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(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXXII, 1875)
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXII — 1975

06 onHoWM NOCTOAHHOM JUTTJAbBY/A
B Teopuu a3era-pyHKIUN pumaHa

AH MO3FP. Bparucaasa

"
IycTs % + ir’, % + ir cocenHue Hyanm OYHKUMM g(e).
JUTTAEBY] B paGome[Z]Hame.n (a NpenNnoONOXEeHUM CHPABeAJMBOCTH TI'M-
noresa PumaHa ) onenky

A ' 2
1
@ vy Ty T
MCMOAB3YA COOTBETCTBYDIYD OLEHKY (cu.[_}]).n.m byHkuun S(t) .
Meroanom A. 3EJIBLEPI'A HeTPYAHO NOJAYHMTDb (cu. HoGapaenne I.)
OLEHKY

(2) lsct)|<s,sméw_t_,taelﬁ
t

Ecxu ucnoarsosaThb, c ofHol#t cTopoHH, oueHky (2), u, ¢ upyroi,

nonxonsmMe cocenHme Hyau GyHxuum 3 +it§a OKDECTHOCTM 3Haue-

Hus to = 10 000 019,(1'.0- nfsoc'roe yucao, cu.[4]), TO NOJYYAETCS

I eopewma. Ecaupr>e " ro

(3 2 <A <80,

[lpexne ueM NpUCTYNUThL K AOKA38TENLCTBY, BBeiEeM HEKOTOpPHEe
0003HAYEeHHUA .



Tloxoxum:
1 1
fl(t)szarctgﬁ+;{'- ln.(l +ﬁ§>, ot >0,

u

V(“)=S<[V]-v*%)dv,
(o]
£, (t)=Yn {S y;u) d: ) , tZo,
| 4 (“*I*i'z')
4) £(t) =12 (t)+ £, (1),
(5) 1@}y thue-Laxfr2d 1

HeTpyLHO NOAYUMTH OLEHKY
(6) lf(t‘+x)-f(t)|<2,7555, t =1, x >o0.
t

dJoxasaTeaxnrcecrTBoO T e OoOpeMH
- s '
(a) ﬂyc'rb%-+ 1}"‘, %— + 174 cocenHme Hyaum QYBKRUMM F(-) o

[lycTs naxnbue

- 1 "—9" v 1 Y_ oy
t =2‘\+E r t' _?4_ r

100’ B 2 o3

T. €.

?"<t’<t"‘ 34", t" - t‘a —222- (?"'Lr')
1000
Jicnoaraya usBecTHOe COOTHOHIeHME?fl] , cTp. 209

N(t)=L(t)+s(t)+z(¢),
noayvyaercs

L (") =L ()= - [s (¢) - s (¢)+ £ (t7) - £ (¥)).
Wa eroro, ucnoasays (2)(noxaras 5,6=00) u (6), noayuaercs
o 1000 g e 1 g TP
7599 4Tt + 55T ——rpr
7' 999 /‘“"2%[ Mf 7, /b"/ﬁ



Tak kak

M<l+ ,0"/27[+ 7’"—?" ’
vz tmdr Tk

T0
— A(?)
r=r < ot 17
rae 1000 In 2T
—599 4T <1 + ———>
rl
) e
A(r ) 1000 4:/1:&’/ 5’51
l - =599

—— = ;
P fo A 7T b S

Hexonen, npu J'>gl6

A(7?') <79,8 < 80 .

(Cf) TNonomum :
e-} (52)
Xe =T Ty

rh(t) = -%ars X(% + it) ’
z (t)= ,WWS(% + u)a z (2 T), t =2TT.

Wsyuas no cxeme Turumapuia - Aeuepa,[s],(ncnoabaya 6HCTpO-
nellicTByDIYD BHUMCAUTEABHYD 'uamuny)noaenenne byrknuu Z (21’[)
B OKPECTHOCTM uucJa
t
o
To = 397 * 1591 552,454
noayumxach NpuUJOXEeHHAas Tabauna (cu. rakxe rpaduk) . Tak uTo
NONYYEHH HYJAU ’[;’t"q)yuxunu Z (2 I’C)}.‘Mﬁ KOTOPNX
T">1 591 552,409
T’ <1 591 552,288
’C”_ f[” > 0,121



Te. €.
(1) r!r'>2.’lli 0,121 > 6,283 . 0,121 > 0,76.

Tak kak
e16 < 9.10% <10 000 019 ,

M»u/}ﬂ' > Lk 10" 2,778

1o, ucnoanrays(1)u(T), noxyusercs

A>(?"’-r') LJml]'Sz,n >2.

T ZRITT)
1 591 552,287 - 0,150 109
,288 0,127 388
,289 0,413 266
,290 0,707 268
,30 4,027 373
$31 7,717 516
)32 11,513 566
333 14,752 955
)34 17,047 026
»35 18,051 322
,36 17,582 063
$37 15,649 087
,38 12,459 341
»39 8,389 867
,400 3,934 334
,406 1,300 327
,407 0,874 814
» 408 - 0,454 522
,409 0,039 946
1 591 552,410 - 0,368 427
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- Obr. 1

Jo6aBaenune I.

Ecau cocTaBuTh BHUMATENBHO UYMCJAEHHHH KoMMeHTapuit uaao-
XEHOT'0 al__l], cTp.360-363, TOo nosydaeTcsa OUEHKA

16

ls(z)l<5,s% , t e
Tlonoxum: -
8 = otit, 4=x étz, x =y,6mt, t%els, 0, = % +m y 00,

2
’ L -
A(n/z"u n A !inéxz,
Ax(B)=. =
N (n) s, l€n«x,
(A(n) - dynxuus Gou Manroxbmra)

lipuBefieM TOXBKO OLEHKM ABYX cymm cozepxamux Sy (n) , @
UMEHHO, MMEET MEecTO




J e MMa.

- Z Ay () < 1,736 x,

In X ng z2 a7l
Ax (2)
né:xz nﬂ <1,368 x.

llpexne Bcero

(1 n)=A(n Y. P Y-
Ay () A()[z hx] Ar), zgnzx?,

(2) 1, 1£n<x,

" Tew ¢ :

1, x&n<£x°,
n»&”/x e‘&'n/x e
(3)<!‘n! = 1, l£ngx,
Aox 2

2, X€ n £x°,

[lyctr Tenepy X — neasoe. Torga
A5 L)oo S > S D M
Anx ngx? B 1 2€nsx Va vl‘néxz,v?
2
& x
IS I FUUIPUINPE o DU

1 ef x+1 e

+ x -yx + x+ -4 x =
e-V'i—ﬁ 4 ( 1)<t x4 (2 .‘)\fn~

[.4;4,(2-.‘;.)%;]1_;4(1«%); < 1,736 x.

ToT xe camult pesyabTar moayuaercs M B CAydYSe HALEJAOrO X. Homo6 -
HHM O6pasoOM MOCTYN@eTCH ¥ B CAydYAe BTOPOH CYMMH.



do6aBaenue Il

O Hyxasx Jlemepa Asera-OyHkuum Pumena

"Ho, pasyMeercs, Jaxe NOKASATEABLCTBO

runoresH PumaHa Hemcuepnanro 6H 1O

KOHLA BCD Teopnp QyHKIuK ;?(') .

MHOrue ToHkmue csoﬁcraaﬁﬁb)u

TOr48 OCTAHYTCSH HEBHACHEHHHMMU.,"
E.K. TuTumapm, [1], crp. 331.

NEMEP,(5), uayuas 10 000 mepsux Hyaelh dymRrumm F(- )
Hames napy Hyxae#

(1) —:— + 1 7005,0629 ; -:— + 1 7005,1006

Pa3HOCTHL OpAMHAT KOTOPHX cocraBaser 0,0377. napa(l)mpea-
CTaBaAfeT cocegHMe HynuSR%)c HauMeHbuelt pasHOCTLD OpAMEET cpeim
nepBux 10000 uyxeit S(B). K ToMy me, B mpomexyrke

< T005,0629 ; 7005,1006 >

Qyuxuns|z (t)lnocrnraew H8UMEHBIIero JOKaJbHOI0 MaKCUMyMa OTHO-
CUTEeALHO NpPpOMEexXyTKa

ﬂl = £0 ; 7005,1006 >,
8 MMEeHHOo,

min {mgx Iz (£)1} = 0,003 967 5.

1
B paGore [6], JEMEP, npoioaxas CBOM MCCJASLOBAHMA, HameJs
napy Hyxae
() 2+117143,1319 ; 3+ 117 143,7673
Pa3HOCTE OPAMHAT KOTOPHX cocraBaseT0,0354. Ilapa (2)npeucras-
AfeT cocCenHue HYJAU ;(a)c HauMeHbuel#t DABHOCTBO OpAMHAT cpean
nepeux 25 QOOnyxeli. K ToMy xe, B npomexyTke



£1T7 143,7319 ; 17 143,7673 >
dyurnunsa |Z (t)lnoc'rurae'r HAMMEHBUETrO JOKAABHOIO MAKCHMYMa
OTHOCHTEALHO NPOMEXYTKa
’Jz = <0 ; 17 143,7673 >,
a MMEHHO,

nin {ggx |z (t)l} = 0,002 153 36.

3aMeTyM, YTO PA3HOCTM OPAMHAT HECKONbKMX cocegHux c napoii(2)

nap Hyzeﬁg(ﬂ), nonazapT NpuGAM3UTENBHO B IPOMEXYTOK
<£0,6; 1,2> | B To BpeMs Kak pasHOCTb opAuHar Hyxelt napm (2)
cocraBaser aump 0,0354.

Hanousum uro JEMEP B cBOMX peGorax [5],[6], KPOMe UMCJEeH-
Ho#t npoBepku runoresn Pumana (B cooTBeTcTByOIMX NpOMEXyTKaX ) ,
uayuan sexoH 'pama (MCKONWYEHMS M8 STOrO BAKOHE ). UTO TPUBEJO
ero K JgeTaxbHOMy uayueHun mnepBux 25000 Hyxei ;(e),m, nocaenHee
06CTOSTEALCTBO NPUBEJC €r0 K OTKPHTUD [ap (1)u (2) ayrei
¢ynxumn E(8).

MEJLJEP, B paﬁo're[7], coobwasi O CBOMX BHUYUMCJEHUAY CBAUAKHIX

¢ npoBepkolt runoresH Pumasa, OTMeuYa@eT NOJOKEHMe LeJ B OKPECTHOC-

TN OpPAMHAT HyJell napu(?)no'ro.vxy, YTO BLECH, LJAS OOCHADYXeHUS
nepeMeHH 3HEe¥e TYHKLLM Z (2 IT),,‘J,()J}er GUN UCHONBIOBATL (oxee

TouHyw dopmyay axs nocaenuel#t. 3amerum uro MEJUIEP Hesnas o pa-
6ore [6] Jlemepa.

[lpocMoTpnBaa aTu paboTH, HaubGoJee NOPASUTENBHHM NOKa-
3auBaeTcs yxe camu# dakT cymecTBoBaHMA nap(l)n(Z)

KoneuHO, €CAM NPEANOJOXUTL, UTO OPAMHATH Hyxeit 2"'17":]’>°v
GyHxumun ; (8)3anyMepoBaHH TAK, YTO KPaTHH{l HYAb CuUMTaETCS
OLMK p&3, TO B CYmMECTBOBAHMM UKUCAA

min (Joe1 = F'n) =@ (F)
nam, B 4YacCTHOCTH, HYMACJAR

nizls%go(r“*l = 7p ) = 0,035
(N - nesoe nosoxuTenbHoe ) , HET HMUETO YAMBUTEIBLHOLO.
ORHAKO, eCAM K TOMy Xe MB8BECTHO, YTO DABHOCTH OPLMHAT
HeCKOABKMX cocemHux ¢ napo#t (2)nap nyaett t;(s ), npuGausurearHo
oT 16 Ko 32 pas npeBocxoxaT uucxao 0,0354 | ro Takoe oberos-
TeNbCTBO, BEPOSTHO 8aCAYXMBAET BHUMAHMHA.
llosBoanM ceGe MpUBECTM HEKOTOPHE SEMETKM B 3TOM HAMNPABJAECHUM.



1. Hasosem napu (1) (2) uyxe#t dynxuuu ;(a), napaun Jlemepa.

2. EcTecTBeHHO NPeAnoJOXUThb, YUTO CYMECTBYET CeCKOHEYHO
MHOro nap Jiemepa.

3. OnHako, npenmecTByDmWee yTBepXAeHue npexjeBpeMeHHO, Tak
KaK OTCYTCTBYeT onpenenenue nap JIEMEPA.

4. llpo6ys xapaxkrepusoBaTh napy JEMEPA Ha ocHoBe NpuBeLEeHHHX
UMCJIEHHHX NaHHHX, BO3MOXHO OHJO GH CKasaTh TAK: PASHOCTH opAMHAT
Hyxe#t napu JEMEPA "cymecTBeHHO" MeHbma apudmMeTnueckoro cpe,zmer'd
pesHocTell OpAMHAT "HeCKOJBKMX" COCELHUX nap Hyxnelt ¢yHxkumum g(a)-
3heck B KABHUKM BCTABEHHN MOHATUS HYXZADMECA B y'rounemm(o'rcy'r—
CTByeT MeTpuUYecKas X8paKTepUMCTUKE BTUX noua'run), TaK UTOo
CK88aHHOe BHIle He eCThb ONnpeleseHue.

5. Boxee noaxonsfumMms nokasHBaeTcs onpejeJeHye caenyDmero THUIA:
coceliHue Hyau ?ir', %*ir" dyuxnun g(e)ﬂaaoaeu Hyaauu Jlemepa
(napa Jlewepa ) ecan

n g - 1%
74'_2' < eXp 1,75 (———LT)—L

/7

[‘lnc.no 1,75 noayumsiock ¥3 COOTHOMEHMA

y —L 7
(,bn.&v;v')“

npu ;"’= 7005,0629 . byuxuua

exp - 1,75 (Tf:wzrl—,)z }

pPaayuMeercs, MMeeT TOJABKO HABOZLfAMEe BSHAYEHUE, XOTS OHA M COrJACOBAHHA
¢ nepBHMM LBYMA napamyu JlEMEPA.]

6. B aTou cayuame, rumoresa o GeckOHeUHOCTH MHOXecTBa map
Jlemepa osHauaeT yTBepELEeHME, UTO NPUBELEHHOE BHIIE HepaBeHCTBO
uMeeT CeCKOHEYHO MHOrQ DeUWleHMM H& MHOEECTBe COCEemHUX Hyxel.

7. Ecan %’ + ir',% +i r', r'/_r'c,:oce}mue Hyau GyHkummu ;(3),

TO BBeJieM o603HauyeHue . ,
" )
ACyp) =p -+

Aas mayuaBwero Hyau GyHKLuM S(a)uasecmo, YTO ¢ BOBpacTaHueM 7"
Beanuuna O (7",]'")0.710:3110( 06pasoM ocuMAMDYeT (cwpeuacs, KOHEeuHO,
K HYAD npu r'—> +o=).Bosnukaer sonpoc. Hey6msaer au A\ (r', 7 ")
MOHOTOHHO ¢ BOBpACTaHHMEM ?4'uue|mo Ha MHOxecTBe nap Jlemepa?

exp - = 0,0377

8. B aToit 06cTaHOBKe GHAO OGN BechMa XeNaTeNbHHM OTKDHTHEe HecC-



KOABKYX caeiyomux nap JleMepa, 4TO, K&K BOSMOXHO LYMaThb, COBEpWIEHHO
noa cuay coBpeMeHHO) BHuuMcauTeabHo# TexHuke. OTKPDHTHE TOKOBHX
(nommmo yrayGaenus umcaeHHHX sHaHu@ B 9TO# 0CJIACTH ) MOCAYEMAO OH
TOAYKOM AJSA NpeABAPUTEAbHHX AHAAUTHYECKMX KOHCTPYyKuUu} oTHOocAmmMXcsH
K ®TOMYy YAMBATEIBLHOMY SABJAEHMD HA KpuTHuecKko#h mpsamoit.
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On a constant of Littlewood in the theory
of the Biemann zeta function

JAN MOSER
Summary

In this remark we have an estimation from above and from
below of one constant relative to the vertical distribution
of zeros of the Riemann zeta function.

Besides int he appendix the attention focus on the very
interesting pairs of zeros oy the Riemann zeta function, which
have been discovered by D.H. Lehmer. :

O jednej Littlewoodovej kondtante v tedrii
Riemannovej dzeta funkcie

JAN MOSER
Sdihrn

V tejto poznémke je odhad zhora aj zdola pre jednu kon-
8tantu, ktord sa tyka vertikdlneho rozloZenia nulovych bodov
Riemannovej dzeta funkcie.

., Popritom v dodatku autor obracia pozornost na velmi za-
ujimavé dvojice nulovych bodov Riemannovej dzeta funkcie,
ktoré objavil D.H. LEHRMER.

Do8lo: 4. decembra 1972,
do nakladatelstva 8.jila 1974

Autorova adresa: Katedra matematickej analyzy, PFUK,
Bratislava, Mlynskd dolina
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Antihomographies. The representation of antiinvolutions

in the three-dimensional euclidean space

ZITA SKLENARIKOVA, Bratislava

l. Let S be a one-dimensional projective space over the
complex field K /briefly: a complex line/. Let x € 5; then
x =( xl,xz) denotes that complex numbers xl,x2 are homogenous
co-ordinates of the point x in a certain co-ordinate system
gof the complex line S,. The notion of a homography is suppo-
sed to be known. [1] o Likewise the notions of double elements
and an involutory pair of a transformation.

2. The first part of our paper deals with antihomography
transformations on a complex line, the special case of which
are antiinvolutions. The results of this part are known,( [1] .
[2;1,2]). The essential significance of the paper is to work
up the subject by the united method of the using of homogenous
co-ordinates. For the reason of entirety in this part there
- are introduced some Imown theorems without their proofs. In the
second part there is studied the representation of the entiin-
volutions in the three-dimensional Euclidean space through
RIBMANN transformation. In this part the outline of the tran-
sformation mentioned in [1] is made more precisely and there
are some other consequent results introduced.

13



I. Antihomographies and antiinvo-
lutions

l, Definitions, equations

Definition I,1.A point transformation H : §;—> 8§
is celled the antihomography, if there exists a regular matrix

ab
over the complex field ( ¢ d) and in S, a co-ordinate system

@(x,,x,) such that the point x’= (x.;,xz' ) corresponds to the
point x = (xl,xz) when

2 (o, + 1%,)) + %, (F) + a5,) = o. (1
BRemarke. l. The equation (1) can be written in the ma-
trixroz:l ab) (31> ,

(zl xz) cd X, /=0 (1)

2. The equation (19 is equivalent to:

(2)-(9 (fﬁ o (2)

3. There will be used the notation x’= R (x) .

Theorem I,l, An antihomography can never be a homography .

Proof . Let i be an antihomography which is the homography
Hon S, as well. Let H,H have the next equatione in the cer-
tain co-ordinate system O‘(xl,xa) , respectively:

B: (x)=a(x), H: (x)=B(x),
where A,B are regular matrices over the complex field. Then
for all x €5, it holds : y;{§)=a(x) » p <K, P #0,
consequently for all x with Xy X real. From it follows:
¢ A =B. H has now an equation (x’)= paA (x) « Then for all
x € S the following equalities hold:

- c(Vxl - 'x'l) -a (vx, - iz)

2
x, - iz) 0,

a(Vxl - §1)+ b (\7

14



-C -d)
\)GK, V #O,Az b .

"But |A|# 0, i e. it holds for all x ésl: El = Vxl, ?:2 =\7x2;
which is false.

The multiplication in the set of the antihomographies and
the product of a homography and an antihomography are defined
obviously.

Theorem I,2, The set of all homographies and antihomo-
graphies on Sl is a group.

The proof follows immediately from the expression of the
transformation in the form (2) .

Theorem I,3. Let a=(0C1, °‘2) and =(/51, /32) be
double elements of the antihomography H given by (1).

Then H can be introduced by an equation
x| |
Ay | 16y &5

a
whereb°=°‘fl(a/31+b/§2)+ o, (c/-31+d7§

4 L4

b° +c°

)
=0, Ca, +vd, )+ N (e, +ac, )
1 1 2 2 1 ¢
The proof is evident.

Remarks. 1. In(3) there is ¢c° # 0, v° # 0, as the

matrix BAB™" is regular.

2. If in (3) there .s b°, c% K, b° # 0, and A # /3 then
(3) is the equation of ar antihomographg with double elements
Oy /3
Theorem I.4., Let cr:(ocl, 0(,2) and f5=(’/51, /52) be
an involutory pair of the antihomography B given by (1). Then
B cen be introduced by an equation

s
@y &

%y %a
e )

B %
Ay By

xl x2
1 Ry

0
a +°d

=0, 4

15



where “a = o, (acty +d0,) +, (co(1+d

o, = 61(a@1+-bﬁ2) +Bz (c51+ a

The proof is evident.

Remarks. 1. In (_4)thereis°a#0, °a # o.

2. Conversely, if %a # o, °3 # 0 are the arbitrary complex
numbers and & # /3 then (4) is the equation of an antihomo-
graphy with the involutory pair (&, » ).

Definition I,2. An antihomography B for which I,.iz
is the identity transformation is said to be an involution.

Theorem I,5 Let H be an antihomography given by (1).
Then B is en involution if and only if:

a’=a’=0, b’=-c# 0, where a’= -a¢ + ba, b’= -ad + bb,
¢c’= -cc + da, da'= -cd + bd.
The proof is by direct computation of the product Hz.

Theorem I,6. Let the antihomography H given hy (1) be
an antiinvolution. Then there exists such a complex number
k # 0, that for the coefficients a' = ka, b’ = kb, at = kd,

¢’ = ke it holds: a+, a* are real and b"_' =3 . (5)

Conversely, if numbers a,d from (1) are real and b = ¢, then
B given by (1) is an antiinvolution.

Proof . LetH be the antiinvolution given by (1) . By
Theorem I,5 there exists a real number f? # O such that

|f|=l,§=fa,5=?c,3=yb, d=pa. (6)

Let k€ K, k # O, Then ak = (? E/k) ak. When we choose k such
that f‘ E/x = 1, then

ak = ak,d=dk, bk =c¢ck, ck =Dk,
- + + + -t o
i.ec 8 and d are real and b = ¢ . An equation of the form

(1) with coefficients s, b+, ¢*, d* is obviously the equation
of the antiinvolution H.
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The converse assertion can be verified by direct computa-
tion,

Remark. Ifin the next the antiinvolution H is given
by (1), a, d would be asssumed real and ¢ = b.

