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GENERALIZED SYMMETRIC MEANS OF A THREE -
- WAY ARRAY

FRANTISEK LAMOS, Bratislava

l.Introduction

In this paper we congider a threeway array of numbers lFiJk"’
(i =1,2,00e,r3 J=1,2,000,85 k =1,2,...,t) which may be regarded
as a trisemple from an array Xy, |, (I =1,2,...,R5 J = 1,2,...,5;
k=1,2,...,T), a trisample being chosen from a population matrix by
taking those elements which are at the intersections of a selected
set of r of the R planes and & of the S planes and t of the
T planes, (we denote these planes by (i), (j), (k)). We will consi-
der the symmetric polynomial functions of such matrices.

The polynomials of the present paper, called "genorhlized sym-
metric means” are symmetric functions in the sense that they are
invarient under permutations of planes (i), (j), (k). This paper de-
fines the generalized symmetric means, shows that they are "inherited
on the average", develops the formulas for use in random peiring.

The denotation will be analogical to that introduced by Tukey
in [1], [2] and by Hook in [3].

2. Trisamples and generalized
symetric means

We suppose a population matrix "xIJK", (I =1,2,...,R5 J =1,2,
eeey S3 K=1,2,...,T) from which a trisample Ikijk"' (1 = 1,2,.000,r;
J=1,2,00e,83 k =1,2,...,t) is selected. Any polynomial symmetric
in the X5 5k (in the sense defined in section 1) is a linear combina-
tion of the type



a b
x . X: ...x
2; 1193k Tipdak, Ludyky

where the symbol }E y for three-way arrays, will mean summation over
all subsequent subséripts, with the restriction that plane (i) sub-
scripts represented by different letters must remein different throug-
hout the summation, and the same holds for plane (j) subscripts, and
the same holds for plane (k) subscripts. We define generalized symme-
tric means (g.s.m.).

Definition 1. A generalized symmetric mean is a poly-

nomial
1 xi' : xp . P x‘.i .
M F 191k Tidpk, 1adwky
where the subscripts are summed from 1 tor, 1 to s and 1 to t (for
trisamples) or from 1 to R, 1 to S and 1 to T (for populations), the
exponents are positive integers and M is the number of terms in the
summation.

When the trisample (or population) size is given, the geS.m. is
specified by the exponents, together with information telling us
which ones correspond to elements that lie in the same plane (i),
and which ones correspond to elements that lie in the same plane (j),
and which ones correspond to elements that lie in the same plane (k).
A convenient notation for g.s.m.’s is thus provided by placing the
exponents in a matrix within brackets in such a way, that exponents
with affect elements in the same plane (i) of the matrix I1x; k" are
entered in the same plane (i), and so on for the remaining planes
(3), (k).

For example

P - - 1 p q u
= *i1d1ky *iqdik, i,k
--l-u r(r-1)s(s-1)t(t-1) F *191%1 1191%2 "12J5k;

Definition 2. Two g.s.m.’s are identical if the
matrix of entries of one can be obtained from the other by permuting
planes (i), (or planes (j), or planes (k) ).




The different g.s.m.’s of degrees 1 and 2 are these:

Degree 1:
1 -l -] 3
= — X. .
= =)=« 8t 5;’ 1k
Degree 2:
(3 = = =] 1 z
= X. » X
- -1 - 1] rlr-Ds(e-1)t(s-1) & TR Tuvw
(1 =« 1
= e— X s X
- -!- r(r-1)st(t-1) 4 ijk Tujv
(1 -] - 1
=z — X o X
I rs(s-1)t(t-1) :L— bk “uy

|
|
]
|
|

- =11 -
1 ===
-1l == r(r-1)s(s-1)t #
l-11- 1 Z

= — X: oy X o
- =1-=] ret(t-1) 4 1gk Tiju
1 -]=-- 1 Z

= —— X. o X.
1-'-- rs(s-1)t # 1k “1luk
.
11f- - 1 Z

z — Xs 2o X 2
- -'- - rs(r-1)t 7 ik Tujk
[2 =]~ = 1

= —_— x5 .
=== rst kyk

#e shall now define the partitions of the integer n. The general term
a b d
X. . X. . . o X .
i1d)ky Tid5k, 1pdyky

of degree n contains n-factors. To each of these factors we assign
a different symbol, and the resulting set of symbols may be partiti-
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oned in three ways- once by planes (i), and once by plenes (j), and
once by planes (k).

Definition 3. The entries a,b,...,d of a general-
ized symmetric mean of degree n form a partitions of the integer n.
It is convenient to represent every such a partition in terms of n
distinct symbols

{pl...pal, ql...qbl, rl...rdl/pl...paz, ql...qbz,...,rl...
eee T /P seeD QqeeeQq see ) SIS of
d2 g 83’ 1 b3’ LA 63 }

where commas are used to separate the parts of the partition of the
plane (i), and similarly for the remaining partitions of the plane

(J)s (k), skew lines to separate the different partitions, and the

lenghts of the parts are the positive integers, whose sum is n.

Greek letters will be used to represent arbitrary partitions.
The secondary definition for the g.s.m.:

Definition 4. A generalized symmetric means will be
then an ordered triple <06//5/J‘> of partitions o¢, 4, and { » each
on the same set of symbols. Each part of oC will consist of those
symbols which correspond to factors having a particular plane (i)
subscript, and the parts of 4, ¢ ere similarly determined by plane
(j) and plane (k) subscripts.

For example

[z - ' 2 -} ~ 1 Z x2 xz .
- =l- 1l rlre-Dste-De(e-1) & Thidiky Thidik, Tiodok,

becomes, in the secondary notation,

{e¢/A/y > = < parv, u/parv, u/pq, rvu>.

Definitiopn 5. Ag.s.m <e<¢/B /¢ > is inherited on
the average, in the sense, that

ave {<oc/B/95) =<c/B/p>,

a b

1 d
where <o0/B /9>, = — x: X: . ees X: .
AIZ> =g § 1)1k Tiad0k, ludyky
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represent any g.s.m. for an RxSxT population_and where "ave"
denotes the expectation or average over all polsible trisamples from
the population.

Definition 6. A dichotomy of a partition o¢ is an
ordered set {ool,ccz} of two partitions o¢; end oC,, such that oC;
consists of some of the symbols comprising o¢, and 062 of the remai-
ning ones, and such, that any two symbols which both occur in o<
or both in %y belong to the same part if an only if they belonged
to the same part of oC.

Definition 7. The null partition will be denoted by
8, so that {@,¢} and {ec, ﬁ} are dichotomies o¢.

Remar k. The idea of random pairing for trisamples is a
straightforward extension of that described by Tukey [2]. This means
taking two trisamples, "xijk" and "yijk”' the order within each
having been independently randomized, and adding the two to obtain
a new trisample "zijk”' For symmetric functions of the z’s one
wants the average value (where the average is taken with respect both
to sampling and to randomization of order within trisamples) expressed,
by means of a "pairing formula", in terms of symmetric functions of
the two original populations. Using "aver" means average over all
possible permutations of the x 's and y 's. Thus "aver" means
average over permutations of plans (i) and of plans (j) and plans

(k).

Theorem. Let o,/,p be arbitrary partitions of the same
set of the distinct symbols, if {061,062}, {/51, /52} , and {)’1, 3’2}

be all distinct dichotomies of the partitions o(,A,72, if «¢;,/A,,
7, consist of the seme symbols.

Then it holds:
aveaver {<oc/B/p>} = ) <ot/ B/ ¥y % <%pByl P3 Y00 3
: 7

where the summation extends over all distinc dichotomies of the
partitions oC ,ﬁ 2
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Proof. If o<,/3,y are arbitrary partitions of the form
(see Definition 3) and if we recall that <oG/B/y> 1is a g.s.m.
(see Definition 4) for a sample of numbers of the form

(xijk * YT (1)T(§)TUk) ), we have

1 .
<oc/fBly> = v.ll_:Z [(xil‘jlkl +

Yy coe
WP v f(_il)f(jl)f(kl))
8

s s + cee |(X: +
(=501 ’ml)ml)t(kl))] (SRS e e, T

* o0 x L3 *y
i j k . }
( u'vw ‘f(iu)f(av)txk'))
where in the first square bracket exist ¢ of equal factors and in
the second square bracket exists d equal factors a in the last is

h equal factors, and V:, Vg, V: ere variations of the m-th resp.

the p, n-th class with r resp. s,t elements. After multiplication
of the square brackets, we have 2c+d+ «es +th terms form

xc’ xd’ xh’ c-c'’ yd-d’
i)k Tindok, YadvEe  IT0L) T )Ty T, )T L) Tk,
SRELT IR S PRAT PR
h-h’

eee ¥
T )TGOTUK,)

where ¢’ +d’ ... +h' + cec’ + d=d’ +...+ h=h’ = n, and n is
whole degree of the g.s.m. .

Then

Cppye——— D D
“ y>=_— Xi-k...xi-k.
P yu . 191% udvw
Vo Vg Vi ig#iy¥  o+d+..
1#3*
k1#k2#
c-c’ h-h’

- Yy ces Y
TGDTG)TH) T T TG T,



-

1 1l 1 1
e <oifiys = T S s s
P yu P u
HC+at.. vh VB vl v (v vs!_c o) Ve (V1)
c? ’ ]
E c-c
x: . cew X2 3 .y cee
i.J4k i.Jk : .
LA 191%1 udvtw t(ll)t(al)ZTkl)
jl#jzﬂ...
klszf-..
- }___ 1 (Vi - 1)1
see Y = - . °
TG ITG)T(k,) P yu
u v ” potd+.. v? v vy v‘”;,!
. (VB -1t (v -1t § c?
i Jj k ¢
u u s s 111
Vs ! Vt ! flﬁfZ#"'
31#32#"“
klﬁkzi‘...
h’ -n? =t ’ 1
ese Xi j X . yglglkl coe y? g k = E ;__;__;. .
ucy W u-v-w 2c+d+..- r s t
- ’ 1 c-c’
’ Mk U Migdke v v v Yigdqky "t
il #eee r s 't i,#Fi#..
-1 02 -1 .2
31#32#... 31¢32#'°
h=h’
oo s yiujvkw = g <’p1p2...pal, q1q2"'qb1"°" TTy oo

Ve rd1/p1p2.

qlqzou.qb3,0'
...,rlrz.-.rh

'-°Pf3t Q45

pCHd*..
Y] Q19neeq see g1 Trheesl P.PheecePp
82' 172 b2' 102 52/ pF2 33’

. ,rlr'z...rd3 >* x < plpz...pfl,qlqz. ..qgl,...

1/plpz...pfz,qlqa...qsz,...,rlrz...rhz/plpz...

noqg3'¢--,rlrzoonrh3>*.“.

aver {<o/AA/p>} = 2?;“ <00y 1AL ¥13 <%olBol ¥3%x
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The final step is to average over all trisamples. Since the samples
are chosen independently from different populations, and since the
symmetric means are inherited on the average we can put:

ave aver {<°6/ﬂ/y>} = z< o<, //31/3’1>o<°‘2 /ﬂzl 2> 200

We have the theorem proved. Equations (1) is a pairing formula.

Exampl e. Consider the partition {p,qt/p, qt/p,q,t }.
By the preceding Theorem this becomes in the primary notation:

e e R W B N Y B P B

/]

e e Y ot P R T
o D B g Y I D e I

In the secondary notation:

ave aver {(ocj,g}y>} = <p,qt/p,qt/p,q,t>°+<p/p/p>, <qt/qt/q,t>,, +
<qt/qt/q,t >°-<p/p/p>”+ <P12/P30/P,qdg « (t/t/t Dpp +
CE/E/13, <Pya/P,a/P1ad,,* <P,t/P,t/p,t >, <a/a/q Y00 *

<a/a/q >° + <p,t/p,t/p,t %ot <P,qt/p,qt/p,q,t 200 *

3. The distinct g.s.m.’s of degree 3

Those will be denoted by u's with subscripts.
Thus

ul.[i::l:;:

B et bl By w[i::,:;: ,

[ I
|
=
| — |
~
c
N
n
—
[
]
—
]
(|
—
[ |
o
[ ]
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ON THE MEASURABILITY OF FUNCTIONS
OF TWO VARIABLES

JOZEF DRAVECKY. Bratislava

Several sufficient conditions have been published for a function
defined on a product of two measurable spaces to be measurable. This
paper recalls and generalizes a sufficient condition for the measura-
bility of a real-valued function on & product of two measure metric
spaces. The terminology and notation of [1] are used throughout with
one exception: a measurable function is to be understood in a more
usual sense as such a mapping from a measurable space M into a topo-
logical space Z that the inverse image of any Borel subset of Z is
a measurable set in M.

J. H. MICHAEL and B. C. RENNIE have proved the following theorem
([3], Theorem 2) concerning Lebesgue measurability of a real-valued
function.

Theorem 1. Suppose that f(x,y) is defined on a mea-
surable plane set E and is O outside E and that f(x,y) is a con-
tinuous function of x on E relatively to E for almost all y and that
it is & measurable function of y for almost all x; then f(x,y) is

plane measurable.

An analogous proposition for functions on a product of two
measurable metric spaces will be given in Theorem 2. To simplify the
proof as much as possible we shall prove first Lemmas 1 to 5.

Definitiomn 1. (X,y;e¢) is celled a measurable

metric space if (X, ¢ ) is a measurable space and ¢ a metric on X
satisfying the condition that every open set in the metric space

(X, #) is ¥ -measurable. If (X,®; ) is a measurable metric space
and A a measure on (X, ¢) then (X, Poms f) will be called a measure
metric apace.
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Defipition 2. Let (X, Y a3 ) be a finite-measure

metric space. Measure 4 is said’'to be weakly inner regular if for
any $-measurable ECX and any &>0 there is a @ -closed set FcE
with 4 (F)> 4 (E) - €.

It should be noted here that if (X, ¢; £y) end (Y, T $,) are
separable measurable metric spaces i.e. such measurable metric spaces
that (X, gl) and ﬁY, 92) are separable then their product (X x Y,
$xT; P) x 9,) is a (separable) measurable metric space too. In fact,
any open set G in (X x Y, P X 92) is a union of some rectangles
A' x Bt where {Ae}:;]_ and {Bt}:il are countable bases in (X,Ql)

and (Y,yz) respectively and so G is a countable union of measurable
sets and hence is itself {x T -measurable.

Let us now consider a non-negative real-valued function f de-
fined on the product of separable finite-measure metric spaces (X, ¢,
& 91) and (Y, T, »; yz) and having all its x-sections T -measursble.
We shall further suppose that f = O outside a closed set EcX x Y
and that all the y-sections of f are relatively continuous on EY.

Since (X,j) ) is a separable metric space, we can use the method
of T.NEUBRUNN [4] to construct a cellection of its measurable subsets

; n . .
'Qi sy D= 1,2,000,1=1,2,0.., 1

such that for any fixed n the sets .ﬂ:._l are pairwise disjoint and

. < ny. 1
n § © with diameter da(Q2;)< & and

i n .
iLJI ﬂi = X. Due to the assumed finiteness of y, the least upper
=

n
bound sup {)’(Ex); x€ ﬂi} exists for every i, n, and so for any
positive integer n and any integer i with 1< i ¢ in we can find

a point a en“ satisfying
ni i

(1) Y(E, )2 sup »(E,) -
®ni x‘n;l x n.a (X)

Now put

(2) A ={(x,y)€lx¥; xen?, (ani,y)eE} = n_: x E,

i
@ a= Uy

ni
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fo}
Cs
N?

(4) B =

L3
"
=]

D}

(5) B = By = lim sup A,

13
[}
]

All the above sets are {x T -measurable since in the measureble
metric space (X=Y, ¥xT; @, x _92) the closed set E is ¥ x T -mea-
surable.

Applying Fubini's theorem we have
in

(6)  wxv(E)= /V(Ex)d;; =2 [ vE au <
X i=1gn
i
4 1
(Y(E, )+ — )a =
SZ_ /n 8ni n.Aam (X)) &
i=1l ni
i ! i a@l
= xV(2. xE_ )+ —_=
jé_ & = 8ni g_ n.a (X)
in 1
= axy u Ani) * ;
i=1
for every n and hence
1
(7 ﬂ.x)’(An)Zal-xv(E)-—
n

Lemma 1. BCE and wux¥(E - B) = 0.

Proof. For n=1,2,... put

J

(8) ¢, = {x,y)€x x ¥; (g x ) ((x,3), E) &

sl

Since E is closed, it holds

©
(99  E= (N,
n=1
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By (2), n ¢ m implies Ay; €C,y hence A cC which by (4) yields
(10) Bnc Cn
As a consequence of (5), (9) and (10) we get
(11) BCE

On the other hand, by (4) and (7) we have

1
(12) Mmx V(B )2 uxv(E) - -
n

Due to the finiteness of ux», (5) and (12) imply
(13) ax¥Y(B) = lim ux Y(B,) 3ux v (E)
n <o
Now (11) and (13) prove the lemma.
For @1l n =1,2,... and (x,y)€ X x Y define

. n &
(14) fn(x,y) = f(am-_,y) if xef4 ,1i=1,2,...

Lemnma 2. The functions fn, n=1,2,... are  x T -mea-
surable.

Proof. For any fixed n and all i = 1,2,...:1n put

n
Ji=ﬂ'xY
1

By (14), it holds
fn(x,y) = f(ani,y) if (x,y)€ Jyg

Let P be a Borel set. Then

-] in -],
£, (P) = U [Jk £, (P)]

k=1

iy

k=1[,ﬂ x f (P)]G. ¢xT

Lemma 3. For any point (x,y)€B, f(x,y) = lim sup £.(x,y)

Proof. Consider a fixed point (x,y)€ B. To each k we can
find an i with xe .ﬂ.i . By (5), K ={_k;(x,y)€Ak} is an infinite
set. Let €> 0. Since the y-sections of f are relatively continu-
ous on EY we cen find a d>0 such thst for all § satisfying
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(35) (§,y)€E end fl(x, f)(d‘

it holds
1£(§,y) - £lx,y)I¢E
With k>} , k€K, (15) holds true for §= a4 gince
1
aak< =
1 k
Therefore

I£lay ;) - £ix,y)|< &

that is
|fk(x,y) - fx,y)|<€&

©
This shows that the subsequence {fk(x’y)}kEK of {fn(x,y)}
n=

converges to f(x,y). Now take k@K. Then (x,y)ﬂAk, hence by (2)
and (3) we get (aki,y)ﬁE and therefore

f (x,y) = f(aki,y) =0

Recalling f2>2 0 we see that the upper limit of {fn}n =1 is equal to

lim fk(x ,y) = £(x,y) what was to be proved.
k€K
Lemma 4. The function f is ux¥y - measurable where
M xV is the completion of uxy .

Proof. D3y Lemmas 2 and 3 the uxy -measurability (i.e. the
Yx T -measurability) of f on the set B is implied. Since ux» (E-B)=
= 0 by Lemma 1, f is A X ¥ -measuresble on E. The s xy -measurabili-
ty of £ on X x Y follows from E being a measurable set.

Lemma 5. Let (X,‘P,‘u.:,pl) and (Y,c,y‘,pz) be sepa-
rable finite-measure metric spaces, Let a non-negative real-valued
function f on X x Y and a set E€ Yx T have the following proper-
ties

(i) for every x €X, the section fo is a T-measurable function
(ii) for all yeY, £f¥ is relatively continuous on EY
(iii) f(x,y) = O outside E
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Then f is & Xy -measurable on E.

