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ON CERTAIN TYPE OF GENERALIZED RANDOM VARIABLES
TIBOR NEUBRUNN, Bratislava

1, Introduction

Generalized random variables which are studied in problems
appearing in quantum mechanics are usualy called observables.
This note concerns so called simultaneously observable. The de-
finitions will be given in what follows, They are given also in [4],
[5] . _The obtained results are completion of some results of [4]
and [5] » concerning the existence of Boolean sub-algebras con-
taining a given set AC L and contained in the logic L. An aplica-
tion to simultaneous observables is given. '

2, Notations and notions

A partially ordered set L with the first element O and the last
element 1 will be considered. L is supposed to be complemented
i.e. to any x€ L there exist an uniquelly determined element x’.

If a<b’ we say that a and b are disjoint or ortogonal. In this
case we write al b. a\/b and a/\b stand for sup {a, bt} , inf

a, b}, if the mentioned exist. If alb then a +b instead of
a\/b 1is used.

L is said tobe a ¢ - logic (cf [4] or [5]) if the following
axioms are satisfied.

1) (a’)’ = aforany aclL,

(2) a=b implies b’s a’,
§3 avva’ = 1, aAa’ = 0, .

4) if aSb, a, BE L thenthereis c€ L suchthat a+c=b,



(5) if ay, ag, ... ap ... belong to L and ai:“__ak whenever
i # k then aj vag +... +a, +... exists. '

L is said to be a s-logic if r’(5) is substituted by (5’) a+bEL
for any a, b€ L such that alb,

If nothing else is said then the word logic will mean a s-logic.

An observable or L - valued measure x is a 6°-homomorphism
from the Borel sets on the real line into the 6 -logic L, i.e,

() EAF = ¢ implies x (E) L x (F), "

(2) if Eq,E,, ... is a sequence of pairwise disjoint elements
then x (E UEsU...)= x(El) . x(Ez) oenes

(3) X ¢)= 0 and x((-oo,oo)) = 1, N

The compatibility of two elements a, b€ L (notation 2> b) ‘
is defined in the usual way, i.e. the elements a, b& L. are said
to be compatible if there exist u, v, z mutually disjoint such that
a = u+z, b=vs+z, f ACL and a<s>b forany a, b€ A
then A is said to be compatible. If moreover for any a, b€ A,
ae—sb, the elements u, v, z belong to a given L,C L then a,b
are said to be compatible in L, (notation a «L0,b).

The compatibility of ACL in a set L,C L means that a Lo
—b for any a, b€ A, ) _

A special type of s-logic and 6”-logic are s-class and 6’-class
respectively (see [1], (2], [3]) Recall that a s-class S is a col-
lection of subsets of a given set{ ) which is closed under forming
of the union of any two disjoint sets and under the complementa-
tions, while the 6-class is a s-class which is closed under
forming of countable unions of pairwise disjoint sets, The exam-
ples of s- classes (6’-classes) which are not Boolean algebras
( 6'—a1gebras) are well known.,

3. Generated logics and 6 -logics

The problem whether for a set AC L. where L is a logic (6'-10-
gic) there exists a Boolean algebra ( 6 -algebra) E such that AC
ECL was many times studied and has applications. In general
the answer is not positive, In what follows we shall give under
certain assumptions a positive answer to this question and we
shall give an application of our solution to so called simultaneous
observables, The difference between our results and those given
in [4] or [5] can be shortly explained as follows. We use neit-
her the condition that L is a lattice which should be used in [5],
nor the condition aesb, a<sc implies aesb\/ ¢ which is usually
assumed.
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There are counterexamples given by POOL (see also RAMSAY
[4]))showing that without asuming the condition aesb, a<s>c =
implies a€©»b vc, the positive answer to our problems may not betrue
even if AC L is supposed to be compatible, But we show that the
answer is positive when the condition for a set A to be compa-
tible in L is substituded by a slight stronger condition., In case
of so called simultaneous observables a result.is ohtaied using
a slightly diferent notion of simultaneous observability ( see be-
low).

Theorem 1, Let LL be a s-logic (o‘-logic). Let ACL and
Lo be the s-logic (6’-logic) generated by A. A necessary and
sufficient condition for Lo to be a Boolean sub -algebra (sub
G -algebra) is the compatibility of A in L.

Note that the above theorem is an analogy of a theorem appea-
ring in quantum probability spaces (see [3] . There is a reason
to formulate and prove such a theorem for logics, since a logic
need not be isomorphic with a s- class as easily follows from a
result obtained in[2].

Proof of Theorem 1. The necessity is trivial, Let us pro-
- ve the sufficiency.

Suppose that L and Lg are s-logics. The proof for 6 -logic
is analogical. Let a€ A be a fixed element. Denote S(a) the set
of all those b € Lg for which aeLoyb.

We shall prove that S (a) is a s-logic.

If b€ S(a) then a=u+2z, b=v+z where u, v, z€ Ly
and u, v, z are mutually ortogonal. Hence us v’, usz,
consequently uSvs Az’ =(v+ z) = b’. So b’=u+c (accor-
ding to (4.) . It can be easily seen that ¢ = b’A u’ (cf [5 propo-
sition 3.2J, Thus ¢ =b’Au’ =(b+u) €Ly. So a=z+u b’ =
zc+u whereu, z, ¢ belongto Ly and zlu, clu, Note that
zlc. Infact, zSb, hence b’S z’ whichimpliesc=b’Au’' S
S z’, We have a,.ﬁ.,b’ which means b’€ S (a).

Now let by, by € S(a), b1l by. We have to prove a‘_L_‘Q,bl +bo.
Under the assumption a =uj + 21, a =ug+ 2y, by =vy + zl,'
bg = vy + z9 where uy, vy, zp, are mutually ortogonal and the
same holds for u,, vy, Zge Moreover the elements w;, v;, z;
(i=1,2) belong to Lo. A

The elements z{, zg are mutually ortogonal because
zy S b= b= z5 , hence zy + z, exists.

Evidently zg + z, = a, Thus

a = (Zl + zz) t a /\(z1 + zz). (1)




Further the sum (bl.’\ z{ ) + (bgy ,\zz’) exists because of the
fact (byAzy") S bySbys (byA z9')".

Now we shall prove that

[(byn2]) + (bynzy)] Lz + 2,). (i)
fact, (biAzy) = b;=b, S z.’ and evidently (by Az )S
(bénz’. ,})Ieélzze g\bl1 %’zl’) S z{ %\ z4 = (z1 \/zz)’ . Anz(ilc}gically)
2 A Zz =(2Zq Zz s S 1
Evidently

by + by = [(byAazg) + (byAz))] + (2, v2,). (i)
Now we shall prove that

[(byAzy) + (bynzy )] Lo, a(zy + 2,) (iv)
We have ‘
aA(3V z)'s afzy = wS vy = (byAz)
and analogicaly
a/\(z1 + zz)’ = (b2 Az, ).
Hence at/\(z1 + zz)’ = l-_(b1 A zl’) + (b2 A zz')]’
and (iv ) is proved.
From(i) - (iv ) " it follows
a o0,b; + by. (Note the important fact that
Z) + 2, € Lo, a Azp + zz)’ € Lo
and [_(b1 A zl’) + (b2 zz’)] € I“o)'

. Thus S(a) is a s-logic containing A. Hence S(a) = Lo . Now
let C € Lo be arbitrary element. Consider the set S(c) of all
those b € Lo for which b<._L£_,c. It can be seen in the same way
as above that S(c) is a' s-logic. From what was proved it follows
that S(c) = L. Thus for any two a, b, € L, we have b€ S(a)
hence a <£'2>b. But aAb exists for any two a, b such that
ae3b (see [5], proposition 3. 7). Moreover the result of [5]as-
serts that aAb =2z where a=u+z, b=v+2z isthe represen-
tation of a and b following from the compatibility. Since our
assumption is the compatibility int L,, we have z = aAb € Lo.

The existence of ay b € Ly for any a, b € L, easily follows
from the fact that ayb = (a’Ab’)’. Thus L, is a lattice. The

distributivity of L, easily follows from [4] Lemma 4. Hence
Lo is a Boolean algebra.



4, Applications to simultaneous observability

If L is a 6 -logic, x, y two observables then x, y are cal-
led simultaneously observable if x(E) L y (F) for any two Borel
sets E, F. A collection {x; (t € T) is called a collection of
simultaneous observables if any two of xt (t€ T) are simultane-
ous observables. The following problem is of interest. Given
a collection x ., of simultaneous observables, does there exists
an observable x and a collect1on £y of Borel measurable func-
tions such that x; = fi(x T) is defined as f( x)(E)
= X [f'](E )] for any Borel set E€)

. The answer is positive in case of two observables (see [4][5]).
In case of arbitrary collection of observables the proof given by
VARADARAJAN works only when an additional condition is given
(see [4][5]). In general the answer is not positive (see [4]).

We shall show that the VARADARAJAN’ S proof works when a stron-
ger definition of simultaneous observability is given. Neither the
condition that L is a lattice nor another additional condition will
be used.

The observables x (t € T) will be called strongly simultaneo-
ously observable if for any t; # to and any Borel sets E, F

E) Lo th (F) where Lo isthe & -logic generated by,
{ T) E any Borel set.

heor em 2, Let 3, n=1, 2... he a countable collection
of strongly simultaneous observables. Then there exists an obser-
vable x and a sequence f,, of Borel measurable functions with
x,(E)= x (fa -l (B )) for every Borel set E,

Under our assumptions the idea of VARADARAJAN’ S proof may
be followed without the assumption of L being a lattice or any
other assumption. The proof uses Theorem 1 and the following
two lemmas(see [5] Propositions 3. B and 3.15.

Lemma 1, Let¥be a countably generated Boolean 6-algebra
of subsets of a given set S, Then ¥ is a & -homomorphic image
of the 6‘-algebra ® of all Borel sets on the real line,

Lemma 2. Let€bea 6 - algebra of subsets of a given set
E andh a & -homomorphism of £ on to a Boolean 6 -algebra
F If x is any & -homomorphism of the system @ of Borel sets
into %, then there exists a real valued functmn f on E such
that f is € -measurable and 3B) = h (f' (B) for all Borel
sets B on the real line,

Proof of Theorem 2. Let X, betherange of x (n=
=1,2,...). The ’s are homomorphic images of @ hence
they are 6 -subalgebras of L. Under our assumptmns nﬁlxn

=




is compatible in the generated 6 -logic Ly, hence according
Theorem 1, L, is a Boolean & -algebra, Lo is evidently coun-
tably generated. By Lemma 1 there existsa & -homomorphism
x from ® onto L,. By Lemma 2 forany n=1, 2, ... there
exists a Borel measurable function f,, such that x, (B) = oc( fx-ll (B)
for any Borel set B,

Added in proofs: While in proofs a paper [6_] appeared in which
a method is given for proving results similar to the theorem con-
tained in [ 3].
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ON THE ISOMORPHiSM OF REGULAR TOURNAMENTS
ALOJZ WAWRUCH, Bratislava

In this paper we consider some properties of the regular tour-
naments. On the basis of these properties it is possible to propo-
se a method of a construction of regular tournaments with m ver-
tices., At the same time the question of their numbers is also sol-
ved, The use of this method is laborious, it can be done however
with the help of a computer.

Let us consider a quadratic matrix R = (ri-) with m rows where
m = 2n+l, n is a natural number. The elements rij have the fol-
lowing properties:

1, rij are not negative integers fori,j =1, 2, ..., m

2, r,,= 0 for i =1,2, ..., m
ii

3. r..+r,, =1 fori,j =1, 2, ..., m
ij i

4.rﬂ+ri2+...+rim=n . for i =1,2, ..., m

5. r1j+r2j+...+rmj= n for j =1,2, ..., m

We will call such a matrix a f -matrix.

Let us have an arbitrary regular tournament /the outdegree and
indegree of every vertex v is equal to n/ with m vertices, where
m = 2n + 1, and n is a natural number. The adjacency matrix R of
this tournament is a m x m matrix (ri-) with rj;= 1 if vy v
is an arc of the tournaments and 0 otherwise. It is clear, that be-
tween the set of all regular tournaments with m vertices and the
set of all § -matrices with m rows there exist an one to one
correspondence. Theorefore we can examine in the following parts
the regular tournaments only with the help of the corresponding

¢ -matrices.



Definition 1. By an E-arrangement of an arbitrary matrix
we understand the exchange of two arbitrary rows and of the same
two columns.

Note 1. By the E-arrangement the properties of the { -mat-
rices are preserved. )

Definition 2., Two matrices are isomorphic, if one of them
after the finite number of E-arrangements gives the other,

Definition 3. Two regular tournaments are isomorphic, if
their correspondent § -matrices are isomorphic.. ~

Definition 4. We will call the matrix Hy = R R, where R
is the transposed matrix R, the characteristical matrix of the or-
der of zero of the matrix R, briefly X,-matrix of the matrix R.

Note 2. If R is a § -matrix, then the elément h; of its x -
-matrix H, gives the number of units, contained in ghe i-th row
and the j-th row of the-matrix R in the common columns. We in-
dicate here some properties of the X,-matrices:

1. The % y-matrix is a quadratic symmetric matrix with a not
negative integer elements where

hzi = n for i=1, 2, ..., m,
hij<n for i#j.

2. For the elements of the matrix H holds

nh° +ho. *oeee +h;)nj=n2forj51, 2, v.., ﬁ,

1j ~ 2j
o o o. _ 2 - .
hﬂ +h12 o...+him-n fori=1, 2, ..., m,

3. Let us consider some % -matrix R and its corresponding
X o-matrix H,. After an E-arrangement of the matrix R we ob-
tain a matrix R’, Then we obtain the %o-matrix H:) =R’ R
from the matrix Hy by the accomplishment of the Same E-arran-
gement,

Definition 5. We will call the matrix H; = H._1 Hi— where
H, =R K, Ris a § -matrix, the characteristical matrix of the
order i, briefly the Xj-matrix of the matrix R,

Note 3. The property 3. of the Xo-matrices have also the
x j-matrices of the higher orders in their relation to the X ;-ma-
trices of a degree smaller,

Definition 6. a/ We call the row-structure of an arbitrary

¢ -matrix with m rows a vector

P = (P Pye.p ),

where Py * rklf'rkzo...+rlcmfork=1,2....,m



b/ We call the columnial-structure of
an arbitrary § -matrix with m rows a vector

a=(qay...q )

where = r + +

U = Pyt ot e
Definition 7, We will call the row-structure of an arbitra-
ry Xj-matrix the matrix

trmkfork= 1, 2,..., m.

i i ai i
210 11 %12 °°° ®1n
A-i= @000 v000000 000008
i i i i
a a a ...a
mo ml m2 mn

where a’, is the equal number to the number of k in the j-th row
of the x%-matrix. " s i 2

Note 4. The equation g_‘ k ajk =n fori=1, 2, ..., m.

=1

Definition 8., Two Xj-matrices have the same row-struc-
tures, if the row-structure of one of them after some permutation
of the rows given the row-structure of the other.

Let us .consider now the set of all X -matrices for some fixed
m. Let us decompose this set into a system of disjuncted subsets:

M =M M U...UM
m mlu m, m,

so that an arbitrary matrix, belonging to some of the subsets is
isomorphic with every matrix belonging to some other subset.

Such a decomposition is posssible and unambiguous because the
isomorphism of ¢ -matrices is a property symmetric and tran-
sitive, which can be seen from the definition 2,

Definition 9. We will call the decomposition of the set Mm

into a system of subsets Mml, Mmz* b0 .Mmk an J -decom-

position if it has the following properties;

1. Two arbitrary matrices from M,,, belonging to the same
subset are isomorphic.

2. Two arbitrary matrices from M, not belonging to the same
subset are not isomorphic.

Definition 10. We will call the ¥ -basis of the set M_ | such
a set of ¢ -matrices Ry, Ry, ..., Ry any two of which do not




belong to the same subset of the )Y -decomposition of all the ma-
trices M, . The number k is the number of all the not isomorphic
@ -matrices for the given m.,

Definition 11, We will say, that the § -matrix R = (r )
is in normal form when for its elements holds:

LoTor® T ® e ® Ty 7 L
m m

2. Z 2J> Z r3j2 ZZ rn+1 i
j=n+2 jen+2 j=n:2
nsl n+l nsl

. I_ZZ rimzZi:Zz rin+32"'2§ Tim,

Theorem 1, The set of all Q -matrices in normal form con-
tains at least one Y -basis of the set of all { -matrices M,

Proof. It is sufficient to show that the arbitrary { -matrix
can be transformed to its normal form with the help of E-arrange-
ments. In this case it is clear that the arbitrary ¢ -matrix is iso-
morphic with at least one § -matrix in normal form.

a/ We can obtain the property 1/ of ¢ -matrices in normal form
after the most n E- arrangements which cause the change of some
of the elements r% f ces Thelg from zero to one and the
change of some of the elements T2 10 rn*3 e Tonat 1

from one to zero.
b/ Let us consider a subset S of a given @ -matrix, which is
given as follows:

S = (r) for.i= 2, 3, ..., n+ly j=n+2, n+3, ..., m,
Cij

The row-structure of this submatrix is

(pypy-.p,)
m
where p. = Z r, . for i=1, 2, ..., n,
i §4nT2 isl j

The columnial - structure of this submatrix is

(ag a9 - qn)

where q:l = Z rj neisl for i= 1,2, ..., n.

10



From the definition of the -matrices in normal form follows that
must be fulfilled

p1>p2 >... ZP q1

- - n

It can be obtained with E-arrangements of the matrix R, which
cause either only the exchange of rows, or only the exchange of
the columns of the submatrix S, By it the property 1., obtained
before, is conserved, because the E-arrangements which cause
the permutation of the rows or columns of S, will cause in the first
row of the matrix R only the exchange of zeros and of ones between
them.

Theorem 2, If two Q -matrices are isomorphic, their corres-
ponding Xj-matrices have equal structures and are isomorphic,

Proof, It follows from the property 3/ of X o-matrices and
from t he note 3., on the Xj-matrices,

Let us have now two regular matrices Hj, H; , where i is a not
negative integer. We choose two m-dimensional vectors b, b’ so
that for its elements holds:

1. b, if and only if the j-th row and the k-th row Hi has an
equal s]trucl%ure.

2. b’ = by if and only if the j-th row and the k-th row H; has an
equal étructure.

3. b; = by if and.only if the j-th row H; and the k-th row Hi has
an equal structure.

On these suppositions the following theorem is valid:

Theorem 3. Let be the vectors x = (xl X9 .. xm) resp.

= (}i X5 ... x;n) a solution of the systems H, x=b resp.

H; x’ = b’ of linear algebraic equations for the elements of which
‘holds:

1. x.# X, for j,k = 1,2, ..., m,

2, fo xlf{ for j,k = 1,2, ..., m,

3. for every j= 1, 2, ..., m there is only one k, such that
x. = X; . Therefore there is a permutatlon of the elements of the

Vzector x which gives the vector x’

Thus if the matrix H; gives after the same permutation of rows
and columns the matrix Hi, then Hi and H; must be isomorphic
and never in elsewhere.