2. Double points of antiinvoluti-
ons

Let I be the antiinvolution given by (1) .

a/ Let a = 0, d # O. By choosing the convenient co-ordi-
nate system, that is by using the linear transformation

O EHION

the equation of B will have the form yi ?1 - yé }2 = 0, For
double elements it will be obtained the equation
Yy 9 =¥, ¥, = 0. (7)
_ From (7) it is obvious that the set of double elements
H is infinite.
, b/ Let a = 0, d = O. By using the lineag traneformation
of the co-ordinate system ((x,,x,) into o‘(yl,yz) : (x:) =

GG

o 1/ \7Y2

the equation of B will teke the form y{ 52 + y£ il = 0, For
double elements the equation

V13,9, ¥, =0 (8)
will be obtained.

From (8) it is obvious thay the set of double elements
of i is infinite again.
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¢/ Let a # O. The equation of H can be expressed in the
form

-, b _. = b = ad = bb " _- = _
a(xl+-;xz).(x +—x)+——3——— x2x2-—0(9)

and analougously the equation for double glements. By use of
the linear transformation (xl) - <1 = )(yl) the eqation
x, 0 a Yo

of H will have the form x]t %, 0+ sz' i'?_ = 0, For double ele-
mente it will be obtained:
14t 8% % -0, A=ad-bb#0, AR,  (20)
From (10) it is obvious that in the case A <0 the set

of double elements of H is infinite and in the case A>0 H hss
no double element.

Definition I,3. An antiinvolution H which has at
least one double point is called the antiinvolution of the
first species, an antiinvolution which has no double point is
called the antiinvolution of the second species.

Theorem I,7. The antiinovlution H given by (1) is of
the first species /second species/ if and only if

A:lab|<0 (if and only if &= abI >0).
b d bd

The proof is evident from the previous considerations, see a/

-C/l

3.Rejfeaentétion of antiinvolu-
tions in Cauchy's plane

Theorem 1I,8. An antiinvolution of the first species
is represented in the Cauchy ‘s plane by an inversion of the
ratio positive or by an axial symmetry. An antiinvolution of

18



the second species is there represented by an inversion of

the ratio negative. .
x,

Proof . Letus denote s =— forx, #0, 2'=— for
X2 *2

x, # 0 and let 3 = X + iY, 8'= X'+ iy, (x,1,x°, Y€ R) .

The representative of the point x=( xl,xz) eSl is for
x, # O the point of the Cauchy ‘s plane with the rectangular
co-ordmatee (x,Y) and for x, = O the ideal point.

a/ Let a =0, b = by + i b,. The representation of the
antiinvolution is then the transformation

2, .2
, Tt b b 4D
et A - T

b + by by + b by + b3

2 .2

‘ 2 byb, b2 - b2 ab,
Y=X + Y + > >

2 . .2 2 . .2

by + b by + by by + b2 (11)

with the addition that the point at infinity of the Cauchy ‘s
plane is self-corresponding. To the set of double elements
there corresponds the locus

2b X-2b,T+a=0 (11"
complemented by the ideal point.

By (11) there is defined the axial symmetry with the
exis (11°) in the Cauchy ‘s plane. Conversely, let

2,2 :
. * 2a. 73 2/}
Is—-!-—az— X - Y-
Ll p @l + p° @° + 4°
!‘8-206/.5 x*“’z; pr . 207 .
- ]
wl + 42 w2 + /52 062*-/55'
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be the axial symmetry with the axis QX + AY + 77 = 0.

This axial symmetry corresponds to the antiinvolution
H with the equation

xi(b;z) +12' (5'§1+d§2) =0,wherob=%-if
end d= 7,

b/ Let a # O. The representation cf the antiinvolution
(9) 1is then the transformation

- vb
“") (“") - zb (12)

with the addition that the ideal point of the Cauchy ‘s plane

corresponds to the point . _ _ b ,
a

and conversely.

The set of double elements is represented by the locus

S) (3 b) ad - bb
+ =) . - =-———-§—
(z a z+a (129

By (12) there is defined in the Cauchy ‘s plene the circle
inversion with the centre b bb - ad
H zZ = - and the ratio —py— =
a

° a

__A
?o

By (12') the representation of the set of double elements
of the antiinvolution H given by (1) with A €0 is the circle

ad - bb
and the radius r = - ——
a L)

ol o

with the centre z, = -

Conversely, let (z+z) (z+z) = k, k €R; be the
circle inversion in the Cauchy 8 plane. This inversion repre-
sents just one antiinvolution B; its equation can be written
in the form

x (% +2%) +x) (2% +[-x+33] %) =0
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1l zZ
i = -k-
z, -k + Z,2, . :

A=

hence in the case k>0 H is the antiinvolution of the first
species, in the case k <0 H is of the second species.

II. Representation of antiinvolu-
tions in the three-dimensional
Euclidean s8space

1. Let E3 be the real three-dimensionasl Euclidean space
completed by the ideal plene. Let 2 ( X,Y,Z,T ) be the co-or-
dinate system for the expression of the homogenous co-or-
dinates such that its restriction in E3 is the rectangular co-
-ordinate system¥ (x,y,2z) for_the expression of the non-ho-
mogenous co-ordinates. Let M € E3; then M= ( x,y,z) , or
¥ = (X,Y,2,T) denote that x,y,z, are the rectangular co-ordi-
nates of the point M in Z (x,y,z ) end X,Y,Z,T are its homo-
genous co-ordinates in ¥ (X,Y¥,Z,T) . Let G be the unit sphere
in E3 whose centre O is the origin. Symbols int G and ext G
denote the sets of points interior and exterior with respect
to the sphere G respectively.

Theorem II,1, Let M be the set of all antiinvolutions

of the first species on S;. Let A € M and A be given by (1)
from the part I., with a and d real, and b = ¢. Then the mapp-

ing given by
X=-2b

Y=2b Z=a-d, T=a+4d (1)

1, 2’
is a bijective transformation of M into ext G.

Proof. a/ It follows from Theorem I,7 that ad - b22L -bg =
=A <0,

Let A be the pooint in E, which corresponds by (1) to the

entiinvolution A. Let A = ( X,Y,Z,T) . THen
X2 + Y2 + 22 - 7% = 4(b§ + bg) +(a - c)? +(a+ c)2 = -4A>0,
whence A € ext G.
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b/ Let A = (X,Y,Z,T) be a point of E3 in ext G. Then A
corresponds to the antiinvolution A given by (1) from the
part I., with

T+ 3 T -2 X Y
a = d = b, = @ = b, B -
2 ! 2 'l 2 "2 2 (2).
1
Consequently, A= ad - (b2 + b5) = =(1% - x% - ¥? - 22) < o,
o 4

hence A € M.

Yet it is to be proved that for each representation of
the point A € E3 there exists just one antiinvolution A.

Let A’=(X°,Y’,2°,7") be another representation of A.
‘l'hen there exists a real number Joi‘ 0 such that X'= PXx, Y’
Y f!, 2= JOZ, T —PT, and 1t follows a -fa\, d =pd,

Pbl' = b, &) A, where a, b, ¢, 4° are the
coei’f:.c:l.ents from the equat:l.on of the antiinvolution A’ » to
which A’ corresponds. Hence A'= A,

Theorem II,2. Let M be the set of ell antiinvolutions
of the second species on S;. Let BE€ M’ and B be given by (1)
from the part I., with a and 4 real, and b = ¢, Then the mapping
g:.ven by (1) from Theorem II,1 ies a bijective transformation
of M’ into int G.

The proof is anaslogical to the proof of Theorem 11,1.

Remark. Apoint in E3 which corresponds by Theorems II,l;
11,2 to an antiinvolution of the first or of the second species
will be called the representative of this antiinvolution in !

2. Let P be a point in E » P & G. P induces a tranator-
mation of G on itself in the follovn.ng sense.

Let * : G— G be the involutory transformation of G
on itself defined as follows:

For a1l X€G, X =>X" € PX N G 80 that a/ X'F X if
card (PX"1G)=2and b/ X=X if card (FX NG) = 1.
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Remarks., 1. There will be used the notation X '=Jl(X)
or X=P(X).

2. Zia an involutory transformetion which for P& ext G
has infinitely many double points (the common circle of Gand its
tangent cone of vertex P) and for P& int G has no double point.

Since there exists the bijective transformation of G into
Sl /the RIBMANN mapping by means of the stereographic projec-
tion/, Tmay be coneidered the transform of a transformation
% on Sl.

Theorem II,3. The transformation ¥ on S, is en an-
tiinvolution the representative of which in E3 is the point P.

Eroof ., First it will be showed what is the stereographic
projection of ‘the transformation X from the point I = (0,0,-1,1)
upon the plane Z = O. The stereographic projection from the

point I will be denoted 7 . There are two possibilities for
T(p) ;

a/T (P) is a non-ideal point of the plane Z = O, It is
easily checked that for an arbitraty couple of points X € G
and X’= T(X) it holds:

TMETX) . TET(x) = lxl, x ek,

k is constant for a given point P, Also the sterographic pro-
jection of the transformation /L in this case there is the cir-
cle inversion with the centre 7 (P) and the ratio +k and

-k, respectively with the additidén that the ideal point of the
Cauchy ‘s plane corresponds to the point T (P)a.

b/ T(P) is the ideal point of the plane Z = O. Then for
an arbitrary couple of points X € G and X'= & (x) it holds
that the points 7 (X),7(X°) are the coresponding points in
the axial symmetry with the axis in the line of intersection
of the polar plane od P and the plane Z = O, In this case the
stereographic projection of £ is the axial symmetry with the
addition that the ideal point of the Cauchy ‘s plane is self-
-corresponding point of this transformation. Both assertions
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were proved by use of the knowledge of the stereographic pro-
Jjection of a circle and the property of four harmonic points
on a line.

Both transformations by Theorem I,8 represent antiinvolu-
tions on Sl' Further it will be showed that the representative
of the antiinvolution in E_ obtained in this way is just P.
Let P = (XO,Y 2°,7°) . Then by a simple computation T (P) =
= (x°,1°,0°, z° + 'r°) It follows thatT (P) is a non-ideal
point just when z° + 1 % o0,

a/ First there will be considered all points P € E
that 2° + T° # 0. Two cases will be differentiated:

al/ P ¢ z end &,/ P € z. /2 - the coordinate axis/.
o
/LetP¢zand {L,L°} = OP N G. Then L = (2’%

%‘)'“(g‘x"—) o9

3 such

o 2 2
’ b4 s 0), where X=yx° + ¥° +2°
Zo_l ;

Let k be the ratio of the corresponding circle inversion.
To express | kl there will be used

2 (2% 22 [(x)° + (1]

TETW ;
(z% 1°)° (z°+%32)

2 (g0 ) [(.x°)2 + (Y°)2]
(2% 19" (2°-#)°

. then

T() T(L)

| (x°)2 + (:r°)2 + (z°)2 -('r°)2l

: 2
(z° + 0

lxl =2 T (1) .T@T (L=

24



If P<S ext G, the circle inversion with the centre T (P)
has the ratio positive; if P € int G, the ratio is negative;
generally

R R IR G GO

p
(z° + 1°)

end the equation of the corresponding circle inversion is

(z._ X° + iY° )(; i x° - ix°) ) (x°)2+(r°)2+ (z°)2- (T°)2

2
(Zo + To)

z° + 1° 2% +

0
By Theorem I,8 it follows that this inversion corresponds
to an antiinvolution on S1 given by

’
X

N (ax; + bX,) + xé (Bil +dx,) = 0, where

a=1%+2% b=-x%+3i¥% a=1°-2°, and this is by (2)
from Theorem II,1 the antiinvolution, the representative of
which in EB is the point P,

a,/ Let P € z, s0 P = (0,0,2°,7°) . The point (1,0,0,1)
can be chosen for L. Further steps and the conclusion are the
same as in ar/ .

b/ Now there will be considered all P € E3 such that
™ + 2% = 0. The line of intersection of the polar plane of
P and the plane Z = O has an equation x° + v¥° + 2° = o,

By Theorem I,8 the corresponding axial symmetry has the
equations:

2 2
. =(x°) +(¥°) 2 x%° 2 x%°

Y -
(x")2 + (¥°)2 (x°)2 + (Y°)T (X°)2 + (1c°)2
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.,  =27x%° (x°)2 - (1°)2 2 Y°z°
Y= 5 7 X+ ) 7 X ;) )
(x°) + (1% x°) + (% (x°) +(x°)

and this symmetry corresponds to an antiinvolution H given by

x]t (biz) + xz' (bil + biz) = 0,

xo !O
where b=——--i-2—-,and a=2°,

Since-2b1=-x°,2b2=-I°,a-dz-z°,a+a=z°=--r°'

by (2) from Theorem II,1 it follows that the representative
of this antiinvolution in EB is the point P,

The Theorem is proved for all P € E3.

3. Some other properties following
from geometrical representation
of antiinvolutions

Theorem II,4. LetH B be distinct entiinvolutions
of the same species. Let Po’Pl be their representatives in
1-93. Then the product Blno is @ homography which:

a/ has just two distinct double points if and only if the
line PPy intersects G in two discints points, or does not in-
tersect it at all;

b/ is parabolic when the line P‘:.P:l is a tangent to G.
And conversely.

Proof . Let P,P;nG= {M,N #M] ., Thus M,N correspond
to the points m,n € S, such that m,n‘,ie a common involutory

pair of ﬂo and Hl o If PP,NG =@ , then conjugate polar to
the line PyPy /which respect to G/ intersects G in two dis-
tinct pointe M,N. M,N correspond to the points m,n € Sl; m,n
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are double points both of B  and Hl' If PP, NG= {M} , then
M corresponds to the point nle'sl, m is a common double point
of Bo and Hl. The converse assertion would be proved indirectly.

Theorem II5, Let,ﬁo # B, be antiinvolutions of the

different species. Then there exists just one common involuto-
ry pair of H_  end Hl.

Proof . Let Py,P; be the representatives of B, R ;. The
line PPy intersects G in two distinct points.

Theorem II,6. Let M,N be distinct points of G. Let M,
N correspond to the points m,n € Sl‘ Then:

1/ The set of all points P e:§3 which are representatives
of antiinvolutions H with common double points m,n is a con-
Jugate polar to a line POP1 with respect to G.

The proof follows immediately from the representation in E3.

Theorem II,7. Let T be a point of G and let it corres-
pond to a point t € Sl’ Then the set of all points P < E_which
are representatives of antiinvolutions R with common dougle
point t is a tangent plane of G in T /without the point T/.
The proof follows immediately from the representation in E3.

Theorem II,8. Let Ho # Hl be antiinvolutions. Let

P, # P, be their representatives in E3‘ Then Hlﬂo # ﬁoﬁl if
and only if the points PO,P1 are conjugate poles with respect
to G.

Remark. The property mentioned in Theorem II,8 is equi-
valent to the property that ﬁlﬁo is an involution.

Proof . The homography 3130 is an involution just when it

has at least one involutory pair ([1]) , and it is the case iff
there exist four points M,M,N,N° on G such that:

l. they are distinct one to enother,
2. they are incident with a plane,

3. M= P (M), N=P, (M), N'= P (N) , M =P (N')

27



If the points Po’Pl are conjugaete poles with respect to G,
then the existence of four such points with the properties

l. = 3. follows from the polar propertiee of quadrics.
Conversely, if there exist four points with the properties

l. - 3. then the points P ,P1 as intersection points of
opposite sides of a plane quadrangle inscribed into a circle
/in which the plane entersects G/ are the conjugate poles
with respect to G.

Consequences . 1. The centre O of G represents
an antiinvolution commutative with all antiinvolutions
such that their representative is an ideal point in

E .

2. Let one of antiinvolutions H ’Hl be of the second spe-
cies. The necessary condltlon for the product H H
to be an involution is that the other antllnvolutlon is
of the first species.

3. Let H, be an antiinvolution and let P be its repre-
sentative .in E;. The set of all points P EE} which
are the representatives of antiinvolutions B suech
that R H is an involution, is the polar plane JZ
of the p01nt P with respect to G /without eventual
intersection p01nts 5[ and G/.
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Antihomografie. Reprezentdcia antiinvolicii
v trojrozmernom Euklidovom priestore

ZITA SKLENKRIKOVA

Resumé

. V préci autorka skima zobrazenie antiinvoliucii komplex-
nej projektivnej priamky do roz3ireného trojzmerného Eukli-
dovho priestoru. Vlastnosti antiinvoliucii a vztahy medzi nimi

8l reprezentované nézornymi geometrickymi vztehmi v Euklido-
vom priestore.
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cTBO. CBciicTBa MHBOJONMI M OTHOWEHUS MEXAY HUMK NPEeLCTABJEHH
HarJAsAHHMM TeOMEeTPUUECKUMMM OTHOWEHUSMV¥ B EBKAMIOBOM IPOCTPAHCTEE.
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(ACTA F. R. N. UNIV. COMEN. — MATHEMATICA XXXII, 1875)
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXII - 1975

O ohranicenosti rieseni diferencialnej rovnice druhého radu
s oneskorenym argumentom

FRANTISEK SISOLAK, Bratislava

V tomto &lénku sa budeme zaoberat vySetrovanim niektorych
postadujicich podmienck ohrani¥enosti riesen{ diferencidlnych
rovnic s oneskorenym argumentom. Budeme uvaZovat o riedeniach
diferencidlnej rownice

m
/1/ x*(t) +) & (t) x(n (t)

. i
i=0

ktoré spliiaju za¥iato&né podmienky:
Ve i = 2, + = ’
72/ x (t)= Y(t) pre- t € Eo x (t)=x,x(t)=x..

‘Dalej budeme predpokladat, %e a; (t), h, (t),i=0,1, 2,..
«e M, 8U 8p0ojité funkcie na intervale J =< t “)a pre kaZdé
t €J platt b (t)=t, h, ()2 ¢, i=1, 2, eee m, At)
Je spojité a ohraxuéené funkcla na mnoine E; , X = S"(to) a
x Je Tubovolné reédlne &{slo. MnoZinu E nazyvame za&iato&nou
mnohnou a je definovand takto : E, = 01 E i » kde Ei = {s;

=h; (t)<t, tea} u{s},

Funkcia u (t) Jje rieSenim za¥iatonej ulohy /1/, /2/,
na intervale J, ak plati{:

u (t)+ { a; (t)u(n (t)) =o,

i=1
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u (to) = X, u_'(t;)= xc; a u (hi (t)) = V’(ni (t)) pre

hy (t)<to ;

Pri vySetrovani riedent diferencidlnej rovnice /1/ bude-
me vychéddzat z vlastnostf rieSen{ diferencidlnej rovnice

/3/ x"(t)+a°(t)x(t)=0.

izl, 2’ ce e m/-

Defindfcia . Nech x (t)je definovand a po & ast-
kéch s8pojitéd funkcia na intervale J. Pre ka?dé t € J definu-
Jeme funkeiu X (t ) predpisom

| x(to) pre t = t
X(t)=
sup x (8)pre t>t .
sE<t°, t>

Funkecia X (t) je neklesajica. Toto tvrdenie vyplyva priamo
z definfcie X (t).

Lema 1, Ak x(t) Je neklesajuica funkcia na inter-
vale J, potom X (t)=x (t) pre ka%dé t € J.

DOkagz. Preka’dé teké s, t € J, Ze t,Ee%t, je
x (to) £x(s)%x(t). Potom sup x (8)=x (t), &tm je tvr-
denie lemy 1 dokézané. 8E < tget >

Lema 2., Akx (t) je nerastica funkcia na inter-
vale J, potom X (t)=x ( to) pre ka%dé t € J.

D8kaz. Prekafdé t ©J platt x (t)% x (t,)-

Potom sup x(s8)=x (to) a tvrdenie lemy 2 je dokézané.
8 €<t°, t>

Lema 3. Ak x (t)e€c (J), potom aj X (t)ec (J).

DOk az . Predpokladajme, %e funkcia X (t) je nespo-
Jitéd v &1isle t, € (to, “>). Oznadme A = X (t1)= sup x (8).

s€ <t°, tl>
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Ak x (t ) <A, potom existuje také okolie O (t.) &iela t’l’
%e pre véeth te O(t ) jex(t)«A, apreto X (t)=A
pre t € 0 (t ) . Znamené to v3ak, %e X (t) je spojité v &is-
le tl, ¢o Je v spore 8 predpokladom.

Nech x (tl) = A. Vypo¥itame 1lim X (t ) a 1:i.m+ x(t).
t—)tl t")tl
Pre kazdé t <t (t>t) platt x(t)E€x(t)€x(t)=a,
a preto lim X (t) = A.

t—> tl

Nech 1lim X (t )= Y > A, Ku ka%dému & >0 existuje také
t—t)
d > 0, %e pre vietky te L% » % +d>|x (¢) -al €.
Ak B=max x (t) , Potom A < IsB. Zo spojitosti x (t)a
te€<Lty,t+ 6 >

poelednej nerovnosti vyplyva, %e existuje také te( tl, t1+ 5),
pre ktoré x (T )= Y. Ak zvolime E-1-4A . dostaneme

A= |x (T)-a|l% & =—!-;—A )

% nie je mo¥né. Preto 1lim X (+) = A.
t —>t]

Dokézané spojitost funkcie X (t ) v &isle tl Jje v spore
8 predpokladom. Tym je lema 3 dokézané.

Lema 4. Nech po ¥iastkach spojitd funkcia x (t )
definované na intervale J je v kaZdom bode nespojitosti spo-
Jité4 sprava alebo zlava /pripadne 8 vynimkou &1isla t / « Nech
pre ka¥dé T €J je 1im X (t) % 1im x (t). Potom funkcia

t =%~ t—T*
X (t) Jje na intervele J spojité.