Proof. Measuresu and ¥ being finite, uxy is also finite
and hence by [5. Theorem 1.2, page 27] it is weakly inner regular.
Therefore to any integer n >0 we cen find a closed set F,cE
with ux ¥ (E - F ) <% . Put

and define

f(x,y) if (x,y)GEn

gy (x,y) =

\o if (y)eXxY) - Ey
It can readily be seen that for g, and E,p n=1,2,... the initial
assumptions hold and therefore the g;l 8 are uXy - measurable.Enough
to show that {gn}nﬂ converges to f pointwise &xV -almost every-

) @
where. Denote the set E - () E, by N. Evidently

n=l

o 1
axy(E - U E )€ ux»(E - Fn)<;
n=1

for any n and hence axv (N) = 0. Now for (x,y)é&N we prove
gn(x,x) f(x,y) for sufficiently great n. If (x,y)€E we have

gn(x,y) = 0 = f(x,y) for all n. If (x,y)€ E and under the assump-
tion (x,y)€N there cen be found an index m such that (x,y)eEm.

Then for n>m we have gn(x,y) = f(x,y) which completes the proof.

ITheorem 2. Suppose (X,§,u; ;) and (Y,T,; p,) are
separable G-finite-measure metric spaces. Let f be a real-valued
function defined on an PxT -measurable set ECX x Y with the
following properties

(I) for M-almost every x €X, the section £, is T -measurable

on Ex

y
(II) for Y -slmost every ye€Y, the function f is relatively
continuous on EY.
Then f is X ¥ -measurable.
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Proof. We can assume f(x,y) >0 because in general
a real-valued function f can be obtained as a difference of two non-
negative functions the measurability of which implies the measur-
ability of f. Let M be the set of those points x that Ty is not
T -measurable on Ex and N the set of all y such that fY is not re-
latively continuous on EY. Then Z = (MxY) u(XxN) has #x v (Z) = 0
and on (XxY) - 2, (I) end (II) hold true for all xéX - M and
y€Y - N. Thus we can suppose that (I) end (II) hold everywhere.
Due to the O6-finiteness of a4 and Y we can write

©
X = U X5 Y = Y

i=1 J=1

where A(X;)< o0, )’(Yj)<m for all i,j and besides, for i ¥ j

it holds X;n XJ. =¥;n Yj = @. Consequently Lemma 5 can be applied

in e'rw of the spaces X; x Yj yielding j.x_v-meaaurability of ¢
on each of the pairwise disjoint sets En(xi x YJ-) which finally
implies that f is 4XxV -merasurable on E = | ) En(X; x Y;).
1,J
Applying & result of E. MARCZEWSKI and R. SIKORSKI [2], the
geparability of (X, 91) and (Y, 92) can be replaced by a weaker

condition, as done in Theorem 3.

Definition' 3. A cardinel number m is said to have
measure zero if every finite measure, defined for all subsets of
any set of power m and vanishing for all one-point sets, vanishes
identically.

Theorem 3. Let (X, ®,&; f) and (¥, T,Y; 0,) ve
6 -finite-measure metric spaces, each of them having a base whose
power has measure zero. Suppose f is a real-valued function defined
on an ¥x T -measurable set EcX x Y with the properties (I) and
(II) from Theorem 2. Then f is & X ¥ -measurable.

Proof, By Theorem III of [2], the existence in (X, £,)
and (Y, 92) of bases having measure zero implies X = Nju S; and
Y = Nzu S2 where Sl and S2 are separable spaces and }b(Nl) =
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= V(Nz)‘t O. Our Theorem 2 holds in S; x S, and then for any Borel
set Bwe got £72(8) =[ £72(B) A (s x 5 Ju[r1(B) A (v, x 1]
v [f'l(B)n (x x Nz):le $xT since (X x Y, ¢x T, A x V) is the complet-

ion of the product space X x Y. Therefore f is @ x T -measurable
in all its domain.
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PERIODIC SOLUTION OF A SECOND-ORDER
NON-LINEAR DIFFERENTIAL EQUATION

K. SMITALOVA, Bratislava

A. LAZER [1] has proved that the differential equation
x”+ glx) = £(t)

has a periodic solution with period T, provided f, g are continuous
functions, f£(t + T) = £(t), lim g(x)/x = 0, and x.g(x) 2 0 for
I1xI Zbc 1X1=% ©

In the present paper a more general result is given. It is
shown that the differential equation

x” + Ax '+ Bx + g(x) = £(t)

where A, B are real constants and f, g continuous function, has
a T-periodic solution provided f(t + T) = £(t) for each t, and

lim g(x)/x = O. Here all functions are real-valued.
1%l = ©

In the sequel, all functions are assumed to be defined on the
real line. The norm Il Nl for functions is defined as usually by
Hfll = sup |£(t)!. In the proof of the theorem we use the complex-
valued functions. Let P (resp. P*) denote the set of all real-
valued (resp. complex-valued) periodic continuous functions with
period T.

It is known ([2]) that the equation
(1) x (t) + k.x(t) = £(¢)

where fE€ P.; and k # 0 is a complex constant, has a T-periodic
solution
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t+T
= kt s
x(t) = ————or e f(a)ds
ekT -1 t

. *
For each complex number k # O, and for each f€P 1let Ik(f) be
the function

t+T
/ ek® £(s)ds
t

okt
I(f) =

ekT-l

Clearly I, is & linear mapping. The next lemma shows that I, is
a linear operator.

Lemmes 1. Let k be a non-zero complex number. Then the-
re is a real number Ck such that Ik is 8 linear operator from P’

*
to P with norm $Ck, i.e. for each feP*

(2) llIk(f)" ¢ c el

and for each f€ P*, Ik(f) is a solution of the differential equa-
tion (1).

toT
Proof: NI &I/ -1l [ &5(5Vr(s)as] &
X

t+T
&1z (e¥T-1)| nen j |eX(8=Y)] ag < [1/(eXT-1)l N T max(1eXTI, 1) =
t

= Ck "f"c

Now let kl’ kz be non-gero complex numbers. Define a mapping

‘ *

I ol as follows: I oI, (f) =I (I_ (f)), for each fEP .
k1 k2 kl k2 ka kl 2

*
From the Lemma 1 it follows that, for each feP , I"lo Ikz(f)EP*
and II,. oI (£)I € C,_ C, neil (see (2)). Moreover, I, oI .
k) kp k, "k, e e (£) is
a solution of the differential equation

(3) x + (kl + kz)x + kkyx =t
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Clearly, we have

2 ‘ I, (0)) = 1, (£
— + k s /
at 2 2( ky ) ky

<d X (d K (1 (£)) = ( k)1 () = £
— — —_— =
at Y\lar 2 Ky ky

Thus we have proved the

and

Lemma 2. Let Ky, kz be non-zero complex numbars. Then

Iklo Ikz = Ikz(Ikl) is a linear operator from P to P . For each

fe P v I oI (£) is a solution of the differential equation (3)
1 2

and
Wi, oI, (£)IKC,_C, nfl
k" Tky T Tk Ky
Now we are able to prove the next

Theoreme If f, g are real-valued continuous functions,

feP, and if lim gL:_) = 0, then the differential equation
I1X1 =

x + Ax'+ Bx + g(x) = £(t)

wshere A,B are real constants, B # 0, has a real T - periodic
solution. -

Proof: ie show that the assumptions of the Scheuder s
fixed-point theorem are satisfied.

Let ky,k, be the zeros of the equation k - Ak + B 0.
Clearly ky,ky # 0. For each 4eP define a function ‘l’ as follows:

9 - ;{Ikz [Ikl(f(t) SRR I, [%, 0 - g(“"(t)))]}.

: *
We show thet ¥ €P. This is clear if ky, k, are reals. If k;, k,
are non-real roots, then kl is the complex conjugate of

kp Oy = K)o Thus T, [T, (F(0) - g | -
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= I, [, 0@ - sPm)] = 1 [r e - s?(t))] ,and nence
222 | ™ 1 Lk

is the real part of the function Ikl[Ik (f(t)-g(1"(t)))]. From
# 2
this and from the Lemma 2 we have s € P.

*
Thus the mapping @ defined on P by d (M =Vig a mapping from
P to P. Now we show that 4 ig a continuous mapping. Using the Lemma
2 we have la (V;)-a (¥ = sup [A (Y (4))] - AWy ()] =

1
up | ~ {Ikz[xkl(g(vlcw)-g(lfz(t)))]+ I, [xkz(g(vi(t»-g(vz(t)))J}Is
S °k1°k2 s:p |g(7)i(t)) - g("fz(t))’; if llVi - 1}'2" = 0 then by the

continuity of g we have .sttxp lg(vi(t)) - 3(1}'2(1:))1 = llg(l’i) -

- g('l';)" —> 0 and hence consequently "Q(‘l,'l) -Q(‘l}z)" — 0.,

It is easy to verify that

2
d (7)) da()
a + (k) +k,) + ik, AW = £ - g(h)
432 at
If *=A(1) is a fixed point of Qa, then
2
ac¢t
—2 + (ky + k) + klkzd' = f - g(th),
at
1.8 2
a2t avr
+ A + B¥= £ - g(t)
as2 at

g(x) .
= O hence to each £ >0 there is some r(§) such

We have 1lim
IXt»@ X

that 1g(x)I <EIxI whenever IxI 3 r(€). If M(E) = max{lg(x)l;!xl&r(&)}
then

_ M(E) if 1x1 g r(€)
1gx) & {

Eixi if xi 3 r(€)
and hence
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(4) 1g(x)! £ €.D if Ix!\ £D

where D 1is a number such that

M(E)

(5) Dy —

Let £>0 be such that

(6) 1 - § cklcl‘:2 >0

Choose a D = D(€) such that (5) is satisfied and that

(7 D 2 Cklckzllfl/ (1 -£ck1ck2)

Now consider the set K = {#GP;IH’!I& D}. K is a closed convex
subset of P. If we show that

1° AK)cK

and
2° the closure of A(K) is compact

then by applying the Schauder ‘s fixed point theorem the proof will
be finished.

The property 1° follows from the Lemma 2 and from relations
(4), (6), (7):

1
Nal €=, c, lif-g(™l+c,c, e - g(?)<
2 Tk ky & k) "k, 8 )

€0y O (el + Nghi ) £ Cy O, (el + €D) ¢ D

* - -]
The property 2°: Let {'I} n}n=1 be a sequence of elements from

the set A(K). From the property 1° it follows that this sequence
is bounded. We have also (see the Lemmas 1 and 2)

*
%
dt

1
* L (8- g e (r - s € Sy + 100 O ¢

1 .
=~ --1:.‘,{1,‘2 [Ikl(f—g(vn))]} - kl{Ikl [Ikz(f—g( »))] }+
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* G ¥ Ckz)(l'fll + 1g(¥)I) < const.,

* *
(here 1/"n is the inverse of 1"n) hence the functions #n are equi-
continuous. Thus the Ascoli’s theorem can be applied:

¥ 3 00 ¥ ©
There is a subsequence {‘Vn }k=1 of {vn}nﬂ which converges uni-
k

*
formly, i.e. relative the norm /l Il to a function 1}6.1(. Hence the
closure of A (K) is a compact, q.e.d.

Remark l. From the proof of the theorem it follows that
the condition 1lim K)S(ﬁ = 0 can be replaced by this weaker condi-
IXI > ®

tion: There is some £ >0, and a number r(£) >0 such that (6) is
satisfied and such that, for each x3z r(€), |g(x)|<&\xl.

Remark 2. The theorem is true also for B = 0 if all

other assumptions of the theorem are satisfied and if ij(’)ds = 0.
0
Indeed, let -PO denote the set of all functions f¢ P such that

T
J f(s)ds = 0 and for each fEP, let Io(f) be the function Io(f)=
o .

t
= f f(s)ds. It is easy to verify that the mapping B defined by
0 :

Bie) = IA(IO(f)) is a linear continuos operator from Py to P with

norm NBN< C,T, and that for each f€P,, B(f) is a solution of the
differential equation x "+ Ax’= f. Now the proof is similar to the
proof of the above cited theorem of A. LAZER [1]. We here give an
outline of this proof:

For each V6P 1let E®) = g[‘mt)] - N, where N(=

T T
= %] eWs)) ds; hence for each V'eP we have f 2@WMs)) ds = 0.
0 0

Let R be the set of real numbers and let Q = P x R. Define
(W a) =00, lal,

cl(‘lrl, '1) + c2(1’é, '2) = (°11,i + c21,é, ci8y + °2‘2)'
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for each (1", a), (‘l’i, al), (1"2, az)GQ, and ¢, ¢, €ER. Clearly B

is a linear normed space. 211 the set Q define an operator ¥ as
follows: S’[(i", a)] = (¥, a’), where

*
+ =8 + B - M),
o =a - N(#*)

@ is a continuous mapping from Q to Q and

> *
a2y a .
-+ A—-= £(t) - gM2)) = £(t) - gHt)) + N(#). Hence if

dt
#* *
(?, a) is a fixed point of ¥ then a = a*, P+ , N(#) =

= N(W) = 0 and consequently ?¢ + A v, g™ = .
~at? dt
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O BEPTMKAJBHOM PACIPEIEJNEHMM HYJEA A3ETA-®YHKLVYM PYMAHA
fin MOSEP, BpaTucxaara

‘IycTs 8= 0+it- kxoMImIeKCHoe nepeMeHHoe, ¢(s) - neera-¢ymxums Pu-
maHa, 'mnoresa PumaHa COCTOMT B TOM, YTO BCe HeTPMBHAJIbLHHE HYJAM
dynkumn ¥ (s), aexar Ha kpuTuueckoft npamoirt 6= 32‘ .

Myets €= % +ip - HYJZb dyHKUMY r(s), '.nexanmﬂ Ha xpurudeckoit
npamoit, Taxk kak I(i +it) = ;(% - it) , ZmocTaTOYHO NPERNOJOXUTHL, HTO

Y >0.

IlycTs, Rasnbme :

() - o6osnavaeT CTpPOro BOSPACTAKUYD MNOCAEROBATEABLHOCTH OPAMHAT
nyneit o, (opamsaTa KpPaTHOTO HyaAd cuMTaeTcs OAMH pas B 3Toff mocae-
ZOBaTEIBHOCTH ),

(7, 3") - 0of08HauaeT COCenHWe OPAVHATH, T.e., YJIEHH MNOCAeNOoBaTeJbHO-
crun () , rakoro poma, uro Q < 2", u, »' - nawmenbumit ms cremym-
mux nocxe y UaeHOB nocaemosareapsocTn (F),

{y} - o6osHauaeT nocaexoeaTeabHocTs map (2 ,Y’), rze Y mnpoGera-
eT nocaenoBareanHocTs (7)),

n(?) - o6osHauaeT KPATHOCTEL Hyas @ .

O6oamauenws O, Sl - mcnoapayprcs B OOHuHOM, B Teopnx L (8), cumcxe.
A, Al,... - NOCTOfAHHHE, A(C) - nmocrosHHas, saBucAmAas OT NapaMeTpa.
HanouEuM caenymmee :

( a) cymecrsyer ¥y >0, rakoro pona, uTo mpu 2 >?,, mueer uecTo

1€ n £ [alnp]
(cM.[41], cTp. 209, xoHen m.2) , rxe ksazpaTHHe ckoOkx (ToabLKO 8Xeckh

B oTolt saMerxe!) 060sHAYADT LeAYyD 4YacThb,
(6) Qpymxnma Me6myca M (n), onpenensercs COOTHOWEHMEM

+00 _
3 e (o), e
n=1 P (p) P
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rze p - mpoeraer BCe NpPOCTHe uucaa,

(B) ocaaGaemmas rmnoresa Mepremca cocTomT B TOM, 4TO

X M (t) )2 . ,
(1) dt = 0 (-
/{ N } €n x)
1
rze

M(x) = Z,u.(n)
nsx

Me coormomemms (1) cxenyer:
(1a) rwnoresa Pumana,

(1d) %’() #0, (cM. [1], cmp. 374),

A
(1b) <?7-2
Ln
res (s i
HAYNRAR C NEKOTOPOro wWiema MNOCAeXOBATEeXbHOCTH {y}. (cu. [1] >
cTp. 379) .

B sTofft sameTxe noxkasmBaeTcs

T_ e o p e m a, Ecam cnpaBesrnsa rmnoresa Ppuama, To mas amGoro
¢ €(0 ,%) » CymecTByer nocxezosaTexsMocts {J («)}, mocaemosareanmocTn
{y} s TAxoOro pozma, 4To ecam (y',yn) - wieH oTolff moxanocaexnoBaTeab-

xOoCTNM, TO

- 05
( ]
|12
Y(piec) = ne < 5’"- >’

, Alnpy’
2 Cn?exp [n(il) Ln enf'

Ve sroR Teopemu -cau.ye-r

(a) coormomenme

Ypix)< -y,
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WMeeT MeCTO A7 BCSKOrO uXeHa nocienosarexbHocTs { P }, Haummas ¢
mexoroporo, ( r.e., cymecrsyeTr 2’2(00) >0 , Takoro posma, HTO 8TO CO=-
OTHOWeHye MMeeT MecTo Zaf Bcex (P, p!), Aad KOTOPHX y>y2(°C) )i

AU

4
(6) cymecTByeT mOANOCAEROBATEABLHOCTD {3’ (ec) }, noCcAeR0BATEABHOCTH
{_y}, TAKOro poxa, 4TO eCAM (§S y") - wieH sToff MoxmocxexoBaTEAbHO-
cTH, TO

?"‘- ;"‘ Sy (; 3oC).

Ecam ocymecTBagercd BOSMOXHOCTH (a) , TO MMeeTcCs YTOUHEHME
TeopemH, T.e., COOTHOmMeHME (lb) YAYUNEHO, TOALKO B mpeAnoxoxeHu
cnpapenIuBOCTM I'MnoTesH Pumana,

Ecam ocymecTBagercs BoaMoxuocTs (6) , To

(6a) cymecTsyeT NOANOCXeXOBATEABLHOCTD {7} , nocaesomareasnocrn
{2}, raxoro poma, uro ecam (P!,¥%) - wren srolt mommocaezosaTesr-
HOCTX, TO '

(2) PPy x)<P"
n

~

( 66) cymecrsyer noanocxenoaamusnocrb{?(“)} » THOCAEROBATEILHO-
cTx [2’} » TAKOTO DOA&, YTO €cam (?l' *) - uwzen sToOlf mozmocaenosa-
TeXBHOCTH, TO

(3) P DA 9

T.e., B cayuae (6) , B mocaemoBaTesbHOCTH {2’} ocymecrBasercs 6ec-
XOHEWHO MHOro pas BosMoxHOCcTb (2) , m, GeCKOHEWHO MHOrO pas BOSMON-
HocTs (3). 9To o6crosreancrso (Boswmoxmocrs (6)), s masomy:
ocumasumelt mocxemosaTeabrocTM {J }, OTHOCHTeABHO MOCAeZOBATEABLHO-
e

(P+wW(P;))

B RoxasareanscTsé TeopeMH CYLeCTBEHHO CAEAYKUEe: ONEHKA MOAYAR
Pymxnnx ;L“)n OKPeCTHOCTX Hyax @, w, £2 - Teopema Tnrumapma.
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lipexge uem npmeTynMTs K ROKaBATEALCTBY, NpMBEZEM HEKOTODHE
BCNOMOr'aTe/AbHN® YTBEPXLEHMSA .

