Therefore FeP(J,(4)). Thus g* is a compiete measure on
P(J.(s4)).

This completes the proof.

Now we extend u from the ring A to the ring P(s4). We denote by i* the outer
measure on the hereditary o-ring generated by P(s4) induced by & on P(s4). Here
we denote the o-ring of the @*-measurable sets by J;(P(4)). '

Theorem 5. The restriction of f* to the o-ring J,(P(s)) is a complete
measure which extends g.

This theorem follows from Theorem C of [2, p. 47].

Lastly, the author expresses his gratitude to Dr. K. C. Ray of the University of Kalyani for his help in the
preparation of the paper. The author is also thankful to the referee, Prof. T. Saldt for his suggestions.
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SUHRN

ROZSIRENIE MIERY

M. Pal, India

Nech P(s4) je systém vsetkych podmnoZin E priestoru X pre ktoré plati implikdcia
' Aed, A+OP>E-Aed .

Préca sa zaober4 vlastnostami systému P(s4) a otdzkami roziirenia na P(sf) miery definovanej na

(s0)

PE3IOME

IMPONOJIXEHHUE MEPBI

M. [1an, Uugns

Ilycrs P(sf) cucrema Bcex nopmHoXecT8 E mnpocrpactBa X Ansl KOTOPBIX CNPABENHBO:
Aed, A+ DP>E—-Aed.

B paGore u3yuatorcs cBoicTBa cucTeMbl P(sf) n Bompoc mpoponxenns Ha P(sf) mepsl, on-
penencHHoM Ha . -
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V tejto praci budeme hovorit o asymptotickych a oscilatorickych vlastnostiach
rieSeni diferencidlnej rovnice 3. radu tvaru

Y+ PGy + )y’ +r(eR(y)=f(x) )

a rovnice 4. radu tvaru

YO+q@)y +r@h()=fx) @

kde p(x), q(x), r(x), f(x) a h(y) su spojité funkcie pre kazdé x € (x,, ®) a
y € (— 0, ), priom x,€ (— %, ©),
.. Uvedieme vysledky, ktoré si doplnenim a do istej miery zovieobecnenim
niektorych vysledkov uvedenych v pracach [1] az [6].
Budeme hovorit o rieeniach y(x) rovnice (1), resp. (2) ktoré existuji na
intervale (xo, ©).
UvaZujme najprv 0 rovnici (1), kde f(x)=0, t. j. o rovnici tvaru

y"’+p(X)Y”-+¢I(x)y +r(x)h(y)=0 )
pri¢om nech pre kazdé y e (— , ©) sa sgn h(y)=sgn y. Plati: B
Veta 1. Nech je p(x)eC'(xo, ®), h(y)e C*(—, ®) a nech pre kazdc
x € (xo, ®©) a ye(—oo0, ) plati:
p(x)= 0,p'(x)=0, 2p'(x)=2q(x)=p'(x), r(x)=0
h'(y)Z0, h(y)h''(y)-2h"*(y)=0

pricom p*(x)+r*(x)=0 nech neplati na Ziadnom ¢&iastoénom intervale intervalu
(X0, ).
Ak pre TubovoIné kladné kon§tzi_nty A aBje

"1:"124(1‘?_*3#j—f:fR(;)d;)‘:‘_?, St g



kde R(x)= f r(¢) dt, potom rieSenie y(x) rovnice (3) je oscilatorické alebo

lirgy(x) =limy’(x)=0.

Dokaz. Nech je y(x) rieSenie rovnice (3) a nech nie je oscilatorické. Potom
existuje také Cislo x, =x,, Ze pre kazdé x =x, je y(x)+# 0. Nech je napr. y(x)>0.
Potom z rovnice (3) po deleni funkciou A(y) a integrovani od x, do x=x,
dostavame :

) i 2@ Y@
o3, B 0)=2h70) Yl ar+ px) S+

+[ @o-ro FBusk-[ row,

z ¢oho po integrovani od x;, do x =x, vyplyva

Y= ] =0 tom o)-2m20) B ar+

r(y(x)) 2 h*(y)
y'@) '@ 4 <
[ r0fRas [ c-n@o-proGas

=K, +Kyx —f R(z) dt

Z posledného vztahu vzhladom na predpoklady vety vyplyva, Ze neexistuje
také Cislo x,=x,, aby pre kazdé x =x, bolo y'(x)=0. Preto plati:

1. y'(x)=0 pre kazdé x=x,=x,, alebo

2. pre kazdé x,=x, existuje také x =x,, ze je y'(x)>0 a také x=x,, Ze
y'(x)<0.

Dokazeme, Ze 2. pripad nenastane. Predpokladajme, Ze 2. pripad nastane,
existuju také Cisla &, a &,, ze y'(§,) = y'(E;)=0a y'(x) <0 pre kazdé x € (§,, &,),
pricom &, =x,. Po vynasobeni rovnice (3) funkciou y’(x) a integrovani od &, do &,
dostdvame

g &, 1
-[yroa [ @@= 0@y o a
& &1

&
+J’ r(h(y)y'(t)dt=0
&

o je spor s predpokladom. Bude teda y'(x)=0 pre kazdé x =x,=x,.

Teraz dokazeme, Ze existuje také Cislo x;=x,, Ze pre kaidé x =x, bude
y"(x)>0. Je zrejmé, Ze neexistuje x; = x, tak, aby pre kazdé x =Zx, bolo y”"(x)=0.
Totiz pre tieto x je y'(x)=0 o je spor s predpokladom y(x)>0. Nech teda
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neexistuje také ¢islo x;=x,, Ze pre kazdé x Zx, je y'’'(x)>0. Potom existuju Cisla
E ag,zey' (&) = y'(E)=0ay" (x)>0 pre kazdé x € (§,, &,), kde § 2x,. Z
rovnice (3) vyplyva

g, &
L p()y""(¢) de + j; a0y @)y" (1) de +

&,
+f F(OR()y"(6) dt =0

&1

¢o je opit spor. Bude preto existovat také x,=x,, Ze pre kazdé x =x, bude
y''(x)>0.

Zistili sme, Ze ak je y(x)>0 pre kazdé x =x,=x,, potom existuje také Cislo
X3=x,, Zze je pre kazdé x =x; y'(x)=0 a y''(x)>0. Pre y(x) potom plati:

limy(x)=L=0

Dokazeme, ze L =0. Nech je L >0.
Z rovnice (3) dostdvame pre kazdé x Zx,:
y'"(x)= —r(x)h(y)
ize
Y=y ) —hW) | 1) de

z ¢oho vzhladom na predpoklad (4) dostaneme

lim y''(x)=—o atedaaj limy'(x)=1lim y(x)=—o

€o je spor. Preto L =0 a tiez lim y'(x)=0.

Ak predpokladame, Ze je y(x) <O pre kazdé x Zx, =x,, podobne dokdzeme,
Zze bude y'(x)=0 a y''(x) <0, z ¢oho opit vyplyva tvrdenie vety.

Vo vete 1 na funkciu A(y) sa kladu dost silné predpoklady. Da sa dokazat, Ze
plati: .

‘Veta 2. Nech si splnené predpoklady vety 1, pricom namiesto predpokladov
o funkcii A(y) nech pre kazdé y e (— o, ©) a y#0 plati

——h(Y)és>0
y

kde £ je kladné Cislo. Potom rieSenie y(x) rovnice (3) je oscilatorické alebo

lim y(x)=limy’(x)=0.
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Dokaz. Nech ]G y(x)>0 pre kazdé X ZXx:Zx, Po vynasobem rovniee (3)

1
funkciou — a integrovani od x, do x >x. dostavame :

y(x)
y'@) [Ty A ple) L2 ),

ECRN0 o
()4, <
+[ @o-pan L arsks j o

z ¢oho po integrovani od x,-do x =x, vyplyva. I

yx) _ 270 e y'(®)
.y(x) f( t) 3(t)dta-f‘-(x Hp() (t) dt+'

j (x—1)(q(t)—p (t))y((t)) dt<K*+K:’;x—£J R(¢) dt
Podobne ako v dokaze vety 1 sa ukaze, Ze existuje také Cislo x, zx., Ze pre
kazdé x =x, plati: y'(x)=0, y"(x)>0 Z rovnice (3) potom vyplyva
y"x)= —Ey(X)r(X)< —eLr(x)

kde L =limy(x). Ak L >0, dostaneme z poslednej nerovnosti spor. Bude teda

limy(x)=0 a tiez limy'(x)=0.
Ak predpokladame, Ze je y(x) <0 pre kazdé x =x, =x,, potom sa.dokdze, Ze
hm ny(x)= hm ny'(x)=0 analoglcky ako v dokaze vety 1.

Predpoklada]me v dalsom Ze v rovnici (1) je p(x)—() t. j. nech je dana
rovnica

y”’+q(x)y’+r(:xl)h_('y)=f,(x)' e

per

Platl - £

. Lemma. Nech Je q(x)eC (x‘,, 00) a nech pre kazde % € (x.o, 90) platl'
q(X)>0 q (x)+|f(JC)|<O r(X)>0 _

Ak y(x) Je rieSenie mvmce (5) pre ktoré plau TR I T T

Fi(x0) + 3 lﬂf)l dt=0 ' (6)

X0

kde Fi(x) = y(x)y""(x) =5 Y”(X) +5 _ q(X)y*(®), potom nuloveé bédy )’(x) ay (x)

: Y

sa oddeluji. AR
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Déokaz. Pozri [5].
Veta 3. Nech si splnené predpoklady lemmy a predpoklad (4) vety 1 a nech
naviac je pre kazdé x € (x,, ®) a ye(—», ®), y#0

f(x)=0 a fl—g}—y—)is >0

potom rieSenie y(x) rovnice (5), pre ktoré plati (6) je oscilatorické alebo:

1. limy(x)=0 ak y(x)>0,

2. llmsupy(x) 0 ak y(x)<O0.

Dékaz. Nech si splnené predpoklady vety a nech y(x) je rieSenie rovnice (5),
pre ktoré plati vztah (6) a nech nie je oscilatorické. Potom _]C y(x)>0 alebo
y(x)<O0 pre kazdé x=x, =x,.

1. Nech je y(x)>0 pre kazdé x Zx,Zx,. Z rovnice (5) dostdvame

Y@,y @) ho) , f)
yo) TI Y = T 6 T ye)

teda

y'“(x) y' ()
yo) TIW Y=

Ak dvakrat integrujeme od x, do x =x,, dostavame

) e A0) PR A () N
5) j( t) 3(t)dt+f q() (x—1t)* (t)dt

—er(x)v

z ¢oho vzhladom na predpoklad (4) vypl)’zva, #e nemoZe existovat také éiélo'xz ék..
Ze pre kazdé x =x, bude y'(x)=0. Bude preto: : Ceee

1. Y (x)<0 pre kazdé x>x22x. alebo

y (x)<0 .
Je zrejmé, Ze vzhladom na lemu 2. pripad nenastane Teda pre kazde X=X,

je y'(x)=0. Nech je hmy(x) L >0. Z rovnice (5) vyplyva
y"(x)+qx)yx)= y"(xz)+q(xz)y(xz)+ S
[ aeyoas[ foa- j rohpYdr e
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teda

y”(x)§K4—-£Lf r(t) dt

z ¢oho vyplyva, Ze limy"’(x) = — 0, teda pre dostatocne velké y bude y(x)<0, ¢o

je spor s predpokladom, teda limy(x)=0.

2. Nech je y(x)<O0 pre kazdé x =x,Zx,.
Z rovnice (5) vyplyva

f(x)

L;(,;?)—)+q(x)'yL((x%)é—£r(x)+ gt @)

Nech je lim sup y(x)=L <0. Potom existuje také &islo x,=x,, Ze pre kazdé

x Zx, bude y(x)§%=L, <0, teda |y(x)|=|L,|. Zo vztahu (7) pre kazdé x x, je
teda

y'(x) )l

Y5 4 () Loy

y(x)
z Coho podobne ako v 1. pripade dokdzeme, ze bude pre kazdé x=x;=x,
y'(x)Z0. Z rovnice (5) potom dostavame

x

Y Z Y () + q(e)y () + j " f(e)de—eL, f r(r) dr

x3
z ¢oho vyplyva, Ze limy''(x)= +c, a teda aj limy(x)= +, ¢o je spor

s predpokladom. Musi teda byt lim sup y(x)=L =0.

Tym je veta dokdzana.

Je zrejmé, Ze plati:

Veta 4. Nech st splnené predpoklady vety 3, pricom namiesto predpokladu
f(x)=0 nech je f(x)=0. Potom rieSenie y(x) rovnice (5), pre ktoré plati (6) je
oscilatorické alebo:

1. lirginfy(x)=0 ak y(x)>0,

2. lim y(x)=0 ak y(x)<O.

Teda plati nasledujica veta:
Veta 5. Ak si splnené predpoklady vety 4, pricom je f(x)=0, potom
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rieSenie y(x) rovnice (5), pre ktoré plati (6) je oscilatorické alebo limy(x)=0.

Doteraz sme predpokladali, Ze pre rovnicu (1) je r(x)=0 a sgn h(y)=sgn y.
V dalsej Casti prace predpokladame, zZe pre kazdé x € (x,, ©) a y € (—®, ®) je
sgnr(x)=sgn h(y)y pre rovnicu (1), resp. (2). Pritom sgna=1 ak a=0 a
sgna = —1 ak a <0. Potom plati:

Veta 6. Nech pre kazdé x € (x,, ®) a y e(— o, ®) je

q(x)=0,  q'(X)+|f(x)]=0
Ak je

[fawai=+e ®)

potom rieSenie y(x) rovnice (5), pre ktoré plati (6) je oscilatorické alebo
limy(x)=0.

Déokaz. Nech je y(x) rieSenie rovnice (5), ktoré spliia (6) a nech nie je
oscilatorické. Potom existuje také x, = x,, Ze pre kazdé x Zx, je y(x)+# 0. Ndsobme
rovnicu (5) funkciou y(x) a integrujme od x, do x Zx,. Vzhladom na predpoklady
vety dostaneme

Y @)~ 3y +3 4 ) S +3 | If@)] dr

X0

teda

YY) =y =y (y () -3 ¥ 0)S —5 40V )

z ¢oho pre kazdé x =x, vyplyva
y"(x)y(x)—y”(X)=g_[y'(x)
yi(x) dx [ y(x)
Integrovanim od x, do x =x, dostdvame
’ x ’ x 1 x
<54 o

Vzhladom na predpoklad (8) z toho vyplyva, Ze pre kazdé x =x,=x, je
y(x)y'(x)<0. Nech je y(x)>0. Potom je y'(x) <O pre kazdé x Zx,, CiZe existuje

|=-30

!i_{rﬂloy(x)=L§0. Nech je L >0. Potom je pre kazdé x Zx,

Y@ _y @) _y'x) 1"
L <y =y@x) 2), 1%
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tedg limy’(x) = — =, ¢o je spor s predpokladom, Ze y(x)>0 pre kazdé x =x,.
Ak je y(x)<0 pre kazdé x =x1, potom zo vztahu (9) vypl)’/va Ze y'(x)>0pre
kazde X >x2 Zx. a teda ex1stu1e hm y(x) L=0. Analogicky ako v prvom pnpade"'

" sa ukazc Ze L=0. _
Veta 7. Ak st splnené predpoklady vety 6 potom kazde rie§enie y(x)
rovnice (2), pre ktoré plati

Fz(k(,)+%xw|f(t)|dt§0 | ~(0)

kde Fz(x)=y'”(x)y(x)—y’(x)y”(x)+%q(x)y2(x), je oscilatorické.

Dokaz. Nech je y(x) TubovoIné rieSenie rovnice (2), pre ktoré plati (10)
a nech nie je oscilatorické. Potom existuje takeé islo x, =x,, ze y(x)#0 pre kazde
x =x,. Plati: :

ree ) u{ r L1 : 3
Y@y ) =y )y () +5 q(x)yi(x)=
: X !1 . . T
§F2(x(,)+z If(6)] dt
teda pre kazdé x =x, je

)=

z ¢oho po integrovani od x, do x Zx, dostavame

Y@y ey L[
¥ =yt T2l i

Teda existuje také x,=x,. Ze pre kazdé x Zx, j¢ y'’(x)y(x)<0. Nech je
y(x)>0. Potom je y'’(x) <0 a mdZu nastat dva pripady:
1. y'(x)>0 pre kazdé x =x,,
-,2. existuje také Cislo &, Ze je y'(&)<O.
Je zrejmé, Ze ak nastane 2. pripad, potom existuje také &islo xs, Ze y(x;) =0, ¢o
je spor s predpokladqm Nech je teda y (x) >0 pre kazdé x >x2 Potom pre kazdé
xXZx, platx L o

Ve

"<x><y~<x>< @) L |
y(x) T y(x) T y(x)  2J., q@ar

potom vzhladom na pr'ed'p'o'klad (8)vplat:i, Ze. lim y"’(‘x) = —oo, ¢o je spor
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s predpokladom, Ze y(x)>0 pre kazdé¢ x =x,.. .

Podobne sa dokaze, Ze y(x)<0 neplatl pre x >x.

.- Tym je veta dokazana. :

Poznamka. Ak je r(x)=0 a h(y) y, potom vety 6a 7 su totozné s vetami
1 a 2 v praci [6].

Ako vidiet, vo vete 6 a 7 sa- predpoklada Ze.

L (1) de o0 .

Uvedieme postaCujice podmienky na to, aby rieSenie y(x) rovnice (5) bolo

oscilatorické, alebo limy(x)=0 a rieSenie y(x) rovnice (2) bolo oscilatorické,

pricom nebudeme Ziadat konvergenciu integralu f ) [f(0)] dt.
Veta 8. Nech pre kazdé xe (x,, ®)ay e(——x;O, o) plati:
q(x)>0, gq'(x)<0
Ak plati (8), potom rieSenie y(x) rovnice (5), pre ktoré je

Filx)=5 | fz((‘t)) dr=0 (11)

je oscilatorické ‘alebo hm y(x) =0

-Dokaz. Nech y(x) je.rieSenie rovnice (5), pre ktoré platl (11) a nech nie.je
oscﬂatorlcke Nech je y(x)#:O pre kazdé x >x. 2x(, Potom platl

Yy E)-5 y'z(x) +— gy (x)=

X0

_F.(x")+2 q(t)y’(t)dt+ ] f(t)y(t)dt

Ked'ze je pre a<0

2

ay’+by=— 12

dostdvame z poslednej nerovnosti vztah
") 1., 1
Y@y () =5y x) +5 q(x)y*(x)=

1[* f(e
§F|(x())_§f ‘qi%dt
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z ¢oho podobne ako v dokaze vety 6 vyplyva tvrdenie vety 8.
Je zrejmé, Ze plati: :
Veta 9. Nech sii splnené predpoklady vety 8 a nech y(x) je riesenie rovnice
(2), pre ktoré plati
1T 4, <
Fy(x,) 2. 70 dt=0

Potom je y(x) oscilatorickd funkcia.
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SUMMARY

ASYMPTOTIC NONLINEAR DIFFERENTIAL EQUATIONS

V. Soltés and P. Soltés, Kosice

Nonlinear differential equations of order 3 and 4 are investigated and conditions stated for the

solution y(x) to be oscilatory or for li_r.r‘lny(x) = limy(x)=0 to hold.

PE3IOME

ACHUMIITOTMYECKHE CBOVICTBA PELIEHMM HEJIMHEWMHBIX
OINOOEPEHLIUAIILHBIX YPABHEHHMH BBICUIMX ITOPSIKOB

B. Wonrec n I1. MonTec, Komnue

B 3To# paGoTe Mbl 3aHHMAeMCAd HEMMHEHHbIM NHGEEPCHUHATbHBIM YPABHEHHEM TPETHETO
¥ YETBEPTOTO MOPARKOB. 3/1eCh IPUBENECHBI YCIOBHA, IIPH KOTOPBIX PELICHAE y (X ) KONEONACTCHA MITH

lim y(x) = lim y(x)=0.

x—sw
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXIII — 1977

RYCHLOST RASTU MNOZSTVA INFORMACIE

PAVOL KARASZ, Bratislava

V jednej zo svojich prac uviedol Rényi zaujimavii vlastnost mnoZstva infor-
macie. Nasim cieflom bude zovSeobecnenie tohto vysledku. Pre tento tcel si uréime
podmienky a zavedieme pojmy, ktoré potrebujeme na uskutocneme uvedeného
ciela.

Nech &, ..., &,, ... , je postupnost' néhodnych premen‘n)"ch; ktorych rozdelenie
zévisi od parametra ©. MozZna hodnota tohto parametra je uréend mnozinou
#={0O,, ..., Ok}, kde O, # O, pre i #j. Predpokladajme, Ze na ¥ je dané apriérne
rozdelenie p, =P (@ =6,), ..., px =P (O = O) tak, Ze p, >0. Ndhodné premenné
&, st nezavislé a identicky rozdelené pri podmienkach @ =0, ..., © = G. Nech
fi(x), ..., fx (x) st hustoty rozdelenia premennych &, pri podmienkach @ =@, ...,

..,© = Ok. Predpokladajme, ze f;(x) # f;(x) pre i # j, na mnozZine nenulovej miery.
Dalej uvazujme, Ze je dany vyber n, =(&,, ..., &).
Definicia 1. Entropiou H(®) parametra © budeme rozumiet vyraz

1 1
H(@)=p,log—+...+pglog— ' - o (1)

P Px

a podmienenou entrépiou H(@ |7, ), parametra ©, pri podmienke 7, , zase vyraz

‘ _ 1 .

l0p ——=——rt st

) OQP(@=@I|,1")

i
log ———mMM8M8M8™— 2
tre=omy, .. @

H(©|n.)=P(©@=06,|n,

+P(@ =61,

pricom log sa chape pri zdklade 2.
Definicia 2. Mnozstvo informécie I, =(n,, @), ktoré obsahuje vyber 7,,
tykajici sa parametra @ budeme oznadovat

L,=H(©)-E[H(©|n.)] 3
kde E[H(© |n,)] je strednou hodnotou H(O |n,).
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Rényi v [2] ukazal, Ze pre K =2, existuju také konstanty A >0a A €(0, 1), Ze
plati ;

0=H(®)-I,=E[H(O|n.)]=AA" 4)

V dalSej Casti ukdZeme platnost tohto tvrdenia pre K >2. Pri dokaze pouzi-
jeme nasledujicu lemu.
Lema. Nech K =2 je prirodzené ¢islo a nech a € (0, 1). Potom existuji také

K
konstanty C,, ktoré zavisia od a, Ze pre (p., ..., px) =0, Zp,» =1 plati
i=1

1 1 _<&
pilog —+...+px log—=> C.p* (5)
D Pk =1

i#j

prej=1, ..., K.

Dokaz. Nech a € (0, 1) je pevné.
Postupujme tplnou indukciou vzhladom na K. Pre K = 2 lemu dokazal Rényi
(pozri [2]). Nech tvrdenie plati pre K >2. Nech p,, ..., px. st kladné Cisla také, ze

K+1
;p,»=l.
Nech me {1, ..., K+1}. Ak p, =1, tak je tvrdenie zrejmé.

K+1

Ak p.<l, tak 1—p.=> p>0.
i=1
im

Podla indukénych predpokladov existuji také konStanty C,, kde i#m a
Di

i=1,..., K#+1, ze pre iy plati
K+1 K+1 a
Di I_Pm Ciapi
lo = 6
i=1 l—pm g pl 1§=:l (1—'pm)u ( )
ifm i

G=1, .. ,K+1).
Upravou (6) dostivame

K+1 1 k+1
'__zl p: log E+(f21p') log(1-p,.)=
itm itm

K+1

= 2 Capi(1-p,)' = (7

i®tm
i*j
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K+1
=> Cps prej=1,...K+1
i=1

i=m
i#j

Na zaklade [2] vieme, Ze existuje C,., pre ktoré plati

1 1
Drm logp—+(1—p,,,)log(l_p )§Cmpf,'. (8)

S¢itanim (7) a (8) dostaneme
K+1 k+1

Zp,- log;)l-ézcmp‘i, ji=1,.., K+1
i=1

i i=1
i)

¢o bolo treba dokazat.
Veta. Nech f(x)>0 pre i=1, ..., K, kde K=2. Potom existuju také
konStanty A >0 a A €(0, 1) zavisiace od fi(x) a p; pre i=1, ..., K, Ze

0=H(O)-I,=AA" )

T T — j 2 (0Of " (x) dx

ae(0, 1) i*j
Dokaz. Je zrejmé, Ze plati
H(®)-1,=p,E[H©|n,)|©®=6,]+...+
+p<E[H(@|1n.)| © = 6]

Nech je{l, ..., K}. Potom na zdklade uvedenej lemy pre kazdé a e (0, 1)

(10)

plati

EH©|n)|0=0]=E([3 c.r©=-0n)||0-6)-
o (11)
=2CiaE[P“(@= 8.|n.)|0=6)

i*j

Podla Bayesovej vety o podmienenej pravdepodobnosti a na zdklade pred-
pokladov vety dostdvame

plli@  pllfE)
P(©=6,|n,)= 5 t—— ==
Sallne pllne

pre i¥j

(12)
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Vyuzitim nezavislosti & pri podmienke @ = ©; a vztahu (12) dostdvame

str©=elmlo=e)s(2)| [ e ol

(13)
pre i+j .
PoloZzme
_,rﬁm fi@)fi(x)dx =A,(a), pre i*j (1%
Potom dostdvame
ElH©In|0=0)=3 () Cii(@) s
i#j ’
Pouzitim (15) na ohraniéenie (10) dostavame’
K y
0=H(®)-L =) p: p/ “Cchi() (16)
= ~
kde j=1, .., K.
NeChA,-,.(a)=m3X Ai,(a)pre i,'j=l,'...,K o N (17)
i#j
Je zrejmé, ze potom plati
2P P Cadif@) = Aie-(@) 2 pip/"Ca
i%j s i%j (18)

kde j=1;..,K .
Funkcia A...(@) je konvexnou funkciou premennej a, pre ktora plati,
Awis(0)=A,.,.(1)=1. To znamena, e mhi Aip(@) = App(a*) = A<1, priCom

a* e (0, 1), kde i* # j* a funkcie f «(x), fi-(x) podl'a predpokladu nie s skoro viade
rovnaké.

Na zdklade predchadza]ucnch uvah potom dostavame

x - - - -~ N
kde A=) pi'p;Ciq-prej=1, ..., K, pricom je zrejmé, 2e A >0a i € (0, 1).
i=1 SHE-
i*j
Tym je nasa veta dokdzana. .
Uvedend veta tvrdi, Ze mnoZstvo informacie tykajice sa neznimej hodnoty
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parametra ©, roz§irovanim vyberu rastie: To znamen4, ze (9) je mozné chépat, ako
akysi obraz o rychlosti rastu mnoZstva informdcie, vztahujicej sa na e.

Désledok. Nech platia predpoklady uvedené v predchadzajicej vete. Potom
plati

lim I, = H(©) (19)

Pravdivost vztahu (19) vyplyva priamo z tvrdenia uvedenej vety. Hovori nam,

7e rozsirovanim vyberu mnozstvo informécie, vztahujiice sa na nezndmu hodnotu
parametra ©, konverguje k entropii tohto parametra.

Touto cestou si dovolujem vyslovif svoju tdprimnu vdaku doc. RNDr. J. Cernému, CSc., za cenné
pripomienky.
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SUMMARY

SPEED OF A GROWTH OF THE AMMOUNT OF INFORMATION

P. Kdrasz, Bratislava

In this paper the existence of a boundary is shown for the ammount of information, in the sample
1. containing the parameter @, where 8 € {6,, ..., 6 }. This result is a nontrivial generalization one
Rényi’s result presented in [2].
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PE3IOME

CKOPOCTb POCTA MHOXECTA MH®OPMAIIMU

I1. Kapac, BpaTucnasa

B pa6ote ykaszaHO CyuieCTBOBaHKHE OrpaHHYCHMS MHOXECTBA HH(OPMALHM, HAXORHILETOCS BO
BBIOOpE 17, Kacatowerocs napamerpa O, rue O € {O,, ..., O, }.3TOT Pe3yNLTAT ABNAETCA HETPHBHLb-
HbIM 0606LIEHHEM OHOTO YTBEpXNIeHHs PerbH yka3saunoro B [2].
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1. Uvod

V ¢lanku [1] sa vySetruje rieSenie linedrnej diferencidlnej rovnice Dju(x, t)+
+Du(x,t) = @(x,t) v obdizniku (0, 1) X (0, T), so zaciatoénou podmienkou na
(0, T) a okrajovymi podmienkami na useckach, leziacich na priamkach x =0 a
x =1 metédou Greenovych funkcii.

Tato praca sa zaobera dvomi zovSeobecnenymi Dirichletovymi ulohami pre
nemohogénnu linedrnu parabolickii rovnicu parneho radu D> u(x,t)+
+(—1)"Du(x, t)=@(x, t) (D, =3/3x). Uloha sa riesi metédou Greenovych
funkcii a je skonsStruované explicitné rieSenie uvazovanych uloh. Tito metdoda
sucasne poskytuje moznost vySetrenia hladkosti v bodoch (0, 0) a (1, 0).

2. Formulicia ilohy
Nech R" je n-rozmerny euklidovsky priestor. Nech £,=(0, 1)x (0, T),
Q=(0,1)x(0, T), R, = (— o, ©)X (0, ©). Budeme skimat nasledujuce uilohy
D(u, x,t)=Du(x,t)+(—1)Du(x, t)=@(x, 1), (x.1)eQ (1)
' ulx,0)=g(x). O<x<l )
D 'u(0, ) =a. (1),
DZ" " 'u(1, t)=b,, (1), te(0,T), s=0,1,...n—-1 a j=1,2. (3))

Funkcie @(x, t), g(x), azs (t) a by (t) su redlne funkcie z urcitych tried,
ktoré budi definované dale;j.

Redlna funkcia u(x,t) je rieSenim ilohy (1), (2), (3j) pre j=1,2, ak
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ueC,[2—-{(0,0), (1,0)}], DiueCy(RQ) pre v=1,2,....,2n—1, DueCy(82) a
spiiia podmienky (1), (2), (3j).

Nech A cR' a f(x) je realna funkcia na A. Nech B je uzavreta podmnozina
mnoziny A. Ak ku kazdému takto definovanému B éxistuje konsStanta K(B), ktora
zavisi len od B taka, Ze

m
—+¢

2n
lf(x)—f()I=K(B) |x —y|

pre vsetky (x, y)e B, 0<e¢ +2—< 1,kde m=0, 1, ..., 2n — 2, potom funkciu f(x)

nazyvame lokdlne holderovsky spojitii na A s danym exponentom. MnoZinu
vietkych takychto funkcii budeme oznacovat S,.(x, A). Ak funkcia f zavisi od
parametra A, tak funkcia f(x ; 1) sa nazyva lokdlne holderovsky spojita vzhladom
na x na A a rovhomerne vzhladom na A, ak m

foes )=y MISKB) [x—y| "

na B. Tieto funkcie budeme oznacovat S, (x, A ; A). MnozZinu vSetkych funkcii
v(x, t) spojitych na A so spojitymi derivaciami D7v(x, t) a Dv(x, t)na A, kde m
. je prirodzené ¢islo, ozna¢ime N,,(A).

Fundamentdlnym rieSenim rovnice L(u;x,t)=0 na £ nazyvame spojiti
funkciu I'(x, t; &, 1) pre (x,¢;E,1)e Q2 X Q2 a (x, t)# (&, 1), ktora ma derivicie
DI, D.I', Dil', ..., D;"T" a integral

selis. f)= fdr L’r(x, £ E D(E, 7) dE

je rieSenim rovnice L(u;x,t) = ¢@(x,t) na £ pre kazdi funkciu
Qe C‘,(Q)f'\Su[X. 0, 1); t]. '

Spojitd funkcia Gi(x,¢;&,7) na QxQ, t>t, ktord ma prvi derivaciu
vzhladom na ¢ a derivacie vzhladom na x do 2n-tého radu sa nazyva Greenova
funkcia dlohy (1), (2), (3j), j=1,2 ak

G(x,t;& 1)=[(x,t;& t)+v(x,t;E 1)

kde I' je fundamentalne: rie§enie rovnice L(u; x,t)=0 na £ a funkcia v; splna
nasledujice podmienky:

a) L(v,;x,t)=0 pre t>7; :

b) v;|,-.=0 pre (x;&,1)e(0,1)x 2 ak aspon jeden z bodov x, & lezi
v otvorenom intervale (0, 1).

¢) DF¥"7'Gjl,-o=D¥*"'G,|;-1 =0, s=0,1,..,n—-1,j=1,2
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3. Vlastnosti fundamentilneho rieSenia

Definujme funkciu I,(x,¢;&,7), v=0,1,... pre (x,t;§,1)eQ,XQ,,
(x, t) # (&, t) nasledovne

Lo, £5E, )= {k(xt ; 6, 1), :E (r)i:'<t 4)
kde k(v 160 =52 [~ 0" exp {—io(x—§) =™ (1~ 1) do 5)

(i znamena imaginarnu jednotku).