DOkag . Stadf dokdzat spojitost funkcie X (t) v

bodoch nespojitosti funkcie x (t) .
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Nech t, Jje bodom neepojitosti funkcie x (t) a lim _x (t )=
—
=x (tl) t=>t
Ak X (t)> x (tl) a limx (t )< X (tl-), potom exis-
t—rt]
tujd také Zisla J > o, J >0, %e pre ka%dé (t€ t,-d7,t,*d

X (t) =X (tl), z éoho plynle spojitost funkcie X (t) v &is-
le tl

Ak X (tl)>x (tl) al:un x (t)-x(t),pOtom
A t-»f,l

existuje J D0 také, %e X (t) =X (t;) pre t€ (¢, -d,t>.

Spojitost sprava vyplyva zo apo;jitbati funkcie x (t) na istom
intervale ( tyety + ) a podmienky, %e lim ,x (t) =
=x( ‘1 tot .

Ak X (tl) = x (tl) :-Jfl:ix (t)<gx (tl),potom

X (t) = X (tl) pre t € <t,, t, +d,) Pre kaZdé
te (t -di,t S je x (t)‘x(])‘x(t)—x(t), takZe

~ lim x(t) =x (1 ) o Tym je dokézané, ¥e funkcia X (t)
t-*tl
Jje v &1isle tl spojité.
V pripade, %e lim x (t) =x (t;) , dbkez o spojitosti
trt)

X (t) urobime analogickym spdsobom ako v predchddzajicej
tasti. V &fele t  Jje funkcia X (t) spojité sprava. Toto
tvrdenie vypljva z predchddzajicej Zasti d8kazu, pretoZe

X (t) lm x (t).
>

Lema 5 Nech x (t)ec (J), n (t)ec (J)
a nech pre ka¥dé t<J je x (t) 20, h (t) £ ta

x (h (t)) , ek h(t) ?to
T (+) { 0 » ok h(t) <t
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Potom funkcia X, (t) = eu x, (8) mé najviac jeden
eé<t°,t>

bod nespojitosti.
DOkag. Najprv lemu dokédZeme za predpokladu, Ze
h(t o) =t..
Ak h(t) % (h (1) € ¢ ) na intervale <t ,T)
(1 €==) potom xh(t.) =x(h (t)) (Zh (t) =x (t ))
gz &oho vyplyva spojitost funkcie xh (t) na intervale <t°,'1‘>
Nech T > t, Je Tubovolny izolovany bod nespojitosti

funkcie x, (t) a nech nenastane predchddzajici pripad. Po-
tom existuju také kladné Zisla £ 1,5‘2, %e pre kaZdé

te(z-fl}'{)de h (t)Lto [h (t) >t°] a pre vietky
te(T, T+ ) je b (t)>t [n ()<t ]. Funkeia

X, (t) je v ¥fele T spojitd sprava [zlava] a lim x, (t)=
¢ t> t+

= x(n(D) =x(t) =%, (t) € unx, (1)
[t-].’i%+ x (t)=0%x(¢) =Xh(t°)§tii$_'!h (t)]

Potom podTa lemy 4 je funkeia X, (t) epojité v ¥fsle T .

Nech §>t Je hromadny bod bodov nespojitosti funkcie
x, (t). Predpoklada.)ne, e X, (t)>x (t, ) « Ozna&me
m h (t) =H amex x(u) =L, Funkcie x (u) a
te <t ,t> ue <t ,H>
h (t) s epojité, a preto existuju teké ¥fsla u, €<t ,H>,
ty €<t°,t), pre ktoré x (ul) =x (h (t )) = L. Potom

na intervale <t.1, T> je X, (t) = L. K ¥fslu € = W -ty

existuje také &fslod > 0, Ze pre vietky t €<t,t +J)
[n(t)-n(t)|=ln(t) -t l<€- u, - t,, odkial vyplyva,
te b (t) <u, . Preto X, (t)= L pre ted T +Jd).rym s
sme dokézali, Ze funkcia X (v) je spojitéd v &fsle t .,
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Ak x, (%) =x (t,) » potom je X, (t) =x (to)pre
tE <t , T >a sta¥f dokézat, Eetii%+ X, (8) =x () . 2o

spojitosti funkecif x (u) a h(t) wvyplyva: Ku ka%dému &{slu
£>0, existuje také &fslo J >0, Ze pre vietky u€ <t ,t +d)
je | x (u) -x (to)[ <& a pre ka¥dé d > 0 existuje také &fslo
% >0, Ze pre vietly t€<%, T+ MWje 1n(t)-n(T)
Oznadme sup x (u) = L, Potom pre ka¥dé t€<L%T,t,+7)
u€ <t ,t +d)
1%, (0) =% (B) 1=1x (O-xCe 1|0 - x(t) 1% €
Z poslednej nerovnosti vyplyva, Ze lim Xlr1 (t)=x (to) s GO
t— it
bolo treba dokézat.

Predpokladajme teraz, ¥e h (to) <t,. Nech h (tl) =t

alh)t <t pre t€<t°, tl) . Z definicie funkcie X, (t)
vyplyva, Ze xh(t) = 0 pre tedt ,t) e Kh(tl) =x(to).

Spojitost funkcie X (t) na intervale <y, =) dokéZeme po-

dobne ako v predchddzajuicom odseku. Potom 1lim X, (t) =x(t)
t—=>t3 °

a lim X, (t) =0. Ak x (t ) # 0 je funkecia X (t) ne-

- o h
t—’tl
spojité v ¥isle t,. Ak x (to) =0, je X (t) spojitd v
gisle tl.

Tym sme dokdzali tvrdenie lemy.

Lema 6. Nech x (t)ecC(J), b; (t)ec (9),
hy (t)ec (J),i=1,2, ... m Nech pre ka%dé t < J
x(t) 2o, b, (t)Z0, h, (t)€¢, i=1,2, ...na

BN B

bi(s) xp; (8) ds ,

t
/4/ x(t)ic+ f
to =1

kde C je nezdporné ¥islo. Potom pla t{
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t' m
/5/ x(t) €¢ exp fz bi(a) ds
;i 1
0

pre kaZdé t € J.

Dokasz.?Zvlastnost! funkeif X . (t)a X(t) a
predpokladov lemy vyplyva, %e X . (t)= X (t)€x(t)pre
t € J, Funkcia na pravej strane vztahu /4/ je neklesajica,
a preto

sup [C+ f f by (u) X5 (u) du]=

t m ,
=C + f Z_ b, (s) Xpi (s) ds.
t

Potom plati

t
m
Xx(t) =sup x (8) £ c+ j Z b, (8)x (s)ast
t i=
0

t
2c+ f f b, (8) X, (8)ds =
i 1=1
(o]
Y om

(s) X(8) as.

uN
aQ
+
°¢+ \\
o
(=)

Ak pouZijeme Bellmanovu lemu, dostaneme
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t
m
x (t) £x(t)% C exp / Z b, (s)ds .
i=

1
o

6' b. t. d.

Veta 1. Ak vietky riedenia diferencidlnej rovnice
/3/,ich prvé derivécie si ohrani¥ené na intervale J a

o

f Z la, (t) [dat <e=, potom vetky riedenia diferen-
re1

t

ciélnej rovnice /1/ spliajice po¥iatodné podmienky /2/ sd aj
80 svojimi prvymi derivéciemi ohrani¥ené na intervale Je

DOkaz, Nech u (t), u, (t) je taky fundamen-
tdlny systém riedeni diferencidlnejrovnice / 3/, pre ktory
wronskién W (ul, u2) = 1. Ka%dé rie3enie rovnice /1/ méZeme

napisat v tvare

t
/6/ x(t)=ew (t)+c2u2(t)+ f [Dl(t)uz(s)-
tO
. m
-u2(t)u1(s)J . g a; (8) x (hi (8)) as,
=1

kde kon3tanty 15 C, 8i urdené zaliatodnymi podmienkami /2/
e funkciami u, (t), ua(t) ; x(hi (t))= ‘P(hi (t)),
i=1,2, .o m, ak h, (t) <t .

Oznaéme
x (b, (v), ekt £n (t), teg

x . (t) =
hi
0 , akhi(t)<t°, t €yg
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0 ,aktoéhi(t),téJ

Pps (t) =

P, (£)) , sk by (L)<t , t€.
Potom pre rovnicu /6/ dostaneme vyjadrenie

t

7w ()= e w (6 ¢ ey uy (1) [ (0) wy(ed-

to

-u, (t) ul(s)]. ai(a)[xhi(e)+(/hi(e)]de

=]

=1

Ak uvé¥ime, %e funkcie uy (t), u, (t) , $(t) s ohranidené,
tak zo /7/ plynie

m
/8/ |x t léKl+K2 f Zlai(s)uxhi(e)lde,
: i=1

t
kde lclul('t) +c, u, (t) |+ f |u1(t) uz(s)-

to

m
- u, (t)ul(e) g_l ai(e)ll‘fhiga)’deéKl

|“1 (t) u2('a) -u, (t) w (e)lé'K2

pre kaZdé t, 8 €J. Podla lemy 6 z /8/ vyplyva
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t
m
K, f |a, (s) | as
< i
79 | x(t) | =K e : i=1 <K,
)

¢im je dokdzané, ¥e rieSenie x (t) Je ohraniZené na inter-
vale J.

Treba eSte dokézat, ¥e funkcia x°(t) je ohrani¥end na
intervale J. 20 /7/ vyplyva

t
x(t) = ¢ u (t) +e,u (t) + f [u{(t) u, (8) -

t

éuz' (t) ul(s)] . 5:_1 a; (8) [xhi (s) +$ahi(s)]ds,

odkial
t
[x(t)| %4 +a, f z |a; (e)las = c,
i i=
o

kde |°1“1’(t)+°2 ué(t)l'-‘Al

lu{(t) ua(e)-uz'(t) ul(e)[.l(g'A2

pre kaZdé t, s €J a M = max {'K; sup V(t)}.
téEto

Tym je veta 1 dokédzand.
Podobne dokéZeme nasledujice tvrdenie.

Tvrdenie:1l. Ak vietky riedenia diferencidlnej
rovnice /3/ s ohrani¥ené a a, (t) = 8,1i=1,2, ...m,
potom pre riefenie x (t) diferencidlnej rovnice /1/ epliia-
Jicej za¥iato¥né podmienky /2/ plati
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m
K2 Z 'ail(t" tO)
|x(t)|§l(1e i=1

pre kaZdé t € J,

Db6kaz. Preriefenie x (t) rovnice (1), splfiajtce
zadiatodné podmienky (2) sme v ddkaze vety 1 dostali
vztah /7/

t
x(t)=cpu (£)s c, u, (t)+ f [‘&(t’“z(a )-

t
o

. m
-u, (t) ul(s)]. Z a, (8) [xhi (8) *¥ps (s)]da.
i=1
PretoZe u, (t) , u, (t) 84 ohreniZené funkcie v intervale

J, z0o /T7/ plynie

t
m
710/ | x (¢)] éKI+K2 J | a4 (s)l[lxhi (s) ] +
N 1=1
o
P19, @] e,
kde '°1 u._l(t) +cyu, (t)léx:a I“l (t.)u2 (s) -
-uy (t)w (s)l % K,

pre ka%dé t, s €J, Dalej plati

t
. m
/11/ Ix(t)lésuplx(e)l =X(t)=K1+K2 ( Zlai ()l
Sest,t> { 1=
o
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t

‘ . % m
[Ixhi (s)|+|‘ wtn (e)”de = K+ K2 [ éllai (3)|[x (s) +5’° ]‘“9

A
kde S”o = supl ¥(t) ]. Jednoduchou dpravou z /11/ dostaneme
t € Et
‘0
t o
X (t) + ¥, %K +K, f E | a; (s)l[x (s) + y’o] ds,
N i=1
o

odkial podYa Bellmanovej lemy
m

t
. K, f 2 |ai (s)lde‘<
X (t)+ ¢°=lcle i Ia

o

A

lx (¢) |
m

K, X e, [(t=1¢))
1

*
kde Kl = Kl + S”o .
Analogicky sa dokéZu tvrdenie 2 a tvrdenie 3.
T vrdenie 2 ., Ak v3etky rieSenia diferenciélnej
a,
: i
rovnice /3/ ed ohreni¥ené, a, (t)=—,i=1, 2, ... n,

a t, >0, potom pre rie3enie x-(t) diferencidlnej rovnice
/1/ spliiajicej za¥iato¥né podmienky /2/ plati
m

| o, !

a2 L ey
Ix (€ k) <_ ) =1
1;0 =

pre ka%dé t €J.
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Tvrdenie Jo Ak v3etky riedenia diferencidlnej
rovnice /3/ i ohranilené, -

a .
i
o (t) = —~—=»31=1,2, «c.m>1 at, >0, potom
t
pre rieSenie x (t) diferencidlnej rovnice /1/, spliiajucej

potiatoné podmienky /2/ plati
K 2 1 1
2
1-a §1|.1|<a-1' 1>
< = o=
t to
pre kaZdé t €J,

Pozpnémka ., Predpoklady vety 1 si postadujice
podmienky ohranifenosti rieSenia linedrnej nehomogénnej dife-
rencidlnej rovnice druhého rédu, ak h, (t) <t, i=1,2,
eeo M, pre ka2dé t €J a P(t) £0 pre te E"o .

Ak b, (t) =2t, i=1,2, ...m, pre kazdé t € J, po-
tom predpoklady vety 1 si postalujice podmienky ohranilenosti
riedeni linedrnej homogénnej diferencidlnej rovnice druhého rédu.

|x (t) l§x1 e
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On the Boundedness of the Solutions of the Linear
Second - Order Delay Differemtial Equation

FRANTISEE 3I130LAK

Summary

In this paper the sufficient conditions of boundedness
of solutions 6f the differential equation

n
/17 x (&) + z: a, (t)x (hi (t)) =o0
i1

are investigated, provided that all solutions of the differen-
tial equation

73/ x"(t) +a°(t) x(t) =0

are bounded in the interval I = <1t°,<>°).

In the introductory part of the paper some propeties of
the function
x(to) for t = t,

X(t) =
sup x (s) for all t > to
8€ < t_,t>

are investigated.

Do3lo: 5. oktébra 1972,
do nakladatelstva 8. juila 1974.

Autorova adresa: Katedra matematiky, SVST, 80 000 Bratislava,
Gottwaldovo ném.
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0 orpaHumueHoCTy pemeHuit JuHeitHoro anpdepeniiua’rbHOro ypoBHeHMA

BTOpPOro nopAlxxKkd C 3anasjHBaplMM 8pryMeHTOM

SPAHTVIIEK LMILOJAK

PeswponwMe

B cTaTeu usyyanTcs LOCTaATOUYUHHE YCJOBMUS OI'DAHMUYEHOCTHU
peweHui nn@@epenuu%fbnoro yYpaBHEeHus

(1) x()+ F,e;@) x (b (2)=0

llpeanonaraercs, uTo Bce pemeHuns AuddepeHUMAIbHOrO ypaBHeHMS
(3) x" (t)+a, (t)x(t)=0

OorpaHuYeHHN B uHTepBaze J = < to, == ).

B HauaJe cTaTbuM pacMaTpuBapTCA HEeKOTOpHe cBolicTBa
dyHKIMHM

(to) axs t=to

sup x (8) aas t >to
8€ £ to,t>

X (t) =
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(ACTA F. R. N. UNIV. COMEN. — MATHEMATICA XXXII, 1875)
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXII - 1975

On some problems in the elementary theory
of numbers

LASZLO VOJTECH, Nitra

In this paper we are going to deal with some problems
in the elementar&’; theory of numbers. Consequenfly the paper
can be divided into four sections. _

In the first section we are going to give the generali-
zation of a problem contained in the Amer. Math. Monthly. In
the second section a certain property of Legendre’s symbol
will be dealt with. In the third section we will show that
52 is not a member of the progression «S(r(n) -nl _; ¢ In the
last section we shall formulate several problems in connection
with primitive Aroots (mod m).

1

In [1] the following problem haes been given for solving:
Prove that for every natural number n >2 the inequality

@ (n?) + ¢(n? + 2n+ 1) <2n® holds,
where ¥ denotes Euler’s function.

We are going to examine a more general problem and prove
the following two theorems.

Theorem 1,1, Let n, k be natural numbers. Then for
every even n 3 4 (k -1) and for every odd n >2(k - 1)

the inequality ¥(nf) + #[(n +1) k] < 2nf¥ holde.
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o

Theorem 1,2, If n,k are natural numbers and
n>k (k+1), then

k

Z </’[(n + 1)2] <(x +1) n? .

i=0

It is evident that the statement formulated in the ver-
sion of the original problem is a species case of theorem
1,2, The proof of the theorem 1,1 we are going to build on the
following lemmas.
Lemma 1,1, For all natural numbers k>1, m >1 the
inequality

@ (u* )< =l ( m-1) holds.

Lemma 1,2, Let k be a natural and m an even natural
number. Then

V(mk)g-z ot .

The lemmas 1,1 and 1,2 follow easily from the basic pro-
perties of Eulers function.

Lemma 1,3. Let n,h be natural numbers and n > 2h,
then
(a+ 1B .
Proof . By the virtue of binomial theorem
h
(n + 1)B = 5B +5 (li’) nb-i
i=1 ¢ i
Since for every ‘i > 1 we have (?) E2a v i hence
2
we obtain for n 2> 2h the inequality
i
h=-1
(n+1)" gn +% =n +n )] —~———<2n,
i=l 21—1 i=1 221—1

a
Lemma 1,4. If n,h are natural numbers and n > 4h, then

then
(n ¢+ 1)h <% nh.
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Proof. From the inequality

h i _h-i
h™ n
(n+1)h§nh+z —_— Y
j=1 2+t

on the basis of the assumption of the lemma we obtain

1 h

3
< E n .

NIO—'

(n+1)<n

i

Proof of Theorem 1,1. Let us first suppose

=1 2312

that n is an even natural number and n >4 (k-1) , where
k 1 is a natural number. The by virtue of lemman 1,1; 1,2
and 1,4 we obtain

V(nk)+ ¢[(n+1)k_] é%nk« (n+ 1) k-1 oK.
Let now n be an odd number, n > 2 (k - 1) and let k be an

arbitrary natural number. Then by means of lemmas 1,1; 1,2 and
1,3 we have

y(nk)*' P[(n+1)k] nk-_.-nk-1+%-(n+1)k-1 .(n+1)42nk.

[T

Proof of theorem 1,2. Let us put

K
S(a,p) = izo @ (n + 2]

where o (/3) equals O when n (k) is even and equals 1 when
n (k) is odd. First we examine the case s (0,0) . From
Lemmas 1,1 and 1,2 it follows that

s (0,0) g-n2+(n+1)n+%-(n+2)2+...+% (n+x)?2 .
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If we carry out the operations on the right side of this ine-

quality and arrange the summands according to the powers of
number n, we obtain :

s (0,02 (£+1) +£]ln2+[C1+54+09+ ...

2
+(21c--3)+(2+4+6+...+k)_]n+(2 g—+

2)# 302+5 .4+ 00+ (k=1) (k=2) .

It is easy to see that the coefficient of n is K—t—

and that of n is 3_15_ . Let us denote the absolute member
with the symbol A. Clearly

[2% + 2% & ... +(§)2]+[(1+2)2+(1+4)4+

W+ k-2)(k-2)].

Whence

A=2[12+22+...+()]+2[1 » 2% L (K2 1

*r[2+4+ .. +(x-2)].
m
'2 l & I
Now we use the formula z 1" =¢mn (m+ (m + 1) ,
and so we obtain i=1

A-%—k(k+1)(k+2)+—k(k-2)(k-l)+lk(k-2)=5-

>

and thus we arrive at the inequality

2 3
S(O,O)g'}%—"—gn2+;4&n+k_4.

Similarly we obtain the following inequalities:

2 2
s(o,l)gl’;—*-ln2+ k +42k'1 m+k3+k4 =k-21
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2

s(,0)  Erap2, X rok-s, KrKiok
s (1,1) =3“—§—3-—n2+}52‘3n+.“3{a1 .
None of the sums
s (0,0) + (2 n2+-2%=-i-n+l27‘—!‘-)
(1)
s (0,1) +(-1-'- nz-%n+%)
s(1,0) + 0
S(l,l)+(]‘nz+2k':"n+k2 k‘1)

is greater then

J+g 2 w21, B +k®-k
7 7 —a
Since n>k(k +1), k >1, the second summends in

(1) are nonnegative numbere and thus for each pair (x ,/3)of
numbers 0,1 we obtain

2 3 2
S(Ol,ﬂ)g- }k4+&n2+lk +4gg-4 n+k +% -k (2)

Now it is sufficient to prove that under the assumption
of n >k (k + 1) the right-hand side of the last inequality
is emaller that (k + 1) n°. Evidently

n>k%+k+1, (3)
and it is easily seen that

kn- (k% +2k-4) 260 -2k% -k +4 >0 (4)
From the relationships (3) and (‘g) it follows

{
n[kn- (k% +2k-4)]2(% +x+1)(x3 -2k -k +4)
(5)



Evidently the inequality
(2 +x+1)(3 -2%% -k +4 ) k3 + k2 -k (6)
is true, since (6) is equivalent to the inequality

Blr(x-1) -3]+4(x+1)>0,

whose validity can be easily seen for every natural k > 1.
From relations (5) and (6) it follows

. 2
%n2> ;k2+_2_;-4 n+k3+1—k-—'§,

adding to both sides of the last inequality the number 3-1-‘-?- n2,
we find that the right - hand side of the inequality (2) is
smaller than (k + 1) n°,

2

It is known that for each 0dd prime p and every natu-
ral number a, (&, p) = 1 the equality

o
L (3) (52 = €

holds, where (%) denotes Legendre ‘s symbol ( see [4] p.
78 ).In the relation (1) the symbol (%) is defined also
for plx and in thie case we put (X )= 8. The next theorem
given several well-known fundamental properties of Legendre ‘s
symbol which we shall need later on.

Iheorepmp 2,1, Let p be an 0dd prime and let a, b

denote itegers relatively prime to pe. Then

(a) (3) za 7 (mod p),
(b)) (3) Pr=(=),

(e) a=Db (mod p) implies that (§)=(§) "
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-1
(4) (12-— =1.(-ll;)=1. (%)= (-1)%' .
Proof . See [3] p. 70.