Ecam cnpasemimpa runoresa Pumana, To

g(s)fo{exp(aﬁz:_;)},i 6< 2 "%'

nA
A

2 Lnt

dokasareunpcTsno. Cu. [1], crp. 8350, moxasareascrso Te-
opeMu 1,

fwofem ()] 2o 1,

JokxasarTeabceTs o. Kak OCHYHO, ¥8 (QYHKUMOHAALHOT'O ypaB-
HeHud Pumama, u acmumnroruveckoit dopmyas Crupamnra, noayuaercs cooT-
HOmeHwue

1
==-0
[Cl<a, 27202 - o]

1l 2 1
We aroro, mHa ocHoBe Jemms 1., gaa — - Z Lo < - , moxyuaer-
cq, u4TO 2 Lnt 4
| Zte)l < 2°° bt
8 A, t exp (A — =
2 In bn ¢
2
S

zn_T\ Int

ln t
A3 exp (A __‘n ln t>
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———-Lg—)- = O{(iny)kexp <ﬁ ——liL>}, k=1,2,000,

£nlny
g(k)(?) _ [dk C(A)J
d sk s=¢

( mocTrosHHas B 3THUX Q0 = COOTHOmMEHMAX, HEesaBMCHUT OT k).

rne

J o x_a s aTesbc T B O HaocHose mTerpaabHolt popmyas Homm,

ncnoapsys Jlemmy 1., Jlemmy 2., u, nonarag r = Lly , noaywaerca:
n
2T 1. . i
;(k)(f) 1 / g z+ip+re )
= d +
k! 271 J o kY .

g _];_ " In ¥+ r) }_
{rk exp[ Lnln (9 +r) )

0{(&;;!)k exp (A %—)}

11_5_1_(_!_9__5. Ecau cnpaBemauBa runoresa Pmuana, To axs awnboro

o< € (0, 125) , CymecTByeT a’s(oc) >0, Takoro poxa, 4YTO Npm 3’>);_(°c),
¥ Tex t , AAS KOTOPHX

It =218 w(p;e)

MMeeT MeCTO COOTHOmeHHe
Ig(% + it)l < Ag exp [((ny)w] .

JoxkasarTeaxasnc T BOo, lpexge Bcero, Jemma 3, yrsepxnaer, 4UTO
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g(k)(e)
k!

Iny

(5) ln bny

K
(A4(ln7) exp <A ), 7>73>0, k = 1,2,...,

(73 - Hesamucur or k) , u, B mpomexyrxke |t -3’I<'72 + % s VMeeT
MecTo pasaoxenue Tellaopa

(k)

(6) ;(; it> - i t @ [ice -]

k=n(2) k!

Ecay t yZOBIeTBOpSeT HepPaBEeHCTBY (4), To, ucnoanrsys
(a) ¢opuyay (8) wu mepamencrsa (5),
(6) o6oanadenne q(y;oc)=£ny Y(p3oc), (8cHo, uTO cymecTByeT
y4(ac) > 0 , Takoro poja, WTo 0<q(yp ;) §% , npm y>74(,c))

1
B ————— <2 , . P>7,(x),
1-q(;«)

noayuwu mpx P > y5(0C) = max{a'y 3’4(06)}:

(k) (x)
= (¢ k <20 (9)
S L0y l 5 [0 it
k=m(?) = k=n(?) ke

A

boy \ & k
Ay exp (A T o7 k=¥(;y) [a75e)] =

[a(; )] Iny
4 1-q(; ) °xp <A lnln3'> 224 exp[(lny)“] )

u

Ag exp {(lny)‘c] .

_ ;(2 + it) =S7.{exp [(ln t)‘]} .
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(lloctosunas B aTo# (2 - TeopemMe paBHa eauHMIe. )

JoxasarTeapcTsnBo Cuo[1].,crp. 201-206

poma, uTo mna BcAkoro uaena (', ") mocaenoBaTenbHOCTH {3’} , Hauu=
Hag ¢ Toro, Axs xoroporo ?’'>% (e,), mueer mecTo

(7 V=78 Y(@liec))
Nonoxum 3’7(060) = max{y5(oco), 3’6(060)} « Mcnoabsysa Jeumy 4., moay-
uuM
p 4 L2
(8) (—-+it)|<A (np" ], t AL
BB )] <oy om [or™], cecpnams

Ecaw t = ' , mo

(9) lg(% + it)

MycTs, naxsme, »'<t $ »". 06oanaum

< Ag exp [(Zn t)"°],

exp[([n,y')“’] - exp [(Un t)xo]

K(P'350C,, t) =
4
exp [([n t) o]

B aToM cayuae mnosywaercs

Ag exp [(lny’)°°°] Ag exp [£n t)’c°] {1+x(y’;ac°. t)}<

<3 Ag exp [(ln t)’c°] =

Ag exp [(Ln t)poOJ

Tak kax |K(p’5 00, t)[<2. Tee.

1
(10) l}’(- + it)
2

Torga, ms (9) m (10), moaywaercs

< Ag exp [([n t)&o] , t€ (2", 2'”).
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(11) |!(j:‘ + it)‘ < Mg exp[(ln t)“"’] , tE <P, P>,

Tax xax(1l) mMeeT MecTO IAS BCSXOrO y'>y7(oco) , TO, HAKOHeN, HOAy-
waeTcs ONeHka

(12) r(i +'it) = O{pr [(ln t)“’]} .

1
Coornomenne (12), OAHAKO, NPOTMBODPEUMT INpK cce(oco,—) , BAS JocTa-
TouHO Goapmux t , Jlemme 5. .

I prMeuaHmue HanoMEum, 4TO B NPEAXOXEHMM CNPABEINXNBOCTN
ocxabaensoft rmnorTesH MepreHca, A8 NOCAEROBATEABHOCTN {y}, HAa4YnHAS
C HEeKOTOpOr'o uxeHa, MMEeT MeCTO

A : A
< Lny r-a< Ao dn dny
A Ny Ay

[Onenxa cHnsy-cM. (1b), Onenxa cBepxy-mpocToe CAeLCTBME n8BeCTHOM
Teopems JiuTTAbLBYNA, MMenmeli MeCTO HesaBMCMMO OT kKakoft 6H To HM OHXO
runoresH, (goxasaTeancTBO Teopewms JMTTABBYRA CM., HanpmMep, [1] ,
n. 12,, cTp. 223-225).

Tax xax BOSMOXHOCTN AABTEPHATHMBH kacanTcs vacrell npomexyTxos

A A

Iny ) " dadnlny 2

7exp| A ——

Inlny
TO HOAYWUNTL METOJN, NOSBOASOUMA CYAMTH, XOTOPA® BOBMOXHOCTH AAbLTEp=
HATHBH, XA HEKOTOpOro 066(0,%)‘ ocymecTRaseTcs, BepPOSTHO, TPyAHaS
sajzavya, Jaxe B NPEANOIOXEHNN CHPABeIAMBOCTN ocxabxexHo rmnoress
MepTenca.
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A GENERALIZATION OF L: COMPLETNESS THEOREM

BELOSLAV RIECAN, Bratislava

It is well known that some theorems of measure theory can be
formulated and proved by the help of only certain properties of the
systems N_ of all measurable sets of measure less than 1/n (see [s7,
(61, [7]). E. g. we proved in [7] such e generalization of the com-
pletness of the space S(T) of all measursble sets of finite measure
with the pseudometric d(E, F) = (EAF).

de think that it is natursl to try to formulate and prove by a
similar way some theorems of the integration theory. Uf course, we
must study here the systems Fn of all integrable functions with in-
tegral less than 1/n. In this paper we shell generalise by this way

the L1 completness theorem.

Since we actually prove a more general proposition (part 1), we
obtain besides the generalized L, completness'.theorem (part 2) slso
the generalized S(T) completness theorem from [7] as well as an
Alfsen’s theorem ([1], Theorem 3) about the completness of the metric
space induced by his full integral (part 4).

1

We shell assume that there are given a 6 -complete lattice M\,
a sublattice L of M and a sequence {Rn} of relations defined on L
fulfilling the following axioms:

1. Rn is symmetric and reflexive for any - n.

2. If (xi’xid)eRi’ i=n,...,n+r-1, then (xn'xn+r)€Rn-1’

3. If x  /x or X %X, x, €L and (xn,x )G,Rn for n>N, then

n+1l

x€L and to eny m there is n, such that (x,xn)eRIn for any n Z n,.
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4. If (x,y)ERn, then (znx, znxny)€ER, for any zel.

5. lec Rn for any n.

Let us give a very simple but instructive example. Let M be the
set of all measurable functions defined on a measure space, L be the

set of all integrable functions, and (x,y)éfin if and only if
fIx - y1<27m,

Note that from 2 and 5 it follows

2'. To any n there exists m such that (x,z)éRm, (z,y)eRm
impljes (x,y)eRn.

Theorem_ 1. If /R } satisfies 1,2’ and 5, then [R
2= n n

is a base of a uniformity for the space L, hence L is a uniform,
pseudometrizable space. If {Rn} satisfies.l - 5, then L is complete.

Proof. It follows from 1 that Rn is ‘'symmetric and that Ry
contains the diagonal (for n = 1,2,...). 2’ states that to any
n there exists m such that R e R = {(x,y) :JzeM, (x,2) ER,
(z,y)€ Rm}c Rn. Finally from 5 it follows that the intersection of
two relations Rm’Hn is also a relation from this sequence (either

Rm or Rn)‘ Hence {Rn} is a base for 2 uniformity, L is a uniform

and pseudometrizable space ([4], chap. VI, Th. 2, Th. 13). In order
to prove the completness of L it suffices to prove that any Cauchy
sequence is convergent ([4], chap. VI., Th. 24).

Now let {x be a Cauchy sequence. Then there is a subsequence
n

n+k
{xt_} such that (xt_,xt. )Y€ Ri' Put Yi = Xg.» 2Zq = m ¥
1 i i+l i .
i=n
k
Evidently 2z, FR ¥;(k = o). Further (znk' znk+1) -
i=n

w k-1 k-1
= (zn N Yook 2n nymknymhl)ele because of (yn+k'yn+k+1)€

0
and 4. Trom 3} it follows that N yiEL and there exists n
i=n

R

n+k o

®
such that for every k>n, we have (znk, N yi)éRn. Now fix n
. i=n

. = g 1°D (i=n, n+l, ...).

and put z = znk (k = 0,1,.0.) i.en z; -

n+k
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We have (zi.zi+1)€Ri (i = nyn+tl, ...). According to the axiom 2 we

have (yn,znk) = (zno,znk) = (znlznﬂc)eRn-l‘ Take k>n,. Then from
5 k k [+ o]
the relations (y ,z, )ER _,, (2, iQn y;)€ER, and from 2 it

)
follows (yn, N y;)€R _, for eny n>2.

i=n
o]
Now put by = iQx Yy By preceding u € L and (yn,un)eRn_z.

00
koreover, if we put x = U Y then un/ x. Hence, we have
n=1

(un’yn)eRn-ZCRn-.'S’ (yn'ym—l) = (xtn, X, )G,Rn_z, (yn+1’un+l)

n+1
€R,_;» therefore (un,uﬂ\*l)eﬁn_3 by 2. Applying again 3 we get x €L

and {un} converges to x with respect to the uniform tepology. Also
{yn} converges to x. Indeed, for any m and sufficiently large n we
have (un,x) € Riyo» (yn,un) € R _>CRy ., hence (yn,x) €R;.

We have the following result: there are an element x€L and
a subsequence {xti} of the sequence {xn} such that {xti} converges
to x. But because {xn} is Cauchy, then the whole sequence {xn} con-

verges to x too.

2

Now we shall formulate and prove the generalized L completness

theorem. We shall assume that there are given a measurable space and
@

nED of systems of measurable functions satisfying

a sequence {Fn}
the following conditions:
2.1 OG.Fn for any n; fEF &> -fEF.
n+k

2.2 If fieFi, i=n,n+l,...,n+k, then ¥ fiep

; -1°
i=n n

_ 2.3 If fn/‘f or fn\f and an.Fo, fn - fn+1€Fn(n=1’2"”)’
then fEFo and to any m there is n such that f - f €F,.
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2.4 If f 1is a measurable function, gan and Ifl € |gl, then
fe Fn'
245 leCFn for every n.

Zvidently from 2.2 end 2,5 it follows

2.2" To any n there exists m such that fer,, geF, implies
£+ gan.

Theorem 2. If{F }satisfies 2.1, 2.2" and 2.5 then
the system “_(f,g) : f,g measurable, f - gan}: n = 1,2,...} is
a base of a uniformity for Fo; Fo is then a uniform, pseucdometrizable
spece. If {Fn} satisfies 2.1 - 2.5 then F, is complete.

Proof. Letii be the system of all measurable functions and
L = F,. Further define R, as follows: (f‘,g)ERn (n=1,2,...) if and
only if f - gan. The proof of properties 1 - 5 is almost trivial
and Theorem 2 follows from Theorem 1.

If we take the system of all integrable functions for F, and
put Fn = {f measurable : f|f| < 2'“} , then we get the usual Ll

completness theorem.

3

Now we prove as a corollary of Theorem 1 the generalized S(T)
completness theorem from [7 ] (Actually we give another formulation
of this theorem.) VWe assume that there are given a measurable space
X with a 6-ring S of subsets of X and e sequence {Nn}:O of sub-

systems of S satisfying the following conditions:

3.0 E,FeNo-%EUFéNO.
3.1 PZEN_ for every n.
R (o)
3.2 If B;€N; (i =n, ntl, ...), then () E;EN -
- i=n
3.3 If {31} i is any non-increasing sequence of sets from
i= .

)
N ,and N E. = @, then to any m there exists n such that E €N .
o i=1 1 n m
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3.4 If ECF, EES, FEN_, then EEN_.
3.5 Nn+1CNn for every n.

It is evident that if (X,S, T) is a measure space, No = {E ES:
C(E) < m}, N, = {E €S : t'(E)<2'n}, then the sequence {Nn}w satis-
n=0

fies all the assumptions 3.1 - 3.5. (In [7] ~e assumed that 3.2 holds
only for a subsequence {kn}.But the difference is formal, since we

should put Nx; = N, (n=1,2,...).)
n

As before we hint at the fact that now from 3.2 and 3.5 it
follows

3.2° To any n there exists m such that EGNm, 1-"€NIll implies
EUFeNn.

x) 00 »
Theorem 3. If{N‘n} o statisfies 3.1, 3.2", 3.4 and
n:

3.5 then the system {{(E,F): =,FES, EAFeNn}: n = 1,2,...} is
a base of a uniformity for No; No is then uniform and pseudometri-

o)
zable. If {Nn}

" satisfies 3.0 - 3.5, then No is complete.
n=

Proof. Put ¥=5,L=N, R ={(EF) : EaFeN }. Then
1 follows from 3.1, 5 from 3.5, 2 from 3.2 and 3.4 (EnAEmkc
n+k-1 .
c v (EiA “i+1))' 4 from 3.4. If E AE, E €EN,, then E = B,V
i=n
® [++)
v U (En - En-l)’ E,eN,, u (En - En_l)eNlcNo, therefore E€N°
n=2 n=2
because of 3.0. If En\ &, then EG,N0 because of 3.4 and 3.5. In the
both cases to any m there is n such that (E'En)e%' Actually
(£,E, )€ R, for every k Z n, since B - E,CE - E, = EGE EN, resp.

B - ECEn - E = EA Ene Nm. Hence all the assumptions of Theorem 1

are satisfied and we see that Theorem 3 follows from Theorem 1.

) See [7]), Theorem 2
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It seems that S(T) completness theorem can be generalized by
another form, similarly as Ll completness theorem. Actually, we can
formulate the following theorem (the second assumption is replaced
by a weaker, the third by a stronger assumption is replaced by a
weaker, the third by a stronger assumption):

Theorem A Ni is a complete uniform pseudometrigzable

space, if {Nn}mo satisfies 3.1, 3.4, 3.5 and the following two
n=

conditions:
n+k

I. If E;€N; (i = n,n+l,...,n+k), then iL=Jn E;EN .

II. If E,/E, or En\E and EnéNo (n =1,2,...), EnAEnﬁ'leNn’

then Eeﬂo and to any m there is n such that EaE eNp.

The proof of this theorem is clear and can be omited.

4

Let M be a 6 -continuous lattice i.e. M is O -complete and
X 2 XY AY (resp. XWX, yoWy) =X Ny, # XNy (resp.
xnuyn\xuy). Let L be a sublattice of M and I be an increasing
valuation (i.e. such real function, that I(x) + I(y) = I(xvy) +

+ I(xny), ené x £y =>I(x) ¢ I(y)) satisfying the following
requirement:

x, Ax €M, x €L (n=1,2,...), sup I(xn)<m = x€L and
n
I(xn)/I(x) 3 and dually.

Then we say that I is a full integral ([1], § 2). L is a pseudo-
metric space with the pseudometric function d(x,y) = I(xvuy) -
- I(xny) ([2], p. 77). Moreover, from Theorem 1 we get the following
theorem:

Theorem 4. ([1], Theorem 3). L is a complete pseudo-

metric space.
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Proof. Define R = {(x,y) : dix,y) = I(xuy) - I(xny) <

"ol }. Then 1 and 5 are evident, 2 follows from the triangle ine-
quality, 3 from Reppo Levi requirement. Finally 4 follows from the
inequality

I(xnz) + Ilxny) = Il{xnglulxny)) + I((xnz)nlxny)) £

nA

I(xuy) + I(xny nz)
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ON COVERING OF RINGS BY THEIR RESIDUE
CLASSES

STEFAN PORUBSKY, STEFAN ZNAM. Bratislava

The disjoint covering of the set of all integers by residue
classes is studied in many articles (see for example [1]). In [6]
an above estimation for the number of residue classes in a disjoint
covering system is shown. In [3] is this result generalized for the
disjoint covering of some Abelian groups by their cosets.

OQur article contains a generalization of mentioned problem in
another direction. ¥e shall study the disjoint covering of principal
ideal domeins by residue classes and show the mentioned estimation
for the number of ideals. Further, we prove our result to be the
best possible in some sense.

I.

A commutative integrity domain R with unit is called a princi-
pal ideal domain if every ideal of R is principal. That means if I
is an ideal of R then there exists an clement a é€R such that
I = aR = {ah:hER} . Such an ideal I is said to be generated by the
element a. =

Let R be a ring. Define the function f on R (the image of which
is some set of cardinal numbers) in following way

a€R : f(a) = card R/aR

where R/aR is the factor-ring related with ideal aR.

A residue class of R is a set of the form
a+nR={a+nh:heR}

where a,n€R.
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A system of residues related with the element a is a set Ry
(of elements of the ring R) with

(i) O€Ry (0 is the zero of R),
(ii) if x,yER, and x #y then (x + aR)N (y + aR) = AG,
(1i1) U (x + aR) = R.

x€R,

Later on we shall need the following properties:

l. Any principal ideal domain. is a unique factorization domain,
i.e. every element of R which does not divide the unit of R is ex-
pressible as a product of irreducible elements, and, except for the
order of the factors and for unit factors, this rgpresentation is
unique ([5], chapter IV, § 15, theorem 32).

2. If R is principal ideal domain and a, b€R then there
exists a g.c.d. (a,b) of elements a,b in R.

3. Let p be an irreducible element in the principal ideal
domain R and &, b€R 8o that ab # O and plab. Then either pla
or plb.