Proof, a/ Let be H;, Hj isomorphic. Therefore after the final
number of E-arrangements, executed on H; we obtain H{. The

11



E-arrangements necessary for it, can be expressed by the permu-
tation of rows and columns. If we take the H; as a matrix of the
system of algebraic equations, then the permutation of rows to-
gether with the permutation of the vector of the right sides cor-
responds to permutation of rows, which does not influence the so-
lution of the system, and the permutation of the columns corres-
ponds to the permutation of the elements of the vector of the solu-
tions of the system. In the case the matrices of two systems and
the vectors of right sides are equal, the solutions must be equal
also.

b/ Let by a certain permutation of the elements the vector x gi-
ves x’. Let after the execution of the same permutation on the
rows and columns of the matrix Hi we-do not obtain Hi Then it is
impossible for these matrices to be equal by any other permuta-
tion, because the vectors of the solutions x, x’ can not be equal
by any other permutation and we have a system of linear algeb-
raic equations with a regular matrix,
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CERTAIN PROPERTIES OF SOLUTIONS OF THE NONLINEAR
DIFFERENTIAL EQUATION

y“ + qlxy’ + r(x)gly) = f(x)
PAVOL SOLTES, Kosice

The properties of solutions of a linear differential equation of
order 3 without a right hand number have been treated by many
authors. The present paper investigates certain properties of so-
lutions of the nonlinear differential equation

(1)‘ y'iry q(x)y’ ¢ r(x)g(y)= (=)

with q(x), r(x . f(x) and g(y) continuous functions for all x&€ <x,,
oo) andy € (-o2, oo) where x4 € (- o0, OO) Sufficient con-
ditions are given for the existence of solutions with no zeroes or
double zeroes, and some results concerning asymptotic proper-

. ties of solutions are given. Some analogous results for the solu-
tions of a third-order linear différential equation have been pre-
sented in [ 1]; the papers[2]and [3] contain analogous result
for a fourth-order equation, \

It will be assumed throughout that for y # 0 g(y) sgn y> 0.

Let G (y)- j" g (s) ds and let S be the set of all solutions y(x)
o

of 1 which exist on< xo,oc). Suppose further that
29 1 ,’2 1 2
F(x)= y@)y’(x) -5 v (x) e 5 al)y" (=)

where y (x ) is a solution of (1) .
Theorem 1, Let r(x)€Cl< xo,oo) and suppose further
- that for all x€<xo,oo) '

r(x)§= 0, r'(x); 0, 2q(x) + |f(x)|=<=0.

13



¥ y(x) is a solution of (1) such that

(2') y(xo)é 0, y’ (xo) = 0, y“(xo) >0

or

(2’) y(xo)-f-_ 0, Y’(Xo) = G Y"(Xo) <o

and if

(3) y’('xo)y“(xo) + r(xo) G(y(xo)) -—; {[f(t),dtg 0,

then y(x), y'(x) and y’’ (x) have no zeroes to the right of Xqe

Proof. Let y(x) be a solution of (1) satisfying e. g. (2) and
(3); Tet X1 > Xq be a point such that ”(xl =0,y (x)t 0
for x € <xq, x1). Multiply (l)by y’ (xgrand integrate over < x,,
x > with x €< %o, X¥) where < x,, ‘}?) is the domain of y(x s
This yields

(&) w (). [ v2Oas a0 rx)oe)

Xo

= y"(xo)y”(xo) or(xo) G(y(xo)) +‘Zr,(t)G(Y(t)dt +
+_7 £(t)y’ (t)at,

X0

and using the hypotheses of the theorem we get

Zl I:Q(t) + —;- 'f(t)' y’z(t)dt >y (xo)y”(xo) + r(xo)G(y(xo))_

-5 [l

which leads to a contradiction. Hence for allx €< x_Q, i) ¥y x))
> 0 and thus also y(x)> 0, y (x)> 0 for x (xo, X.).

The method of proof for y(x) satisfying(2’ and (3) is analo-
gous,

14



Theorem 2. Let q(x) € C% < xo,oc) and further suppose
that for all x€ < x, oo)

q(x) = o, r(x) <o ¢ (x) - |f (x)lgo.
Ify (x) is a solution of (1) satisfying(z) or (2’) and

(5)  F(x,) - %7|f(t)|dt§0

then y( ), y’ ( )and ”( )have no zeroes to the right of X
Proof. Againlet y (x)be a solution of (1) satisfying (5) and
e.g. (2); lety”(x)-O y”(x)# 0 for x€<x xl) Mul -
tiplying( )by y )and integration from x, to x€ < Xgs X )
where < x, X ) is the domain of y (x) yields - after some ma-

nipulating

(6) F(x) + j‘ r(t)g(y(t)y(t)dt 2 F(x, -—;-Z’lf(t lat +

Zq(t (0] () e

-

Hence, because of the hypotheses

0> F(x -—j|f(t[dt

and this contradicts (5) Thus necessarlly y ( )> 0 for all
xe< x, X) and also y(x)>0 v’ (x)> 0 for x€_(x , X
The second part of the theorem is proved analogously.

Theorem 3, Let q( )€,C <x ©9): suppose further that
for all x €<x , )and y€( oo, too), yit 0,

(1)  a(x)=0o, —z—rk}g—(ﬂ - @ (x)+ | £(x)|= 0.
If y(x) is a solution of (1) satisfying (2 2’ with y(x > 0
or y(x ) < 0, and if (5) holds, then y(x y and y’’ xc) have

no zeroes to the right of X,
Proof. From 1) we obtain

(8) F(x) + 7‘ [_r_(llg_sfz’ﬁ), 7 q’ (t)+ %If(t)l]yztdté

15




Z F(x) -—;—7|ft)|dt

supposing that x€< X » X; > with y’ (x ) = 0, y’(x)# 0for
x€_<x > xl) hence also y(x) £ 0for x€<x s Xy >. Usmg(a)
for x = X;, we get a contradiction, hence y’ ’(x)i‘ 0 for x€<xo,

x ) and likewise y(x)>o0, y (x)> 0 for xe( X ), provided
(2)holds and y(x ) > o

Theorem 4. Let q(x)e: Cl<x ,OQ) and Supposethat for
all x€<x ,00),

r (x) S o, q’,('x) + |f(x)|20,
Moreover, suppose that in no subinterval of < x oc) (x)

and q’ (x) - If(x) = 0 at the same time. Then aosolutlon y(x)
of ( 1) such that

F(x) - %{ | £(t)] at >o,

has no zero to the right of x .
Proof. Lety(x) = 0, y(x) £ 0, y(x)# 0 for x€(x .
x}) Using (6) we get for x = x,. '

-5y ("1) /‘1 r(t)g(y(t))y(t)dt & F(x) - —/“[f(t)ldn

0

' %/’ [« (t If(t)ﬂy (t) e,

which leads to a contrad1ct10n 1f the hypotheses are consmered
Theorem 5. Let q(x)E cl <x ,oo), suppose further that
forall x€ <x ,o-o).

r(x)=20, ¢ (‘x)flf(x)l<0

and that in no subinterval of < x_ ,00) r (x) = 0 and ¢’ (x) +

v|f(x)] = 0 at the same time. Then a solution y(x) of (1) such
that

16



o0

F(x) + +/ 1)t <o,
X .
o]

has no double zeroes to the right of X .
Proof. For some x, > x  let y(xl) z y’(xl) = 0. Then(l)

yields F(x) 7 I‘(t)g(y(t))y(t)dt< F _%‘7.| t)dt+
2 ;{/l[q’(t) Je)]y? (t)at,

1> as F( xl) =
Remark 1. Inthe Theorems 1-5 we have implicitly supposed

which is a contradiction for x = x

the convergence of /I f(t)ldt. If we suppose the convergence of
o xO

/ f2 (t)dt, then, evidently, we can formulate analogous theo-
X

recr’ns. We have, e.g.
Theorem 3’, Inthe hypotheses of Theorem 3, change (7)

to 9 ( ) ( )
q(x)§0, A - q’(x)+ 1S 0

v

and (5) to

'Oo
F(x,) - %Z 2 (t)at 2 o.
: (o]

Then y(x), y’(x)and y’ ’(x)have no zeroes 1o the right of x .

A further consequence of Theorems 1, 2 and 3 is.
- Corollary 1, Under the assumptions of Theorem 1, 2 or 3
we have for all xe(xo, X),

sgn y(x) = sgn y’(x) = sgn y'’(x),
and if y(x)E S, furthermore

lim y(x) = lim y’(x)= too.
X —) co X—) co

17



The unboundedness of y(x) and y’ (x) can be proved under as-
sumptions weaker than those of Theorem 1, We have.
Theorem 6, Let r(x)E C1<x ,OC) and for all x€<x ,00)
r(x)s0, r (x)2o0, 2q°(x) + | t(x)[<o0. ©

Then any y(x)ES such that
)"(xo)y”(xo)+ r(xo) G(y(xo)) -%- [ lf(t)ldt -

" B
= Ko>0’

is unbounded together with its first derivative as x—» oo,
Proof, Let y(x)éS and let the hypotheses be valid. Then (4)
yields :

Y’(x)y"(x) ;‘y‘ (xo)y”(.xo) + r(xo)G(y(xo)-

1
- —2/ | £(t)]at,
X
o
so that for all x= x°'
d ,2
ey y (x)g 2K0,

or

(9) y‘z(x gy’z(xo)+ ZKO(x-xo),

which means that y’(x)—ﬁt ©© as Xx—» o< and therefore so
does y(x). .
From (9) we see that y(x) lies either over the curve

7o) s () - g | (I e

g o
[ y’z(xo) + 2Ko(x - xo>:|§

or under the curve

y = Pz(x)= Y(Xo)+ 3—1K0 |y’(x0)]3 -

18



1
3K

; [y’z (x()+A2K0 ( X - xo):l g

Theorem 7. Let q(x)€C1<xo,<>O) and suppose that for all
x€EL xo,oo)

q(x) = 0, v_r(x) <

0, q’(x) - If(x)l 2 0.

Suppose further that for y(x)GS

F(x) -4 :f°;f(t)|dtg K* = a

while fora = 0

v

0,

b =

2[y(x0) y’(xo) - K: X :|> 0.

Then y(x)is unbouxided as X-—» oo, while for all x€<xo,0c»)
y(x)2 (ax2 +bx+c)?,
with

2 s
o) = 2y(xo) y (xo) X .
Proof., Using the hypotheses and (6 )we get

1 X
F(x)g F(xo) - f If(t) , dt,
*o
so that for all x€< X <>°)
y(x)‘y’ ’ (x) 2 K:.
By integrating this we get

—g—; yz(x)Z 2 K:(x - xo) + 2y(xo) y’(xo)
which yields the required proof.

Theorem 8. Let q(x)€01< xo,oo)and suppose that for all
X €<xo,oo) and y € (-oo,oo
q(x)Z k1> 0, |g(y)l§ k2< oo,

19



[£(t)]at S A< oo, /lr(t)ldté B< oo,

X
o
/‘ {q )}+dt§= Cc<oo,

x

SN

then for any solution y(x) of (1) y’ (x) and y’ ’(x ) are bounded
and there exists k= 0 such that y (x) lies between the lines

pl(x) = k(x-xo) + y(xo)

y

y = pz(x> B -k(x-xo) + y(xo)
( {q’ (x)}+ - is the positive part of q’(x)).
Proof. Let y(x) be a solution of (l)defined on < X s i),
x< ro0. If ny

Now let y’’(x)
tain '

(10) y”z(x)+ q(x)y’z(x) + 7‘ r(t)g(y)y” (t)dté
< y”z(xo)+ q(x)y X / t)|dt +
j‘. )dt+ jy\ @ (t)y 2 (t)at.

X
o

)is a linear function, then the theorem holds.
0. Multiply (1) be ¥y’ ’(x ) and simplify to ob-

Hence

Y”z(x)'r kly X s g x°)+ qxo)y xo)+ A

+ B+ /‘[]f (O + k,lx(t)l + { t)}]-[y t)+
2 t)idt.
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Putting a_ = min{l, kl}’ we can use Bellman’s lemma (cf. [4])
and the last relation to prove

eyt ke (4 [106) ¢ kg < (0

+ {q’ (t)};] dat ,

with K an arbitrary positive constant such that

1 s 2 , 2
Kz?o [y (xo) + q(xo)y (xo)+ A 4 sz].
This proves that y’ (x ) and y’’ (x) are bounded for x E(xo,

i) Hence there exists a constant k= 0 such that ly' (x ) Ié k
which proves the rest of the theorem.
Corollary 2. Under the assumptions of Theorem 8§, y(x)€ S.
Proof. From the boundedness of y’ (x) and y’ ’(x and the
fact that y x) lies between two lines passing through the same point
(xo, y (xo)S we deduce that X = +oo; thus y(x)€ S.

Theorem 9, Under the assumptions of Theorem 8 with the
addition that for x€< xo, oc)

r(x)g 0, q(x)zk1> 1,

with k., a constant, every solution y(x) of (1) is bounded together
with its first two derivatives on < xo,oO.

Proof. It is sufficient to prove the boundedness of y (x) as
x5 oo . Multiply (1)by y(x) and integrate to obtain

y(x)y (x)- 5 v2 (@) 5 a(®)y’(x) SF(x)+

. z l£(t)at]s — Z\Uf(t')h @ (t) ¥2 (t)at.
Since y’ (x) a:d y ’(x)are boundeod, this yields

[a(x)- 1] s%sSK + Z HOEEAOIFAOL

with K > 0 a constant, Hence yz(x)is bounded. Since y(x),
y’ (x)and y’ ’gx) are bounded, evidently y(x) € S. This com-
pletes the proof.
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Theorem 10, Let q(x )€C1< xo,go), r(x) o c1< XO,OQ).
g (y) € Cl (- oo, oe) and suppose that for all x € <xo,°°)and

Yy E€ (-oo, +oo).

(11) ]r(x)[§ k<oo, le (y)]§k2<oo, q(x)- k, k22a>0,
2r (x)g’ (y) + ¢’ (x)=o, '

If ‘ o0

. oo

S () [atS Ac oo, S 1 (t) @S B<oo,

*o *o

then y(x)E S, ¥y (x) and y’’ (x ),are bounded on < x ,od)and

¥ (x) lies'between two lines passing through the point ( x%, y(xo)) .

If in addition

(12) r(x)2o, q(x)2k3> 1, 7{q’ (t)}+dt'§ C<oo,

then y (x) is also bounded on < xo,OO),

Proof. Consider a solution y x) of (1) definedon < x , i).

We shall prove that y’(x) and y’’ x) are bounded for x€<°x ;

X ), hence y(x) € S. °
Since

(13) z T(t)e()y(t)e = x(x)e(v)y (x)- r(x)elris)
y’(xo)- f v’ (t)g(y)y (t)at - f r<t)%f:y’2(t)dt,

o (o]

we can use the hypothese and (1 0) to deduce

v ¥x)s ay ¥x)Sk . fx | v (t)e ()l at +
+ fx ]f(t)ly”2<t)dt + j{Zr(t) M@y + q’(t) +

X
o

+ ' (1)g @)} v 2 (t)a
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+ k2 | »* (t)l} dt] ;
with a = min {1, a}, K1 >0, K1 2 K, This proves that y’(x)
and y’ '(x) are also bounded. The proof of boundedness of y(x)
follows the same line of reasoning as the corresponding part of
the proof of Theorem 9. . 1 2
Theorem 11, Let q(x)»E C'< x 00 ) , T (x) € C <xo’°°)’

g (y)C C1 (-OO, OO) and suppose that for x € < xo,<><> ), yE (-oo
oo) the following relation, as well as (11), holds:

[r* (x)| S ky<oo, G(y)E K< oo

oo o :
f[f(t)ldt§ AL oo, f {-r”(t)}+dt$ B< oo .

then y( ) € S, ¥y ( )and y’ (x)areboundedon(x oo)
and y (x) lies between two lines passing through X, ¥ xo))

If in addition (12) is satisfied, then y( )1s also bounded on < X s

o).
Proof. It is sufficient to prove that y’ ( ) and y*’ (x) are
bounded, We use (10) and (13) to deduce

v %e) ¢ ar®(x) - 2 (x)ar(x)) e 2 [ e ()
G (y (t))ats K + j'f(t)‘y”z(t)dt *
o L (o) 2L @ )20

and since r’ ( X )and G (y)anre bounded, this yields
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(14) y*2%(x)+ ay'2(x) S K, + ‘/x’ £(t) vy 2(t)at +

X
X
+ k, { {-2r”(t)}+dt,
o

o

or

y“z(x)§ K, exp [\/X‘ |f(t)|dt] = K, <02,
: X
. (s

Now (1 4 )yields

y’z(x)E%(Kl + AK, + Bk4),

hence y’ (x ) and y’’ (x ) are bounded.

The boundedness of y( X )is proved analogously as in the proof
of Theorem 9.

The following Theorem deals with the oscillatory properties of
solutions of (1 . We start by proving the following

Lemma, Let q(x )€C1 < X »00 ) and suppose that for

x€<x,00)and y€(-00, 00), y# 0

q(x) = 0,' q’(x) + lf(x)l = M <o

y

with the understanding that in both cases equality is not identically
attained on any subinterval of (xo, oo) for any y ¢ 0.

¥ y(x)ESand

(e o
F(x)+ - f [£(t)]at = K S o
2 Y o ’

(o]

Then the zeroes of y(x)and y’ (x )are separated on(xo, oo)
Proof. Evidently it is sufficiept to prove that if y’ ( xl) =

- y’(x2)= 0, y (x)# 0 for x € (xl, xz), then there exists

apoint €< X,, x,>such that y (§) = 0. For x € <x,, x2>

let y(x)# 0. Then (1)yields
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y(x)y (x)- 7 v (x)SK, - 5 alx)y® (x).
Z[q'(t 11 )l]y (t)dt- /" e (e (Ot

o o

hence for x€< Xy, x2>

y(x)y(x)- ¥ <x)s (x)y(x)- + y2(x)S K, -

y
- —2- q(x)y (x)+ ‘Z [q(t )+ l£(t)]- Mlijf’jlz.]

y2(t)dt,

and therefore

d ry@ 1< %o 1 Y
[E[)ﬂ(?cg—]= yz(x) -3 q(x)+ 2y2(x) L a’(t)+

+ |f(t)’+ 2r; + 5 yz(t)dt.
Integrate from x. to x, to obtain a contradiction. This proves
the existence of at ]Ieast one€gc < X, > such that y ( §) 0.

Evidently there is exactly one point w%th this property.
-Theorem 12, Suppose that, in addltlon to the hypotheses of
the Lemma, we have

o' (x) 20, r(x) 2 o fr(t)dt? + 0O,

X
(o]

[y

and let g y ) be a nondecreasing function for y € ( , 09 )
Then either y (x)€ S on < x , 00 ) is oscillatory or 11m y( x)
X—0O

= 0.

Proof. Suppose that y (x) € S, the hypotheses hold and y (x
is not oscilatory. We shall prove that in that case lim y (x 0.
Five cases will have to be considered: AP OO

L y (x) is oscillatory on < X s oo) i.e. for every a 2 X,

there exists £ € (a oo)such that y’ ( § ) = 0, Ac‘cording to the
lemma, y (x) is likewise oscillatory.

II. y(x)>0 y(x)>0 for x€<x1, oo) xl_ x . From
(1 )we deduce °
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(15) y** = -a(x)y (x)- r(x)e(y(x)+ £(x),
hence
(x) = (x)e(y(x;)) + £(x).

Since | £(t)|dt is convergent, this yields

H g <

y"(x) -4 y"(xl) + A - g(y(xl)) \7‘ r(t)dt,

=1

with A a constant, Thus y’ (x ) —» - 0O as x—» 0O which
is a contradiction.
III. y(x)((), y’ (x)é 0 for x € < xl,oo), x1,>= X .

o
We use (ls)to prove that

y (%) = - r(x)g(y(x)) + f(x),

hence

yr(x) 2y (x)-A - e(v(xy)) f r(t)dt

sothat )——)+oofor X — 00,
(x >0, y )<0 for x€<x oo),xlg X . Let

lim y( ) C We shall prove that c = O For supposing that
=2 b, we can use (15 )to prove

y*(x) S -a(x)y (x) - r(x)g(ec)r £(x)
and therefore

y,.(x)g y”(xl) + q(xl)y(xl) + A - g(c)

r )dt

HN'\N

and considering that g( )> 0, this means that y( )—» oo for
x—>s 0O and therefore likewise y (x) —_ - oo as X —» 0O -
a contradiction. Hence lim y (x) 0.

v. y(x)<o, ¥ (x) 2 0 for x€< x,00), x; 2 x . If
lim g X c, we follow the same line of reasoning as
X

show that c¢< 0.
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We have proved that either y x is oscillatory of lim y x =
X—» oo

= 0 thus completing the proof.

theorems can be formulated if

Remark 2. Itis again clear from the proofs that analogous

f 'fz (t)dt is convergent,

X
(o}
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STRONGLY GEODETIC DIRECTED GRAPHS
JAN PLESNIK, STEFAN ZNAM, Bratislava

In the paper [1] the so-called strongly geodetic graphs having
the following property were studied: any two vertices are connec-
ted by exactly one path of the length less than or equal to the dia-
meter. ,

Our paper is devoted to the study of directed graphs ( digraphs)
with the mentioned property and to an exteneion of this problem,
The notions used here are in the sense of [_3]

I

Definition. Let d be natural, A digraph of diameter d is
said to be strongly geodetic if arbitrary two vertices are connec-
ted by exactly one directed path of the length not greater than d.