In the following we are going to examine the sums of the form

p

X X + a x + 2a
S(mp) = ) (3)(ERA) (B4 |,

x=1
where p 1is an odd prime, a, p = 1.
Lemma 2,1, Let p be an 0dd prime and let a be a natu-
ral number, (a,p ) = 1. Then

a
S(ap) = (3) s(Lp)-

Proof . It holds evidently

pta p*a

2 2
s(ap)= § (Z2)(E)(H2) = ) (E)(=5%).2)
x=1+a x=l+a
If x=y (mod p), then it holds on the basis of (c¢) that
2 _ .2 2 _ 2
() (Lzey- (1) (L), (3)

Since {1 + a, 2+ a8, ¢e0oy P+ a} and {1,2, ceey p} are
complete residue systems (mod p) y it follows from (2) and
(3) that

P x <2 _ a2
S(ayp) = Z (E)('——pa ). 4)
x=1

From the fact that {a,Za, essy pa} is a complete residue
system (mod p) and in view of properties (c) nad (b) of

Legendre ‘e symbol, from the relation (4) we obtain
P P

2 2 2 2 2
sCap) = %) (Z)(xalon) - 2 ()@l
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Whence on the basis of (d) we obtain

P 2
S(ap) = (2) 2 (P EFED= (2) s,
since by (4)
P 2
s(Lp) = § (ENED).
x=1

In the following we are going to examine the sum S (l,p) , to
which the following theorem relates.

Theorem 2,2, Let p be a prime number. Then

ot (G

S(;,p) (= >(m°d p) , if P=1 (mod 4)

and
s(1,p) =0, if p=3 (mod4).

In proving the first part of theorem 2,2 we shall proceed
in a way similar to [4] p.95 exerciese 6f), ma use also
the following known lemma (see [4] p.95).

Lemma 2,2, Let n be = natural number and Sp T 17+
+ 2%+ .., +(p-1)" y where p is a prime number. Then

S, -1 (med p), if (p-1Nn

and

Sn

O (modp), if (p~-1)xn.

Proof of theoren 2,2,

Let us first assume that p =1 (mod 4) . Then by (a)

we obtain 1 -
S(1,p) -1x%—(x2_1)’%r (mod p).

54



By the binomial theorem it follows from the above congruence
that

S(1,p) = p'l %(p-l)( )g(p-l)-a (p__)g ey

-1
- ese *+ X J(moa p),

whence by a simple modification we obtain

Pl 3 (p-1) (‘L)p-l 3 2 (5 PE 2 enL)

S(1 = x x
(Lp)z ) & 2/ 2

p-1 p-l

ces + Z % (mod p) .
x=1

Since among of the exponents % (p-1) , %(p-l) -2, ...,%(P-l)

only the number% {p-1) -2 . Pil =p =1 is divisible by the

number p - 1, it follows from the lemma 2,2 that
-1 - -l
= P p-l p-1 272 P-Z_
s(1,p) = p-l x = (-1) p-1 (mod p)
)y

Now let p = 3 ( mod 4). On the basis of the definition of
Legendre ‘s symbol we have

p-2
s(1,p) = Z (!)(" =23 .

x=2

For every natural number x, 2 < X < p - 2 there exists such
a natural number from the smallest positive reduced re-
sidue system (mod p) that
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y, =1 (mod p) . (5)

Then on the basis of mroperties (t),(e) and (4) of Theo-
rem 2,1 we obtain

S(ip) - Pi"’ (1;1)(12 ; x)("l’x) - :iz (x;l )(Wx ;h)(gi)

x=1 =

6

It follows from the congruence (5) that WtV 1ty

(mod p) . Then on the basis of (c¢) and (d) from the re-
lation (6) we obtain

p-2

. x-1 l+y

sy =3 (E1)(122 ),
x=2 P P

Hence on the basis of (b) and (c) we have

x-1 + - =2 4 _
s(1,p) = pig (%" % ) Y (—= ), (D
P x=2 P

x=c

since x -1 + Wy =¥y ZX-y, (mod p) . It is known from
the theory of quadratic congruences that the solutions of the
congruence x =1 (mod p) are 1 and p = 1. Therefore x # Vyo
Since for every natural x, 2 < X < p-2, 'the congruence (5)
has only one solution, we obtain

Yy, © % {2,3, ..., 2} = { Vgr yraeees pp} (8

It follows from ( 8)  that in the set of all differences of
the form x - Yy (2 $£X<p-~- 2) there exist P—%}. pairs of

the farm (¢ - Yor Yo = ¢ ). On the basis of the assumption
P=3 (mod 4) and properties (b) , (d) we get

(5756) ()2 - (20,
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From this and from the relation (7) there follows strai-
ghtaway the second assertion of Theorem 2,24

3

It is well known (esee [2] p.252 ) , that every even
number k, 2 <k < 50 is a term of the progression

o

g() =n
{ } n=1 (1)

It follows from the well-known Goldbach s hypothesis that
every even number greater that 6 is the sum of two different
prime numbers. This hypothesis has not been proved or dispro-
ved. Let us suppose the validity of this hypothesis. Then it
is possible to prove, that every odd natural number grater
than 7 is a term of the progression (1) (see [2] P.252 ).
We are going to show it.

Let m >7 be an 0dd natural number, Then m - 1 = P+t aq,
where p,q are different odd prime numbers. Since

¢c(ra) -pPa=p+q+1-=nm, (2)

we can see that m is a term of the progression (1) .0n
the basis of (2) by a direct calculation one can check that
every odd natural number k, 7 <k <50, is a term of the
progression ( 1) . The numbere 2 and 5 are not terms of the
progression (1) (see [2] p.242). Since r(4) -4 =3,
r(8) -8 =17, we see that, except 2 and 5 every natural
number k £ 50 is a term of the progression (1) .

So far it is not known if there exist infinitely many na-
tural numbers which are not terms of the progression (1) ( see
[2] p.252 ). In the next we shall prove that 52 is not a term
of the progression (1) . For-this we shall need several auxi-
liary theorems.

Lemma 3,l. ((n) is odd if and only if n = tz, or
n = 2t° where t is a natural number.
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Proof . See [2] p. 227.

Lemma 3,2¢ (¢(n) - n is even if and only if n = t2,

where t is an odd natural number, or if n is even, but
n#h® eand n # 2 h2, where h is a natural number (see [ 2]
p. 252 exercise 1) .

Proof . ¢g(n)-n is even if and only if the numbers
0(n) and n are even or odd simultaneously.

a/ ‘In virtue of lemma 3,1 ({n) and n are odd if and
only if n = 1t", where t is an odd natural number.

b/ If ((n) and n are even natural numbers, then from
the lemma 3,1 the second assertion follows easily, since
"(n) is even if and only if n # n° end n # 2h2, where
h is a natural number.

Lemma 3,3, If n is an even natural number, then

r(n) -nzx3

Proof . See [2] p. 252, exercise 2.

In virtue of Lemma 3,3, the even numbers n > 104 do not
satisfy the equation ¢°(n) - n = 52,

Lemma 3,4, If in the standard form of a natural number
n there appear at least two different prime numbers with
greater exponents than 1, then J(n) - n > 55, if further n
is odd, then (¢"(n) - n > 178.

Proof . Let

where r > 2, a, > 2, a2g2 and Py < Py <...2p.+ Then

r % o, a o

a"(n)-n=<Tr z pg)-n;pllpzz...prrf
i=1 j=o0
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o o ,=1 A 5=2 aAL=-1 o o =1
1 2 2 1 2 2
+ pl -(p2 + p2 + ce0 + 1 )"' pl (p2 + p2 +...+1’
124 A 4-1
+,,.+(p22+p22 +...+1)-n:22 (3+1) +

+2(32+3+1) +(32+3+1) =55

If now }51 =3 9235. then (T'(n)-n§32(5 +1) +
+3(52+5+1)+(5%2+5+1) =178.

It follows from Lemma 3,2 that it is sufficient to examine
such odd n which are the squares of natural number.

Lemma 3,5. Let n = t2, where t is an o0dd natural
number. Then ¢“(n) - n # 52.

Proof . On the basis fof Lemma 3,4 clearly #*(n) - n # 52
if t has at least two different prime divisors. Coneequenf.ly,
let t = pw y where p ie an odd number and & > 1. Now we

shall prove that if n = .pZOL, then ¢"(n) - n # 52. If namely

o Za' 20 +1_ a
‘(T(Pz ) =p = E'——l—l - P2 = 52,
p -

then after simple modifications we obtain

p (52 - p?%1) = 3.7,
where either p = 3, or p = 17. Then in the first case
32%-1 = 35 and in the second case 17°% <1 = 49. Nome of
these equalities can be valid. Thus the proof of the lemma is
completed. It follows from lemmas 3,2 and 3,5 that for an
odd n 0 (n)=-n# 52, For even n that in virtue of Lemma
3,2 can satisfy the equation ¢ ('n) ho= 52, the following
lemma is valid. '

Lemma 3,6 If n is an even natural number, then

T(n) -n# 52,
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Proof. In virtue of lemma 3,3 it is sufficient to examine

only even numbers n < 104 . From the table in [2] p. 252 it
can be seen, that if n<100, then ¢(n) - n # 52. Among of
the remaining even numbers none satisfies the equation

0(n) - n = 52, which we can easily find. Then it follows
from lemmas 3,2 and 3,6 that even n’'s do not satisfy the equ-
ation U"(n) - n = 52, Consequently, k = 52 is not a term
of the progression (1).

Remark . By analogical procedures it can be shown that

88 is not a term of the progression (1) . If n is an odd
natural number, then in virtue of lemmas 3,2 and 3,4 it ie
sufficient to examine the numbers of the form n = p » where
P is an odd prime number. Similarly like in Lemma 3,5, it is
possible to prove that n = piXa does not satisfy the equation
¢ (n) - n =88, In virtue of Lemma 3,3, the even numbers

n > 176 do not satisfy the equation 0'(n) - n = 88, From the
table in [2] p. 252, it ie possible to see that if n < 100,
then ¢"(n) - n # 88. By direct calculation one can find out

, that the even numbers n, 100 < n < 176, do not satisfy equation
0 (n) - n =88, Let us remark that every even k, 52< k<88,
is a term of progression (1).

Let Adenote en arithmetical function defined in the

following way:

l. If m= 2“ end o = 0,1, or 2, then A(m) = ¥(m).

2. 1 m=2% ama ® >3, then A(m)= Iz(m

3. If m= pa, P is an odd number, then )x(p“)afﬂ(pd) .

o o
o
4. If n=2pl1 eeePL LN Py (i =1,2,e.0y r) are

distinet odd prime numbers, then

Q
Nm) = [,\(2“) , )\(pl‘xl) seees A( Py r)] (See [5]p.99 ).
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A(m) is such smallest natural number that for every .a,
(ay m) =1 it holds that

a?\(m) = l1(mod m).

See [2] p. 189-192). The number belonging to the exponent
Am)(mod m) is called ‘the primitive )\ root (mod m). It
is known that for every natural m > 1 there exists the primi-
tive A root (mod m) (see [5] p. 112 - 113).

It is easy to see that every natural a, a £ 1( mod m),
(a, m) =1, belongs to the exponent k >1 (mod m), that
divides A(m) . The assertion that every natural k > 1,
k \ )\(m) is an exponent to which at least one mumber of the
reduced residue system ( mod m) belongs follows from the fact,
that number A(®) belongs to the exponent k (mod m ),

b
where b is a primitive Aroot (mod m) .

Let p be an 0dd prime number and let {tl, t2, eisie g
tn } y N = $”(p-l ), be a reduced residue syetem( mod ( p-l)) .
If g is a primitive root (mod p) then no two elements of
the set t t Tt

g, g2, ..., 8 n} are congruent ( mod p) and each

of these elements is a primitive root (mod p) « In [6] the
problem has been raised, if there exist such h, (h,p)=1,
that h is not a primitive root (mod p), but at the same

‘ t t t

time the elements of the set {h 1, h2 ...,n n} are in
pairs incongruent (mod p) . It has been shown in solving of
this problem (see [6] ) that the answer to this question is
positive if and only if there exists such a proper divisor d
of the number p - 1 that is not a divisor of any difference
ti- ts i#3i, =1, 2, eeey n. It has been shown in [6]
that the last condition is satisfied exactly by all prime

numbers p = 3 (mod 4)..

In the next we are going to formulate similar questions
in connection with primitive A roots (mod m) .
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Let m > 2 be a natural number. Then the elements of
the set {b]', b2, ceey B N (B) } are in pairs incongruent
(mod m) if and only if b is a primitive A root (mod m),
Further let R 3{ Tis Tpy ooy T 770N (n))} be the smallest
positive reduced residue system (mod A (m)) . If b is pri-
mitive A root (mod m) , then no two elements of the set

r r r
{b L2, ..., b Z(A™) }are congruent (mod m) and all
of them are primitive A roots (mod m).

In the next let a denote an arbitrary natural number re-
latively prime to m, which is not a primitive A root (mod m")

r
Let us put A, (a1, a2 ..., a (@) },

where R ={r1, r2, ceey rV(A(m))} has ite preceding meaning.

Theorem 4,1 Let m >2 be a natural number. Then
the elements of the set .Aa are for each a, (a, m) =1, a
is not a primitive A root (mod m), in pairs incongruent
(mod m) if and only if there existe such a proper divisor
of the number A (m) that does not divide the difference of
any two different elements of the set R.

Proof. l. Let 4 be an arbitrary proper divisor of the
number A\ (m). Let us suppose the existence of such two di-
fferent elements Ts» rJ. ri > rJ of the set R, that

The wo prove that for a suitable a, (a,m')= 1, at least two
elements of the set Aa are congruent (mod m) . Let us choose
for a a naturel number, (a, m ) = 1, which belongs to the
exponent d (mod m) consequently, & is not a primitive A
root (mod m) . From the relation (1) we obtain

r, -r,
a* J =1 (modm).
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If we multiply the last mentioned congruence by the number
r. :
a '], then

¢ b
1_&‘] (mod m ).

o
[]

r r
2. Now let a %, a v be two different elements of the

set A, where (a,m )=1, a is not a primitive A root
( mod m). Suppose that

r r .
a%=a" (mdm), (2)
where r, > r, . Let us divide both sides of the congruence
(2) by the number arv. We obtain

r, - T,
a =1 (mod m). (3)

Since a is not a primitive A root (mod m), the number a be-
longs to the exponent k which is the proper divisor of the
number A (m). Hence, in virtue of (3) we obtain

k \ !‘u - rv .
Thus the proof is completed.

Let n be a natural number and the elements of the set
S = {Bl’ 8oy seey BS”(") } constitute the le ast positive redu-
ced residue system (mod n) . Let us denote by the symbol N
the set of all the natural numbers n, for which the following
statement is valid: n has a proper divisor which does not
divide any two different elements of the set S. The structure
of the set N will be described in the following thearem.

Theorem 4,2. A natural number n is an element of
the set N if and only if n =2 (mod 4) .

Proof. 1l. Let

n = 4k + 2, where k = O, We are going to show that the number
d = 2k + 1, which is a proper divisor of the number n, does
not divide the difference of any two different elements of the

=2 (mod 4) . Then n has the form

w s
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set S, If for some i # j an even number s, - 8. were divi-
sible by the number d, then |8, - ajl > 4k + 2, and hence
it would follow that some of the numbers 85y 8. is greater
than 4k + 2, It ie a contradiction to the definition of num-
bers belonging to S.

2. If n#2 (mod 4), then we distinguish two cases.

a. Let n = 4k (k > 1) . We shall rove that to each
proper divisor d of the number n there exist at least two
different elements of the set S, the difference of which is
divieible by the number d.

If 4 is an odd proper divisor of the number
na=2r+1 (r >1), then clearly d\k. Since (2k+1,4k)= 1,
hence it follows that 2k + 1 and 1 are such elements of the
set S, the difference of which is divisible by the number d.

Now let us consider the evend, d = 2r (r 2 1), d\n.
In the case of an odd r, 2r \2k, and similarly as before, also
now d = 2r divides the difference 2k + 1 and 1. If r ie
even, r = 2t (¢ >1), then 4 = 4t, and clearly t is a
proper divisor of the number k. Let us put k = tv, where
vZ22, If v is even, v = 2u, then the numbers a = 2k + 1 =
=4 tu+1 and 1 are elements of the set S and d \a - 1.
Let v be odd. Let us put

a o
v = qll q22 cee qi"L,

where O, g1, aQ (i=1, 2,3, eeo,f) are 0dd prime num-
bers l=> 1.

Since Y 2 3, we obtain

. v . al d2 a't-l
4k = 4tv >4t r « 3>8tq T q; ¢ .. ql_1+l=b1 (4)
b
It follows from inequality (4) that

- atal %2 Z-1
b2-41.ql Qy e q/_l + 1 < 4k,
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We shall prove that at least one of the numbers bl' b2 is
relatively prime to the number 4k. Suppose that

(by, 4) =4, =1, (by, 4 ) =4, >1.
Ay i
Then dl’q/—’]':ﬂ[fd,tand d2=ql ; 1,:’-1 TR
Hence ql \ bl’ ql\bz, and consequently qe\ 2b2 - bl =1,

It is contrary to the fact that q, is a prime number.
Consequently either 1, bl’ or 1, b2, belong to S and their
difference is clearly divisible by the number d.

be Let n be an odd natural number whose standard form

d. d.
-~ d,

is

w

n p2 eece p'

9
where (. a1 (i=1, 2, eoey W), w > 1. Then the proper
divisor 4 of the number n has the form

P
d = p{l p22 ese pj)' ’ (5)

L)

where 0 £ Pig d~i (i=1, 2, ¢eey w) and at least for one
of the exponents Q. (i =1, 2, ..., w) the inequality
?i<Ji holds.

Let us define the natural number D as follows:

-
.
o
]

d, if P, >1 for each i (i

d. d;

J J

h-1 s

2. D=4d p. eee P if : =
I dp-1 '’ O3, 7 -

1, 2, ceey W )o

"
\

)
]
o

where 15 J, <w (L=1,2, .e.,h) , w>h> 1, and all
the other exponents in (5) are > 1.

It is easy to see that d\D and D is the proper divi-
sor of the number n. Then analogically to the conclusion a.
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it will be proved that either 1, D+ 1 or 1, 2D + 1 are ele-
ments of the set S, and their diference is divisible by the
number d.

The following theorem is an easy consequence of the the-
orems 4,1 and 4,2.

Theorem 4,3, Let m >2 be a natural number. Then no
two elements of the set A . for each a, (a,m ) =1, a is not
a primitive A root (mod m) y are congruent (mod m) if and
only if A (m) = 2(mod 4) .
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0 niektorych problémoch z elementsrnej tedrie ¥isiel

L£SZL6 VOJTECH

Sihrn

Ulénok je rozdeleny do dtyroch Zastf,

V prvej &asti sui dve zov3eobecnenia istého problému =z
Amer. Math, Monthly.

V druhej Zasti autor vy3Setruje sidty tvaru

3 (3)(=0) (252
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kde p Jje nepérne prvoZislo a (-;-) zna¥i Legendreov symbol.

V tretej &asti autor dokazuje, %e 52 nie je &lenom postup-
nosti

= 4
{a‘(n) - n}n =1"°
V Stvrtej &asti rozrie3il otézku, kedy si prvky mnoZiny

r r r
{a l, a 2. ceey @ ?(A(m))} po dvoch inkogruentné (med m),
kde a, m 8 prirodzené éiala,(‘;, m)=1 m>2, anie je

rimit{ivoym A koretiom (mod m) & {r ., I,y ,eeey, T Je
gajmenéi kladny redukov(amf zvy)éko a};téﬁ’ (mod’ ?\(?1(1%(5)) }

0 HeKOTOPHX npoGJeMax 3JeMeHTapHol Teopuu uucesa

BONTEX JIACJIO
Pespopwue

B maHHOIl cTaTbe &BTOD 38HMMAETCH HEKOTOPHMM NpoCreMaMu
sJeMeHTapHOol Teopum uucen. Crarbs passeseHa HA YeTHPE UacCTH.

B nepBoli uacTu npuBOLATCHA ABA o€obmeHus oxHON npobiemnH ums AMM,

Bo BTOpoOi#t yacTM MCCAELOBAHH CYMMH BuiAa

S (B)(m)(mam)

rie p HeueTHoe npocTce umcao, a( )o6osHauaeT CUMBOJ JlexaHapa.
B Tperneli yacTu OPUBOLUTCSH ,zPoxaaa're.nbc'rBo TOro,_ 4YTO
52 He SABJfeTCS UJEHOM MOCJeAOBAaTeJbHOCTH {(f(n) - n}';;l,

B uemaﬁ?ﬂ‘oﬁrqac'ru pemaercss BONpOC, koriga 2JeMeHTH MHO-
xecTBa a"q,a ., 8 YO\m)}HecpaBHnun Mexuy co6oit mo MOAYJD m,
rie a, m ABJAAOTCA HATypaibHuMu uucaamu, (a, m) = 1, m>2,a
He NMepBOOOCPABHHM KODHEM MO MOAYJD M M MHOXECTBO;Ty ,!‘,_,--,r(f(»(ﬂ»}
ABAAETCA HAUMEHbmO} NOJOXMTENLHON NpuBeReHHON cucTeMOlh BHYETOB

no Moayao A.(m)
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXII - 1975

On asymptotic properties and distribution of zeros
of solution of y” = q(t)y

MIROSLAV BARTUSEK

l.1. Consider a differential equation
@) y’=a(t)y, aec®[a,0), b< o=,

where C° [a,b )Cn being a non-negative integer ) is the
set of all continuous funcitons having continuous derivatives
up to and including the order n on [a,b ). Let ¥y be a
non-trivial solution of (q) vanishing at t€ [a,b) eand
y'z a non-trivial one the derivative of which vanishes at t.
If ¥(t) is the first zero of y; 1lying on the right of t,
then ¥ is called the basic central dispersion of the 1l-st
kind (briefly, dispersion of the l-st kind ). Let q (t) <O,
te [a,b). I W(t), resp. X(t) , resp. «uAt) is the first
zero of y2', resp. y]'_ » Tesp. y,, then Y, resp. X , resp.
~is called the basic central dispersion of the 2-nd, resp.
3=-rd, resp. 4-th kind(brieﬂy, dispersion of the 2-nd,
resp. 3-rd, resp. 4-th kind ).

In all the work we will deal only with oscillatoric(t—»b )
differential equations (i.e. every non-trivial solution has
infinitely many zeros on every interval of the form [to, b ),
t, € [a, b)).