V nasledujicich lemach si uvedené niektoré vlastnosti spojitosti, diferen-
covatelnosti a integrovatelnosti funkcie I',, o ktorej je dokazané, Ze tvori fun-
damentalne rieSenie rovnice L(u; x,t)=0. V dalSich dvahach podstatne vyuzi-
jeme odhad z [3], str. 310 |

DI, 13 E. T)| SC/(v) (= rSL;'—V ex§ { i [(—x{_i]} R (6)

T

pre (x,1;&,1)eQ,xQ,, t<t. C, zavisi od va C,>0 je absolitna konStanta.
Tento odhad mozeme transformovat na tvar

|DiCo(x, t; &, T)|=

1 +v—2nu 1+v—2nu

=iy 8 '[(x s)] o exp { [(x s)’"]}Tg

(t—1) t=7 [—

=K(v) Jﬁ—glir—;“—' (7)

pre (x,¢; &, r)eQ.xQ,,t<t,.§#tauSl—2-—+— v=0,1,2, ..., K(v) je konstanta,

ktora zavisi len od v.
V ¢lanku [2], str. 861—862 je dckdzané tvrdenie

j r(,(x,l;O,U)dx=f ru(x,l;(),())dx=
—r0 0

(= : ()
=§L Iy(x.1;0,0) dx =5

Lema 1. Nech v=0,1,2,...a A={(x,1; &, 1) € 2, XQ, : (x, 1)+ (&, 1)}.
Potom:

a) Funkcia I,(x,t; &, 1) je spojiti na A a ma nasledujice vlastnosti:
Ir,=Dil.,, D*r, = (-1)"""D/I, = (-1)'DiI, = DT, a DiI[, =
=(-1)"D{Il,.
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b) I.(x, t; &, 1) je skoro rovnomerne ohrani€end na A t. j., ze ku kazdému
6>0 existuje N(6)>0 také, ze |I(x,t;E,7)|<N(8) na A pre (x —&)°+
+(t—1) =6

c) Ak v=0, 1, ..., 2n —1 potom integral f jll"o(x, t; &, t)| d& dr je rov-
Q2
nomerne konvergentny vzhladom na P(x, t)e ,, t. j. ku kazdému £ >0, existuje

d >0 tak, ze

f <D L(x, 13 & 1)| dE dr<e

QnS(P. S

pre vietky PeQ, (S(P, 6) oznacime kruh (§ —x)’+ (t —1)’=6?).
Lema 2. Nech fe C,(£2). Potom integral

L 0= [ Lo & 0fE v a8
pre v=0, 1,2, ... ma na_sledujﬁce vlastnosti:
a) I, je spojity na @ x (0, T), t#t a
Dil(x,t;t)=L(x,t;7) 9)
pre (x,t;1)e(0, 1)x (0, T)x(0, T), t#t.
b) D.J.(x,t;T) je spojita na (0, 1) x (0, T)x (0, T), t#t a
DIyx,t;t)=(—1)"La(x, t; T) (10)
pre (x,t;t)e,x (0, T}, THL.

c) limIy(x,¢;t) = f(x,7) a lirp_L,(x,t;r) = f(x,t) v akomkolvek

obdfzniku (a, b) X (0, T), kde 0<a<b <1.
Lema 3. Nech

T 0=[ [ e ofE o g ar

Potom
a) Pre feC(R)av=0,1,2,..,2n—1T, je spojiti na Q a
D T\(x,t)=T,(x,t) pre (x,t)e(0,1)x(0,T) (11)
b) Pre fe Cy(2)nSy[x. (0, 1); t], Tau(x, t) je spojitd na Qa
DYTy(x,t)=T.(x,t) pre (x,1)e(0,1)x(0, T) (12)

) c) Pre fe Cy(82)nS,[x, (0, 1); t] derivacia D, T, je spojitd a
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D, To(x, t)=f(x, t)—LlJ:)l Da(x, 58, 1)f(E, T)dE dT =

. (13)
=f(x,t)+(—1)""To(x,t) pre (x,1)eQ.

Iy(x, t; &, t) je fundamentalne rieSenie rovnice L(u; x,t)=0na Q . (14)

Lema 4. Nech

5038 = [ fOn . 8 D dr (15)

Potom
a) Pre Tubovolnu funkciu fe Cy({0, 1)) av=0, 1, 2, ... je integral J, spojity
na Qx(0,1), E+x a plati rovnost '

DJy(x,t;E)=J,(x,t; &)

(16)
pre (x,£;E)e(0,1)x (0, Ty x(0, T), E#x
b) Pre funkciu fe Ci({0, T)) je DJ, spojitd a plati:
DJ,(x.1; §)=f'f(r)D,rv(x, t1E 1) dr=
(17)

=(=1)""Jsanlx, t; &)
pre (x,t;E)e2x(0,1), E=x

Dokaz tychto liem mozno urobit pomocou odhadov (6) a (7) ako v [1].
Lema 5. a) Pre Tubovolny pevny bod y € (0, 1) a (x, t)e(— o, ©)x (0, T)
plati ' ‘

B, y)—fr.,(x, t1E 0)dE=

=(- 1)"[‘ D 'Ty(x, t;y, t)dt —(— 1)"f D 'Ty(x,t;0,t)dr,

kde

. 1 ak O<x<y )
p(x,y)=]1/2 ak x=0 alebo x=y (18)
0 ak x<0 alebo y<x

Nech J,(x, t; z) znamena integral z lemy 4. Potom
.b) Pre kazdé te(0, T),ze(0, 1) plati:

L. lim Joa(x,t52) = (—1) %f(t) ak feS)t, (0, T)]a
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2. xlg}; Jonsak-1(x,t52)=0 ak feSx[t, (0, T)]
ak=1,2,....,n—1.

c) Pre kazdé t e (0, T'), z€(0, 1) plati:

L lim Joei(x,£32)= (= 1" 3 £0) ak feS1, 0, T)]

2. im Joni2-i(x,252)=0 ak feSy[t, (0, T)] a
k=1,2,...,n-1.

d) Nech funkcia f e C,({0, T')), potom pre kazdé te (0, T) ak=1,...,n—1
plati: '

1. im Jyu_\(x,t;z)=0ked ze(0,1) a
2. lim Jy_(x,t;2)=0ked z€(0, 1).
Dokaz. a) Pre x#y, x+# (0 integraly v (18) konverguju na zaklade odhadu (7)

a pre x=0 alebo x=y konvergencia vyplyva z platnosti identity
D 'I(0,¢;0,t) = D" 'Ty(x, t; y, T)=0. Nech y € (0, 1) je pevny bod. Podla

lemy 1. a plati D.I'(x,¢; &, t) = (—1)" D*Ty(x, t; &, 7). Potom j D.I'(x,t; &,
0

1)dg = (“1)"fD§"Fo(x, t; & 1)d§ = (=)' [D'T(x, t5 y, 1)

— D¢ "'T(x, t; 0, 7)], t# 7. Tiito rovnicu integrujeme vzhfadomna r od O po ¢ — ¢,
>0 -

(= 1)"f _ [DE'Tu(x, £y, ©)=D& 'Tix,{; 0, 1] dv=
0

pre (x,t)eQ

Yoo L. X
Pouzitim transformacie . §= — z dostaneme
n
Ve

y . wa
fn,(x,t;g,r—e)ds=f Iz, 1;0,0)dz ,
0 —-wy

x —-x
kde w,=— ,w2=y—

Ve Ve
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Z uvedeného a z (8), ak e - 0" dostaneme

U=1lim| Iz, 1:0,0)dz=1,

e—0*) —w,
ak 0<x<y. Ak x =0, potom w, =0, w,—> > a U=%. Ak x =y, potom w,— ®,

w,=0 a U=%. Ak x <0, potom w,— —», w,—»o a U=(0. Ak y<x, potom
w— %o, w,— —o a U=0. Tym je vztah (18) dokdzany.

1. b. Funkciu f(¢) mdZeme spojite rozsirit na interval (0, T).

JZn—l(x9 ta Z)=f f(t)FZrl—l(xs t; Z, t) dr:

= —f [f()— () 2-i(x, 252, T) dt+f(t)J: [anoi(x, 15 2, T) d1.

Polozme [f(¢) = f(T)][2.-:(x, t; z, T)=H.
Potom, pre 0=z <x <1, ak pouzijeme na H odhad (6), z predpokladu pre f

mame
|HI=K(t—1)", K>0

t

" Teda limita integrdlu | H dt pre x —z* sa rovna nule. PouzZitim vztahu (18),

0
pre y =z#0 a identity D" "'I'(z, ¢; z, t)=0, dostaneme

t ' t
Iimj Fy(x,t;z,1)dr=— limJ D 'Iy(x,t;z,t)dt=
x—z 0 = 0

= lim

+
x>z

[—(— p(x,2)+(— 1)"Lzru(x, t;§,0) d&—ﬁ D 'T(x, 50, 7) dt]=

=(- l)“f Iz, t;&,0) ds—f D 'I'(z,t;0,t)dT.
0 0

Opitovnym pouzitim vztahu (18) pre vyraz

f D?""'I"n(z, t;0,7)dr

dostaneme
13
lim [ Iyoi(x, 52, 7)de=
x=sz 0
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=(- 1)"fru(z,t;s, 0) dE+ (= 1)'p(z, 2) — (— 1)"[,Zn,(z, £, 0)dE—

' 1
_'-[ Dy 'T(z,t;z, t)dt=(—1) 5
Ak z =0, potom podla (18) plati:

lim | Ioi(x, £50, 7)dt=—lim | D 'Ty(x,t;0, 7)dt=
x—0*Jo

. x—0*Jo

= tim { (= 1yp, )= (=1 [ T, 15,0 &= [ DFIuw, 15y, 0 e =

x—0

—(—1) = (- 1)"1:'11,(0,:; £, 0) d.’;‘—LDé""I‘u(O, t;y, 1) dr=
=(-1y=(-1y 3.

Z predchadzajicich avah vyplyva tvrdenie 1. b.
2.b.

Jonsai(x, 5 2)=
= "f‘ [f@&)—f(@)Mmean-(x, 852, 7T) dr+f(t)f' oo (x, 85z, T)dT.

Polozme [f(¢)—f(T)]n+26-1(x, t, 2, T)= Q. Potom pre 0=z <x <1 na intervale
0=t<t=T z pouzitia odhadu (6) plati

n+k
n

|QI=If() - f(@)|Ki(t —7)

Podla predpokladu na funkciu f je |Q|=K(t —7)°*"', odkial lim | Q dr = 0.
xX—Z )

(!

Dalej vySetrime limitu druhého ¢lena predchddzajicej rovnosti:

limj(t)f Fopiaei(x, 85z, T)dr= lim*f(t)J- DI 'Iy(x, t; z, 1) dr =
oS 0 e 0 » :
= limj(t)f (= 1)'D,[D¥ 'T'(x,t;z,t)]dTr=

=(=1)""" limf(£)D* 'To(x, t;z,0)=0.

x—Z

Tvrdenia 1. c a 2. ¢ sa dokazu analogicky ako tvrdenia 1.b a 2. b.
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1. d. Pouzitim odhadu (6) dostaneme
|J2k—l(x5 L, Z)I =

_ L2k '

gf fO|Ck—=1)(t=7) . exp { - cz[("—t"_in] h__l}.dré

T

k

=K. C,(zk—l)f (t—1) dr<o,

¢o znamend, Ze integral konverguje pre kazdé k =1,2,...,n —1 apre kazdé x#z z
danej mnoziny. Teda prechodom s limitou za integral dostaneme

limj fOy_i(x,t52,T) = j lim f(T) - (x, t; 2, 7)dT =0
x>z Jo 0 *—z

Tvrdenie 2. d dokdZzeme analogicky ako 1. d.

4. Greenova funkcia
Veta 1. Funkcia

(Z(xst;gvt)z jé Uj(x,t;§-+2k,t)+

+(—1)Ylo(x, t; —&E+2k, 7)] (199)

pre j=1,2 a jej derivacie DG, pre v=1, 2, ... a (x,t) = (&, 1), (x,t;8, 1)e
€ x Q si spojité. Funkcia G; je Greenova funkcia dlohy (1), (2), (3)).

Dokaz. Vysetrime konvergenciu radu

Px, 658, 1)=(-1To(x.t; =&, 1)+
ud(x t. x T (200)

+ S [Lox, 1 E+2k, )+ (= 1)To(x, 3.~ & + 2k, 7)]
k=—x 5 . o, 3 . . v
k+0 ’ e !

Mozeme teda zapisat u(’(x, t; &, r)' = Gi(x,t; &, 1) — Fox, kt~; &, 1). Pre
0Sx=1,0SE=lak==1,+2, +3, . je [x FE-2k| = 2]k| - |£E—x| >
>2\k| —2. ‘ ' o T T e L

Z odhadu (6) dostaneme _

|DITo(x, t; +E+2k, T)|=
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t—71

SCWME-DP e (-2 cz[—l—l——( kI 1)2"]%'-1}

pre v=0,1,... a t<t.

Ciselny rad

2n—1 -1 2n—1
4C,(v)a > exp { -2, GT (-1 }
je konvergentna majoranta pre

S [DiC(x,t; E+2k, 1)+ (—1YDiW(x, t; —E+2k, 7)]

k=—o
k#0 (21)
j=1,2- ak O<a<t—t=T

Tym sme ukdzali, ze funkcia Du§’ je spojita na [(0, 1) % (0, T]x
x [(0, 1) x (0, TZ] pre t<t. Pretoze Dl (x, t; —&, T) je spojita pre (x,t) +
#(&, 7) na Q x Q, nasledujica majoranta radu (21) pre k+ +1

. - ® -2’:1 2n_—I|
s, ) =4C\(v) (t—1) an > exp { -2 G-ty (- 1)} =
1=2
_'2%' "
=4C\(v) (t—1 e
- gt
20 =i
2n—1 2n—1
kde q=exp{—2 Cy(t—1) }

ma limitu rovnajicu sa nule, ak t—t*. Teda vietky derivacie Du§’ si spojité na
2 x 2. Vzhladom na lemu 1.a a rozklad G,=u{’+ 1T, je aj D:G, na Q X Q
spojita, ak (x,t)#(§, 1) pre v=0, 1, 2, ... ¢im je prva cCast vety dokazana.

Z predchddzajicich dvah vyplyva, Ze rovnica L(u{’; x, t)=0 nie je splnend
iba v bodoch (0, £; 0, t), (1, £; 1, t) z Q X Q a vlastnost a Greenove;j funkcie je
splnend. Ak x alebo & si z otvoreného intervalu (0, 1), potom z odhadu (6)

dostaneme vlastnost b, lim u§’(x, t; &, ) =0. Vlastnost ¢ vyplyva z identity

D;G(x,t;&,1) = (;Iit)" gwj_: 0" {[cos o(x —& —2k)+
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+(—1) cos p(x + & —2k)]— (
—i[sino(x —&—2k)+(— 1) sing(x +&§—2k)]} exp { —0*"(t— 1)} do

ktori obdrzime derivovanim vyrazu (19j) a pouzitim Eulerovej identity. Dokaz
vety je urobeny.

Poznamka 1. Na mnozine 2 X Q Greenova funkcia G, obsahuje tri sin-
gularne Cleny Iy(x, t; &, T), Ty(x, t;—&, 1), [o(x, t; —T+2, t) a funkcia uf’ je
spojitd na QX Q a QX Q.

Veta 2. Nech Gi(x,t;&,7) je Greenova funkcia z (19j). Potom pre
u € N,,(£2) plati nasledujiica identita:

22)

2n—1

u(x,)=(—-1"> (- 1)"[ Diu(1, t)D *'Gi(x,t; 1, t)dr —
k=0 0

2n—1

~ (=17 & (=1 [ Dtu(0, )DF ' Gx, 150, 1) dr +
k=0 0 °

+flu(§, 0)Gi(x,t;§,0)d§+ (23)

+(—I)"I'Iﬁ)lﬁ(x,t;§, T)L(u; &, 1)dEdr naQ

Dokaz. Vzhladom na rozklad G, =u{’+ 1T, a lemy 2. a, 3. a, 4. a su véetky
integraly v (23) spojité funkcie na . Nech u(x, t) a v(x, t) si [ubovolné funkcie
z N,,(L). Uvazujme identitu

uM(v; &, t)~vL(u; &, 1)=
-—-DE{_E (- 1)"D’§uD§""‘"'v] —(=1y'D.(u . v)
k=0
kde M(v; &, t)=D¥v—(—1)"D.

Po integracii na €2 a pouziti Greenovej formuly dostaneme

[f[”M(U ;E,1)—vLl(u; §,1)]dEdr=

Q

- j [22:(—1)“D'guD§""‘"v dr+ (=1 u.v dE]

o

kde 3 je hranica oblasti . Uvazujme kladne orientovany obdfznik Q' = (0=
SE= 1) x (0 =1 = t—¢), €>0 s vrcholmi v bodoch A,(0, 0), A.(1,0),
M, (0, t —€) a My(1, t—¢). V tomto obdlzniku polozme v (&, t) = G(x,¢; &, 7).
Z Greenovej formule po jednoduchej uprave dostaneme
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—IJ'G,»(x,t;?;‘, T)L(u;&E t)dEdr=
S = 1)"JﬂﬂD§u(1, 0)DI ' Gy(x, 1; 1, T) dr —

k=0

2n—1 t—e
-> (- 1)"f Dwu(0, t)D¥ *'Gi(x,t;0,t)dT +
0

k=0

+(= 1 [ (& 0Gi(x, 13 £, 0) e -

—-(- 1)"L|u(E, t—€)[Lo(x,t;8, t—e)+uf(x,t;t—¢)] dE . (24)

1
Oznatme I(¢) =f u(§,t—e)ly(x,t; &, t—¢e)dE. Transformaciou —z=
0

=1

2n
=(x—§&)e dostaneme
2n _

I(£)=f ’ u(x+z \/e,t—s)l‘(,(z, 1;0,0)dz

' x 1—x . .
kde (x, t)el,, w, =—aw=——. Vzhladom na vetu o strednej hodnote mozno

Ve Ve

pisat

2n

I(e)—u(x, t)=f_w’ u(x +z \/e, t—€)l\(z,1;0,0)dz —

_u(x,t)f Io(z,1;0,0)dz="

2n

=fwz [u(x+z \/;, t—e)—u(x, )]z, 1;0,0)dz —

—wy

—u(x,t) (J: -—f:l )F(,(z, 1;0,0)dz=

2n _ -
= \/sf ’ zD;u(x+@z_\/£,t—68)I‘o(z, 1;0,0)dz —

2n _~

- f ! Du(x + 6z \/e,t—@e)l‘o(z, 1;0,0)dz -
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_u(x,t)(f —f ' )E)(Z,I;0,0)dz,
kde 0<@<I1.

Ak ozna¢ime N =max (|u|, |Dsu|, |Du|) (2 je kompaktnid mnoZina, na
ktorej existuje maximum), potom

2n _
[I(e) =~ u(x, t)|<N \/ej |zlo(z, 1; 0, 0)| dz +£NJ |Fo(z, 1;0,0)] dz +

+N’(f_ 1+J' )Fo(z, 1;0,0) dzl.

(Posledné integraly konverguji na zdklade odhadu; (6)). Potom limita pravej
strany pre £ — 0" je nulova a zo vztahu (24) pre ¢ » 0" dostaneme tvrdenie vety.
Pozniamka 2. Ak namiesto funkcie G;. vo -vzorci (23) dame funkciu
H(x,t;E,t) = I',+h, kde h mé nasledujice vlastnosti: ‘
a) L(h;x,t)=0 pre t>r,

b) lim h(x,t; &, t)=0pre (x; &, 7)€ (0, 1) x Q, ak aspoii jeden z bodov x

alebo & lezi v otvorenom intervale (0, 1), potom tento vzorec zostane platny.

5. RieSenie okrajovej ilohy

Nasledujica veta dava formulu pre explicitné vyjadrenie rieSenia dlohy (1),
), Gi) _ ;

Veta 3. Nech prava strana v (1), @(x, t)e Co(R2)nS[x, (0, 1); ], g(x)e
€Cy((0, 1)) a okrajové funkcie a,,, (t) € Szn-2-2[t, (0, T)] @ by, (t) € Sn—ss-s[t,
(0, T)], pre s=0, 1, ..., n—1, j=1, 2. Potom funkcia

t
0

u(x,t)=(-1)"" [Eaz,,_z,_,-(r)Dé"’C?,(x, t;0, r)] dt+
=1
+(-= 1)"*"“J [2 ban-u (T)D¥Gi(x, t; 1, r] dr+ (25))
0 =1

+[e® G080 dE+(-1y [ "Gy(x, 13 E, D)@(E, 1) & dv

j=1, 2 je rieSenim tlohy (1), (2), (3j).

Dokaz. Na zdklade predpokladu existuje spojité rozsirenie funkcii a,, _,;, ,(t) a
bom-n t) pre I=1, 2, ...,n, j=1,2 na uzavrety interval (0, T). Funkcie
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Dilo(x,t; —E,7)a Dily(x, t; £E+2k, T),pre k=+1, £2, +3,...av=0, 1,
2, ... maju spojité derivacie podla x a t na Q X Q TubovoIného radu a spina]u
rovnicu L(u ; x, t)=0 na , pre kazdy pevny bod (&, 7) € Q. PodIa formdl (10),
(13), (17) a derivacii fundamentalnych rieSeni I, derivacie Dilo(x,?;§, )
spltiaji tiez rovnicu (1) na Q. Z uvedeného tvrdenia a z rozkladu D G;=
=Djil+ Diub  vyplyva, Ze u;(x, t) splita rovnicu (1) pre j=1, 2. Nech t—»0" v
(25j), potom podmienku (2) dostaneme z lemy 2. c, 3. a, 4. a prechodom limity
pod integral |

 limu(e0=lim [ 9©G.(x. 1 £.0) dE=

= tim [ 9@, 13 & odg— lim [ g(@)u(x. 1:-5,0) 5 +

+'1_ig} olg@)[ \/ (Fo(x, t; E+2k,0)—Io(x, t;—E+2k, O)]d§=g(x).

k=—o

k#0
Analogicky sa ukaZe, Ze u,(x, t) spliia podmienku (2).

Skor, ako dokazeme, Ze (25;) spiia (3;), j =1, 2 upravme (19;). Derivovanim
podla x a & (prechod derivicie za sumacny znak je mozny, lebo rad konverguje
rovnomerne spolu s deriviciami — pozri dokaz vety 1) obdrzime

D:DyG(x, t; &, r)—
-2 [SRE Lo (ciot-g-20-ene-m de+

k=—x

(= 1y CEE ™ g exp (—ip(a +£-26)- 07t = 1)} do]