Theorem 1. Any strongly geodetic digraph is regular,

Proof., Let G = (V , EG be a strongly geodetic digraph
of diameter d, Our proofG contains four steps.

1. G does not contain any cycle of the length f (f -cycle) for
f < d(this follows directly from the definition )

2, Every edge of G is contained exactly in one (d + 1) - cycle.

Take an edge ab € Eg. Obviously the distance d(b, a) = d.
The only path of the length d.from b to a form with the edge ab
a ( d + 1 )-cycle including the edge ab. It can be easily seen(from
the definition ) that this is the only(d + 1) -cycle containing ab.

3. If ab € E then the outdegree of b (s; (b)) is equal to in-
degree of a (84 (a)).

Denote Us {x|d(b, x)= 1} . There exists exactly one path
Pi of the length' S d from every uy € U to the vertex a. Owing to
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the definition two different paths P, and P, are vertex-disjoint
(and hence also edge-disjoint). Aftlerward]s, the indegree of a is
not smaller than the outdegree of b, The inverse inequality can
be proved analogously.

4, For any a € VG the outdegree of a is equal to its indegree,

Any edge ax is contained in exactly one (d + 1)-cyc1e Cy (see 2.).
Owing to the definition two different cycles C_ and C_, are edge-
-disjoint. Hence the indegree of a cannot be smaller“than its
otudegree. The inverse can be proved similarly.

Now, consider two arbitrary vertices a, b € VG. Since the dia-
meter of G is finite, there exists a path ac;c,...b. By 3. and 4.
we get: s (a) = s,(a) = s,(¢c,) = L% (b) = s,(b)

A | 2 1\ 71 °cc 1 2 ¢

The proof of our theorem is finished. :

Now, we say that a strongly geodetic digraph G is of the type
(d, c) if its diameter is d and for any a € Vg we have: outdeg-
ree of a = indegree of a .= c.

Theorem 2. For any natural d and infinite cardinal c there
exists a strongly geodetic digraph of the type (d, c).

Proof. (It is very similar to that of theorem 4 of [1]. ) For
d = 1 obviously the complete digraph with ¢ vertices is of the type
(1, c). Suppose d 2 2. Consider the digraph G, consisting of
c isolated vertices. Connect every pair of vertices of G, the di-
stance between which.is greater that d (hence all pairs in this ca-
se) by a single directed path of the length d consisting of new ver-
tices and edges in such a way that no two new paths have a common
inner vertex, The so constructed graph Gy cannot be strongly geo-
detic, because it is not regular. ’

Now, make the same operation on Gl’ and so on. In such
we get a sequence of digraphs Go’ Gl’ G2, ... Denote G = 6 Gi'

. 1=
By similar considerations as in the proof of theorem 4 of [1]we
get that G is a strongly geodetic digraph of the type (d, c). .
_The finite strongly geodetic digraphs will be studied in the se-
cond part.

II

Let r and d be integers with 0 <r < d; by the symbol Gd r

denote any finite digraph with the following properties:
a) the diameter of Gd r is d,

£

30



b) for every two vertices x, y € VG there exists exactly
d,r
one directed walk from x to y of the length not smaller than r and
not greater than d,

c) G contains no k-cycle for 1< k< d - r,

d,r
Remark. The notion of G 4.0 is equivalent with that of finite
strongly geodetic digraph. ’
Theorem 3, 1. any G1 0 is a complete digraph without
loops , ’

2. if d =2, then Gd oisa(d + 1)-cycle,

3. Gd . does not exist if r> 0, d 21 + 2.

Remark. We do not study the case r=d - 1> 0. We cannot
construct all the graphs of this kind, However, it is easy to show
that the number of vertices of the graph Gd d-1 is of the form

md—1 (m + 1), where m is natural, In the Fig. 1 it is shown an
example of G, 4

Proof of Theorem 3. The proof of 1 is evident, Hence
we can suppose d 2>r + 2. Let A be the adjacency matrix of the
graph G d.r with n vertices. Then we have
(1) ad, A%l L ATs g

where J consists exclusively of 1’s. The eigenvalues of J'are
Ao ™ A= Ay = wee = A 1= 0. Thus if g is an ei-
genvalue of A, then we have either
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d d-1 r
(2) M+ + ..o+t =, or
(3) (udf fud-l + ...t (ur 0.

The matrix A has hence one eigenvalue (@, which is a root of
2) and n - 1 eigenvalues satisfying (3) . Hence the eigenvalues
of A are M, ‘“1' (78] 9 tees W g 0.

(4) (wherewp= eidljgl:l’p=1.2,...,d-r)

with the multiplicities 1, A1y veey ad-r’ ad-r+1’ respectively,

whereby a, are non-negative integers with

(5) 1+a1+...+ad_rfad_r+1= n,

Since G . contains no k -cycle for k = 1 ., d - r, thus

tr (AQ) (i. €. the sum of diagonal elements) isO0Ofor q=1, 2,...,
d - r. Thus we have

(6) [ug+a1w(11+...+a (.uq = 0, for q=1

d-r
d-r.

Let us consider (G)as a system of d - r linear equations for a
cees By . The determinant of (6) is (Vandermonde)

(7) Dz(ﬁ wp) ] (w-p-wq),_

1S q<p<d-r
Obviously D # 0 and so

3 o+

1!

D
(8) a, = -—f forp:l ..., d-m,

, where Dp arises from D in the known manner.

Since for n > 0 the number M, cannot be a root of (3) , using

(2), (3), (7)and (8)we get

(9) a =z - f_"_ e Mo - wj . (uo(uo- f...+(uo+1)
p- Tw. L\ w, e
Y J 1 P J
j=1
itp

Suming all equations (6 )we obtain
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= q=
d-r
Accordmg to (3)for j=1, ..., d - r the equality w?= -1
ql
holds, thus using (5) from (10)11: follows
d-r
:;5 Mg = n-ag .,y  (putay, =o0)
Using geometrical identities we get
(p-g)TT i(‘"i‘-%i:
(12) W, - W, = 21 sin ~Bls .
Thus ('_, (
d-r . 2p +
(13) w ’(w - w ) 2 id-ro-l Y aorel
p a P q
afp
d-r ) )
(P tq) -2p s
‘g 1 n {p-9T
2 sin d
q -r+l
afp
-i .P_('L
s ie d-rel t
P
where tp is a real number. Denote
i qu T T
B = Lu_ =
Ep 08 47 tisin 4/ cos oL &
+ isin .
p

Substituting (11) and (13) into (9 ) we get
. Bo\m "33 r41

o (€, - ey
p (o™ /7
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and from this it follows that
(14 ) i(£ - 8-1) -1 is a real number for all p =1
p PO p P 9 e o0 ey

d-r. I = a(cos\o +1isin )0) thenfrom(14)we get
(15) (cos ‘P - a)cos O(. = sm‘/)sm 0(,p, for p=1, ...,

d-r.
According to d - r = 2

o« T
d-r
Putting p=1 and p=d-r in(15)we obtain

(16) (cos ’0- a)cos(x = sin ¥ sin 0< and

(17) (Icos )D- a) cos (X = gin }0 sin O( respectively.
This is posmble only for W 0 and a =1, what means that (u
= 1. Substituting into (2)

(18) n =d-r+l, .

Now, if r = 0, than n=d + 1 and for d > 2 there exists only
one graph G 4. 0’ namely the ( d+ 1)-cycle ( assertion 2.

0< 0C1<T'rr © ‘and . 0(1 hold.

If r> 0, then n<d+ 1, but such'a graph cannot exist, This

completes the proof of theorem 3.

Corollary. Gis a finite strongly geodetic digraph if and only
if one of the following two cases occurs:

1. G is a complete digraph without loops,

2, Gis a cycle.
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ON A GENERALIZED DISTRIBUTIVITY IN MODULAR LATTICES
ALFONZ HAVIAR, Banska Bystrica

The aim of this paper is to study, when the generalized distri-
butive identities

(1a> an \/J aJ. = \/J(a/\aj),

(1b) av/\J a; = /\J(avaj)

hold in a complete modular lattice L., We show that a complete
distributive lattice L is Brouwerian if and only if L is meet-con-
tinuous. Brouwerian lattice will be characterized by help of sub-
lattices too. .

The symbols V , A, VV ., N\ denote the lattice-theoretical
operations (where the index set J ¢an be finite of infinite) and sym-
bol H denotes uncomparability of elements of a lattice.

For any elements a, aj (j €J ) of a complete lattice there hold

5 e LS\
these inequalities apAVj a; =\/J.(a/\aj ), aVvA ;g 3 s

S A 1 (a V aj ) It iml}olies, if(la) does not hold in a complete
lattice L, then there exist elements a, aJ. € L (j eJ ), such that
(2a) apn VvV 5 o

3 >VJ (a/\ aj).

If ( 1b ) does not hold in a complete lattice L, then there exist ele-
ments a, ajE L (j €J ), such that

(2p) ay N\ a; < /\J(avaj).
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Lemmal, Let L be a complete modular lattice and let x,
X, L, jeJ.If x X, | X AX.)and J =
jEL JEY AV x> Vg (xA ;)

={j€J1:xj||x}, then J# § and

x,\vJ.xj>vJ (x /\xj).
Proof. If J = J1 the condition is fulfilled. Let Ji‘J1 and

J1 - J = Jz. Then

(3) x/\\/Jz xj= \/Jz(x/\xj).

It implies J # § according to the assumption. With respect to
the modularity of the lattice L we get

(4) x /\(VJ xj v VJZ xj)-(x A VJ xj) v(x A VJz xj)>

> vJ(xij) v vJ2 (x Ax;).

Let us denote a=x/\V X5, b= \/J(x/\xJ), c= AVJ (x/\x).

a = b implies a V c = bVc andby (3)1t contrad1cts(4)
Hence a >b because az b obviously holds.

Lemma 2, Letelements x, xJ. (] < J) of a complete lattice

L satisfy x || x, for any j € J. Then

i I x A . x Ax ), then x AV_ x_ || x. for
(1) Vx> v o(x J) JJHJ
any j€J.

(ii) If x V /\J xj< /\J(XV x; ), then x Vv /\J X; I X for

any j& J.

Proof. (i) x A V x. % x immediately follows from.the
assumptions. If there ex1sts j (0) €J suchthat x A V X <
<X(0) thenx/\\/ X; (x/\\/ x)/\x (0)* x/\xj(o)§

s V (x Ax, )and it contradicts the assumptxons
( ii \ It can be proved dually,
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Lemma 3. Let elements x, xj (j €J ) of a complete modular
lattice L satisfy x ||x, for any j € J. Then
(i) If \/J (x /\xj)<x, then x“ijVJ (x/\ xj) for any
i€ J.
(u) If /\J(xij)>x, then x”xj,\ /\J (xij)forany
i€ Jd.
Proof. (i). x ?xjv V (x ij) obviously follows from
the assumption, If there exists j(0)€J such that

x"<xj (0) v Vs (x A xj),' then %i(0) IV (x A xj). x, (o)v X =

® %(o) vVy (x A xj), xj(o)/\x = xj(O)AVJ (x A xj). Hence
the lattice L contains a nonmodular sublattice and it is a contra-

diction to the supposition.
ii ) It can be proved dually.

Theorem 1, The generalized distributive identity (la) holds
in a complete modular lattice L if and only if L. does not contain
a set of elements x, xj (j €J ) such that

(%) forany jEJ x; | * and xAx, = x /\xj for any
i, j€ Jand \/J x> X.

Proof, Let (la) do not hold in a complete modular lattice L.,
By Lemma 1, there exist elements y, yJ.E L, jEJ such that
y [l yj forany jE€EJ and y A VJ yj> \/J(y /\yj). Let us de-
note y A VJ ¥y = % Then x|y, for any jEJ by Lemma 2,
Further x >V ;(y A yj) = V) (xA yj). By Lemma 3,
x || Y; v VJ(x A yj) for any j€ J. Let us denote ij' VJ(x/\yj)'
= x., With respect to the modularity of the lattice L. x A x]. =
= xA(yJ. v \/J-(x/\yj)) - (x/\yj)v\/J (xij)= \/J(x/\yj)
for any j € J. Further VJ X, = \/J(ij \/J (xl\yj)) s

= VJ yj,V VJ(x Ay.)> x. The converse assertion is obvious.

Lemma 4, If (% and(Zb)holds for elements x, x, (j € J),
of a complete modular lattice L, then L is not distributive.
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Proof. Let us denote x V/\J X, = y. By Lemma 2, y”xj
for any j € J, /\J(yv xj)=/\J(xV xj) > y holds too. Let us
denote xJ. A \/J (y ij) = yj for any j&€ J. By Lemma 3, y.”y

J
x A x, and the lattice L is mo-

v

for any j€J., Since A. x,

J7d J
dular, we get y A ¥; = (x v/\J xj) A(xjA/\J (y ij))
J xjv (x /\xj /\./\J (nyj))
= /\J xj’

(x VA xj)'\/(xj/\/\J (yvxj))

>

Vy.
ny

/"\J(y vxj)/\(x ij\//\J xj)

N;(yv xj).

Since /\J ¥y ® /\J X.<y but ; 'y forany jEJ, obviously

there exist j(1), j(2§€ J such that yj(l)# Yi(2)" If yj(1)<
<yj(2), then the elements /\J yJ. < yj(1)<yj(2)< /\J(yv y)

3/?

J
and y form a nonmodular sublattice, which is a contradiction.
Hence yj(l) ”yj (2) If y A(yj(l)v yj(z)) =Aj xj, then the ele-
ments /\J xj < yJ. (1)< yj (1) v yJ. (2)< VAN J(yv Xj) and y
form a nonmodular sublattice, which is a contradiction, There-
e YAV Ty(aY2 A Xy T Y AY (1) Y AYy(5) |
= (y A yj(l))v(y A yj (2)) This completes the proof.

Corollary 1, The identities ( la ) and (lb ) hold in a complete
distributive lattice L if and only if for arbitrary elements x,
x, €L (ied):

(5) x!‘\/J xj=VJ(x/\xj\ <=> x/\/\J x, =
/\ J(X v Xj ).
Proof., If (la)does not hold and the condition(S)holds in

a complete distributive lattice L, then(by Theorem 1) there
exist elements x, xj€ L (j €J ), satisfying (x-)and then with
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respect to the assumption the condition ( 2b)holds for these elements
too. Hence (by Lemma 4 ) we get that the lattice L is not distri-
butive, If (lb) does not hold in a complete distributive lattice L,
then from dual proposition to Theorem 1 and Lemma 4 it follows
that the lattice L is nondistributive. The converseé assertion is
obvious, '

Remark, (la) holds in a complete lattice L if and only if L
is a Brouwerian lattice (cf. [1]) i. e, if for any two elements a,
b € L there exists a relative pseudo-complement b:a (the largest
element x with a A xS b).

Definition. Let L be a latticeand a2 b, a, b€ L., Lét
us call the element x € L. such that a A x = b the meet-semi-
complement of the element a with respect to b. If exists the grea-
test meet-semicomplement of a with respect to b, we will dénote

it by xab' i

(o)

In the nonmodular lattice N5(its diagram in Figure 1) for any
a with a > b there exists the element xab but for a=u, b = v,
there does not exist the element b:a, It is easy to prove the fol-
lowing proposition:

(6) If for elements a 2 b of lattice L there exists the ele-
ment b:a € L, then b:a = x _.
ab
Lemma 5. Let L be a modular lattice and a> b (a, bE L.
Then, there exists the element xab€ L if and only if there exists
the element b:a€ L and moreover x,;, = b:a.

Proof. Let the element x, €L exist, If aA xS b, then
with respect to the assumptions we get a /\(b Vx)=DbV (a A x) =
= b, Hence xS bV xS X b It implies Xp - b:a., If there exists

the element b:a € L, then the assertion holds by (6 )
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It is obvious that b:a = (a A b) :a for any elements a,b of latti-
ce L. By Remark and Lemma 5 it follows:

Corollary 2. The generalized distributive identity (1a) holds
in a complete modular lattice L if and only if there exists X € L
for any a,b € L satisfying a> b,

A complete lattice L is said to be meet- continuous (cf [lj)when
for any x € L and any directed H} (d € D of elements of L

x/\/\/D Xy = VD (x /\xd).

Lemma 6, Let L be a. compiete distributive lattice, The fol-
lowing conditions are equivalent:

(i ) L is a Brouwerian lattice.

(ii) (1a) holds for any x € L and any cha.in{xj }{jEJ} of
elements of L.

(iii) L is meet-continuous,

Proof. (1 ) implies (ii ) by Remark, O. FRINK.proved, that
(11 ) implies (1u) in any a complete lattice (cf in [1] a Chap.
VIII. Exercisesof § § 4 ) (ii1) implies (i)by Remark,

Theorem 2., A complete distributive lattice L is Brouwe-
rian if and only if L does not contain an element x and a chain
j} (i € 3); such that the following condition is fulfilled

x||xj for any xj # /\J (J EJ), \/J xj> X,
(7) |

x/\x : /\ 5% forany jEJ, N (xVxJ) = x

ilfl‘t does not contain a sublattice which is isomorphic to the
lattlce

Fxgure 2
VJ 4

XVXJ \

XAXJ -AJ IJ
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Proof. If a complete distributive lattice L is not Brouwerian,
then(by Lemma 6) it contains an element y € L and a chain of
elements yje L (j eJ 1) such that

y/\VJl >V (yAy;). Let 3= {3€3; = ylly}.

By Lemmal J#§ and y AVJ yj>VJ(yij). Let us denote
X, * y/\\/Jyj and for any jE J xj= ijVJ(onyj). Ob-

viously the elements x:i ( j€J ) form a chain, Likewise as in the

proof of Theorem 1 it can be shown

(8) xoilx.fog anyJEJ, xol\ xj = VJ(onyj), VJ xJ>
> xo i. e, for elements xo. xj the condition (*) holds )
If X,V /'_\J X </\J(x°V xj), then by Lemma 4, the lattice L
is nondistributive which is a contradiction, Therefore xo vA 7% =
/\ - i
3 %V x; - If AJ xj< x weset x= x . If /\J xj" X
we set x =x VA X, Then x £ x_ (for any j € J) follows
immediate from (8 ) If there exists j (O)EJ such that x> xj (0)’

J J

</N\j xj < xJ. 0)< X and X form a nonmodular sublattice,

which is a contradiction, Hence x” 11:j for any xj s N J xj

(j€ J). Because the lattice L is modular x <\/; x, holds
too. Further x/\xj = (xov /\J x.) A x, = (xol\ xj)V/\J x

: J
N 5 X /\J(xVx.)= /\J(xov xj\l/\J xj)= /\J(xov xjg
= xov/\

xj (O)" /\J xj, then the elements on x, = xo/\/\J X, <

J J

J x:i = x, The converse assertion is obvious.
Theorem 3. A complete lattice L is Brouwerian and dually

Brouwerian too if and only if for any element x € L. and any ele-

ments x, €L (j €J ) the next condition .holds:

(9) AV J(xl\ xj)VAJ X, = \/J xjA/\J (xV xj).
Proof. Let for elements of a complete lattice L the identit

(9)hold. It J -{1,25 the identity (9) has form (x A x )V (x A x,)V

V(x1 A xz) = (x1 v xQA (xv xl)/\ (xv ‘xz) . It implies that accor-

ding to the assumption is lattice L distributive [1] If L is not
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a Brouwerian lattice, then (by Theorem 2) there exist elements
X, X, €L (j € J) satisfying (7) and for these elements (9) does
not Hold. It is a contradiction, If L is not a dually Brouwerian
lattice, then with respect to the duality of (9) our assertion holds
too. If L is a Brouwerian and dually Brouwerian lattice, then

VJ(xij)v/\J xj =(x/\VJ xj)\//\J x, = \V2

xj/\(xv
V'III\J x) = \/J xj/\/\J (xij).