These two properties follows from the property 1.
4. Let R be a principal ideal domain and let a, b, c& R. Then

the diophantine equation ax + by = ¢ is solvable for x,ycR if
and only if (a,b)lc. '

It is easy to show the necessity of this condition. The suf-
ficiency follows from the fact that the set {ax + by:x, yeR} is an
ideal in R generated by g.c.d. (a,b) of elements a,b.

5. Let R_ be a system of residues related with irreducible ele-
ment p. If xeRp and x # O then p#X.

In opposite case it holds
(0O + pR)N(x + PR) # @

And this is a contradiction.

We shall investigate such principal ideal domains for which
f(a) is a finite cardinal number for every element a €R, a # 0.
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II

A system of residue classes

a; + n;R, a;, njeR, ierT, ITI >1 (1)

is said to be disjoint covering if
(3) (ai+niR)r1(aj+an) =@ for i# ]

(j35) U (e;+n.R) = R
W i

‘For this system some propertiees of disjoint covering systems
of the set of rational integers can be generalized (see [1], [3]
end [6]).

1 (ni,nj)fl for any i # 1.

Suppose (ni,nj)ll for some i,j. Then the diophantine equation

ai-sj = xnj-yni is solvable and hence the classes ai+niR and

aj+an are not disjoint.

2. Let T be a finite set. Then we have

1
=1 for (1).

jer fln) ;

We can easy prove that

Ry = {x+a : xER,, yeRb}
which implies f(ab) = f(a)f(b). According to this result the resi-
due class x + aR can be disjointly covered by f(b) = flab) clas-

ses of the form x+ya+abR for yeRb.

Let n= T1 n; with n; from (1). Replace every residue class

ieT £(n)
a;+n;R (1€T) by a system a;+yn;+nR (yeRn/ni) of

disjoint
f(njy)

classes. Thus we get the following system [from (1)1

y + nR, yGRn
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So we have

and our statement is proved.
3. Let
r at
ng =1 Py 1 €T (2)
° =

be a decomposition into the irreducible elements. Then

r
card T 21 + z A Lf(py) = 1]
t=1

To prove this assertion we shall need the following theorem.

Theorem 1. If (1) is a disjoint covering system and
(2) holds then the elements
= (3)
85, * CtitPt 3

(where t = 1,2,...,r} ¢, Tuns over all elements of R except of

Pt
0; qq = nio/p:t; ®y = 0,1,.0., X,=1) belong to the distinct

classes of the system (1).
To the proof we shall use the following

Lemma. If

ot
aio *CeqyPy €85+ nJR‘ (4)

t
>
then p/: lnj with /.'»t Ly
Proof. From (4) it follows

ot
(qtpt ’ n‘i) ' ’io - ‘j (5)



- 49 -

However, the classes a. + n. R and a. + n.R are disjoint,
1, 1, J J

hence the diophantine equation

a, +n, X =a.+ n:y (6)
i, i, J J
is not solvable and so we have (n; , n-)fa- - a.. From (5) and (6)
i,* "3'T74, J
. C i s At . > ot
it follows that nj is divisible by Py with ﬂt t

Proof of Theorem 1. The elements of (3) are pairwise distinct.
Je shall prove it indirectly. Suppose that for some t and t” we
have

.

ot ot
€,q.P =c¢,q.,p
titTt £t ¢

If p, # p, then the exponent of p, on the left-hand side is smal-
t

ler than that on the right-hand side. Let py =7p, and o, #F o,
Obviously oy < °°t' may be supposed.Hence we get t

at” Xt
c,q, =¢,q,P .
R T Y e

However py +'°tqt which is a contradiction. If Py = Py and

“9t = °°t, then from (ct -cy ) qt;ft =0 we get c, =c,.

The remaining part of proof is the same as in the case of
rational integers ([6]).

Proof of property 3. The number of elements in (4) is exactly

r
2: lt[f(pt) - 1] since card {ct:ct_eRpt, ey # 0}= flpy) -1
t=1

and any of them does not belong to the class a; +ny R.
o o

By the similar considerations as in [67] the following asser-

tion can be proved.

Theorem 2. IfRis a principal ideal domein and nR is
its arbitrary ideal generated by n with
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r
n=[1] p:t
t=1

then there exists a disjoint covering system of the form (1) contain-
ing the class O + nR and consisting of 1+ § )_t[f(pt) - 11
t=1

classes.
Remark 1. Using the sxiom of choice we can show that

the property II.3 also holds for principal ideal domeins in which
f(a) is any cardinal number.

Remark 2. IfRis equal to Z (rational integers), then
f(pt) = Py and hence property II.3 is a generalization of Myciel-
ski’s conjecture from [47.

Rem k « If Ris a ring in which the unique factoriza-
tion theorem is false then the property II.3 does not hold for ar-
bitrary decomposition into irreducible elements. For example: Let

R = ie +b F5: e, bez}. The ring R is not unique factorization
domain and we have 6 = 2.3 = (1 + {=5).(1 - [=5), where
2,3,1 + V-5, 1- [=5 are irreducible in R (see [2], p. 211).

The system
k+ (1 +f=5)R for k=0,1,...,5
disjointly covers the ring R. Similarly the system
k(1 +‘F§) +6R  for k = 0,1,...,5

is disjoint and covers the residue class 0 + (1+ [ -5)R. Hence the
gystem

0 + 6R

k + (1 +Y=5)R
k(1 + 1=5) + 6R S eost e

is disjoint covering on R. (The number of classes is 11.)

On the other hand we can easy show that f(2) = 4, £(3) = 9,

(because Ry = [0,1,"——5,1+T:;}und Ry *{0.1.2 V-_5,2 V'-'5_.1 +
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vg, 1+2 v—-;.2+ v_-_;,2+2y—-; }) and from the factorization 6=2.3 we
should get

card T 2 1 + (4-1) + (9-1) = 12.

However, this question is open for unique factorization domains
which are not principal ideal domains (or more precisely for rings
in with the property 1.4 is false).

Remark 4. Our estimation for covering of rings by re-
sidue classes is different from like one for covering of groups by
their cosets. For example: consider the ring G = {a + bi:a,l:éz}
of all gaussian integers. The set H = 3G = {3(a + bi): a, b€z}
form an ideal of ring G and a subgroup of additive group of G.

Now, it is easy to check that the cosets
{1+ 3a + bi: a,bez} 1+ {3a+bi: a, be2}
{2 + 3a + bi: a,be2} 2+ {3a + bi: a, be2}
{a + (1+43b)i: a, b€z} = i + {a+ 3bi: a, be2Z}
{a + (2+3b)i: &, b€Z} = 2i + {a + 3vi: &, beZ}

"

together with F form a disjoint covering of G as a group (hence 5
cosets).

From Theorem 1 it follows that the minimal number of residue
classes of any disjoint covering of G (as a ring) containing H is 9.
Namely, the element 3 is irreducible in G and R3 = {0,1,2,1,21.1 +
+ i,1+2i,2+i,2+2i} , hence f£(3) = 9, thus card T 31 #[£(3)-1] = 9.
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AN EXPLICIT WAY OF FINDING ABSOLUTE
MAXIMUM OF STRICTLY CONCAVE PARAMETRIC
QUADRATIC FUNCTION WITH LINEAR
PARAMETRIC DEPENDENT CONSTRAINTS

TEOFIL GAJARSKY, Bratislava
Abstract

A method for solving a maximization problem of strictly concave
quadratic parametric function with linear parametric dependent const-
raints is presented. The described algorithm partitions a given in-
terval of parameter into a finite number of partial intervals in
such a way that parametric dependent system of linear equations
assigned to each partial interval expresses explicitly an absolute
maximum of strictly concave quadratic parametric function. This maxi-
mum is identical with the optimal quadratic programming solution.

l.Introduction

One of the importatnt points in mathematical programming pro-
blems is to know how an optimal solution behaves when objective
function and constraints depend on a parameter which varies in a
given interval.

Gass [2]has developed an algorithm for solving problems with
linear parametric function and linear constraints. The algorithm is
based on simplex method. A given interval is partitioned into a num-
ber of partial intervals in such menner that the same optimal solut-
ion corresponds to each value from one partial interval.

Saaty [8] has found an algorithm for a general case. Coeffi-
cients of constraints and objective function are linear parametric
functions.

Wolfe [9] has analyzed a special case of quadratic programming
with the linear part of objective function multiplied by parameter.
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Ritter [6] has found an algorithm for a case of quadratic pro-
gramming when objective function coefficients as well as constraint
coefficients are linear parametric functions but optimal solution
may get negative values.

The presented algorithm for solving maximigzation problems of
strictly concave quadratic parametric function with parametric de-
pendent linear constrasints enables to find a nonnegative solution
identical with the quadratic programming solution.

2. Problem formulation

Let ¢ = (CJ), A (aij). b= (bi)’ e = (ei)

a-= (dj), B = (bij)' for i=1,...,mn
J = l,o-o,n
and C = (°ij)' D= (dij) for i,j = 1,...,n

For each value of parameter from the interval t, £t e there

should be found an absolute maximum, i.e. a vector with the compo-

nents xj 2 0 satisfying the condition:

{Qx,t) | (A+ tB) xS b+ te, xz 0}
1 (2.1)
where Q (x,t) = (¢ + td)'x - 3 x“(C + tD) x

Using a shortened form of notation we obtain:

max {Q(x.t)l xex}

(2.2)
where K = {!,x 2 O; fi(x’t) <’ bi + t.i' for i= 1,-00,!}

Let us assume the function Q(x,t) to be strictly concave and the

functions f;(x,t) convex.

At the same time there should be chosen nxn symmetric matrices
C,D and the bounds of ipterval of the parameter t such that the-
metrix (C + tD) is symmetric and positively definite for all con-
sidered values of parameter.

Let x be a solution of problem (2.2) for t = t.. Let the sub-
set of indices corresponding to x be denoted as lc{l 2,...,-} for
which
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fi (!.tr) = bi + trei for i€M (2.3)

£; (x,t.) < by + toe; for igM

‘"Theorem 1. Let x. be an optimal solution of the prob-
lem (2.2). Optimality of x is saved if the constraints f; (x,t)
for which x fulfills strict inequalities, are excluded from (2.2).
Proof. Let us assume the vector x for t = tr to be an
optimal solution of (2.2). Further let vector x! exists for t = t
such that:

r

x} 20 for j=1,2,ce.,n
fi(xl,t) $ by +te;, for ieM
Q (x1,t) > Q (x,t)

Then for a sufficient small A >0

fi{[x + l(x]"x)] ,t} ; b; + tei' for i=1’2,o--,m

1
xj + (x},xat) g 0, for .]"1,2,...,!1

It follows from strict concavity of Q (x,t) that

Q {[axt + (1 -2)x], t} > alxt,t)+(1- X)Q(x,t)

i.e.
Qffx + X (xt-x)], t} > Qlx,t)

As a concave function has at most one absolute maximum the
vector x is not optimal solution of (2.2). This is in contradiction
with our assumption therefore the theorem 1 is valid.

It follows from the theorem 1 that x is an optimal solution of

max {Q(x,t)l x; 20, for j = 1l,eee,n

< . (2.4)
fi(x,t) § by + te; for i€M}

The condition for the components of the vector x to be non-negative
-may be rewritten as a set of inequalitieq of constraints without
generality being influenced.
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The subset of indices will be denoted by M’c{l,z,...,mn} .

The problem (2.4) may be written in the form:

max {Q(x,t) | £;(x,t) $ b; + te;, for i€m’} (2.5)
The matrix form of (2.5) is
rd l L4

max {(xftd) x - -2- x (C+tD)x [ (A)+tB;) x ¢ b1+te1} (2.6)

where A, = (aiJ-), By = (bij) for i€M°, j=1,2,...,n
b = (bi), 8% (ei) for ieM.

Consequently the problem (2.1) will be solved as:
» 1 L4
(¢ + td) x = = x (C + tD) x = max
2

with the constraints
<
(A + tBy) x £ By + tey (2.7)
and conditions of feasibility

<
(A2 + th) x = b2 + t82 (2.8)

With respect to concavity of the function G(x,t) the Lagrangian
function for (2.6) has the form

¢ (x,u)

- Q(x,t.)+u'[(Al + tB;) x - (b + tey)] =

. 1, "
- (c+td) 'x + = (C+tD)x + u [(A;+tB)) x-(by+te;)]

Vector x is an optimal solution of (2.6) if according to the
Kuhn-Tucker theorem [3], [5] is valid

ai(x,u) aé(x,u)
= 0 - =0, uzo, i.e.

ox du
(2.9)

(a, + tBl)'u + (C + tD) x

n
0
+
2

(Al + tBl) X = bl + tel
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The conditions (2.9) are necessary and sufficient for the vector x
to be an optimal solution of (2.6) for t = toe

The solution is peing found in two steps.

Step 1 of the algorithm finds an initisl solution and set it to
be a parametric function.

The second step of algorithm checks the following two assumpt-
ions:

a) x is optimal at most for the parametric values satisfying the
(2.9)

b) x must satisfy the inequalities (2.8) which are the conditions
of feasibility

3. Step 1

"It may happen that the maximization problem (2.1) for t = ty
has no optimal solution. Then let us finé a minimal parametric value
t > to for which the problem has an optimal solution. Let as aasume
the given maximization problem has a solution for t = to and the
optimal solution x, is found by the Wolfe method (9).

The constraints (2.9) corresponding to the optimal soluiton x

for the parametric value t = t, are necessary and sufficient.

(4]

The components of the vectors u and X, can be determined from
the system of linear equations (2.9) as functions of parameter t if
the matrix

(A1 + tB;), C + tD
u(t) = (3.1)
0, Al + tB)

is not singular, O being m, xm  zero matrix.

Singularity of l(t) depends on the sumbatrix A, + tB; only.

Theorem 2. The matrix M(t) defined by (3.1) is not
singular if and only if the submatrix (A, + tB,) contains no linear-
1y dependent row. (Proof see Ritter [6]).
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Assume the rows of the matrix (Al + tBl) being linearly indepen-
dent. The solution will be obtained from the system of equations
(2.9) as:

x . b1 + tel

If (2.9) is solved by means of determinants, the components of the
vectors are:

1 (8]

u, = — for i=1,2,ee.,m
i 1M (2] e

(3.2)
IMj(t)I

for Jj 1,2,c005n

X, = ——
J Iu ()]

The determinants lli(t)l, IMj(t)l and |M(t)| are polynomials

of m+n order maximally. Consequently if a determinant of the sys-
tem |M(t)|, i.e. a polynom, has a gero point in the considered par-
tisl interval, the shown way of calculation cennot be used. For the
given value of parameter maximization problem is solved by the Wolfe
method.

Another case is that of matrix (A, + tB;) containing linearly
dependent rows, which leads to a

(Al + tBy) x = by + tey (3.2)
containing linearly dependent equations.

The system (2.9) can be always reduced to a partial system con-
taining 1linearly independent equations only. However, it is not
sufficient to find out maximal number of linearly independent rows
in the matrix (A1 + tBl) and take the corresponding equations only.
The equation determining the position of optimum x_ may happen to
be among the equations left out of (3.2).

]

To avoid difficulties encountered when choosing the right
system of linearly independent equations the maximigzation problem
is solved for t) =t ¢ €, where £ >0 may be arbitrary small.
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The following three cases are then considered:

1. An optimal solution x, is obtained for t;. The equations (2.9)
corresponding to the solution are linearly independent.

2. The equations (2.9) corresponding to the optimal solution 3
for t; are again linearly dependent.

3. There exists no optimal soluiton for ty.

In the first case the matrix M(t) for t = t, is not singuler.
The system (2.9) can be solved explicitly according to x and u.

If the second case occurs, the maximal number of linearly
independent rows of the matrix (Al + tlBl) can be found by means of
linear maximization problem so that (2.9) holds.

In the third case the method described in the case one is used
to find the minimal value of the parameter t, > t,, for which the
maximization problem has on optimal solution.

4. Step 2

After completing the first step of solution a parametric
dependent solution ui(t), xj(t) is obtained.

During the second step there is determined the upper bound of
a partial interval of parameter t, in which the solution u(t) and
x(t) is optimal.

Substituting ui(t) into the (2.9) for vector u; 20 end xj(t)
into the conditions of feasibility (2.8) for vector x we get the
following system of inequalities for the psrameter t:

t (4.1)

nA
o
[y

The upper bound of the partial interval of the parameter t for
(4.1) is given by:

min pi = tr
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The solution wu(t) end x(t) is optimal for each value of parameter
t from the interval (tt-l' t.).

To determine the optimal solution. for t >t,. we use the following
procedure:

l. If index i of the value P; determining the upper bound is iG.M',
the system of equations (2.9) can be reduced by excluding the
corresponding variable uy from the system (2.9). Then we start
with the first step of solution with the new system.

2. If index i of the value P; determining the upper bound is
i¢’u&{1,....n+m] i.e. the matrix (A1 + tBl) can be extended by
the corresponding row vector from (2.8) and the solution of the
new system is started by the first step.

kxistence of a unique solution and corvergence follows from
strict concavity of the function Q (x,t) and from the theorem about
solution of linear equations system when the determinant of system
D#o.

5. Example

Let us solve the following maximization problem. Find the opti-
mal solution of a quadratic parametric programming problem for each
t from the interval 0 £ t £ 23 maximizing the strictly concave ob-
jecfive function given in the form:

Qlx,t) = (20-11t)x1 + (17+6t)x2 + (23-15t)x3 + (19-20)x4 -
-1/2(x§+3x§+9x§+19xi-2xlx2+4x1x3+2x1x4-6x2x4-12x3x4) (5.1)
with the following conatraings:
a) 3x; - 5x, + 8xy + x, I 30 -3t
b)  -2x, + 4x3 - 10x, £ -13 - 8t
©) - x + 4xpm x3- x, I 17+ 10t

a) 3x; - 9x, -6x, I 25+ 5t (5.2)



e) Xy + 3x, + 7x3 - 8x4

f) =Xy
g) =
h)

i)

X4

HA A A HA

WA

Using the Wolfe method on the
mal solution for t = O:

)
*2
X3
X4

8,763
3,098
2,149
2,010

597
964
225
227
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41 - Tt

computer IBM 7040 we obtain the opti-

(5.3)

It can be seen after substituting the optimal solution in (5.2)
that equality holds for the (5.2/a) and (5.2/c). Consequently the
optimal solution may be expressed as a function of t if the follow-
ing system of equations is used:

Y1
4u1

-ul

+

The solution

X1
X3=
b

"

Demand u

>

3u2 +
5u2 -
8u2 +

Uy

X = X, * 2x3 + X, = 20 - 11t

L |
2x,
o |
5
3x1

+

3x2

3x2
412
5x2

- 3x4 = 17 + 6t
9x3 - 6x, = 23 - 15t (5.4)
6x3 + 19x4 = 19 - 20t
x3 X4 = 17 + 10t

8x3 + ox, = 30 - 3t

of the system (5.4) is the following:

0 gives

8,763 + 5,144 ¢
2.149 — 19900 t
6,331 - 2,169 t

x, = 3,099 + 0,276 t
x, = 2,010 - 1,852 ¢ (5.5)
u, = 0,565 - 2,684 t

t £ 2,924, t Z 0,210.
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It follows from the check of feasibility

b) t Z1,84 g) tZ-1,22
d) t $ 2,04 h) t£ 1,13
o) t £1,65 i) t£ 1,08
£) tZ-1,70

Then, according to the above given inequalities, the (5.5) is an
optimsl solution for 0 £ t £ 0,210.