The properties of dispersions can be found in [4] . Let

J be the dispersion of the k-th kind, k =1, 2, 3, 4. Then
d has these properties (q (t)<0 on [a,b) if Xk = 2,3,4):
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1/ Jec3 [a,p) if k=1
Jeel[ab) if k=2,3,4
(1) 27 d(t) >t on [a,b)
3/ dlt)>0 on [a,b)

4/ 1im d(t) =
t—>b-

Let n be a positive integer. If d is the n-th ite-
' rate of the dispersion d of the k-th klnd, then o/ has the
same properties (1), see [4]§13.

We shall need another properties of dispersions. Let q (t)(O,
te [a,b). Let ¢, TesP. Y. , Tresp. X n» Tespe w, = be
the n-th iterate of the dispersion ¥ , resp. ¥, resp X,
resp. W of the 1-st, resp. 2-nd, resp, 3-rd, resp. 4-th kind
of (q) end let y be a non-trivial solution of (q ). Then
we have for t €[a,b) (see [4]§13) :

(2) Vn(t)-y(c,ﬂ ()7 ¥% () for  y(t)# o0
| 2('«;) /3@, (D) for y(v)=o0

/thie relation is valid even if the assumption q (t)<o,
t& [a,b) is omitted ),

(3) W(t) q () 7 a (1, ) t<tl<X(t)<t3<<p(t)
q (t) y’z(sun €)
Caly, (V) 32 (k)
(4) _a) ¥
¢y ) (W, (V)
(5) Wi =a (). a(e) /(alpm) . a(ty)),

q/ (t)s=

= for y'(t) #0

for y'(t) =

t<t, <w&t)~<t4<gu(t)
/
(6) X ()=-32 (X, (e) /(alX, ) . 3% (1)

70



for y (t) #0

—y? @ /7 (a (X, ) . P3(X, (1)

for y (t) #0

M X® =a(y) 7a(Xw)
a(t) / a(ty)
n

1 ¥ 3 952 2
n
(9 - 7 - W*q(‘ﬂn)<ﬂ'n=q“)'

(8) w/(t)

l.2. Some results giving us a certain review about the
relations among the dispersion ¢ of the 1l-st kind of (4q)
and the behaviour of solutions of (q) on [a‘,b)are summed up
in the following Theorem (aee [1], [7], [8]) :

Theorem 1, Let (a),q€ ¢ [a, b ], b<eoo been
oscillatoric (t—>b_) differential equation and @, the n-th
iterate of its dispersion ¥ of the 1l-st kind. Let toe [a,b).

a/ Every solution of (q) ies bounded on [to,b) if and
* only if a constant N exists such that

(10) ¢/ (x) <N, xe [t @(t)) , n=1,2, 3, e

b/ Every solution of (q) tends to zero for t=>b_
if, and only if

(11 lim ¢ (x) =0
m“

uniformly for x € [t’o' ¥ ( to)) .

1l.3. We shall need the following lemma in our coneidera_-
tions. See [6] 51403010
Lemma 1. Let q (t)# O be continuous for a< t<b .

Introduce the new dependent variable v and independent va-
rieble s defined by '

n



’

v=y , ds = |q (t) |at , s (a) = a.

Then the equation (q) and N

=Q h Q W e
(8) v where (s) 0

are equivalent.

2. This paragraph is devoted to relations between q and
the derivative of the dispersion gﬂ of the 1-st kind of (q).

Theorem 2. Let n be a non-negative integer and

q€ c® [a, o=). Let & be the dispersion of the l1-st kind
of (q) . If

lim q (t) =C, -o=e<C<0,
t=>o<=

lim q(k)(t) =0, k=1, 2, «eey n
2

(for n = 0 the lasst condition must be omitted ),
then

12 1i t =1
\12) i = (%) ,
(13) lim (y}c{t) =0 ’ k=2, 3' ...,n+3 .
t—> o=
Proof. Let& >0,&£<(C| be an arbitrary number.

Then there exists a number to such that for t = to we

have q (t)<0, |q (t)-C|<& . Further, from Sturm

Comparison Theorem and from 1lim q (t) =C it follcws
R K

that (q) 1is oscillatoric on [e, o= ). From this and from

(3) we have

2 € lel - & o) 2 lel +€ 2€
= t -
lc| +& lc| + & % [cl-g lel-€

/ 2 2 &
ll-}”(t)l—,c'_g y tpt

and thus 1lim SK't) =1.

t> o=
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It follows from this and from the differential equation
(9) that

(¢2 - 249
14 lim 3 -2 = 0.
a9 1um Y -2y
" /
Assume that 1lim V’(t) = 4 # 0. Then the function ¢
t>e— 7,
is monotone and lim {f(t) = :oo. But it is in contradic-

t->=oc=

tion with (12) . ,
Let the limit lim Gﬂdo not exist. Then there exists

t-
an infinite set of numbers (t : 7 (t) 0, t€ [a,0=)}
such that the infinity is its accumulatlon point (the func-
tion V has local maxima at some of these numbers ). It
follows from (14) that for t - °°, t €M we have
g/’z (t) —0. Thus lim 5/ (t) = and it conflicts with
our assumptions. Also We can see that lim ¢ = 0 must be

>
valid and remainder of the statement (13) for k = 2,3

follows from (14) .

We shall prove (13 ) by means of the mathematicel induc-
tion. For k = 2,3 the statement was proved. Let us assume
that (13) is valid for k = 2,3, «e., m+2 (1L €m<n).
Differentiation of (9) gives us the following relations:

y 2 (m) -
['2%*3%,] < [ac0r-app2] 7
(m+3) -1 (£+3) (m—L) m (l+2)$//(m—l)
LYY (L) 207 (77 )
(m-£)

R T G
Gﬂ!—)a Krf-); -(wz)(ml«;ﬂ),
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where the Z is taken over all non<negative integer solution of
i+2j+.e.trh = L end itjt...+th =8 (we use the Leibnitz For-
mula and the relation for the n-th derivative of a compound

function, see [ 9] 0.43 ) . We put: (;’k) dky

= ——

atk
From this for t —> o= we get:
1 . (m+3) .. (m) (m) , m¥2
i AR X RO IR COT AN R
(m+3)
Thus lim @ (t)=0
>

and the statement (13) is proved.

Theorem 3. Let n be a non-negative integer and (q),

qec?(a, ==),q <0 be an oscillatoris (t -~ ==) differen-
tial equation. Let ¥’ be its dispersion of the first kind. If

_ ()
lim q (t)=0 , k = 0,1,2,c0.4n
t-o= ,
end ¢ is ?g\)mded on [ay==) , then
1im ¢ (t) = 0 for K = 2’3,.oo,n+3 .
t> o=

/
Proof, As the function {/ is bounded on. [a,ee), it
follows from (9) that

U

Ln_ (3¢ - 240

and we can prove the statement of the theorem in a similar
way as in Theorem 2.

Remark 1. The assumption in Theorems 2,3 about the

interval [-_a,w )is essential because, an oscillatoric (t*>b_)

differential equation (q) , qec” [a,b), b<e= can not have

the property: lign q (t) = C>-o=, This follows from the
t—h

Sturm Comparison Theorem.
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Remark 2 . The assumption in Theorem 3 about the boun-

dedness of y'is essential. This follows from the following
example.
t (x)

Let y(t) = ey te[O,G‘). Then 1lim 5/ (t) m— k=11213,--'
too=

and there exists an oscillatoric ( t>-=)differential equation
(q) with the dispersion ¢{/ of the first kind (see [4]
§15.10) . From (9 ) we can see that

1
(15) q (et) =(q(t)-:)e‘2t , telo,>=)

must bea vallid. Let us denote J = [an, a4 Ys a, = 0,
a, =e i , n=>1. We shall prove the following inequality

by means of mathematical induction:

-2(n-1)

n 2-2n
(16) max [q(t)| <M .e +—- e
t€dJdn 4

sy N = 1,2,3,000

where M = mal_x la (t)]. For n =1 the statement
t€e |0,1
follows from ~(15) . Let it be valid for k = 1,2,3, «..,n.

Then according to (15) we have :

-2 (n-1) n 2-2n 1 L -2(n-1)
max Iq(t)lg Me + - g +._)._‘2._ é(Me s
téyn+l 4 4 8n+1
n+l 1 P -2n n+1l =2n
+— 2 - M « € + e
-
4 “ann 4
because a_ > e1 = a n=>2
n = 2 9 = .

Also (16) is valid and from this we have

lim q (t) = 0.
t>—

Theorem 4. Let (q) ,q<¢C® [a,b), q<20 be an
oscillaroric (t+ b_) differential equation and ¥ its dis-

15



persion of the first kind. Let toee [a,b) and
£ (1) € a(t) £, (V) <0, telt;,n),
where f,, f2 are functions.

a/ If the fuqctiona fl’ f2 are.non-increasing, then

£, () £.(¢(2)) . )
51 (S”(t))=(/(t) , @) ve Lo

b/ If the functions f

N

19 f2 are non-decreasing, then

£.(®) , sy L T (%)
fl t = (/(t) s fz(gﬂ(t)) ’ te [to’b) .

c/ If fl is non-decreasing and f2 non-increasing,
then

fz (t) 2 / f (t)

Proof . a/ It follows from (3) that
. L) LT (), (0

a () T f () T (g @)

Vl(t)--—-lq(t) T (%) <__(___2f1 ¢ (t)
a(ty) Tf, (ty) Tf, (V)

|

t<ty < ty< At)
and the statement is valid in this case.
b/¢/ In these cases the proof is similar.

Remark 3. The following inequalities for dispersions

were obtained by the author of [4] §13.13 for monotone
funcitons q .
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Let & be the dispersion of the k-th kind, k = 1,2,3,4
of (q) . If (q) is non-decreasing (non-increasing ), (q)
oscillatoric on [a,b) , then

YORTH E1O) £1), t€[ap).

Theorem 5. Let (q), q€ Co'[a,e—), qQ £ 0 be
an oscillatoric (t —>eo=)differentisl equation and O its
dispersion of the k-th kind, k = 1,2 3,4.

a/ If q is non-increasing, then
q (t) q.(t) < ’
s < t),

qa (t+€¢) = o(S5@) © J

where ¢ =.5(a) -a, t€[a, o=).

b/ If q is non-decreasing, then
q (t)
a(Sw)

Proof . Let (‘S- be the dispersion of the first kind and

J(t) > te [a,w).

ny-

qQ be non-increasing. Then it follows from (3) that

_aly) o a(e)

5 - a (t9 " a8 )

, te [a,=), t<« teXt)4t, < ot).

From Remark 3 we can see that the function J(t) - t
is non-incresing. Also, J(t) < t,*cf(a) -a for tz>a

e Sa() e
gt a6 @F act+e)

We can see that the theorem is valid in this case. The
statement for q non-decreasing and the other dispersions
can be proved by the same way. We must only use (5), (7)
(8) instead of (3).
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3.1. Theorem 1 given us the necessary and sufficient
condition for every solution being bounded on [a, b) (ten-
ding to zero for t=>b_) . The conditions (10) and (11)
are not very suitable for applications. For this reason it is
convenient to seek for the sufficient and / or necesaary con-
ditions ¢n q or at least on the dispersion ¥ of the first
kind for every solution being bounded or tending to zero for
t =>b_ (but conditions on ¢ ought to be much more simple
than (11) is) . This problem was given in [8] . some re-
sults were derived in [1] » The following theorem concerns
the above mentioned problem.

Theorem 6. Let (q), q€ Co[a,o"),'rqéo be
an oscillatoric (t=><=)differential equation and ¢ its dis-
persion of the first kind. '

a/ If every solution is bounded on [a,o‘-), then there
exists a constant M > O such that

@) -t

b/ If every solution tends to zero for t> o=, then

lim ((/(t) -t) =o.

t> oo

([} N

Proof . a/ Let every solution be bounded on [a,==).Then
it follows from Theorem 1 that

Sﬂ,n (t) < M, = const < —, te€ [e, (/(a)) >
n=1,2,3, oo
where (£ is the n-th iterate of the function V.

Let t€[#(a) ,=) be an arbitrary number. There exist
numbers n, x€ [a,gﬂ(a))such that {ﬁn (x) = t. By integra-
tion over the interval ( x, ¥Z(x)) we get

Pnr (x)=-¢ (x) £ M, P(x)-x)<H, 'x‘z*"[‘ﬁ,’?ﬁ’zi,j x)=

= My M, P(t)-t £M, M=max (M, M .M )

"and we can see that the statement is valid.
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b/ The proof is similar as in a/. We must only use (11)
instead of (10) . -

Remark 4 . The assumptions of Theorem 6a/ give us only
the sufficient condition for ¢(t) -t= M, te r_a, o-).Thia
assertion follows from two following results:

If 0>- Cz> q(t), te [a,o-’), then the differences
between consecutive zeros of an arbitrary solution of (Q ) are
bounded (see [10] §7.4.2b)).

There exists a differential equation (q) , q& C° [ay =),

lim q (t)= -1 such that it has an unbounded solution on
o

[ay=—=)(see [3] §6.5.).

Remark 5 .Lt (q), q€ c® [a, =), a<20 e
oscillatoric on [a,-—-)and let every solution of (q) tend

" to zero for t->-—, Let ¢ be the dispersion of the first
kind of (q) . Then wo can see that for the equation ( q)
with the dispersion of the first kind ¢/ = ¢+ & (£ >0 an
arbitrary number -there exists a solution not tending to zero
for t= -=and the equation (@) with the dispersion ;; =2 £
of the first kind could be defined only on a finite interval
(this follows from (1) ).

3.2 Lemma 2. Let (q) , q € c° [a,p), q<«0 be
oscilatoric on [a,b ) end ¢, be the n-th iterate of its
dispersion ¢Z of the first kind.

a/ Let there exist a solution of (q) tending to zero
for t-b eand let t  be its zero, toe[a, ¥(a)).
Then

im (=0, el Pe)), trt, .

b/ Let there exist a solution y bounded on [a,b) and
t€[a,b), y (t) # 0 . Then there exists a constant M >0
such that

(/;1 (t) £M, n=1,2,3,...
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Proof . The statement of Lemma follows directly from (2)
and (1 )

Theorem 7. Let (a), qec® [a,b ), q20 be
an oscillatoric (t—>b) differential equation. Let y be a non
non-trivial solution of (q) , tk } the sequence of the
e%tremgnta of y and {t‘l’:,y} one of y' . tk’ye[a,b),
tk’yé‘[_a,b ).

a/ Every solution of (q) tends to zero for t+b_ if,
and only if :

y 7 (e o)
im = 7 =
STl B €

uniformly for every non-trivial solution y.

b/ Lvery solution of (q) is bounded on [a,b) if,
and only if there exists a constant M >0 such that for an
arbitrary solution /non-trivial/ y we have

|y (e 1 2 | y” (2 D

¢/ The derivative of every solution of (q) tends to

zero for t=> b_ if, and only if
vy (¢ )
lim -—-(—‘15 = o=
k> —
¥ tovy

uniformly for every non-trivial solution of (q) .

d/ The derivative of every solution of (q) is bounded
on [a,b) if, end only if there exists & constant M such
that for an arbitrary non-trivial solution y of (q) we

have

v oyl 2 mlyCeg e
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e/ Let Yy, ; be linearly independent solutions of (q)
and y be bounded on [a,b ). Then there exists a constant
M >0 such that

|3 (g 1z | w7 Ceg O

f/ Let y, ¥y be linearly independent solutions of (q)
and y tend to zero for t+b_. Then

lim ' y' (tlé,y)l = o=

Proof . a/ b/ The statement follows from Theorem 1 and

(2) .

¢/ d/ Lemma 1 applied to the cases a/ b/ given us the
statement of the theorem.

e/ £/ The statement follows from Lemma 2 and (2) .

Theorem 8. Let (q),qeco[a,b), q <0 be
oscillatoric on [a,b). Let y be an arbitrary non-trivial
solution of (q ) and {tk} the sequence of the extremants of
its derivative y° . LetX be the dispersion of the 3-rd

kind of ( Q) (thus{x (-tk)} is the sequence of the extremants
of y) .

a/ If 0>q(t) >C = const >~ ==, then

: |[-—<.

b/ If O0>¢ =const >q (t) > -~ then

y ’ ( tk)
y (X(tk))

y© (t)
y (Xt )

> -C

2

Particulary, if 1lim q(t) =-0¢°, 0<¢C < o=, then

t=b
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vy ()
y(X(t, )

lim
)

Proof . Itfollows from (6) ’ (7 ) that we have
y (t)

Yo e Nl VX'(tk) 1 aX | - la ¢,
k

where ti < tl; <.)((tk). From this and from the assumptions
ew get the statement of the theorem.

Remark 6 . The particulary case of Theorem 8 was pro-

ved by Kneser and Ascoli (see [10] §7.4.2.) , but under

stronger assumptions. They assumed: qQ € c® [a, =), q«<0,
q (t) has bounded variation and lim q (t) = -5° # O.

: o o

Corollgry 1. Let 0>Czq(t)>d>--—, where
€, d are constants . Let y be an arbitrary solution of
(q). Then the functione y and y' are both bounded or both
unbounded on [a,b) . The function y tends to zero for t*b
if, and only if y' has the same property.

Theorem 9. Let(q), qeco[a,b),QAObe
oscillatoric on [a,b ).

a/ Let 0>q (t) > C = const >—-<=, If there exists
a solution y tending to zero for t->b, then every solution
of (q) linearly independent with y is unbounded.

b/ Let 1lim q (t)= 0. Then there exists a solution
t*>b

unbounded on [a,b ). Moreover, if ¥y and y, are linearly
independent solutions and ¥y is bounded on Ea,b) s then
Yo is unbounded and

lim y, (t)=0, y;(t.) > const >0,
o N a'y’ 2

where {tk } is the sequence of the extremants of yz'.
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¢/ Let 0 >C = const >q (t) >-o=. If there exists a
solution y which derative y’ tends to zero for t-b, then
the derivative of every solution of (q ) , linearly indepen-
dent with y is unbounded.

d/ Let lim q (t)= - <. Then there exists a solution
t=>b

the derivative of which is unbounded on [a,b ). Moreover, if
¥ and y, are linearly independent solutions and yl is
bounded on [&,b ), then y, is unbounded and

lim yl(t)= o, yz(tk)§ const >0,
t->b

where {tk} is the sequence of the extremants of Yoo

Proof . a/ The statement follows from Theorem 7f/ and
Theorem 8a/.

b/ The first part of the statement is a consequence of
Theorem Tb/ and Theorem 8. Let N be a solution bounded on
[a,b ) and ¥, linearly independent solution with y,. Then
it follows from Theorem 7e/ that

|y2'(tk)l > yz'(to)l , M = const >0,

Finally, according to Theorem 82/ we have m y]t (t)= 0.

1i
t=>b

c¢/d/ These cases can be proved by the application of
Lemma 1 to a/ and b/.

Remark 7. Wemust notice a result of Prodi. See [5]
§2.5.5. Let the function . q € g [a, °-°), q be non-increa-
sing and 1lim q (t) = - ee. Then there exists a non-trivial
solution o}»(.a) tending to zero for t>o=,

Theorem 10. Let (q), q€ c® [a,b), q (t)=<o,
t€ [a,b) be an oscillatoric ( t*>b_) differential equation
and ¥ ?’its dispersions of the 1-st and 2-nd kind, resp.
Consider the following assertions on [a,b ) :

A/ The sequence of absolute values of local extremes of
(the derivative of ) an arbitrary solution of (q) is non-in-
creasing. ’
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B/ The sequence of absolute values of local extremes of
the derivative of an arbitrary solution /of an arbitrary so-
lution/ is non-dedreasing.

c/ q(q(J:))) 7 (t) >1 (?(t )-t is non—decreesing).
/Y p(r)-t is non-increasing (q(‘p (t)) W’(t) £ 1) .

Then AESSDCSS>BS>D. 1(+)

Proof . The function ¥(t) - t is non-increasing
/non-decreasing/ iff (II‘ 1 (V'> 1) .

Let A/ be valid. Let t e [a b) be an arbitrary number
and y a solution of (q) such that y (t ) = 0. Then

't.k V ( tk 1) where {tk} is the eequence of the extremants
of y’. According to (2 ) we have :

'Z(t)
'Z(t)

W, )=

As to is an arbitrary number, we can see that ¢> 1. Let
§ﬂ> 1 . It follows from (2 ) that for an arbitrary solution
y

2(t)
.___.k_ V(t ) >1
(tk-..l)
holds where y(tk) = 0., From this we can see that {Iy'(tk)l}
is non-increasing. So we proved that A<$=C . The relation
B&>D we can prove in the same way, But we must use (4),

too. The rest of the statement follows from the proved part of
the theorem and from the relation

a(y (1) .
qa (¢) (‘U = @lv)

being proved in [2] (Theorem 2 ) .

~}

te [a,b)
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O asymptotickych vlastnostiach a rozloZeni koretiov
rieSenf differencidlnej rovnice y" = q (t L[

M. BARTUSEK

Sihrn

V prédci sa autor zaoberd studiom oscilatorickej diferenci-
élnej rovnice

@) v=q(t)y, q€c®[ab), bLes.

Prvéd Zast méce obsahuje vysledky toho druhu, %e z istych pred-
pokladov o nosi¥i (‘q ) s odvodené niektoré vlastnosti zékladnej
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centrédlnej disperzie 9 prvého druhu, charakterizujice rozloZe-
nie koreiiov netrividlnych rie3enf{ rowvnice (q) . Vety 1 a 2 dé-
vaju prvy &len asymptotického rozvoja derivdcie funkcie ¢ za
predpokladu, %e ( q )8a . pové asymptoticky ako konstanta.

Vy¥sledky druhej &asti préce sa vztahuji na problém: .
Nédjst nevyhnutné a (alebo) postaZujice podmienky na to, aby
vietky netrividlne rieSenia rovnice (q ) (alebo ich derivé-
cie) boli ohrani¥ené, resp. neohrani¥ené, resp. konvergovali
k nule pre t->b_ .