J
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ON CERTAIN TRANSFORMATIONS OF SETS IN R,
M. PAL, India

For each element W belonging to a metric space {1 , certain
transformation Ty; of the system % into ¥ is associated, where
2 denotes the family of all Lebesgue measureable subsets of the
set of all real numbers. Let the following conditions be satistied.

(i) There exists ZUOC ) such that for every interval [a, b]

and every sequence {oJ n } of elements belonging to £1 and con-
verging to W,

o
B
B
=
H
£
=
—~
—
P
(on
-
SN’
I
n
JF

(0]
=
o
.
—~
[
..93
o
—
S~—>
I
n
o

holds.

(i) If E, FEX and EC F, then for every WESLY, Ty
(E)C Tw(F).
(1) ¥ B €¥and w —w,_ (inf), then
lim
lTwn (E) | ) lTwo (E)I = IEI’
u .

where |A| denotes the Lebesgue measure of the set A € 2.
Then among other results T. NEUBRUNN and T. SALAT [3] have
proved the following
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Theorem 1,1, Let{)and T¢( W € ))have the same
meaning as above and let conditions (1), (ii) and iii ) be_satis-
fied, Let A€X, |Al > 0 and W — W, in.ﬂ.). Then

there exists a natural number no such that for n = n_, AN
Ta, (A) # # holds.

The purpose of the present paper is to study some properties of
sets in R (N-dimensional Euclidean space) under transformation
like Ty = which transforms a measurable set in R into a measu-
rable set in R,;. In the first part, we introduce thrée conditions in
Ry which are equivalent to the above three conditions when N = 1,
and extend the result of Theorem 1, 1. of [3] Here we consider
the sets always in Ry, In the second part we extend the idea of
universal sets as introduced by Kestelman in [1] and prove some
relevatn resulsts. :

Now, we explain some notations:

(i) S r_c,P] stands for the closed sphere with centre c and
radius ¢ , while S (c, e ) denotes the open sphere with the sa-
me centre and radius. (ii) Difference set D (A means the set
of all vectors x -y, where x, y € A, a set in Ry. (111) [x|
denotes the norm of the vector x. (iv A denotes the closure of
the set A, (V)A/B denotes the set of all those vectors of the set
A which do not belong to the set B. (vi)For a€ Ry, ACR
the symbol ¢ |a - A |} denotes the set of all numbers |a - xll\l,
where x € A, .

In this context, we note a well-known result [2] that if Eq, Eo,

oo
Eg ... be measurable sets and E = () E, such that
k=1

E, DEZDE3D"' , then |E | = lim.[lEnl]

n —_ O

1. An extension of a theorem of T. Neubrunn and T. Sal4t

Suppose that to every W belonging to a metric space there is
a certain transformation T ¢ which transforms a measurable
set in RN into a measurable set in RN.

Let the transformations T¢) satisfy the following conditions:
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(I) There exists woe ) such that for every sphere K =
= S[a, rjJc RN and every sequence {wn} (wn € ﬂ) con-
verging to wo, '

lim [sup { |a - Twn (K)I}]= r
n—oo
holds.
(H) If E and F be measurable sets in R such that FCE,
-then for everyW € ), Tuw (F )C_' Tew (E)

(III) If E be a measurable set in RN and wn_, w o (in .O).
then

lim

< |rw, @) |:]=).

Tw, (E)
n— 6O

When N =1, conditions (II) and (III) are the same as (ii)
and (ﬁi) respectively of [3] . It is easy to see that the condi-
tion (i) of [3] implies our condition (1), but the converse is
not true. However, the conditions (I) and (III) together imply
the condition (i) of [3] as can be verified.

Therefore, it follows that when N =1 the conditions (i),

ii) and ( iii) of [3] together are equivalent to the conditions
1)(11) and (1m). ’ :

Theorem 1, Let T w w € n)‘be the transforma-
tions satisfying the conditions I), n(II)) and (III), and the se-
quence { W, » converge to W, (in LY ). Let A be a set of po-
sitive measure in Ryy. Then there exists a natural number N,
such that for n 2N,, A N Tw (A) is a set of positive mea-
sure. '

Proof. Since A is a set of positive measure, there exists
a sphere K; = S [a, r], such that |K1/A < & |K1 [,
1

where 0<£<T—_ and |K1|= § , say.
27 ¢+ 2
Let K2= S [a, s], where s=—§— and

sup {la-Twn(K2)|}= dn'
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On account of the condition (I ), there exists a natural number
N, such that for n >N1’ |dn- s|<r-s .-.; . So, for
n 2 Ny, Tw (K2 N A ) C K, . Further, according to the
condition (III ), there exists a natural number N2 such that for

n ZNZ,
§

‘|Twn(K2ﬂA)|- |KznAl|<—2m'
Let N_ = max (N, N, ). Also. let C, = K, N Aand C, *
2 Twn,(KzﬂA).
> n _ -, -1-
Now, for n # No’ C1 N 02 5K - [Cl \.JC2 :I, where

dashes denote the complements with respect to K

Then, for n ZNO,

1°

+ ICénIJ

lc. ncy| 21x,| - [Ic;
= 1% - [Ix/al vix |- 7w, (k0 4]
= Jrtw, (x,na)l- |k /al,
: /a
>k, nal- N+l |k, /2
il Ik /Al -1k /Al - 2Ng+1 .
>, |- Ix/al - [x/4]- 2N<§1
>yl -2l |- &
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§ _,e48. d

2N' 2N+1
. 1 ‘
-[2N'1 —2&] J"
> 0, since 0<€’<—N_1+_T

2

Thus, for n >No’ (Klﬂ A) N Twn (Kzﬂ A)isaset

of positive measure, Hence by applying condition (II ) we obtain
that ANT W, (A) is of positive measure for n 2 N_.

Corollary 1., If A be a set of positive measure_ in R__, then
the difference set D(A) contains a sphere S [0, "']] . "’1 > 0.

Proof. Let {w n} (wn € RN) be a sequence converging
to 0. Let g n (x) = X+ (.L)n, where x € RN. Evidently gW
satisfies the conditions (I), (II) and (III ) in RN.

So, by Theorem 1 there exists a natural number No such that
for every n > N _there exists a vector x_ for which x ¢ wnG_ A,

Let leo | = 7 . Then for every W € S [0, ”2], there is

avector x € A suchthat x+ wW € A, '
Thus the difference set D (A) contains a sphere S [0, ‘r( ] 5

M > o '

Corollary 2. When N =1, the theorem runs as follows:

Let Tw i ( w, € ﬂ_) denote certain transformations satisfying
the conditions (i), (11) and (111) in R;.

Let A be a set of positive measure in R1 and {wn} be a
sequence beloging to ) and converging to wo (in ﬂ) . Then
there exists a natural number No such that for n 2 No’ AN Twn

(A) is a set of positive measure, _
This corollary is a generalisation of Theorem 1.1 of [_3] in the
sense that in [3] it has been shown that the set A N T g n (A

is non-null for n 2> N ; but here it follows that under the same con-
ditions A N Ty (R) , for n 2> N . is of positive measure.
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Theorem 2, Let the transformations T W ( wne ) and
wol— WEN ., W, # W 4, n=12 ...) satisfy
the conditions (I (II )and (III ) in R . Let A be a set of po-

sitive measure in RN and b be any positive integer. Then there

exist mutually distinct W 1° wz, ee , W 5 in .O. such that

An'rg.;l (A)n Tw, A)n ...Nn Twp(A)is

a set of positive measure, |
Proof. Let w‘}(w‘
—— n

to CUO (in £1). since A is a set of positive measure, by The-
orem 1, there exists a natural number N1 such that for n 2> ’\Il,

2 .Q.) be a sequence converging

ANT wn (A) is a set of positive rneasure. Let us choose
a natural number n, 2 N, . Then AN T w (A) "is a set of
positive measure. Let LJJ'1 = W, and A, = A N Tw, (a).
Then |A | >0, A C A,

Next, let {w ”} w - > € 1) be a sequence converging to
W, . Since, |A | > o, by Theorem 1 there is a natural number
N, suoh that for n >/N2, A nT wn (A ) is a set of posi-
tive measure. Let n, be such that n, = > N2 so that A nT OJ ng
(A ) is a set of positive measure. We put w OU ( F W
Let A,= A, N T, (A ). Then | A, 1> o and A, C:A CA

Continuing this process, we obtain a set Ap-l and (U (w ?
W, wp) such that AD A, D ...:DAP L '
and Ap = Ap n Twp (Ap ) is a set of positive measure.

Thus, AN Tw,, (A)N Tw, (A)N... N TW, (A )
is a set of positive measure. Since A DA Deee 2D Ap-l’ it
follows that :

AN Ty, (A) N Tw, A)yn...n Tw, (A)is a set

of positive measure.
This completes the proof.
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Now we shall prove a theorem in which the transformations
Tw. (w E.Q)satisfy one more condition in R, stated below:

(IVn) Letn {wn} (wnc _Q.)be a sequence converging to wo
(in 0 ) If A be a closed set, then T w, (A ) is closed for suf-
ficiently large n.

Theorem 3., Let the transformations T Wi, ( OJnE'. {1 and
{CA) n}—s(_uoé_ﬂ_ . Wy # wnol’ n= 1, 2, ...) satisfy
the conditions (1), (1), (111 )and (Iv) in Ry. Let Abe a clo-
sed set of positive measure in RN‘ Then there exist { W },
W € fL and a vector gEAsuchthat Tw, (g)GA,
k=1,2,....

Proof. Let {w; } (w- e £ )be a sequence converging
to W, (in £2). Since | A T> oand A = A then by Theorem
1 there exists a natural number n, for which AN T “"111 (A)is

a closed set of positive measure. Let w; = W, and ~A1 = A
N Tw, (A). Then |A, | >0, A=K and A,C A,

Let {w;} (w:e Q )be a sequence converging to  J .
Since |A1 | > oand A, = A, we get a natural number n, such
that wnz # W, and A/ N 'It(Un (Al) is a closed set of
positive measure. Put W :2 = (Uz 4 LU'1) and A2 = Al N
N Tw, (A;). Then|A,|>0, A = A, and A,C A CA.

Continuing this process indefinitely we obtain a sequence of clo-
sed sets {A } such that

n
A= AOD Al'_')A2 =) 5 DAn-ID AnD ... and
a sequence {wk} (wke_(z). W, # (.Uj (1 # j) such that
A A NTwy (A ) 14 (>0 A = K k=l2,....
So, there exists a vector ? € A suchthat Tw Kk ('g) € A,

k = 1’ 2, o e .
This completes the proof.

49



2. A few theorems extending the idea of '"'Universal sets"

In this part we prove some theorems extending some results on
universal sets of [1:] In doing so in place of translation we apply
transformation T as defined earlier.

Theorem 4. Let the transformations Tw (Lu 2 _Q.)

satisfy the condition ( I ) in RN’ where the sequence {(...J }
(bu €0 ) converges to w, (1nﬂ)and S(a r) be a sphe-

re in RN If E be any vector belonging to the sphere, then Tw

( ? JE s (a, r )for sufficiently large n.

Proof. Let us consider the sphere K = S (a, r). Let - € K.
Then if we apply the condition (I to any closed sphere enclosing
and contained in K, then, since K is open, obviously T w

( E )€ K for sufficiently large n.
This proves the theorem.
In proving our next theorem we require the following conditions:
(V) £ |E|= 0, then [Tew_(E)|= 0 where {wn}—’w
W ,€LL, wye fN.
Theorem 5 . Let the transformations ‘T ¢y with their in-

verses satisfy the conditions (I) and (V ) If A be a set (m R

N
which contains almost all the points of a sphere K = S (a r)then

there exists a vector go. in RN such that T ¢y n (7g o ) €A

for sufficiently large n. fole)
Proof. Let X=K N ( M Tw (E)), where Eis

a hull subset of K. Then ,X | = 0 and ADK - E. Let &
€ K-X. So, %o € X. In other words, go € T'(LN (E),
n=1,2, ...i.e Tw_ (éo) € E,n=1, 2, ... . Since K is
open, it follows from condition (I) that T w (é ) € Kfor
sufficiently large n. So, Tw (% ) € K- E for sufficiently
large n, i.e. T ¢y (é ) € A for sufficiently large n.

This proves the theorem.
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Corollary., If w, = 0 and g = x+ W, where x €

RN and Uu'n € RN then the conditions of the above theorem are

satisfied, and we obtain Theorem 4 of [1] .

Theorem 6. Letthe transformations T (u n with their in-

verses satisfy the condition (I) and preserve the category, where
the sequence UJn W € o ) converges to () (in 0 )

If A be a set (in R ) which contains all the points of a sphere

N
K=S (a, r ) with the exception of those belonging to a set E of
the first category, then there exists a vector '% 5 € RN such

that Ty N (E o) € A for sufficiently large n,

Proof. The statement "|X |= 0" in the proof of Theorem 5
is to be replaced by ' X is of the first category'. The set K - X
is now of the second category and for every éo in K - X we have

Teaw n (éo) € A for all large n.
This completes the proof. »

Corollary. If OJO = 0 and g w,= X+ OJn, where XERN
and W c Ry
we obtain Theorem 5 of [1].

then the conditions of Theorem 6 are satisfied and

Theorem 7, Let the transformations T n with their in-
verses satisfy the conditions (I ) and (III) in RN’
sequence {(Un} O.)n € ﬂ) converges to (Ué (mﬂ) I A
be a set in RN containing almost all the points of a sphere K =

where the

=S (a, r), then there exists a vector éo in RN and a subse-
quence { wni} of {wn } such that T Wy ( é o) € A for suf-

ficiently large i.
Proof. Let E be a subset of K of measure zero, Let "2 1t

+ "z 5 ¢ ' "z g *+ ... bea convergent series of positive terms.
On account of the condition (III )

lim |T'aljn ()| = | &

n—00o

51



So, for /71 » there exists a natural number n, such that
T, @)1 - |8 |]<n,
i e, szjnl (2) | <7 ,.

Similarly for '? 9» We can choose a natural number n, > n
such that

_ 1
-1 '
In this way, we choose a subsequence {w n} of {QJ n} such
i

that corresponding to ’? i

-1
3,

()| < 1,
i -

where n1<n2<... <ni<...

Letxi=Kﬂ{g. Tibn (E)},’ Q=§ X

e 1°

Stnce, XD X, DX, D..., |x |—lal.
oo "
Now, ]Xi'<kz=i ”2 k  So that |Xil—90 and hence | Q'= 0.

Let §o€ K - Q. So, éo € Q. Then §°€ Xi for some

. o,
natural number io. In other words,

= -1 S
éoe Twni (E), for all 1}10,
Lie T, (§,) € B forani> .

Since, K is open, on account of the condition (I ), it follows that

Tw, ( é o)€ K, for sufficiently large i.

Then iTw n ( éo) € K - E, for suffieciently large i and thus the
theorem concludes,

52



Lastly, the author is thankful to Dr. K. C. Ray of the University of Kalyani for
his kind help in preparing the paper and to Prof. Dr. T. Sal4t for his suggestions
towards the improvement of the paper.

REFERENCES

[1] Kestelman H., The convergent sequences belonging to a set, J. Lond.
Math. Soc. Vol. XXII (1947), p. 130-135

[2] Natanson I. P,, Theory of functions of a real variable, Vol, I
Frederick Ungar Publishing Co., New York, (1964 ), p. 70

[3] Neubrunn T.and 5al4t T., Distance sets, Ratio sets and Certain
transformations of sets of real numbers, Cas, Pést, Mat. 94 (1969 > P.
381-393

Author s address: Departement of Mathematics, University of Kalyani, India
Received: November 25, 1971, at Publishers May 28, 1973

53






(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXIX, 1974)
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
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ABSTRACT ENTROPY
BELOSLAV RIECAN, Bratislava

In the paper we introduce an abstract scheme including the to-
pological entropy (see (1] and also [2] and [3])as well as the Kol-
mogoroff-Sinaj’s entropy (see [4], [5]) and also some further
invariants, *) :

In Theorems 1 - 4 we generalize the corresponding results of
[1]. Theorem 5 contains a new result concerning the algebraic
entropy introduced in the paper. Finally we present a few prob-
lems connected with the notions introduced in the paper.

First recall the definition of the topological entropy. Let X
be a topological space, f : X —>» X a deformation (i. e. a con-
tinuous map), P the family of all open finite coverings of X, For
A € P we put

H (A) = log min {card B; B is a refinement of A}.

If Ai€ P.(i= 1, 2, cos 3 n), then denote
n - n
i\=/1 A, - {iolmi; E, € A }

n
(Of course, \/ Ai is an element of P.) Then for every

: i=1 ¢ .
A € P there exists the following limit ( see [_1])

3*
) Some results of the paper were communicated at the Third Prague Topological
Cymposium in September 1971,
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n(a )= um 4+ B O\/ ri(a)).

The topological entropy of the deformation f is defined as
h(¢)= sup { h(A, t); AEP }

what is a real number,

In our general case we start with with a quasiordered set P
(i. e. a set P with a reflexive and transitive relation 5). On
the set P it is defined an associative binary operation / such
that AV B2 A and A VB 2 B for every A, B € P, Finally
let T:P—>» P and H: P— (0,00) be any functions satis-
fying the following conditions:

ko i < i v
1.}1(1\:/o T(A))-H(i\./o T(A))tH(i=\j<1 T(A))
forall A € P.
2. T(AVB) = T(A)T(B) forall A, BE P,

3. H(T (A))S H(A) forall A € P,

Sometimes we shall need also the condition

4, A S B_—> H(A) € H(B), T(a) < T (B).

: ., n-1
Lemma. Under the assumptions 1 - 3 lim % H(}-/0 Ti(A))

' n-1
esists and lim % BH(\/ T (a))s H(A).
' i=0

Proof. Put H = H(}k/ T (A)) (k21,2 ...). Then
— 0

[y

n- n+m-1

- 1(a) 1a))s -
Hmm‘ H(i= T(,V\i_{ T (A)) |

(=]

56



1

The existence of lim — H_ follows from the inequality H -
n n n+m

S Hn + H . It can be proved as an exercice. E.g. by the follo-

wing way.
Put x = inf L H . Let£>0 There1sksuchthat x+ &£/2>

> ._ =
> 1/k H'k' X. Further Hkm m Hk. If n2 k, thgn n = km + i,
where 05 i =k -1 and

Hn < 'Hkm . Hi < H:km 1H1 5 5 +£_ 1H1
n km + 1 km + 1 km ' km +1 2 *kmei
1H, &
Choose m such that W < 3 li=1, ..., .k-ll. Then for
n > kmo we have
< EL )
x = < x4+ ¢ b
hence lim % o - ¥ From the inequality H Sn H, it follows
that im~ H_ S H = H(A).
n 1

Definition 1. For any given P, T, H and A € P let us put

h(a, T) = um% H(\I{-/I T (4)),
)

h(T)= sup {h(A, T); AC P}

h(T ) is called the entropy of then triple ( P T, H) The triple
( P, T, H ) is called the base of the entropy h (T)
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Examples *)

1. Topological entropy

In this case P is the family of all open finite coverings of a to-
pological space X, where A $B, A, BE P iff B is a refinement
of A, AVB = {ENTF; EC A, F € B}, Further H(A) =
= log card A and T(A) = f'l(A), where f is a deformation of
X.