Proceeding further in solution we get the optimel solution

'xl = 10,076 - 1,088 t x,
Xy = 2,799 + 1,700 t uy
xy = 2,308 - 2,654 t

for 0,210 Z t £ 0,86.

1,964 - 1,632 t
6,143 - 1,271 ¢

Similarly
x; = 13,0511 - 4,5089 t X, = 0,8867 - 0,3933 t
xy = 1,2089 - 3,5289 t u; = 17,2711 - 2,5609 t
x3= 0 u, = 9,4891 + 10,9029 t

ie the optimel solution for 0,86 £ t £ 1,09

x; = 10,4372 - 1,9626, t u, = 5,1858 - 0,6204 t
Xy = 1,4438 + 3,2914 t u, = -15,8030 + 17,1340 t
xy = 0 U3 = - 3,3040 + 3,1645 t

x, = -0,7874 + 1,2032 t

is the optimal solution for 1,09 £ t £ 3,77 and finally the
optimal solution for 3,77 = t < 4,33 looks like:

x) = 22,16177 - 5,11763 t u; = 18,66910 - 3,14704 t
x, = =2,07353 + 4,23529 ¢ u, = =55,69845 + 18,32349 t
xy =0 u3 = 3,43751 + 1,36766 t
x, = -3,13235 + 1,82353 t u, = 12,89703 + 3,41175 ¢
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The solution:

x, = 0o u, = -87,7130 + 35,92 't
x, = 17,133333 - 0,20 ¢t uy = 3,5633 + 1,18 t
xq = 0 u, = -10,1666 + 3,00 t.
X4 = 1,3000 + 0,8 t ug; = -53,1264 + 12,64 t

is optimal for 5 £ t ¢ 23,826, what is the solution of our problem.

The table bellow compsares the results for given values of para-
meter t obtained by means of the Wolfe method on the IBM System
7040 with those obtained by the method described. Both solutions are
identical.

Velue of Solution obtained by:
para:oter Variable | 5 pstituting into Wolfe method on the
analytical solution digital computer
; xy 1,69125 1,691176
4 A x5 14,86763 14,867647
x
x 4,16177 4,161765
xy 0 0
. x} 15,5313 15,53333
x .
x 7,7000 7,70000
X 0 0
12 x5 14,3333 14,33333
x
x; 10,9000 10,90000
X 0 0
20 x5 13,%333 13,%3333
x
x; 17,3000 17,30000
xy 0 0
23 x3 12,3333 12,33333
x
xi 19,7000 19,700000




1]
[2]
(3]
[4]
(5]
[6]
(7]

(e]
(9]
[10]
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ON SUMS OF PRIME POWERS IN ARITHMETIC
PROGRESSION

WILIAM A. WEBB, Washington

In [2] T. Sal4t and S. Zném obtain an asymptotic formula for

the sum z pa for a>0. In this paper we extend this result to
psx

primes in arithmetic progression. Also, our result holds for nega-
tive powers as well as positive ones.

Let
log p if n = p* and n #a (mod k)
Aln, k, a) = {
0 if n 1is not a prime power
x
y(x, k, a) = z.l(n, k, a)
n=1

and leét (,0 be the Euler so-function. One version of the prime number
theorem tells us

Lemma: If (a, k) =1 then there is a constant ¢, >0,
such that

1/2
+ 0(x exp (- ¢, log x)).

b ¢
(1) (x,k,a) =
Pl ¢ (k)
See for example [1, page 1361 .

We now consider the sum
(2) S =sS.(x,k,a) = ) p°

ps¢r
p=a (mod k)
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If (a,k) #1 or if r¢-1, S converges to a constant. If

r=-1, S~ log log x for (a,k) = 1. We are now ready to prove:

k)

Theorem: If (a,k) =1 and r > -1, then there is
a constant ¢, > O such that

' 1 X 4T r+l 1/2
(3) Z pr = / dt+0(x ex]:u(-c2 log x))
P x Y (k) 2 logt
p=a (mod k)

Proof: If r=0 we have the prime number theorem for
primes in arithmetic progressions. Hence, assume r # 0. Let

d
£f(t) = - d— (t*/10g t) = t1(1-r log t)/log2 t
t

Then
s - Z o ) Z n® Aln,k,a) Z n® A(n,k,a)
psx 2¢néx log n n=p< 1logn
p=a (mod k) «<22
nsx
x <T
=) Mnyi,e) [ og(edat + ) An,k,e)
2¢n¢x n log x 2¢ nsx
+ O(x”ll/z) + 0(log x),
since

[r5&3]
Z n® A(n,k,a) . Z % Z‘ o

n=p‘ log n (=2 n=p
22 n¢x
n€x

lo log x

[Iog 2] xl/a; Ilog El

= LO(I +f t°T at) = E io(1+
oS oG
=2 1 . =2



bl 1 el 1
+x”1/°6+ logxl/x)-O(i <tx + — log x) =
=2 o<

Therefore,

(4)

(5)

(6)

(7

(8)

(9)

2y r+l/2
y(x,k,a)+0(x ) + 0(log x)

X
S = (t,k,a)f(t)dat +
{’l " log x

Letting E(t,k,a) = Y(t,k,a) - o we have
x x x
(t,k,a)f(t)dt = f(t)at + E(t,k,a)f(t)dt
[y T /
1 X T xr+1 2r+1 X
- [/ at - + + [E(tk,@)1(t)at
Pk) |5 logt log x 1log 2 2
Also
=T xr+1 xT
Y (x,k,a) = + E(x,k,a)
log x @ (k) log x log x

By (4), (5) and (6)

X tl‘ r

1 X X .
5 = f at + E(x,k,a) + f E(t,k,a)f(t)dt
¥ (x) > log t log x 2

+ 0(xr+1/2) + 0(log x)

By (1)

r
1/2 4y)

B(x,k,a) = o(xF*1 exp(-cl log
log x

Also, by (1) end the fact that k is a constent

X X
[ Bt x,ett)at = o(/ IECt,k,0) l1£(t)]at
2 2 -
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ok x1/2 x
- o(f + [ +/ (lE(t,k,a)llf(t)l> at
2 ek x1/2
L1/2 . |
= 0(1) + 0< &r dE) + O(Jf tT exp (-cllogl/zt)d{>
Jx V172
l(r+l) x
2 1/2 5 r
=0(1) +0\x + 0(exp (=c, log x)/ t¥ at
11/2
= o(x™*1 expl(-c2 1031/2 x)),

where 0 < €y, <cyp-

Combining (7), (8), and (9) we obtain

1 f r+l 1/2
S = Jr dt + 0 (x exp(-02 log x))
@) 5 logt

which completes the proof.

x tT r+l

x
Note that _[ dt ~
2 logt (r+l) log x

Also, a better error term is obtainable in (3) simply by using a
version of the prime number theorem with the corresponding error
term.
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UBER EINIGE OSZILLATORISCHE EIGENSCHAFTEN
DER LOSUNGEN DER QUASILINEAREN
DIFFERENTIALGLEICHUNG VIERTER ORDNUNG

A. FILLOVA, Bratislava

In der Arbeit erwédgen wir die quasilineare Differentialglei-
chung 4. Ordnung (ry”) '+ qy = 0, deren Lisungen die Eigenschaft (E)
haben.

(E) Jede nichttriviale Losung hat hochstens eine zweifache, bzw.
dreifache Nullstelle.

Unter dieser Vorsussetzung werden einige weitere Eigenschaften
der Losungen dieser Gleichung sowie auch der Satz iber die Trennung
der Nullstellen der Losungen, bzw. der Ableitungen der Losungen, be-
wiesen.

In der Arbeit werden die Methoden von M. Svec aus [1] angewendet
und die erhaltenen Ergebnisse stellen die Verallgemeinerungen sei-
ner Ergebnisse aus dieser Arbeit vor.

I.

Im ersten Teil wird die Existenz der quasilinearen Differential-
gleichung 4. Ordnung, deren Ldsungen die Eigenschaft (E) erfiillen,
gezeigt. Hier, wie such im Weiteren - w<a <b £+ m®. '

Satz 1l.1. Am Intervall (a,b) seien r(x)>0,r (x), pl(x),
pi(x), pz(x), ql{x) 7 0, q’'(x), q “(x) stetige Funktionen und es
gelte

" . Zq'r » P2y’
qr+(r-p1- )q;o. — ]+ 2>0
qQ q
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Fir jede nicht triviele Losung y der Differentialgleichung
(a) (ry™ ™+ py ¥+ 43 p{ 3"+ py 3+ ay = 0

existiert dann hdchstens ein Punkt f € (a,b), in welchem die Be-
dingung

(Bs) y (P =y"(P=o0

erfiillt ist.

Beweli s, Fir die Losung y gilt die folgende Identitit:
[ ¥ (pyth 1h 2 1P -2 a’r "z]
Ty - —y - —y T +tyy+ y =

2 ¢ 2 2q2
(1.1)

' r 2 1 . 2rq”

=-y'+-—[r1'+(r-pl--—-)q]:'+
q 2q q

1 [/P2y

2 \q
Es sollen gzwei solche Punkte X)X, €(a,b) esistieren, in welchen
(Es) gilt. Durch die Integration der Gleichheit (1.1) von Xy bis x,

erhalten wir einen Widerspruch, de die linke Seite der Gleichheit
gleich Null und die rechte Seite verschieden von Null ist.

Folgerung 1l.1. Es seien die Voraussetzungen des Sat-

zes 1.1 erfillt. Fir jede Nichttriviale Losung der Differential-
gleichung

.

P
(a) (ry™)" + p,ym-ﬁ -?ly" +qy =0

existiert dann héchstens ein Punkt §€(a,b) in welchem die Bodin-
gung (Es), oder die Bedingung

(B)) y(§)=y"(g)=o0

.rﬁllt i.t.

Der Beweis folgt aus der Gleichheit (1.1) auf analoge Weise wie im
vorhergehendem Sats. '
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Setg 1.2. Es seien r(x)>0, p;(x), pi(x), q(x)>0,
qQ'(x),. q{x) £ 0 stetige Funktionen fiir x € (a,b). Dann existiert
fir jede nichttriviale LGsung y der Differentialgleichung (a)
hochstens ein Punkt fe(a,b) in welchem die Bedingung (E,) erfiillt
ist.

Bewedisg. Fir y gilt die folgende Identitdt:

1 2 1 J 2
o " ] 4 e 2 w 2
(1.2) y (ry)+;p1y tay-Zay| s tay” -
: 1
.2
--a ¥y,
2 7/

daraus folgt ein Widerspruch auf analoge Weise, wie im Beweis des
Satzes 1.1.

Im Weiteren werden wir uns mit der quasilinearen Differential-
gleichung

(a;) (r y”);+qy=0

beschliftigen, wo r(x)>0, q(x)>0, q'(x), q'({x) € 0 stetige
Funktionen in (a,b) sind.

Satgz 1l.3. Fir jede nichttriviale Ldsung y der Differen-
tialgleichung (a;) existiert hichstens ein Punkt §€(a,b), in'wel-
chem die Bedingung (E;) oder die Bedingung

(Ey) y§ = y* (§) =0
erfillt ist.

Bewegjisa. Das Verfahren ist das gleiche wie bei dem Beweis
des Satzes 1.1, susgehend von der Identitét (1.2).

Bemerkung 1l.,1. Unter dem Symbol

oy 3 (e))
y (x) ¥y (x)
(‘%) (“é)
Y(ﬂ y (x) .b (ry ) (x) . e{ }
, zw. ., ) 0,1,2, 4
vy (x) y(ﬁl)(xl) wo 5, f; 3j un
8,) - )
Yy ‘ (xl) y(ﬂa)(xl) J§ = 1,2, werden wi; die Deter

minante



yl(‘i)(x) yz(‘i)(x)
() ;)

¥y (x) ¥ (x)

yl(ﬁl)(xl) yz(ﬁl)(xl)

yl(ﬁb)(xl) ¥, %)(xl)

bzw. die Determinante

yl(‘c)')(x) yz(‘l)(x)
(ryl(x’)(x) (ryz(a.‘z))(x)

yl(ﬁl)(xl) yzwl)(xl) |

ylgaz)(xl) yzgaz)(xl)

verstehen, wo y,, ¥, ¥3» ¥y

interval.

(1,3)

(1,4)

y(x)
y (x)

y(x;)
y"(x,)

y"(x)
(ry")(x)
y(xl)

wl
[
~
o)
N
I

y'(xl)

¥y (x)
¥y (x)
y(x;)

yn(xl

(ec.) .
y3“‘i)(x) ¥4 (x)
(dé) (déf
Y3 (x) Vs (x)
B 991)
,) @)
3 (xl) Y4 (xl)
(L) (e, )
¥ Eu® v, T
(ec,) (dé)
(ry3 )(x) (ry4 ) (x)
) )
y3?61 (xl) y4941 (xl)
) )
y3</32 (xy) y4W2 (xp)

Denn fihren wir folgenden Bezeichnungen ein:

y(x)
“(x)
PPm= |
1! y(x;)

y" (x))

y"(x)
(ry™) (x)

y(xl)

4

P (x)
N x
y*(x,)

¥y (x)
y"(x)

y(xl)

y"(xl)

ein Fundementalsystem von Losungen
der Gleichung (al) bedeuten und x, x; sind aus ihrem Definitions-
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y (x) ¥y (x)
"(x) 8 Y(x)
By =7 Py )= |
1 y(x;y) 1 y'(xy)
¥ (x) y*(xy)
1y (x) ¥y (x)
. (ry™ (x) 10 (ry") (x)
(1,5 P = P, (x) =
e 1 y(xq) 1 y(x;)
y"(x,) y"(x;)
vy (x) ¥y (x)
11 (ry™) (x) 12 (ry™) (x)
- (x) = i Py (x) = ?f
1 y(xq) 1 ¥ (xy)
y'(xl') y"(xq)
Bemerkung 1l.2. Im Weiteren werden

(1.6) Y1 Y20 Y30 Yy

ein solches Fundamentalsystem von Lésungen der Gleichung (al) be~
deuten, dass ihr Wronskian positiv ist.

Hilfsgatz 1.1. Es sei xy ein beliebiger Punkt

aus dem Intervall (a,b). Dann haben die Funktionen P%l(x), Pil(x),

Pil(x), P:I(x) gerade eine Nullstelle auf (a,b), und zwar Xq.

Bewedis. Aus der Bemerkung 1.1 folgt, dass Pi (xy) =0
(i =1,2,3,4). Setzen wir voraus, dass fiir irgendeine Zah} ids=

= 1,2,3,4) ein solches "215 (a,b), i # x, existiert, dass
Pilfqi) = 0. Denn existiert zwischen x; und 7; ein solches §i'

dass (Pil)'(gi) = 0, wobei
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y(x) | y(x)
R "(x) . Cy"(x)
@l ) = |7 . @)=
* y(xq) 1 ¥(xy)
y"(xl) y'(xl)
(qy)(x) (qy)(x)
., "(x) ) U (x)
@)=’ R RN
X yixy), 1 y(xq)
y"(xy y*(xp)

Wenn i eine der Zshlen 1,3 ist, folgt aus der Gleichheit

(Pil)’(fi) = 0, dass eine solche nichttriviale Losung existiert ,

welche in x; und in fi die Eigenschaft (E;) hat. Khnlich, wenmn i
gleich mit einer der Zahlen 2,4 ist, folgt aus der Gleichheit

(Pil)'(fi) = 0, dass eine solche nichttriviale Losung y existiert,

welche in x; die Eigenschaft (E,) und in fi die Eigenschaft (E,)
hat. Beide Ergebnisse sind mit dem Satz 1.3 im Widerspruch.

Hilfssatz 1.2. Es sei z ein beliebiger Punkt aus
dem Intervall (a,b). Dann haben die Funktionen
| y(x) ] y"(x)
“(x) (ry") (x)
,n P’(x) . |7 s F.(x) =
y(3) y"(2)
y (2) (ry™)(z)

in (a,b) gerade eine Nullstelle und zwar =z.

Bewegips. Setsen wir voraus, dass Pz(x), F;(x) zwei

Nullstellen 3z, N € (a,b) haben, und zur Gewissheit 2<% « Dann
existiert ein solcher Punkt x, € (2,7), dass

y(xl) y'(xl)
. y"(xq) 1 ; -(qy)(x,)
Polxy) =gt | = Px () =0 Folxp=| laggy (= alx) R} (5)=0
vy () (ry"™)(2)

was mit dem Hilfssatz 1.1 im Widerspruch steht.
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Satz 1l.4. Fur jede nichttriviale Losung y der Differen-
tialgleichung (a;) existiert hdchstens ein Punkt §€ (a,b), in
welchem y 1rgcnde1no der Bed1ngungen (E1 ’ (E2

(E3) y(§) =y (s) =0,
o0 »

(E4) y (f) =y (s) = 0

erfullt.

Bewedis. a)Setzen wir voraus, dass eine solche nichttri-
viale Losung y existiert, welche in xy die Bedingung (E ) bzw.
(E ) und in x, # x, die Dedingung (E ), bzw. (E4) erfullt. Dass
heisst dass (xz) =0, bzw. 31(x2) = 0, bzw. P (xa) o,

bzw. P:I(xz)'= O, was mit dem Hilfssatz 1.1 im Widerspruch ist.

b) Weiter miissen wir den Fall ausschliessen, dass die Lésung
in zwei verschiedenen Punkten 3z, 7€(a,b), z <% (der Fall 7<¢z

schliesst sich analogisch aus) die Eigenschaft (E3), bzw. (34) hat.
Aus der Voraussetzung, dess die nichttriviale Ldsung mit der Eigen-
schaft (E3), bzw. (E4) existiert, folgt, dass P'(‘?) = 0, bzw.

Fz('q) =0, wes mit dem Hilfssatz 1.2 im Widerspruch ist.

¢) Setzen wir voraus, dass eine nichttriviale Lisung y exi-
stiert, welche in X3 die Bedingung (E3) und in x5 die Bedingung
(E ) erfillt, wo Xy, X3 € (a,b), x, # x5+ Eo gilt also

;(x3)
Rx (13) = y”(x3) = o
2 vy (x;)
"
y (xz)
Im Hinblick zur Bemerkung 1.2 ist sz(xz) > 0; weiter gilt
R;z(xz),= o, R;;(xz).- 0. R;;(x) ist gleich der Summe der Funktio-

nen
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y (x) y(x)
e “(x) ¥ (x)
R, (x) = y" + v = 5.(x) + S, (x)
2 y (xy) y (xy) r(x) *
y” (x2) ym (xz)

wo Uber die Funktionen Sl(x) und Sz(x) leicht gezeigt werden kann,

dass beide in irgendeiner Umgebung 0x wachsend sind und es gilt
2

Sl(x) <0, Sz(x)<0 fir x<xy, Sl(x)>0, Sz(x)>0 fir X >X,e

Daraus folgt, dass R(x) fir x<Xx, eine positive sinkende und fiir
x> x, eine positive wachsende Funktion in der Umgebung von x, ist.

Daraus, sowie auch aus R, (x3) = 0 folgt, dass ein solches
2

x, € (x,, x3) existiert, dass

y(rl)
o y" (xl) 1 3
(xq) = v = ——P (x,) =0
I&z 1 y (x2) r(xz) x 72
y¥ (xy)

gilt, wes mit dem Hilfssatz 1.1 im Widerspruch ist.