a pouzitim Eulerovho vzorca dostaneme

D;DyGi(x,t; &, 1)=

=0 S 7 orI(= 1) cos o(x — & - 2K)+ (~ 1Y cos o(x +E -2k~

~~~~~ (26)
=1y sing(e —&=0&) 4 {~1) dn gl +z_=,—2k)]} exp f— o™t =) g
Nech j=1

1. Dokazme, Ze lim D¥u,(x, t)=(—1)"" lim iaz,._z,,.(t).
=1

x—0"

DDZ-'Gi(x, t; 0, t) dz +(— 1) lim f S b2z (T)DZDE'Go(x, £ 1, T) d +
0

x—0* i=1

+1im [ 9©DIG.(x, 1:8.0) g +
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+(-1)" limJ’IlDi‘Gl(x, t; & (&, 1)dE dt=a,, (1)

pre s =0, 1.’ on—1.

Doékaz urobime tak, Ze budeme vySetrovat hodnoty jednotlivych clenov
v poslednej rovnici.

1. a. Vzhladom na (19j)

Df:D?"Gl(x, t; 0, 1.')= _2 2 F2,+21_1(x, t; 2k, t) .

k=—o
.

Ak 2s +2/—1=2n—1, potom podla lemy 5.b. 1 je
(=1)"2 limf Aon-2. 1(T) a542-1(x, 150, T) dT =ay 1(2)
x—0 0

Ak 1=2s+2/-1<2n-1, resp. 2n—1 < 2s+2[—1 = 4n -3, potom
podla lemy 5. d. 1 resp. lemy 5. c. 1 plati

lim Aon—211® 2 [yioii(x, t5 2k, T)dr=0

x—0*Jo k=—o
k#0

1. b. Vzhladom na lemu 4. a

x—0

llmJ’ bZn—Zl. 1(I)DfxD§'_]G|(x, t, 1, t) dtz
0

=j bz,l_yv |(T)D§:D§l_lG|(0, t, 1, T) dt
0

Pouzitim vztahu (26) dostaneme
D*D¥'G,(0,t;1,1)=

(_i)25+21—l »

. 2 o” " " {[—cos @(—1—2k)—cos o(1—-2k)] -
k=~m -0

—i[—sin o(—1-2k)—sin o(1—-2k)]} exp { —o*(t—7} do

Prva cast poslednej rovnice mé nulovii hodnotu, lebo je to integrdl neparnej
funkcie na symetrickom intervale. Druha cast poslednej rovnice je funkény rad,
ktorého sicet sa rovnd nule. Teda dana limita sa rovna O pre t€ (0, T).

1
1.c. Dalej mame dokazat, Ze lin)l f g(&)D¥G(x,t; &,0)dE=0. Podla
x—( 0 . .
1 1
lemy 2.a lim [ 9(€)DG.(x. 1: £.0) & = [ g®DIGL0,138,0)dE a2 26)
an LU (1) 0
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derivécia '
DrG0.1:£, 0= 3 [ ¢ {loos o(~E-20)1-

—cos @(& —2k) —i(sin o(—& —2k) —sin o(§ —2k)]} exp { —0™ (¢ — 1)} do

sa rovna nule.
1.d. Podla lemy 3. a je

t 1
lirqf D¥Gi(x,t; &, t)@(E, 1) dEdTr =
0 Jo )

x—0

- j ' j 'D¥G\(0, 1: &, D)p(E, 1) dE dr =0

lebo vyraz D?G,(0, t; &, t)=0 z tych istych dévodov ako v 1. c.
2. Dalej dokazeme, Ze

linl1 DZ¥u,(x,t)=

=(—1)"*"" lim J::ZaZn—Zl. i(7)

x—1"

D¥DE 'G\(x,t;0,t)dr +

+(=1)" lim | b2 (2)DFDE'Gilx, t; 1, 7) dr +

x—17Jo I=1

+lim [ 9@®DG(x, 1:8,0) dE +

+(- 1)"xliqlf’le§’G.(x, t~; E, @& t)dEdr=b,,.(t),

pre s=0,1,...,n—1.

Staci ak vySetrime hodnoty jednotlivych limit v poslednej rovnici.
2. a. DokadZzme, Ze

limf > @2n-u1(T)DEDY¥'Gy(x, 1 ; 0, 7)dr=0
0 I=1 .

x—1

Skuto¢ne podIa lemy 4.a

l"}'l_f Aop-2, l_(f)Di’D?_'G:(x, t;0,7)dt ='
=17 Jo

=f az,._zl_ |(t)D3’D§’_IG|(1, t; 0, T) dt
0

a zo vztahu (26)
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D¥D{™'G\(1,¢;0,71)=

= S [T o[ eos (1~ 2k) —cos @(1 ~ 26)] -

—i[—sin (1 —2k)—sin o(1—2k)]} exp { —0™"(t— 1)} do =0

z tych istych dovodov ako v casti 1. b.

2.b. Vzhladom na (19;) .
D¥D?'G(x, i1, )=

2 [ Fz,.,.z[ |(x t 1+2k T) r2,+21 1(x t —1+2k T)]

k=—o

Odtial dostaneme

(-1)" lim bz,, 2.(t)D¥D¥'G\(x, t; 1,r)dr =

x—1"

=(—=1)"*'21lim bz,. w (D) Magpza(x, 85 1, T) dT +

x—1"

'+'(_1)“+l hm bz,. 21, |(T)|: Z r2,+21 |(x t,; 1+2k T)+

x—1" k=—o

+ z [oin-i(x,t; — 142k, r)] dz

k=—o
k*1

Dalej vidime, Ze
A=2 lil}l_[ bon-2 (D) agsn-1(x, t; 1, T)dT=b>, (1)
x—> 0

ak2s+2/—1 = 2n—1podlalemy 5.c. 1. A=0,ak 1=2s+2/ - 1 <2n—1, resp.
2n—1<2s+2/—1 = 4n -3 podla lemy 5. d. 2, resp. 5.c. 2.

lim f [ .(r)[ 2 Faen(x, 65 1+2k, 1)+
x=* 0

k*0

+ E Iaeaoi(x,t; — 1+ 2k, 1’)] dr=0,

k=—w

k*1

lebo vyrazy I';.»-, tvoria integrily neparnej funkcie na symetrickom intervale.

2.c. Podla lemy 2. a
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tim [ 9@DIG (x££ 0 dg= [ 9(©DIG.(1. 115 0) 8

Vzhladom na (26) vyraz DG,(1,t; &, 0) nadobuda nulovi hodnotu ako
v Casti 1. c. Teda

1
lirIn_vJ’ g(E)DyG\(1,t;E,0)dE=0 pre s=0,1,....,n—1 a t#0.

2.d: Zaverom vidime, Ze

x—1

lim f'lei"G.(x, t; E, t)é)(?;', t)d§ dr=0,

lebo vyraz D;'G (1, t; &, ) mozno upravit tak, ako v Casti 2. c. Tym je dokaz vety
pre j=1 skonceny. Dokaz vety pre j =2 sa vykond analogicky.

Tym sme dokazali, ze (25;) spiiia (1), (2), (3;) pre j=1, 2 a teda je rieSenim
danej ulohy. 4
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SUMMARY

ON SOLVING THE BOUNDARY VALUE PROBLEM
IN LINEAR PARABOLIC DIFFERENTIAL EQUATIONS
OF HIGHER ORDERS

V. Saner, Bratislava

The article deals with solving the boundary value problem (1), (2), (3j) for linear parabolic
equations of an even order in the rectangle (0, 1) x (0, T). The main result is in the explicit
representation of the solution of this problem by the metod of Green’s functions.
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PE3IOME

O PELIEHUM KPAEBOM 3AJIAYM I JIMHEMHBIX MMAPABOJIMYECKUX
OUPPEPEHLIMATIBHBIX YPABHEHMN BBICUIMX ITOPSIKOB

B. lllanep, BpaTucnasa

Pa60oTa noceALieHa pemieHnio kpaesoi 3anaun (1), (2), (3j) ans nuueinbIx AU DepeHIHANbHBIX
napaGoNMYECKHX YPABHEHHH YETHOTO NOPAAKa B MPAMOYTOJNbHHKE {0, 1) X (0, T). I'naBHbIM pe3yJb-
TAaTOM ABJISETCA ABHOE BHIPAXEHHE ITOW 3aja4yM Npu MoMolm meTona pyskuuu [puna.
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UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXIII — 1977

VYPOCET STREDNEJ HODNOTY POKUSOV
Eo(n) GAMA-ROZDELENIA VYUZITiM SEKVENCNEHO KRITERIA
POMERU PRAVDEPODOBNOSTI V PRIPADE, ZE Eo(Z)=0

IVAN GARAJ, Bratislava

1. Uvod

Je zndme, Ze pouzitim sekvencného kritéria pomeru pravdepodobnosti po-
trebujeme na dosiahnutie vysledku podstatne menej pozorovani, ako pri pouZiti
klasického Neymanovho—Pearsonovho testu. Wald [1] uviedol vztahy pre strednu
hodnotu pokuscv Ee¢(n) v pripade, Ze nahodny vyber sa vykond z normélneho
rozdelenia pravdepodobnosti N(©; 0?), kde disperzia o® je zndma. Testoval
hypotézu H,: © = O, proti alternative H,: @ =0,. V tejto pozndmke je uvedeny
vysledok, ktory zodpovedd gama-rozdeleniu pravdepodobnosti Ga(x, r, o), de-
finovanému hustotou ’

f(x,r, 0)=0’Il(r) e /o) xr! ‘ (O<x<oo;r>0;0>0) (1)
Testujeme hypotézu
H,:0=o0,
proti
Hi:o=0, (0,<0)) ()

za predpokladu, Ze parameter r je znamy.

2. Sekvenéné kritérium pomeru pravdepodobnosti
Hypotéza (2) sa testuje tak, Ze vySetrujeme néhodni premennu
Z =3 3)
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kde fGxi, 01) .
 =In o ——= =1,2,...
&= i, 00) ¢ )
AkInB<Z,<IlnA (k=1, 2, ..., n), treba urobit (n + 1). pozorovanie. Ak

pre k =n je Z, =In B, prijimame hypotézu H, a ak Z, ZIn A, prijimame hypotézu

H,. Konstanty A a B volime priblizne A = 1 ;ﬁ aB= I fa ,kde a a f su chyby 1.
a 2. druhu, ktoré urc¢ime tak, aby pre operacni charakteristiku platilo:
' Lo)=1-a a L(o)=p @)

Hovorime, Ze takto konStruované sekvencné kritérium pomeru prav-

depodobnosti ma silu (a ; 0o;0 ;0,). Wald [1] ukazal, zZe stredni hodnotu pokusov
E,(n) mozno odhadnit vztahom

L(o)InB+[1-L(o)]InA
E,(z)

ak E,(z)#0

= InA InB )
nA ln
"TE.2) ak E,(z)=0
kde
G0
z=In f(x, 0(.) (6)
a
LO)~gr g )
- pricom h =h(0)#0 je nenulové rieSenie rovnice
” f(xs 01) h _
L (f—(x, a(,)> froydr=1 (®)

Veta 1. Nech (x,, x,, ...) je postupnost nezavislych nahodnych premennych,
kazda s gama-rozdelenim pravdepodobnosti Ga(x, r, o), kde parameter r je
znamy. Testujme hypotézu H,: o =g, proti hypotéze H,:0 =0, (0,<0,), pricom
vyuzijeme sekvencné kritérid pomeru pravdepodobnosti sily (a ; 0,; B ; 0,). Potom
ak po n-tom pozorovani plati

ho+ns <Y x;,<h,+ns )
i=1

treba vykonat (n + 1). pozorovanie. V opa¢nom pripade prijimame hypotézu H,,
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n

ak Y, x, Zh, +ns, alebo H,, ak D, x; =h, + ns. Konstanty h,, h, a s sme oznaCili
i i=1

i=1

g,
In —
ho=0u0, 2E-. R =a.0, LS 2 6,0, (10)
g, — 0y g,— 0y 0, — 0y
X a; 1 1
Dékaz. Podla (3) z =In —7+x,-(—-——-). Ak
o, gy O,
InB<n In ”‘,’+2xi(l—oi)<lnA (11)
1 i=1 0 1
treba urobit (n + 1). pozorovanie. Po tprave dostaneme
i g
lnB+nln0, i InA+nIn;
0 0
T <;xi< T (12)
Ul) 0| 0() 0'

¢o je vzhladom na oznacenie (10) a vztah (9) to, ¢o sme mali dokazat.
V praci [2] je ukazané, Ze rieSenim vztahu (8) dostaneme

h
o
g,

ag= h((]TO_I) U.,0| | (13)
Ako vidno h(o) a teda ani L(o) dané vztahom (7) nezdvisi od parametra r.
Lahko sa da ukazat, Ze pre h=+; 1;(); —1; — o vo vztahu (13) zodpovedaju

hodnoty 0=0; 0,; sz; 0,; + o a tejto prislusnej dvojici (h; o) zodpovedaju vo
vztahu (7) tieto hodnoty operacnej charakteristiky :

s

LO)=1; L(o)=1-a; L(;)z_ﬁr___.

hl _hu,
L(o)=8; L(»)=0.

Veta 2. Nech platia rovnaké predpoklady ako vo vete 1. Potom strednu
hodnotu pokusov E,(n) v pripade Ga(x, r, 0) mozno odhadnit vztahom

ar —S§ P r
Lt =2
Sz r pr¢ o r
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Dokaz. Podla (6) E.o)- E[nn"‘l’ ( 1 _L)]=

gy O,

=In2+ (l——l—)E(x) r(ln %to —"") ,
g oy O, 000,
pretoze strednd hodnota Ga(x, r, o) je E(x)=or. Dosadenim tohto vysledku do
prvej Easti vztahu (5) a vyuZitim oznacenia (10) dostaneme prvii ¢ast vztahu (14).
Potom podla druhej ¢asti vztahu (5) treba najprv ndjst

‘2
Eseom(z?) = j [rlna—(-'+ <_]__al)] _—1_’xr—le—(rx/s)dx=
oy O, IKr)(f)

_ r’dz “ 2 y—ll —(rx/s) _d_z__ ﬂ ?
=gy s e de=per{n )

0

Pri vypoéte E, -(,\(z*°) sme oznadili In 00— =d a vzhladom na vztah (10) —— ai = g .
0 1

Po substitiicii u == a vyuzitim identity I'(r + 1) = rI'(r) sme dostali

z r+1 —(rx/s) S’+2 s'+2 l .
a) | x'e dx=r,+21‘(r+2)= p 1+; Ir(r);
0

b) —ZSfx’ e dx=—

0

¥ r+2

F(r+l)——2

rr);

r+|

r+2

o ~ o s
c) szj x e dx =—
0 r

r(r).

Dosadenim E,..,(z?) do druhej ¢asti vztahu (5) a vyuzitim oznacenia (10)
dostaneme po jednoduchej uprave druhi ¢ast vztahu (14), o sme mali dokdzat.
Numerickd poznidmka. PretoZe podla predpokladu o,< o0, méZeme oznait

o, = ko, (k>1) (15)
Potom vzfahy (10) budi v tvare
k k
hu—k——_T dy lnB, h.—m
(k>1)

oolnk

k
oy,InA; s=k—:l

(16)

Po dosadeni (16) do (14) a vyuzitim (4) dostaneme pre hodnoty parametra

0=0,,0=0,a0 =1:- tieto priblizné odhady strednej hodnoty pokusov E,(n), ktoré
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sa hodnotia na numericky vypocet

(1-a)(InB—InA)+In A

E,.(n) = (k—1—klInk)r & ()
_BnB-InA)+lnA
Eoolm) = 1= ioyr (18)
InAlnB
E,om(n) z—_?(l—nll:T (19)

Porovnanim vysledkov s pracou [3], kde bola stredna hodnota pokusov Ee (1)
numericky vypocitana pre Rayleighovo rozdelenie, vidime, Ze pre r =1, t. j. pre

exponencidlne rozdelenie, ktorého hustota je v tvare f(x)=% e (x>0, 0>0)

— je strednd hodnota pokusov rovnakd ako pre Rayleighovo rozdelenie.
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PE3IOME

BbIYUCIIEHUE CPEOHEIO OBBEMA BBIBOPKHU Ee(n) TAMAPACIIPEOEIEHUA
[TPA MOCNENOBATEJIbBHOM KPUTEPMHN OTHOWMEHWS BEPOSATHOCTEH,
[IE Ee(z)=0

H. I'apait, Bpartucnasa

B pa6oTe paccMaTpuBaeTCs COBOKYNHOCTh FaMMa-paclipefie/IeHHs € INIOTHOCTHIO PacTipelieIcHus

f(X,r,a)=;%(7)e“""x'“' (0<x<o;r>0;0>0)
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Ha ocHoBaHMH NOCNENOBATENLHOTO KPHTEPHS OTHOIICHHA BEPOATHOCTEH HCCIIENYIOTCS THIOTESbI
H,:0 =0, npotus H,:0 = 0,(0,<0,) npy AanHbIX owikbkax a v B 1-ro u 2-ro pona, npeanonaras, 410
napaMeTp 7 ABJIAETCH H3BECTHBIM. ‘

B pa6orte npennaraercsi NPHONH3ATENLHOE BbIpaXeHHE A cpeHero o6beMa BuiGopku E, (1),

rie E,(z)=0. [lns 3HaueHHd NapaMETPOB 0 =0, 0 =0, H o=§ AaHbl MPHOIH3HTENBHBIE POPMYIIBI,

KOTOpble MOTYT GbITh MCNONABL30BaHbI [N BbIYHCIeHus E,(n).

SUMMARY
THE CALCULATION OF THE AVERAGE SAMPLE NUMBER Eg(n)
TO SEQUENTIAL SAMPLING FROM GAMA POPULATION, IF Eqg(z)=0
1. Garaj, Bratislava

The present note describes sequential probability ratio test for the gama population defined by
density

el gr=t O<x<>; r>0; 0>0)

flx.r, a)=o,r(’)

The hypothesis to be tested is: H,: 0 = 0, against H, : 0 = 0, (0,< 0,), if a is probability of the first
kind of error and B of the second one. assuming that r is known. In the paper an approximate formula

for the average sample number is given E,(n), if E,(z)= (. For parameters 0 =0g,. 0 =0, and o =§ are

given approximate formulas, which are suitable for numerical calculations of E,(n).
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APLIKACIA SEKVENCNEHO KRITERIA
POMERU PRAVDEPODOBNOSTI NA RAYLEIGHOVO ROZDELENIE

IVAN GARAJ, Bratislava

Definicia 1. Hovorime, Ze nahodnd premennda x ma Rayleighovo roz-
delenie pravdepodobnosti Ra (x, o), ak hustota rozdelenia pravdepodobnosti f(x)
takejto ndhodnej premennej je v tvare

0 pre —wo<x<0
fx)= |

iz e—(x2/202)
ag

(1)

pre 0=x<x; 0>0

Jedingm nezndmym parametrom Ra(x, ¢°) je o°. Po velmi Jednoduchych
vypoctoch sa da ukazat, ze

E(x)=o\/§; E(x?)=20"; D(x)=4_—2—n o )

V praxi sa s tymto rozdelenim stretdvame napriklad pri skimani vystrednosti
strojarskych suciastok, pri hodnoteni vzdialenosti zasahu ciela pri strelbe,
v elektrotechnike pri sledovani spolahlivosti elektroniek, v kontrole akosti, a pod.
Ulohou je zistif, ktord z hypotéz

H,:o —0(2)
(oi<a?) ' 3)
proti H,:.0’=o01}
je spravna. Klasicky bola tito tloha rieSend nasledujicim spdsobom [3]:
Majme usporiadany nahodny vyber

X(p)gx(p+|)§...§x(q) (x(())=0. Oépéq én)
ktory sa urobil zo zikladného siiboru s Ra(x, 0°) (ak p =0, potom g =n). Potom
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nahodnd premenna

= i M-FJ[x(q) x(zp)] “4)

i=p+1 2
mé gama-rozdelenie I'(q—p,o0®) a H, zamietame, ak t=c, kde c=
2 xl «(2q9 —2p) je kritickd oblast tohto testu a xi_.(2q —2p) je kvantil

x’-rozdelenia s v=2q —2p stupfiami volInosti. Silofunkcia 1—p(0?) kritickej
oblasti je

1-Bo)=P(52 2% 414 ) - 5)

: - 2t . _— .
kde ndhodna premenna 5 ma x’-rozdelenie s v =2q —2p stupfiami volnosti.

Uréme rozsah vyberu q —p pre dané prirodzené Cislo 2(q —p), a<1—-f a
0’ =koj} (k> 1) potrebny na to, aby 1 —B(0*)=1—B. Z (5) vyplyva, ze B(ko?)=

—P( 22_ X Xi-a(2q — 2p)> =p, takZe n najdeme tak, aby platilo

Xi-o(29 —2p)
x#(2q —2p) =k )

V tejto préaci je dloha (3) riesend vyuzitim sekvenéného kritéria pomeru
pravdepodobnosti, ktoré skonsStruoval A. Wald (1945). V praci je tiez ukdzané, ze
ked rieSime ulohu (3) sekvenénym kritériom pomeru pravdepodobnosti, potrebu-
jeme na rozhodovanie podstatne mensi pocet pozorovani, ako pri klasickom
postupe vyuZitim vztahu (6).

Procediira sekven¢ného kritéria pomeru pravdepodobnosti je nasledovna:
Nech f(x, ©®) je hustota rozdelenia pravdepodobnosti ndhodnej premennej x s
neznimym parametrom O € Q. Potom H,:© =6, proti H,:@ =0, (0,<0,)
testujeme tak, Ze vySetrujeme ndhodnd premenni

L [0.8)
a=ingfegl  (=12,..) 7)
a
z=3z ®)

*

Potom ak In B<Z,<In A (k=1, 2, ..., n) treba urobit (n + 1). pozorovanie.
Ak pre k=n je Z,=In B prijimame hypotézu H, a ak Z,=In A prijimame
hypotézu H,. KonStanty A a B mozZno priblizne volit
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1-8 ~_B
A=—=F a B=gi— . )

kde a a f8 si chyby 1. a 2. druhu. Volime ich tak, aby pre opera¢nii charakteristiku
L(®) platilo

L(@G)=1—a a L(O)=p (10)

Definicia 2. Sekven¢né kritérium pomeru pravdepodobnosti vyhovujice
podmienkam (10) budeme nazyvat sekventné kritérium sily (a, @,, B, ©,).

Lemma 1 (Wald [1]). Nech z (i=1, 2, ...) je postupnost nezivislych
nahodnych premennych, kazda s rovnakym rozdelenim pravdepodobnosti ako
nahodna premenna

(11)

Nech rozptyl D(z)>0. Potom pravdepodobnost, Ze sekvencné Kritérium
pomeru pravdepodobnosti sily (a, @,, 8, ©,) sa skonti po koneénom pocte krokov
sa rovna jedne;j. _

Lemma 2. (Wald [1]). Nech x je ndhodna premenna s hustotou rozdelenia
pravdepodobnosti f(x, @), © € Q. Nech ndhodna premennd z definovana vztahom
(11) vyhovuje nasledujicim podmienkam :

1. Stredna hodnota E(z)#0 a existuje. _

2. Pre Tubovolné redlne h existuje stredna hodnota funkcie g(h)=E(e”) a
existuju aspon jej prvé dve derivacie v bode h.

3. Existuje také Cislo 0<e<1,Zeplati P(e*=1+¢)>0aP(e*=1—¢)>0.

Potom pre kazdé @ existuje hodnota & =h(@) #0, Ze plati

Sl 11CRC) ) PP
|- [l e orae=s a2
t j.
E(e*®)=1 (13)

Lemma 3. (Wald [1]). Nech platia predpoklady lemy 2. Potom priblizna
hodnota opera¢nej charakteristiky L(®) sekvenéného kritéria pomeru prav-
depodobnosti sily (a, ©,, B, ©,) je dana vztahom

AM®) 1
Ah(e)_Bh(e)

' kde 4(©) vyhovuje podmienke (12) a A a B je dané vztahom (9). Priblizny odhad
strednej hodnoty pokusov Ee(n) je dany vzfahom

L(®)= (14)
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L(@)InB+[1-L(O)]In A

Eo@) ak Eg(z)#0
Ee(n)= . (15)
InAlnB _
TEG) e ED)=0

kde nihodna premenna z je dand vztahom (11).

Veta 1. Nech (x,, x;, ...) je postupnost nezavislych ndhodnych premennych,
kazda s Ra(x, 0?). Nech H,:0’=0} a H,:0°=0} (0i<0?). Uréme pomocou
sekven¢ného kritéria pomer pravdepodobnosti sily (a, o3, B, 01). Ak po n-tom
pozorovani plati

le?§r,.=h.+ns (16)
prijimame H,. Ak po n-tom pozorovani plati
lzn‘xfér,.=hl+ns (17)
prijimame H,. V pripade, Ze plati
a,.<ile<r,, - (18)

treba vykonat (n + 1). pozorovanie, kde konstanty h,, h, a s sme oznadili

2InB 2In A
ho=aﬁafm; h.=aﬁofm;
4
In g%’
(
s =00} p (19)
a ; g 1 ,/1 1
Dokaz. Podla (7) plati z=2In—+-xi(S——]). Potom (n+1).
. o, 2 o, O}
pozorovanie treba vykonat vtedy, ak plati nerovnost
Oo (1 1\,
 InB<2nln ol+(—2m,) —2af)i§=:]x‘<1nA .

Po tuprave dostaneme

o} ai
2InB+nln— 2InA+nln—
0 2 0

T <EF<TT

o, o} a; o}
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¢o je vzhladom na oznaéenie (19) nerovnost (18). Uplne rovnako sa dokdZzu aj
nerovnosti (16) a (17).

Veta 2. Nech platia rovnaké predpoklady ako vo vete 1. Potom priblizna
hodnota operaénej charakteristiky L(0®) ma tvar

(58

L(0%) =g\ 5\ (20)
( aﬁ) —<1 —a)
kde o’ a h si viazané vztahom
2h
oﬁaf[(z—‘l) - 1]
2 1
o’= Hoi—o0) (21)
Pre
h=+w; 1; 0; —1; —o (22)
su hodnoty ¢” resp. L(0?) dané vztahmi
0°=0; o*=0%; 02=§2-; 0*=02 0*= + (23)
resp.
‘ h
LO=1; Led)=1-a; L(3) =525 L@D=6;
(24)

L(*)=0
Hodnoty h,, h, a s si dané vztahmi (19).
Dékaz. Podla lemy 2 plati

2h [ —(x2/20,2)h
1 1 (% € | xe 9 gy =
o’ \o, e E e -

(00)21.
2h [ =
=—1 (@) fxe-x’/Z)(h/olz)—h/o“2+l/al)dx= 0,

o’ \a/ ) ,(h h 1

o =2t

gy 0Oy, O

RieSenim tejto rovnice pre neznamu o’ ndjdeme vztah (11), ¢o sme mali
dokdzat. Dosadenim hodnét (22) do (21) dostaneme hodnoty o> dané vztahom
(23) a dosadenim tychto hodnét do (20) dostaneme hodnoty operaénej charak-
teristiky L(o0’) dané vztahom (24).
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Poznimka. Pomocou bodov (¢” ; L(0?)) mozno zostrojit Tahko graf operaénej
charakteristiky. V mnohych praktickych pripadoch sa da vystacit s piatimi bodmi,
ktorych suradnice si dané vztahmi (23) a (24). V pripade, Ze by v praxi bolo nutné
brat do uvahy aj dalSie body operacnej charakteristiky (t.j. o’€(0; ) a
L(0*)€(0; 1), je vyhodné oznaéit

h h =2t
m—i—;é—t, resp. h—_l—_l (25)

o, o}

Potom sa da Tahko ukdzat, Ze vztahy (20) resp. (21) budu v tvare
' e ™—1
L)~ o (26)
resp.

0?=S 2:1 @7)

kde hy, h, a s st dané vztahmi (19).
Veta 3. Nech platia rovnaké predpoklady ako vo vete 1. Potom strednu
hodnotu pokusov E,:(n) Ra(x, 0*) mozno odhadniit vztahom

L(Gz) (h()_h1)+h| ak 02#:5
20°—s ’ 2

E,(n)= (28)
——h;’:',_ ak al=%

kde L(o?) je dané vztahom (20) a h,, h, a s vztahom (19).
Dékaz. Podla (11)

iz e—(x2/20l2) )
z=lhZ. 1n9—2+1(12—i2> 2
X e-(220,2) 1 2\o; oOf
o/
' 2
Podla (2) ale E(x*)=20" Preto E,:(n)=In %+ (% - 81—2)02. VyuZitim lemy
1 0 1
3 dostaneme po jednoduchych tpravach prvi éast vztahu (28). Ak o = % potom
2(°[,.o5 , 1/1 1 2
~ 2 = hdl BT (W T 2 —(x2/s)
et () SL [naf+2(a?, of)x]xe ™
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. oi_ o l(l_l)_t_l " s .
Oznacme In a(’,_d . Pretoze 2\&@ 7o) =5 bude mat predchddzajici integral
tvar

2 > 2\ 2
Evman@) =25 [ (2= s¥x e dr=d*=(n 2}
0 0
Dosadenim tohto vysledku do druhej ¢asti vztahu (15) a po mensej tGprave
vyuzitim oznacenia (19) dostaneme druhi ¢ast vztahu (28), ¢o sme mali dokazat.
Numericka poznimka. PretoZe podla predpokladu of<o? a teda

oi=ko} (k>1) (29)

mozno vyuZzitim vztahu (28) numericky [ahko vydislit stredni hodnotu pokusov
E,:(n). Po dosadeni vztahu (29) do (19) dostaneme

_2k—o0iInB, h__2kaf)lnA_ _2kojInk
I U 2 U 2

Po dosadeni (30) do (28) a vyuzitim (24) dostaneme po jednoduchej ﬁpravé

ho (k>1) (30

, s .. ooy
pre hodnoty parametra o’=0j, 0’°=0; a 0’=§ tieto priblizné odhady E,:(n),
ktoré su vhodné pre numericky vypocet

E,,2(n) = (1-a)(inB—-InA)+In A

k—1—-klnk k oo (31)
InB-InA)+InA -
Eo:‘ﬂlz(n) = ﬁ ( nk - 1 —ln)k n (32)
' InAInB
E, i 0(n) = Tk (33)

kde A -a B je dané vztahom (9).

V tab. 1 je strednd hodnota pokusov E,:(n) vypocitana podla vztahov (31),
(32) a(33) pre k=1,5;2;2,5a 3 a vietky moznosti a =0,01; 0,05 a g =0,01;
0,05. V3etky vysledky st zaokrihlené k nasledujicemu celému ¢islu.

Bolo ukdzané [1], Ze v pripade ndhodného vyberu zo zikladného siboru
s normilnym rozdelenim N(©, o), kde strednd hodnota @ je znima, treba
k rozhodnutiu (3) pomocou sekvenéného kritéria pomeru pravdepodobnosti urobit
priblizne dvojndsobny pocet pokusov.

Pre porovnanie sekven¢ného kritéria pomeru pravdepodobnosti s klasickym
testom (4) je v tab. 1 pre hodnotu parametra o’ = o7 vypo¢itany rozsah ndhodného
vyberu n podla vztahu (6), kde sme polozili p =0 a g =n (t. j. do dvahy sa beri
vietky pozorovania). Na vypodet boli pouzité tabulky [4]. Z tab. I vidno, Ze
k rozhodnutiu (3) treba klasickym testom urobif priblizne trojnisobny pocet
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. P . . : 'S
pozorovani, ako sekvenénym testom. Pri sekvennom teste je pre parameter o> = 2

(vieobecne pre Eo(z)=0) hodnota E,:_,(n) maximdlna zo vSetkych o’. Ako
vidno z tab. 1, je E,>_,,(n) mensie ako kazdé prislusné n odhadnuté klasickym
testom.

Tabulka 1
Numericky vypocet E, :(n) sekvenéného kritéria pomeru pravdepodobnosti Ra(x, ¢7)
o} '
k=— 1.5 2 25 3
0()
a
E,x(n) 0,01 0,05 0,01 0,05 0,01 0,05 0,01 0,05
B
0,01 63 58 24 22 15 14 11 10
Ei(n)
0,05 41 37 16 14 10 9 7 1
0.01 48 31 15 10 8 5 5 4
) (133) (100) (46) (35) (27) (21) (19) (15)
Ea’(“)
0.05 45 29 14 9 -8 5 5 3
' (95) (67) (32) (23) 19) (14) (13) (10)
0,01 129 83 44 29 26 17 18 12
E,;(n)
0,05 83 53 29° 19 17 11 12 8
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PE3IOME

NMPUMEHEHME IIOCIENOBATEJIBHOIO KPUTEPUSI OTHOWEHHWSA
BEPOSITHOCTEM K PACIIPENEJIEHUIO P3JIES

H. I'apaii, BpaTtucnasa

A. Banbp (1948 r.) paspaboTan nMpMMEHEHHE MOCIEAOBATEILHONO KPHTEPHA OTHOLICHMA Be-
POSTHOCTEH K GHHOMHHAJILHOMY pacrnipefiefieHnio. B nanHo# pa6oTe npuseneHbl NONOOHbIE pe3ynbTa-
Thl /I COBOKYIHOCTH C IUIOTHOCThIO pacnpefenchus Panes

x
f(x)=(—j—ze“"”"” 0sSx<w; ¢>0)
B pa6oTe paccMaTpuBaiotcs runotesst Hy: : 0% = 0} B oTHomeHny wieHun K H, : 0> =03 (0, <0?)
npu AaHHbIX omKbGKax a U B 1-ro u 2-ro pona. B pa6oTe npennaraeTcs NpuONU3UTENLHOE BbIPaXEHHE

ANA ONepaTHBHOH xapakTepHcTHKH L(0?%) M cpepHero o6bema BbIGOpkH E,x(n), ans koroporo
npHBOAKTCH Tabnuua 1 psna sHavenuit k =o3/03 (k=1,5;2;2,5; 3) u pasnnuneix a, f=0,01, 0,05.

SUMMARY
THE USE OF THE SEQUENTIAL PROBABILILITY RATIO TEST
SAMPLING FROM RAYLEIGH POPULATION
I. Garaj, Bratislava

A. Wald (1948) has used the sequential probability ratio test for the binomial and normal
distribution. The purpose of the present paper is to obtain similar results for the Rayleigh population
defined by density

f5)=F e (0Sx<;0>0)
In the paper is tested: H,:0% =0} against H,:0?=0}(05<03}), if a is the probability of the first

kind of error and B of the second one. We have obtained on approximate formula for operating
characteristic curve L(0?) and the average sample number E,:(n). The table 1 gives approximate values

2
of E_x(n) for various values of k =% (k=1,5;2;25;3)and a, B = 0,01; 0,05).
0
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A GENERALIZATION OF THE FINITE ELEMENT
METHOD FOR QUASI-PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS

ALOJZ NEMETHY, Bratislava

1. Introduction

In this paper we apply the finite element method to obtain the solution of the
boundary value problem for some type of quasi-parabolic partial differential
equations. These: equations are known for example in the theory of viscoelastic
shallow shells and plates. According to the idea of J. Brilla [6], [9] we perform the
Laplace transformation and then solve the relevant associated boundary value
problem by the finite element method. The inverse transformation of exact solution
of such problems are mostly very complicated and the inverse transformation can
be found only numerically. '

In our case the proper method for finding the inverse transformation is the
method of the expansion of the exact solution in the Dirichlet series.

2. Formulation of a problem

Let Q be the bounded domain £ c E,, where E, is 2-dimensional Euclidean
space. Further let S be a boundary of the domain €. Let us solve the equation

Aw+2 Bw=f ‘ @.1)
with the boundary condition _
Lw=0 on .S - 2.2)
and the initial condition .
' w=0 for t=0 _ (2.3)
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After using Laplace transformation in the form

w(x,y, p)=£ w(x,y, t)e ™dt

the equation (2.1) will be assumed in the form
Cw=f 2.4)

where a tilda means Laplace transformation and C=A + pB. Let C be a positive

definite elliptic operator of the 4™ order for every real positive parameter p in
Lz(g ), i.e.

(W, Cw)zy*||wlf*
where (,), ||.]| denote scalar product and the norm in L,(2) respectively, and y is

a real positive number.
According to [ 12] the solution of the equations (2.4) minimizes the functional

o(w)=(Cw, w)—2(w, f) (2.5)

and vice versa. There exists just one element minimizing (2.5) in the energy space
and this unique element will be called the weak solution of the equation (2.4).

If the coefficients and the right side of the equation (2.4) are continuous in the
sence of Holder with the positive exponent a <1, then after [2] p. 144 for every
real positive parameter p the weak solution of the equation (2.4) is Holder
continuous with its derivatives up the 4" order inclusive and therefore is continuous
on Q.

3. The solution of the associated problem by the finite element method

The finite element method is a successful application of the Ritz-Galerkin
technique. The basic idea is now well established : given the problem of minimizing
a functional @(w) over an infinite-dimensional space V, the Ritz method
minimizes @ (W) ovcr a finite dimensional subspace Vy = V, and the finite element
method is based on the convenient choice of Vy. In our case V will be the subspace
of Sobolev space W{’(£2) generated by all functions from W{’(£2), which satisfy
the main (also stable) boundary conditions of the associated problem. Further, the
space Vy will be a set of all m-times continuously-differentiable functions
satisfying the main boundary conditions of the associated problem, which are