The properties 2 and 4 are evident. Since card e (A) £ card
A, wehave H(f-1(A)) § H(A). Finally, for every A, BE P

card A \v B f card A . card B,

H(AVB) § H(A) + H(B)

hence

k -i A -1 5 -i
u(\/ £71(a)F H(\/ () m( \/ 7(a)).

i=0 i= i=j+l

2. Kolmogoroff-Sinaj’s entropy

Let(X, S, m) be a probability measure space, f : X — X
a measure preserving transformation ((X, S, m, f) is called
a dynamical system). Denote P the family of all finite measu-
rable decompotisions A of X such that A, f‘l(A), cem s f'k(A)
are independent i, e.

P L2 -
m(() % (E)): | | m(s %i(e)) (0% j<...<]
izl ! izt ! P

k).

As before, A S B iff B is a refinement of A, Further put

H(A) = - 2 _ m(E) logm(E)

nA

A

E€E€ A
and T(A)= £7(a).
j ; k .
Put B = \/ TI(A>, C = \\/ TI(A). The decomposi-
i=0 i=j+l

tions B, C are independent., Therefore

*) The examples 1, 2 and 5 are known; the examples 3, 4, 6 and 7 are new.
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= - Z Z m(EﬁF)logm(E).m(F)=

-S> > m(ENF)log m(E)-
E F

-3 2 m(ENF)log m(F)-
F E

= - Z m(E)logm(_E)- Z m(F)

E F
log m(F) = uH(B) +» H(C).
The condition 2 is evident, as well as the implication A < B

= T(A)% T(B). Let A€ P. Then

H(A)= - 2 m(E)logm(E): - E%A m(T(A))

EC A

logm(T(A))2 - 2 m(F)logm(F)= H(T(A)).
_ FE T (A)

Finally, le¢ A S B. Then

H(A) = - m (E)log m (E )=
E€ A

Z Z: m(EﬁF)log m(E)=

E€CA FEB
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= - D > m(EﬁF)logm(E)g‘

FEB ECA

s - Z logm(F)Z m(EﬁF)=
FE B EE A

= - S m(F)logm(F) = H(B)
FE B

3. Entropy of an automorphism of a Boolean algebra

Let B be a Boolean algebra, f an automorphism of B. Let P be
the set of all finite decompositions of the greatest element of B.
For A€ P put H(A) = logcard A, T(A) = £(A).

4, Another type of topological entropy

Let P be the family of all open coverings of a topological space
X having refinements of finite orders,i. e. P = { A ; thereis B 2
2 A, B is a covering of finite order ; . As before T is a func-
tions generated by a deformation, but now H(A) = log min {order
B; B2 A

The properties 2 - 4 are evident. We prove only the condition
1, It is enough to prove that H(AVB) H H(A) + H (B) for every
A, BE P, Let H(A) = log m, H(B) = log n. Then there are C 2
2 A, D% B such that order C = m and order D = n, Therefore
arbitrary m + 1 sets of C and arbitrary n + 1 sets of D have
the empty intersection. Take arbitrary mn + 1 sets of C \/ D.
They have the form Eiﬂ Fj where Ei € C, FjC D. Among

mn + 1 couples (i, j) there is different either m ¢+ 1 of the first
indices or n + 1 of the second indices. Therefore

ﬂ(EinFj) =) & n ij = 9.

Hence order CV D ¥ mn and H(AVB)§ log mn = logm +
+ logn = H(A)+ H(B)
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5. Entropy of a group endomorphism ([1])

Let G be an Abelian group, P the family of all finite subgroups;
A ¥ B iff ACB, T endomorphism, H A) = log order A,

6. Another type of measure preserving transformation

Let P be a lattice of subsets of a set X ge. g. a ring of sets),
H a non-negative subadditive function on P(e. g. a measure ),

T : X —» X such a transformation that H(T-1 (E) ) T H (E )
' (e. g. a measure preserving transformation ).

Of course, we can specify, e, g. P may be thefamilyof all com-
pact sets, H a volume. Another example : H - the Haar measure,
T : x+—> ax.

If H is a finite measure on an algebra, then h (T)- 0. Name-
ly, 0 S n(T, E)® n(T, X ) for all measiJ.rabie sets E, But h
(T, X)= lim L H(i\-/o TH(x))% 1im L H(X)= 0. ¥ H

is not defined on an algebra, h need not be trivial. E, g, let X =

( -0, oo), S be the ring generated by bounded intervals, H be
the Lebesgue measure, T x>= X + ¢, Then h(T)- c. An inte-
resting example we obtain if H is k-dimensional Hausdorff measu-
re, P the family of all sets of finite measure, T a contraction i,

e. such a transformation that d (T (x), T (y)) s d(x, y). E.g.
if k = 1 and T is a rotation trough o(,(o( irational ) and E is a straight
line interval with an endpoint in the origine, then h (T, E ) equals
the length of the interval, hence h (T) = co.

7, Entropy of an operator

Let P be a linear lattice of functions (ordered as usually ), H
be a positive linear functional, T (f = f - g, where g is a fixed
non-negative fuction. Another possibility (g arbitrary measure
preserving transformation, H integrals
T(£) (x) = £(g(x)). In this case

H(T (£)) = { T (£) dm ='\){qudm= s[fdm=H(f).
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Usually, if ''two systems are isomorphic'' then their entropies
are equal, A similar theorem holds also in the general case.

Definition 2, Let (P, T, H), (R, S, G) be two bases of
entropy. We shall say that (P, L, H) is immersed in (R, S, G),
if there is a mapping U : P — R such that

1. u(AVB) = A)vu( ) for all A, BE P.
2. UoT = SoU.

3. G(Uu(a))= H(A) for all AE P,
The bases are equivalent if U is a bijection,

Theorem_l. If(P T, H)ls an1mmers1onm(R S, G)then
h%TgT hES;. It (P, T, H) and (R, S, G)are equivalent then

H P( §r70'1(31f (-.A )[3 ( \/T(l \1})5)1( \/)U (ﬁirgflrl h/'r AU)(é)h) gertlj%g))
g h(S) for all A € P, hence h (T; S h (S) If U is a bijection then

to any BE R thereisan A€ P sucht h é g Hencei

G (\/si())= G( Sl(U<A))) (\/Tl A)))=H(\/T*(4)),
h(S B) = h(T, A)® h(T) andso h(s = h(T).

In some special cases Theorem 1 describes the situation infac-
tor spaces; U corresponds to the projection. E. g. if (R, S, G) is
a base of the topological entropy of a space X and a deformation f,
Y is a factor space, g induced deformation and (P, T, H ) the base
generated by the couple (Y, g ) and p : X —>Y the projection,
then (P, T, H) is immersed in (R, S, G); the corresponding
immersion U : P—R can be defined as U(A = p-1 A). Theo-
rem 1 implies h(T)§ h (S) i. e. h (g ) S h f). (The topological
entropy of induced deformation in factor. space is not greater than
the entropy of the original deformation.) More general example
of an immersion we get, if we take any invariant (with respect to
S) subset P of the set R. U is in this case the injection, U : PR
and T = S/P..

From Theorem 1 it follows that the same entropy have e. g.
isomorphic dynamical systems %), homeomorphic topological
spaces with deformations commuting corresponding homeomorp-
hism etc. An interesting application of Theorem 1 is presented at
the end of the article.

*) Recently D, Ornstein [(6)] proved the opposite theorem for Bernoulli dyna-
mical systems.
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Definition 3, Let (P, T, H)beabase of the entropy, ,
Q C P. We say that Q generates P if to any AE€ P there exists

B € Q such that IS:./; Ti(B) Z A for some k.
Theorem 2, If Q generates P then h(T) H sup{h(T,A);
AEQ}
Proof. Let B&€ Q, Then
k-1 1 p-1 . k-1 :
h(T, \/ T(B))= 1m — H(\/ T T (B)))=
i20 . j=0 i20
k+p-2
1 u
= lim — H T (B =
i 5 ( \u{ (B))
1 t-1 u
= lm ——— H( T (B)) =
P u=0
t 1 e
= lm ——— ¢ H( VA T(B)) =
= h(T, B),
hence
k-1 .
h(T, A) ¥ n(T, T (B)) = n(T, B).
i=0

In Theorem 1 we were interested in factor or quocient spaces.
What can we say about product spaces.

Definition 4. Let (P, T , H) and (P,, T, H2) be
bases of the entropy. Their product is the base (P, T H), whe-
re P-{(E, F); E€P, FEP,} ((E,E,) ¥ (E, F,iff
E, ¥ F andE, * F,; (B, E)Vv (F,F,)=(E VF,

E2V F2 )) ’ T((E’ F>)= (Tl(E)' .Tz(F))- H((E, F))=
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Theorem 3. h(T)= W(T,) + h(T,)
Proof. Clearly \/TI(A Az) s

UA

'h (Tl) + h(Tz) and therefore h(T) 3 h(Tl) +
+ h (Tz). On the other hand there are Al’ Azb such that

h(T,) + h(T,)- &< n(T;, &)+ n(T,A,):=

= n(T, (A, A,)) T n(T).

Theorem 3 can be applied to the product of topological spaces
and topological entropy, since the coverings corresponding tq the
couples (A, B (i. e. the coverings{ ExF; E€ A, FEB )
generate the family of all finite coverings in the product space.
In the case of dynamical systems the decompositions correspon-
ding to the couples ( A, B ) need not generate the family of all
measurable decompositions in the product space. Therefore we

know only that h(T)% h(T,)+ h(T,).

Theorem 4. Let (P, T, H) be a bage of the entropy satis-
fying the assumptions 1 - 4, Then h(Tk)- k h(T) for every
positive integer k., )

k k-1

Proof. h(Tk) z h(T, \/ Ti(A))=
i20
n-1 . k-1
= klim —— H( \/0 T J(_\/0 T' (4)))=
n J= i=

'
=
e
.é-.

B~

-4
<
<
HE

-
>

g
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nk-1

= klim —— H(}/O TP (a)) = kn(T, A)

for all A € P, hence h(Tk ) 2 kh(T). On the othér hand, accor-
ding to the condition 4

1 s
h(T, A) = lim — H( }=/0 T (A))
z 1:1m % H( :: (Tk) (a))=
= % H(TX, A).

Finally we mention two structures on the set X of all sequen-
ces { } i= - of integers 0, 1, ..., n-1, The first structure
is the algebra Bn generated by the family C of all sets of the
type{{ }u--oo’ XI-J} whereJO 1, ...,nland
i=0, 1, *2, ... Let T bethe shift i.e. T ({x } =

n us= -

{ }u' oo) wherey = X .1 Let h(Tn) be the algebralc
- entropy defined in Example 3.
Theorem 5, h(T )‘ log n.

= { EP I =,

Proof. Put K_ {E ..» EP |} where 2 CEN

xp =] } (j=0, veoa n-l). Then
h(T , K ) = lim — H(<7 T(K_))= lim — log n® = logn
n’ °p k i¥o o} k

Si the famil ={ K
ince the fa ' y Q { p}
= logn.

p= -00 generates P, we have h(Tn) =

Corrolary. Given ngm there is no isomorphism U : Bn—> B
commuting shifts,
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Let Sn be the 6-algebra generated By Cn. What can we say
about the algebraic entropy ho (Tn) of Tn in Sn? According to
~Theorem 1 we have h (Tn) H ho(Tn), hence ho(Tn) Z logn.
It seems to us that hO(Tn) = log n but we are not able to prove
it.( In[7]it is proved that there is no isomorphism U : Sn—«vSm
commuting shifts.)

Another natural strupture on Xn is the topology Un generated by
. Cn. Let h'(Tn) be now the topological entropy. Since every open
set is measurable here (i. e. UnC Sn), our topological base is

immersed into the corresponding algebraic base. Therefore accor-
ding to Theorem 1

h{T_ ) £ n (T,).

Since h'(Tn) = log n we get also only ho(Tn) z log n.

Problems

In what follows hi denotes the entropy appearing in Example i.
1, Compare the entropy h1 of a deformation and the entropies
h5 of induced endomorphisms of the group of homology. ( This

problszm was given by A, ARCHANGELSKIJ in Ref. Journal
1967.

2. What is the connection between the topological dimension
and h,,? Evidently h1 z h,. If X has finite dimension," then

log (1+dim X )’? h4(T) for all deformations T. Possible hypo-

thesis:
dim X‘ = sup {eh4 (T)- 1; T is a deformation of X} s
h,(T '
dim X = [ e 4( )]
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3. Let (X, S, m, T) be a dynamical system, (S, d ) the pseu-
dometric space where d(E, F) = m(E /A F). Compare the en-
tropies hl' h2’ h4.

5. Let X be a topological space, B the O -ring generated e.g.
by compact sets. Compare h1 and h3.
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(ACTA F. R. N. UNIV. COMEN. —~ MATHEMATICA XXIX, 1974)
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXIX - 1974

EINIGE EIGENSCHAFTEN DER LOSUNGEN OHNE NULLSTELLEN
DER LINEAREN DIFFERENTIALGLEICHUNG DRITTER ORDNUNG

LADISLAV MORAVSKY, Kosice

In der vorliegenden Arbeit wurden hinreichende Bedingungen
abgeleitet, unter welchen wenigstens eine L&sung ohne Nullstellen
der Differentialgleichung dritter Ordnung existiert. Weiter
wurden hinreichende Bedingungen abgeleitet, unter welchen die
L&sung mit der doppelten Nullstelle rechts von dieser keine Null-
stelle hat.

Erwigen wir die Differentialgleichung dritter Ordnung

(1) y™ « p(x)y” + 2A(x)y' t [A7(x)e b(x)]y =0,

b(x). p(x) € co(1),” A(x) € ¢'(1), 1 = (-o0s00)

Fir eine beliebige‘ L¥sung ‘y (x) der Differentialgleichung (1 )
gilt die Integralidentitéit

(2) [y(x)y (x) -T y~ (x>+ A( 2(x)_-_‘exp{Z‘p(t)dt} +

‘,[ p(t)y” ( exp{f ds}-dt +

o

+f [b(t)- A()p()] t>exp{/ (s)as) at:

- y(xow”(xo) -7 () A(xy) ¥ (x,).
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Gem#p [3] kdnnen wir jede Losung y( ) er Differential -
- gleichung (1) mit der Eigenschaft y(x )= o, x €J, 7=

( o0 ; oo) in der Form y = C1 ¥y * Sy, schrelben, wo
¥y (x), Yy (x) zwei linear unabhingige L&sungen der Differen-
tial gleichung (1) mit der Eigenschaft y, (xo) 2 yl(xo) = 0,

yr (xo ) y2(x0)= y;(xo) = 0, y;(xo)# 0 sind.

Die Mengé der Losungen der Differentialgleichung ( 1) y =
=C Yt CyYy mit der Eigenschaft y(xo) = 0 nennen wir

ein Bilischel von Ldsungen erster Art der Differentialgleichung
(1) im Punkte x , kurz ein Biischel von L3sungen erster Art im
Punkte X,

Gemip [3] entspricht das Biischel von Lésungen erster Art
der Differentialgleichung. zweiter Ordnung, welche die Form

(3) wy - wy e [w e p(x)w s2a(x)w]y = o,

hat, wobei w(x)= ¥y (x)yé (x) - yI (x)y2 (x) die Losung
der Differentialgleichung

(4) [w” + p(x)v‘v']' + p(x)w" + [pz(x)f 2A(xﬂw' +
+ [A‘(x)- b(x)+ ZA(x)p(x)] w = 0 ist.

Fiir jede Losung w (x) der Differentialgleichung (4) gelten
folgende Integralidentititen:

(5) [w(x)w™(x) + p(x)w(x)w'(x)+ A(x)wz(x)-
TW (x)]exp{z‘ p(t)dt}:

1 % .2 p
=7 ‘x/' p(t)w (t)exp{;{/\ p(s)ds} dat +

-+

f[b(t t)p( ,wz(t)exp{z p(s)ds} dt +
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+ w( xo) + pf (xo) w'(xo) + A(xo) wz(xo)-

-5 v (x)

(6)  [w(x)e p(x)w(x)+ 2a(x)w(x)] exp{f (t)at}-
=w(x )+ p(x,)w(x,)+ 2A(x,) f [a° (t
o] w()em { ) p(s)as) e

Bemerkung 1. Die Gleichung (4) ist auf Grund der Substi-
tution '

wooou,, w” s p(x)w’= ug
iquivalent mit dem System linearer Differentialgleichungen

u = u

1 2
ué = —p(x)u2 + ug
i = [A%(e)- b(x)s 2a(x)p ()] uy + 2 [Ae):

p?(x)]u, - p(x)u,

fiir welche der Satz liber Existenz und Eindeutigkeit gilt. Also
existiert gerade eine LYsung w (x) der Differentialgleichung (4),
welche die Anfangsbedingungen :

w(x°>= W w'(xo) = w;, w”’ (xo)+ P(xo) w'(xo)z w:

erfiillt. Die letzte Bedingung kann durch die Bedingung w (xo) =

-'.

= w;’ ersetzt werden.
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Satz 1, Essei w, = w (x ) eine beliebige nichttriviale LG-
sung der Differentialgieichung ( 4 ) Dann existieren solche zweil
lineare unabhingige LOsungen yi\x) ¥, (x) der Differential-

gleichung (1), dass
V1= 9133 - 172

gilt. Der Beweis wird dhnlich wie in der Arbeit [ 27] durchgefiihrt,

Satz 2. Essei p(x), b(x)€ co(1), A(x)€ cl(1),
I = (-00; oo) Es gelte p(x)2 0, b(x\- A(x p(x
_fl'ir alle x € J. Die Funktionen p(x), b(x) - A(x)p x) seien
nicht gleichzeitig indentisch gleich Null in keinem Teilintervall,
Dann haben die Differentialgleichungen (1) und (4) wenigstens
eine L3sung ohne Nullstellen flir x € J.

Den Bewei fiihren wir fur die Differentialgleichung (4 ) durch,
Die Methode des Beweises stammt von M. GREGUS aus der Ar-
beit [2] Es sei z x), z z3(x) ein Fundamentalsystem

X),
von L¥sungen 4> %nit der ﬁigenschaft

zl(xo)= zl'(xo) = 0, Zlﬂ(xo): 1,

>

]
—

zz(xo)= z;(xo)= 0, zé(xo) =

z;(xo)= z;’(xo)= 0, z3(xo) 1,

Es sei x0> Xy > x2> Xq > ... eine Folge von Punkten, welche

zu - OO divergiert. Aus der Integralidentitit (5) folgt, dag
zl(x ) rechts von X keine Nullstelle hat.

( %ilden wir eine Folge von Losungen der Differentialgleichung
4

{u}°<> u = Cc, Z, ¢+ C, Z, + C, 1z
nn=1’n 1n 1 2n 2 3n "3

mit der Eigenschaft

un(xn\,= ur;(xn) = 0, ur’l' (xn) >0,

wobei
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2 -
un(xo)+ u x()q» u =1,
Aus der Integralidentitit (5) folgt fir u (x), dass u (x) rechts
von xn keine Nullstelle hat und fiir x> xn gilt un> 0,

Bilden wir die nachstehenden Folgen

CNCND AP A R L CN ) e

n=1 n=1

Es ist ersichtlich, daB diese Folgen begrenzt sind und deshalb exi-
stieren ausgewihlte Folgen, welche konvergieren, Der Sicherheit
wegen setzen wir voraus, daﬁ d).es dieselben Folgen sind. lhre Li-

mite bezeichnen wir u , u’, u”".
o) o o

Es sei u (x) die Losung der Differentialgleichung ( 4) welche
den Bedingungen

u(x*u,u'(x =u, xo)-u'
entspricht, Die Losung u (x ) ist nichttrivial, da

2 -2 w2 2 .2 2
lim |u (x u X )+ u X T u +u +u =1,

Die L8sung u_(x ) ist
w (x)= u”(x )z (x)+ ui(x)zy(x)+ u (x)zq(x)
und die Losung u(x) der Form
a(x) =l z (%) w oz (x)e w2
woraus folgt, .daﬁ

'lim un(x)- u(x)
n—00
fir alle x € (- 00 ; ©9 ).