Bemerkupg 1.3. Aus der Bemerkung 1.2 und aus der

weiteren Untersuchung der Ableitungen der angefiihrten Funktionen
folgt, dass P;l(x) (i =1,3) fir "X<x; positiv und fir X > x

negativ sind. Pil(x), (i=2,4), le(x), Fxl(x) sind fir alle
x # x; und P\‘l(x) fir alle x positiv.

Hilfoesatgz 1.3, Es sei xy ein beliebiger Punkt aus
dem Intervall (a,b). Dann haben die Funktionen Pil(x). Pgl(x),

Pzi(x). Pgl(x) hochstens eine Nullstelle auf (a,b) und zwar Xpe

. Aus (1.4) folgt, dass P: (x,) = 0 (i=5,7,8).
Bewedigs. x, ‘%1

Setzen wir voraus, dass fiir irgendeine i von den Zahlen {5,6,7,8}
T; € (a,0), 7 # x;, die Nullstelle von pil(x) (i =5,6,7,8) iet.
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Denn existiert zwischen x; und 7%; ein solcher Punkt 51' dass
(P )°(§;) =0 (i=5,6,7,8), was im Falle i = 5,7,8 ersichtlich
1

ist und im Falle Pgl(x) wird dessen Existenz analogisch wie im
Satz 1.4 im Falle c) bewiesen. Da aber (Pil)'(xl) =0 (i=6,7,8)

gilt, existiert zwischen x; und fi ein solcher T; (i ist gleich
irgendeiner von den Zahlen 5,6,7,8), dass (r(P;I)')‘(Ci) =0, (i=

= 5,6,7,8). Die Existenz des Punktes C} folgt (fir irgendein i von
den Zahlen 6,7,8) aus dem Rolleschen Satz und fir i = 5 wird sie
analogisch wie im Satz 1.4 Fall c¢) bewiesen. Damit erhalten wir

jedoch einen Wiederspruch, da mit Riicksicht auf die Bemerkung 1.3

die Funktion (r(le)')'(x) = (q Pil)(x) + Pil(x) links von x; po-

sitiv, rechts negativ ist und eine einzige Nullstelle x; hat. Die
Funktion (r(Pg ) (x) = (q Pi )(x) + (P: )(x) ist mit Ricksicht
1 1 1

auf die Bemerkung 1.3 fir x # x; ebenfalls positiv und hat eine
einzige Nullstelle x,. Die Funktion (r(PZl)')'(x) ist gleich der

Summe der Funktionen (r ﬁ* )(x) + (q Py )x) wo
1 1

y(xy)

SEINNEE ST B
vy (x)

(ry ") (x)
Uber die Funktion (r ﬁ;l)(x) kann enelogiacﬁ wie im Beweis des

Satzes 1.4 Fall c) gezeigt werden, dass sie keine Nullstellen hat
und fiir alle x ¢(a,b) positiv ist. Da nach Bemerkung 1.3 auch
le(x) fir alle x # X, positiv ist, erhalten wir einen Wider-

spruch mit der Voraussetzung der Existenz von ‘?7 und also §7 und
damit auch T',. Die Funktion (r (Pi ) (x) = F; (x) + (q Ry )(x)
1 1 1

ist aus Bhnlichen Griinden wie die vorhergehenden Funktionen positiv
und hat deshalbd in‘té keine Wurzel. Damit ist der Hilfssatz bewiesen.
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Hilfooets 1.4, Es sei x; ein beliebiger Punkt aus
dem Intervall (a,b). Dann haben die Funktionen le(x). P:g(x).
Pil(x), P::(x) suf (a,b) gerade eine Nullstelle und zwer x;.

1

Bewegis. Aus der Bemerkung 1.1 bgw. aus der Bemerkung 1.2
folgt, dass P;I(xl) =0 (i = 10,11,12), bw. le(x1)< 0 ist. Setsen
wir vorsus, dass 7; € (a,b), M3 # x; die Nullstelle von Pil(x) fur

irgendein i von den Zahlen {9,10,11,12} ist. Zwischen x; und ‘71
existiert dann ein solches Ei' dass (Pil)'(§i) = 0 (i ist gleich

irgendeiner von den Zahlen 9,10,11,12). Im Falle i = 10,11,12 ist
dies ersichtlich, im Falle le(x) folgt dies analogisch aus der

Untersuchung des Verlaufes der Funktion in der Umgebung x, wie im

Beweis des Satzes 1.4. Die Existens deas Punktes §i ist jedoch aus-
geschlossen, da die Beziehungen

9 = p3 1
(le) (x) P‘l(x) + (q le)(x)
10y°( ) - pé 2
(P‘l) (x) le(x) + (q le)(x)

11, -
(le) (x) = R;l(x) + (q le)(x)

12, -
(le) (x) = -F:l(x) + (q Rxl)(x)

r (x)

gelten. Aus den angefiihrten Beziehungen folgt ein Widerspruch, da
die Funktionen (le)'(x), (Pig)'(x) eine einzige Nullstelle x,

und die Funktionen (P:i)'(x). (Pii)'(x) fir x e (a,b) keine Null-

stelles haben. Damit ist der Hilfssatz bewiesen.

Bemerkung _l.4, Aus den Bemerkungen 1.2, 1.3 und
aus der weiteren Untersuchung der Ableitungen der angefiihrten Funk-
tionen geht hervor, dass .le(x) fir x<x; positiv und fir: x7xy

negativ ist, pgl(x) ist fiir elle x €(a,b) und Pil(x) (i =17,8)
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fir x # Xy, x ¢ (a,b) positiv.‘ le(x) ist fir elle x €(e,b) nega-
tiv und Pi (x) (i = 10,11,12) sind fur xc< x; negativ und fir

1
x> Xy -positiy.

atz 1.5. Fir jede nichttriviale Losung y der Differen-
tlalgle1chung (al) existiert hochstens ein Punkt §e(a b), in wel-
chen eine der Bedingungen (E,), (E;), (E3) (Ey), (ES) und

(Eg) ¥ ‘(§) = y“(§) = 0. erfullt ist.

Beweis. a)Im Satz 1.4 haben wir bewiesen, dass von den
ersten vier Bedingungen keine zwei in zwei verschiedenen Punkten er-
fillt sein kdnnen. Setzen wir voraus,. dass eine solche nichttriviale
Losung y existiert, welche in x, eine der Bedingungen (E:) (j=
=1,2,3,4) und in x, # x, die Bedingung (E ) bzwi (E6) erfillt.

Das heisst aber, dasa P1 (xz) =0 (i=5, 6 ,7,8), bzw. xl(xz) =0

(i = 9,10,11,12) und dies ist mit dem Hilfssatz 1.4 im Widerspruch.

b) Weiter miissen wir den Fall ausschliessen, dass die Ldsung
in zwei verschiedenen Punkten §,7%e(a,b), § <7 die Eigenschaft
(Es) bzw. (EG) hat. (Analogisch kénnten wir beweisen, dass auch
der Fall § >”? nicht vorkommen kann.) Setzen wir voraus, dass eine
solche nichttriviale Losung y existiert, d.h. dass fiir die Funk-
tionen

¥y y ()

neg) - (ry *)(8)

(1.9) Qg (x) = y"§ bzw. Qg (x) = y' s
y (x) y (x)

¥y (x) (ry"™ (x)

(M) = 0, bzw. 55 (m) = 0 gilt. Dann existiert ein solches
te(§,n), dass Q'g(t') = 0. Da Q; (§) = 0, existiert ein solches
x, € (§,T), dass (r Q 5) (x ) = 0, dies 1st aber ein Widerspruch,
weil (r Q;)(xl) q(xl P7 (S) + r(xl) P (§) und aus der Bemerkung

1l.4. folgt, dass Pil(x) (1 = 17,8) poaitiv fir x # xy, xe(a,b)

sind. Eine analogische Behauptung beweisen wir fir die Funktion
Qs(x), fir welche mit Ricksicht auf die Bemerkung 1.4 aus der Gleich-
heit
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o= 11 12
Qel(xy) = qlx,) P.7(§) + r(x, )P %(§) = 0
{2 L e | x1§ 1x1§
ein Widerspruch hervorgeht.

¢) Zum Schluss setzen wir voraus, dass eine nichttriviale
Losung y existiert, welche in X, die Bedingung (ES) und in x, die
vedingung (Es) erfullt, wobei X) # X5, Xq, x, €(a,b). Also fir
¥y (x)
D o vy (x)
(1.10) R, (x) = ,
1 y (xl)
wm
(ry )(xl)

gilt ixl(xl) = ﬁxl(xz) = 0. Deann existiert ein solches 7E€(xq,x5)

dass fir
vy (x)
=, y "(x) 1
Rxl(X) ] y'(xl) ) r (x) %1

(ry") (xq)

=,

() = 0 ist.
Ry (7
Von der Funktion 6i1(X) haben wir gezeigt, dass diese eine einzige

Nullstelle x; hat und so folgt aus der Gleichheit Exl(q) =
1

r(?)

G*l(v) = 0 ein Widerspruch.

II

Im zweiten Teil der vorliegenden Arbeit fiihren wir einige Eigen-
schaften der Ldsungen der Differentialgleichung (al) unter der Vor-
aussetzung an, dass diese die Bedingung (E) erfiillen und dass alle
Ldsungen oszillatorisch sind. Eine Hhnliche Voraussetzung benutzt
M. Svec in der Arbeit [1].
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Weiter beweisen wir den Satz liber die Trennung der Nullstellen
der Losungen und der Ableitungen der Ldsungen der Gleichung (al).

Bemerkung 2.1. Als‘oszillatorisch bezeichnen wir

eine solche Lésung, welche rechts vom beliebigen Punkt xleia,b)
unendlich viele Nullstellen hat.

Satz 2.1. Essei x;e(a,b) ein beliebiger Punkt. Zwei
Lisungen u,,u, der Differentialgleichung (a;), welche in x, drei

der Werte uj(m)(xl) (m = 0,1,2,3), (j = 1,2) derselben Ableitungen

gleich Null haben, sind linear abhéingig und haben daher alle tlbri-
gen Nullstellen gemeinsam.

Der Beweis folgt aus dem Satz uber die Eindeutigkeit der Lésung
der Cauchyschen Aufgabe.

Unter der Voraussetsung, dass ¥11Y2:¥394 ein Fundamental-
system von Losungen der Gleichung (al) ist, konnen wir die Losung
u;(x), welche in xy eine dreifache Nullstelle hat, als Determinan-
te schreiben:

yl(xl) ¥o(xq) y3(x1) y4(x1)

“(x (%) 2(xq) %)

(2.1)  ux) =[ LM Y2 %1 Y37 Y4
¥ (xl) ¥, (xl) y3 (xy) Yy (x,)

yl(x) yz(x) y3(x) y4(x)

oder

»*

wo D4i (i = 1,2,3,4) Determinanten dritter Ordnung sind, die zu der
Matrix des Systems

4
(2.3) D g yi(") (x,) = 0 (m = 0,1,2)
i=1

gehoren. Wenigstens eins der Elemente Dy (i =1,2,3,4) ist ver-
schieden von Null. Wenn némlich alle Determinanten dritter Ordnung
D4i (i =1,2,3,4) gleich Null wéren, widre auch der Wronskian der
Lésungen Y11¥21¥30¥ gleich Null, was mit der Voraussetzung im Wi-
derspruch ist. Im Weiteren werden wir voraussetzen, dass D44 # 0 ist.
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Dann konnen wir die Losung mit eir.r dreifachen Nullstelle in X in
der Form

C4-
(2.4) uy (x) = B—— uq (x)

44

schreiben, wo Cy eine beliebige Konstante ist.

Satz 2.2. Es sei Xy ,X, € (a,b), x) # X5. Es sei i(j)
eine der Zahlen 0,1,2,3, (1,2,3,4,5,6). Dann existiert eine nicht-
triviale Losung uz(x)_der Gleichung (al), welche in x; (Ej) und in
x, die Gleichheit uzl)(x2) = 0 erfullt. Jede zwei Liosungen, welche
in X, irgendeine der Eigenschaften (Ej) (1 € j €< 6) haben und in
Xy fir eine der Zahlen i = 0,1,2,3 der Gleichung uéi)(xz) =0
entsprechen, sind linear abh#ingig und haben daher alle Nullstellen
gemeinsam.

Beweig. Die Behauptung beweisen wir nur fir den Fall
uz(xl) = ué(xl) =0, uz(xz) = 0. In den anderen Fidllen wird der
Beweis analogisch durchgefiihrt.

Es sei Y11Y21¥329, ein Fundamentalsystem der Gleichung (al). Es
ist ersichtlich, dass

yl(xl) yz(xl) y3(x1 y4(x1)

* “(xq) (xq) ¥ilxq) T (xq)

(2.5)  uy(x) = |17 Y2t 3T Y
yl(xz) yz(xz) y3(22) y4(x2)

yl(x) yz(x) y3(x) y4(x)

~die LGsung der Differentialgleichung (al) ist, welche in x; eine dop-
pelte und in x, eine einfache Nullstelle hae;'Dieae Losung ist
nicht identisch gleich Null, weil dann O = u, (xz) = le(xz), was

mit dem Hilfesatz 1.2 im Widerspruch steht.

Es8 sei uz(x) eine andere Ldsung der Differentialgleichung
(al), welche in x, eine doppelte und in X, eine einfache Null-
stelle hat. Dann sind uy(x) und uy(x) linear abhlingig. Setzen
wir voraus, dass dies nicht gilt. Dann ist
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uz(xz) -

(2.6) y(x) = uz(x) - u2(x)

w/
u, (xl)

die Losung der Gleichung (el). welche in x; und auch in x, doppelte
Nullstellen hat. Das wiirde die Eigenschaft (E3) in zwei verschiede-
nen Punkten bedeuten, was nicht vorkommen kann. Also gilt

*
(2.7) ua(x) =k u2(x), k # O ist eine Konstante.

Bemerkung 2,2. Es sei x, € (a,b) ein beliebiger
Punkt. Es ist zu sehen, dass die Funktion (2.1), bzw.

yl(xl) y2(x1) y3(x1) y4(x1)

e sy *tg: ] xS ()
(2.8)  u (x) =| 1M Ya'xg y3(xy Y4(xy

"

")y () y3xg) i)

¥y (x) ¥y (x) Y3 (x) Y4 (x)

bzw.
) vl yylag) )
% ¥4 ¥1" (x) ¥y (xy) ¥3" (x;) ¥, (%)

(2.9) u; (x) , "
: ylf(xl) ¥o (xl) y3m(x1) y4"(xl)

y; (x) ¥, (x) y3(x) ¥y (x)

die Bedingung
n »* mn

* * g
(2.10) “l(xl) = uy (xl) = u (xl) =0, u (xl) #0

bzw.
* % *n! e ¥
(2.11) uy (xl) = u) (xl) = u (xl) =0, u (xl) #0

bzwe.
% ® %K T !
(2.12) u; (xy) = U (xy) = uy (xl) =0, u (x) #0
erfillt.
Satz 2.3. Es sei x, €(a,b, ¢in beliebiger Punkt und

¥ (k = 1,2,3,4) sei ein Fundamentalsystem der Differentialgleichung
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(el).yk (k = 1,2,3) erfiille keine der Bedingungen (2.10), (2.11),
(2.12). Dann ist

a) yl(xl) yz(xl) y3(xl)
ve(x) = | yi(xl) yé(xl) 'yg(xl)
yl(x) yz(x) y3(x)

die Losung der Differentialgleichung (01), welche in x; die Be-
dingung '

(2.13)  vy(x)) = ve(x)) =0, v (x) #0

erfullt;
b) y%fxl) y2(x1) y3(x1)
Vy(x) =|y] (xy) y3 (x) yi’(xl)
¥y (x) ¥5(x) y3(x)

ist die Losung derselben Gleichung, welche in Xy
(2.14)  ¥,(x)) =7, (x;) =0,  F/x;) #0
erfillt;
c) yi(xl) yé(xl) yi(xl)
3_4(::) = yl"(xl) yz" (xl) y3"(x;)
yl(x) yo(x) y3(x)
ist wieder eine Ldsung von (al), welche in x; die Bedingung
(2.15)  Vi0xp) = ¥/(x)) =0, F,(x;) #0
erfiillt; ‘
4) yl(xl) ye(xl) y3(x1)
z2,(x) = y," (x;) ¥y (xy) ¥3"(x;)
yl(x) yz(x) yJ(x)

‘ist eine L3sung der Differentialgleichung (al), welche in x, die
Eigenschaft '
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w

(2.16) z4(xl) =z, (xl) =0, z;(xl) #0

hat.
e) yi(xl) yé(xl) yg(xl)
z,(x) = | y,"(x;) yé"(xl) ys"(xl)
yl(X) yz(X) y3(x)

ist eine Ldsung von (a,), fir welche

- i

(217) 3, (x)) =3, (x)) =0, z,(x;) #0

gilt.
£) v (k) vy (k) gy (xy)
;4(x) = | y1"(x)) yé"(xl) yi"(xl)
yq(x) ¥o(xy) y3(x)

ist eine Losung von (a,) welche in x, die Bedingung

= 1

(2.18)  z,"(x;) = 2,"(x)) =0, Z,(x)) ¥ 0
erfillt.

Jede weitere LGsung, welche in x, eine der Bedingungen von (2.13)
bis (2.18) erfiillt, kann als lineare Kombination geschrieben werden
und zwar in den Féllen a), bzw. b), bzw. c) der Ldsung u; (x) und
v4(x), bzw. ?4(1), bzw. 54(x), in den Féllen d) bezw. e) der

Losung u;'(x) uhd z,4(x), baw. 54(x) und im Falle f) der Ldsung

u;“(x) und 34(x).

Bewedig. Diesen filhren wir nur fiir den Fall a) durch, in
den anderen Fillen wird der Beweis analogisch durchgefihrt.

Suchen wir eine solche Ldsung u,(x) fir welche (2.13) gilt. Wir
konnen sie in der Form

4
(2.19)  uy(x) = > e;y,(x)
i=1
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schreiben, wo ¢, (i = 1,2,3,4) die Bedingungen

4
Z ciyi(xl) =0
i=1

4

(2.20) 2 ©¢3¥i(x;) = 0
i=1

4
Zciy{' (xy) =f8#0
i=1

erfiillen. Wenigstens eine Determinante dritten Grades der Matrix des
Systems (2.20) ist verschieden von Null, weil im Gegenteil ¥ (k=
= 1,2,3,4) nicht linear unabh#ingig wiren. Es sei dies D4+ Denn er-
halten wir fir 4 ‘

(2.21) D41 p a23 Dy2 i 813
2.21 ¢, = =-¢, — +/f) — C, =20 = =8 —
1 4 ’ 2 4 ’
D44 Dag Dys Dys
D43 817
Ca==-¢, — +/84 —
3 4 ,
Dysy Dyy
wo
yi(xl) yk(xl)
Bic = | )

Nach Einsetzen von (2.21) in (2.19) erhalten wir

. ‘
(2.22) uz(x) = 5:: [-D41y1(x) + D42y2(x) - D43yj(x) + D44y4(x)]+

A .
+ = [8,m ) =819, + 8,9y0]
Dys
oder
4 » A
(2.23) uz(x) = —u (x) + — v4(x)
' Dys Dy
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Satz 2.4. Es sei x; €(a,db) ein beliebiger Punkt.
u; (x) sei die Losung der Differentialgleichung (ay), welche in x;
die Bedingung (2.10) erfiillt und u2(x) sei eine LOsung, die in Xy
die Bedingung (2.13) erfiillt. Dann:

a) die Losungen ul(x) und uz(x) heben mit Ausnahme von x; keine
gemeinsamen Nullstellen,

b) zwischen jeden zwei einfachen Nullstellen von uz(x) liegt wenig-
stens eine Nullstelle der LOsung 'ui(x);

¢) zwischen Jjeden zwei Nullstellen von ul(x) liegt wenigstens
eine Nullstelle der Losung u,(x).