polynomials of the s-th order on the individual elements of the given division of the
domain €.

If {g.(x, ¥)}i=1.2. ...~ is a base of the space Vy then every function w(x, y) e Vy
can be expressed in the form ’
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w(x,y, p)=26i(p)g.»(x, y) 3.1

where the real numbers 8,(p) (i =1, 2, ..., N) depending on the parameter p of the

Laplace transformation are the coordinates of the function w in the base
{g:(x, Y)}i=t.2. ..n-

The aim of the finite element method is the deriving of the matrix K and the
vector F, where

K=(K;(p)), i,j=12,..,N 3.2)
F=(F(p))", i=1,2,..,N (3.3)

by means of which the functional (2.3) can be written in the form
D =%ATKA —A"F (34)

with A being the vector of the coordinates of the function w(x, y, p) in the base
{g:(x, _Y)}1=|,2. N

A=Gp)"; i=1,2,...N (3.5)

The superscript T indicates transposition.

With respect to the positive definitness of our problem the functional (3.4) is
minimized exactly for one vector of coordinates satisfying the necessary minimum
conditions ‘

oD . '
55_=() for i=1,2,....N (3.6)

With respect to (3.4) and (3.6) our minimized vector of coordinates-is the

solution of the system of linear algebraic equations '

KA =F ' (3.7)

With regard to (3.2), (3.3) the solution of the system (3.7) is dependent on the
parameter p. We have showed that by the finite element method it is possible to
find the solution w of an associated problem for each real positive parameter p in
every node. )

4. Theinverse transformation of the associated problem

The inverse Laplace transformation is very complicated and practically it is
only possible to determine this transformation numerically.
In this chapter we shall find the exact solution in the form of Dirichlet series.
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With respect to the form of the Dirichlet series it necessary to make the next
assumptions : for every point (x’, y') € 2 the solution w of the equation (2.1) has
properties : '
lim w(x',y',t)=k (4.1)
where k is a real number and w(x’, y’, t) is increasing function. For example, the
“assumption (4.1) is usual satisfied in the theory of viscoelastic shallow shells and
plates.
Let w(x, y, p) be the Laplace transform of a function w(x, y, t). We can write

w(x,y,t)=wy(x,y)+Aw(x, y, t) 4.2)
where
wo(x, y)=w(x, y, ©) 4.3)

The values of the function w will be determined approximately in the nodes of
the given division of 2. The following notation will be used for the individual nodal
int (o,
point (x,, yo) O D
W()(xm ,Vn) =W,

In our case the Dirichlet series

Awp(t)=S, e (4.4)
i=1
can be used as a resonable approximation to the solution Aw(¢).
The present method makes use of this series in which the y; are prescribed
~ positive constants, and the S, are unspecified coefficients to be calculated by
minimizing the total square error between Aw and Awy,. This total square error is

E*= f “[Aw(e)— Aws (DT dt

From the minimizing condition we receive n relations

1 3E? m e . '
~33s =0=| [Aw(t)—Awp(t)] e " dt; i=1,2,...,n 4.5)

With respect to the Laplace transformation from (4.5) we have .
[p - Ao (P)]o-im =[P AWD)]o-cim; i=1,2,..,n

and we can write explicitly

n S - X
Z =[pAW@)]-am; i=1,2,..,n (4.6)
T 1+_Z£ \ .

Yi
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From the relations (4.2) it follows

pAW(p)=pw(p)—w, 4.7)

where from the properties of the Laplace transformation, we have
wo=1im {p#w(p)}

We can see that the total square error is minimized by collocating the
p-multiplied transform of the Dirichlet series (4.4) and an associated solution,

pAw(p), at n points p =$_—. With this solution given numerically or graphically for

0=p < =, suitable values of y;, can be prescribed by inspection. Of course, it is
possible to determine the parameters y; by minimizing the square error with respect
to each one, but this problem leads to a nonlinear set of equations. It is very
difficult to solve this system of equations.

5. Numerical example

In order to ilustrate our method we shall investigate simply supported
rectangular concrete plate reinforced in two perpendicular directions with sides
600 x 420 cm with constant thickness 4 =16 cm loaded by uniform load gq =
=1kpem ™. According to [5], [6] the equation of this plate can be writtenin terms of
Laplace transformation as follows :

4p) 35+ 2dup) + o)) 5+ )

w_129
5= (5.1)

where d;(p) (i, j=1, 2, 3) are elements of a matrix D

7 8 9

4 S (]

1 2 3
Fig. 1
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D=_"1|0.783p +0,0662, 4.72p+0412, 0
P 0 . 0 1,953p +0,165

The matrix D is derived in [7].
The boundary conditions are

" ( 4,54p+0382, 0,783p +0,0662 , 0 )

_ow
s ayz s

’w
s—O’ axz

w

=0 (5.2)

The problem (5.1), (5.2) being positive definite has a unique solution which
we can obtain by minimizing the functional & (2.3). This functional after using
Green’s formula has a form

3
&= f f ["—af(;v) Da(W)—qu‘»] aQ (5.3)
o) 124
where a(w) is a vector defined by the relation

alw _(az_ﬁ' Fw , 'w )’
)=\ 3y?’ “ax ay

In (4.7) we need the values of the expression pw and so it is better to write the
functional (5.3) in the form

o= L f [Zz;za'(pu'l) Da(piv) —’;—’f'] aQ (5.4)

In our version of finite element method a rectangular element and a bicubic
polynomial is used. Then a function pw has on every rectangle of our division of Q
the form

pw(x,y,p) =22 Ci(p)x'y’ (5.5)

i=0j=0
In each node of our division we prescribed four values

W A(pw) d(pw) (pw)
PY: 5 dy ' oxdy

Then the polynomial (5.5) is determined uniquely on every rectangle and the
function, which is on every rectangle a polynomial of this type (5.5), is 1-times
continuous differentiable on €2 [11].

With respect to the given division of our domain €2 and from properties of the
functional @ the expression (5.4) can be written in the form

.-.,2LJ [24 a’(pw) Da(pw) — PW]dxdy | (5.6)

where m is a number of individual rectangles €2 of our division of the rectangle 2.
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Setting w1 o, :
o =FL ”ﬁ (p#) Da(pw) | dx dy

d>£”=lzj pw dx dy 5.7
p [~
we can express the functional (5.6) in the form
D= (P - D)
k=1

By the transformation
x=x,+ak; y=yo+bn . (5.8)

the rectangle €2, is transformed to the unit rectangle €, (fig. 2), where a, b are
sides of the rectangle €2,. Denoting

1, 0, 0 a? 0, 0
e=(0, 0, 1) WY=| 0, a7, 0)
07 2, O Og O, b—2

we can write, according to the transformation (5.8), the expression &% in the form

3
d,(k.,zg“:l; f f b"(pW)W'@'DOWD(pW) dE dn (5.9)
R0
where 3
(W W W\T
"(W)“(BEZ’ 3§ an’ an’) 10
y
R s R
4 b
R (x,,%,) R

RN R,AD

e,

ln,(o.m R,(1.0)
Fig. 2
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Setting = % ab ¥'O'DOV = [J.,(p)].; j=1.2.3

according to (5.10), the expression (5.9) will be in the form

3 3 2 2 -~
¢£"=§#;i=ld.-,(p) " a;_.(g:i)_, a;.(f’aﬁ_. d& dn (5.11)
Now we introduce the known algorithm to calculate the integrals in (5.11)
without nurherical integrations in a digital computer.
Let P,, P;, P;, P, and R, R,, R;, R, be the verteces of the rectangles €2, and
€2, resp. The functions pw(§, n, p), pw(x, y, p) are uniquely determined on
rectangles €,, €, by the vectors A, A,, resp.:

A=@ar), AIR) ApIR)  FpiR.)

? am ’ dgan
) azww(RA)) T (5.12)
pw(R,), ..., —_85 an )
I - o(pw(P)) 3(w(P)) (pw(P))
Au—(PW(Pn), St :_az _8)’ , , ax ay
- w(P))\T .
(P, ... Llax 5 ) (5.13)
According to (5.12), (5.13) and to (5.8) we have
A =LA, (5.14)
where H, \ 1,
L M H=| % (5.15)
H, b,
H ab
We can write
pw(§, n,p)=c'g (5.16)

with
c=(ci,C ..., Ci6)"

9. m=(1,5n,88n.n%8,...8n)" (5.17)

where the components of the vector g are the terms of the given bicubic polynomial
and the components of the vector ¢ are their coefficients.
Denoting

- 3g(R,) 3Jg(R,) ?d’g(R))
s‘(°(R')’ 3 * “an ° oEan’

g(R,), . M)T

, 7 9&an
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the vector ¢ can be expressed in the form
c=S"'A (5.18)

The bicubic polynomial is uniquely defined on the rectangle €2, and that is why
the matrix S is the regular one and the matrix $™' exists.
According to (5.14), (5.16), (5.18) the expression pw (&, n, p) can be written

in the f
in the form pW(E, 1, p)=AIL(S™)'g (5.19)
Then relation (5.11) will have the form

Y = F ATLT(i i &a;(P)An> LA, (5.20)

1=l[=l

where
A=(S") IG.G} dEdn S (5.21)

29

G(E, n)= %9(,%—'})—, for i=1,2,3

For the integrals occuring in (5.21) the next formula is used

L, e o =gy

= (K@D~ (S D IAL

i=lj=1

Setting

table 1

Node
No. W, 5' sz s: sl ss S. s1 S. s' sm sn

-6 -5 -8 -3 - -2| -2| -2 -2 -2 -2
1 0,764 |532.10 -6,51.10 3,11.10 -7'52.10 -3'97.10‘ 6,21.10 -5,74.‘0 5‘70.10 -5,".’0 S 6010 '4,5‘.10

-6 -4 -3 - -1 -1 -2 -2 -2 -2 -2
2 | 1,245 (862.10 [105.10'[1,00.10 [122.10 |-065.10101.10 [930.10 |9,23.10 -920.10 | 90210 |-738.10

_r -4 -3 -2 -1 -1 -1 -1 -1 -1 -
3 1,404 |9,69.10 -118.10 1,22.10 -1'37.10 -1'20.10 1‘13.10 -1'05.10 1'04.10 -1‘04.‘0 1'01.“’ -8 30.10

- -4 -3 -2 -1 -1 -2| -2 -2 -2 -2
4 1,293 o.o4.10° -110.10 1,14.10 1,28.10 -6,74.10 1,oo.ao -0,15.10 9,07.10 -o,u.ao 945.10 -7,73.%0

-4 -3 - 1 - 1 -1

-5 - -1 1 -4 -1
L] 2,121 | 1,47.10 180.10 |1,85.10 -2,08.10 | -1,10 172490 -1,50.10 1,58.10 -1,57.10 1,54.10 -1,26.10

_s - -3 -2 = -1 -1 ~1 -t -
6 | 2,305 186.10' [202.10 [200.10 23410 | -1,25 |194.10 [-179.10' [177.10 |-477.10 | 173.10 [142.90

-S -4 -3 -2 -1 -1 -1 -1 -1 -1 -2
7 1,480 |104.10 ,27.10 | 1,31.10 -146.10 771.10 | 1,21.10 |-1,12.10 |1,1.90 -1,10.10| 1,08.10 |-8,86.10

-5 4 -3 -2 -1 " - = - -
8 | 2,432 |100.90 [-206.90 |213.10 12,3990 [ 127 [198.10' [-182.10 [ 181.10 |-180.10 | 1,77.10 |-148.10

-3 -4 -3 -1 - - o -
o | 2,740 [190.10'|233.10 |2,40.10 [ 2,0040 | -143 [2,23.10 |2,05.10 | 204.0|-203.40 | 199.10 | -163.%0
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table 2
B o o1 (a3 | o3 | os 1
wit) | 1.349 | 1438 [ 1478 | 1402 | 1.408 | 1.513

t 2 3 ] 10 19 30

wit) | 1.588 | 1.677 | 1.860 | 2.201| 2.514 | 2.660

t | o 80 60 7 [ 90 | ®

wet) |2707 [2728 | 2732 | 2.736 | 2.740 | 2.740

wi(t)
3.01

2.9

201

181

1.01

0.8

© 20 30 4 50 60 77 80 90 ¢
' Fig. 3
the relation (5.20) can be expressed in the form

o =§£_ AIKA, (5.22)

According to the transformation (5.8) and to (5.19) the expression (5.7) we
can write in the form

1

P = ATF, (5.23)

where
Fo=asU'@"Y [ [a(e.m) g an
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Making use of (5.22) and (5.23) we have the functional @ in the form

=3 (;41KA-ATF.)

If we have equidistanced division of our domain €2 then matrixes K, and F, are
equal for every element €2,. Let A (3.5) be the vector of all prescribed values in the
nodes. All components of the vector A are among the components of the vectors
Ay and vice versa. From the necessary minimum condition (3.6) we receive the
finally system of linear algebraic equations (3.7).

In our case the best rate of convergence of O(/*), where ! =max (a, b) (3],
[10]. With regard to a symetry the values pw were calculated only for a quarter of
our plate for 12 values of a parameter p: 0, 107°,107%,107°,107%, 107, 1, 10, 107,

10°, 104, 10°. In (4.6) were put p =%. From numerical experiments we can see that

for the other combination of the parameters p, the numerical results are approxi-
mately the same. Then the solution w(t) for every node has a form

11
W(t)= WO+ES.- e_’. U
i=1

Coefficients S; (i=1, 2, ..., 11) and w, for the nodes of the given division of
the domain Q are in the table 1. A graph and values of a function w(¢) in the
middle of the plate (node 9) are in the fig. 3 and table 2, resp.

The numerical results were done by the digital oomputcr CDC 3300 m
VVS OSN in Bratislava.
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PE3IOME

OBOBIIEHUE METOJA KOHEYHbBIX 3JIEMEHTOB
IJIS PELIEHUS KBA3MITAPABOJIMYECKHMX IU®PEPEHLIMAILHBIX YPABHEHHM
C YACTHBIMH ITPOU3BOJIHBIMH

A. HemerTrl, BpaTtucnasa

B 3T0¥i CTaThe aBTOP NPHMEHSET METO]| KOHEUHbIX 3JIEMEHTOB [/ PEIIEHHs KBa3unapabonnyec-
Koro nu¢epeHInanbHOrO YPaBHEHHS C YACTHBIMH NPOH3BOJHBIMH (2.1) MpH KpaeBbIX H HAYaJIbHBIX
ycnousx (2.2), (2.3). Iocne npeoGpa3oBanus Jlannaca npu HEKOTOPLIX YCJIOBHAX MOXEM PELIMTb
COOTBETCTBYIOLYIO aCCOLHMPOBAHHYIO 3a/1a4y METOJOM KOHEYHBIX 3JIEMEHTOB. Y JOGHLIM METOJIOM A
o6paTHo# Tpancopmanuu Jlannaca sBAAETCS METOA Pa3BHTHA TOYHOTO pelleHMs B pan [upuxie.
IIpuMeHeHHe 3TOro MeTOa NOKa3aHO Ha MPUMEPE BA3KOYNPYroi cBOGOAHO ONEPTO# MPAMOYTrOIBHON
IUIKTB] MPH PaBHOMEPHO pacnpefeseHHOH Harpyske.

SUHRN

ZOVSEOBECNENIE METODY KONECNYCH PRVKOV
PRE RIESENIE KVAZI-PARABOLICKYCH PARCIALNYCH
DIFERENCIALNYCH ROVNIC

A.Némethy, Bratislava

Clénok sa zaobera aplikiciou metédy koneénych prvkov na riesenie kvazi-parabolickej parcidlnej
diferencialnej rovnice (2.1) pri okrajovych resp. pociatoénych podmienkach (2.2), (2.3). Po vykonani
Laplaceovej transformdcie za uréitych predpokiadov moZeme rieSit prislusny pridruzeny problém
metédou kone¢nych prvkov. Ako najvhodnejSia metéda na inverzni Laplaceovu transformaéciu je
pouZitd metéda rozvoja presného rieSenia do Dirichletovho radu. PouZitie uvedenej metody je
ilustrované na priklade vizkopruznej kibovite uloZenej rovnomerne zatazenej obdiznikovej dosky.
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A NOTE ON ONE-SIDED BASES OF SEMIGROUPS
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The structure of semigroups containing one-sided bases is investigated in [1].
At the end of the paper two theorems are stated and proved. The first of them gives
a necessary and sufficient condition for S —s4 to be a maximal left ideal of the
semigroup S, where & denotes the union of all right bases of S. The last theorem
gives a necessary and sufficient condition for S — s to be the so called left ideal L*.
However, I have found out now that both of them are mutually equivalent. The
purpose of the paper is to prove it.

Definition ([S5]). We say that a subset A of a semigroup S is a right base of
S if AUSA =S and there exists no proper subset B< A for which BUSB =S.

A quasi-ordering is introduced in S as follows: 2 =b meansauSa cbuSb.

Lemma 1 ([S]). A non-empty subset A of a semigroup S is a right base of S
if and only if A satisfies the following conditions:

1. for any x € S there exists a € A such that x =a,

2. for any two distinct elements a, b € A neither a =b, nor b =a.

Lemma 2 ([1]). Let ¢ # 0 be the union of all right bases of a semigroup S. If
L =8 — s is non-empty, then L is a proper left ideal of S.

The notion of a maximal proper ideal is used in the usual sense ([3]). We say
that a semigroup S contains a left ideal L*, if L* is such a maximal proper left ideal
in which every proper left ideal of S is contained ([4]).

We say that an element a €S is left invertible if Sa=S.

Lemma 3 ([2]). Let a semigroup S contain at least one left invertible
element. Then S contains the ideal L* and the complement of this ideal is the set of
all left invertible elements.

Theorem. Let @# o+ S, where o is the union of all right bases of S. Then
the following statements are equivalent.

1. (S —s) is a maximal proper left ideal of S.

2. For every element a e A, dc(a), =auSa.

3. S—sd=L*
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4. Every right base of S is one-element set and one of the following conditions

holds:

a) Any right base of S is formed by a left invertible element.

b) The semigroup S contains only one right base A ={a} and we have:
auSa=S, but a éSa. ’

Proof. 1 <> 2. Let L =S — oA be a maximal proper left ideal of a semigroup S.
Then 4 # S. Let a e . If sl cauSa does not hold, then (S — #)u(a). as union of
two left ideals is a left ideal of S, but a proper one. Then S — & is not a maximal left
proper ideal, which is a contradiction to the assumption.

Let dcauSa for any aed, and 4+ 8. We have to prove that S —o is
a maximal proper left ideal of S. Let S —sd c L', where L' is a left ideal of S and
S—A+L'.Then L'ndA#0. LetaeL'nsd, so aeL’. It follows that Sa cSL'
cL’, auSacL’'. From there, and according to the assumption we obtain o <
cauSaclL’'. Consequently, dcL’', S—sdAcL’, therefore S=L".

1 < 3. Let S — o be a maximal left ideal of S, so for any @ €, f cauSa.
Let M be a left ideal of S which is not contained in S — 4. Then there exists some
a € M with a ¢ S — s, hence a € 4. By the statement 2.it holds ¥ cauSa =M and
because A is the union of right bases, for any right base A =, a€ A, it holds
AcM, SA cM, together S=AUSA cM, hence M=S. We get S—Ad=L*.

If S—sA=L*, then evidently S — s is a maximal left ideal of S.

3« 4. LetS—sd=L* Then S — o is a maximal proper left ideal. 2.implies
A causSa for every a € . But moreover, every left ideal of S is included in § — A,
hence there are only two possibilities : either auSa = S — o, or auSa = S. The first
possibility cannot hold, because at least a € S — 5. Therefore, the other possibility
must hold, so auSa =S for any aes. Thus {a} is a right base of S. And as {a} is
an arbitrary element of 4, all right bases are one-element sets. Therefore only the
following three cases are possible:

a) auSa=S, aeSa for any element a e 4. (It means that every element
a € A is left invertible.)

b) auSa=S$, a éSa for any element a € A.

c) auSa=S$S, aeSa for some element aesd, but buSb=S, béSh for
another element b € 4, b # a. We shall show that if S — & is a maximal proper left
ideal of S then the case c) ‘cannot occur and in the case b) the semigroup S contains
only one such a base.

Let us assume that in the case b) a semigroup S contains at least two right
bases: A,={a,}, A,={a,} such that a,uSa, =S, a,éSa,, a,uSa,=S, a,€Sa,.
Then § — A cSa, c S, where S — s # Sa,, because a, € Sa,. But it means that S — o
is not a maximal proper left ideal, and this is a contradiction. If the case c) occurs,
then again S — s is not a maximal proper left ideal, which is again a contradiction
to the assumption. ;

Let us assume that all right bases of S are one-element bases and that one of
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the conditions a) and b) holds. If a) holds, then the statement 3. follows from
Lemma 3. If b) holds, then S — {a} =S — 4 =L is a left ideal. It is evident that it is
a maximal proper left ideal. We show that every proper left ideal of S is included
in L. Let L, be a left ideal of S which is not included in L. Then evidentlya e L,,
therefore SacSL,cL,. But, since aeL,, S=auSacL,, therefore L,=S. It
means that L =L*.
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SUHRN
POZNAMKA O JEDNOSTRANNYCH BAZACH V POLOGRUPACH
I. Fabrici, Bratislava
Cielom tejto poznamky je dokaz vety, ktora udava ekvivalentnost tvrdeni, Ze S —s je taky

maximalny lavy idedl pologrupy S, ktory obsahuje kazdy vlastny favy idedl (s je mnoZinovy sicet
vietkych pravych baz).

PE3IOME

3AMETKA OB OOHOCTOPOHHbBIX BABUCAX B MOJIYTPYIIITIAX
H. ®a6bpuun, Bpatucnasa

B aToii 3aMeTKe l0Ka3aHa TeopeMa 06 3KBHBAJIEHTHOCTH YTBEPXACHMH, Korma S — & Tako#

MaKCHMaNbHbIA JIEBLIA MACaN MONYTpynnbl S, B KOTOPOM COAEPXMTCH BCAKHIA COOCTBEHHBIN NEBbIH
unean (& — oGbeMHEHHE BCEX MpaBbIX Ga3uCoB).
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Introduction

Several topological properties preserve under more general mappings than are
those of homeomorphisms. The somewhat continuous and semi-continuous func-
tions as studied in [1], [2] may serve as examples. This paper contains some results
which coplete or generalize some of the known results concerning these functions.

N. Levine [2] defined a semi-open set in a topological space X as a set A such
that there exists an open set O so that O c A c O where E is the closure of E. He
defined a function f: X— Y (X, Y topological spaces) to be semi-continuous if
f'(G) is semi-open for any open G c Y. The function f: X— Y is said to be
semi-open if for any open U c X the set f(U) is semi-open in Y.

S. Gene Crossley and S. K. Hildebrandt in [3] defined irresolute and
pre-semi-open functions. A function f: X— Y is said to be pre-semi-open (ir-
resolute) if f(A) is semi-open in Y (f~'(B) is semi-open in X) for any semi-open
A cX (any semi-open Bc Y).

A one-to-one mapping f:X — Y is said to be semi-homeomorphism between
X and Y if it is onto, irresolute and pre-semi-open.

Kempisty in [4] introduced a notion of quasicontinuous function. A function
f: X—Y is said to be quasicontinuous at x,€ X if for any open set V such that
f(x,) € V and any open U such that x, € U there exists a non-empty open set G c U
such that f(G)c V. If f is quasicontinuous at each point x € X, it is said to be
quasicontinuous in X.

A function F: X — Y is said to be somewhat continuous if for Vc Y, V open
in Y and such that f~'(V)#0 there exists an open set WcX such that
0+ W cf'(V). It is said somewhat continuous on Xo < X if the restriction f| X, is
somewhat continuous.

Results. The first is already a known result proved by A. Nebrunnovi [6].

Lemma. A function f: X—Y is semi-continuous if and only if it is
quasicontinuous.
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Theorem 1. A function f: X— Y is semi-continuous if and only if it is
somewhat continuous on every open subset of X.

Proof. Let f be semi-continuous and @ # G = X an open set. Let Vc Y be
such open set that f~'(V)NG is nonempty. The set GNf~'(V) is semi-open as an
intersection of a semi-open and open sets (see [2]). Since it is also nonempty it
contains a nonempty open subset. Hence f is somewhat continuous on G.

Now let f be somewhat continuous on every open subset of X. Let X, € X and
VcY open such that f(x,)e V. For any open U such that x,e U we have
f~'(V)NnU# 0. From somewhat continuity on U the existence of an open subset
W#0, Wcf'(V)nU follows. Hence f(W) < V. The quasicontinuity of f at x, is
proved. Since x, is arbitrary point, f is quasicontinuous. Hence (see Lemma) f is
semicontinuous.

Definition. A function f: X— Y is said to be somewhat open with respect
to an open set V c Y if for any open set U = X such that f(U)n V# 0 there exists
a nonempty open set G c f(U)N V. It is said to be somewhat open if it is somewhat
open with respect to V=Y. A one-to-one somewhat open and somewhat
_ continuous function f: X— Y is said to be a somewhat homeomorphism.

Theorem 2. A function f: X— Y is semi-open if and only if it is somewhat
open with respect to any open subset of Y.

Proof. Let f be semi-open. Let UcX, VcY be open sets such that
f(U)NV#0. Since f(U) is semi-open and V open, the intersection f(U)NV is
semi-open. Hence the existence of an non-void open set G cf(U)nV follows.
Hence f is somewhat open with respect to V.

Now let f be somewhat open with respect to any open Vc Y. Let Uc X,
U+ 0be open. Let y e f(U) and V any neighbourhood of J. We have f(U)nV#0.

Hence there exists a nonempty open set Gcf(U)nV. So yeint f(U). The

inclusion f(U)cint f(U) is proved. Hence f(U) is semi-open.

Theorem 3. If f: X— Y is one-to-one open and somewhat continuous then
f is irresolute.

Proof. Let A c Y be semi-open. Let x ef'(A). Then y =f(x) € A. For any
open U containing x the set f(U) is open and contains y. Hence f(U)NA #0.
Since f(U) is open and A semi-open the existence of an open set G# 0 follows
such that G cf(U)nA. We have

@) efIfUNA]=fTIf(U)]=U
The somewhat continuity implies that there exists an open set V< f~(G),
V#0. Hence Vc U, Vcf'(A). Since U is an arbitrary neighbourhood of x we

have x eint f"'(A). So f~'(A) is semi-open and Theorem is proved.
The first of the following examples shows that the assumption of f being
one-to-one is essential. The second shows the essentiality of the fact that f is open.
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The third — one shows that somewhat continuity does not follow from the fact that
f is open and one-to-one.

Example 1. Let X=(0, 1)u(2, 3) with the topology of the real line. Let
Y ={0, 1} with the discrete topology.

0 ifxe(0,1), or x=%
Define f(x)=
1 if xe(2,3), x#%

Example 2. Let X =Y =(—, +») with the usual topology. Let a#b,
a,be(—», +x). Put

g(x)=x if x#a, x¥b; g(a)=b, g(b)=a.

Example 3. Let X be the space of all the rational numbers with the topology
of real line and Y the space of positive integers with the discrete topology. Any
one-to-one function f: X— Y has the desired properties.

Corollary 1. If f: X— Y is one-to-one open and somewhat continuous then
f is semi-continuous.

Corollary 2. In the set of all one-to-one open functions f:X—Y the
somewhat continuous and the semi-continuous functions coincide.

Theorem 4. Let f: X—Y be continuous and somewhat open then f is
pre-semi-open. ’

Proof. Let A = X be semi-open. Lety e f(A). Wehave y =f(x),xeA.Let V
be any open set containing y. The continuity in x implies the existence of an open
set U such that x € U, f(U) < V. Since A is semi-open, U open, UNnA # 0, there
exists W#0, W open and W< UnA. Since f is somewhat open there exists an
openset G, G#0, G c f(W) c f(UnA) < f(U) n f(A) = f(A)nV. Hence

yeint (f(A)). So f(A)cint f(A). The set f(A) is semi-open and the theorem is
proved.

Corollary 1 (See also [2]). If f is continuous and semi-open then f is
pre-semi-open. (See Theorem 2)

Corollary 2. In the set of all continuous functions f:X — Y the somewhat
open and the semi-open functions coincide.

Note 1. The condition of continuity in Theorem 4 can not be removed. As an
example serves example 2. The condition of f being somewhat open can not be
removed as well. The example 3 shows it when instead of f the inverse f~' is
considered. '

Note 2. Theorem 3 is a consequence of Theorem 4 and in case of one-to-one
mappings they are equivalent.
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It follows from the evident facts that in case of a one-to-one function f we have

a) f is continuous if and only if f~' is open;

b) f is somewhat continuous if and only if f~' is somewhat open;

- ¢) f is irresolute if and only if f~' is pre-semi-open.

Note 3. Any semi-homeomorphism is a somewhat homeomorphism as can be
easily deduced from the corresponding definitions. The example 2 shows that
a somewhat homeomorphism need not be a semihomeomorphism.

Note 4. In [5] there were studied one-to-one mappings between X an Y
which are semi-open and continuous. They were also called semi-homeomorphism.
(We shall not call them semi-homeomorphism since the notion is used in an
another sense).

It may be shown that a semi-homeomorphism f need not satisfy the condition