Zeigen wir, daB L§X) £ 0 fur alle x € J ist. Die Integrali-
dentitit 5 f’ur die Ldsung u x hat die Form
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[o, (x)u” (x) + p(x)un(x)u;l(x)- + uw2(x)+ Ax)d’ (x)]
ekp { ‘Z p(t)dt} = f (t exp{/‘ ds}

J [0 aWp©] o2 () e { ) p(s)as)}

Daher ist fir n— 00

a(x)u(x)+ p(x)u(x)u’(x)- % u""(x) v AG) (x) s
Lp(t)“ (t) exp { p( )dS} dt + ‘Zo[b(t)-
~ A(t)p(t)] uz(t) exp {- 2 p(s)ds} dt.

Dies ist die Integralidentitit fiir die Losung u (x), aus welcher
folgt, daB u(x ) fir x€ J keine Nullstelle hat,

Annlich wird die Behauptung des Satzes fiir die Differentialglei-
chung ( 1) bewiesen. Im Beweis wird die Integralidentitét (2 )
und die Folge { }OO

X
n

=1

welche zu + 0O divergiert verwen-

det.

Folgerung. Wenn die Voraussetzungen des Satzes 2 erfiillt
sind, dann existiert das Biischel von Ldsungen C1¥y * Sy, der

Differentialgleichung (1) im Punkte - oo und erfiillt die Diffe-
rent1a1g1eichung 3§

Satz 3. Esbei b(x), p(x)e co(1), a(x)e€ cl(1),
I = -0co; oo)undx sei eine beliebige Zahl, Es gelte fiir alle
x €73, =(x ; 00) A(x )>0, p(x) <0, b(x)- A(x)p(x)< 0,

A ( ) (x)+ 2A( )p( )< 0 wobei die Funktionen p(x),
b ( X ) - (x) p(x ) in keinem Teilintervall gleichzeitig identisch
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gleich Null sind. Fiir jéde Losung y(x) der Differentialgleichung
(1) mit der Eigenschaft

y(x)= y(x)= 0 y7(x)= k>0,
bzw,. k< 0

fir x€J , gilt dann

0<y(x)<m.k}—{-) exp{- f p(t)dt},

bzw,

0>y(x)>—Al{()—{Y exp {-- } p(t)dt},

o

'Z(X)<—zg%— exp { - 2 j'p(t)dt}.

Beweis, Essei y (x) die L8sung der Differentialgleichung
(1) mit der Eigenschaft

Y(xo) = Y’,(xo) = O, y”(xo) = k > 0’ bZW. k < 0.

Aus der Integralidentit (2) folgt dann, daB y )> 0 bzw. y(x)<0
fur x € J1 ist. Flr die erwogene L¥sung_ y x) der Differential-
gleichung ( 1) aus der Integra11dent1tat ( 2 ) folgt, daf

y(x)y“(x)- 5 v (x)+ A(x)y?(x)>0
fir x>x st

Fir jede Losung y( ) der Differentialgleichung (1) gilt auch
die Integralidentitit

[Y” )4- 2A x)] exp{ f p(t dt} -y” xo -

} = Z‘ [ATt)- b(t)+ 2a(t)p(t)] v (t)

- 2A (xo) y(xo

o
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t
- exp{ /‘ p(s)ds_} dat .
N '
Diese Identitét kann fiir die erwogene L8sung y( ) in die Form

[y(x)y™(x)- —;13- v 2(x )¢ A(x)y?(x) )] exp {J (t)at } =
y(x)y(x,) - [A(x)y*(x)+ & y%(x)]em { / o(t)at) +
y(x) /‘ [A°(t)- b(t)+ 2a(t)p(t)] y(t)exp

p(s)ds} at

{

umgeschrieben werden, woraus fiir x> x

- [A(x)yz(x)+ -—;— y'2 (x) exp {]{‘ p(t)dt,} >0

o“\ﬂ-

folgt.
Aus der letzten Ungleichheit sind die Ungleichheiten

(1) ky(x)- A)y3(x) exp { /' p(t)at} > o,

_ (8) k y(x)- -%— y'z(x)exp { f p(t) dt} >0
X
o
ersichtlich. Aus der Beziehung (7 )fl'ir k > 0 - erhalten wir

() 0 <y <y e {- [ s()a}.
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Aus der Ungleichheit ( 8 ) erhalten wir durch Anwendung von (9 )
schrittweise

Tkz(;cs exp { - 7‘ p(t)dt} - —;— y'z(x)exp

X
(o]

{ [ »s)a) >0,

(10) ¥ (x) <Tk(2§)— exp { -2 Z‘ p(t)at } .

Wenn k < 0 ist, erwigen wir die LOsung - y(x) und aus (9)
folgt

(11) 0>'y(x) >ﬂk§7_ exp { - Z‘ p(t)adt}

o
und die Abschidtzung (10 ) Damit ist der Beweis beendet.

Satz 4. Es sei b(x), p x)E (‘O(I), A(x)E Cl(I)
I = (-OO;OQ). Es sei xo eine reelle Zahl, Fir alle x € J =
=(xo )gelte A( )>0, p( )>O b( ) A( )p(x) >0,

ATx)+ b(x) < 0, wobei die Funktionen p(x), b(x)- A(x)
p (x in keinem Te111nterVa11 gleichzeitig identisch gleich Null
sind. Fiir jede LOsung z (x) der Differentialgleichung (4) mit
der Eigenschaft -

'z(xo) z z'(xo) = 0, z”(xo) =k >0, bzw. k <0
fir x€J, gilt dann |
k x
AR P { - _xf P(t)‘?"‘} > z(x >0,
o

bzw.

0>z(x)rl(:—‘)- exp{- Z‘ p(t)dt}
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und

z’z(x)<%({;)— exp{ -2 Z‘p(t)dt}.

Beweis. Es sei z (x) die Losung der Differentialgleichung
( 4) mit der Eigenschaft

:z(xo)'o z”xo'k>0, bzw. k < 0.

Gemi (5) konnen wir dann leicht feststellen, dass z (x )> 0
bzw. =z (x ) <0 fur x> X ist.

. GemiB (5 ) erhalten wir fiir das erwogene 2z ( x) fur x > X

z (x)z"(x)+ p(x)z(x)z'(x) - ;— z’z(x) + A(x)zz(x) >0.

Fiir dasselbe z(x ) kann man die integrale Identitét (6) in der
Form

{ (x )+ p )—_] ;— z‘z(x)f A(x)zz(x>}exp
([ p2) = 2(=7(x) - [AR)200)e 527 (x)]
exp {Z p(t)dt} + z(x) Z [A'(t)+ b(t)] z (t)

t
{ f p(s) ds} dt
e _
o
schreiben, aus welcher wir fir x> xo
< .
k z(x)- [A(x)z )+ -;— z'z(x)] exp {3{' p(t)dt} > o
o
erhalten. Aus der letzten Ungleichheit fiir x> X, folgt

(12) k z(x)- A(x)zz(x) exp{ ‘Z p(t)dt} > o,
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(13) k z(x)- % z'z(x)exp{ ‘7‘ p(t)dt} > 0.

Wenn k> 0, bzw, k<0 jst, dann erhalten wir aus (12)

0 < z(x) < Ak(x) exp { - ‘Z\ p(t)dt} ,

bzw.

Kk X
0 >Z(X) >—A—m- exp {- 3{/‘0 p(t)dt}.
Mit Hilfe der zwei letzten Ungleichheiten erhalten wir aus der

Beziehung (1 3 )
x

z'z(x> < Ti?% exp {- 2 \){‘ p(t)dt}.

Satzt 5. Es sei b(x) ( )€C°(I, A(x)E CI(I)
I = (-00;00 ) Fiir alle xEJ gelte px)zo, (x)
- A (x) P ) >/0
( ) b( A (x) ( ) seien in keinem Teilintervall gleich-
ze1t1g 1dent1sch gleich Null Es sei x € J eine beliebige Zahl.
Flir x€J, = (x c><>) gelteAx)°>0 A() b() +
+ 2A(x)p(x)< 0 und dabei ist A ( ) b( )+ 2 A(x)p(x)
nicht identisch gleich Null in keinem Teilintervall
Es sei

(=]

oQ

S p(x)ax< oo

X
o

?[b( x)p )]dx = +00O.

Es sei 0< (x) € c? < xo;éo) derart, daB f”(x) +
+ p(x)f’(x)e cl(1) und fir x€J, gilt

[f )+ p x\] + p(x)£7(x)+ [pz(x)i- 2A(x):|_ £1x)+

[A (x)+ 2a(x)p(x)] £(x) S 0.
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Dann existiert fiir jede L&sung 2z (x) der Differentialgleichung
(4) ohne Nullstellen in Jz, Jz = (a; oo) a > X ein solches

a >a, dassfir x > &
| z(x)]- k £(x) >0

gilt, wo k irgendeine positive Konstante ist.

Beweis, Es sei z (x) die Losung der Differentialgleichung

( 4m Eigenschatjt
z, (a)- f(a), z;(a)'_-‘ f'(a), z'(a) = f”(a).

Es sei u (x)= zl( x) - f (x), dann entspricht u (x) der Diffe-
rentialgleichung

(14) I:u”' + p(x)u'] "+ p(x)u” 4 [pz(x)+ 2A(x):|u' +
v [A°(x)- b(x)s 2a(x)p(x)] w = - { [17(x)
) (x)f’(x)]' + p(x)t7(x)+ [pz( x)+ 2A('x)] £7(x) +
+ [A’(x) - b(x)+ 2A(x) p(x)] f(x)= B (x).
Mit dem ﬁbergang zu dem der Gleichung (4) dquivalentem Dif-
ferentialsystem und durch Verwendung der Variationsmethode der
Konstanten erhalten wir, da8 auch fiir die Ldsungen der nichtho-

mogenen Gleichung (4) ghnliche Formeln wie fir die Gleichung
(1) gelten und also u(x) kann in der Form '

(15) u(x)s= 7B(t)_ww"'tt at,

geschrieben werden, wo |

a (%), uy(x). ug(x)

Wk t) = [ ug () uy(t) uy(t)
ur(t), uy(t), ug(t)

wobei uy (x), u, (x), u, (x) ein Fundamentalsystem von L&sun-

gen der Differentialgleichung (4) ist, deren Wronskian W ( X )
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positiv ist. Bei festem t ist W(x, t )die Ldsung der Differential-
gleichung (4 ) mit einer doppelten Nullstelle im Punkt t und auf
Grund der Identitat (5) ist flir x >t keine Nullstelle, Es gilt
auch, dg W(x, t) > 0 fiir x>t ist, weil W (t, t)>0.

Aus der Beziehung (15 ) fol daﬁ u ( )2 0 fiir x> a ist
und also auch z (x)>f(x fir x > aist, Es sei z (x )
eine solche behe%1ge Losung der Differentialgleichung (4 ohne
Nullstellen in J,, daB z(x)>0 fir x € J, ist. Dann kdnnen

fiir z"(x) mehrere Fille eintreten. Wir zeigen, da@ fiir alle

x € J, kein z'(x) < 0 entstehen kann, Wenn dem so wire,

dann wiirde aus der Differentialgleichung (4)

{[z”(x)+ p(x)z'(x)]' + p(x)z'”(x)o» pz(x)z'(x)} exp
{ 7 p(t)at} > o

folgen. Die letzte Ungleichheit ist mit der Ungleichheit

([_z”(x)+ ] exp { f t)dt} ’ 2 0

élquivaleht und aus dieser folgt, da8 die Funktion

I:z”( ]exp { f )dt} = (x) exp
(J )7

fir x€J 2 nicht fallend ist. Deshalb ist
E X ”
[z"(x)exp {f p(t) dt}] —_ k1
a
fur x— oo . Wenn k1 > 0 ist, dann ist von einem gewissen

x beginnend z'(x) 20 , was im Widerspruch mit der Voraus-
setzung steht.
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Wenn k < 0 dann, mit Riicksicht darauf, daB

[=() o { [ p)ar}]’

nichtfallend fiir x € J, ist, gilt
-, x ”
[z(x)exp{ { p(t)}]< kl'

Durch Integration der letzten Ungleichheit von a bis x erhalten
wir

Z’(x)exp { _Z p(t)dt} < k(x-a)+ z'(a).

Im Falle k, <0 ist‘z‘(x)—>- oo flir x—» 0o und also

Z (x)—) - 00 flir x— 00, Dies ergibt abermals einen Wider-
spruch,
Im Falle k, = 0 gilt

1 Z‘(x) < z;(ca).)
. exp {é/ p(t)dt}

und also, wenn z'(’a) < 0 geht z(x) nach - ©©, wenn

x—» 00, Wenn z (a) = 0 wihlen wir die Zahl a, € J, so,

daB z”~ (al) < 0 / ein solches a; existiert/ und wir erwigen
nocheinmal auf dieselbe Weise mit dem Punkt a, /anstatt a/.

Deshalb ist von einem gewissen x beginnend entweder z'(x) >
2 0 oder z (x ) hatin J o unendlich viele Minima.

\'4

Im ersten Falle ist z (x) 2 c¢ > 0 von einem gewissen X >
> a. Dann ist flir x—» CO

Llo- a@p()] () em { [ ple)as) a>
> c? Z[b(t)- £(t)p(t)] e'xp{z; o(s)ds) .
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Aus der Integralidentitét (5) folgt, daB fiir alle geniigend grossen
b :

(16) z(b)z"(b)+ p(b)z(b)z"(b) - 5 2°(b)+ A(b)z?(b)>0
gilt,

- Im zweiten Falle erhdlt =z ( x) unendlich oft Minimum, Es sei
b eines davon. Dann gilt

z(b)> 0, z°(b) = 0, z7(b)>0

_und auch (16) von (5) in b >b . Bezeichnen wir Zgy (x) =
= z(x)— kzl(x>und wéhlen wir k > 0 so klein, daf

(17) z(b)>0, z(b)z"(b)+ p(b)z(b)z"(b)- ;—z‘z(b) +
+ A(b)zz(b)> 0

gilt, Dies ist in beiden F&llen immer mdglich. Es sei X, >b
die erste Nullstelle z, (x ) Fiir die L3sung Zy (x) im Punkte
x, hat die Integralidentitst (5) die Form

(18)[z2(x1) z;(xl)+ p(xl) zz(xl) zé(;cl) - —; zz’z(xl)+

+ A(xl) Z; (xl):l exp {Z p(x)dx} - -%— j};l p(x)zéz(x)
: 1

%1

exp { Z p(t) dt} dx - [b((x)- A(x)p(x)]z: (x)

b

z(b)z;(b) + p(b)z2 (b)z; (b)-

o
X
he]
~~
o
he]
—
o+
N—
=
——
&
"

Und dies ergibt einen Widerspruch mit der Voraussetzung, Also

ist zz(x) >0 flir x> b und also
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z(x)- k z,(x) >0, z(x) >k z (x) 2kf(x)

flir x >b. Damit ist der Beweis des Satzes beendet.
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ON SOME CLASSES OF SETS OF NATURAL NUMBERS
PAVEL KOSTYRKO, Bratislava

In this paper we shall follow the paper [1], where certain sub-
families of the family U of all infinite subsets of the set N of all
natural numbers are considered.

According to [1] let S., be the family of all A€ U with the
property: The set A contains with every its element all its natural
divisors. Futher let S, be the family of all A € U such, that
if a, bEA, a#b, then aXb and bXa

We shall also consider families T, (F) CUu )(1 -1, 2) intro-
duced (m [1:]) by the following way: 1Le’c F be any functlon defi-
ned on N with values in U. Then

0}

0},

T,(F) = {A€U:if af A, then F N A

T,(F) = { A€ U:if a€A, then F_NA
a
where Fa = F(a).
Let S;' be a function defined on U, which to each A € U assig-
o
- . . -k
nes its dyadic value, i. e, § (A) z kZ=1 & 12 : where (‘_‘k =

=1 if k€ A and &k= 0 in the opposite case. Obviously

S’ is a one to one map of U onto (0, 1 ) . It is easy t0 see, that
if n is fixed then the whole interval (0, 1) is the sum of the ba-
sic intervals of the order n

igs)f(slzn,(su)/z“) (s =0,1,...,2"-1).
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Each of these intervals is determined by the suquence of n elements
o0
» - A - -k 2
& v uieis Cn of zeros and ones (1f X = _;_ . ékz is

1 s
k =
the infinite dyadic expansion of any number x € (s/2n, (s + 1) /2n>

then 6’; = £k for k=1, ..., n) and different basic inter-

vals corréspond to different sequences. ‘
Further we shall investigate sets Q(Si) and ?(Ti(F )) (i =

= 1, 2) from the point of view of Borel™ s classification of sets.
Let V be any subfamily of the fami U (VC U). Let us define
for each n € N a family V (n)(C U) in the following way:

v(n): {A€u: 3ANn(1,n) = BN (1, n)}
BEV
We shall say, that the family V is of the type (0() if the following
inclusion holds

(<) N{v(n): nCN}CV.'

Obviously for every n€ N we have VCV(n).

Above introduced family S, is of the type (OC ) , because Sl(n)=

1
= {A € U : A contains with every its element a Sn allits
natural divisors}.-If AcC Sl’ then there is a € A such, that

some of its natural divisors d (d Sa) does not belong to A, i.e.
A ¢ S1 (a), hence the inclusion(O()is fulfilled if V is replaced

by Sl' Analogously it is possible to persuade that every of intro-
duced families S'2 and Ti (F ) (i =1, 2 ) is of the type (OC )
We shall introduce an example of family V, which is not of the
oC s
type ( ) Let { an} nE N be a sequence of positive numbers

such, that. a_ — 0 and E a = + 00, Let V = {A€ U:
H neN "

% a, < + 00 } The inclusion (OC) is not fulfilled, because
nE€ A

NeE N{v(n): nEN} = U, but NEV.
Theorem 1, Leta family V(CU)be of the type (OC) Then
9 (V)(C(O, 1)) is a set of the type Gyg.
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Proof. The inclusions VCV (n) (n N) imply VC('\{V(n):
: n€ N}, Together with the inclusion (OC validity of which is
quarranteed by the assumption of Theorem 1V = N V(n ¢
: n€ N} follows, Q (V)= N { @(v (n)):n€ N} follows from
the properties of the map . Hence, it is sufficient to prove,
that each of sets §’ (V (n) (n € N) is of the type Gy .

Let us define for each n € N a family h_ of basic intervals of

the order n by the following way : hn = { izs)_ : thereis AE V(n)
such, that in(s) is determined by the sequence 61, s 5 é:n'
where € = 1 if k€A and & = 0 if k§ A}. We shall
prove S’ (V (n)) = U {11(18) . irSS): (= hn} . Let x EQ(V(n))

oo k
(x = E 8 k2 is the infinite dyadic expansion of x). Then
k=1

n
the interval ins' is determined by the sequence €1’ iy 8

thereis AEV gn ) such, that x = 9 (A), i.e. x€ i(s) , Where
n

and obviously belongs to the family h - x€ U{irss): in(S)E hn} .
If x é Q (v(n)), thenfor each AE V(n) ¢ (A)# x holds and
x does not belong to any interval of the family hn’ xe€ U {ins\ s
ilgs € hn}.So we proved, that everyof sets S (V (n)) (n € N) as
a finite sum of sets of the type G§ is G¢&

Theorem 2. Let each of families S; and T, (F) (i =1,2)
have the introduced meaning. Then sets § (Si) and Sa (TI(F) )

(i = 1, Z)areofthetype Gy

Proof. Families, which are concerned by the statement of
Theorem 2, are of the type (DC . Hence according to Theorem 1
sets § (Si) and § (T1(F)) (i = 1, 2) are of the type G§ .