06 acuMnToTMueckux cBolicTBax M pacnpeneJeHnM

Hysel peuweHuln AuddepeHUMANBHOrO ypaBHEHUSA

W
y =a(t)y
. EAPTYUWEK

Peswowme

B arolfi pa6ore MH 3aHuMaeMcs ocuMAAUpywuMM AuddepeHuMaNb-
HHM YpPa&BHEHueM

(a) y" =q(t)y, q€c®[a,b), béom,

llepaas yacTh paGOTH COLEPXUT PE3YyJAbTATH TAKOTO poka, 4YTO

U8 KaKMX-TO npexarnosoxeHuit ¢ ¢yHxnum q BHBOLEHHH HEKOTODPHE

cBolicTBa fyHnaMeHTANLHON! IleHTpanbHON Aucnepcunm ¢ nepsoro

poAa, KOTOpasi XapaKTepumayeT pacnpefeseHue Hyael HeTpnBMAJL LHHX

pewennlt ypaenenus (q)

TeopeMd 1 u 2 nART HaM nepBHil UJeH ACUMTOTHYECKOrO DAa3JOReHUS

NpOM8BOAHNX JYHKLUMM ¢ koraa limb q(t) = c, O €Cs + o=,
t >

Pesynbrara BTOpO# uacTy kacabTcs npotsemu: HaltTu HeoHxoom-
Mue ¥ (MaM ) ZOCTATOUHHE YCAOBMSA ZLad TOro, 4YTOOH BCE€ HeTpVBMAJb-
HHe pemweHus ypabHeHus (q) AN ¥X NPOMBEBOAHHE ) OHJIN OrpaHy-
UYeHHHE UJy HEeOTPAHMYEHHHEe WJANM CTPEeMUSUCh K HYJD OIS t =>»b ,
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(ACTA F. R. N. UNIV. COMEN. — MATHEMATICA XXXII, 1678) -
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXII - 1975

On a problem of Znam

LADISLAV SKULA, Brno

In the summer session on theory of numbers in Lubochiia

/Slovekia, CSSR/ in September 1972 Stefan Zném put the follow-
ing problem.

Let n be a positive integer >1, Are there integers
x; >1 (lL«ign) such that for each 14 i<n the in-

teger x, is a proper divisor of xl...xi-xi+1:_..xn +1 7

——

From the Theorem proved in this paper it follows that for
2 < n<4 there are not such integers X; . For n=5
Mr. Jaroslav Janék found by means of computer the integers
2,3,11,23,31 satisfying the given condition.

Theorem. The only positive integral solutions a £ b £

<c«<d, x,y,z,w of the system of equations

(1) abe + 1 = dx,
(2) abd + 1 = cy,
(3) acd + 1 = bz,
(4) bed +1 = aw,

are given in the following table:

al b|lec] da| x| ¥| 2| W
1| 111 1) 2| 2| 2 2
11| 21.2] 1| 3] 3|3
1| 12| 3|1 2| 7117
1| 2| 3| 7]1] 511143
2] 31 7143 | 1|37 201|452
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Proof . We find out directly that the values given in the
table (5) are the solutions of equations (1) - (4).

Let agb<cc<d, x,y,z,w be positive integers satis-

fying the equations (1) - (4).
Then

(6) (ayx) =(°0’) =(b,x) = (b,y) = 1.

Thus a2b2 # xy. From (1) and (2) we get

( ) ab + x q ab + y
T c =—-—T? =-——-—2—-2— =
Xy -ab ’ Xy - ab
~If b=c, then according to (b,e) =1 a=b=¢c=1
and we get two solutions d =1, x=y=g=w=2 and d = 2,
x=1, y=z=w=3 given in the table (5).
Let b <e. Bgmultiplication (1) and (2) we get
_ a’b2ca < cdxy = a%b%cd + abe + abd + 1l < a"b“cd + 2acd (since
b<d-1, bcc-1 and a>1), thus a’b’Lxy < a’b+ 2a.
Hence there is an integer t such that
(8) xy=e%b?+t, 1otcg2a-1.
From (6) it follows
(9) (ayt) = (b,t) =1.
According to (7) and (8) it holds
ab + x ab + y
(10) [ ’ d = R
t t

From (3) , (4)é (8) end glo) it follows: t%bs =
tz (aca + 1) =2&3b +32bx+aby+at+t2 and taaw=
= 232b3 + abx + ab?y + bt + t2, hence b / t (a + t) and

a / t (b + t)o

From (9) we get

(1) o/ (a+t); a/ (b+t).

Therefore there exists a positive integer k such that
(12) xb=a+t.



a+t 3a -1 .
Since k = & Z 3, itholds k=1 or
b a

k = 2, There exists a positive integer 1 such that 1la = b+t.
Then akl = a + t(k + 1) and according to (9) we get four
possibilities: k=1, a=1; k=1, a=2; k=2, a=1;
k=2, a=3.

A/ Let xX=1, a=1, From (8) and (12) we get
t=1, b=2 end xy = 5. Since x4 ¥, it holds x =1
and y = 5,

Hence (10) givee ¢ =3 and d = 7.

B/ Let k=1, a=2, Then 1«£ t« 3 . Wewill use
then (12), (8) and (10) again. For t =1 we get b =3,
xy = 37, | :
hence x =1 and y = 37. Thus ¢ =17, 4 = 43.

For t =3 we get =5, xy =103, x=1, y =103
and thus = 1l , which is a contradiction.
-3

According to (9) we cannot have t = 2.

C/ Let k=2, a=1., Thenby (8) and (12) t =1,
b=1l. xy =2, x=1, y =2 and from (10) we have c =2,
3.

o
"

D/ Let k=2, a=3, Ten 1<£t<5 andfrom (9)
it follows "t = 1,2,3,4,5. Thus according to (12) 2b = 4,5,7,8
80 that b=2 or b=4, If b=2, then a b. Therefore
it holds t =5 and b =4, hence by (8) xy =149, x=1
and y = 149. According to '(10) we have * o= 13 which
is a contradiction, > '

By this.the Theorem is proved.
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0 jednom Znémovom probléme

LADISLAV SKULA

Sihrn

_ STEFAN ZNAM polo%il roku 1972 nasledujici problém: "Nech
n Je prirodzené &fslo > 1. Existuji celé &1sla x.>1 (1lsiszn)
tak, Ze pre kaZdé (1 < i ¢ n) je &islo X3 vlastnyl delitel .
Eisla xi ceeeXy 4 - xi+1 veoXn +17 V préci autor ukazuje,
Ze pre 2 < n ¢ 4 také celé &isla x; neexistuji a uvddza vysle-

dok J. JANAKA ziskany po&itadom, %Ze pre n = 5 &isla 2,3,11,
23,31 vyhovuji danym podmienkam.

06 omHolt npobaeme 3Hama

JIALZWCIIAB CHYJIA

Pespowme

LTEPAH 3HAM cdopmyaupoBaxr B 1972 r. caeaypumypo npobaemy:
"llyerr n Hawypaabnoe(uncgo Gojrme 1. CymecTBYDT Ju Takue Ha-

TypaxbHHE uucaa Xj >1(1€ i € n)uyro nas kaxgoro 1< i€ n

Yucao xlsaaaerca COGCTBEHHHM JeJuTeJeM uucaa xl"“'xi-l'xi+1"
L]
.....xn +17

B pa6oTe nokasHBaeTcs 4TO AJad 2 < N £4 Takux uucen X
HeT ¥ Aaf% N = 5 npusejeH peayabrar f. SHAKA noayyerHmit c no-
MOMbD BHYMCAMTEeJbHON Mmammum: uxcaa 2, 3, 11, 23, 31 ymoBae-

TBOPSADT LOHHHM YCJOBHAM.

Received June 1, 1973, '

in press July 8, 1974,

Authors address: Katedra matematiky Prir.fak.UJEP, Brno,
Janéd&kovo ném.2
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(ACTA F. R. N. UNIV. COMEN. — MATHEMATICA XXXII, 1875)
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
‘ MATHEMATICA XXXII - 1975

Uber die nichtlineare Differentialgleichung in der Form

bbbl

y” + p(x)y” + q(x)f(y’) + r(x)h(y, y”) = 0
LADISLAV MORAVSKY, Kosice

In den Arbeiten[1], [2], [3], [4] eowie in anderen
werden die Fragen der Begrenztheit, Unbegrenztheit und Oszilla-
tionsféhigkeit bei den Losungen der Differentialgleichung
zweiter Ordnung untersucht. In der vorliegenden Arbeit beweisen
wir mit Hilfe von &hnlichen Methoden einige hinreichende Bedin-
gungen fur die Unbegrenztheit und Oszillationsf¥higkeit der
nichtlinearen Differentialgleichung dritter Ordnung der Form

(1) 3"+ p(x)y" " +a(x)e(y)* r(x)h(y,y ) =0,

wo p(x), a(x), r(x) € c® ca;e), f(u)‘cl(ﬂl)’
h(y,v)€ C (RZ),wobei a€ (o o=), R1=(-°~; —)s
By * By TRy & ‘

In der Arbeit wird vorteilhaft das Bellman-Gronwal-Lemma
verwendet daher ist es nachstehend angefihrt.

Lemma 1. Es sei c¢ eine nichtnegative Konstante. Fur
x =a sei u(x)20, v(x)>0 und
x
u(x)<c+ S-' u(t)v (t)at,

bzw.
x

u(x)=>c +f u (t) v(t) at,
a

91



dann gilt fir x > a

x
u(x) < c exp {f v(t) dt}',
a

bzw. x
u(x)= c exp (I v t dt} -

Satz 1. Es sei q (x)€ et . a;oe) und es gelte fur
jedes x €<aj;o=), u eRl,(y, v)éRZ:

V2

a/ q(x):k1>0, 0<h(y, v) v:-kz

b/ g{-r(t)}+dt=x},
a
T{q'(t)}+dt=k4)
T{»()}, at=x,

u
c/ 0:( f (s)ds =F(u),
o

wobei kl, k2, k_;' k4, k. Konstanten sind und {z (x)}+ den

5
positiven Teil der Funktion 2z (x) darstellt.

Dann ist die zweite Ableitung jeder Losung ¥y (x) der
Differentialgleichung (1) mit dexr,Eigenschaft

v’ (s) *a(e)F [y(a)]z0

N

k6=

definiert und im Intervall < a;e< )begrenzt.
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Wenn dariber hinaue F (u ): k,, fur |u| >K, K ist
eine positive Konstante und

(2) k—k: exp {-8- (kpky + k, + 5)}'< ko s

1
“sg‘in{;’kl}

dann ist auch die erste Ableitung der Losung y( x) im Inter-
vall < af,v)begrenzt.

Beweis. Die Losung y (x) der Differentialgleichung
(1) sei in.einem Intervall <a; x), X ¥ == definiert.

Wenn man die Differentislgleichung (1) mit y (x) mul-
tipliziert und man nacheinander von a bis x integriert, dann
erh&lt man nach der Umbildung mit Ruckeicht auf die Voraus-
setzungen

X
"2( )+ F [y’ @] zx+ [ {070}, Fly'®)] at +
b 4 : X
+S x, {-r(£)} , 3% (t)ar+ ({-pC0)}, ¥ 2 (vat
woraus -
SEORE O 5642 ([0}, + &y {or (0D}, +
k k8 a
{-p (0}, ] [F(() )4 vy % ()] at
folgt. |

Aus der letzten Ungleichheit mit Rucksicht auf das Lemma 1
ergibt sich fir x€ <a; x)
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X 1
(3) 3% () +F[y(X)];k—: exp{;—;(ksz*k4+k5)_}.

Aus der Beziehung (3) ist ersichtlich, dass y (x) fir
ein beliebiges y'(x) begrenzt ist. Erwligen wir X<es,
denn ist im Intervall <a; x) auch y(x) begrenzt.

Im weiteren zeigen wir, dass y(x) im Intervall <a,.-)
begrenzt ist. Man setze nun das Gegenteil voraus.

Es sei
lim  sup | y (x)|=e=".
X —

Dann existiert aber eine solche Folge

[ — 4
{xn}n=1 y X = o= fur n = ==,
dass
n}.im..ly'(xn) | = =
Da geméss (3)
k
F[y'(x)]g:ﬁexp{— (kk *k, +k5)}

8 8
ist, denn ist fur x = x, und n —>-e=ein Widerspruch mit
der Voraussetzung (2) .

Damit ist der Satz bewiesen.

Satz 2. Essei q (x)€ ct <£8aje=). Es sei fur

XE <a;>=)und fir jedes u & Ry (¥yV)E R, gelte:

u
0< ( £ (8) ds = F (u); h(y1V)V§k1"2 y ky>0;
o

2/ a(x)<0, p(x) +k {r(x)},



a’(x)>a(x)[-2p (x) - 2k, {r(x)}+ ]-

Jede Losung y (x) der Differentislgleichnug (1) , welche
im Intervall < a;ee)existiert und fir welche im Punkte a

32 (a) +q(a) Fly(a)]l =x,>0

gilt, ist dann fur x —> o= zusammen mit ihrer ersten Ablei-
tung unbegrenzt.

Beweis . Multipliziert men die Differentialgleichung (1)

mit y (x) und intergriert man nacheinander von a bis x,
dann erh&lt man

X

v % (x) +aq(x)F[y(x) + p(t)y ?(t)at +

a

r(t)h[y (), v (t)]y (v)at=

~

X
v (o) ra(a)F[y @)+ [ atoIr[yt) ay,
a

+
LV B Y L | -

woraue mit Rucksicht auf die Voraussetzungen

¥y 2 (x) +a (0 F[y 0]z, +

(t) F[y'(t)]dt-

0w K
o]

kz‘

ny

{[ p(t) + kl{r(_t.)}.l,y”2 (t)dt

x .2 .
5[2p (t)+ 2k1{r(t)} +][Z—-2—(-t—) +q(t)F| y’(t)]] at

a

folgt und nach Lemma 1



y,.z (x)

+ q(x) F[ v’ (x)] Z k, exp { ! [ -2p (t)- Zkl{ r ('t)}+dt3

ny

k2,

e >
y 2 (x) = 2k2 ’

| 37 |z Yz,

gilt, woraus ersichtlich ist, dess y{(x) und y (x) fur
x =% == unbegrenzt sind.

Folgeru ng 1. Wenn die Voraussetzungen des Satzes
2 erfullt sind und wenn ausserdem

- {[p (t) +k1{r(t)}+]dt= o

a

gilt, dann ist auch die zweite Ableitung der Losung y (x)

der Differentislgleichung (1) , die im Intervall <a;==)exi-

stiert, fir x —> == unbegrenzt.

Satz 3. Es gelte fur alle x€<a;-f) u € Ry,

(y,v) € R,

a/ p(x) €0, q(x) >0, r(x) €0, r(x)—>0  fur
x=>*, uf(u)>0 fir u#o, kv° >h(y,v)v=0,
k >0.
Es sei fur alle u € R, und xé—<xo;~’), wo X

o=*

genugend gross ist und es gelte
v/ £ (u) 2Kk >0

Es sei oo -—
c/ - f r(x) .exp{g p(8) de} dx=k2<.-o;
a a
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L~ x

a/ Sq(X) exp{g p (s) ds}ax = >

a a

k, kl’ k2 8ind dabei Konstanten.

Dann ist die erste Ableitung jeder LSgung der Differential-
gleichung (1) die im Intervall <a;=<) existiert, im Inter-
vall <aj;oo)oszillatorisch.

Beweis. Esseieine L8sung y (x) der Differential-
gleichung (1) im Intervall (aj;o=)definiert. Man setze
voraus, dass y'(x) im Intervall ( a;e=)unoszillatorisch ist.
Es existiert also ein solches Xz 8 dass fur x >

entweder y(x) >0 oder y(x) >0 ist. In unserem Falle
sei y(x)>0 fir x > x.. So ist mit Ricksicht auf die
Voraussetzungen f [y'(x).] >0. Fuar x£<x1;o—) folgt nun
aus der Differentialgleichung (1)

X X
y'”exp{s p (¢) dt} p (x)y"exp{g p(t)dt}
(4) ! + o .
£(y") £(y")
. X
r(x)h(y,y Dexp {S p(t)dt}} ”
s 1
+ . = -q (x) exp { S p(t)dt}.
: £ (y°) x

1

Durch Integration der Beziehung (4) von x
man

1 bis x erhilt

Y"(x)e:m{y D(,t)dt} . y"a(t)f'[y'(t)] ‘

(5) 1 +S — .
f [y' (x)] : | fz[y'(t‘)]
¢ " L[y ), vy
=l peesy S gflta sl
xy | _
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t y,,(xl ) x % |
exp{g P (B) ds} dt = o S q (t) exp{ g p(s)dsfdt A
Xy f[ y (xl)] Xy Xy

Da

z % ' 2 '
{h(mv)_l]z M mGw

f (u) f2(u) £f(u)

folgt mit Hinsicht auf die Voraussetzung‘en des Satzes aue der
Bezichung (5)

. x
.V'“(‘x.):exp,{ g p(t)adt} . ¥ % (t)

(6) | DRI R i —————— exp 9(5)35}
e yx) ’5‘1 ffz y' () {’gl i

[f(y(‘)) +-k r(t)dt]<y (x,)

£y (x)]
1x t x
--S r(t) exp_{g p(a)d‘a}dt-j q(t) .
2 x x x :

1 1 | 1
exp{g p(s)ds } dt .
T S

Da fir x —>o® p(x)—> 0 ist und fir x

"wony

f'[y"(i )] > k‘l >‘O\iet', existiert ein solches X, max{ xo;xl},
dass fur x";'tz ‘und jedes y (x)
A 1 : .o
f‘[y'(;)] +;k2 .r(x) 20

ist.



Derert erhtlt men fur x > x,

y &) exp {S p(t) dt} 2_—1—@-
£y ] A BE1EACD
x t X
1 - :
- - g r(t) exp { S ‘p(s)ds} at - g q(t) .
2 X, X, X,
. ;
exp {g p (s) ds} dt
*2

woraus ersichtlich ist, dass ein sclches Xy X% existiert,
dass fur x > X,

AL R
£y (0]

ist. Nit Rucksicht auf die Voreussetzungen des Satzes ist also
vy ' (x) <0 und auch

hly (=), v (x)]ec

fur x

23 . Aus der Differehtialgleichung (1) egeht jetzt
fur x ‘ : -

x, hervor

ny ny

yll'(x) éo.

Durch zweifache Integration der letzten Ungleichheit von
bis x' erh&lt man . : £ e

y(x) 297 () (xmx) ¢y (xy)
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Das bedeutet aber, dass ein solches x > x3 existiert, dass
fir x> X, v “(x) < O ist. Was ein Wlderapruch mit der Voraue-
setzung ist.

Ehnlich ist der Beweis im Falle y{(x) <O fir x zx .
Satz 4. Es gelte fur alle x€ Lajo=), u € R» (3,v)€R,

a)p(x);O, q(x‘):o,'r(x);o, r(x)->0 fur

'x=> <=, u f(u)>0 fir u#0, 0=>h(y,v)vs=

kv’ , wo k<0

ny

b/ es gelte fur alle u€R, und xé'(xo; =), wo

x, > a genigend gross ist

£°(u) 2 k, >0 ;

A
x

c/ rr(x) exp {JS‘ p(t)adt} ax
a a

{

d'/_‘( a(x) exp { it p(t)dat} ax
a a

wobei k, kl k2 Konstanten sind.

Dann ist die erste Ableitung jeder Losung der Differen-
tialgleichung (1), die im "Intervall <a,o-) existiert, im
Intervaell «a;e=)oszillatorisch.

Beweis . Dadie Beziehung

+1

ny
o

[h(yt V)+ 1} 2 - h (y’v) 2h (;’9")
£f{u) £ (u) f(u)

gilt, ist mit Rucksicht -auf die Voraussetzungen des Satzes d—1<_=
Ungleichung L
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-—r(x)- r(x)v < r(x)h(y, v)

richtig.

Wenn wir weiter auf #hnliche Weise vorgehen wie beim
Beweis des Satzes 3, dann erhalten wir mus der Differential-
gleichung (1)

%x) x (t)
(1) 4= _
7) t[y'(X)] exp { iz P (t)dt} S [ (t)][fG (t))
1 ) ” ¥y (x,)
=Sk T t)] exp {iz p () da} at =.f[y'(x2)]
1 X L
+ - S r (t) exp{g p(a)de}dt-
2 % x,
x t
-g q(t) exp{s p(e)da}dt,
X2 x2

wo, x, = max '{xo; xl} wie im Beweis des Satzes 3. Folglich

ist fir x z x, und fir alle y{(x)

f'[y'(x)]-% ¥ (x) z0.

So geht mit Hinsicht auf die letzie Ungleichung aus der Be-

ziehung (7) die Existenz eines solchen x3 2%, hervor, dass
fir xz x4

y (=)
£[ ()]
ist und deraus ist y (x) <0 fir x 2 x; .
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Der weitere Vorgang des Beweises ist dhnlich wie beim
Sats 3. P |

Analog wie der Sats 3 und 4 werden auch folgende Sktze
bewiesen: :
Sats 5 . Es sein die Voraussetsungen des Satzes 3 derart
“erfulit, dase anstatt von r (x)==0 fir x = eeund anstatt
.von b/, ¢/, &/ ‘

¥ r(x) +2°(u) >0,

{ o1

[a6) +3 xlom {{ p(oran) acn =

[ AN

ist. . s
Dann gilt die Behauptung des Satzes 3.

Sats 6. Es seien dio Voraussetszungen des Satses 4 so
erfillt, dass anstatt von r (x) =0 fiir x = == und
anstatt von b/, ¢/, 4/

£ (u) -= ¥ .r(x) » 0
2 =

f[iq.(x) '.1!( (!)]pr{g .p (t) dt}dx u o®
a 2 B o

Denn ist die erste Ableitung jeder I..Saung der Gleichung (1),

die im Intervall <aj>=) existiert, im Intervall _~sa;o=)
ossillatorisch.
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O nelineérnej diferenciélnej rovmici v tvare
Y ' +p(x)y +taq(x) £ (y)+r(x) b (y,3)=0

LADISLAV MORAVSKY

Sdihrn

V préci autor dokézal postalujice podmienky na to, aby
prvé a druhéd derivédcia riedenia diferencidlnej rovnice

(1) y""*p @)y ™*a(x)e(y)+r(x)h {33y D=0

bola neohranifenéd a godmienky, aby rieSenie so svojou prvou
a druhou derivédciou bolo ohranifené v <a,e=). Dalej uviedol
. postadujice podmienky, za ktorfch prvé derivécia rielenia di-
ferencidlnej rovnice (1) mé nekoneine mnoho nulovych bodov
v intervale <a,e=). A

Pemenue auddeperumarvuoro ypasuenns Y™ + p (x) y* + a(x)f (y')+

+r(x)h(y,y*) = 0

JAZVCJIAB MOPABCKH
Peabpue

B paGoTe jgokaseHH noCTaTOUHHE YCJAOBMA LJAX TOrO,
YTOOH peuwenue AuddepeHUUBALHOrO ypaBHEHHMSA
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T+ p(x)y" + q(x)f (y°)+ r(x)h (3,5 )= 0

BMECTe C nepioﬁ u BTOpOf NPOMBBOAMHNMN OHAM OPPDAHMUEHH B Laj-e)-.