of being continuous hence need not belong to the mentioned mappings studied
in [5].

Example 4. Let X=Y={a,b,c). Define the topology in X as
{0, {a}, {a, b}, X} and the topology in Y as {0, {a}, {a,b}, {a,c}, X}. The
identity function f:X— Y is a semi-homeomorphism but it is not continuous.

If we consider the mappings defined by N. Biswas then for X compact and Y
Hausdorff they are homeomorphisms hence also semi-homeomorphisms. It is not
difficult to give an example showing that they are not homeomorphisms in general
case. The inverse of the function considered in Example 4 is of this kind. What I do
not know is whether there exists a one-to-one continuous and semi-open function
without being a semi-homeomorphism.
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SUHRN

O SEMIHOMEOMORFIZMOCH A PRIBUZNYCH ZOBRAZENIACH

T. Neubrunn, Bratislava

Rozne zovieobecnenia pojmu spojitosti ddvaji mozZnost Studovat vlastnosti homeomorfizmov,

ktori k nim patria.
Této préica obsahuje vysledky tykajice sa rozliénych takychto homeomorfizmov a vztahov medzi

nimi.

PE3IOME

O CEMUTOMEOMOP®U3MAX U C HUMH CBA3AHHBIX OTOBPAXEHHAX

T. Hey6pynH, BpaTtucnapa

Muorde 0GOGILIEHH NMOHATHS HENPEPLIBHOCTH AAIOT BO3MOXHOCTb HMCCIENO0BaTh COOTBET-
creylomme uM romeoMopdusmbl. Hactodias pa6ota npeacTaBisieT pe3yibTaThbl, Kacaloumecs pas-
JIWYHBIX TAKMX FOMEOMOP(H3MOB.
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ON PERIODIC SOLUTIONS OF THE FOURTH ORDER
LINEAR SYSTEMS

VLADISLAV ROSA, Bratislava

In the paper a fourth order linear system is considered all coefficients of which
are not periodic functions. Some necessary and sufficient conditions are established
for the existence of a periodic solution of such a system.

1. Consider the system

x(1)=Q(e)x(t) 1)
where x(f) is a real n-dimensional vector function, Q(¢)=(qu«(?)) is a real
continuous n X n matrix function for ¢ € (— %, ®).

The following two lemmas have been in a modified form and without proof
given in the paper [1].

Lemma 1. A necessary condition for the existence of a non-trivial periodic
solution of the system (1) with period T is that for every real number ¢ the identity

q“(t'*'T)'(Iu(t)’ ooy qln(t+T)_qln(t)
D¢, T)= |: =0 (2)

qnl(t+ T)_qnl(t)9 seey q,.,.(t+ T)'—qm-(t)

hold.

Proof. Let (x,(¢), ..., X. (¢)) be a non-trivial solution of (1) such that for every
tx(t+T)=x(t), (@t +T) = %(t), i=1,2, ..., nis true, ie. x(t+T) = x(1),
X(t+T) = %(t). Then X(t+T) = Q(t+T) x(t+T) = Q(¢t+T) x(t) = x(t)=
=Q(¢) x(¢) from where we obtain [Q(¢ + T) — Q(¢)] x(#)=0. This result and the
above assumption that x(¢f) is a nontrivial solution lead to det [Q(+1t)—
—Q(¢)] = D(t, T)=0, which establishes the lemma.

Remark 1. The abovementioned condition is not sufficient as the linear
differential equation

X,(1)=x(r)
shows. Its general solution is x,(t) =C exp ¢.
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Lemma 2. Let the coefficients gy (¢) of the matrix function Q(t) satisfy the
following conditions

qu(t+T)=qu(t) for iSk,i, k=1,2,...n 3)
q,+1_,(t+T)—q,+1_,(t)4=0forj=1, 2,...,’1_1 (4)

for £ € (— %, »). Then the system (1) has a non-trivial T-periodic solution if and
only if

T
[ sy as=0 5)
g,(t)=0 for j=1,2,..,n—1 (6)
This solution is of the form x,(t)=x,(t)=... = x,_,(t)=0, x.(t)=

=C epr; q..(s) ds, C#0.

Proof. 1. Let (xi(t), ..., x.(t)) be a non-trivial T-periodic solution of the
system (1). Then obviously

i[qlk(t+T)—q.«k(t)]xk(t‘)EO for i=1,2,...,n.

According to the assumptions we have

[q21(t + T) — q24()]x:(2) =0,
$ x,(t)EO

[@21(t + T) — g1 (8)g(8)]x:(2) + [q52(t + T) — @52(t))x2(£) =0,
> x(6)=0 .

[qn—l. l(t+ T)"‘qn-l. |(t)]x1(t)+ +[qn—l.n—2(t+ T)—qn—l.n—z(t)]xn—-Z(t)EO s
> xn-Z(t)EO

[@n1(t + T) = qui(O]x1(t) + ... +[Gn.n-1(t + T) = Gun—1(£)]x.-(£) =0,
> xn-l(t)EO ' )

Therefore in the considered case the system (1) reduces to
X (t) =(qnn (t)xn (t)

which gives after the integration the expression x.(t) = C exp f qnn(s) ds.
0

T

Because we assume x, (¢ + T) = x, (¢), the equality f qnn(s) ds =0 must be fulfilled,
0

i.e. (5) is true. Substituing the obtained expression into (1) we arrive at

140



Q:x,(t)=q,(t) %(1) 5 > qn(t)=0

0= k0 s(1)= Goorn(O) Xa(6) s 2 Guorn (D) =0

i.e. (6) is true, too.

II. The sufficient condition is obvious.

Remark 2. Analogically the following lemma can be proved.

Lemma 2'. Let the coefficients qu () of the matrix Q(¢) satisfy the following
conditions

Gu(t+T)=qu(t) for iZk, i,k=1,2,..,n 3
QI.HI(I"'T)_qi.iH(t)’J:O fOl‘ j=1,2,...,n'—1 (4’)

for t €(— %, ). Then the system (1) has a non-trivial T-periodic solution if and
only if

[[utsy as=0 ()

g;.(t)=0 for j=2,3,...,n (6"

1l

is true. This solution is of the form x.(t)=Cexpf qu(s)ds, x.(t) = ...
0

= x,(2)=0.
2. Consider now the system

%(t) =P(1)x(2) v (1)

where x(¢) is a real 4"-dimensional vector function, P(t) = (p«(?)) is a real
continuous 4 X 4 matrix function for t € (— %, ), the coefficients of which are not
all periodic functions with period T.

If x(¢) = (x:(), x2(2), x5(2), x4(2)) is a non-trivial T-periodic solution of that
system, then by Lemma 1 the rank of the matrix [P(¢ + T) — P()] is smaller then
four. Clearly we also have

4
S [pa(t+T)—pu()u()=0 for i=1,2,34 (74)
k=1
a) Let us suppose that for every real number ¢ the inequality
Pu(t+T)—pu(t) #0 (8)
is true. Using this in (7,) we get the relation
x4(1) = @u()x1(1) + @ar()x2(2) + @as(t)x5(1) ()]

141



where

_Pu(t+T)—pa(t) -
Pu(t+T)—pa(t)’ p=h2,3

We see that under the above formulated assumption the considered solution
x(t) statisfies the third order system

x(£) = Q(r) x(¢) ' (15)

where Q(#) =(qu (¢)) is a real continuous 3 X 3 matrix-function, the coefficients of
which are defined by the relation

qu(t) = pu() + pis()@u(t) for i, k=1,2,3 (10)
and te(— o, »)

@)=

If we apply Lemma 2 to the system (1,), we obtain a necessary and sufficient
condition for the existence of a non-trivial T-periodic solution of this system
provided that (3) and (4) for n = 3 are valid. The condition means that both (5) and
(6) are fulfilled, where g () are determined by (10). The periodic solution has the
components

2O=500=0, x)=C expf' dasl5) s a1

Having assumed (3), (4) (5) and (6), the fourth component x,(t) will be
T-periodic if and only if the function @.s(¢) is T-periodic.

Now, let us state the conditions which guarantee that the functions x,(t), x,(t),
x3(t), x4(t) obtained in this way form a T-periodic solution of the system (1,).

Making use of (9) and (11) from the system (1,) we obtain

0=x,(t) =ps()x3(t) + pra(t)xa(t) =
=[p13(8) + Pra()@as()]x:(2) = g 13(1)x5(2)

0=x,(t) = p2s()x3(t) + pas(t)x4(t) =
=[P23(t) + P24 () @as(t)]x3(8) = q2s(t)x5(2) ,

X3(8) = pas(£)x5(t) + pra()x4(t) =
= P33(t) + P2a(£)@as(O)]x3(2) = g5(£)x5(2) |

%4(t) = pas(£)x3(t) + pas(t)x4(t) =

=[Pas(t) + Pas(t)@as(t)]x5(2)

from where we succesively arrive at the identities pi;(t) + p1a(£)@us(t) = qus(t) =

=0, pas(t) + Pou(O)@uslt) = qus(t) = 0, ie. (6) is true, x(f)=C exp f " [pasls) +
+ P34(5)@as(s)]ds = Cexp fo q33(s)ds, which withregard to the equality x,(¢ + T) =
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=x,(t) gives that qu33(s)ds=0, i.e. (5) holds, %) = Clpa(t)
+ paa(t)@ss(t)] exp f ' gu(s)ds = @ax(t)  +  @a()xs0)

= @u(t)C expj gn(s)ds +  @a(t)gss(t)C expf gs(s) ds. After some cal-
0 o

culations we come to the identity

Pas(t) + Pas()@as(t) — @as(t) — @as(t)qs5(1) =0 (12)

The above considerations imply the following

Theorem 1. Let (3) and (4) for n =3, where qu(?), i, kK =1, 2, 3 are defined
by the relations (10) and (8) be true. Then a necessary and sofficient condition for
the existence of a non-trivial T-periodic solution of the system (1,) is that

1. the assumptions (5) and (6) be true,

2. the function @.;(t) be T-periodic, and

3. the identity (12) be satisfied.

This solution has the components

xi(t)=x,(1)=0,
10 =Cexp [ [pls) +Pol)pas)] ds

20 =Cou(®) exp [ [p(s) + pau(s)us(s)] s

b) Let us suppose that there exists at least one second-order subdeterminant
of the matrix of the system

i[q,-k(t+T)—q,-k(t)]xk(t)EO for i=1,2,3 (75)

which is different from zero for every real number ¢. Here x,(¢), x(t), xs(t) are
again the first three components of the above considered non-trivial T-periodic
solution x(¢) of the system (1,). Let the mentioned subdeterminant be in the right
lower corner. We denote it as Q,,(2), i.e. the following inequality

_ | g2t + T) = q22(1), qas(t + T) — qas(t)
Q.(0)= g5t + T) — s2(2), q3s(t + T) — gs5(t) b

for te(— o, ®) - (13)
is supposed. Then
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HO=GAB B0, xO=g S X0 (14)

may be written, where A;(¢), i =1, 2- can be calculated by the known method.
Substituing the expressions (14) into (1,) and integrating we obtain

x.(t)=Cexpf'B(s)ds , C#O. (15)

where

B(t)=qn(t)on(t)+‘Ilzo(l‘l)8)l(t)+qn(t)‘\z(‘) (16)

In the paper [1] (p. 1011) the following Lemma has been proved.
Lemma 3. Let (2) for n =3 and (13) be assumed. Then the system (1,) has

a non-trivial T-periodic solution if and only if the following condition are true:
1. The functions

A (1) A,(1)
Q”(t) ’ Qll(t) ) B(t) (17)
are T-periodic;
2. the equality
ITB(s)ds=0 (18)

holds ;

3. the coefficients g, (¢) defined- by the relation (10) satisfy the identities
AI(I)QI (1) — A|(t)°| () +A,(@)B()Q, (1) — g()[Q, 1(1')]2 =
—q:()A(0)Q,,(t) - q:()A()Q,,(1)=0;

A (£)Q11(1) — Ay(1)Qii (1) + A(1)B(1)Q, 1(1) = g ()[Qu (V)] - (19)
= q5()A(1)Q11 (1) — g5:(DA()Q1i (1) =0

This solution is defined by the relation (15) and (14).

If moreover the assumption (8) is satisfied, then it (9) is true, too and hence,
by virtue of Lemma 3 to the T-periodicity of x,(¢) is sufficient, that the functions
@.(t), i=1, 2, 3 be T-periodic.

Proceeding as in Section a) we determine the conditions which imply that the
functions determined by the relations (15), (14) and (9) form a T-periodic solution
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of the system (1,). Substituing the expfessions (15), (14) and (9) into (1,) we obtain
that

x:(t)=pn(t)C expf B(s) ds +p..(t) |((t) C expj B(s)ds +
A;(1)

+puis(t) Q. C expf B(s) ds + p..(t) [@a(2) +

+gult) S+ 9u(®) 32((‘,’)] Cexp| B(s)ds =

=B(t)C expj B(s)ds

%:(t) =pa(t)C expf B(s) ds + p2(t) a '(( )) C expﬁ B(s)ds +

+pas(t) 02(( )) C expf B(s) ds +‘p2..(t) [<p4.(t)'+
A (1)

+(p42(t) Q, (t)+ 43(t) 32(0))] C epr'l B(S) ds =

A0Q.()-A(1Q.(1)
[Qn(‘)]2

A1)
Q.(1)

Cexpf B(s)ds + —=< B(@®)C epr"B(s)ds

x3(1) Psl(t)+P32(t) Q (t) Pa(2) ng(tt))]c expL' B(s) ds +

+paa(t) . [(p“(t) + @ual?) g.l.((tt)) + @us(?) 3;((?)] Cexp f " B(s) ds =

= A;(1)Q,:(1) —A(1)Q..(2) | Ax(2) ‘
[ [@u: (1)) +Q”(,)] B(‘)C‘[) exp B(s) ds
0= o0 +pa) Gl G50 GG C 0 [ BI85+

10

+2ult) [ @0+ Pult) G+ 9u(0) G2

5 (1)] o expL' B(s) ds =

=[@a(t)+ @a(t)B(@)] . C expf B(s)ds +

. A@) A(0)Q..(1) - A.(Qo..(t)
a0 g+ eu0 S RG
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+ @aa(t) LU B(t)] C exp I' B(s)ds +

Q. (1)
D) | o A0 - AW,
o) gy 00 G

+ @us(2) 02((?) B(t)] C expﬁ B(s) ds

must hold.
The obtained equalities may be rewritten in a more convenient form.

Thus we get

Theorem 2. Let (2), (8) and (13) be satisfied. Then a sufficient condition for
the existence of a non-trivial T-periodic solution of the system (1,) is that

1. the assumptions (17), (18) and (19) be fulfilled;
2. the functions @.;(t) be T-periodic for i =1, 2, 3;
3. the identity

[A/(0Q, .(t') = A ()Q ()] @a(t) + [A(6)Qi (1) — A (1) Q1 (D) ]pas(2) +
+ [-‘PM(’) + Qa1 () B(t) = pai(t) — paa(t)@ai ()] [Qui ()] +
+[@a2(t) + @a2() B(1) = paa(t) — pas(D)@az() JA(() Qi1 (1) + (20)
+ [@a3(t) + @3 () B(t) — pas(t) — Pas(t)Pas(£)]A2(£)Q11 (1) =0

be true. If this condition is satisfied, the functions

x,(t)=C exp J.' B(s) ds ,

o) =210 o expj' B(s) ds ,

Q. (1)
_A() f '
x;(t) =Q,.() C exp g B(s)ds ,
A1) A1) @
— 1 t 2 t !
20 =C| @u0)+ 9l G 5+ 0u0) g2 | exp [ BGs) a5
form a T-periodic solution of the system (1,). Here C#0 is a constant.
3. Let us suppose that the inequality
P.(t) = Ps(t+T) = pss(t), psa(t +T)—psa(t)| _
Pt +T) = pas(t), Pas(t+T)—pat)
for te(— o, ®) . (22)
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is true. Then, using (7.), for each T-periodic solution (x,(t), x2(t), x3(¢), x4()) of
the system (1,) we obtain

BO=35 5O+ 5 20 @3)
20 =5 50+ 4D 0.0

where A;5(t), Aii(t), i =1, 2 can be calculated by the known method. Substituing
(23) into the system (1,) we get

(1) = R(1)x(2) (1)

where R(t)=(rx(2)) is a 2 X2 matrix-function, the coefficients of which are
determined by the relation

ks(‘)

re(®) =pu(t) + pis(t) 572 P(t) M(t)A“(t)

P.(0) i,k=1,2 (24)
Hence, if the conditions of Theorems 1 and 2 of the paper [1] are satisfied, we
come to x,(t), x»(¢) which form a non-trivial T-periodic solution of the system (1,).
If moreover the functions (23) are also T-periodic, then substituing them into the
system (1,) we can obtain the conditions for the existence of -a non-trivial
T-periodic solution of the considered system (1.).
4. Let us suppose that the inequality

P2:(t + T) = pa(t), pas(t+T)—pa(t), P24(t+T)—pau(t)

Py(t)=| Pt +T)—psat), pss(t+T)—pss(t), Psa(t +T)—psa(t) |#0 (25)

Pa(t+T)—pa(t), pu(t+T) —Pn(‘ ): Paa(t + T) — pas(t)

is true on the entire real line. Then from the system (7,) for a T-penodlc solution
(x4 (2), xz(t) x3(t), x4(t)) we obtain

x(6)= 3;3) x.(t), x:(6)= gj—g; x(0). x:(t) :g ; x:(1) (26)

where B;(¢), i =1, 2, 3 can be found by the Cramer rule. Substituing (26) into the
system (1,) we arrive at
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()= [p,,(t)+p.2(t) P153+P|3(l‘) :zg;

+pu() :-;g-g]x.m —AO(@) .

which gives after the integration
x,(t)=C exp f A(s) ds (27)

This implies that the functions x,(¢), i=1, 2, 3, 4 are T-periodic if the
functions

B.(t) Bi) By
P.(r)" Py(1)" Py(1)’

are T-periodic and the equality

A(r) (28)

f T-A(s )ds =0 (29)

is valid. Substituing the functions determined by the relations (27) and (26) into the
system (1,) after some calculations we obtain the identities

B, (1)P:(1) = B,(1)Ps(1) + B, ()A(r)Ps(t) —
=Pic11(2) [P2() = pisr.2(£)Bi(£)P(2) — (30)
_Pi+|.3(t)82(t)P2(t) —p,-H_.,(t)B;,(t)Pz(t)EO

fori=1, 2, 3.

Thus, we have proved the following

Theorem 3. Let for the coefficients of the system (1,) the relations (2) and
(25) hold. Then a necessary and sufficient condition for the existence of
a non-trivial T-periodic solution of the system (1,) is that

1. the equality (29) be true;

2. the functions (28) be T-periodic;

3. the identities (30) for the coefficients of the system (1,) hold.

If the condition is satisfied, the relations (27) and (26) define this periodic
solution.

Remark 3. This result can be without difficulty extended to the general n-th
order system (1). Thus the following theorem is true.

Theorem 4. Let for the coefficients of the system (1) the identity (2) be true.
Denote Q,,(¢) the (n — 1)-st order subdeterminant of the mamx of the system (7,)
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which is situated in the right lower corner. Let Q,,(¢) # 0 for every real number ¢.
Then a necessary and sufficient condition for the existence of a non-trivial

T-periodic solution of the system (1) is

1. the T-periodicity of the functions :"((‘t)), i=1,2...n-1;
A

D000+ 3, Pu(OBL (1)
(= 0]
where B;(t), j=1, 2, ..., n can be found in the known way;
2. the equality f TA(s) ds =0; and
3. the identities '
B;(1)Q,(t) — B;(1)Q,,(t) + B,()A(1)Q,,(t) —

—Pis1a(2) [Q”(t)]z—ki:zpiﬂ.k(t)ak—l(t)oll(t)E() ;

j=1,2,...,n—1;

If the condition is satisfied, the functions

x.(t)=Cexpf'A(s) ds, xk(t)=B°"—"'(tLt))x.(t) fork=2,3,...n

form a T-periodic solution.
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SUHRN
O PERIODICKYCH RIESENIACH LINEARNYCH SYSTEMOV
STVRTEHO RADU
V. Rosa, Bratislava
V praci sa skima linedrny systém Stvrtého radu, ktorého koeficienty nie si sicasne vietky

T-periodické funkcie a uréuji sa niektoré nevyhnutné a postacujiice podmienky existencie T-periodic-
kého rieSenia tohto systému.

PE3IOME

O MEPMOOUYECKHUX PELIEHUAX JIMHEVUHBIX CUCTEM YETBEPTOI'O INOPSIKA
Bnanucnae Poca, Bpatucnasa

B craTbu paccmanunﬁaeTcuu JIKHEHHas cUcTeMa 4YETBEPTOro nNOpsAaka, BCE xoetbd)uuuen'rbl

KOTOpOil HeABNAOTCH ORHOBpeMeHHO T-nepuoanyeckuMH GYHKUMAMH H YCTRHOBJIMBAIOTCA HEKOTOPbIE
HEOGXOMMbIE M AOCTATOMHBIE YCIOBHS CYLIECTBOBAaHHA T-NEePHOAHYECKHX PELLCHHI €TOH CHCTEMBI.
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MATHEMATICA XXXIII — 1977

GENERALIZED SYMMETRIC MEANS (G.S.M.’S)
AND BIPOLYKAYS OF DEGREE THE 5"

FRANTISEK LAMOS, Bratislava

The g.s.m.’s of degrees 3™, 4" have been developed by R. Hooke in [1]. This
paper contains all distinct g.s.m.’s and bipolykays of degree the 5.

1. Preliminaries

The symbol >, shall mean the sum over all subscripts that follow with the
restriction that differently primed subscripts remain unequel Symmetric means and
polykays have been priviously denoted by brackets and parentheses respectively
N_(I\;——l_) > “xix? where i=1,2, ..., N, and
corresponding polykay is denoted (ab). In contract to this “primary” notation
Hooke [1] used a “secondary” notation, where the entries a, b, ..., d of
a symmetric mean ab ... d of degree m form a partition of the integer m. It will be
convenient to represent such a partition in terms of m distinct symbols, so that the
secondary notation for ab ... d will be p,p;...p., ..., 5,52 ... sawhere commas are
used to separate the parts of the partition, and the lengths of the part are the
positive integers a, b, ..., d, whise sum is m. Thus in the secondary notation the
comma separates the parts of the partition with a, b, ..., d denoting the lengths of
the partitions. Two partitions are said to be equivalent, or not distinct if they are
identical, except possibly for the order of parts and the order of symbols within
a part. For m =2 the only are 11 and 2 itself, or in the secondary notation p,, 4,
and p,p,, respectively, which in this case will be denoted by p,q and pq.
Henceforth let a denote the partition pg and B the partition p, q. Let v, 9, ...
denote the arbitrary partitions. A subpartition of a partition y may be formed by
inserting one or more commas between the letters of y. Thus for m=2, B is
a subpartition of a. The following implicit definition of the polykays is given by
Hooke :

[3], e.g. the symmetric means {(ab) =
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Definition 1. The polykays of degree m are defined by the equations
(N=M+26)

where the summation is over all the distinct subpartitions 6, of y.

Two symmetric means, or polykays, are equivalent, or not distinct, if the
partitions representing them can be made equivalent by renaming the symbols.

Since any symmetric polynomial function can be expressed as a linear
combination of symmetric means, it follows from the definition just given that it
can also be expressed as a linear combination of polykays.

Thus, for example, the polykays of degree three are defined by the equations

(p.q.r)=(p.q.71)
<P,q"> =(P,Q’)+(P’q,’)
(par) =(pqr)+(p.qr)+(q,pr)+(r,pq)+(.q,71)

These may be solved to give
(p.q.r) =(p.q.1)

@.qr) ={p.qr)—{p.q,r)
(paqr) =(par)—<(p.qr)—{q.pr)—(r,pq)+2{p.q,r)

or in Tukey’s primary notation

k= (111)
ki, =<12)_<111)
ki =(3)—3(12)+2(111)

In introducing bipolykays Hooke [1] defined generalized symmetric means to
be the averages of monomial functions over a matrix, i.e., a polynomial of the form

1
— Xir oo Xy
NF.I’ZNU " “

where the symbol 2‘ indicates the sum over all the subscripts with the restriction
that subscripts represented by different letters must remain unequal throughout the
summation, and N is the number of terms in the summation. The general term

X ... Xy

contains m factors, of which a,, are equal to x,,, etc., the degree of the symmetric
mean being m =a,, + ... + a,,. To each factor a different symbol is assigned and the
resulting set of symbols partitioned in two ways-once by rows and once by columns.
Hence the secondary notation for the g.s.m. is an ordered pair (a/f) of partitions
a and B, each on the same set of symbols. For example ’

21 1 T
[— 1]=m SRR P HR %)
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Following Hooke’s formalization of the bipolykays we now define a noncom-
mutative ‘“‘dot-multiplication” for symmetric means as follows:

(a) (B)=(a/B)
if @ and B consist of the same symbols, (a) (8) =0 otherwise.

This noncommutative multiplication can be extendes by distributivity to
provide dot-product of linear combinations of symmetric means.

Definition 2. The bipolykay (a/f), where a and B are partitions of the
same set of symbols, is

(a/B)=(a) (B)

is being understood that (a) and (8) are expressed as sums of symmetric means
before the dot-product is taken.

Example. Consider the bipolykay <i i)
(The primary notation for a bipolykay (a/f) is the same as that for the g.s.m.

(a/B), with { ) ’s replaced by parentheses). This becomes, in the secondary
notation

(1 }) =(p4. s/p. 4s)=(pa, s) (p. 4s) =

=[(pq,s)—(s,p.q)].[{gs.p)—(p.q,5)]=
=(s,pq/p,qs)—{s,p.q/p,qs)—(s,pq/p,q,s)+(s,p,q/p,q,5)=

AR

II. Formulas for g.s.m.’s and bipolykays

In this section, tables will be presented which make possible the use of
bipolykays up through the degree 5. The distinct g.s.m.’s of degrees 1, 2, 3 and
4 were listed in [1], [4] and were denoted by t’s for degree, 3, f’s for degree 4:

t4=[1_1__1_] , t7=[3z], etc.

f«=[1111] f"‘:[E;I]’ etc.

153



For degrees 3 and 4 he uses [1] a denotation analogous to that used above for
g.s.m.’s letting T’s stand for bipolykays of degree 3 and F’s for bipolykays of

degree 4. Thus
7;=(111), 1;=(E;), etc.

111- 2--
F(,=<___1>, F|3=(_11), etc.

Those of degree 5 require also more space and so they be denoted by p’s with
subscripts as follows:

l==—= 1] ===
-1 ===
) e

pr=(-=l-=, p2=|_ __, |

S | B

S |

1———

] i ] ===
ps=|-1--, ps=|--11-

S = =1

S |

l==

1—— 111--
p5=_1-1 p6=—__1_,

[ ——— ]

==

] ==

b 1'111-
p: = 1--1, a=____1

-1-

~=1

1- 11--

1-

[

p9= 1—, p10= __1_3

1= —.

-1
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11-- 2-—-
i _|-1--
Pu= ———1l P12 ]
-1 ——-1
11-- 11-
{ -
Pu= 1-1-, Pa= 1=’
| i
-1
111- ii:
Pis= 1-———‘, Pie= 1=-
-1

|

o

11- 2-—- ‘1 21—
Pu= 11—, P|u=—11" ’ Piw= —1-] P20~ --1-
-1 - .

-1

2-- 12—

1-- 211- 1-

Pa= s P2= ) P:3= s P2ua= |- 1-
-1- ——=1 1- -1
== -1

3= - 35—
P2s= 11—, P26 = 1--, P2 -2-, D= -1-
= i -1 -1
22- & 31- 3-
D2 = s P3= 2|, DPn ’ P»n= 1-
-1 ]
-1 -1
1-

|4~ 111-- |1 _liIC
D= -1l D= ———11l PDis= , : D36

-1
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11-
— 1——
DP»n= ——1/

']

e
-11

a= ’

21-

Dss=|—--1

b

_1111
p49_ 1__1 ]

-pi-]
Ps3= ——11]"

11111
Ps1=

=111
Des 11—’

_21-
Poo 1_1 ’
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D=

PDac =

Pso=

Dsa

Pss=

Pe2=

Pec =

Pro=

111

3
-1 .
-1

11
11},
1=

21
1—’
~1

11-
P39= l_lls
1—-
1———
o= 1‘
-111
11-
Ps= 1——!;
-11
— 2—__
Pa=l 1140
=lllll
55 1___ 3
’21-11
Pso= R
= 2—_
p63 _21 ’
=2——
Pe=l111]"
21-
p7l _11 ’

Pso=

PDss=

Pas=

Ps2=

Dse =

Pw=

D=

=|-2

=[-1

11-
1-1
-1-

.

-11

111

1——

2 -
-1
-1
-1

11
1-
1-
1-

2 —
1-
j
11—

o ]
=1
21
-1
2-

11
-1




211 2t 211 2
3= 1__ ’ p74= 1— ’ P7s= _l_ N 76 — 11
1- 1-
3- 311 s 3
Pn= s D= ’ Pr= 1-{, Pso=
-2 = i 1- 11
31 2- 221 21
P = s Ps2=|(2-|, Ps3= 5 Pss=
-1 - -——- 11
(21 - 22 ’ |21 _ 3=
Pss = 2| Pse 1] P81 = _2|° Pss= 2 _
32 31 14 1' 4 -
Psy = s Poo= B Pa = s P2 =
- 1- - 1-
5—
Po3= o

For degree 5 we use a notation analogous to that used above for g.s.m.’s letting

P’s stand bipolykays of degree 5.

[

11-—-
S P

Thus P,=| —-1-- 1} P,= ... etc.

—_———1-=r

——1

P6 =P6_3P2+2P1
P7 =p7—3p3+2p,
Py =py—4ps—3p.+ 12p,—6p,
Py =p,—4p,—3ps+12p,—6p,

157



P|o=P|o-P3—P2+p|

P||=P1|—P3—P2+P|

P12=P12—P:_P2+P|

P1:=P|3_2P10_P4+P3+2.p2"pl

Pu=P|4_2P10_P5+2P3+p2_p1

P15=P15-Pn-zplo_Po+2P;“2P|+3Pz

Pne=p|a—Pn—2pm-p1+3p3+2pz—2p1

P17=p17_2P14_2P13+4P10+p5+P4—2P3_2p2+p1

Pls=Pls-—P|2—Pu‘P4+P3+2P2_P1

P19=P|9_P12-P1|_P5+2P3+P2_P1

P20=P20—P12—2P10‘Pa+2pa+3pz—2P|

le=Pz|‘Plz—zplo"P7+3P3+2Pz-2p|

Pzz=P22-2P20"‘P|s’2P15-2P13+2P|z+2Pu+8P10—Ps+4ps+3P4-
—6ps—12p,+6p,

P23=p23-2P21_P|9—2P|6_2.P|4+2p12+2pu +8pio—pot+4p,+3ps—
—12p;—6p,+6p,

Pu:Pza-on_Plo_Pls"zpu +P1;+Pn +4pm+p6+2ps—4p3—3pz+2p,

pu:P:s_Pzn"Pls—Ple_ZPls'*'Pu*pn+4P10+P7+2P4—3P3‘4P2+2P1

Pyy=D26—D21—DP20—2P16—2D1s +P13+2Pu +6po+2p,+2ps—6p;—
—6p,+4p, -

P27=P27—2P19_2P18+2P12+2Pu*Ps +P4—2P3-2P2+P|

'P28=p28'3P2| —3P20+3P12+6Pm+2P7‘*’2P6“6P3 —6p,+4p,

P29=P29_Pz7_4P24‘2P22+4P20+4P19+2P18“2P17+4P15+8p|4+
+4pi3—4p12—4p,, —16p0+ps—4ps—6ps—3p.+ 12p, + 12p,—6p,

P30=P30—P27_4P25—2P23*4Pz: +2P19+4_P1a —2pi;+4pis+4pa+
+8pis—4pn—4pi— 16pm+po—4p7—3ps—6p4+ 12p;+12p,—6p,

P3=p31— P —3Pp2s—3p2s— 3P22+ 6p11 + 6p20+3p1s+ 6p1s + 6pys +
+6p13—6p12—6p1, —24p10+ 2ps — 6p,—8ps — 6p.+ 18p; +24p, — 12p,

Ps, =p32"Pza"3P26_ 3P24 - 3P23 +6P21 + 6on+ 3P19+ 6P16 +6ps+
+6p1s—6p.2—6p1 —24p1o+2ps — 8p, — 6ps — 6ps + 24ps + 18p, — 12p,

Ps,4 =P —'4P32 _4P31 — 3P30 = 3p29 + 4P28 + 3P21 + 12P26 + 121725 + 12P24 %
+12py3+12p2; — 24p, — 24p2— 12— 12p 15+ 6p1; — 24p 16 —
_241’!5‘24?-4"24}71‘3'4'241712+24pu +96p,o—6ps—6ps+24p, +
+24p,+18ps+18p,—72p,—72p,+ 36p,

Ps=psi—ps—3ps+5p.—2p,

Pss=pss—p,—3ps+5p:—2p,

P:o""'Pss"’Pn—Plo—p4+P3+2P2—P|

Py;=p3y;—pu—pro—ps+2ps+p,—p;

Pu=pas—2P37_2P15"P|4+2Pn +4pm+Po+2Ps“4Pa—3pz+2p|

P39=P39"2P36-2P16’P13+2Pu +4Pm+p7+2p4—3p,—4p2+2p,

PAo“'Pw"‘PH‘P:o"Pu‘Pn"‘Pn+3P10+P5+P4"2p3—2p2+p,
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Py =ps1— P31~ P3s—P1o—Pis +p12+2Pn +pw+Ps+P4_2p3_ 2P2+p1

P42=P4z—3pn_P7+3P3+2P2—2P1

P43=P43_3P||_Pﬁ+2P3+3P2_2P1

Pii=Ppss—Par—2P36—P2u—Pis + P12+ 3pu+2pio+p,+2ps—3p;—4p2+2p,

P45=p4s—p43—2p37—pzo—pm+pu+3pn+2p|o+pa+2Ps—4P:—3pz+2P|

P4(,=P46—p37—P36—P|4"‘P|3+Pu+3P10+P5+P4“2P3—2P2+P1

Pav=P47“P37—paﬁ"p|4_Pla+Pn+3P10+P5+P4_2P3_2P2+P1

P43=P48_—P43—P42—2Pm_2P|s+5Pn +4P|o+2P7+2P6—6P3—6P2+4P|

P49=p49_P36_P34"P|s_2P|3+P1|+4P10+P6+3P4_2P3_5p2+2pl

P50=P50—p37_P35_Pm_2p|4 +P|1+4P10+P7+3P5_5P3—2p2+2pl

Psi=psi—Pas —P34_3P18+2P|2+3Pn +pe+3ps—2ps—5p.+ 2p,

P52=P52_Paz_P35—3p|9+2P12+3P|1+P7+3P5_5P3_2P2+2p1

P53=P53—2P3(.—P34—Pz()—P18+P|2+2Pn+2P10+P6+3P4"2P3_5p2+2p|

P54=P54_2P37"P35"P21 —P19+P|2+2P11+2P10+P7+3Ps_5P3"2P2+2p1

Pss=pss— Paz—3P36 — 3P1s+ 6P +6p1o—ps +4ps+3p.— 6ps—12p, + 6p,

P56=p56_’P42- 3P37—3P|6+6P1| +6P|()—P9+4P7+3P5_ 12P3 _6p2+6P1