Remark, Non-void sets ?(Si) (i =1,2 ) belong to no zero

Borel’s class. Above mentioned sets are according to Theorem 3
and Theorem 1 of [1] nowhere dense in (0, 1 ), hence are not
open. It is easy to see, that § (Si) (i = -1, 2) are also not closed.

Really, let {pn} - ? N be the increasing sequence of all prime

numbers, let An =41, P» Pp_qs oo }(n€ N). Obviously
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a4 &2 py -1 -
A_€ S . Then (A )= 27 + kgn 2Pk —» 277 = @ (a),

where A = {2, 3, } ¢ Sl‘ If we put Bn = { 2, PP,

..} (n=2,3, ...), then B €5, and §(B)= 2-2", f

k=n
2Pk 5 272 Q (B),'where B = {3, 4, ... }E S,. Cosequently
sets ?(Si) (i =1, 2) are not closed.
Similarly, it is possible to check that sets 9 (T1(F)) (i =1, 2)
.in general belong to the no Borel’s zero class. Sets (T ( F ))

(1 = 1, 2) are open if and only if are void. It follows immediately
trom Theorem 3 of [1] according to which @ (T (7)) are now-

here dense. If for every a € N we put F {2 4, 6, . } and

define sets A_ ={1, 2041, 2n+3,. }eT (F) (nEN)

then QCAI)- -1 f g72n-2k+l , g-1 571 pl-n_ 5-1:
=1

= @ (A), where A = {2,3, ...} € T.(F) (1=1, 2).

Hence in general the sets S’ (Ti( F )) i=1, 2) are not closed.

But there are sequences of elements from 9 (V) (VC U) such,
that under certain circumstances ones converge to an element in
9 (V). It says the following theorem.

Theorem 3. Let the family V(C U) be of the type (OC) and
let me P (V) (m€E N), X —> X € (0,1 ), where x is not

dyadic rational number. Then x€ @ (V).
Proof. Let x_ = P @ém) K € §(v)and 1et x_—>
— x €(o, 1)(x- % &2 %), Let x = @ (A). We shall show

that A € V. The pomt x determines a sequence of intervals 1( )
(n € N) tuch, that for each n x is an interior point of the mterval
irssn . For every n there is m_ such that, for m p m , me irssn

holds, i. e, ék(m)- Ck for k=1, 2, ..., n. Consequently
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the set A - €V (x = 9 (A )) agrees with the set A

T
on the mterval (1, n ) and hence AEV (n) holds for each
n€ N, A€V,
Theorem 4. Let x_€ §(s) (x_€ § (T,(F)))(meN),
X —X € (O 1 ) where x is not dyadic rational number, Then
xc ¢ (s) (xe@ (T, (F))(1-1, 2)

Proof. Because familles S, (T1( )) (i =1, 2) are of the
type (€ ) the assertion of Theorem 4'is a consequence of Theorem
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A NOTE ON TOPOLOGIES COMPATIBLE WITH THE ORDERING
PETER CAPEK, Bratislava

In the present paper a theorem concerning topologies on ordered
sets is proved. As a corollary we get a positive answer to the prob-
lem 4. 21 of the paper[l] .

1. Basic contepts

By an ordered set we mean a partially ordered set. Given a sub-
set I of an ordered set A we denote F¥ = { z :z 2 x for all
xEF}, Ft-= {z:zé x for all XEF}. (x]={z:z£ x},
[x)={z:2 % x}

Consider a set’A with an order and with a topology T . We say.
the topology T is strongly compatible with the given ordering [1]

if ¢ isa Tl—topolog‘y and if for every pair a, b€ A, a < b,

there exists a neigbourhood O(a) of the point a and a neigbourhood
0 (b) of the point b such that

x € O(a), y€~0(b’) =>x<yor x|y.

Let M be an arbitrary infinite cardinal number. A subset I of
anordered set A is called an 41),- ideal (dual m- idea]) if for
each non empty subset M of I with card M <4, the inclusion
M¥+ C I (M*%®(C 1) holds. An 4M-ideal I (a dual M-ideal)is
called completely irreducible iff it is not an intersection of "’TL—
-ideals mual M-ideals) different from I.

By an -ideal topology on an ordered set A we mean the to-
pology whose subbasis of open sets is the set of all completely
irreducible N -ideals and dual /N -ideals of A.
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In the case m = % we get the ideal topology in the sense of
FRINK[2].

2, The following lemma is obvious

Lemma. Let 4m be an infinite cardinal number. An intersec-
tion of 1 - ideals or of dual m-ideals is an m-ideal or a dual
m-ideal respectively.

Theorem. LetA be an ordered set, let Ty, be the /m-ideal
topology on a which- fulfils the axiom T2' Then T, is strongly
compatible with the ordering.

Proof. Let a, b€ A, a<b. Suppose first that there exist
such neighbourhoods O(a), 0(b) that O(a) is an Mm-ideal, O(b)
a dual f-idealand 0(a)N 0{b)= . I x€ 0(a), y€ 0(b)
then y £ x fails to be true. '

In fact, y < x implies ¥y €(x], hence y€ 0 (a) (since (x] C
co (a))- a contradiction.

To complete the proof of the theorem it is therefore sufficient
to prove that to any pair of points a, b with a < b there exist
disjoint neighbourhoods 0(a), 0(b) suchthat 0(a) is an
tn-ideal and 0(b) a dual 4n-ideal. '

Let a < b. By the hypothesis of the Theorem there exist open
subsets 0, Q suchthat a€ 0, bEQ, 0NQ = f. Without
logs of generality we can assume that both 0 and Q are elements
of a basis of open sets. For the basis we can set the family of all
intersections of finite number of subbasis elements. Thus 0 =

= m{A :lékén}, Q = ﬂ{Bkzlﬁ kim}, the
family ; = {4, A, ... &, By, By, ... Bm} being a sub-

family of the subbasis. The elements of EP are either 4m-ideals
or dual 4n-ideals.

Set O(a).- ﬂ{c:c € )0, C is an Jm_—ideal},

o(b) = M{c:ce ¥ ,cisadual m-ideal}. It all ele-
ments A, k=1, 2, ... n were dual in-ideals, then by Lemma,
0 would bé a dual 4n-ideal too. Since a € 0, itholds [a)C 0
and therefore b € 0 which gives a contradiction. Hence at least
one element of ¥ is an Mm-ideal and 0 (a) is an intersection of
a nonempty family of sets. In a similar way it can be proved that
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at least one element of ..‘F is a dual 4n-ideal and therefore O(b)
is an intersection of a non empty family. ’

Let Ak be an ‘n-ideal in $ . Since a€ 0, a € Ak' Let B
be an/m-ideal in . Then b € Q implies b € Bk' Bk being an
sm-ideal, a € B, . It was just shown that every 4m-ideal in SP
contains a. Thus a € 0(a). It can be proved in a similar way
that b € 0(b).

Now prove that 0 (a) N 0(b) = #. Infact O(a) N O(b) =
=ANAN...NANBNBN..NB = oNQ-

= §. By Lemma 0 a) is an “n-ideal and O(b) a dual 4m-ideal,
Thus the sets 0 a), 0 (b) have the described properties.

Remark. Setting in= Ng we get the theorem 1 [3].

Problem. Does the ‘m-ideal topology for ‘m= \Kt satisfy
the axiom Tz?

k
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TRANSLATIONS AND ENDOMORPHISMS IN UNIVERSAL ALGEBRAS
JOZEF POCS, Kosice

Translations in lattices and semilattices were investigated by
G. SzAsz [1], [2], szASZ and SZENDREI[3]and M. KOLI-
BIAR[4]. In the paper[5]SZASZ is dealing with translations
in groupoids.

In this Note we prove that some results from [:5](The6rems 1
and 2) can be generalized for universal algebras with finitary
operations. On the other hand the Proposition 3 [5] does not hold
in general for algebras with n-ary operations. SZASZ [Sjput the
question if every translation that is an endomorphism on a grou-
poid must be idempotent. A simple example shows that the ans-
wer is negative. We also prove that in an idempotent algebra
every translation is an endomorphism. :

We shall be concerned with an algebra A with one n-ary ope-
ration (i. e., in the whole paper, '"algebra' means an algebra
with one n-ary operation &J ) ; the case of more operations is
analogous, We need the following definitions:

Definition 1. A subset I of an algebra A is said to be an

ideal of the algebra A if & ( ars eees a5 eees B € I whene-

ver at least one of the elements A1y enes an belongs to I,

Definition 2, A mapping P of the set A into A is called
a translation of the algebra A, if for each n-tuple (al, S

ai,...,an) (ai€ A) andeachi(l§ ién).
\ol:c-u(al, cees By iy .an):l = W (al, s \P(ai)..... an)
is true. '
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Definition 3. An endomorphism of an algebra A is a mapping
Y : A— A with the property

\f)[w(al’ R S an)] :w(‘P(al), cees \P(ai),...., ﬁo(an))

for any n-tuple (al, rees By eee, @ ) (a.E A).

Def1n1t10n 4, The mapping 50 with the property P(a) =
for each a € A is called idempotent (we shall write

\,02 (a) ;stead of 50[50( )]

Definition 5, The algebra is factorisable if for each a € A
there exists an n-tuple (al, coay 8oy , a ) such that W (a

i’ n 12
ooy -’ --aa)

Definition 6. An algebra A will be called 1dempotent if
W (a, eou, a, ..., a) = a foreach a€A,

The following Theorems 1 and 2 generahze Theorems 1 and 2
from the paper [5]. :

Theorem 1, Let \o be a translation of an algebra A, Then
(A) is an ideal in A, If ¥ is an idempotent mapping, then \P is
an endomorphism.,

Proof. First we prove the second assertion of the Theoremv.
Leﬂb—ee_m idempotent translation of the algebra A. Cleary Y =R,
Then for any n-tuple (al, wees By e, an) (a € A) P[(U(a eoils

i""'a)-—-' ) [w(a,...,a.,...,an)] 70n10p
swey )] l/)n 1]_'w(*P(a1 s By - . 8, .o an))]

‘P[w(‘f’(a . »0( s P(an_l). an)] =
(f(e e eoer Blah woen ¥ (3

thus ‘)0 is an endomorphism in A,
Next we prove that (A) is an ideal in A where W is a trans-
lation of the algebra A, Consider the n-tuple (al, ey B,y 200 @

i
such that a, € SO(A) Then there exists x € A with ‘P( )- a
andOU(a eosy gy wue @ ) OJ(W(X) ,...,a.,. i B )
i i
‘P[w x, soeces Bpena, B ESO A 1sva11d Theprooffor
2 ¢

a E‘P(A) k= 2,...,n is similar.

n
1°
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Theorem 2, Let )0 be an idempotent endomorphism of the
algebra A such that P(A) is an ideal in A. Then ‘P is a trans-
lation of the algebra A .

Proof. Choose an arbitrary n-tuple (al, cees By ooy an,).

Then w(al, cees W(ai), PR an) € ‘p(A) for eachi=1, ,..,
n. Hence there exists z € A with the property ¥ (z)= W (al,

wsy ‘P(ai), St an).

Further we have

W (ap oos Plag), coesan) = P(2)= 2 (2) = PP (2)]-
= 30[(.0 (al, i g W(ai), sy an)] =w(‘;9(a1), cees ‘702(_31)'
dsd )O(an))=)0[w (OO TR an)J.

Thus we have shown that ¥ is a translation of the algebra A.
In the Theorem 2, the assumption of the idempotency of the
mappin ¥ cannot be omitted. Example: Take the open interval
0; 0 )= K with a ternary operation &W defined as follows:

w(x,y,z)= xyz foreach x,y 2z € K.

Put P(x)= —:‘— for each x € K. Then “)0 is an endomorphism

and )O(K) is an ideal in K because ‘;0 (K) = K. Obviously )0
is not a translation. : .
Let G be a groupoid and assume that P: G — G is a mapping

such that Y is an endomorphism and a translation. SZASzZ [5]

put the question whether )0 must be idempotent (he proved that

the answer is positive in the case when G is factorisable). The
following simple example shows that for general groupoids the

answer is negative. .

Let G ={a, b, ¢} be a set with three elements and define
x.y=b_foreach x, y € G, Put (a)= Y(b)= b, )o(c)=a

Then \0 satisfies the conditions

(1°) Y(xy)=¥(b)= b,
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(20) x.P(y)= P(x). vy = b,
(30) P (x). )O(y)= b,

X

for each x, y € G. (1° ), (20) imply that Y is a translation.
From (1(:/) and ( ) it follows that Y) is an endomorphism,. The
mapping is not idempotent because of )0 ( ) = b ¢ a = W(c).

Theorem 3, Let Y) be a translation of an algebra A. Assu-
me that ¥ is also an endomorphism of A and that the ideal ‘P( )
is factorisable. Then ¥ = \Wn,

Proof. Let a€ A, Since )D(A) is factorisable and )O(a)e
€. ?’ iA 5, there are elements 8y, cees an€ A such that

Y(a) =O.)(>‘3(a1), o P (ai), W(an)).
Then we have

P(a )= W (), oo Pa). o P(ay)) = Plw (o, P(ay),

. (a,), - Rn) - n'l[cu Biees B eee, an lw(ar))]
- lmw agene oy a.m P \P(al) P

PrYe)] = P ().

Let us remark that under the same ussumptions as in Theorem 3
the mapping ‘ﬂ need not be idempotent. Let us consider the closed
interval A = < -1; 1>with the ternary operation &) defined by
the rule w(x, Y, 2 ) = xyz for each x, y, z € A, Evidently

A is factorisable. Define the mapping in A by putting ( x)=
= - X, Then w is an endomorphism and a translation, too, but
‘P(x) = -x 502 (x) = - (-x {= x, thus \p is not idempotent.

Theorem 4., Everytranslation of an iQeIhpotent algebra is
an endomorphism,

Proof. If suffices to show that )0 = \fn and then in view of
the proof of the Theorem 1 the proof will be complete, Letf be

a translation of an 1dempotent algebra A, let a€ A be an arbit-
rary element, Then a = ( holds. From this

weget ¥(a) - w(F(a), ( >°( ) - W[waY’(a)
@) s P(E)I] bad () et
Y= (a)

Using the example given to the question of SZASZ it is easy to
construct an example of the algebra with an n-ary operation for
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each n > 2 to show that the assumption w = Y’ ™ is not nece-
ssary for the translation of an algebra to be an endomorphism,
The following theorem gives a necessary condition.

Theorem 5, Let Y) be a translation of an algebra A such
that 50 is an endomorphism on A, Then for each 'a € A we have

(1)6)()0() , V@), ..., Y(2) (Y (), ... P(a).
YR ()).

Proof. (,J(\/}(a), v Y)( ), oo s ( ))
Vw @PGE), o V)P @] e = VP,
...,‘,...,a)] Y rlrw(Y(a), ... P(a), ...,w(a))]
= s w(Pn(a) . ., W“(a), v P (a))t

Remark. If )0 is a translation of an algebra A such that for
each a € A the identity (1) is true then )ogneed not be an endo-
morphism, Let us consider the following example:
In the groupoid G = <-1; 1 > with the operation of the ordma-
ry multiplication the mapping )0 is defined by the rule X
The identity ( 1 ) from the Theorsm 5 says that [\;0( )
is a translation in G. \ﬁ(x = (- (} (-x) = X and )02
= x.,x = x% Clearly ¥ isnot an endomorphism,
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OiHa onenka ¢yHxuumm S (t) 6 Teopum nsera-pyHkuum PumaHa

fiH MO3EP, BparucJsaba

B sToifi 3aMeTKe NPMBOLUTCH OLHO MPOCTOe cBOcTBO GyHK—
umm S (t). Ilpexme uem chopMyauMpoBaTH COOTBETCTBYyNKIEE
yTBepELEeHNuE , nenomuuM (a) onpegesnenne GyHkuum S(t):

‘Ecam t HesaBasercsa OpPAMHATON HYJd ;(s), TO

S(t)=T%,— arg ; (-%+it).

roe arg ; (—g'— + it) noJy4aeTcs HeNPEPHBHHM MPOAOIXe=
HueMm arg ;(S) BLOJb JIOMBHON JMHUM, HauMHaomel# B TOUKe
s =2, (arg ; (2) = 0), n.zfymef& Kk Touke s =2 + it u sa-
TeM K Touke —%‘- + it. Ecam xe t-opauHeTa HYJd ; (s), To
M mosoxmM S(t) = S(t+0), em.[1], ra. IX, n.3.,cTp.
209.

(6) OOHY KOHCTPYKLMD:

KpaTHOMYy HYJD /b+i]" (1074:9:919787¢ g (8) craBuTCcs B COOT-
BeTCTBHE €ro J -OpAuHaTA.
KoHeuUHOMY uMCJIYy Hy.nefz‘x.fb+i]‘c onuHaKoBolit Y-opAmHaTol cra-
BUTCSH B COOTBETCTBME 3Ta obmas T -opaunara.
Taxkum o6pasoM omnpeleseHa BoapacTapmas NO0CJAeJ0BaTEeJBbHOCTH
X‘ -opauHaT HyJ el GyHKUuUM c (8) u Takxe IPUIAH CMHCJ
TepMuHy 'coceXHue Y -OpAMHATH".
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J/lsaBecTHO, UTO HE34BMCMO OT K&KO# 6H TO HU OHJAO I'MIO-
TE3H, MMeeT MeCTO OUueHKa ’

S(t) =0 (Int).
3nech ysHaHO, UTO H& HEKTOpO# GecKOHeuHOIi cucTeme mpo-

MEXYTKOB MME€eT MeCTO HEeCKOJBbKO Jyulas OLEHKSa. MMeHHO,
uMeeT MecTO:

I e opeM a. HesaBucumMo oT runoress Pumena, cymue-
?
CTByeT OeCKOHeuHas CUCTeMa IPOMEXYTKOB < G ,a*") TaKo-
ro poma, uToO

_ lnt L} n
S(t) - O<m>’ t€<x"b‘)’

B 4YacCTHOCTHM

ror o),
Inln1n "

rne 5“, F" - cocegHue d\-opnMHaTu.

JlokasaTesbCTBO CYWIECTBEHHO ONNUPEETCS Ha OAHY TeopeMy
Turumapma u Ha OLHY TeopeMmy JUTTJABYLA.

CHauasa [epeunCaUM BCIOMOr8TeJbHHE YTBEDXIEHUS .
JiaBecTHO, CM. [é], ctp. 174, Ilpumep ( III ), uToO

OoQ
j [u]-u+2 du - 1 1
J g U = *t0 =12 )"

Ecan NPpVMHATHL BO BHUMAHMNE, UYTO

u
(a) Y (u) = f([VJ—v+%)dv,
2 :
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oQ
(u) = 1-cos 29y u :
! V=Zl 21 p ©
[e5e) 1
Dﬂ‘“*’g ?9 gu) 4

(u+Z)

u+z '

o)

(6) waMeHeHue NOpALKa MHTErpUPOBAHUS M CYMMUDOBEHMS
onpaBnaso, TO, MHTErpupys Mo uacTAM, HETPYAHO MNOJYUUTH
YJeHH O6O03HAUEeHHHE CUMBOJIOM Fﬁg B fIBHOM BHJeE.