B larbHefimeM. NOKASAHH AJOCTATOUHHE YCAOBMA, LA KOTOPHMX
nepeas NpousBOLHAS pemeHus ypaBHeHusd /1/ uMmeer GecKOHeu-

HO€ YHUCAO HYJEBHX TOYEK.

Eingegangen am 25. VII. 1972,
in Verlag am 8. Juli 1974

Adresse des Autors: Katedra matematiky V3T, Kodice, Svermova 3
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(ACTA F. R. N. UNIV. COMEN. — MATHEMATICA XXXII, 1875) -
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXII - 1975

Planarne mapy s predpisanymi stupfiami vrcholov
a oblasti

MARIAN TRENKLER, Kosice

Gvoad

Nech py (M) resp. v (M) ozna%uje poZet k-uhclnikovych
oblasti ( k-uholnikov) , resp. k-valentnych vrcholov plenér-
nej mapy 'M so sivislym grafom.

PoloZme si nasledujicu otdzku: Ak méme dand dvojicu
postupnosti p = (pl’ Pps Pysees) 8 ¥ =(v1, Vo v3,...)
z celych nezépornych &isel, ¥i existuje takd planédrna mapa M,
pre ktord platf P (m) = Pys vk(M) = v, pre vietky k# 4.
Ked@ takdto mapa M existuje, hovorime, %¥e dvojica postupnosti
P, V Je realizovatelné.

Z Eulerovej vety vyplyva nasledujica nevyhnutné podm1en-
ka na realizovanie dvojice p, v

Z (4=k)(p *+ v ) = 8. (1)
k=1 ‘ '
Dal8ia nutnd podmienka je Z kpk 0( mod2) (2)
k=]

V tejto préci je dené nutné a posta¥ujica podmienka
ne realizovanie denej dvojice postupnostf p, v. V Bpecidlnom
pripade, ked plat{ p.k' =V = O, pre k=1,2 odpoved na uZ
poloZeni otézku dévaju préce [1] a [2]. Na rozdiel od
* tychto préc pri pouZit{ kon3trukcie opisanej v tejto préci
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mapa M obsahuje podstatne menii poéet 8tvoruholnikov a
Stvorvalentnfch vrcholov. . : P

Né3 - vysledok je efomulonny"v ﬁa_eleduj\icej vete:
V et a. Dvojica postupnosti p = (pl, P,s P3s eos)s
v = (vl, \PY) v3,...) z celych nezépornych &isel je realizova-

tol’né préve vtedy, ked epliia podmienky (1), (2) a odliZuje
‘sa od dvojfc spliiajicich podmienky

Py = v, = O pre vietky k7 0 (mod2) a E v = 1(moa2).
e k=2(mod4)

(3)
D8k az. Najskdr dokédZeme, %e dvojica postupnosti p, v
spliajica (1) ,(2), (3) nie je realizovatelns.

MAIKEVITCH dokézal [3, str. 16], Ze dvojica p, v nie
je reslizovateInd, ked eplia (1), (2) a platf p = v,= 0
pre vetky k# O (mod2)a Z W= 1.
~ k=2(mod4)

' Predpokladajme, ¥e dand dvojica postupnosti p, v spliia-
jéea(l), (2), (3) Jje realizovatelnd; z toho vyplyva, Ze
existuje prielusnéd mapa M. V tejto mape spérujme navzdjom
vietky - 2(mod4 ) - vaelentné vrcholy, okrem jedného. Pre kaZdu
dvojicu vrcholov, ktoréd vznikla epérovanim, zvolme Jjednu jed-
noduchd cestu, ktoré ich epéaa. KaZdu hranu tejto cesty dopl-
nime dvoma novymi hranam, ktorych vrchol,y budﬁ totoZné s
vrcholmi dopﬁhne.) hrany. Tskymto doplnenin hrén zvi&si sa
ndsobnost vietkjch vrcholov zvolenej cesty o Styri, okrem dvo-
jice 2(mod4) -valentngych vrcholov, ktoré sa stand O(mod4) -
' valentné, prifom vznikmi len dvojuholniky. Tekto vznikne mapa,
ktord podlXa uZ urcdenej vety neexistuje. ;

Ze podmienky poetaéu:jti, dokéZeme tak, Ze xe ka%dd dvojicu
poatupnoati p,v ‘spliajicu nevyhnutné podm.enk;y, Opﬁene kon-
struxeitu’ -apy M, ' ktord ‘obsshuje predpisany polet k-uholnikov
a k-hhntnﬂ’ch vrcholov pre v!etky k#, !tvoruholnikov a !tvor—
valoanh mhoiov.



I. Nech platf > v=0
: k*5 ,
I.1. v, =0 (mod2) -

Pri kon3trukcii vyjdeme podla potreby 2z jedhej zo Stvor-
valentnych mép M, lz'alebo IB. Mapu M, pouijeme vo vietkych
pripadoch, ke? 8 & O(mod2) a siZasne neplatia obe nasledujice
podmienky p; *+ p3 = 0, v; # 0, mapu M,, ked e = 0(mod2) a
nemdZeme pouZit M, a mapu ll3 v @ ipade, ked s=1 (mod2) ,
kde & = Z(k-4)pk :

k>5 ; ‘

Mapa M, (obr.2) obsahuje jeden s-uholnik AlAz . 5 Qg
"‘Bl’ 28-5 3tvoruholniky a 8+8 trojuholniky, ktoré ozna&ime
podla Obrézku u;, Usjees,lg ty) tz,...,te. Mapa M, ( obr.3)
obsahuje jeden s-uholnik A ...AE % eeeBy 2s-7 8tvoruhol-

niw a s+8 trOJuholniky u1’ 2, e ,u6, tl’ ° .ota+2 ° uapa lj

(obr.4 ) obeshuje s-uholnik AjAy <. Ag+1Bgo1.. .B s 28=6
2 2

8tvoruholniky a s+8 tro,;uholniw “1""“7’ 1""’te+1 .

Dalej vytvorime z s-uholnika Py k-uholnikov, k?.S. Naaekér
opiSeme ich vytvérame v mapéch I1 a ll

~ Nech k=2m a pkfo. Vyberieme bod Rl na hrane A _,A &
bod R2 na hrane Bm 1By° Spojenim’ Rl 8 R novou hranou vznikne
k-uhoélnik Al...Am 1 1R28 .Q'B].O. Vrcholle, % sd tr?ava-
lentné; aby boli étvorvalentné‘ spojime ich cestou pretfnajicou
len tri Stvoruholnfky tak, aby vznikli dva ltvorvalentné Vrcho-

ly a tri étvoruholniky. ‘

Steny 8 neprérnym poétom hrén budeme vytvéraﬁ po dvoax-
ciach okrem jednej, ke@ 8 je nepdrne. Nech k=2m+l a t=2n+l,
priéom pkfo a pti‘o. Pre jednoduchost indexovania predpokla-
dajme, %e z s-uholnika zadiname vytvdrat k-uholnfk s t-uhol-
nikom. Najekér vytvorme 2 (m+n-1) -uholnik
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U, 2 _ . b obr.2

B, B 5 By
A, A Ag
t, . ul,
A, U, ug A‘? obr.3
B, 8 B
A A, D Aga
ty L
u X0, >A
u - - - = 0br.4
B, s Byt

AyeecAp 0B RoB L pe¢+B) « Vyberme bod Pl na hrane

Ap_qAyy Dod P, na Bm_le , bod Q, na AjA L., a bod Q, na
BmB‘md, r'esp. Ql na hrane Ale a Q2 na BmRZ’ ked t=5. Spoj-
me P1 hranu s Q2 a bod P2 8 Q1 cestou d]fiky dva pretinaji-
cou hranou P1Q2. Takto vznikne dvojica nepérnouholnikov a dve
$tvoruholniky XPlAle' a Xp,B Q2, kde X je spoloény vrchol

cesty P102 8 Ple . Rovnako ago vy83ie vytvorime z trojvalent-

nych vrcholov 1°1,P2,Q1,Q2 Stvorvalentné., Na obr. 4 je 5-uhol-
nik s 9-uholnikom.
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obr.5

Takto vytvorime vdetky predpisané k-uholniky, k * 5.

Vytvréranie k-uholnikov, k=5, v mape -2 Je podobné.
' Ked existuje také k=2m+l, Ze pkfo, potom vyberieme body Rl
na hrane AmAm+1 a R2 na Ban+1 a ich spojenim hranou vznikne

k-uholnik a @al3{ postup je rovnaky ako vyS3Zie. Ked takéto k
.negxistuje, potom ka%dd4 stena vznikne rovnako ako prvy nepér-
nouholnik v mape M

1

Dalej vytvorime z trojuﬁolnikov postupne v, trojvalent-
nych vrcholov, P, dvojuholnikov, Py Jjednouholnikov a 2
Jednovalentnych vrcholov. Pritom plat{ zdsada, Ze okrem nie-
kolkych vynimiek, pozmietiame trojuholniky v nasledujicom po=-
rad{ Wy Ujpees,ly, t, tz,...,;j, LIPCEETTR kde i=4,
j=s, k=8, ked@ sme vychédzeli z mapy M ; i=3, j=s*2, k=6 pri
M, a i=4, j=stl, k=7 pri pouZiti M3.

a)/ v1=0, py +p3 =0 (mod2)

V tomto pripade za zdklad kondtrtkcie sluiZi mapa ‘1'
Zo 8tvorice trojuholnikov so spoloinym vrcholom vznikne
8tvorica trojvalentnych vrcholov a pét 3tvoruholnikov, ked
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spolo¥ny vrchol nahradime 3tvoruholnikom. Ked@ potrebujeme len
dva takéto vrcholy, potom do tohto 3tvoruholnfka doplnime uhlo-
prieku. Dvojicu trojvalentnych vrcholov a tri &tvoruholniky
vytvorime z dvojice tfojuholm’.kov tos. 1’ togs i=1 2,...—;-,

ked@ na ich hrandch, ktoré si siasne hranami jedného §tvoruhol-
nika, vyberieme dva body a tieto spojime novou hranou.

Dvo;juholnﬂc vytvorime z dvojice trojvalentnych vrcholov
spojenych hranou, ked ich spojime eéte Jednou hranou.

Dvojicu dvojvalentnych vrcholov vytvqr:(me z dvoch dvoj-
uholnikov, ktoré vznikli. zo Stvorice trojuholnfkov so spolo&-
nym vrcholom, alebo 3tvorice trojuholnikov ¢, jreeeatyy +3 0
~ i=1,3,..., alebo 8=1l. Tieto dvojuholniky s 11+3x 5tvoruhol-
nikmi (x Je polet bodov vybratych na hrane 1 +3 72 pri vy-

tvérani k-uholnikov, ki5 ) tvorla suv1slﬁ Zast mapy, ktord
je ohraniZené grafovou kru¥nicou /~. Na obr.6 ‘je / nekre-
slend hrubou Ziarou. Rogrefme mapu pozdl? / a k Zasti obsa-
hujicej dvo;juholniw vytvorme duélnu ¥ast (&iarkovane nakres-
lené na obr.6) . Oznaime f_' kruZnicu z hrén spdjajicich .
vrcho]q priradené dualizdciou tym étvoruholnikom, ktorych hra-
ny boli hranami I". Prétoze poget vrcholov [~ aj ,Je rovnaky,
mbZeme obe Zasti spojit tak, .aby vznikla mepa, Vv, ktore;j na-
m:.esto dvoch dvoauholnikov budnj dva dvoavalentné vrcholy. ( obr.7)
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Jednouholnik vytvorime z trojice trojuholnikov so spolo&-
nym vrcholom tek, ako je to na obr. 8., Ked tekdto trojica tro-
Juholnfkov nie je k dispozicii, vytvorime Jju postupne‘'tak, ako
Jje to na obrézku 9. : : :

/ /
—
N N
obr.8
R4 —_
—> -
'\
obr.9

ay/ v,= 0, Pi* P3= 1 (mod2)
V tomto pripade za zéklad konétrukcle slu§1 mapa M3

Postup kon3trukcie Je rovnaky ako v a /, 1ba nav1ac musi-
me opisat vytvorenie dVOche troavalentnych vrcholov 2z trogu—
holnikov U, =a u7 « Tieto vzniknd spolu s. dvoma Stvoruholnik-
mi, ke@ spolo&ny vrchol tychto trojuholnikov nahradime hranou.

bl/ v1¢ Cy Pt }:’3’é °

V tomto pripede postupujeme rovnako ako' v él/ alebo 82/.
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[Z%:] dvojic jednovalentnych vrcholov naviac vytvorime 2z
rovnakého poétu jednouholnikov tak, ako je to ¢iarkovane na-
kreslené na obr. 10. Pred vytvorenim tychto dvojic jednouhol-
nikov nevytvorime v3etky jednouholniky, ale iba jeden, alebo
Jeden trojuholnik. Ked vy Jje nepérne, potom aj "v3 Je ne-
pérne &1islo. Dvojicu jednovalentny a trojvalentny vrchol vytvo-
rime z jednouholnika a trojuholnika podobne, ako dvojicu jed-
novalentnych vrcholov.
b2/ vlf o, Pyt P;= 0

Pri kon3trukcii vychédzame 2z
mapy M2. Postup kon3trukcie je podob-
ny ako vy38ie. V tomto pripade vznik-
ne dvojica jednouholnikov, z ktorych
vytvorime jednovalentné vrcholy,

‘ ked .sme predtym pozmenili pérny po-

« obr.10 get %rojuholnikov na iné predpisané
oblesti a vrcholy. K zmene ddjde vo vytvédrani trojvalentnych
vrcholov, a teda-aj dvojuholniﬁov a dvojvalentnych vrcholov,
ktoré budeme vytvérat z dvojic trojuholnikov tirt
i21,2,...,8-1.

i+2?

- T52 v, = 1( mod2)

a/ E Py 2.

5€k=1(mod2)

Kead pi>2 a i=1 (modZ) definujme novi dvojicu postup-

nosti p’, Vv nasledujicim spdsobom
’
P} =p;-2
P! -
i-1 Pi + 2
PP =5 : s
k k pre vietky k#i, i-1,
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< o
cte Ne
n

= v, pre vietky t#2,

resp. ked dva rovnaké nepdrnouholniky nie si predpisané, potom

pi = pi -1 kde pifo, pj¢09
p’ - i,j=1 (modZ)

§=3 S Piag * 1 ’

’
s ERycd

, =
Pj-1 = Pja*1
pi =‘pk pre véetky k#i, i'lg jl j‘lv
vé = V2 -1
vi = v, pre vietky t#2.

Nech plat{ silasne vj#0 a pi+p3=0. Najsk8r zostrojime

mapu 8 py k-uholnikmi a Ve k-valentnymi vrcholmi, pre vietky
k, v ktorej dvojica (i-1) -uholnikov, resp. jeden (i-1)-uholnik
a (j-1) -uholnik maji spolond hranu. Na tej vyberme bod,
ktory bude dvojvalentny vrchol.

Nech si¥asne plati vifO a pi+p§=0. Najsk8r zostrojime
mapu, v ktorej budi v3etky predpisané vrcholy okrem jedného 4
dvojvalentného a vietky predpisané steny s dvoma trojuholnfikmi
naviac. Tieto trojuholniky musia byt umiestnené *rk, aby cesta
pridané pri vytvédrani dvojice jednovalentnych ~ cholov z dvoch
jednouholnikov (bodko&iarkovanéd na obr. 11) pretinala 3tvor-
uholnik, ktorého dve hrany st hranami trojuholnikov. Deldf:
postup je nakresleny &iarkovane na obrézku 1l.

obr.11 b/ E P = 1.
54k=1(mod2)

S DAY . V tomto pripade postupujeme po-
dobne ako v a/. Dvojvalentny vrchol
vyberieme na hrane AsBs’ ktoré pred
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vybratim tohto vrcholu bola spolonou hranou (k-1) =-uholnika,
P#0 & k= 1(mod2) a trojuholnika.

c/ P =0 pre vdetky 5<kz 1 (modz) .

Ke@ p,22, resp. v_22, zostrojime mapu, ktoréd obsahuje
vBetky predpisené vrcholy a oblasti okrem jedného dvojvalentné-
ho vrchola a dvoma trojuholnikmi naviac. Tieto s dald3imi dvo-
ma trojuholnikmi, resp. dvoma trojvalentnymi vrcholmi vzniknui
z trojuholnikov Ug, Ug, Ugy Ug, V oboch pripadoch méZeme dvo-
Jicu trojuholnikov zostrojit tek, aby mali spolo&nu anu, na
ktorej vyberieme potrebny vrchol. Xed plat{ [83 + %3 = 0,
potom plﬁl -alebo vlﬁl « Postupujeme rovneko ako VyS88ie, roz-
dielne bude len vytvorenie dvojvalentného vrchola. V prvom pri-
pade je toto nakreslené giarkovene na obrézku 12 a v druhom
na obrézku 13,

- -

I’ - . \\
[ )
| 1
: :
| P A
I ~31-7 Lo
[ x N,/
[} [l
| ]
] ]
|‘ " )
.\\ /
obr.12 obr.13
-
IT1. E P = (0]
k>
. »
Najskér zostrojime mapu M , ktoré obsahuje Vi k-u-

holniky a Py k-valentné vrcholy pre v3etky k. PoZadovanu
mapu dostaneme, ked urobime dudlnu mepu k M*
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III. j{: Py £ O, j{: v '# O

k=5 k=5

a/ Nech siZasne neplati neplat{ PV, =0, pj-l, ‘1

zz:j(k-4) p? 2 (moe3) .

k=25

Najekdr rozlo¥ime dané postupnosti na dve dvojice postup-
nost{ r= {r } ’ wr'{wk} a r’=s {rk} w’= {wﬁ} tak, aby

pletilo P = Ty + rﬁ a v + wk pre vietky k#3,

k- Yk
= + ) - 2 ”= = + w? ridom dvo-
P3 T Tyt r3 =8 £, M avy =w;+wl, prifom dvo
Jica r,w mé spiﬁat podmienky pripadu I. a dvojica T, w’

podmienky II.

Novo definované postupnosti mo%no realizovet podla 1.
a II. Zostrojme prislusné mapy ‘tak, aby v-oboch mapéch =z
Ujseee,u, Tesp. z tl,...,t1+3, i=1,3,..., alebo s-3, ostala

Stvorica trojuholnikov, ktord pouZijeme pri spéjani oboch mép.

Trojuholniky ul....,u4 resp. t1""’t1+j spolu s 5+3x alebo

8+4x (x Je polet bodov vybratych na hrane 8Ai+3 Aj+s pri
' - 2 2

vytvédreni k-uholnikov, k25,) urduji kruZnicu /—'1 Je nakres-
lend hrubpu &iarou na obr. 14. Ked vynechdme tu &ast mapy,
ktoréd obsahuje trojuholniky, ¥tvoruholniky a Jje ohrani¥end
kruZnicou /—"vznikne stena, ktorej kaZdy vrchol je trojvalentny.
Ked@ je v oboch mapéch polet hrén fﬂ'rovnaky, postupne stoto%-
nime vrcholy kruZnic /' oboch mép, a takto vykonéme spogenle.
V opa¥nom pripade najskér musime zvH&&it pofet vrcholov -’

v jednej z dvojice mép o pérny poéet tak, aby bol v oboch
rovnaky. Toto vykonédme pred vytvéranim predpisanych trojva-
lentnych vrcholov tak, %e na r vyberieme potrebny poZet

bodov a tietopo dvojiciach spojime novymi cestami, ktoré vy-
tvoria len dal¥ie 3tvoruholniky. Dve takéto cesty su &iarko-
vane nekreslené na obr. 14.
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- —————————

2 = = % ‘ -
b/ Nech plati P,=v, c, P5 1, Vi€l a E{; (x 4)pkf
e
# 2(moa3 ).
bl/ p, #0

Ked vi#O pre i®6, definujme dvojicu postupnost{ p’, v?
nasledovne

Pl =P "1
’ -
Py =P -1 kde p, #0, k35
Pkl = Pg1 * 1
p3 _ p‘j pre v3etky Jj#l, k-1,k
’ = -
vy vy 1
] =
Yiig ¥ Vip T4
v{ = ¥y pre vietky t#i-2,i,
resp., ked :E: Vg 0
i2e6
vé = Vg - 1
’ =
Vi Ve pre vietky t#5.
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Dvojice postupnosti p’, v’ epliia predpoklady predché-
dzajicich pripadov, preto opisanou kondtrukciou mdéZeme vytvorit
mapu, v ktorej jeden (i-2)-valentny vrchol je vrcholom (i-1)-
-uholnika, resp. tento mé dva 3tvorvalentné vrcholy spojené
hrenou. V tejto mape doplnime chybajici jednouholnik, zvh&S{-
me nésobnost jednej strany a jedného resp. dvoch vrcholov tak,
ako je to na obrézkoch 15 a 16.

"—--._ '-‘~
’
i -1 | S obr.15
‘\
\
N - . \—-‘
"--~~ ‘-_5
s >
i1 ) { - obr.l6
Y
\",— - .

PoZadovani mapu dostaneme z prisludnej duélnej mapy, kto-
i zostrojime, ked pouZijeme bl/.

,_-—-

-
———eo
pmmm——

b2/ 1 0

LITERATURA

[1] BARNETTE D., JUCOVIE E. , TRENKLER M., Toroidal meps
with prescribed types of vertices and faces.
Mathematika /London/, 18/1971/, 82-90.