Ps;=ps;— 10pss —5ps +20pe+ 15p, — 30p, + 9p,

Psy=pss— 10pss—5py+20p; + 15ps—30p3 + 9p,

Psy=pso—ps1—2pss— 3ps3s—Psi—6psst+ 2ps3+6psst+ 10pss—3p2+
+6pr0+3pi1s+12pis+6pis—3p1,—9p11 — 18p1o+5ps —20p —
—15p.+9p;+30p,—9p,

P60=p60_p58 — 2P56 - 3ps4 —Ps2— 6P50+ 21742 +6P37 + 10P35 - 3P23+
+6p2+3p1o+12p1s+6p1a—3p12—9p11 — 18p1o+ 5ps — 20p, —
—15ps+30p;+9p.—9p,

Ps, =Pe1— 3P53 = 3P44 + 2P42 + 6P36 + 2P34 =Pt 3P21 + 3P20+ 3P18 =
—3p12—6p1; —6p10o—2p;—2ps—6ps+6p;+10p, —4p,

Po; =pe2—3Dss — 3Pas +2p43+6P37+2Pss"st+ 3px +3p20+3pl9_
—3P12—6P11—6p|o"2P7—2Ps—6ps+ 10p;+ 6p,—4p,

Pg, =Pe3— Ps3— Ps1 — Pas+ Paz— 2174: a7 2P37+ 2P36 +Ppsa—Ppart Pt
+3P19+4p|s—3P12_5P11_2P|o—p6_2P5‘3P4+4P34+5p2—2pl

Poy=Pes—DPss—Ds2— Past Paz—2Pas +2p37+2ps6+Pss— Pt 4pst
+3P18+P21_3P|z"5Pn_2P10_P7—3P5-2p4+5p3+4p2_2p1

P65=Pos_2P49—p47—p40_l738+2P37+2P36+P34"P1,7+2P15+3P|4+
+4P13_2Pu"8P10—P6_2P5"3P4+4P:+5P2_2P1 e

Pﬁe""‘Poo—2P50‘P45_P40—P39+2p37+2P35+P35"P17+2P16+4pu+
+3p1s—2p11—8pio—P7r—3ps—2p.+5ps+4p.—2p,

P, =De1—Ps1— 21749 —PDss—Paat Pazt Pt 2P36 =t 2P34 = 2st + 2P21 + 3P18 +
+2P16+2P15+4P13"2P12-Spn -8P10‘2P7_— 2ps—6p.+6p;+
+10p,—4p,

Py = Pes—DPs2—2Pso—Pas— Pas+ Pzt Pz + 2P17 +2p3s—2pa+ 2py0+
+P19+2P16+2P|5+4P|4-2P12_5Pu—8P10‘2P7'2Pe"6ps+
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+10p;+6p,—4p,

) =Pés— Ps3— 2P49 - 2P39 + 41736 + 2P34 —P2w6—P2st+ P2t ProtpPist
+4pic+2p1s+4pis—Pi2—4p11 — 10p1o—2p; — 2ps — 6ps + 6p3 +
+10p,—4p,

P1o=pro—Pss—2pso— 2pss+4ps;+ 2p3s— P26 — P2t P2+ Pt Protapis+
+4pu+2pis—pi12—4p1— 10p1w—2ps—6ps—2p,+ 10p; + 6p, — 4p,

P;, =Dn—Ps3— PDas— 2P47 —Pat 2P37 + 3P36 +Psa— P2t PrtProtpist
+pis+2pis+2pi—pi—3pu _6p|0_p6—2P5_3p4+4P3+5P2_2P|

P, =Ppn—Psa—DPso— 2P46 —Pat 3p37 + 2P36 +P35 P2stPatPiotpist
+ P16+ 2p1at2pis—pr2— 3P —6p10—pP:—3ps—2ps+5ps +4p,—2p,

Py3=pD33—2Dss—2Pss— Pas+2Dss+ 2Pz — 2P30+ 6P36 — 2P26 — P22+ 2P0 +
+ 2P20 +pist 8P16 +8pis+ 2P13 - 2P|z = 14P11 - ZOpw + ZPS —6p;—
—8ps—6p.+ 18p;+24p,—12p,

P, = Dra— 2P55 = 2P4s —PDas+ 2P43 + 2P42 == 2[738 + 6P37 = 21726 — P2+t 2P2| +
+ 2P20 +Ppit 8P|o + 8?15 + 2P14 - 2P12 - 14P11 - 20P10 + 2P9 - 8P7 -
—6ps—6ps+24p;+18p,—12p,

Piys=Pp1s—Pss—Pas— Pas+ Das— Pa1 — Pao— 2P3s + 6P37+ 3p3¢ — Paa— P22 +
+ 2on e 2P19 +Ppist+ 5P15 +4P14 + 2[’13 - 2P12 - 8Pn - 14P10 +ps—
—4p,—6ps—3p,+12p,+12p,—6p, :

P36=Pp16—PDss —Da7 —PDastDaz—Ds1 — Pao— 2P39 + 3P37+6p3s — P2s — P2z t+
+ 2P21 +Dist+ 2pis+ S5pie+2p1s+4p;s—2p1,—8pn—14p, o+ po—
—4p,—3ps—6p,+12p,+12p, —6p,

P33=p17—3P6s—3Pe3—Ps2—Pe1 +3Psa+3ps3+2ps2+ 2psi + 3pas+ 3pas —
i 2P43 = 2P42 + 6P.u = 6P37 = 6P36 = 2P35 - 2P34 + P+ 31727 - 3P21 -
—=3p20=9P19—9p1s+7p12+12p,, + 6p1o+ 2P, + 2ps + 6ps + 6p, —
—10p,—10p,+4p, :

P15 =p1s—3D73— 6Pso — 3Ps1— Pe1 — 3Pso + 2Ps1 + 6pss + 9ps; + 3ps, +
+ 18P49 + 6?43 + 3P44 — 6P43 - 3P42 + 61739 — 18P36 e 20}’34 = 2P3| +
+2ps+ 12P26 +6p2s+9p2.— 18p20—9p21 — 9P1s — 36p,s — 18p1s —
—18p13+9p 12 +27p11 + 54p10— 10ps +9p, +40ps + 30p, — 27ps —
—60p,+18p,

P1y=p7s—3p1a—6p10— 3P6§ —Pe2—3Dso+2pss +6pss+9pss+ 3ps +
+18pso+ 6P4s +3pus : 3D~ 6ps2+6p3s— 18ps; —20pss —2p;, +
+2p2s+12p26+6p2s+9p23— 18p21 —9p20—9p1s — 36pis—18pis—
—18p1+9pi2+27p11 +54p10— 10py +40p; +9ps + 30p, 60p; —
—27p.+18p,

) =Pso—3P16— 3P711—3Pes — Pes1 + 2Ps6 + 6pss + 64+ 6D+ 3Pus—
=2pi2+3pa +6p35—6p3; — 18p3s — 6p3s— Prz+ P2s + 3p26 + 3pa2s +
+3pat 3P23 = 6p21—6p20—3P1s—6p1s—12p,s—6p,s— 6p1a—
—12p,;+6p,.+18py, +36p,o— 2p,+8p7+6p6+6p, +18p,—24p,—
-30p,+ 12p, : .
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Py =ps1—3p71s—3p72—3P70— Pez+ 2Pss +6pss+ 6pso+ 6pas +3pas —
—2ps3+3pa +6p3s— 18p3;—6p36 — 6p3s— P31+ P+ 3p2+3pas+
+3p24+3p2;— 6p2 —6P20— 6p1s—3P1s = 6p1s — 12p1s— 12p s —6p1s +
+6p12+ 18py +36p.0— 2ps + 6p; + 8ps + 18ps+ 6p, — 30p, — 24p, + 12p,

Py; = Ps2—4p716 — 4P 72— 4Pss — 2Pss — 2Pso + Pss + 4Pse + 6Psa + 2ps; +
+12pso+2P4r+4Pss+4Pss—4pay +4Dpa1 +2pso + 8p3o — 12p;3,— 12p36 —
—10p3s— Ppso+ P21+ 8pas+ 6P —12p2y — 6p1o— 6p1s +2p 17— 24p 16 —
—12p,s—12p13+6p12+18py +36p,0— Sps +20p; + 15ps + 9p, — 30p; —
—18p,+9p, :

Pyy = pas—4p7s —4p71 = 4Pes = 2Pes — 2Pso + P51+ 4pss + 6pss + 2ps, +
+12pss+4par+2pss+ 4Pas— 4pss + 4par + 2pao + 8P — 12p3; —
—12p36—10ps4 — P29+ P27+ 8p2s + 6p22 — 1220 — 6p1s — 6p1s + 2p 17 —
—24p.s—12p,s—12p3+6p,;+ 18p.1 +36pio— 5ps + 20ps + Ips + 15p. —
—18p,—30p.+9p,

Pss=Psa—P712— P71 —P10—Pes— 2Pe6 — 2Pes + Psa+ Ps3s+4pso+4pas +
+2P47+2Pa6+ Par + 2Paot+ 2P39 + 2P3s — 6P37 — OP36 — 2P3s — 2psa +
+ P26+ P2st Pra—P21— P20~ Prs—Pis+2p17—4p1e —4p1s—8p1a—8pis +
+ P12+ 6p+18pio+2p;,+2ps+6ps+6p,— 10p, — 10p, + 4p,

Pys=pss —2P+6 — P1a—2Pes — 2De71— 2P6s — Pes + 2Pse + 2Ps3 + 2psi +
+8puo+2Pus+2psr+ Past 2Dss — 2Pa3 — 2par + 2pay + 2pao +4pss +
+2p3s—6p37— 12P36 — 6p3s — P30+ P21+ 2P2s+ 6P2s + 3p2s — 6pay —
=2p20—3p1s—8p1s+2p1,—12p1s—8p1s— 6p1a— 16p3+ 6p,2 +
+18p11+36p10—2ps +8p; +6ps+6ps+ 18p, — 24p; — 30p, + 12p,

Pys =Ppss—2P715s— P73 — 2P70— 2Pes — 2Des — Psa + 2Pss +2Pss + 2psa + 8pso +
+2pus+2Pas+ 2Pas + Pas— 2Pas — 2Pax+ 2Ppar + 2Pao + 2p3o + 4pas —
—12p37—6p36—6P3s — P29+ P21 + 2P26 + 6P24 + 3P22 — 2P21 — 6p20 —
—8P19‘3P13+2p|7—8p16- 12p|5— 16[)14—6P13+6P|z+ 18p|| +
+36p10—2ps +6p,+8ps+ 18ps+ 6p, — 30p; — 24p, + 12p,

Py;=ps;—2p72—2P71— Pes — P61~ Poa— Po3 + 2Psa+ 2ps3 + psa+ psi +
+2pso+2Pss+ Pas+ 2Par+ 2Pas + Pas + Pas— Pas— Paz+ 4pay — 6p37 —
=5P36 = 2P3s—2P3s+ P21+ 2P2s+2P2a = 2P21 = 2P20— SP1o— SP1s — 2P 16—
—2pis—4pa—5p13+4p.2+9p 1+ 12pi+2p,+2pe +6ps+ 6p, —
—10p,—10p,+4p,

Pgs=pes — 3Ps7 — 3Pss — 6Pss — 3Ps2 — 2Pso— P19 — P11+ 12P16 + 3p7a +
+12p1;+ 651+ 6pr0+ 12pes + 3pes + 6psr + 12Pes + 6pes + 6pes +
+3Pes + P2+ 2Ps1 + SPso— 2Pss — 10pse — 15pss — 9pss — Sps, — -
—3psi—30pso— 18pug = 6pss = 4ps7 = 12Ps6 = 3pas— 12pss + 3pas + 10ps —
—12p41 — 8pso—24p3o — 6p3s + 30p3; + 36p36 + 20pss + 9pss + 2pa2 +
+3p30—2p2s—3p27—12p1—24p25 — 6p24 — 15p13 + 30p,, + 9p20+
+15py+18p1s—6p17+60p,s+ 18p,s+30p,s+36pi3s— 15p., —
—45p1,—90p1o+ 10ps — 40p; —9ps — 30ps — 27p. + 60p, + 45p, — 18p,
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Py =Py~ 3Pn7 - 3me —6pus— 31733 - 2[78: —Pnw—P»+ 121775 + 3[773 +
+6p2+ 12p7+ 12p70+ 6Pes + 6Py + 3p6r + 6Ps6 + 12p6s + 3Pos + 6pes +
o zpoz + Per + S5pso—2ps; — 10pss—9pss — 15ps; —3ps;—5psi —
—18pso—30ps—6ps— 12p4; — 4pse—12pss—3pas+10pss +3ps; —
= 12p4i — 8pan—6p3o — 24p3s + 36p3; + 30pss + 9pss + 20pss + 2ps, +
+ 3P29 - sza - 3P27 - 12pza an 6P25 - 24P24 = 15P22 + 9P2| + 301720 =+
+18p1s+15p1s—6p\7;+ 18p1 +60p,s+36p,s+30p,s— 15p,, —
—45p.,—90p,y+ 10ps—9p, —40p—27ps—30p, + 45p,+ 60p, — 18p,

Pyy=pyo —3p7—3p7s—3p7a— 3P+ 6pse +6pss+ 6pas+ 3psr+Ppast
+ 3P45 i 3P44 —6ps— 6P4z + 3P4| + 21740 + 6P39 + 6P38 - 18P37 - 18[’36 -
—Pu—Puntpxt 9P26 ot 31725 + 3P24 +6p2;+6py; — 121721 = 12P20 -
—6p,w—6pi3s—30p,s—30p,s—12p,s—12p,3+ 12p,, + 48p,, +
+84p.y—6ps—6ps+24p,+ 24p. + 18ps+ 18p,— 72p, — 72p, + 36p,

Py, =py, — 4pyy— 6pys — 3pus —4pso— 4D + 12p++12p4s+ 12p,, +
+12p+3+ 12p71 +24peo + 12ps7 + 12pes + 6pes + 4pey + 12pso — 6ps; —
—12ps,—24pss — 36ps;—12ps, — T2p4o—24pas— 12p47 —2pas —

—12pss — 12pas+24pas+ 12ps; — 12p4y — 10pay— 24pss — 24p 35 +

+ 36P37 + 72P3(v + 60P34 — P+t 8P32 + 8P3| + 3P30 + 31729 —8pas— 3P27 - 48p26 -
—24p;s—24p,,— 18p23 — 362, + 36p2 + 72pa20+ 18p1o+ 36p1s — 6p,, +
+72p\s+ 144p s+ 36p\s+72p,;—36p,, — 108p,, —216p o+

+9py+30ps — 36p; — 120p, — 27ps —90p. + 108p; + 180p, — 54p,

Py, = Po2— 4P90 I 6Puo = 3psz = 4Pu| = 4P79 + 12P76 + 12P7s + 12P74 + 12P73 +
+12p72+24p1s+ 12pes + 12pes + 6Pss + 4pe2 + 12p6o — 6pss — 24p s —
—12pss —36pss — 12ps; — T2pso — 24Pas — 2pa7— 12pse — 12pus— 12pas +
+12ps3+24p, —12ps — 10pa—24p30 — 24pss + 72ps, + 36ps6+
+60p;s—pss + 8P+ 8ps1+3pap+ 3p2—8pys— 3p27—48p2— 24p,s—
—24p,s—36p23— 18p22+ 72p, +36p,0 + 36p s+ 18pis—6p1»+ 144p,s +
+72p,s+72p,s+36p,3—36p,.—108p,; —216p,o+ 30ps + 9ps —
—120p, —36ps —90ps —27p,+ 180p; + 108p, — 54p,

Py3=po3 — 5ps: — Spoy + 20pso — 10pss — 10pss + 30ps; + 30pgs + 30pss +
+60pss +30ps; + 30ps, + 20ps; + 20pso + 20p+ + 20p ;5 + 10p,; — 120p,6 —
— 12075 = 60pys — 60p+5 — 120ps; — 120p, — 12020 — 120pes —
= 60pes — 60ps; — 120pes — 120pss — 60pes — 60ps; — 20pe, — 20ps; —
—60pso—60pss +24pss +24ps; + 120pse + 120pss + 180ps, +
+180ps; + 60ps; + 60ps, + 360pso+ 360p.s + 120 + 120p + 120p.c +
+120pas + 120pss — 120, — 120p,; + 240p.; + 240p.0 + 240ps0 +
+240pss — 720ps; — 720p3s — 240p3s — 240p;4 + 5ps3 — 40ps, — 40p5, —
—=30p30 — 30p25 +40p 25 + 60p;; + 240D, + 240p,5 + 240D, + 180p,; +
+180p,, — 360p,, — 360p20— 360p,s — 360p,s + 120p,, — 720p,6 —
—720p1s— 720p,s — 720p 3+ 360p,; + 1080p,, +2160p,0— 120p, —
—120p, +480p, + 480ps + 720ps + 720p, — 1440p, —1440p, + 576p,
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SUHRN
VSEOBECNE SYMETRICKE PRIEMERY A BIPOLYKAYSY
5. RADU '

F. Lamos, Bratislava

V tejto préci st na jednej strane vypocitané vieobecné symetrické priemery 5. radu, a na druhej
strane su ndjdené vzfahy, ktoré spajaju tieto priemery so zodpovedajiicimi bipolykaysami.

PE3IOME

OBIIME CUMMETPUYECKHUE CPEJHME U BUIIOJIMKEVCH (BIPOLYKAIS)
5. TIOPAOKA

®. Jlamom, BpaTucnasa

B 3Toit paGoTe, ¢ OjHON CTOPOHBbI BBIYHCIIEHBbI OGLIHE CHMMETPHYECKHE CPEfIHHE 5. MOpsAKa,
H ¢ APYrod CTOPOHbI HaMAECHbI COOTHOLICHHS, CBA3LIBAIOIIHE 3TH CPEAHHE C COOTBETCTBYIOLIMMH
GunonukelicamMy.

: 163






UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXIII — 1977

LOWER ESTIMATE OF THE MINIMUM OF ENERGY
FUNCTIONAL BY MEANS OF THE DUALITY THEOREM

IGOR BOCK, Bratislava

We show in this paper that by means of the duality theorem the lower estimate
of the minimum of the energy functional corresponding to the positive definite
partial differential operator can be obtained. In the case of the partial differential
equation

'u 'u 'u
D, §+2D3 aJrz—Ei):’+Dz a—y4—a(x, y)

with the homogeneous Dirichlet’s boundary datas we construct the maximizing
sequence. We can estimate then the minimum with sufficiently small error.

1. Duality theorem

By means of the duality theorem we can convert the minimum problem of one
functional to the maximum problem of the adjoint functional on the adjoint
domain.

Definition 1. Let f, —g be the real convex functionals defined on the
convex subsets C resp. D of the real, or the complex Hilbert space H. The
equations :

A\

i (x*)=§gg [Re(x*, x)—f (x)]

(1.1)
g*(x*)= inf [Re(x* x)—g(x)] .
xeD
define the adjoint functionals f*, g* with the domains
C*={x*eH:f*(x*) <}
f (1.2)

D*={x*eH:g*(x*)< — x}
Duality theorem 1 [2]. Let the sets CnD#0, C*nD*#0. If there exists
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a point x, € (int C)nD, in which f is continuous, or a point x, € Cn(int D), in
which g is continuous, then’

gtnlg[f(x)—g(x)] =C1933(.[g*(x*)—f*(x‘)] (1.3)

More general theorem is proved in the paper [7]. Instead of Hilbert space the
locally convex linear topological space over real numbers and the subsets C*, D* of
the dual space are in [7]. We can apply this general theorem in the case of complex
Hilbert space dealing H as real Hilbert space with scalar product [x,y] =

"~ = Re(x, y).

2. The application of the duality theorem at the operator
A =T*BT

Let A be the linear symmetric positive definite operator defined on the dense
linear subset M of the real, or complex Hilbert space H with the values in H. It is
well known, that the point x,e€ M, which is the solution of the equation

Ax=a, xeM, aeH 2.1)
minimizes the quadratic functional
@(x)=(Ax, x)—2Re(a, x) (2.2)

and on the contrary the point which minimizes the functional (2.2) on the set M, is
the solution of the equation (2.1).
Let y? be the lower bound of the operator A, defined by the inequality

(Ax, x)=7(x, x), VxeM 2.3)

We define the energetical scalar product and the energetical norm by the
equations

[x.y]1=(Ax,y), |lx]I’=(Ax,y), x.yeM (2.4)

If x,eM is the solution of the equation (2.1) and u= —(Ax,, x,) is the
minimal value of the functional (2.2) on M, then

Il =xollI’=@(x)—p, xeM (2.5)

and by the inequality (2.3)
[lx = xolI* =v"*(@(x) — ) (2.6
~ If the equation (2.1) has no solution in M, then there exists its generalized
166



solution, which minimizes the functional
@(x)=|[lx|lI*—2Re(a, x) (2.7)

on the Hilbert space H, the completion of the set M in the energetical norm |||.[]|.
The generalized solution x, is defined by the equation

(x,a)=[x,x], xeH, (2.8)

which arises from the Riesz theorem on representation of a linear bounded
functional ([6]; 110). From the equation (2.8) we obtain the equation

u=min @(x)= =[xl [l (2.9)

The equation (2.5) and the inequality (2.6) can be continued on the energeti-
cal space H,. If m=u, then @(x)—m is the estimate of the error (2.5), or
v *(@(x)—m) is the estimate of the quadratic error (2.6).

It is possible in the case of the operator A =T*BT to construct an adjoint
functional whose maximal value coincides with the minimal value of the original
functional. The maximing sequence for the adjoint functional enables us to obtain
a lower estimate of the minimum p with sufficiently small error. We show in the
third part one possible way of the construction of the maximizing sequence.

Let H, be the Hilbert space with the scalar product (4, v), and the norm [|u||..
Let T be the linear operator mapping the linear subset Dr c H into H,. Let B be
the linear symmetric positive definite operator mapping the space H, into itself,
Then there exists the inverse operator B~' with the same characteristic. We assume
the relations

McD;, B(TM))cD:., a=T*c, ceDr (2.10)

where D;. is the domain of the adjoint operator T* defined by the equation
(Tu, v),=(u, T*v), u€eDy, veDry. (2.11)

As a result of positive definiteness and boundedness of the operator B, the
relations (2.10), (2.11) we find that the operator A =T*BT is posntlve definite if
and only if there exists a constant x >0 that

| Tull, =x||ull, uweM (2.12)

The problem of solving the equation Ax =a is in thls case equivalent with the

problem of minimizing the functional
@(x)=(Ax, x)—2Re(a, x)=(T*BTx, x)— 2 Re(T*c, x) = 2.13)
=(BTx, Tx),—2Re(c, Tx), xeM '
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We can extend the functional @(x) to the functional
®(w)=(Bw,w),—2Re(c,w),, weH, (2.14)

Let L be the closure of the set T(M) in the space H,, L* the orthogonal
complement of the set L in H,. From boundedness and positive definiteness of the
operator B follow the relations for the minimum of the functionals @(x), ®(w)

u=inlo()=_iif, O =min () @15

The next theorem on a lower estimate of the constant u is proved in [2] by
means of the duality theorem 1:

Theorem 2. a) y =min®(w)= ma)L(A[—(B"v,v).]
wel WECH
b) The point w, minimizes the functional @ on the set L iff v,=Bw,
maximizes the functional —(B~'v, v), on ¢ +L*.

3. The generalization of Trefftz Method on the equation
of orthotropic plate

We can employ the Theorem 2. on the estimate of the minimum of the energy
functional corresponding to the elliptic partial differential equation of 2m-th order

Au=a()u+i(_1)k 2 ai....
k=1

1i1=TF =k
.9 (aj £ 9;,...9, u)y=a(x)

where u(X)=u(x,, ..., x,) is the function defined on the region GcE, with
Lipschitz boundary. It is possible in the case of Dirichlet’s homogeneous boundary
conditions

u(®)=9, ... 3,u(®)=0, V(i ....i)

\ . k=1,....m—-1; xe€dG
to estimate the constant u defined in (2.9) using the maximizing sequence for the
functional defined on the set of solutions of the equation Au = a which need not to
satisfy any boundary conditions. It is the generalization of the Trefftz method
employed on the equation with Laplace, or biharmonic operator.
We shall deal with the equation for the deflection of thin orthotropic plates

d'u d*u du
Bu=D, ax T 2D, 3x? dy? +D, Ayt
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3.1
=Dyu'"" +2Dsu''"+D,u~=a(x, y), aeL,(G) @-1)

with Dirichlet’s boundary conditions, which express the clamped boundary of ihe
plate

u/3G=u'/3G=u/3G =0 (3.2)
, _ou . Qdu . . .. 3
We denote u =3 & =§; classical and generalized derivatives. The coeffi-

cients D, are assumed constant and positive. The domain of the operator D is the
set M = C3(G)ofinfinite differentiable functions with compactsupportinG.- Using
the positiveness of the coefficients and Fridrichs inequality ([6], 296) we can
deduce easily that the operator D is positive definite on C35(G). The energetical
norm has the form

llull= | (D +2Du+ D) dG,  ueCi(G)
G
which is equivalent with the norm in the space W{’(G), Sobolev space of square
integrable functions, which posses the first and second derivatives in the

generalized sense in L,(G). Hence the energetical space Hp coincides with the

space WE(G) the closure of the set C5(G) in the space W(G).
Let us consider the mapping

Tu=[u", u', ii], ueCjq
with the values in H, = L,(G) X L,(G) X L,(G).

Let w =[w,, w,, w,] be the vector-function with the functions

W; € W(Zz)loc(G)nLZ(G) . (u € W(Z’)loc(G)

if u € W”(G) for arbitrary compact subset K cG, ([1], 145)). We denote

Ml = {w = [WI’ W2, W3] eHh W, € W(Z?)Ioc(G)nLQ(G) ’
wi+wi+wieL,(G)}

Integrating by partls we arrive at
(Tu, W, = f (u"'wi+u"w,+iiw,) dG =
s . _
=f uWi+wi+w)dG,  ueCy(G)

G

169



Then
M,cDy., T*w=w!"+ w5 +w;, weM,
As basic set M we can use also the set
M,={u e C¥(G), u/dG=u'/3G =1i/3G =0}

Using the theorem on traces in the space W{’(G) ([8], 90) we can deduce that
the completion of the set M, coincides with the space W$(G).

The operator B defined by Bw =[D,w,, 2D;w,, D,ws], w € H, is positive
definite and depicting H, into H,. It is obvious that

" B(T(M))eD(T*), Du=T*BTu, ueM

The operators D, T*, B, T fulfill all asumptions of the 2. chapter and so there
exists just one function minimizing the functional

o) =||lulll3-2(a, u) =f (D' +2Dsu'? + Dou? —2au) dG  (3.3)
G
in the space ‘oV‘z”(G). Moreover after the theory on differentiability of weak
solutions of elliptic equations ([1], 146) u,e W{..(G) and
Duy" +2Duy*+ Dug=a(x,y), (x,y)eG (3.4)

(The equation (3.4) is valid with omiting the set of zero measure). Using the
equations (2.7), (2,9), (3.3) and the theorem 2. we arrive at
Theorem 3.

@ = min [f (Dyu'"*+2D;u'?*+ Dou? — 2au) dG]=
G

uews?
=max[—f (D.“wi+%D;'w§+D;'w§> dG]= (3.5)
weDre G

T*w=a

= max [ —j (Dyv'"*+2Dsv'? + D,v?) dG]
G

vEW; 1cN(G)INWI(G)
Dv=a

Itis possif)le' to construct the maximizing sequence for the functional —d(v) =
=— [ (D\v'"*+2D,v"*+ D,v"*)dG in the same way as by the Ritz method.
G

If we know some solution v, € W..(G) n W¥(G) of the equation (3.4), we
can setting v =v,+ w obtain from the equation (3.5) the equation

w e C4(G)nWi2(G)
Dw=o0 .

m= min [f (D\w'"*+2Dw'? + D,w?)dG +
G
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A (3.6)
+2f (Dywi'w' +2Dsvgw'" + D,y W“)dG]
G

with
m=—u —J' (D\w{? +2D3v? + Dywi?)dG
G

We can consider the set C*”(G) instead of W{,.(G) because after the theory
on differentiation of the weak solutions of elliptic equations ([1], 144) every
solution of the equation Dw = 0 posses all derivatives in G. The functional in (3.6)
has the form

F(w)=d(w, w)+2l(w), weP

(3.7)
P={weC®G)nWP(G), Dw=0}

Instead of the set P we consider the factor set % = P’N, assuming N the set of
all constants and linear polynomials. We introduce the scalar product and the norm
on the set & by

[wi, w2]=j (Diwi'wy' +2Dswwy + Dawiws)dG = d(wy, w,) (3.8)
G 3

|||w|||§=f (D\w'"?+ 2D w'? + D,w)dG =d(w, w) 3.9
o ;

It is obvious that the bilinear form d(w, w,) has on & all properties of a scalar
product. We denote H, the Hilbert space, which is the completion of the space & in

the norm |||-|||. =Vd(-).
The functional l(w)=f (Dywo'w'' +2Dsvgw’ + D,vsw-)dG is linear and
G

bounded in the energetical norm ||| - |||a. If we find the complete system of functions
in the space H, we can use the Ritz method for a construction of a minimizing
sequence for the functional F(w). It is sufficient to find the complete system in P,
because H, is the completion of the set . We use the expression of a solution of
the equation Dw =0 by means of the analytical functions. The equation Dw =0
determines the characteristic equation

D,+2D,a’*+D;a*=0 (3.10)

All roots of the equation (3.10) are not real because thé coefficients D, are
positive. There are three cases which depend on discriminant of the equation
(3.10). :
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L If D;—D,D,=0, the equation has two double conjugate complex roots
K1, Y-

I1. If D3—D,D,>0, the equation has four different roots with zero real part
By s W, s

III. If D3 - D,D,<0, the equation has four roots with the real part different
from zero u,, fi\, u,, .. Moreover u, = — Us.

After the theory of orthotropic plates ([3], 54) we cean every solution of the
equation.

D\w'"" +2D;w'"+ D,w~=0, w e C*(G) (3.11)
express in the case I. in the form |
w=Re[wi(z))+Ziwi(z))] - (3.12)
and in the cases II., III. in the form ‘
w=Re[w(z,) + wi(z,)] (3.13)

where z,=x +u,y, 2Z2=x + p,y, w, is a holomorphic function of the variable z, in
the region S, and w; is a holomorphic function of the variable z, in the region S,.
The regions S, and S, arise from the region G by the afine transformations of
coordinates defined by the equations

x;=x+Reu,y, x2=x+Reu,y
- (3.14)
yw=Impy,  y,=Imp,y

In the case I. it is possible by means of the transformation of coordinates

4 4
x,;=VDx, y,=VD,y

to transform the equation (3.11) to the biharmonic equation. We consider the cases
II. and III. By means of the representation (3.13) and the theorem on approxima-
tion of holomorphic functions by polynomials we construct a complete system of
solution of the equation (3.11) in the energetical norm (3.9).

In order to obtain further properties of the functions w,(z,), w.(z,) we recall
the proof of (3.13) in [3] in a slightly changed way. We rewrite the equation (3.11)
in the form,

~ Dw=D"D®D®D®w=0, weC“(G) (3.15)
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with

C) 3 3 3

) l)(z)_ Sl 7
ay Max’ 3y HMax

] 3 3 _ 9
A= —_ WD =— _ —_—
b ay M ax’ B ay Max

The function @ = D®D®D®w satisfies the equation D¢ =0. According to
Cauchy—Rieman equations in variables (x,, y,) is ¢(z,) holomorphic in the region
S: and we can set @(z,) = f{'''"(z,), where f{'"'X(z,) is the third derivative of the

function f according z,. The function - fi'"(z,) is a particular solution of the

1= —l
equation D®f=f{"""(z,). Every solution of that equation can be expressed as
a sum of particular solution and the solution of homogeneous equation. Then we

have

1

D®D®y = =
Uy — Uy

F@) + () (3.16)

where f{'"’(z,) is a holomorphic function-of the variable Z,. Repeating that
procedure we arrive at

1
(=) (1 — ) (0 —

1 _ 1 =
Y G Ot g, e &)

w=

— fi(z)) + )
o) (3.17)

One can deduce easily from Cauchy—Rieman equation, that f,(Z,) is a holomor-

phic function of variable z, in the region S, and the function f,(Z.) is holomorphic
of variable z, in S.,.
The function w is real and so we can express it in the form (3.13), where

1
— f2) (41— p2)
1
P2 — iz
One can comparing with (3.16) see easily, that

1

= D®D®w
(1= 12) (21— p2)
After differentiation of the equation (3.17) we obtain

1 —_—
wl(zd:(#l (“l_ﬁlfl(zl)"'fZ(zl))

f2(z2) + f(z2)

- wi(z2) =

W‘."(z 1) =
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4) — 1
wilza) (= u2) (B —p2)

Using the assumption w € W$’(G) one can deduce easily that
wi'(z)eL(G), wi'"(z2)€L:(G)
and after the transformations of coordinates
w((z,)eLy(S), wi"(z:)eLAS,)

According to the theorem on approximation of holomorphic functions by the
polynomials ([5], 126) we can every function w € L,(S) and holomorphic in the
region S approximate by complex polynomials in L,(S). The functions wi'"(z))
and w§'"(z,) fullfil the assumptions of the approximation theorem. Then there exist
for an arbitrary &, >0 the polynomials P,,(z,) and P,.(z;) that

D(I)D(Z)w

2
f [wi®(z)) = P"1a(z1)| dG <e,
G
‘ (3.18)
J' |w§'(z,) — P$n"(22)|* dG <&,
G

From the Cauchy—Riemann equations we have the next relations for the 2.
derivatives of the functions w,(z,) and w»(z2).

2
3’ Rew,(z)_pe wO(z,)

ox;
3% Re w;(z .
—a-x-i—g;f.—‘)= —Im W; )(Zi) (3.19)
2
R
> ;;; L= —Rew("(z), j=12

Using the equations (3.14), (3.19) we arrive at relations
[Re w;(z)]" =Re w{""(z;)
[Re w,(z)]" =Re y; Rew §'"(z;) —Im g; Im w{'"(z;) (3.20)

[Re w(z)]" =(Re i)’ Re w{'"(z)) — (Im p;)* Re wi'"(z)) —
—2Re y Im g; Im w{'"(z;)

Eniploying the equations (3.9), (3.13), (3.18), (3.20) we find for an arbitrary
€ >0 the polynomials P,,(z,), P:n(z2) that

[llw —Re (Pin(21) + Pom(2)||l <€, weP (3.21)
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The polynomials Re (P,,(z:) + P (z;)) are not considering their linear parts
whose second derivatives vanish, the linear combinations of the polynomials

qyln_—.Re (x:""‘tl.y)’l ’ wln'_"lm (x-i-uly)’I ’

n>1 (3.22)
(pln =Re (x +ﬂz)’)" L) wZn =Im (x +y'2y)" ?

which are not zero (in the factor set %) solutions of the equation Dw = 0. We show
that it is possible to choose from the system (3.22) the maximal linear independent
system which is complete in the energetical norm (3.9).

The asumption II. The coordinate functions are in the form

@n.=Re(x+igy)", vuw=Im(x+igy)",
@ =Re (x +ig:y)", ¥y =Im (x +igy)"
n=2,3,.., 0l #le:l, 0.#0,0.#0

(3.22")

The polynomials (3.22’) are for every n homogeneous of the n-th degree. It is
sufficient for the linear independence of the system (3.22') to show the linear
independence only for the quadruples of the polynomials (3.22) for every n.

If n=2, then :

@=x’—0iy*, Y12= 01Xy
(p22=x2_Q§y2 s Y22 = 02Xy

It is easy to find out that the polynomials @,, ¥,2, @2, are linear independent.
The polynomials {x"*y*}%_, are linear independent. The polynomials @1, @2n,
Yin, Y2, are the linear combinations of the polynomials {x"~*y*}z_, and so for
their linear independence is necessary and sufficient that the rank of their matrix of
coefficients is 4. Sufficient for it is that at least one subdeterminant of the 4-th

order is different from zero.
(x +oiy)" =x"+ngix""'y — ('2') Qix" "y~
(Mot ry s

The minor determinant formed from the first four collumns of the matrix of
coefficients of polynomials @in, @2n, Win, Yau iS
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=n(;) ('3')9192(9?— 03)#0

0 np, 0 —(g)g?
o 0 e

and so for n>2 is the system {@in, @2., Y1n, Y2} linear independent. Then the
polynomials (3.22') with ommiting the function y,,, or ., form complete system
of functions in the factor set ? with the energetical scalar product (3.8) and the