Beweldis. An Stelle der Ldsung uq(x) werden wir im Be-
weis die LOsung ul(x) erwiigen, was mit Rucksicht auf die lineare
Abhtingigkeit beider Ldsungen mdglich ist.

a) Die Behauptung a) folgt aus dem Satz 2.2.

b) ¢, und c, seien zwei auf einfache Nachbarnullstellen der L3sung
ua(x). oetzen wir voraus, dass in <cq, c2> keine Nullstelle

der Losung ul(x) liegt.

Dann ist 73 in <cqy,c5> eine stetige Funktion und hat dort

eine Ableitung erster Ordnung. Aus (2.23) folgt

. 1 . * * -
u, U N A V4 A V4Vl T V4
(2-24) 7 = — o — -7 = —

u *2
1 44 uy

o %* - ‘ s .
Die Losung ul(x) konnen wir durch Entwicklung der Determinante
(2.1) nach der dritten Reihe folgend schreiben:

(2.25) u;(x) = y{(xl)vl(x) - yé'(xl)vz(x) + yg'(xl)v3(x) -
- y;'(xl)v4(x).

wo vi(x) (i = 1,2,3) Lésungen in der Form der Determinanten wie
v4(x) sind, wobei aus (2.1) die i-te Spalte (i = 1,2,3) und die
dritte Reihe weggelassen ist. ’



Dann ist

(2.26)  vy(x) uy(x) = v,(x) up'(x) = yilxy ) (vivy - v,w))(x) -
- yzf(xl)(v;vz - v4v;)(x5 + yg(xl)(v;v3 - v4v5)(;)
wobei wir die Ausdricke in den Klammern folgend schreiben kdnnen:
VL - V47 = 0 55 [' bp 834+ A3 By - 8y By -
= Ap3 By Ay Ay -y, Alz] ,
(2.2 wuv, - vyv; = 4y [ hip 834 + 83 By - 8y, B -
= 4y A24 * Ay A3 - Ay, Al2]
IACRAATEI P [_‘ hra B3+ A3 8y - by o -

m Ay Byt B5 - Ay, sz]

80 dass wir nach Einsetzen der Ausdriicke (2.27) in (2.26)

. * *‘ 'yl ]
V4Up - Vuy = - [yl (xy) Aé3 -y, (%) 413 +
(2.28) .. A
+ y3(x1) 12] le(x) = =Dy le(x)
erhalten, wo

A = ¥y (x) yk(x)
ik

y{(x) yi(x)

Nach Einsetzen von (2.28) in (2.24) erhalten wir

Fuy(x) 7’ P, (x)
(2-29) l x ] "/g
ul(x) u;—z (x)

Durch Integration von (2.29) von ¢, bis c, erhalten wir
U2(CZ) uz(cl) c2 le(x)

(2.30) — - .- b
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Aus dem Hilfssatz 1.2 und aus der Bemerkung ;l.j folgt, dass die
rechte Seite der Gleichheit (2.30) positiv, wiéhrend die linke Seite
gleich Null ist; dies ist aber ein Widerspmch.

c) 1. Es seien dy, dy, d1<d # Xy, dy # x; zwei einfache
Nachbarnullstellen der Ldsung ul(x). Setzen wir voraus, dass u, (x)

z\uschen d1 und d2 keine Nullstellen hat. papp ist die Funktion

u¥ (x)
1
in < dl,d2> stetig und hat dort eine Ableitung 1. Urdnung:

u, (x)

%* ] . * * -

ul(x) A V4 U -V, Uy le(x)
(2.31) = —_— 3 =

ux)l D, uz u,2 (x)

Analogisch wie im Falle vorher erhalten wir einen ¥iderspruch. Damit
haben wir bewiesen, dass sich einfache Nullstellen gegenseitig ab-
trennen.

c) 2. Es sei dl =x< d2, wo dl'dz zwei Nachbarnullstellen
der Losung ul(x) sind, zwischen welchen keine Nullstelle der Losung
uz(x) liegt. Zuerst beweisen wir, dass in 1rgenduner Umgebung von

rechts O des Punktes 3 u2(x)>u1(x) ist. Da u; (x1)>0 (dies
X

folgt aus der Positivitdt des Wronskxans yl,yz,y3.y4) und uz(x)
wihlen wir derart, dass u2 (x1)>0, u,(x) >0 ul(x) >0 fir X>x,

#u
er sind. Da u (x)-0<u(x)'undu(x)=u(x)-
xq 1 1 2 1 1 1 271

ist (u2 - "1) (xl) >0, fir alle xE.O’xl " ist also auch
(u2 - u;)"(x)>0. Daraus folgt, dass (ué - ul)’ (x) fir x eO"’ eine

wachsende Funktion ist und da (u2 - ul) (xl) = 0 ist, gilt fur
X€ Oxl, x # x; die Ungleichheit (uy = uy )’ (x) > 0. Daraus folgt

wieder analogisch, dass (u2 - “1) (x) >0 fir x 20’;1 und also fur
irgendeine Umgebung von rechts 0;1 des Punktes x; ist u,(x) >

>u1* (x). Die f‘unktionen u:(x), uz(x) konnen am Intervall

(xl,dz') folgende Eigenschaften haben:
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*
(A) ul(x) < ue(x) fir alle x€ (xl,‘ dz)
oder
*
(B) ul(x) < uz(x) nur fir xé¢€ 0;1 und in den anderen Teilen

des Intervalls (xl,dz) ist uI(x) wechselnd kleiner oder
grosser als u,(x). u;(x) und u,(x) durchschneiden sich
dabei in einer geraden Anzahl von Punkten.

Es existieren also die Punkte fi' §; €(xy,d5), (1 =1,2,..., 2k),
fir welche folgendes gilt:

uy (f;) = uy(g;)

(2.32) .
up (§5) > ug(fy) (i=1,3,0.0 2k-1)
und ‘
*
oy (§5) = uy(§y)
(2.33) (i =2,4,... 2k)

*) :
u, (§5) < uy(§)

Zuerst untersuchen wir den Fall (B). Es sei z.B. k = 1, d.h. es

seien zwei beliebige Punkte aus dem Intervall (xl,dz), fir welche ‘
* o) o

(2.34) 0<u, (§1) = ua(fl), uy (f1)>u2(§1)

und

( * ( ) 2(§,)

2.35) 0c<uy (§5) = uy(§y), vy (§5) <uy(f,

gilt. Dann ist

*
1 %
B ' - * , *'
2

und

W) = | o L[5y = [uf (uz'-u;'):‘ (§) = ¢>0 |
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wo ¢y, C, positive Zahlen sind. Daraus folgt, dass die Funktion
W(x) im Intervell (xl,dz) wenigstens eine Nullstelle hat, die wir

mit ol bezeichner.

Der Fall (A) kann auf den Fall (B) lberfiinrt werden, wenn wir
ul(x) mit einer derart geeigneten Konstante multiplizieren, dass

ul‘(x) wenigstens zweimal uz(x) durchschneidet. Daraus, dass der

Wronskian im Punkte o¢ gleich Null ist, folgt die Mdglichkeit sol-
che Konstanten k;, k, zu finden, fiir welche

ky u; (at) + k, uz(uc) =0
(2.36) -
k) vy (o) + k2‘u2’ () = 0

gilt. Das bedeutet, dass eine solche L3sung der Gleichung (a,)
*
(2.37) z(x) = ky uy (x) + k, u, (x) g

existiert, welche im Punkte Xy und auch im Punkte oC eine doppelte
Nullstelle hat. Dies ist aber ein Widerspruch mit der Eigenschaft
(E ). Demit haben wir bewiesen, dass zwischen jeden zwei Nullstellen
der Ldsung u; (x) wenigstens eine Nullstelle der Ldsung uz(x)
liegt.

Zuletzt beweisen wir, dass zwischen X; und der ersten rechts
liegenden Nullstelle § der Ldsung u2(x) keine Nullstelle der
Losung ul(x) liegt. Setzen wir also voraus, dass zwischen x; und §

die Nullstelle 7 der Lésung ul(x) liegt. Dann liegt gemiss c) 2.
zwischen x; und 7 die Nullstelle der Ldsung u2(x) und § ist
also nicht die erste Nullstelle uz(x), welche rechts von x; liegt,
was ein Widerspruch ist. Damit ist der Satz vollkommen bewiesen.

Satz 2.5. Es seien uz(x) und ﬁz(x) zwei linear unabhdén-
gige Losungen der Differentialgleichung (ay), welche in x, eine
doppelte Nullstelle haben. Dann trennen sich die einfachen Nullstel-
len beider Losungen gegenseitig voneinader ab.

Bew » Dieser ist ihnlich dem Beweis des Satzes 7 der
Arbeit [17.
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Hilfssatz 2.1. Es seien ul(x) und uz(x) zwei linear

unabhéingige Lésungen der Differentialgleichung (al). Pann sind auch

u{k)(x) und uék)(x) (k = 1,2,3) linear unabhéngig.

Der Beweis wird analogisch wie im Satz 9 der Arbeit [1]
durchgefiihrt.

Z___2.6. =8 sei ul(x) eine Losung der Differential-
"gleichung (a,), welche in x, eine dreifache Nullstelle hat, u, (x)
ist eine LOsung welche in Xy eine dopplete Nullstelle hat. Dann

a) u{(x), ué(x) haben keine gemeinsamen Nullstellen, ausser'xl;'
b) ul(k)(x). uz(k)(x) (k = 2,3) haben keine gemeinsamen Nullstellen;

c¢) zwischen jeden zwei Nullstellen von ué(x), verschieden von x,,
liegt wenigstens eine Nullstelle von ui(x) und zwischen jeden
zwei Nullstellen von ui(x) liegt wenigstens eine Nullstelle von
ué(x). '

d) Die Nullstellen von ul(k)(x) und uz(k)(x) trennen sich gegen-
seitig ab.

Be wei s. Aus den Voraussetzungen liber u,y (x) und u2(x)
ist ersichtlich, dass xy eine gemeinsame Nullstelle ulk)(x),

uz(k)(x) nur fir k = 0, 1 ist.

a) b) Setzen wir voraus, dass u{k)(x) und uz(k)(x) (k ist eine
der Zahlen 1,2,3) eine gemeinsame Nullstelle § # x; haben,d.i.

(2.38) ul(“)(§) = u?_("’(§) =0

Aus dem 3atz 2.4 folgt, dass u§(§) +vug(f) # O. Es sei z.B.
u2(§) # O, dann ist die Funktion

u1(§)

(2.39) y(x) = u, (x) - uz(x)

uz

die LOsung der Differentialgieichung ﬂal), fir welche
(2.40)  y(x)) =y =) =0, y(p = y®p =0
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gilt, was mit der Eigenschaft (E3) fir k = 1, mit der Eigenschaft
(Ey) fir k = 2 und mit der Eigenschaft (E2) fir k = 3 im Wider-
spruch ist.

Im Weiteren werden wir anstatt der Losung ul(x) die Ldsung
u1 (x) erwligen. Analogisch wie wir die Beziehungen (2.27) und (2.28)
beim Beweis des Satzes 2.4 erhielten, erhalten wir die Beziehungen:

’
v, . ¥

(2.41) v.  wt-v/u =-D,, P 7'(x)
4 1 4 "1 44 X

(2.42) v4m u;" - v: u;"' = =Dy ﬁil(x)
(2.43) (v, )" (rup™) - (v delr uf "= ~a(xIDyF, ()
wo
y(x)
. (ry*) (x)
x1-x B y(x,)
1
y'(xl)
ist.

Aus dem Beweis des Hllfseatzee 1. 3 und aus der Bemerkung 1.4 folgt,
dass die Funktionen Fx (x) und P (x) fir x:e(a b) nichtnegativ
sind.

Uber die Funktion F, (x) setzen wir voraus, dass sie zwei
*1

Nullstellen X11Xps Xy < Xy hat. Dann existiert ein solcher Punkt f,
dass xl(}) = 0 ist. Aus der Gleichheit Fxl(f) Pll(g) 0 folgt

jedoch ein Widerspruch. Deshalb hat Fxl(x) eine einzige Nullstelle
und zwar X,. Aus der Bemerkung 1.4 folgt weiter, dass Fxl(x) fir
x # x; positiv ist.

c) 1. Es geien 7, < 7, von x; verachzedene Nachbarnull-
stellen von uz(x) Setzen wir voraus, dass u1 "(x) im Intervall
<"?1, '727 keine Nullstelle hat. Dann ist die Funktion
u, (x)

"y

in <7;,M,” stetig und hat dort eine Ableitung
u, (x)
1
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1. Ordnung:
‘4 «. A,
— U + — v ! ¥
e 1 4 o .
u, D44 D44 A V4 W - V4 Uy
(2:44) | = ; = — 2
Y uy Pas uy

Nach Einsetzen von (2.41) in (2.44) erhalten wir

V' 7

Y le
(2.45) =] ==p —r

e b |

- Wenn wir (2.45) von ‘71 bis 72 integrieren, erhalten wir einen
Widerspruch.
c) 2.1, 31‘ §2 seien zwei von xy verschiedene Nachbarnullstellen

von u1 ‘(x). Setzen wir voraus, dass uz(x) im Intervall <§,,§,> keine
u
1

Nullstelle hat. Dann ist die Funktion. —7—?—; in <§,, f2> stetig
u, (x
2
und hat dort eine Ableitung erster Ordnung.
! 1 ﬂ % )

u u, v, - uy v
(2.46) [-,1—] == 1 4 14 -,5

u, Dy u2 u2 (x)

Durch die Integration von (2.46) von fl bis §2 erhalten wir einen
Widerspruch.

c) 2. II. Es seien fl = xl < 52 zwei gachbarnullstellen von
“1 (x). Aus dem Beweis des Satzes 2.4 ist ersichtlich, dass in ir-
gendo1ner Umgebung von rechts G x, des Punktes X ist uz(x)>
>-u1 (x). Die Funktionen u1 (x). uz(x) haben im Intervall~<x1,fé>
folgende Eigenschaften:

(A) u:'(x) < ué(x) . fiir alle x €(x,, fz)
oder .

] 5
(B) u; (x) < ué(x) nur fir x € 0;1

und in dem Ubrigen Toxlen des Intervalls (xl. 52) ist “1 (x)
wechselnd klexnor“ngr grosser als uz(x). Dabei durchschneiden sich
die Funktionen uy (x) und uz(x) in einer geraden Anzahl von Punk-
ten.
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.Fir die Schnittpunkte dieser Funktionen gilt:
*' ; . »’ ' *" "
und _
@.48)  ul @) = uy(my), uy B <uy (), (o= 2,4,... 26)

wo 7 €(xy, §,), (i=1,2,..., k).

Erwégen wir zuerst den Fall (B). Es sei k = 1, d.h. 71> %> sind
zwei beliebige Punkte aus dem Intervall (xl, jz) und zwar solche,
dass '

%! . ' x’ v
O<uy () = uj(9,), uy (7)) >u, (7))
1 " 2" 1 () >y (7
(2.49) : ,
<u’) = uy (), () <t (g
Dann ist
uﬁ' u’
- 1 2 *! " %“r -
Ty =) = ey ) [uy - ey J(p == E <0
ul u2 .
(2.50) - .
- b ] o) %) ] *u _
W (7, = o () = uy (‘72)[402 -uy) ] (7,) = 8,20
2w W

wo 51, 52 positive Konstanten sind. Daraus folgt, dess die Funk-
tion W(x) im Intervall (xl, fz) wenigstens eine Nullstelle hat.

Der Fall (A) kann auf den Fall (B) {iberfithrt werden wenn wir uf’(x)
mi einer derart entsprechenden Konstante ¢ >1 multiplizieren, dass
ué(x) wenigstens zweimal von u;,(x) durchschnitten wird. Es ist
also moglich solche Konstanten k, EZ zu finden, welche dem System

von Gleichungen:
' .

- % )
k) uy () + Ez u, (%) =

[

k) uy () + Ky uy ()

|
o

(2.51)
0

n

entsprechen. Das bedeutet, dass eine solche Losung der Gleichung
(aq)
1
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. R '
(2.52) z(x) = k; v (x) + Ez uz(x)

existiert, welche im Punkte xy eine doppelte Nullstelle hat

(d.h. sie hat die Eigenschaft (E3)) und im Punkte o, erfiillt sie
(2.15) (d.h. die Eigenschaft (ES))' Dies ist aber ein Widerspruch
mit dem Satz 1.5. Damit wurde bewiesen, das zwischen je zwei Null-
stellen der Ableitung der Losung ul“’(x) wenigstens eine Nullstelle
der Ableitung der Ldsung ué(x) liegt.

Zum Schluss wird bewiesen, dass zwischen X; und der ersten
rechts liegenden Nullstelle § der Ableisung der Losung ué(x) keine
Nullstelle der Ableitung der Ldsung u; (x) liegt. Der Beweis wird
analokiach wie der Beweis des entsprechenden Teiles der Behauptung
des Satzes 2.4 durchgefiihrt.,

Bemerkung 2.3. Es kann auch folgende Behauptung be-

wiesen werden: Es seien ua(x) und Gz(x)' zwei nichtlineare unab-
héngige Losungen der Differentialgleichung (al), welche in x, eine .
doppelte Nullstelle haben.

1. ué(x) und ﬁé(x) haben dann mit Ausnahme von X, keine gemein-

samen Nullstellen;
2. uék)(x) und ﬁék)(x) (k = 2,3) haben keine gemeinsamen
Nullstellen;

3. zgwischen jeden zwei Nullstellen ué(x), verschieden von Xy,
liegt eine Nullstelle Gé(x) und umgekehrt;

4. die Nullstellen uék)(x) und ﬁék)(x) (k = 2,3) trennen sich
gegenseitig ab.
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A NOTE ON THE CLASS M

2

J. SMITAL, Bratislava

All functions in the sequel are real-valued defined on the
real line. If f is a function and A a number then the set {x;
£(x) >} is denoted, for abbreviation, by [f > L], and similarly
ere defined symbols [f<X1], [A<£f<®M] A function f is in the
class Mé of ZAHORSKI [4] provided for each real A , [f(l] anﬂ
implies |[£ ¢ 2]nJl >0 (by IAl is denoted the Lebesgue measure of
A) end [£>2]N J # @ implies |[£>A]AN JI>0. A function f has
the Denjoy property (fe Dl) provided for each non-trivial closed in-
terval J and for each peir of reals 11' [1 <£<A ]nJ 0
implies [[X;<f<2 ]ﬂJl >0.

L. MISTK [2] has shown that Blﬂll = B;ND; (By is the Baire
o class of function). In connection with this result L. MISIK has
posed the following problem: Does there exist a function feB nu

with the Darboux property such that f¢D 7 The problem was solved
by J. S. LIPINSKI [1], end T. 3aLiT [3], and the answer is positive.
In the present note there is given another example of such funct:.on,
which is more simple than the examples in [1], [3].