[2] GORONBAUM B., Planar maps with prescribed types of ver-
: gécgg and faces. Mathematika /London/, 16/1969/,

[3] MAIKEVITCH J., Proprieties of planer graphs with uniform
ggyiggo;nd face structure. Amer. Math. Soc, lcloir,

117 -



Plenar maps with prescribed types of vertices and
‘ faces and l-connected graph

MARIAN TRENKLER

Summnary

Let p_ (M) denote the numher of k-gonal faces and v, (M)
denote the™ nember of k-valent vertices of the planar M
with l-connected graph. The couple of sequences p= ( P1sPos e 2

v=( Vi9V0ee .) of non-negative integer numbers we call reali-

sable if there exists aplanar map M such that (M)= p, and
v.(M)= v, for all k#4, pIn our paper necessary pkand sbfficient

condition ere given for realiasation of the couple p,v.

[lzaHapHse XapTH C OnpeAeseHHO! cTemeHbLD BepUMH

n obaacre#t n cb 1 - cBASHHM rpadpou

MAPUAH TPEHHKJIEP

Pespopwue

Muers o (M) o60sHaYaeT YMCAO K - YrOABHMKOB K B, (M)

ofosHauaeT YMCXO BepmuH K - Tolt cTemeHu naaHapuoff kapTH
¢ 1 - ceasHuHM rpadom. [lapy nocaeroBaTeapHocTelt u=(n1,n2,...)

n=(51,52,) HeOTPMLATEeAbHHX ILEeJNX YMCEX MH HaSHBaeM

peaxxsyemoil, ecam cymecTByeT NAaHapHas KepTa ¢ 1 - CBABHHM
rpajom, xax n_ (M)=nx m B_ (M)=Bx nxs Bcex k#4. B aroil
pedore npupon¥rcs meo6xonBume u mocrarounwe ycaoBua zas
peaiusanum naps n,B.

Do3lo 7. decembra 1972,
do nakladatelstva 8.jila 1974.

Autorova adresa: Katedra matematiky, UJPS 04000, Kodice,
Komenského 14
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(ACTA F. R. N. UNIV. COMEN. — MATHEMATICA XXXII, 1875)
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXII - 19875

O istom zobrazeni normalnej racionalnej krivky K,
do projektivnej roviny Pg

STEFAN NOVOTNY, Nitra

CieXom tohto ¥lénku je predovdetkym zobrazit normélnu ra-
ciondlnu krivku ln projektivneho priestoru Pn’ n23, zo stredu
premietania On._3 do projektivnej roviny Pzg Na zéklade tohto
premietania mdZeme riedit zékladné inciden&né lohy o normélnej
racionélnej krivke K . Ide tu o teké ulohy, ako su: néjst (n+4) -ty
bod na krivke K , ktoré je urfend (n+3) -mi zdkladnymi bodmi;
uréit doty&nicu v jednom zo zékladnych bodov ku krivke Kn a
pod. Takéto dlohy su analogické s dlohami o jednoduchej kuZe-
Toselke, ktoré riedime pomocou Pascalovej vety o 6-uholniku
vpisanom do tejto kuZelose¥ky. Préve pomocou Pascalovej vety
a istého zobrazenia Z, ktoré autor dalej rozvéddza, dajui sa ta-
kéto dlohy jednoducho vyriedit.

Najprv vSak uvedieme niektoré definicie, predtym u? doké-
zané vety a lemmy, ktoré ném posliZia v daldej &asti.,

Nech v projektivnom priestore P‘n’ n=3, nad telesom kom-
plexnych ¥{sel C, je dané normélna raciondlna krivka K n+4 )=
-uholnik (A1A2A3...An.,.An+4) e vrcholmi A, 121,004y n+4,
sa nazyva vpisanym do normélnej racionélnej krivky K » ak body
Agy A. pre ka?dé i#j, i,j=1,...,n+4y1e2ia na krivke Kn; priam-
ky AyAyyy /I=imod(n+4 ) ; i=1,...,n+4/ nazyvame strany uvedeného
(n+4)-uholnik:. Nadrovinu (Aq7y ---Af3; ), urdend bodmi A3
(3=M,...,i+n) nazyvame pritilahlou k strane (Am Am) .
Plat{ Chaslesova.

Veta 1. V(n+t4) -uholniku (A1A2A3...An...An+4) , ktory
‘Je vpisany do normélnej raciondlnej krivky Kn projektivneho
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priestoru P , vytinajui nadroviny (Ai TTATTATTS oA )

Grephrrstpsg - Ay ) (Aybrghyss- - ATz )s % proti-
Tahlych stranédch (Amfm) , (Am&m ) (Amki*'—l)

trojicu bodov lso, qu, 380’ k.toré spolu s vrcholmi ATrssees

A7y, leZia v jednej nadrovine J'Sn_l.

V skrétenom zépise veta znie:

s, = ( ilso i250 i3s° Apg eeeeAry )| kde

ilso & (AFI-AWAF-T s m)n(AmAm—B') ’

i2s° = (ATpATestrge - - AT D) eTemrsiTeg ) » (1)
i330 = (AsyATegAreg- - «ATegrs ) Cprmrghyey ) -

Analyticky sp8sob dbkazu tejto vety pomocou Uplnej mate-
matickej indukcie je uverejneny v zborniku Acta technologica
agriculturae V., Nitra 1971 pod nézvom "D6kaz rozi{renia Pas-
calovej vety na racionélne krivky priestoru Pn", 8. NovOoTNY.

Definicia 1. Chaslesovym bodom S, budeme rozu-
miet priese¥nik nadroviny (AFI"“AEE) 8 protilahlou stra-

nou (Am‘m ) kde body A'j’ ’ -5=-:L+1 geeey i+n, ceey i+n+4
sd vrcholy (‘n+4 ) -uholnika (Ayeeceh . Ap+4) vPiseného do
normélnej raciondlnej krivky Kn.

Definfcia 2. Chaslesovou priamkou S, budeme ro-
zumiet takd priamku projektivneho priestoru Pn’ ktord prechédza
dvomi réznymi Chaslesovymi. bodmi SO,S(;, prifom plati:

S0 = (ATTATATTS Ay ) (Mg oy )

. (2)
So = (ATerrpbrrmrshrsy - - Aysg) NATepapss ) -
Definfcia 3. Chaslesovou nadrovinou isn-l rozu-

mieme nadrovinu zo vztahov (1) .
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Lemma 1. Chaslesova nadrovina 1(3""’nsn_1 ) inciduje
8 vrcholmi A3,...,Ln a 80 3iestimi Chaslesovymi bodmi ls%,

182, eees 18, xde

Y5y = (Aghahy veee A A(Apphns) »

12 5 Capdsa, cees A1) (Apeshneg )

132 (agay cee AL00(0,,0), (3>
1gt = (Apiohnsghyeceeh)) A(A04, )

180 % (Ayeeeeh A A ) N(RAL, )

1.6 =
So ® (Agreeetniid) N(Apan,,)
Lemma 2 .Ka%dd Chaslesova nadrovina inciduje préve s

tromi. Chaslesovymi priamkami.

Dékazy lieil 1,2 a definfcie’ 1,2,3 sd uverejnené v zborni-
ku Acta technologica agriculturae IX.,Nitra pod nézvom "Konfi-
gurédcie odvodené z Chaslesovych podpriestorov”, §. NOVOTNY.

Pre n=2 veta 1 sa zmeni na znému Pascalovu

Vetu 2. Tridvojice protiTahlych strén 6-uholnika vpisa-
ného do jednoduchej kuZeloseZky pretinaji sa v troch bodoch,
ktoré leZia na jednej priamke.

V skrétenom zépise veta znie:

iy = Clg 2, 37,9, xae

by o = CAprpares INUpgbpes )

g = Caggphgey N (psigeg ) | (0
by

H (‘i??‘l'ﬁ)“(‘ﬁ‘é‘ﬁi) s» priZom T = i moas,

1.1’0000,60
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Definfcia 4.Priesedntky 2j7,, j=1,2,3, protilanlych

strén 6-uhslnika (‘1"“"6) s ktory je vpisany do jednoduchej
kuZeToselky K2, budeme nazyvat Pascalove bodye

Oznalme (n—3) -rozmerny podpriestor urZeny Iubovolnymi
(n-2 ) vrcholmi (n+4) -uholntka (AjeeccAjeeeA ) vpisa-
ného do normélnej raciondlnej krivky Kn projektivneho priestoru
P, ako Op_3 = (Ag,gecechy), T=1 mod(n+4 ) , i=0,1,.ec.,n,
ecen™4, -a nazyvajme ho stred premietania. Body Ay +3’°"’Ai o
si Tubovorné (n-2) vrcholy daného ( n+4)-uholnika. Dvojroz-
mernd rovinu Py, ktord neinciduje ani s jednym z bodov Am,..
oyATony budeme nazjvat priemetiia., Premietanie podpriestorov
Pp,p='0,1,...,n-1, zo stredu premietania On‘_.3 do priemetne P2
oznalujme Z.

Veta 3, Vpremietanf Z zobrazuje gy normélna racionédlna
krivka Xh do jednoduchej kuZeloseZky K, a Chaslesova nad-

rovina sn-l’ incidujica s podpriestorom On_3 sa v ‘tomto gzo-

brazen{ premieta do Pascalovej priamky 7 1° '

D6kaz. 1. Oznadme (A ceced ., ) ako (n+4) -uholnik
ASI. n "nﬂ

vpisany do normélnej racionélnej krivky K, projektivneho pries-

toru P_ a stred premietania O 2 (AjeeesA ). Obrazy azvys-
n n=-3 3

nfch 6 vrcholov v premietant Z oznalme “1' ‘2.' ‘n+1"n+3’

‘n+4"n+2 ¢
2. HTadajme delej obraz Chaslesovej nadroviny S _, =
= (1sislsZsisls?s! 1s) 1s8a5..en, ) uvedenej v lemme 1. Plat:
Spy NP, ® T 1» kde T 1 Je prismka a to preto, Ze podpriee-
tory S,_, @ P, sa pretinaju préve v priamke.
1l 4 2 5 3 6 1 4
3. Body Y, S, Io,kde T = (L4 n

(-] o

 Ravrknes ) 0 270 8 (Kokouy D n(hnusney ) o 37§ 2
% (Lpe1Kne2) N(hyeyhy) o 10250 na prienke 7, .
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4. Z obrétenej vety k Pascalovej vete 2 vyplyva, ¥e body
‘1"2"n+1’~‘n+2"n+3 "nﬂ leZia na nejakej jednoduchej kufe-

Toselke K, a Z, je vzhladom na 6-uholntk ( ‘1‘2‘n+1‘n+2‘a+3
‘nﬂ ), vpisany do kuZeloselky K,, Pascalovou priamkou.

Uloha 1., V projektivnom priestore Pn,n*3, si dané body
Aygoceshyshgyeceshpyece,hp,, v pokte (n+3) tek, Ze %iadne
z nich v po¥te (n+1) neleZia v jednej nadrovine. Tymito
(n+3) -mi bodmi Je v priestore Pn urdend normédlna raciondlna
‘krivka ‘n' Y priestore Pn zvoIme bod X tak, aby s bodmi
Agresochhpyeec,dpl, v po¥te (n-1) -urfoval jednozna¥ne nad-
rovinu @ .. Treba ndjest (n+4) -ty bod Ay krivky K tak,
aby lelal v nadrovine { _ ..

nNed
“~ /¥
n+3(%2) N3, /

AN/
~.

obr.l17
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Riesenie (Pozri obr. 17 , kde je znézornené riesenie
pre n=3) : :

1. Povafujme rovinu 7 a ('A1A2A3) za priemetiiu a (n-3)

-rozmerné podpriestory O . &( A; ....A; A P ™ )
=3 T T " iy
ktoré si urdené niektorou skupinou (n-2) bodov g bodov Agsy--.

XYY NOTRTTIY W (v po¥te n-1) za stredy premietania.

Vieme, Ze polet takychtor skupin je j= (:::ZL) =n~-1., Ak vyne-
chéme i-ty bod, i=6,....,n,n+l,...,n+4, z bodov A6"""‘n’
An+1"""n+4 » - 0znalime stred premietania o Takéto pre-

on_3
mietenia budeme oznalovat “Z.

2. Oznaime spoloZny bod priemetne T a podpriestoru Pn-25
E(Ageosch A 1eeed Ly Deko A .

3. Premietajme bod A4 do priemetne T 2o stredov pre-

mietania i'On_..’ a jeho priemety oznalme iA4.Pr.ieletom vynecha-
ného bodu ‘i’ i=6y¢..yn,n*l,....,n+4, v tychto projekeidch bu-
de stdle ten isty bod Ao'

4. Body ‘1"2"3 v premietaniach “Z budy samodruZné a
epolu s bodmi A, 1A, urfujs pre ka2ds i jednoduchs bodovs

kuZeloselku il(z. Toti¥, Ziadne tri body Ak,Ar,A.,k##e, k,r,s=
= 0,1,.0¢4, z bodov Ao,Al,gz,A3,A4,nelezia na jednej priamke.
Keby nejaké takdto trojica bodov incidovala s jednou priamkou,
potom v jednej nadrovine, urZenej podpriestorom Pn-2 a nie-
ktorym z bodov AI,AZ,A3, by lefal aspoii jeden dal3{ z bodov
Al‘""ApAs'""An'Anﬂ”""Anﬂ‘ Znamend to, Ze v jednej
nadrovine by lefalo (n+l) danych bodov, &0 je v spore s pred-
pokladom lohy.

5- Nadrovina @ a=1 s (Asooo .AnAn'.'l...An""x ) pretina
priemetiu Z v priamke 7 1» ktoré prechédza bodom A .

i

| 6. Ak poufijeme Chaslesovu vetu re ( n+4) -uholnik
( ‘1000.‘“‘”*10‘0 o%) w1‘m do krivky Kn' vtedy pre i‘n*4

plati:
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n+4 =
On_3 = (Aso-o.An n+100¢%*4 )

( AA N (AAAGe A A L. n+3 ) 2 Sg s
(ApA) N(AGAqeseh A reeed X ) =

3 1
(A3A4)/7(A6A70000An‘n+1000. n+4A1) = 0 N kde

1l =¢ 11 2.1 3 3 -
Sn_l H ( So So S% AG""AnAn*l'”An*J ) Je Chas
lesova nadrovina .

Zatial o Chaslesove body 1 ’ 3 % 8i predchéddzajicimi vatuh-
mi ur&ené, bod lsl nie, pretoie bod A5 nie je dany. Aviak Sn-l

2ql 3.1
T C OO e . e “;;_1
pretina prienetﬁn T v Pascalovej priamke 481 /n+4(
™4 (3s1) / pre 6-unolntk (A A 407 44,244, ) vptsany o
kuZeloseZky = 4x2. Pascalove body n+4( 2s )_’n+4 381') ndjde~

me pomocou Pascalovej vety 2 takto:
(aA) (a4, )= ™ (3sl),
(2,000, =™4 (%),
(a8 PHis 5 B¥4( 1sl).
Hadany bod "a, = @) 1 /™4 2 (251 /. Néjaeny

boda ° 4A5 Je priemetom bodu As v premietant * 4Z. Z predché-

dzaaﬁceho vyplyva, %e bod A; le¥{ v( n-2) -rozmernom podprie-
5

n+4
store O xn 2 S(Ageseeh, Ane18neoAnes ﬁs) ktory je obsiah~
nuty v nadrovine P n-1*

7. Nech dalej platf, %e i=n+3. Vtedy "0, . =(Aq--
"%An+1Ln+2%+4) Je stred premietenia. Toto premietanie bu-

.
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deme ozna¥ovat %'z o priemet bodu A, v flom ako "n*3A4. Opst
pouZijeme Chaslesovu vetu a budeme skimat Chaslesovu nadro-
vinu Sp-1? incidujicu so stredom premietania 3O -3° Plat{:

(AR )N (AyAghgeee A A g A oA L, )= 1s1
(ApA)N(Xhge oo ehphn i Anuohne3hney ) 2 252 °5 »

3 2 3 X
(A3 4)/7(A6...'ADAB+1AD*2AR+4 n+3A1) = O ] O ’ prléom
Chaslesova nadrovina 2sn--l - (lsg Zsf, 33%‘6""‘:1‘::+1‘n+2‘n+4
s 1s
n*4 ) = Sp-1°

Cheslesova nadrovina S 1.Je n bodmi s2 38 ,A6,....,An,

doetatoéne ur&ené a pretina priemetﬁu Z v Pas-
Anv1vAne2rAney
calovej prismke ™" 351 s /%3 (252)n+3 (382) /, pri&om

n+3 (3s§) 5(A3n*3A4)n(A°A1) a 0+3 28 ) = n+4 (251) i

+ + + +
w3 (1s2) 2(AAN M3y @ P =/ Q0 M, m3(3s2y s
Jje priemetom hladaného bodu A5 v prem.etani n+3,,

Opat plati, Ze bod Ag le#f{ v (n-2)-rozmernom podpriestore
n+3 n+3 n+4
Xp-2 S (AgeeechhAniohne A5 ) ¥ 7 Xy o0

8. Takymto spdsobom by sme mohli pokraovat dotial, kym
by sme nevyli¥ili kaZdy bod raz z podpriestoru Pn-2’ Ku kaZ-
dému vyld¥eniu jedného bodu A i=64e%ee,yn,ntl,.,s,nt4 existu-
je premietanie “Z a priemet 1K2 normélnej raciondlnej krivky
Ko Ka%dy tekyto priemet je jednoduché kuZeloselka, patriaca
do gvhzku kuZeloseliek

AR, a3, =0, (pyamy) #(0,00 (5)

Ku kaZdej kuZeloselke "K prislicha Pascalova priamka
) incidujica s pevnym Paecalom bodom P*4 ( sl ) & /(AZAJ)
N ?1/ Najpodstatnejiie je v3ak to, Ze bod A5 lezi v dal3dom,
novom ( n-2) =-rozmernom podpriestore - -(A6°"Ai i+1"

YW SRV S, W
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9. Vieme, %e polet premietani iz je i = n-1, a teda aj
podpriestorov iXh_z Jje n-1, priZom kaZdy takyto podpriestor
leZ{ v danej nadrovine § . a obsahuje bod A . Nech n’'= n-1.
Potom an mOZeme povaZovat za mrojektivny priestor a podpriestor
1Xn:; za nadrovinu tohto podpriestoru. PretoZe nadrovin ixn;l
Jje n, potom ony urdujdi hladany bod As.

Uloha 2, Vprojektivnom priestore P, 23, nad tele-
som komplexnych &isel C si dané body ‘1”""4"6"""!:'
An+1’°""n+4 v po¥te (n+3) tak, Ze ¥iadme z nich v po&te
(n+1 ) neleZia v jednej nadrovine. V bode A, treba urdit do-
tynicu t k normélnej raciondlnej krivke Kn, ktord je dany-
mi bodmi urdené.

obr.18
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RieSenie /pozri obr.18/.
l. Nech pro&ovéetkjl plati: A43A5. Podobne, ako v pred-
chédzajicej Wlohe, pouZijeme tie isté premietania 1Z, i=6,..

eeyNyntl, ... ,nt4, pomocou stredov premietania O -3 = (A. oo

7
"Ain‘i ...Ai v ) do priemetne T = (Al 2 3).

Podpriestor P o = ( n6""‘n‘n#1"“a+4) pretina priemetiiu
ﬂvbode;.

2. Ak premietne bod A4, potom v jednotlivych premietaniach
iZ dostévame obrazy 1A4 bodu A4. V kaZdom pripade bod A spo-
lu s bodmi AO,AI,AZ,A3,X4 urduje jednoduchu kuZeloseéku lKZ.
Tédto kuZeloselka je priemetom krivky K v premietani z.

3. Popocou Paaca}ovea priamky znémym spdsobom zostrojime
doty&nicu t4 v bode A4 ku kuZeIoaeéke 1K . Této dotyénlca
spolu so stredom premietania 0 -3 tvori nadrov1nu ’[n-l’
ktord md dvojbodovy styk s ervkou Kn v jej bode A4. Nadro-
vina 1; 1 Je sﬁéasne tangencidlnou nadrovinou kvadratickegj
kuZelovej nadplochy A typu (n-2) , ktoréd obsahuje krivku
Kn ako podvarietu rozmeru 1.

4, PretoZe poéet premietani Z zo stredov 0 Jje préve
n-1l, aj po¥et bodov A4 a Jednoduchych kuzeroseélek 1K Je
n-1l. Ak zostrojime doty&nicu 1t v kaZdom bode A4 ku kuZe-
Yose&ke 1K2 zvizku (5), vtedy dostédvame n-1 tangencifl-
nych nadrovin i n-1 kvadratickych kuZerovych nadpléch 1Q .
Spoloény priesek nadrovin ¥[’ -1 Je hTadané dotyé&nica t4
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One projection of the curve K in the projective

Lx

2

space P, n=3

STEFAN NOVOTNY

Summary
Let Z be a projection in Pn n23 with the centre
On-3 and image domain space P,. A normal rational curve K of
Pn is mapped by Z into a regular conic. Using the Pascal

theorem about a normal rational curve Kn two problems, simi=-
lar to those about the regulare conic, are solved.

06 oZHOM OTOGpaXEeHMM HOpMaJbHO! pauuoHanbHol KpubBol Kn

B NPOGKTUBHOM NPCCTPAHCTBE Pn’ n&3

CTE®AH HOBOTHH

Pespopue

B npenasraemolt pa6ore oTobpaxaeTcss_HOPM&JbHAA PaNUOHAJbL-
Haa xpubas K_npoekTuBHOro mpocrpaHcrsa P, n23, ua ueHrpa
0,_3 B mnpoekTumpHyp naockocTs P,. Takoe otob6paxeHue 0603HA-
de?cs 3. O6pasoM kpuBO# B eroﬁ oTro6paxeHuu sABJASAETCAHe
KOHMYeckoe ceueHue. Ha ocHoBe Teopemu [lackafs o HopHaabHOM
pauuoHaabHolt kpuBo# K wu cBolicTe oTo6paxerus Z, pemaeT aBTOD
LBe 38184y O KpuBoO# Kn,xomopne AQHAaJOTMYHH 3878YaM O HEeBHpPOX-
LEeHHOM KOHVUYECKOM CeueHMu Ka.

Do8lo 11l. méja 1972, )
do nekladatelstva 8.jila 1974.

Autorova adresa: Katedra matematiky VSP, 949 Ol Nitra,
némestie l.mdja.
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