/IMmeHHO, UMEET MECTO

J e MM 2a 1 . Ecam z KOMIJEKCHOE UUCJO C MNOJOXUTEJNb= )

Holl neficTBuTENBHON uyacTbi, TO
oQ
[u -u+ %
du =
u+ z
0]

R N | %E 1, 3 &
y:l )):1

cos 2MYy u_ 44

(u+Z)4

CDL_,_38

‘ : _T
[loraraa z = —%e ti—s—, u oTneJfi MHUMYKO 4acThb, IIO-
Jyudaercs

J e MM a 2
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o0 .
- 2048 A, T 1 j (4utl)-4T (4u+1)

3 Z 2, 24
g Y [aw)®ean®]
cos (2MMY u) du,
1 1 1 3
rue A, = =%, A, = - A= .
1 12 2 42 §1 34 ' 3 e

[lpocmaTpuBas nocjefHee COOTHOWEeHMe 3.H., Ia. IX, [i],
crp. 210, u, umcnoawvaya (opMyay
1
ul-u+ =
E;J____.iidu

o9
mr(z)=(z—%)h12—z-+%mzﬁ+ f

mpu  Z = 5= o+ i —%— , HEeTPDYILHO MOJYYUTb B SIBHOM BuIE
uJeHH, 0603HAueHHHe TaM kKak O (—%—).

Ecau f(T) o60sHauaeT ®TU UJEHH, TO MMEET MECTO

J eMMa 3 .

‘ 2n-1
3 1 1 - am-1 4n-1 (1 +
tm=-21+1 )
16 T 4 < i zn \2T
oQ
| u —u+%
+ Im T T du .
0 u+71-+1-§
T.e. (cM. J. 2.),
g(r) =8 L _ga —T _ _ jog, —8T+a1®
16 T 1 14ar® 2 (1+417)°
1 & . n-1 4n-1 1_\2n-1
* 2 > (1) 2 (=7)

n=g 4n” -2
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o0
o 2 2
1 (4u+1)™-4T
- 2048 AT E e f (4u+1)
3 4 2

cos (2MY u) du.
Wenoapaysa Jl. 3., Teopemy JlarpeHEa O CpeLHEeM 3HAUEHNH,
u npocroit arreGpanuveckuit mpuem, mnoayuaercd

Jemvma 4 . Ecan (mas onpegenenHocT) t'< t", TO

2
w_ 14
£ () - £ (¥ =-—%~ i‘—-zi’--SAl — 2 (-t) -
T . (1+4T.)
b & 4 1 2
: o-&oIe -48T8
- 128 A, 57 (t*=-t') +
(1+4T.°)
3
o0 2n
+ (-1 (1- =2 1 (th=t!) -
4n :
n=2 2 Tn
oa 2 _asnb
- 2048 Ay S —- T (4‘.”1% 4t (4u+1)
V=1 3 [(awr2)®+ae]
T er,f-s4ur)?
cos (2Myu) du+ 8t'T4 5 T (4u+1)
3 [(w+1) +4T, ]
cos (2Myu)dup (t"-t’),
rue t' < T, <t", k=1,2,3,4,
t' < ¥, < t", n=2,38, ...

llopasok uneHoB B Jl. 4., KpomMe NEepBHX AByX, He BHIIE
0 ( ——Lﬁ.), TAK YTO MMEET MecTo
] . 2
". - = _.—1—.__1— ._1‘._.]
Jemma 5 . f(t") £(t) [ 15 V2'+()( h3)

(t"=t*).
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Myers L (T) = T%F TInT -

+ .

142w ., 7
2T 8

VimeeT MecTO oueBugHas

Tewmma 6. L(t")-L(t.r)=2’},r [1+

+ 0] (" - ) Il

lycre & = o'+ it . Ecau, xax o6wuHo, N(T) oGosua-
ygeT uuca0 HyJaeil @nyuMn.g (8) Ha npamoyroabHuke 0<
<or<1, 0<tS T, 10 |

(1) N(T) = L(T) + S(T) + f(T) ,

CcM. [1], cTp. 209,:COOTHOmeHMG (2).';
Jimeer mMecTO .

Jewmwma 7. IHyers X, - cocenune Y -opAuHa-

TH, U Kngt)< tn<bﬂn -
Torna
S(t) - st = b= [1+0 @] (" - ) me

JokasaresbcTBO caenyer uc Jl. 5.,vH;¢6., un @opmyau'(l),
ecqy IPUHATHL BO BHUMAHME, YTO N(t") = N(t’). '
OTMeTuM creiybmme OueBMLHHe cBoitcTBa QyHKRUUM S(t),

BHTexapmue u3 J. 7. '

CnremceTBue 1l . S(t) - y6uBawmas ¢yHkuus Ha

npomexyrke < 5", ,6‘"), T.e. uMeeT, camoe OoJbliee, OAMH
HYJb H& BTOM IIPOMEXYTKE.
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CamepngcTBIUE 2 . Ecam S(t) wumeeT HyJb Ha NpPO-

mexyrke (¥’,{'"), TO KpaTHOCTL BTOro HyJs - HEUETHOE
YUCJHO W :

Ipuwmeuanue 1. HenokasaHOo, cymecTByeT-Ju

6ecKOHeuHO MHOro HyJaedh ¢yHxumm S(t).
Mosoxum Temepb R (t) = S(t) + f (t).

J e M M a 8 o (Turumapm) CymecTByeT Takas nocaeno=

BaTenbHOCTH 3HaueHm#i L —> ©@, uro R (T) = O.
LlOKas3aTeJbCTBO CM. [8], cTp. 253-254.

J e MM a 9 . (Jurrasym) Jas 1123HOCTU COCELHUX
¥ - opummar, §’ < ¥", uMeeT MeCTO OLEHKA

-y < —

Inlnln ¥’

0KasaTeJbCTBO, CM. HalpuUMep, [1], rn. X, n. 12., cTp.
223-225.
Teneppr HeTPYLHO [LAaThb

JlOK832TEABCTBO TEODPEMH

lIlpexne Bcero, cymecTBYeT Takas NOLNOCJELOBATENBHOCTDH
3HaueHui 7°__+ OO , NOCJEeNO0BaTEeNBHOCTM YIOMUHPBlIelcs
B J. 8., UTO BCSAKOMY f COOTBETCTBYOT TaKkue COCelLHue

" - opamuarH, E‘ Y & 8"" , uro L € (_Y", ﬁ"). [Hanom-
HUM, UTO 3HAUEHUd T - a6 te SHAuUeHusa, Ha KOTOPHX OCy-
wecTBASETCH MEePeXoA OT MOJOXMTENBHHX K OTPMULATEJ bHHM
sHeueHuaM GyHxkuuum R(t). C onHON CTOPOHH, TEKMX mepe-
XOJOB LOJXHO O6HTh 6GECKOHEUYHO MHOI'o, C IAPYyrcit CTOpPOHH,
COOTHOIWEHUuEe »
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’ . >
R(¥)-R(}-0) =
"aanpeméeT" nepexol TAKOI'O poL& uYepes TOUKY )‘. Cum.
yIOMMHaBIleecs BHUE LOKA3QTEAbCTBO meumapma{]
llyers, .ua.ubme, t €L A‘ E")

Torgna:
() B cuay J. 7.,

S(T) - s(t)=g[1+0 W] t-Trm T,
(6) B cuxy J. 8., s (Tr=- t(D ,
. A
(B) B cuay J. 3., lf(f)|<—f— .

Tax uTo, HakoHen, B cuny (a), (6), (B), u e 9.,

i [1+|o(1)|]|t-1"|1n'li {,.,5

As
+
lnlnlnb" T

mnT
o InlnIn}V
Int
‘InInlnt

<

[lpuBenem eme HexOTOpHe npnMeanMH K npenmecwsymmeﬁ
3aMeTKe [4]

DpuMeuanune 2 . B samerke [A] JleMma 5., H
naspana {L- Teopemoit Turumapma. OLHaKO, ee cJenyeT H&-

aBars L) - TeopeMoii- HMTTnByAa-TMTqMapma, TaK K&K cHaua-
18 9TO yTBepXIEHUE LOKasal JUTTABYN, B NPEANOJOXEHMM
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CHpaBeLJMBOCTH TMIOTesH Pumana, u, nocae Toro, TuTumapu,
He38BUCUMO OT 3TOf I'MNOTEe3H. '

J/lIaBECTHO, 4YTO B NPEANOJOXEHMM CIPABELJMBOCTU TI'UIOTE-
3n PuMaHa, MMeeT MeCTO OLieHKa

' Int
(2) S(t) =0 (—m———)
Inlnt

CM., Hamnpumep, [1], ra. XIv, n. 13., cTp. 346-349, uau
TJ. XIV’ IIe 21., cho 360—362-

-[lucTh Tenepsn & 'L &" - cocelHue @ - OpAMHaTH, U

t o = &\ __B_(G«W_N’),
| | J— H 2 " ’
t = 6\ +—3—(5\ -d‘)-
Tak kak N(t’) = N(t"), To, ucmnoabays (1) noayyaercs

L (t") - L(t?) + S(t") - S(t’) + f(t") - £(t’) =
=0 .

Jla mocsenHero cooTHomeHusd, ucnoanaysa J. 5., Jo 6.y 1M
(2), HETPYAHO IMOJYYUTH OILEHKY

. " & & —amaBe hlhlr’ ’

T.e., UMEET MECTO CJeLybllee OYeBUAHOE
Il py Me uaHue 3 . B npemnosoxeHuu cnpsBenaAu-

“BOCTM TFMIOOTe3H PuMaHa IJas pEBHOCTH COCELHUX 6\- opAuHAaT,
< K‘-“, MMeeT MEecTO OLEeHKa

Prebr s o~k

Na onenku (2) u dopmyan (1) caelyeT Takxe OueBMIHOE
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IHpuwveduaHmue 4 . B npenanosoxeHum CcrnpaBenIu-

BOCTM runoresn PuMaHa, uMeeT MECTO OLieHKAa

. . ,ln__a
n(f) =0 ( nin | )

rie n(f ) o6oaHauaeT KPaTHOCTb HYyJd §’ = %‘4 + 1&" (byux-.

u_vm;(s).

[1] TurTuMmepiu E.HK ., Teopusa usera-ftynkuum Pumana, 41 J,
1953 e

[2] TurTumepu E.HK ., Teopus ¢yurunit, Yocksa, JeHUHIpP2L,
1951

[3] Titschmarsh E.C., The zeros of the Riemann zeta-function, Proc.
Royal Sog. A, 151 1935, 234-255

[4] Mosep 4 H , O BepTUKaJbHOM pABCINpeLeNeHUM HyJsell sseTa-
-bynkuun PumaHa, Acta F. R, N. Univ, Comen. -Mathematica (B neua-
™).

Anpec aBTOpa: J4n Moser, Katedra matematickej analyzy PF UK, 800 00 Bratislava,

Mlynské dolina, pavilon matematiky, Czechoslovakia
13.1X.1971, B usgareancTBo £8.Mas 1973
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(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXIX, 1974)
ACTA FACULTATIS RERYM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXIX - 1974

HekoTopHe cJaéencTBuUS U3 TUNOTE3H PuuaHna

AH MO3EP, BpaTucaana

"M yBMAMM, YTO HA OCHOBE ®TOi rumno-
Te3H MOXeT OHTh IIOCTpOEHa BechbMa
crpoliHas Teopusi, u ITO JMWUHUA pas
NOATBEepXAseT ee CIpaBelJuBOCTb."

E.K. TUTumpAPm, 1 , crp. 331.

[IlycTtb, K&K OOHUHO, e P+ i a‘oﬁoanaqaew HeTpuBMUAaJ bHHIA
Hyab GYHKUMMU g('S)', s= 0+ it . I'. IsBennopr, (CM._EZJ,
crp. 92, COOTHomeHMe (11))HOCTOHHHyD

(1) B=-4c-1+2m 4T,

(C - nocrosHHas Ditnepa), UCTOJNKOBAJ K&K UMCJIO INOJYyYEHHOE
CyMMUpOB&HMEM psana

(2) "\Z —= ’
S

TaKMM Cnoco6oM, YTO CIPYNNMUPYRTCH UJEHH C f‘ n S-’ =ﬂ7—ib".
9TuUM HOJYUEH cJaelypumii pesyJabTaT:

(3) B=-2 9 _E/b_z'
CoF>o Caa)
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HanomMHuM, uTO pHL

=To
& 5]
peCXOOMTCH, T.€., cOOTHOmeHue (3) MOJYyUYEHO CTrPYNIMPO-
BAHMEM UJEHOB B psijle, HecXoAasmeMmMcs a6COJNTHO.

Tenepb BOBMOXHO AYMATH TE8K. '

Noxnaras (b = % , ( T.e. mpeamosaras CHpaBeiJUBOCTb I'M-
noress Pumana) u, ucnoabsys (1) m (3), noxyuaerca ¢op-
MyJa

1 - 5 g
(4) —— In - _ = l +k2 é
¥>o0 1

Tak uyro, topmyna (4) noayueHa B CJEAYDUMX NPEANOJOKEHMAX:
(a) cymmupyemocTh pssna (2) ynoMuMHaBUMMCS CIOCOGOM,
(6) cnpaBegauBOCTB I'MIOTE3H PumaHa.

lleavo oTol 3aMeTku ABaASeTCS noayueHue dopmyan (4) mpen-
nosaras Toapko (6).

Il puMeuyuaHune 1 . Xouy, OOHAKO, TNpEeLYyNpPenuThb,
4yTo # Kacapch ¢opmyas (4) He moToMy, uUTO CUMTaL e€e IO-

nesHolt (mosesHocTh aTO#f ¢opMysH, BepOSTHO, BEKJINYAETCSH
IpocTO B TOM, YTO OH8 CYWECTBYET) @ howomy, YTO CUMTAD
ee [LeiicturearHo k p a ¢ m B o it . OHa kpacuBa B cJe-
AypumeM cMmHcJae. C OnHO# CTOPOHH, HAM HeusBeCTeH T O 4 =
H H /i 38KOH BEPTMKSJILHOTO paclnpeleNeHus Hyxelt nsera-
-¢yukuun Pumana. C Lpyroit cTOpoHH, OH& BHpDaEaeT COBep-
WEHHO T O W H 0 cyMmMy GeCKOHEYHOro psja unces o6par-
HHX KBaJpaTaM MolyJeil HeTpMBMAJBLHHX XyJaeit ¢yHKuuu ;(S),
OCPEACTBOM OCHOBHHX MOCTOSIHHHX aHaxausa e, , C.
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llpexne uem chopmMyampoBaTh yTBepXLeHMe, HANOMHUM CJaE-
Aypmee.
[IycTe

Xs) ﬂ“s‘%

W(t) = 5 I K(g+it).

Torza 0603HAUYNM ( [i], crp. 94, (2) )
(5) z(t)=e“"(t)§(-%+it).

EykBon T 0603HaueH YJEeH NOCJeLOBaTEeJBHOCTHU, felicTBuTesb-
HHX B3HaueHuit Takoro poma, uTO

(6) zZ(T) =0, T#p, T — o0.

CymecTBOBaHME NOCJAELOBATENBHOCTH TAKOTO pona caenyer,
Hanpumep, U3 OokasaTesbCcTBa TuruMmaplua ([1], CTP. 260-
-262) TeopemH Xapau O GECKOHEUHOCTM uMCaa Hyneﬁ + ix
dyHrLMM ¢ (s).

VimeeT MecTO

T eopewMa . Ecau conpaBegguBa rumnoresa PumaHa, TO

c+2

In S = 3 —;r

§>o
TeCoy Hanpnmep,
(8) . 2 ——}-2—— = 0,023 095 708 966 121,
§>o0

u, LaJjble

-
) i lim — :
(9 ST = 2o t%o TEE ‘

(7)

-
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[lpucTynuM K NEepeurucJeHMD BCIOMOTATEJbHHX YTBepXIeHuil.

Tak kax
(10) -2 m-e-i-%i%):-%mu%mg'_ i T
T I A=
kel k=1
(—257-21{-1 -t mt+dmealso0 b,
[t] > 2,

udu

(11) T —— e
) G 5 @& )

o0

_ 16u°-4t°+25 u
= 16 5o o 5 " Zwta du -
3 (16u-4t%+25)%+400t° <M1
o ¢
u
- 1320 f ' : du =
5 (16u°-4t2+25)%+400t° o°NU _g
1
= O
1 5 .2 1
(12) = = -1i = 0 (=)
5+i2t 25+4t° 254415 LA

ct :
TO, HoJgras z = % +1 g B cooTHomeHu ( [3], CTp. 37)

Lrz) | o, .1 T udu
[ (2) 3 P (T

tav]

um, ucnoarsys (10), (11), (12), noxayuaercs

J e M M2 1.
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Y 4 2 -_lmt+dmearod +a[-1im
2 5 .t 2
r(z +ig
+ 0 (]

Tax kak pan
8
e

8BCOJKTHO CXOOuTCH, (T.e., crpynnupoBaHue ero 4JeHOB

IO3BOLUTEJHO) TO

1 1 -1 | 1 |
@ s~ 9> (BEOE(S-ST)SJ 7 (s-§) ¢ ]

/I3 9TOr'o COOTHOIEHMuS IMOoJyuaercsd

Jemwma 2 . Ecaum cnpaBesiuBa runoresa Pumana,
s

TO IIpH = % +it, t# x UMeeT MeCTO
Setpe ) e A
3 F>o % ‘f §>0 §7-t
'Tax KakK
g 1 t /1
(13) - = - — = | 0 (—)
1 1 2 1 2 ’

TO, mosaras 8 = % +1it, t# § B dopmyxe

, _ (2 + 1)
_.9_1_5_1:1,,291-_1-;21.0_ 1.1 Lz,
¢ (s) - 8 -1 [+ 1)
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+ Z(Bi?'f' ; )a

( [1], crp. 41), u, ucnoawssys (13), J. 1., J. 2., moxy-
yaercs '

J e MMa 3 . Ecam cnpaBeasuBa runoresa Pumana, TO
npu t # I umeer mecTo

"k

(= +1t)
5 2 =-%1nt+%1n2+1n21[—1—%0+
;(%+it) -

M, eme HakoHen, ( [i], cTp. 260)
-9° =4 -4 1
JeMMma 4. 1}.’(t)—2 Int 21n2’]r+0(t).

Tenep MH B COCTOSHMM ZLATb

JoxasarearcTBo TedpeMH

Wcnonbays (5) u (6), moayusercs
§r(z 1D

T + A(T) = o.
; (5 +iD

(14) -

(a) Orgexnss neficTBUTENBHYD YacTh cooTHomeHus (14),
ucnoarsys J. 3., J. 4., noayuaercs
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fav] 28

' 1 1
1n2+-%ln211"-1—%0.+z‘ -—%—:—FZ—=O(E)’

U, Nepexohs K Ipeleay Mpu T — oo :
e? -I+K‘2 ’
>0 2

T.eoe (7).

(6) Tak xax

In 2 = 0,693 147 180 559 945 ..., [4], 106,
InT = 0,144 729 885 849 400 ..., [4], 156,
C = 0,577 215 664 901 532 ..., [5], 1094,

TO

% (c-m —‘1-21,1:—)& 0,023 095 708 966 121 .
e
W3 aroro m (7) nmoayuaercs (é).

(B) Ormeass MHUMYD 4acTb cooTHomeHus (14), ucnonnsys
J. 3., J. 4., noxyuaercs o

AT T e co@®)

n, nepexons K Npenexay npu T — oo, nonyuaercsa(9).

OpuwmeusasHsHuye 2 . CooTHomeHue
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NOKasHBa&eT, uTo naxe Ha (oHe BompocoB o apufMmeTuueckoii

n axsrebpanueckoll npupoxe ditmepoBoit mocrosHHOK C, BHIe-

Jgercda runoresa PumaHa.

B
(2]
)
.Dq_
[
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