norm (3.9).

The assumption III. The coordinate functions are in the form

@ =Re[x+(a+bi)y]", Yuw=Im[x+(a+bi)y]",
@2 =Re[x —(a +bi)y]", Y2 =Im[x —(a + bi)y]",
n=23,...,a¥0,b#0 _ (3.22")

We can find out the linear independence of the system (3.22'') in the same
way as for the system (3.22') in the case II.
If n =2, then '

@i =x>+2axy +(a’—b?)y?, ¢, =2bxy
@22 =x>—2axy + (a®*— b?)y?, Y, = —2bxy

We can see that in this system there are just two linear independent functions.

We can take {@i2, @22}, OF {@i2, P12}.
If n>2, then we must find out the rank of the matrix of the coefficients.

x+(@+biyl =2 n(@+bi)e'y +(3) (@+biyx 7y

+ (g) (@a+bi)y’x"y>+ ...
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The rhinor determinant from the first four columns is
n 2_p2 n 3_ 2
1 s (2) (a’—b?) (3) (a’ - 3ab?)

1 —na (;) (a*—b?) —(g)(a“—3ab2)
=16n<;)(g)a2b’(a’+b2)¢0

0 nb 2('2')ab (g) Ga’b - b*)

0 —nb 2('2’)ab -(g) (Ga’b —b)

Then the quadruple {@n, @z, Yin, P2} is linear independent for every n >2
and the system of polynomials (3.22") without the polynomials ¥,2, 22, OF @22, Y22
is complete in the factor set P.

We can use the Ritz’s method for the construction of the minimizing sequence
{w,} for the functional (3.7). The coordinate functions are the polynomials defined
in (3.22). The sequence v, =v,+w, is the maximizing sequence for Treffz’s
functional

—d(v)= —fa (D|U”2+2D3U"2+D2v"2)dG

defined on the set of all solutions from the space W%'\..(G) n WY¥(G). The
sequence of corresponding values of Trefftz’s functional indicates the lower
estimates for the minimum of the energy functional (3.3).
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SUHRN

DOLNY ODHAD MINIMA FUNKCIONALA ENERGIE
POMOCOU VETY O DUALITE

1. Bock, Bratislava

Tato praca poukazuje na to, ako pomocou vety o dualite mozno ziskat dolny odhad minima
funkciondlu energie zodpovedajiceho parcidlnej diferencidlne;j rovnici
d'u d'u d'u

.{ ax‘+2D" W+Dzé;;=a(x‘y)

D

s homogénnymi Dirichletovymi okrajovymi podmienkami. Problém minima v oblasti definicie je
upraveny na problém maxima adjugovaného funkciondlu na mnozine vietkych rieseni diferencidlnej
rovnice. Pomocou vety o aproximdcii v strede analytickej funkcie polynomami bola zostrojend
maximalizatna postupnost.

PE3IOME

HUXHSASA OLHIEHKA MUHUMYMA ®YHKIMOHAJIA 3HEPTUU
C NMOMOIIbI0 TEOPEMbBI O IBOMCTBEHHOCTU

H. Bok, BpaTtucnasa

B 3r10#i paGoTe MbI MONYYHNH, C MOMOLIBIO TEOPEMbI O NBOACTBEHHOCTH, HHXHIOI OLEHKY

MHHHMYMa (DyHKUHOHANa 3HEPrHH NH(PePEeHIMANLHOTO ypaBHEHHS
du 'u o'u
D, 3x‘+2D W+D2 W—a(x,y)

C ORHOPOIHLIMH KpaeBbiMH ycnoBHsMH Jlupuxie. Mbl nepesenn npoGneMy MHHHMyMa Ha 06nacTH
onpefeneHus B MpoGiEMy MakCHMyMa CONPAXEHHOTO (byHKIMOHANa HAa MHOXECTBE BCEX PEIIEHHM
nuddpepenumancioro ypaptenns. C NOMOLILIO TEOPEMbI O MPHOMHKEHHH B CPEHEM aHANHTHYECKHX
bynxipii MHOrouNeHaMH GbL1a MOCTPOEHA MAKCHMHM3HPYIOLIAs MOCEOBATENbHOCTD.
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ON SETS OF VALUES OF SOME ARITHMETICAL
FUNCTIONS

PETER BERO, Bratislava

In this paper we shall study the sets of values of functions o, o +7, 0+ @,
where o(n) denotes the sum of all natural divisors of n, 7(n) the number of all
natural divisors of n and ¢ is the Euler’s function.

If A is a set of positive integers, then the number of all elementsae A, a=n
will be denoted by A (n). If there exists the number

§(AY=lm 2%

n—so n

it will be called the natural density of the set A. The number
6,(A)= lim sup A—’(:')

will be called the upper density of the set A.

Let us consider the set of all values of the function o, that is, the set M = {o(1),
0(2), ...}. In [2] H. J. Kanold has proved that §(M)=0. We shall give another
proof, which is partly different from Kanold’s one.

Theorem 1. The set M of all values of the function o has the natural density
zero.

Proof. If n=p{p3: ... p% is the standard form of the integer n > 1, then

a(n)= iT(l+p,,+...+p2") .
k=1

Let € >0 be given and ¢’ =¢€/2. There exists a positive integer k such that
27* <g'. Let N, denote the set of all these positive integers in the standard forms of
which there are at least k + 1 primes with odd exponents a; and let N.=N—N,.
Put o(N,)=A, o(N;)=B, hence M=AUB.

For an odd @, and p,#2 the number 1+p, +pi+... +p{ is divisible by 2.
Evidently, if n € N, then 2* |o(n) and hence '
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A(n)ézik<n£' (1)

Every element of the set N, has the form p,p, ... p.p™'ps ... ps where
P P2 ..., p, are distinct primes, s =() is an integer, @; are even natural numbers,
O=r=k. According to [1], p. 256, we have 6 (N.) = 0. For each positive integer we
have o(n)=n. Hence if x € N> and o(x) =n, then x =n. This yields B(n)=N,(n).
Since 6(N.)=0, there exists n, such that for n =n, the inequality N,(n)<ne’
holds. Hence

B(n)=N,(n)<ne' (2)

for n=n,. :

From (1) and (2) we obtain 6.(A)=¢’ and §,(B)=¢'. So 6,(M) = 6,(A) +
+6:(B) = €' + €' = ¢. Since £€>() was arbitrary chosen, we have 8,(M)=
=06(M)=0 and the theorem is proved.

Now we shall prove two theorems about natural densities of the sets of all
- values of the functions o+ 1, 0+ @.

Theorem 2. The set F of all values of the function o+t has the natural
density zero. :

Proof. Let N,, N, have the same sense as in the preceeding proof. It is
well-known that

t(n)=(a,+1)(a,+1)...(a,+1), if n=pj ps ... D

is the standard form of n, and therefore 2*|z(n) if neN,.

Let £>0 be given and £'=¢/2. We can chose a positive integer k so that
27" <¢'.Putf(n) = o(n)+t(n)forn=1,2, ..., f(N,)=F, and f(N,) = F,. Hence
F=F,UF,. ’

For every n e N, we have 2*|(o(n)+t(n)) and hence

F.(n)§2"7<n£’ )]

If o(x) + 7(x)=n for some x € N, then x =n. Since the natural density of N, is
zero, there exists such an n, that for each n =n, we have Ny(n)<ne’. Hence

Fy(n)=N,(n)<ne' 4)

holds for every n=n,.
~ From (3) and (4) we obtain 8,(F,)<¢’, 8,(F,)<¢' and so 8,(F) = 6,(F)+
+06:;(F;) = ¢ + €' = €. Since ¢ was arbitrary chosen, we have 6,(F)=
=46(F) = 0. ' ' ‘
Theorem 3. The set G of all values of the function o + @ has the natural
density zero.
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Proof. Let N, N, have the same meaning as in the proof of Theorem 1. If
n=pi'p32... ps is the standard form of n, then

. , :
n)=——(p,—1 -1...(p—1
o)== D) (2= 1) . (= 1)
(see [1], p. 256)

Let £ >() be given and-¢’ = £/2. Then we can choose k so that 27 <g'. Put
g(n) = o(n)+@(n)forn=1, 2, ..., g(N)=G, and g(N,;) =G,. If x e N, then
2*|g(x) and hence .

2£,;<n£’ (5)

Gi(n)=

Further g(x)>x for every positive integer x and therefore g(x)=n implies

x=n. So G,(n)=N,(n). Since d(N,)=0 there exists such an n, that for each
n=n, we have N,(n)<ne'. This together with G,(n) = N,(n) gives

G,(n)=N,(n)<ne' (6)

for each n =n,.
From (5) and (6) it follows 6,(G)=0,(G/\)+6.(G.)=¢'+€'=¢ and so we
have 6,(G) = 6(G) = 0, as € was choosen arbitrary.
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SUHRN

\

O MNOZINACH HODNOT NIEKTORYCH ARITMETICKYCH®

FUNKCIf \

P. Bero, Bratislava

V prici je dokdzané, Ze prirodzend hustota mnoziny hodnot kaZdej z funkcii 0, 0 +1, 0+ @ je
nulové (g(n) znamen4 sucet a t(n) pocet prirodzenych delitefov &isla n = 1, @ je Eulerova funkcia).
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PE3IOME

O MHOXECTBAX 3HAYEHHM HEKOTOPHIX APUGMETUYECKUX ®YHKLUNA

I1. Bepo, BpaTucnasa

B pa6oTe Q0Ka3aHO, YTO HATYpalibHask INIOTHOCTh MHOXECTBA 3HAUCHHH KaXNOH U3 GyHKUM#A O,
0+ 1, 0+ @ paBHaeTcs Hymo (0(n) o3HaYaeT CyMMYy M T(n) YHMCIO HATYpaibHbLIX JIENTHTENEH YHCNA
nZ1, ¢ ects dynkuus Jitnepa).
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A -CHARACTERISTIC PROPERTY OF BANACH SPACES
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In the theory of series in Banach spaces it is well known the following

Orlicz’s theorem (see [2], p. 86): The series Y, u, of elements of Banach space is

n=1

unconditionally convergent if and only if for each increasing sequence {n}s-, of
natural numbers the series 2 u,, is convergent. T. Salat has raised the problem to
k=1

give a characterization of Banach spaces by using the above mentioned theorem.
The answer on this problem is given in the next Theorem 1 and Theorem 2.
Further we shall use the following well known characteristic property of
Banach spaces (see [1], p. 47). ,
Lemma. A normed linear space X is complete if and only if every absolutely
convergent series of elements of X is convergent.
Theorem 1. Let X be a normed linear space. Then X is complete if and only

if the unconditional convergence of an arbitrary series z U,, u, € X, implies the

n=1
convergence of each series », u,,, where {n,};-, is any increasing sequence of
k=1

natural numbers.

Proof. The fact, that the completnees of the space X implies the part “‘only if”’
of our theorem is a consequence of the Orlicz’s theorem.

If X is not complete, then there exists, according to Lemma, an absolutely .

convergent series . X,, X, € X, which is not convergent in X. Let aX be the

n=1

completnees of the space X (see [1], p. 47). Since aX is a Banach space and for the

series D, x, the Cauchy condition is fulfilled it is, according to Cauchy theorem

(see [2], p. 86), convergent in aX. Hence D x, = x € aX — X. Let us construct the
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series zu,. by the following way: uxy_;=xi, un = —x (k=1, 2, ...). The series

n=1

z u, is absolutely convergent and hence it is unconditionally convergent in aX.

2N ®©
Since > u, =0 for each N=1, 2, ... we have > u, = 0eX. The sum of any

n=| n=1

unconditionally convergent series does not depend on the order of its terms

(see [2], p. 87). Consequently D .., =0, where 7 is any permutation of the set of

n=|

natural numbers. Hence 2 u, is unconditionally convergent in X and the series

> Uy (or > u2k> is not convergent in X.

k=1 k=1

. Theorem 2. Let X be a normed linear space and let > u, be a series of

n=1

elements of X. Then the convergence of each of series D u,,, where {n,};_, is an
k=1
arbitrary increasing sequence of natural numbers, implies the unconditional

convergence of >, u,.

Proof. Let us assume that for each increasing sequence {n.}7., of natural

numbers we have Eu,.,eX. If we put n, =k, k=1,2,..., then obviously
k=1

> u, € X. From the Orlicz’s theorem it follows the validity of our theorem in

Banach spaces, hence it holds in aX. Therefore D u.., €aX, where t is any

permutation of the set of natural numbers. The sum of any unconditionally

convergent series does not depend on the order of its terms, and so 2 Uy =

=> u,eX. Consequently, the series . u, is unconditionally convergent in X.

n=1 n=]
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SUHRN

JEDNA CHARAKTERISTICKA VLASTNOST BANACHOVYCH
PRIESTOROV

P. Kostyrko, Bratislava

V prici sa dokazuje toto tvrdenie: Nech X je normovany linedrny priestor. Potom X je dplny

priestor vtedy a len vtedy, ak z bezpodmiene¢nej konvergencie lubovolného radu 2 u,, u, € X, vyplyva

n=1
konvergencia radu E u,,, kde {n.};-, je Tubovolnd rastiica postupnost prirodzenych &isel.
k=1

«

PE3IOME

OOHO XAPAKTEPUCTUYECKOE CBOMCTBO ITPOCTPAHCTB BAHAXA

I1. Kocteipko, Bpatuciasa

B pa6oTe foka3biBaeTca yTBepXpeHue : Ecnin X HOpMHPOBaHHOE JIHHEHHOE NPOCTPAHCTBO, TO X
ABJISETCA NOJNHLIM MPOCTPAHCTBOM TOIAA M TOJNBKO TOTNA, ECNH U3 6€3yCNOBHOA CXOIHMOCTH BCAKOIO

pana
2 Uy, U €X,
n=1

BBITEKAET CXOAMMOCTD psAfa

iu..., rae  {nm}i-.

k=1

nobas BO3pacTarouas nocjeaoBaTe/IbHOCTh HATYPAJIbHBIX YHCEN.
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ON COMPACT MEASURES ON SEMIRINGS

STEFANIA HORNA, Bratislava

It is known that every compact measure defined in a field is o-additive. See
[1], p. 118. Marczewski in his proof uses a continuity of the measure from above as
a characterization of o-additivity which in general case does not hold for semirings.
See [2], p. 44. In paper we prove the assertion for semirings.

Definition. Let u be a measure (non negative additive setfunction) defined
on a semiring m. Let F be a class of subsets of X. We say that F approximates m
with respect to the measure g, if for every set E e m and for every n >0 there exists
a set PeF and a set D e m such that

DcPcE and u(E)-pD)<n

Theorem. Let u be a measure defined on a semiring m. Let F* be a class
closed under finite intersections and such that every decreasing sequence of sets
belonging to F has non-void intersection. Let F* approximates m with respect
to u. Then p is o-additive.

Proof. The non-negative function u can be extended from the semiring m into
the least field n over m denoted n(m). ,

Let @ be this extension. We will show that the system F, = {L"JA,, a;eF*,

i=1
n positive integer, A, disj.} approximates n(m) with rexpect to pu.
Since F* approximates m with rexpect to u, then for every a set E; € m and for
every n,>0 there exist a set P, F* and a set D;em such that

D,-CP‘ CE,‘ and “(E;)—M(D[)<n|
Every a set R € n(m) can be written as R = L'IJEi, E, e m, E, disjoint. See [2],
i=1

p. 30. So for every a set R e n(m) and for every n >0 there exists a set L"JP‘ eF,
i=1

such that
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UD, cUR cUE

i=1 i=1
and

#(UE)-a(UD) =S aE) - a(D) =

i=1

—Zu(En) —u(D)<Sm<n

i=1
It suffices to show that F, is a compact class, i.e. for every sequence E, € F,,
E.#0, E, 5E,., (m=1, 2, ...) we have () E.#0.
k=1
Let

E=UDTeF (=12, )

choose first D}, in such a way D}, NE,, # @ for infinite many m. If such D}, does not
exist then D;NE,, =0 for sufficiently large m and every i, thus E,,=E,NE,, =

= U(D.‘,nE,,.) =@ which is contradiction with the supposition E,,+ 0.
i=1

Similarly we choose D7, such D/ nD},nE,, = for infinitely many indices m.
Using this method we construct a sequence

D., D}, D}, ...
. such that |
C.=D{nD}n..nDt=0 (k=1,2,..)
Since .
G eF*E,oD}!>C,5C,., (k=1,2,..)
it holds
G#EC;CE:E:‘
Py =

The class F* is a compact class according to u. See [1], p. 115.

Example. Finally we present an example of a compact measure on a semiring.

Let X be the real line then the class of all bounded intervals closed from the
left and open from the right is a semiring. See [2], p. 27.

Put

o= 3

n€a,b)
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where n; e N’ is the set of all integers. u is a non negative additive function. The
compact class F approximating given semiring with respect to u is the class of all
bounded closed intervals on X. See [3], p. 153.

For every set {a, b) and for every n >0 there exists a set (a, b —n) such that

(a,b—n)c{a,b—n)c(a,b)

and

u(a,b)—pula,b—n)<n.
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SUHRN

KOMPAKTNE MIERY NA POLOOKRUHOCH
$. Horn4, Bratislava
V prici je zavedeny pojem kompaktnej (additivnej) miery na polookruhu. Ukazuje sa, Ze
Marczewskeho vetu o tom, Ze kazd4 kompaktna (additivna) miera, definované na okruhu je o-additiv-
na, mozno dokéizat aj na polookruhu. V préci je podany priklad kompaktnej miery, definovanej na
polookruhu.
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PE3IOME

KOMITAKTHBIE MEPBI HA TTOJIYKOJIBLIAX
C.Topna, Bpaticnasa
B paGoTte BBeieHO onpeneneHHe KOMMNAKTHOH (a[IMTHBHOM) Mepbl Ha nonykouble. [Tokasawo,
4TO TeopeMy MapueBcKoro o TOM, YTO KaXAas KOMMAaKTHaA (aJUIATHBHas) Mepa, onpefeneHHas Ha

KOJNbLE, ABIKETCA O-AJIATHBHON, MOXHO IOKA3aTh TOXE Ha Monykonbue. B paGoTe BBeNeH npuMep
KOMNAKTHO! Mepbl, ONPEENIeHHO! HA NMOMYKONbIE.
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UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXIII — 1977

PROSTE VYBEROVE FUNKCIE

OTTO STRAUCH, Bratislava |

Uvod

Axioma vyberu na Tubovolnom systéme S neprazdnych mnoZin zarucuje
existenciu tzv. vyberovej funkcie (v dal§om skratene v.f.), t.j. takej funkcie
g:S—>u{X; X €S}, pre ktori plati, Ze VX € S(g(X) € X). Vznika otazka, kedy na
systéme S existuje prostd vyberova funkcia (v dalSom skratene p. v. f.), t. j. taka
v.f. g, pre ktori navySe plati, Ze VX, X,eS(X,#X,—g(X\)#g(X)).
Nevyhnutnou podmienkou existencie p. v. f. na S je, aby platilo VS’ <

cS (U{X; XeS} _2_5') (kde S’ je kardinalne ¢islo k S’). Tito podmienka viak nie
je postalujiica, pretoZe napr. systém {{x,, Xz, ..., X, ...}, {x:}, {x2}, ..., {x.}, ...}
(kde x;# x; pre i#j) ju spliiuje a pritom na fiom neexistuje p. v. f.

V tejto praci ukdZzeme, Ze uvedena podmienka je pre kone¢ny systém a pre
systém zloZeny z kone¢nych mnoZin postaujiica k existencii p. v.f. Dalej pre-
skimame $truktiru systémov, na ktorych existuje prave jedna p. v. f.

Veta 1. Nech pre systém S plati:

1. S<R,
2. VS'cS (U{X;XeS'}=§").

Potom na S existuje p. v. f.

Doékaz. Nech systém S spliiuje predpoklady vety 1. Potom S neobsahuje
prazdnu mnoZinu. Usporiadajme mnoZiny z S do prostej postupnosti X, X, ..., X,
a vyberajme z nich postupne prvky x,, x,, ..., Xi, ... tak, aby x, € X,, x,€ X, — {x,},
v X € X, —{X1, X2, ..., Xi1} ... Ak po k krokoch ddjdeme k takej mnoZine X, .,
Ze X,+1 — {x1, X3, ..., Xu} = 0, postupujeme dalej takto:

Utvorme
S ={Xi;1=isk, x;eXin} a A =U{X;X €S}
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Ak A, c{xy, x;, ..., X}, utvorme
S:={X;1=5isk, x,eA,} a A,=U{X; X €S}
Ak A,c{x,, x;, ..., X}, utvorme
S,={X;1SisSk, x;eA,} a A;=uU{X;X €S}
atd.
Ak A;_;c{x,, X, ..., X}, utvorme
S;={X;1Si=k, x;eA;_.,} a A=u{X;Xe€S}
atd.

Zrejme X,. . cA,cA,c...cA;_|cAc...

Dalej X kA £A % # A #A#..., pretoze §, = X,., a ak oznadime

=8,U{Xk+1}, bude S § +1aA, = u{X;; X, eS'}. Pritom podIa predpok-
ladu vety 1 musi byt A2S,t j. A,_Xk+.+1 Jeda A, # X,

Podobne z konstrukcie S; vyplyva, Ze S A, , a teda, ak oznacime S'=
=8,U{Xi+:}, bude §’ A, 1+1a A = u{X;; X,eS'}. Pritom podla 2. pred-
pokladu vety 1 musi byt A, S, t. j- A,ZA, 1+, teda A;# A,

Z X nSAISAE...SA; 1 EA;E... vyplyva, Ze po kone¢nom pocte krokov
musime dojst k takému A,., pre ktoré plati, ze A, &{x,, X2, ...,Xx}.

Vyberme teraz x,.,€ A, —{x,, X2, ..., X }.

Dalej vyberme

Xi,,,esm taka aby xk+lexi.. ]

X..,€S.-1 tak,aby x,_eX_ _,

X, ,€S.—, tak,aby x, _€X .,

az X €S, tak, aby x, € X,,.

MéZeme to urobif, pretoZe ak X, € S;, potom podla definicie S; pre predtym
vybraté x; € X, musi platit, Ze x, € A;_, = U{X,; X, €S,_.}.

Potom prestavajme postupnost X, X, ..., X, tak, Ze X, posunieme na miesto
X, prej=1,2,.., m—-1; a X,,, na miesto X, a X, na miesto X,.,. Pre takto
prestavani postupnost bude platif, Ze x, € X, x,€ X, ..., X € Xy, X441€ Xis1.

Opakovanim postupu méZeme teda zostrojit postupnost x,, x., ..., X, tak, aby
x;#x; pre i¥j ax,€X,, x,€X,, ..., x, € X,. Tym je dékaz vety 1 skonteny.

Veta 2. Nech pre systém S plati:

1. VXeS(X<Ry)
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2. VS'cS(ULX; Xe8}28).

potom na S existuje p. v. f.

Dékaz. Nech systém S spliuje predpoklady vety 2. Nech M je mnozZina
vSetkych takych dvojic (S', g'), pre ktoré plati:

a) S'cS,

b) g' jep.v.f. na §’,

c) ¢’ sada rozsirit (tak, Ze bude opit p. v. f.) na kazdé S'’, pre ktoré plati, ze

S'cS"cSaS"’ -8 <R,
Potom plati:
A. MnozZina M je neprazdna.
Dokaz. Nech S'cS a §'<R,. Nech H={S"'; S'cS" cS, §"'<R,}. Pre
kazdé S'' € H nech G(S'’) je mnozina vSetkych tych funkcii g’, ktor€ su p. v. f. na
S’ a ktoré sa daji rozsirit na S’'. Potom Nn{G(S''); S e H} #0, pretoze:

a’) VS e HOO<G(S'")<N,) (Tava nerovnost vyplyva z toho, Ze podla vety 1,
na $'US’’ existuje p. v. f;, a prava z toho, ze S’ je vytvoreny kone¢nym poctom
kone¢nych mnozin).

b') VS, S"'eH(G(S")nG(S''')#¥0), pretoze S'"'uS'"'eH a
G(S"'uS"") = G(S'")NG(S""). ‘

Ak teraz g' e n{G(8'"); S"' eH} potom (S’, g "Ye M. Tym je dokaz tvrdenia
A skonceny.

Usporiadajme teraz mnoZinu M takymto sposobom:

Ak (S',9'), (S, g'")eM, potom (S',g')<(S"",g"") vtedy, ak

II) sl c sl’

b'") g''/S'=g’ (kde g''/S’' je zizenie g'' na S’).

Dalej plati:

B. Mnozina M pri tomto usporiadani md maximalne prvky.

Dokaz. Nech M, je nejaky neprazdny retazec z M. Nech §°=u{S’;
(S', g')eM,}. Nech g° je funkcia definovand na S° rovnostou V(S' g )e M,
(g°/S’'=g'). Potom (S°, g°)eM, pretoze

a) S°cS

b) g° je p. v.f. na §° (¢o vyplyva z definicie g°),

¢) g° sa da rozsirift na kazdy S'’, pre ktor)? plati S’'=S"'cS, S" — S“<N..,
pretoze ak pre kazdé (S’, g') e M, bude G(S’) ozna¢ovat mnozinu vietkych 'tych
p.v.f.na S’ — 8’ ktoré vznikni rozsirenim g’ na §' U(S'’' — S"), potom N{G(S');
(S',g') € M,} #0, pretoze:

a') V(S',g')eM, (0 <4GES" ) <®,) (kde Tava nerovnost vyplyva z definicie M

(bod c) a z toho, Ze §'' — S’ <N,). T
bl) V(sl,gl), (Slll’glll) ‘e Ml((s',g') < '(Sl’!,gll')‘_’ G(S',I)CG(S')),
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t.j. {G(S'); (S',g')eM,} tvori vzhladom k inklazii retazec.

Ak teraz g e n{G(S'); (S', g') e M,}, potom g" rozsirend na S'’ tak, Zze VXe
€S —S"(g"(X) = g(X)),budep.v.f.naS". T.j. (S g°) e M. Pritom pre kazdé
(S',g')eM, bude (S, g')<(S" g"), t.j. (§°, g") je hornym ohrani¢enim retazca
M,. Teda kazdy retazec z M je zhora ohranieny a preto (veta Kuratow-
ského—Zornova) v M existuji maximalne prvky. Tym je dokaz tvrdenia B
ukonceny.

Nech teraz (S, g") je maximdlnym prvkom v M. Potom plati:

C. §'=S.

Dékaz. Ak by S —S"#0, potom by existoval S’ tak, ze §'cS -8, 0<§'<
<R,. Ak ozna¢ime H={S""; S'cS"' c§—S°, §'' <N,} a ak G(S"') je mnozina
vSetkych tych funkcii g’, ktoré st p. v. f. na S’ a ktoré sa daju rozsirit na S’'uS"’
tak, ze na S" si rovné g", potom N{G(S''); S"" eH}+#0 a ak gen{G(S"");
S'' e H}, potom g’ mdzeme rozsirit na S’US’ tak, Ze polozime VX e S'(g"(X) =
=g(X)) a pritom bude (§'US’, g") e M prave vdaka tomu, Ze g" sme rozsirili tak,
aby g'/S' € n{G(S""); S" e H}. KedZe S’ #0, bude (S', g")=(5"US’, g"), ¢o je
spor s maximalnostou (S°, g°). Tym je dokaz tvrdenia C ukonéeny.

Z rovnosti $"=S pre maximdlny prvok (S’, g") vyplyva, Ze na S existuje
p.v.f., napr. g°.

Tym je veta 2 dokazana.

Pozndmka 1. V tejto praci budeme pokladat @) za p. v. f. na § =0 (aby sme vo
vetdch nemuseli robit predpoklad, Ze S+ (). Zrejme potom (0, 0) e M, t. j. dokaz
tvrdenia A v dokaze vety 2 by sme mohli vynechat.

Poznimka 2. Pre systémy S zloZené iba z konecnych mnoZin je podmienka
uvedend na zaliatku ekvivalentnd s touto podmienkou

vs'cS, §'<R, (U{X; XeS'}=S5")

Odtial vyplyva, Ze v systéme, zloZzenom iba z kone¢nych mnozin, existuji
maximaélne podsystémy, na ktorych existuji p. v. f.
Poznamka 3. Predchddzajice vety 1, 2 moZeme takto zovieobecnit:
Nech pre systém mnozin {X,; t € T} plati, Ze
VT' T (U{X;teT'}=T")

Potom ak T<®,, alebo ak pre kazdé teT je X, <R, existuje funkcia
g:{X.;teT} - U{X,;teT} tak, Ze plati:

VieT(g(X)eX.)
Vt., LeE T(t| * t, > g(X,,) ¢g(‘xfz))
Tito funkciu g opit nazveme p.v.f. na {X,;teT).
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Podobne vsetky dalSie vety, uvedené v tejto préci, platia tiez pre systémy
s indexami. Aby sme sa vyhli zloZitosti pri oznaovani, budeme pouZivat iba
systémy bez indexov.

Poznamka 4. Z predchadzajiceho vidiet, Ze ak sme od systémov poZadovali
velmi Specidlne vlastnosti, potom sa ndm podarilo (veta 1, 2) najst nutni
a postacujicu podmienku k existencii p.v.f. Ak vSak prejdeme len k trosku
vSeobecnejs$im systémom, potom o existencii p. v. f. nevieme ni¢ povedat (pozri
priklad 1). (Okrem vety 3, ktord je takmer trividlna.) Jedina veta, ktord hovori
o vztahu medzi v§eobecnymi systémami a p. v. f. (ktord sa ndm podarilo dokdzat)
je veta 4.

Podobne, ak sme na druhej strane od p.v.f. poZadovali velmi Specidlne
vlastnosti, potom sa ndm podarilo (veta 5) uplne opisat Struktiru systémov, na
ktorych takéto funkcie existuju.

Priklad 1. V tomto priklade je opisany systém mnozin s konStantnou mohut-
nostou, ktory spliiuje podmienku uvedeni na zaciatku a na ktorom neexistuje
p.v.f.

Nech w, je prvé nekone¢né a w, prvé transfinitné ordindlne ¢islo a ¥, prvé
transfinitné kardindlne ¢islo. Nech {x,}s«<w, je prosta transfinitnd postupnost.
Definujme:

Xe={x.;1=a'=a}, Xe={x.;2=a'=a}
SI={Xu;w(l§a<wl} s SZ={X(’1;w()§a<wl}
§S=85uUS,

Potom plati
a) Na systéme S, moZzeme definovat p. v. f. rovnostou g(X,) = x,. Pritom pre
kazdu p. v.f. g na S, plati, ze

U{X.; X, €8} —g(S)=R,

Dokaz. Nech S.(g)={X.;g(X.)#x., X, €8,}. Ku kaidému X,eS (g)
moZeme zostrojit postupnost Xe,, Xa, Xay ... tak, Ze g(X.)=xq, 9(Xa)=Xa,
9(Xa,) =Xy, ...

Pritom a,>a,>a;>..., pretoZe z vlastnosti g vyplyva, Ze X,, # Xa,, Xa, € X,, @
z definicie X,, = {x.; 1=a'=a,} vyplyva, Ze a,<a,, atd.

Z nerovnosti a,>a,>a;>>... vyplyva, Ze postupnost X,,, Xa,, Xa, ... Musi byt
kone¢na, t. j. musi existovat také x, , Ze g(X.,_,) =X., a ku x,_ nie je definovana
mnoZina X, , t.j. &, <, t.j. Xa, € {Xa; 1= a<w,}.

Dalej z predchddzajiceho vyplyva, ze ak ku kazdému x, € {x.; 1S a <w,)
zostrojime postupnost mnozin X, , Xa,, Xa,, ... (ktord mozZe byt prazdna, kone¢na,
nekoneéne spotitatelnd tak, ze X, = g7 '(xa), Xa, = 97'(%a), Xa, = 97'(%a), -.»
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potom tieto postupnosti vyerpaji vietky mnoZiny z S,(g) a teda Si(g)=R,, t. j.
skoro pre vietky, aZz na spocitatelny pocet, X, €S, bude g(X.)=x, a teda

u{X,; X.€S8,} —g(S, )<R0 Tym je dokaz tvrdenia a) ukonceny.,

b) Zrejme VXe (X =R,). Z tvrdenia a) vyplyva, Ze na systéme S neexistuje
p. v. f., pretoze S,—N. a kazdd p.v.f. na S, necha iba spocitatelne vela prvkov
Z u{X XeS} neobsadenych Pritom systém S spliiuje podmienku VS'c

cS(U{X; XeS'} =S ), pretoZe:

Bud u{X; XeS'}=R, a potom existuje a, tak, ze U{X; XeS}c X,
Odtial vyplyva,Ze S'c {X.; 0o = a = ay} U Xsw=as= a.,} t.j. S'=NR,.

Alebo U{X; X € S’ } =8,, potom kedZe S=R, opat bude S =8, (presnejsie

=R,). Teda podmienka plati.

T.j. systtm S sa skladd z mnozZin s konitantnou mohutnostou, spliia na
zadiatku uvedeni podmienku a pritom na fiom neexistuje p. v. f.

Veta 3. Nech pre S plati, ze VXeS$ (X = const=S). Potom na S exxstu;e
p.v.f.

Dékaz. Nech S spliiuje predpoklady vety 3. Nech o je prvé také ordindlne
&islo, ku ktorému existuje mnozina A tak, 72 A =w a A =$. Potom mnoziny z S
mdzeme usporiadat do prostej zovSeobecnenej postupnosti {X,}ize<w. (Zo-
vSeobecnena postupnost je takd postupnost, ktorej indexy si ordinélne ¢isla.) Nech
g je v.f. na systéme vietkych neprazdnych podmnozin mnoziny U{X; X €S}.
Definujme funkciu g na {X,} s.<, indukciou takto:

1. g(X)=4g(X)),

2. Ak je g definovand na {X.,}isa<a» potom poloZzme g(X,)=
=§(X.— (9(X.); 1=a’<a}). ,

Kedze a <w, bude {g(X.); 1§a’<a}<§ a kedze X,=$, bude X, —
—{9(X.); 1=a’' < a}#0, teda takato definicia g je mozna.

Pritom zrejme g je p.v.f. na S. Tym je dokaz vety 3 skonceny.

Priklad 2. Z predchadzajicej vety vyplyva, Ze napr. na systéme vsetkych
neprizdnych otvorenych intervalov na priamke existuje p. v. f., t. j. Ze existuje
prostd redlna funkcia f(x, y) tak, Ze pre kazdé redlne x, y z nerovnosti x <y
vyplyva nerovnost x <f(x, y) <y.Néjst priklad takejto funkcie nebude asi lahké.*

Veta 4. Nech pre systém S plati, Ze

. 1.VS'cS (U{X; XeS}=8"). _ . i
Potom v_S existuje podsystém S" tak, Ze:

2. §°=S$,

2'. na S" existuje p.v.f.

_* Takito funkcia je zostrojend v: Problem 6004 [1974, 1121], Amer. Math. Monthly 83 (1976),
575. ) g ' .
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Dékaz. Nech S spliuje podmienku 1. Nech M je mnozina vSetkych takych
dvojic (S', g'), ze:

a) S'cS,

b) g’ je p.v.f. na S'.
potom M+ 0.

Definujme na M usporladanie < tak, Ze ak (S', g’), (§'', g'')eM, potom
(8'.g9') < (S'",g'") vtedy, ak:

a') $'cS",

b') g'=g"/S’".

Nech M, je nejaky neprazdny retazec z M. S° = u{S’;(S’,g') € M,}.
Definujme g" na S* rovnostou VY(S', g') € M, (¢°/S'=g'). Potom

(s()’ g()) € M

Teda M ma maximalne prvky. Nech (S°, g°) je nejaky maximalny prvok v M.
Potom g°(§") o U{X; X €S —S"}, pretoZe ak by X €S — §° a X g“(S"), potom
by sme mohli g° predfzit na S’U{X} a potom by (S°, g°) = (§°U{X}, g°), ¢o je
spor s maximalnostou (S°, g°).

Odtial a z predpokladu vety a to aj z toho, Ze g° je prosta, dostaneme, Ze

$'=g%S") = U{X; XeS-S"} =S-8" Dalej, bud S<R,a potom veta 4 plati,

alebo S=R, a vtedy § =max {§°, §—5°)a z predchadzajiceho dostaneme, Ze

§=8" Kedze g° je p.v.f. na S°, veta 4 opit plati. Tym je dokaz vety 4 skon&eny.
Veta 5. Na systéme S existuje prave jedna p.v.f. vtedy a len vtedy, ak

mnoziny z S sa daji usporiadat do zovSeobecnenej postupnosti {X, }. tak, aby

Va(X, -u{X,;a'<a}=1)

Dokaz. Nech mnoZiny z S st usporiadané do postupnosti {X, }. tak, Ze plati
podmienka vety. Zrejme potom je to prosta postupnost. Definujme na S funkciu
g' takto

Va({9'(X.)} =X, —u{X.;a'<a})

Je zrejmé, ze g° je p.v.f. na S. Pritom plati, Ze

| Va({9°(X.); a’' <a}=u{X.;a’'<a})

Nech teraz g ‘je nejaka p. V. f. na §. Potom

1: g(X)) =g¢°(X)) (kedze X, =1), : o :

2. ak Va'<a(g(X,)=¢"(X.)), potom tieZ g(X.,) "g°(X,), pretoze
{9(X;); a'<a} = {g°(X.); a'<a) = U{X,; a’"<a} (a teda kedZe g je

p. v. £.) ' musi‘byt g(X,)'e X, — u{X,; a’'<a}. Podla predpokladu vety taky
prvok je len jeden a ten sa rovna g’(X,). -
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Z 1. a 2. predpokladu a z indukcie vyplyva, Ze g =g, t. j. na S existuje prave
jedna p.v. f.

Nech na druhej strane na S existuje prave jedna p.v.f. Oznaéme ju g..
Zrejme go(S) = U{X; XeS}. Dalej plati:

A. Systém S (ak S+#0) obsahuje aspori jednu jednoprvkovii mnozinu.

Dokaz. Ak by S neobsahoval jednoprvkové mnoziny, potom by sme mohli z S
vybrat nekone¢ni postupnost mnozin X,, X, ..., X,, ... takymto spdsobom :

Vyberme X, €S a oznaéme go(X)=x,.
Vyberme x,e X, — {x,} aoznacme X,=g,'(x,).
Vyberme x;€ X;— {x,} aoznatme X;=g,'(x;), atd.

Vyberme x,.,€X, —{x,} aoznaéme X,. =g, (x,.), atd.
(KedZe g, je zobrazenie na, existuje pre kazdé x, g, '(x;).)

Pritom musi platit, Ze x;#x; (i#]) pretoZe ak by x, =x; a X, # X;42 #... #
# X;-,, potom na mnoZzinich X, X,.4, ..., X;_; by sme mohli zmenif definiciu g, tak,
Ze by sme priradili X, > x,.,, X;1; = X1, ..., X;-; = x;. Takto vzniknuta funkcia
by bola opit p. v. f. na S, ¢o je spor s predpokladom o existencii jedinej takejto
funkcie. _

KedzZe x,# x; (i#j), méZeme zmenit definiciu g, na mnozinach X,, X5, ..., X,,
.. tak, Ze priradime X, —x,, X, —>x, ..., X, > X, .1, ... Takto vzniknut4 funkcia je
opit p. v.f. na §, rézna od g,, ¢o je spor s predpokladom.

Podobne, ak na systéme oznacenom indexami {X, ; t € T} existuje prave jedna
p.v.f., potom (ak T#0) {X,; te T} obsahuje jednoprvkové mnoziny.

B. Nech w je v.f. na mnoZine vSetkych neprazdnych podsystémov z S.
Definujme postupnost {X, }. indukciou takto

1. X,=w({X; X=1,XeS}).

2. Ak mame definované {X.}. <., potom polozme X, = w({X;
X-u{X,;a'<a} = 1, XeS}), ak {X;X—u{X.,';a'<a} =1, Xe8)}#0.
Ak je predchddzajiica mnoZina prazdna, poloime {X,} . = {X.}a <a.

Z definicie {X,}. vyplyva Ze systém {X —uU{X,;. X eS} neobsahuje jed-
noprvkové mnoZiny.

Dalej definovand postupnost {X,}. mé vlastnost z vety 5. Teda podla prvej
Casti dokazu na {X.}, existuje prive jedna p.v.f. Oznaéme ju g’. Potom
9'({Xa}a)=U{Xa; a} a kedZe na S (podla predpokladu) existuje prave jedna
p. v. f., musi tieZ na systéme oznadenom indexami {(X —u{Xa ;a))e; XeS—
= {X.}.} existovat prave jedna p. v. f.

Podla A ak S—{X,}.#0, potom systém {(X—u{X., al),; XeS-—
= {X.}a} musi obsahovat jednoprvkové mnoziny. Z predchadzajiiceho teda vyply-
va, Ze S={X,}.. Tym je dokaz vety 5 skonéeny.
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Pozndmka 5. Nech na S existuje p. v. f. Potom existuje podsystém Sic S,
ktory je najvacsi spomedzi vSetkych tych podsystémov, na ktorych existuje prave
jedna p. v. f., a existuje podsystém S%c S, ktory je najvisi spomedzi vietkych tych
podsystémov S’ = S, na ktorych existuje p. v. f. a pre kazdi p, v.f. g’ na §' plati
g9'(8") = u{X; XeS'}. Zrejme S7=S3 a pre kazdid p. v. f. g na S plati, Ze
g/S? = const a g(S3%)=const.

Zaver

K h.xbovol’nému systému S (0 ¢ S) priradme systém m(S) takymto spdsobom
S(x)={X;XeS, xeX}
m(S)={S(x);xeu{X; XeS}}
Dalej nech P(S), Q(S), R(S) oznacuji tieto vyroky

P(S) ... na S existuje p. v.f.

Q(S) ... v S existuje také S’ = S, Ze na S existuje p. v. f. g’ tak, Ze g'(S') =
=u{X; XeS}.

R(S) ... na S existuje p. v.f. g tak, Ze g(§) = u{X; XeS}.

Potom plati
a) P(S)=Q(m(S)),

b) Q(S)=P(m(S)),
) R(S)=R(m(S)).

Z a) vyplyva, Ze namiesto hladania podmienok potrebnych k existencii p. v. f.,
sta¢i nam hladat podmienky potrebné k platnosti Q(S), ¢o vSak nie je o ni¢ [ahsie.

Z b) a z predtym odvodenych podmienok pre existenciu p. v. f. mdZeme pre
platnost Q(S) odvodit tieto podmienky :

A. Nevyhnutnou podmienkou k platnosti Q(S) je, aby

VYcu{X;XeS}({X;XeS,XnY#0}2Y). (Pretoie m(S) musi
splnovat podmienku uvedeni na zaciatku.)

B. Ak pre S plati:

1. U{X; XeS} <N,

' VYcu{X; XeS} ({X; XeS, XnY+0}= }"), potom pre S plati Q(S).
(Kedze potom m(S) spliiuje podmienky vety 1.)

C. Ak pre S plati:
1. VS'tS,§'§N(,(0{X;X€S'}=0),
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1" VYcu{X; XeS} ({X; XeS, XnY+#0}= )"), potom pre S plati Q(S).
(Kedze potom m(S) spliluje podmienky vety 2.)

Z a), b) vyplyva ekvivalencia
P(S)=P(m(m(S)))

Zdalo by sa, ze pomocou tejto ekvivalencie by sme mohli ndjst nové
podmienky k existencii p. v. f. a to takymto sposobom: Nech L(S) — P(S). Potom
L(m(m(S))) — P(m(m(S))). Z predchadzajicej ekvivalencie dostaneme
L(m(m(S))) — P(S). Kedze viak systémy S a m(m(S)) (ak S rozliuje body) si
homeomorfné a vietky (tu ukdzané) podmienky L(S) sa homeomorfizmom
zachovavaji, bude L(S) = L(m(m(S))), t. j. nedostaneme ni¢ nové.

Pritom dva systémy S, V nazyvame homeomorfnymi, ak existuje prosta

funkcia f: U{X; X €S} —% U{Y; Y€ V} tak, ze F(S)= V. Podobne sa definu-

je homeomorfizmus pre systémy oznacené indexami. Zrejme Ze ak S a V si
homeomorfné, potom P(S)=P(V).

Uvedeny sposob odvodzovania novych podmienok sa dé tspene pouzit
v pripade c), pretoze ak L(S) — R(S), potom L(m(S)) — R(m(S)) a vzhladom
k c) L(m(S)) — R(S). T. j. kazda postacujica podmienka L(S) k platnosti R(S)
sa da zdvojit (avSak za predpokladu, ze L(S)#L(m(S)), ¢o pre vieobecné L(S)
plati). To isté plati i pre nutni podmienku, t. j. ak R(S) — L(S), potom R(S)—
—->L(m(S))

Nech napr. L(S) je vyrok utvoreny predpokladmi vety 5 (t. j. vyrok, ktory
tvrdi, Ze mnoziny z S modZeme usporiadat do postupnosti . {X.}. tak, Ze

Vo (X.—u{X, a'<a}=1)). Podla vety 5 bude L(S) — R(S). Teda plati tiez
L(m(S)) — R(S). Pritom L(m(S)) predstavuje tento vyrok : Mnoziny z S sa daji

usporiadat do postupnosti {X, }. tak, Ze V,(X, —u{X,;a'>a}=1).

Teda ak S ma predchddzajicu vlastnost, potom na S existuje p. v. f., ktora
zobrazuje S na U{X; XeS} (¢o vSak ihned vidiet i bez predchadzajiceho).

Podobne, nech napr. L(S) je vyrok ekvivalentny s podmienkou v tvode.
Potom R(S) — L(S) a teda tiez R(S) — L(m(S)). T.j. k platnosti R(S) st
nevyhnutné obidve podmienky.

Tento postup vytvérania novych podmienok nemézeme dalej predfZit, pretoze
z homeomorfnosti S a m(m(S)) vyplyva ekv1valenc1a L(S) L(m(m(S))) (pre
vietky dostatoéne vieobecné L(S)).

Nakoniec treba podotknit, vzhladom k tomu, Ze dokazy i tak jednoduchych
viet ako su vety 1, 2, si zna¢ne dlhé (a ktoré sa ndm nepodarilo skratxf) Ze najst
dalSie systémy na ktorych existuji p. v. f. nebude asi Iahké. ‘

Veta 1 je tzv. P. Hallova ,,manZelskd‘ veta. Iné dokazy viet 1, 2 moZno najst
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INJECTIVE SELECTION — FUNCTION
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In this paper we deal with functions about which the axiom of the choice talks.

PE3IOME
B3ANMHO OOHO3HAYHBIE BUBOPOYHBIE ®YHKIIMU

O. llITpayx, BpaTucnasa
B aToit cTaTbe Mbl 3aHMMaeMC PYHKLHAMH O KOTOPbIX MOBOPHT aKCHOMa BbIGOpa.

201






UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXIII — 1977

UBER EINE RANDWERTAUFGABE VIERTER ORDNUNG
IN VIER PUNKTEN

MICHAL CVERCKO, Kosice

1. Es seien a,<a,<a;< a,; reelle Zahlen. Da die homogene lineare Ran-
daufgabe

y®=0 auf (a,,a,) }

y(@)=0, i=1,23,4 (UH)

keine nicht triviale Losung hat, existieren laut [1] die auf den Intervallen
(ai, as) X (a, ax.,) definierten Greenschen Funktionen G.(x,t), k=1, 2,
3 derart, dass die einzige Losung y(x) der nichthomogenen linearen Randwertauf-
gabe

y9=h(x), xe(a,as) } (UN)

y(a)=0, i=1,2,3,4

wo h(x)eC, ({a,, a,)) ist, in der Form

y(x)=kZ;|La‘*'Gk(x, () dt

ausgedriickt werden kann. '

Mit Hilfe dieser Beziehung und in Anlehnung an die Fixpunktsitze, finden wir
hinreichende Bedingungen fiir die Existenz und Unizitit der Losungen der
nichtlinearen Randwertaufgabe

yO=fx,y,y.y".y""), xe(a a)) }
y(a)=0, i=1,2,3,4

wo die Funktion f spiter bestimmt wird.
Die Funktionen G, erweitern wir auf die einzige Greensche Funktion G dieser
Aufgabe, welche auf dem Viereck (a,, a;) X (a,, a,) definiert sein wird und mit
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deren Hilfe man die Losung y(x) der Aufgabe (UN) folgend ausdriickt:
y(x)= f ‘Gx, h(t) dt

Weiter werden wir folgende Bezeichnungen benutzen. R wir die Menge aller
reellen Zahlen bedeuten, J, = (a, ax.\). k=1, 2, 3, weiter J=(a,, a,), J*=
=(a,, t), J**=(t, a,). Das Innere der Menge S bezeichnen wir mit S” und die
abgeschlossene Hiille der Menge S bezeichnen wir mit S. Die Intervalle J X J}
bezeichnen wir P,, k=1, 2, 3 und Q=J xJ. Weiter

Pu={(x,y)eP|x=y}, k=1,2,3
P.={(x,y)eP x>y}, k=123

G,, eventuell G, (., t) wird die Ableitung der Funktion G(. , t) bedeuten, d. h. die
partielle Ableitung nach dem ersten Argument der Funktion G(., .).

1.1. Die Funktionen Gy, k =1, 2, 3 sind mit folgenden Anforderungen ([1],
S. 50) eindeutig bestimmt: Fiir ¢ € J}

1. Gi(.,t) ist im Intervall J definiert, also G;: P,—R,

2. Gi(., 1), Gie(. , 1), Gire (., 1) e C(J),

3. Guux(. , t) ist stetig auf den Intervallen J*, J** und im Punkt ¢ ist ein
Sprung gleich eins:

kaxx(’+09 t)— kaxx(t_()y t)= 1

4. Gi(., t) entspricht der Gleichung y*’ =0 auf den Intervallen J* und J**,

5. G(a,,t)=0firi=1, 2, 3, 4.

1.2. Nehmen wir teJ3. Da die Funktionen 1, x, x?, x> ein Fundamentalsystem
von Losungen der Gleichung y =0 bilden, muss G,(. , t) gemiss der Bedingung
(4) auf den Intervallen J* und J** ein Polynom dritten Grades sein und muss laut
(5) die Form

Gi(x, )= [(x —a) [di()x* +dy(6)x +da(t)],  fiir xeJ*

d(t) (x—a;) (x —as) (x—a,), fir x e J**
~ haben. Die Bedingungen (2) und (3) ermdglichen ein System von vier Gleichungen

mit den Unbekannten d,(t), i =1, 2, 3, 4 zusammenzustellen. Durch die Losung
desselben erhalten wir

d)=7 [% (t—a,)' - 1]

A dz(t)=% [% (al _az_’a_‘l—a4) (t_a|)3+3t—’a|:| .

204



1[1
d'g(t):g I:; (a|(a| —az—ag—a4)+a2a3+aza4+a3a4) "
.(t—a.)"—af+3a,t—3t2]

dO)=- (t—a))
a =(a;—a)(az—a) (a,—a,) ist.

1.3. Es sei t e J5. Die Bedingungen (4) und (5) werden erfiillt, wenn

(x—a) (x—ay) [h,(t)x+h,(2)], fiir x e J*
(x —a;) (x —a,) [h:(t)x + ha(2)] flir x e J**

und aus (2) und (3) folgt, dass

Gs(x, t)={

1 )
h|(t)=a {(a| +a2—a3_a4)t‘ —3(a|az—aga4)t2—
- [a3a4(a| + az) - a,az(03 + a4)]t - a_‘ga.;(a;;a,; - a|a2) +
+ (a_) + a,;) [(a| + az)a3a4 - (a_'; + a4)a|a2]}
1 )
hz(t) = (_)21_ {[(a;; + a4) (a| +a,—a;— a4) +asa,— a|a2]t' -
—3asa.(a, +a, — a,— a)t’ — 3asa.(a.a, — a,a)t +

+asas[(a, +ay)asa,— (a; +a.)aa,]}

hy(t) =61-+ hi(t)

h4(t)= _6% {[(a| +az) (a| +a2—a3_a4)—ala2+a3a4]t:‘_

—3a,ay(a, +a,—a;, —a)t’ —3a,a,(a:a, — a,a)t +
+a,a,[(a, +a,)a.a,—(a; +a,)a,a,]}

wo d =(as—a)) (as—a,) (a;—a,) (a;—a,).

1.4. Wenn ¢ €J3, muss geméiés (4) und (5)

bi(t) (x—a) (x—a,) (x—as), fir xeJ*

Gi(x, :)={
(x —a) [b.(t)x* + b(t)x + bs(2)] , fir x eJ**
sein. '
Mit Riicksicht auf (2) und (3) ist

1 5, 1
b.(t)=6—b—(t-—a.)' te
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bz(t)=% P (:—aA)-‘—% Gt —ay)

1 3
b;(t)za [a|az+a|a3+a2a3—a4(a| +a2+a3—a4) .

(t—ay)] +% (£ =3ait +al)

bu()=gy (1 —a.)
wo b =(as—a,) (a:—a,) (a,—a,).

2. Bei der Bestimmung von G, (x, t), kK =1, 2, 3 beschrinkten wir uns auf ein
solches x, ¢, wo xeJ; J;” und telJ} ist. Die fiir Gi(x, t) gewonnenen Ausdriicke
haben Sinn auch fiir ¢ € {a,, a,, a;, a.} und auch fiir die Punkte (¢, t), teJ. Wir
konnen diese auch bei Erweiterung des Definitionsgebietes der Funktionen G, auf
P, verwenden. Die Funktionen G, werden dann zusammen mit G,,, Gi.. auf P,
stetig sein. Weiter konnen wir uns durch direkte Einsetzung davon iiberzeugen,
dass

Gi\(x, a;)=Gy(x, a,) , fir xeJ
Gy(x, a;)=Gs(x, as) , fir xeJ

und deshalb ist die Funktion G: Q— R, welche durch die Beziehung
G(x,t)=Gi(x,t) fir (x,t)eP., k=1,2,3

definiert ist, stetig auf Q. Dasselbe giit auch fiir G,, G,,. Es ist ersichtlich, dass die
Funktion G,,,(. , t) auf J% und J** stetig ist und im Punkte ¢ einen Sprung gleich

~ eins hat.

2.1. Hilfssatz 1. Fiir (x, t)e (JUJ9) X J ist G(x, ¢)<O0 und fiir (x, t)e
eJyxJ ist G(x, t)>0.

Beweis. Diese Behauptung folgt direkt aus dem Hilfssatz (4.2) und der
darauffolgenden Bemerkung in [3], S. 80—81.

2.2. Hilfssatz 2. Es sei y, die Losung der Randwertaufgabe

y®=1 auf J }
y(a)=0, i=1,2,3,4

Fiir x eJ gilt dann

[y §2()94W (ai—ay)
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Beweis. Es ist leicht festzustellen, dass fiir x e J

yi()=5q (6 =) (x—as) (= a) (x—a)

Bei festem x, a,, a, ist dieser Ausdruck eine Funktion von (a,, a,). Bezeichnen
wir diese als F.

®
Wenn a,<x <a,, ist F,,<0, F,,<0 und daher
1
0=F(a,, a;) =33 (x—a) (x—as).
Wenn a,<x <a,, ist F,,<0, F,;>0 und daher
0=F(as, a,)§2i4 (-a)x—a) .
Wenn a;<x <a,, ist F,,>0, F,,>0 und daher

0=F(a,, a,)éfl‘i (x—a)(x—a,).

Fiir f.(x)=§12(x—a.) (x—a.)’, xelJ, gilt

)| S5y g (@ @)

und eine gleiche Abschitzung gilt auch fiir f;(x) = % (x -—'a.)“ .(x—a,)und x € J;.
Fiir f,(x) =§ (x—a,)’(x —a,)* und x € J, gilt

)| S5 (@u-a))

Fiir |y,(x)| gilt also die angefiihrte Abschatzung.

2.3. Hilfssatz 3. Fiir xeJ ist

9
< )
j; |G(x, 1) dt"2()48 (a.—a,)

Beweis. Die Funktion y, ist die Losung der angefiihrten Randwertaufgabe mit
der rechten Seite identisch gleich eins und deshalb ist fiir x e J

y.(x)=f’ G(x,t).1d:
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Auf Grund des Hilfssatzes 1 erhalten wir daraus, dass fiir x e J

@)= [ 166l ar

ist und deshalb konnen wir bei Abschidtzung dieses Integrals den Hilfssatz 2
anwenden.

3. Aus dem Ausdruck Gi(x, t) ist ersichtih, dass die Funktion G und deren
Ableitungen G,, G,,, G,,, auf dem Viereck J X J begrenzt sind. Bezeichnen wir

K,=sup {|G(x, t)| : (x, t) e Q}

K,=sup {|G,(x, )| : (x, ) e Q}

K,=sup {|G.(x,1)|: (x,?)eQ)}

Ki=sup {|Gu(x, 2)| : (x, ) €[Q{(t, 1) : te T}]}

K =max {K,|i=0, 1, 2, 3}

K =(a,—a)K, i=0,1,2,3

K =(a;,—a)K

3.1. Satz 1. Die Funktion f: J X R*—> R sei stetig und es sei

[fCe, y, y' ", y"IEm fir (x,y,y’,y".y"")eJXR"
Dann hat die Randwertaufgabe

y(4)=f(x, y’ yr’ yu’ yln) auf J }
y(a’)=0’ i=1,2,3,4

eine solche Losung y, dass |y®(x)|=mK,, s =0, 1, 2, 3.

L)

Beweis. D sei der Banachsche Raum aller Funktionen die mit stetiger dritter
Ableitung im Intervall y versehen sind. Wobei die Norm der Funktion 4 durch die
Beziehung

Ikl =, max (max|A“(e)])

s=0.1,2,3
definiert ist. Nehmen wir eine beliebige Funktion 4 aus der Kugel
" S={heD]||h||=mK}
Fiir diese Funktion setzen wir Th = y, wo y die einzige Losung der Aufgabe

yO=f(x, h(x), h'(x), B (x), "' (x)), xeJ }
; y(@)=0, i=1,2,3,4

ist. Damit ist der Operator T auf S definiert, welcher S auf S abbildet, da
yx)= J: G(x; Of(t, (1), ' (6), B (1), k""" (¢)) dt
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und also
lyll=Km

Fiir hl, ths sei 77!|=)’|, Thz=)’z
Dann ist

Iy =yl SK]| 17te, huGe), Bi), b/ @), b1 (0) -

—f(t, ha(2), h3(2), B3 (8), By ()] de

und da die Funktion f stetig ist, bei ||k, — k.|| >0 auch ||y, —y.|| 0.

Der Operator T ist also stetig. '

Fiir die Funktion y aus der Menge der Werte des Operators T, d h.firy=Th
mit ejnen gewissen 4 € S haben wir |y“(x)|=m fiir x e J.

Fiir die Funktion y € TS haben wir also

y(x2) —y(x1) =y'(&) (x,—x,) fiirirgendein & €(xy, x2)
y'(x)—y'(x)) =y"(&)(x.—x,) fiirirgendein & €(xi, x2)
y'(x)=y"(x) =y""(&) (x2—x) fiirirgendein &€ (x,, x2)
Y () =y (x)=y“(E)) (x:—x,) fiir irgendein &€ (x1, X2)

und also
ly®x) —y@x)|=K, .m . |x2—xi|, s=0,1,2

ly®@(x2) =y (x )| =m|x,— x|

Die Funktionen y e TS sind also derart, dass y,y’, y'', y'’' gleichmissig
beschrinkt und gleichgradig stetig sind. Nach dem Satz von Arzela hat die Menge
der Werte des Operators T eine kompakte abgeschlossene Hiille. Nach dem Satz
von Schauder ([2], S. 476) hat der Operator T einen Fixpunkt und unsere Aufgabe
hat also eine Losung.

3.2. Satz 1 A. Die Funktion F: J X ( —r, r)*—R sei stetig und es sei

fGey, y'sy"sy" )| =m .
fir (x, y, y', y"', y"'")eJx(—r, r)* und dabei- ist r=ZmK. Dann hat die
Randwertaufgabe. (U) eine solche Losung y, dass
ly“x)|=mK,, 5=0,1,2,3

Beweis. Beim Beweis des Satzes 1 benutzten wir nur einen Teil des De-
finitionsgebietes der Funktion f, wenn mit dem Operator T nur die Funktionen
mit der Norm ||#||SmK abbildeten. Es ist also moglich aus dem vorhergehenden
Satz eine Schlussfolgerung nur aus den Voraussetzungen dieses Satzes ausgehend
abzuleiten. '
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3.3. Satz 1 B. Die Funktion f:Jx(—r,r)—>R sei stetig und es sei
If(x, y)|=m auf JX(—r,r), wo r=mk und

9 ’
=048 (@~

Dann hat die Randwertaufgabe

y©O=f(x,y) auf J }
y(a)=0, i=1,2,3,4

eine solche Losung y, dass |y(x)| Smk fiir x €J ist.

Beweis. Es sei D der Banachsche Raum von stetigen auf J definierten
Funktionen mit der Norm |lA||=max {|h(x)| :xe€J} Auf der Kugel S=
={heD: ||h||=mk} definieren wir den Operator T indem wir Th = y setzen, wo y
- die einzige Losung der Aufgabe

y®=f(x, h(x)), xel }
y(a)=0, i=1,2,3,4

ist, und also y(x)=f G(x, t)f(t, h(t)) dt, xel.

Daraus erhalten wir, dass ||y||=mk und also TScS. Es sei h,, h,€S und
Th,=y,, Th,=y,. Dann ist

Iy =yl <Ko | 176 mue) =0, hao)] 0

Da f eine stetige Funktion ist, ist bei ||k, — h,|| =0, auch ||y, —y.||—0, der
Operator T ist also stetig. Es sei y € TS, y =Th und x,, x,€J. Dann

lyx) —y(x)| =Kim|x, — x|

Die Klasse der Funktionen TS ist also gleichgradig stetig und ausserdem
gleichmissig beschrinkt und hat also gemiss dem Arzela-schen Satz eine kom-
pakte abgeschlossene Hiille. Es sind also die Voraussetzungen des Schauder-schen
Satzes erfiillt und nach diesem hat T einen Fixpunkt und gerade das ist die Losung
unserer Aufgabe. \ '

3.4. Satz 2. Die Funktion f: J X R*— R sei stetig und soll die Lipschitz-sche
Bedingung

L

lf(x’)'h)’;sy:',}’x )_f(x9y2’y;!y£,’y;”)|§
3
=2 oy® -y
k=0 )
3
mit den Konstanten #,, i =0, 1, 2, 3 und zwar so kleinen, dass KZ # <1 erfiillen.
- 0
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Dann hat die Randwertaufgabe

y(4)=f(x, y, y,,y”,y,”) auf J ]
y(a)=0, i=1,2,3,4

eine einzige Losung. Diese Losung kann als Limes der Folge (y,)T der Losungen
der linearen Aufgaben

Y=, yarr(x), yica(x), yrli(x), yalix)) } .
)’n(al)=0a i=1, 2, 3,4

gewonnen werden, wobei y,=0.
Beweis. Es soll D dieselbe Bedeutung wie im Beweis des Satzes 1 haben.
r >0 sei hinreichend gross. Den Operator T definieren wir auf der Kugel

S={heD| ||n||=r}

so, wie im Beweis des Satzes 1.
Wenn y,=TO0 und |f(x, 0, 0, 0, 0)] =m, fiir x €J, dann

L)

(U.)

yolx) = f G(x, 1)f (¢, 0, 0,0, 0) dt
und
llyoll = Km,
Wciter, wenn y, = Th,, y,= Th, fiir h,, h,e S, dann
yi(x) = yxx) = fJ G(x, ) [f(¢, hi(2), hi(e), R (2), 1" (2) —
~f(¢, hs(2), ..., h3'(¢))] dt

und
3
||y. ‘)’2” §K?:;’0,~||hl ‘hzu

3
Wenn Km,<r (1 -K 2 0,) dann erfiillt der Operator T die Voraussetzungen
] [}] 2

des Banachschen Fixpunktsatzes ([3], S. 475) und es existiert also die Funktion y
fiir welche

y(x)=(Ty) (x)=fl G(x, Df(,.,.,.)dt
y(@)=0, i=1,2,3,4
gilt.
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Es existiert also eine Losung unserer Randwertaufgabe. Laut demselben Satz
ist diese Losung ein Limes der angefiihrten Folge von Funktionen.

3.5. Satz 2 A. Die Funktion f:JX (—r,r)*>R sei stetig und soll die
folgende Lipschitz-sche Bedingung erfiillen:

e

[FCe, yi, y1, y1%, 1) = f(x, y2, ¥, 3, y3' )| =

3
=3ty -y
k

=0

. = 3

mit derartigen Konstanten &, i =0, 1, 2, 3, dass K>, %, <1, und r eine beliebige
0

Zahl ist, welche der Ungleichheit

3
Kmoér(l -K>, 0,)
i=0
entspricht, wo m,=max {|f(x, 0, 0, 0, 0)| : x € J}. Die Randwertaufgabe (U) hat
dann eine einzige Losung, welche der Limes der Folge (y,)7 von Losungen der
linearen Aufgaben ist, wobei y,=0.

Beweis. Beim Beweis des Satzes 2 nehmen wir den Wert der Funktion F nur
in den Punkten (x, y, y', "', y""")wo (y, y', ¥"', y'"") € { —r, r)* ist und stiitzten
uns nur tatsdchlich auf die Voraussetzungen dieses Satzes.

3.6. Satz 2 B. Die Funktion f: J X (—r, r)*—>R sei stetig und erfiille die
Lipschitz-sche Bedingung mit Riicksicht auf die zweite bis fiinfte Veréinderliche mit
den Konstanten &, i =0, 1, 2, 3 welche die Bedingung erfiillen :

3
K> 8.<1
.0
wobei r eine beliebige Zahl ist, die der Ungleichheit r = Km entspricht, und
m =sup {If(x’ y’ y” y”’ y”’)l :(x’ y’ y” y”’ y”’)e

eJx(-r,r)*}

Dann hat die Randwertaufgabe (U) eine einzige Losung, welche der Limes der
Folge (y.)7 von Losungen der linearen Aufgaben (U,) ist, wobei y,=0.

Beweis. Es sollen D, S, T dieselbe Bedeutung wie im Beweis des Satzes 2
haben. Wen he€S und Th =y, dann ist

lyl=Km=r undalso TScS$
3
Weiter wenn hy, h,€S und Th,=y,, Th,=y,, dann ||y, —y,|| = K.Y ¢, .
i=0

3
. |lhs = .||, wobei K3, 8, < 1. Der Operator T erfiillt also die Voraussetzungen des
(1]
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Banach-schen Satzes ([2], S. 475) und laut dieses Satzes hat T einen einzigen
Fixpunkt und dieser ist die Losung unserer Aufgabe (U). Nach demselben Satz
kann diese Losung auf die angefiihrte Weise gewonnen werden.

3.7. Satz 2 C. Die Funktion f: J X {(—r,r)—R sei stetig und erfiille die
Lipschitz-sche Bedingung

If(x, y) = f(x, y2)| =L |y~ y|

mit einer solchen Konstante L, dass 0<kL <1, wo k = (as—a,)*, r der

9
2048
Bedingung km,=r(1— kL) entspricht, und m,=max {|f(x, 0)| : x € J}. Dann hat
die Randwertaufgabe

y¥=f(x,y), xeJ } )

"y(a)=0, i=1,23,4

eine einzige Losung, welche der Limes der Folge (y,)T von Losungen der linearen
Aufgaben :

YO=f(x, yar(x), x€J } (U,)

yﬂ(ai)=0, i=1, 2, 3,4

ist, wobei y,=0. ‘
Beweis. Es sollen D, S, T dieselbe Bedeutung wie im Beweis des Satzes 1 B
haben. Wenn y,= T0, dann

yu(x)=fl G(x, t)f(t,0)dt, xeJ

und laut Hilfssatz 3
”)’0||§kmu
Wenn k€S, Th,=y,, i=1, 2, dann ist
ly: = y:l| S kLA — h|

wobei gemiss der Voraussetzung 0<kL <1 ist. Wenn noch die Bedingung
km,=r(1— kL) erfiillt ist, dann erfiillt der Operator T alle Voraussetzungen des
Banachschen Satzes und laut diesen hat T einen einzigen Fixpunkt. Dieser Punkt
ist die Losung der gegebenen Randwertaufgabe und kann nach demselben Satz auf
die angefiihrte Weise gewonnen werden.

3.8. Satz 2 D. Die Funktion f: Jx(—r,r)—R sei stetig und erfiille die
Lipschitz-sche Bedingung mit Riicksicht auf die zweite Verinderliche mit der

Konstante L, die Bedingung 0<kL <1 erfiillt und wo k = —a,)*. Dabei

9 (@
2048 **
soll r der Ungleichheit r Zkm entsprechen, wo
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m=sup {|f(x,y)|: (x,y)eIx(—r,r)}.

Dann hat die Randwertaufgabe eine einzige Losung, welche der Limes der Folge
(y»)7 von Losungen der linearen Randwertaufgabe (U,) ist, wobei y,=0.

Beweis. D habe dieselbe Bedeutung wie im Beweis des Satzes 1 B. Wir
definieren den Operator T auf der Kugel S={heD|||h||=r} so wie im Beweis
des Satzes 1 B. Gemiiss Hilfssatz 3 erhalten wir fiir y = Th||y||Skm =r, so dass
TScS. Wenn y,=Th,, i=1, 2, dann ||y,—y,|| = kL||h,— h,||, wobei laut der
Voraussetzung 0 <kL <1 ist. Der Operator T erfiillt also die Voraussetzungen des
Banach-schien Fixpunktsatzs und nach diesem Satz hat T einen einzigen Fixpunkt.
Dieser Punkt ist die Losung der Aufgabe (U) und nach demselben Satz ist dieser
Punkt der Limes der angefiihrten Folge.

4. Die Sitze 1,1 A, 2,2 A, 2 B konnen fiir den Fall der Randwertaufgabe

y(n)zf(x, y’y”“', y(n—l)), xe(a., a2> }
y@)=0, "i=1,2,...n

wo n eine beliebige natiirliche Zahl ist, leicht verallgemeinert werden.
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SUHRN
O OKRAJOVEJ ULOHE STVRTEHO RADU
V STYROCH BODOCH
M. Cveréko, Kosice
V préci sa riefi nelinedrna okrajova tloha v $tyroch bodoch pre nelinearnu diferencidlnu rovnicu

4. radu. Pomocou Greenove;j funkcie sa prejde k zodpovedajiicej nelinedrnej integrdlno-diferencidlnej
rovnici a této sa riei pouitim Banachovej a Schauderovej vety o pevinom bode.
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PE3IOME

O KPAEBOM 3AIAYE YETBEPTOI'O IOPSIIKA B YETHIPEX TOYKAX

M. Usepuxo, Kommune
B pa6oTe peuaeTcs HeJHHEHHas KpaeBas 3ajjaya B 4eTbipell TOYKAX I HENMHEHHOro fud-
¢depeHumanbHoro ypasHeHus 4-oro nopsaaka. C nomouisio ¢pyHxkumu Ipuna 3Ta npobnema CBORHTCH

K ofgHoMy uHTerpo-RHdepeHIMaNLHOMY YPABHEHHIO, CYLIECTBOBAHHE pCIICHHA KOTOPOro
AOKa3bIBaeTCA Ha OCHOBaHWM TeopeMmsl Banaxa u llaynepa o HEMONBIXKHOM TO4Ke.
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