Theor em. There is a functzon f with the Darboux property
such that f€B,, fe ll2, f¢D1

Proof: Let {J } =1 be a basis of open sets. We construct

@
by induction the system {Pl;} _— k=1,2,3, of pairwise disjoint
non-empty nowhere dense perfect sets Pkn such that, for each n,k,

PXcs, |Pr|=0, ena [PX|>0 for k y1. Let P},
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Pi, P% be pairwise disjoint non-empty nowhere dense perfect sets

contained in Jl such that IP%I = 0, and lP{,}O, for k>1l. If the
sets {Pk}m , k=1, 2, 3 have been constructed let

nJ n=1
m 3 " i i
P= U UPn. Clearly P is a nowhere dense set, hence there is
n=1 k=1
. 1 2 3
some non empty open interval JCJm+1 - P. Let Pm+1' Pm+1’ Pm+1’

be pairwise disjoint non-empty nowhere dense perfect sets contained

s : 1. k
in J such that |Pm+1| =0, and le+1| >0 for k>1. Thus the sys-
tem {Pk}m » k=1, 2, 3, has been constructed. Now for each n,

nJ n=1 ‘

1
n

terval <0, 1> . Define the function f as follows:

let &, be a continuous function from P_ . onto the closed unit in-

g'n(x) if xElel. for some n,
f(x) = 1 if xGPﬁ, for some n,
0 otherwise.

The function f has the Darboux property since each open interval
J # @ contains some lel and consequently, f(J) = <0,12.
There is also f€ Mé. To see it consider the set [f >A] . If

2

b and since each

Q0
a2l the [f>A] = 3. If A<1, then [f>2]D u1 P
n:

non-empty open interval J contains some Pi, J intersects the set

[£>1]in a set of positive measure. The proof for the set [f<2]
is similaer.

To show that f€B, it suffices to show that each of the sets
[£>2] , [£> )], is of the type Fg. But [£>1] =9 for 221,
@
[£>2] = (-m, +) for A<0, end [£>A] = V) P2y C')l [g,> 2]
n= n=

if 0 £1<1, and clearly each of the sets Pi, [e, >A] is of the

type Fg . Similarly [f 22] =2 if 2A>1, [f22] = (~o,+o) if
[o o] 0

2¢0, end [£22] = ulP;"l U ul[gn>, 2] if 0<2A<1, where each
n= n=

of the sets [gn ;)] is of the type Fg -
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Finally we show that f¢D,. This follows from the fact, that
the set [0<£< 1] 1is dense on the real line, and that

[[o<£<1]|< |nL='}1P'1‘| = o.
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REMARKS ON THE FUNDAMENTAL THEOREM
OF ARITHMETIC

M. FRANEK and T. SALAT, Bratislava

In the paper two new proofs of the fundamental theorem of
arithmetic are given.

The following is called the fundamental theorem of arithmetic.

Theorem A. Let a,b,c be real or complex integers, a # O.
If albc and (a,b) = 1, then ale (cf.t]:l, p. 14, 424).

In this note we give two proofs of Theorem A for complex inte-
gers different from the proof of this theorem given in [1] p. 424.
The first of our proofs is based on the same idea as Surényi'a proof
of Theorem A for real integers (cf. [2]). The second is based as well
as the proof in [1] on the following fact:

If (a,b) = 1, then there exist complex integers x,y -such that
ax + by = 1.

The metod of proving the last fact is different from that obe uaeé
in [1] (p. 422 - 423). :

Proof I. Denote K the set of all complex integers. Let
a, b, ¢c €K, a # 0, albc and (a,b) = 1. Put K, = {xéK; albx} .
Obviously a€K,, the same being true for da (deK). It suffices
to prove that K, consits precisely of the numbers da (d€K). This
will be proved if we prove the follchin,g two assertions:

T,: Let N(x) denote the norm of the number xex". Let c,

denote such an element of the set K; that N(c,) = min N(x)
x € Ky ,x#0

%) . 2 2

If x =x;+ix, (x;,x, are real), then N(x) = x] + x5 (gf. (1],

p. 417).
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(since the norms of elements of K, are non-negative integers, the
existence of ¢, is obvious). Then for each x €K, we have c |x.
T,: le,l -4Ia|.

Proof of ‘1'14 Let xexl. It is well-known that there
exist such numbers t, r€K that

(1) x = te,+r
1) N(r) < N(co)

(ef. [1], p. 420). From (1) we get br = bx - b t o+ Since albx,
alb Cy» the number br is divisible by a. Thus rék,. If N(r) >0,
then (1°) contradicts the definition of c_. Hence N(r) = O, r=0
and according .to (1) we have eyl x.

Prooft of Tz, Since a_exl, we have cola according to

Tl‘ Thus there exists a number dlex such that

(2) a=4d; c,

Further albd Cyr because o belongs to Kl' In view of the last
fact the existence of a number d2€K follows such that

(3) be, =ad,. |
From (2), (3) we get b ey = dldzlco and since c, # O, we have

(4) b = 4,4,

It follows from (2) and (4) that d,la and simultaneously d,Ib.
Since (a,b) = 1, it must be ldll =1 end so from (2) we get lal=le, | .

At first we prove two suxiliary results.
Lemma 1. Let a, b€K, a, b # O. Then
N(a + bj) < max (N(a), N(b) )

for a suitable je{1, -1, 4, -i}.



- 103 -

Proof. Let e.g.

() N(b) £ N(a)

We shall prove Lemma 1 indirectly. Let

(5) N(a + b)Z N(a),
(6) N(a - b) Z N(a)
(7) N(a + ib) Z N(a)
(8) N(a - ib) Z N(a)

We write a = a; + ia,, b = by + ib,, where a,, b, (k = 1,2) are
real integers. From (5), (6) we get

2y

2 2
"(bl + bz

2
= 2(a;by) + ’2b2) $b] + b5
ioﬂa
1 <
(9) . 2la1p1 + ayby| £ N(b)
Analogously from (7), (8) we get
(10) 2la;b, - 8yby| £ N(b)

An easy computation leads from (9), (10) to the inequality

2 N(a) N(b) ¢ Nz(b), so N(b) 2 2 N(#). The last together with (*)
gives N(b) Z 2 N(b), 1 2 2.

Lemma 2. Let a, bekK, (a,b) = 1. Then there exist
x, y&6K such that ax + by = 1.

Proof. We shall prove by induction that for each natural
number k the following assertion Ak holds:

If a, be€K, (a, b) =1, N(a) + N(t) < k, then there exist
x, YEK such that ax + by = 1.

First of all the assertion Al is true since there are no num-
bers a,b€EK satisfying the conditions (a,b) = 1, N(a) + N(b) < 1.

Suppose Ak for each k £ n to be true. We prove that Am-l
holds. Let a,b€K, (a,b) = 1, N(a) + N(b) ¢ n + 1. If one of the
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numbers a, b is O, then the other must be a unit (accorging to
(a, b) = 1). In this case the existence of numbers x,yeK with
8x + by = 1 is obvious. Hence let a, b # O and let e.g. N(b)
< N(a). In view of Lemma 1 there exists a number jC{I, -l,i,-i} 3
such that N(a + bj) < N(a). Hence

N(a + bj) + N(b) < N(a) + N(b) < n + 1

Thus N(a + bj) + N(b) < n. Obviously (a + bj, b) = 1 end by the in-
duction hypothesis there are X1» Y1 €K such that (a + bj) x) +

+ by, =1, i.e. eax; + b(jx; + y;) = 1. Putting x = X1, ¥ = Jxgex,,

we see that x, y€EK and ax + by 1. Hence An+1 holds.

Proof II of Theorem A. Let ajbe, (a,b) = 1.

 Following the Lemma 2 there exist x, y€K such that ax + by = 1.

Multiply the last equality by c we get
c = acx + bey
From this Theorem A follows immediately.

Remark 1. The fundamental theorem of arithmetic (F.T.A)
for the set C of all real integers can be proves by the same method
which was used in Proof II. It suffices only to take C instead of
K, to substitute {1, -1, i, -i} in Lemma 1 by {1, -1} and N(x)
by Ix| (the absolute value of x).

Remark 2. F.T.A. for the set C is slso an easy cons-

equence of F.T.A. for the set K. This can be shown in the following
way: Let a|bc, (a,b) =1, a,b,c€C, a # 0. Then obviously a|be
also in K. We assert that (a,b) = 1 also in K. Let contrary to
this assertion a = eld,, b= bld, where d is not a complex unit.
Then we have

o = N(s) = N(apIN(Q), b = (N(D) = N(bIN(@), N(d) > 1.

Hence (32, %) > 1 in C and therefore (a, b) > 1 in C, too.

This is a contradiction to the assumption (a,b) =1 in C. Hence
(a,b) =1 in K and so owing to the F.T.A. for K we have alc in K.
Thus there exists a c;€K such that ¢ =c,a. If ¢ =0 then alc
in C evidently. If c¢ # O then ¢y is real, because a,c are real
numbers. Hence c¢,€EC and so alc in C.
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M. Kolibiar called our attentioh to the possibility of using
the methods of Proofs I, II for proving some theorems analogous to
the F.T.A. for some integral domains.

Let T be an integral domain. Suppose a function N:I -=» C° to be
given, C° being the set of all non-negative integers. If a,begl
eand b is divisible by a, then we write a|b. Further a,bé€l are
called coprime if from dla, dlb it follows that N(d) = 1. We shall
say that for I the F.T.A. holds if the following assertion is true:

Let a,b, c €I, a # O. Let a,b be comprime and a|bc. Then afc.

Let us suppose that I is an Euclidean integral domain (cf.[3],
Pe 91). Hence there exists a function N:I —-"Co such that for each
a, bEI, b # O there are some r, t€I with a = bt + r, where 7
r =0 or N(r) < N(b). Let us suppose that the function N satis-
fies also the following conditions: '

(i) N(x) =02 x=0
(ii) N(xy) = N(x) N(y)

By the method used in Proof I the following theorem can be-
proved.

Iheorem B, Let I be an euclidean integral domain

in which the function N satisfies the conditions (i), (ii). Then
for I the F.T.A. Holds.

Moreover by a little modification of the method used in Proof I
the result of Ilieorem B can be extended for all principal ideal do-
mains.

Analogously by the method used in Proof II the following result
can be obtained.

T m_C. Let I be an integral domain. Suppose a func-
tion N: I —» Co to be given. Suppose moreover the following con-
ditions for N to be satisfied:

a) N(a) = 0 = a = 0;

b) If a,b €I, a,bfo, a,b are coprime, then there exists an
element j€I such that N(a + bj) < max (N(a), N(b)).
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Then for I the F.T.A. holds.

Exenple 1. For the integral domain T[x] of all polyno-

mials . in the indeterminate x over a given field T the F.T.A.
holds if we define the function N : T(x) —» C, as follows: N(0) =
=0 and N(P) = h(P) +1 if P #¥ O and h(P) denotes its degree.
The condition a) from theorem C is obviously by the function N satis-
fied. We have yet to show that also the condition b) is by N satis-
fied. Let P, QeTrx), P, Q # 0. If N(P)< N(Q), then for R = 0

we get

N(P + RQ) = N(P)< N(Q) = max (N(P), N(Q))

If N(P) £ N(Q), i.e. if h(P) Z h(Q), then let a, x” and b, x® be
the highest term of the polynomial P and Q, respectively. Hence
N(P) =n+ 1, N(Q) =m + 1, 8, # 0 # b,. Putting R = - .obzlxn-m

we get N(P + RQ)<N(P) = max (N(P), N(Q)).
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ON DIFFERENCE SETS OF SETS
OF NON - NEGATIVE INTEGERS

HELENA BEREKOVA, Bratislava

In the sequel N (resp. C) denotes the set of all non-negative
integers (resp. of all integers). In the theory of numbers besides
the sums and products of sets of non-negative integers also the diffe-
rence sets of sets of non-negative integers has been studied, (see
e.g. [1]; [2], p. 177 - 182).

For A,BCN we put D(A,B) = {xeC:ix = a-blacA; bEB} . The
set D(A,B) will be called a difference set of the sets A and B. We
put D(A) = D(A,A). (see [1], p. 112).

The set ACN is called a difference basis for C if for each
c€C there exist a,b&A such that ¢ = a - b. (see [1]; [4]).
A(n)
For ACN we put A(n) = z: and JZ(A) = 1lim sup -
ae

n %o
O<agn

52(A) is called the upper assymptotic density of the set AcN.

A(n)
If there exists d(A) = 1im —— , then it is called the
n-o 0N

asymptotic density of the set A.

In the paper [1] the following result is proved: There exists
a set ACN for which A(x) = O(Vx ) and D(A) = C.

It is shown in the paper [4] that there exists a difference
basis A for which the function A(n) arbitrarily slowly tends to
infinity.



W. Sierpinski [3] has proved that if JZ(A) > % then D(A) = C

and for each x€C there exist infinitely many pairs of numbers

" aybé&A such that x = a - b: This condition is only sufficient but
not necessary for D(A,B) = C, as it follows from the quoted result
of [1].

The following theorem converning difference sets of two sets
gives a result analogous to the above quoted Theorem of W. Sierpinski.

ITheorem 1. Let A,BcN and assume that one of the

following two conditions

1
(a) 6(A) > - ena d,(m) >
2

NIiF N

1 .
(b) 6y(A)>~ ana  d(B) >
2

is satisfied. Then to each c€C there exists an infinite number of
pairs (a,b)€A x B such that ¢ = a - b.

Proof 1. Let for A,B the condition (a) be satisfied.
Assume that there is a number ceC such that for each pair
(a,b)EA xB we have c #a - b. Let A = {al< a,< eee } 3 from (a)
it follows that the set A = {el-c, 8,=Cyeeey 8,=C,.e. } has the
) asymptotic density greater than %. . Clearly A®NB = @ and hence

Jz(B)<% » contrary to the assumption that Jz(B)>5 ~

Now we assume that there exists a number c€C such that ¢ =
=a -Db only for a finite number of pairs (a,b)€ A x B. Let (ci,di);

(i =1,2,...,k) be all pairs from A x B such that ¢ = e -d;.

Put m = max (cl,...,ék; dyse+e,d ). From the condition (a) we
1
get d (A) = >*+2 Y, where % >0. Therefore there exists some ny

such that the inequality

A(n) 1
T -+ Y (1)
n 2
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holds for each n>n,. Let ¢, = min ¢4 and dl = min di
(i =1,2,000,k), and put d = max (cl'dl)’ ‘a’= min (cl'dl)' Choose
a number n, such that for n >n,, the inequality

mrla=4d) ¥ is satisfied. Put n_ = max (m.nl,nz). For n>n
2n °

we form a sequence

(]

m+1,m+ 2,00., N. (2)

From the definition of the number m it follows that for each pair
a’, b of numbers in (2) such that a’€ A and b’€ B, we have
a’- b” # c. The numbers €y + Jj, 4 + J belong to (2) if

m-4d<jsn-d. (3)

Let j setisfy the condition (3). Since (c; + J)-(3y + j) = ¢y - 4,
=c, itmust hold c; + jA or d; + j¢B. Let M,(M,) be the
set of all j sati:fying (3) for which (°1 + j)ft, ((dl + j)¢B).

If P(Mi) denotes th. number of elements of the set Mi(i =1,2),
then clearly

P(My) + P(M,) Z (n =) - (m -a"), (4)
It follows from (4) that at least one the numbers P(M;),(1 = 1,2)

¥ Z[tm-a) - @-a"]. ¢ p(u) 2 2 [(n-a)
is greater or equal to 2 [ n-d) - (m-d o " 17 = 5 n=4) -

Ld 1 Ld

- (m-d )] then for A(n) we have A(n) £ n - - [(n-d) - (m-4 )] .
An) ;1 m+(@-a") 1

Hence —— - — + < —+ %Y which is & contradiction

2 2n 2
to (1).

1 ’
On the other hand if we have P(Ilz) ; [(n -d)-(m - 4 )J hence

nv

B(n) _ _]:;m; (@ -a’) thus  &.(B) <
2n .

» which is again a con-

N
N

n

tradiction to the asumption of Theorem.

2. Let for A,B the condition (b) be satisfied. If c €C, then on the
basis of the preceeding part of Theorem 1 there exists an infinite
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number of pairs (b,a)é B x A such that b-a = -c. From this it is
clear that there exists an infinite number of pairs (a,b)EA x B
such that a-b = ¢. This finishes the proof of Theorem 1.

Remar k. The conditions introduced in the Theorem 1 are
only sufficient for the equality D(A, B) = C. (see [1], [4]).

The following theorem shows that the condition (a) or (b) in
Theorem 1 cannot be replaced by the condition JZ(A) = Jé(B) = 1.

Theorem 2. There exist sets A,B&N such that JZ(A) =
= Jz(B) =1, and C - D(A,B) is an infinite set.

Proof. Let A= le ‘n where Am is the set of all natu-

ral numbers from the interval < (lon)mn, (10® + 1)10"-»1)’ and

o
B = U:l Bn where Bm is the set of all natural numbers from the in-
n‘

1 +1
terval <(10%+1)107+1 ; 1020 b (1,2,... ). At first

we shall show that JZ(“ = Jz(B) =1,
m 10%+1 1™
We have A((10%+1)1%*1) Z (10%+1) -(10™) and so

10"
AC(10%+1)10741 R (10™) 1 1

1‘ . ;1- 9

(10"'+1)1-°n’1 (mﬂ,,l)lO' (10™+1) 10%+1

for m = 1,2,... Hence JZ(A) 1.

1l 1 1 +1 m
Further B(; (ZI.O“'H')1°Il+ ) z '2- (10‘*1)10" - (10® +1)10°+1 and 80

1l m+1l
B - (10%*1H107°7, 10%a1
2 (10™ + 1)1°-’1 - - 2(10%+1)

ny

m+l

1 +1 10 - 1
" (10® + 1)20% (10%*1) . (10 )



-111 -

1

100+ L a
contains no numbers of the form = (10™)¥ , (m=1,2,00.)0

Z1 -

. Hence JZ(B) = 1. Now we are going to show that D(A,B)

| 107
Let n be arbitrary natural number and let Z (10™) =xX=-Yy

with x€A, y€B. Then there exist indices i,j such that xeAi,
y€ Bj. We have clearly Jj<i. Consider the following four cases.
a) J<ién

b) j<nti

nA

¢) 3§
d) ntg j«i
a) If j<i =n, then x€A,, ye&Bj; -j<n,
107 1 ... 109*1 10" 1 10" 1 107
x-y >(10%) - = (109*1) Z (10" - =0 == (o .
2 2 2
Let further j<i<n. Then

. 204§ 1041 1 107
x - y <(10%+1) -(10"+1) < = (10M
2

b) In this case we have

i : J*l n ' n n
. 10 1 Jj+1 10 10 1 10 1 10
x - y>(10*) - =100 ) 2 @™ --@ao™ =-@a® .
2 2 2
¢) A simple estimation gives

i Jj+l n+l n+l
.10t 1 10 10 1 10
x - y>(ad) - S (109*1) Z (1071 - =(107*1) =
2
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4) If n= j<i, then

10t 1 107+1 1071 ) 107+1
x - y>@od) - = (0™ Z (0™ - = (107*1) =
- 2 2

1 10" 1 on
= - (107*1) >= (10 .
2 2
i 1091

: 100 1 .
For n<j<i we obtain x -y >(10*) - -2- (109*1)

j+1 J+l n
*1 1 .., 109Y 1 .., 10 1 10

> (108*1)}°7 7 - = (109*1) == (Y >- o™ .
= 2 2 2

The proof of Theorem 2 is finished.

‘The following result can be found in [4]: To every set B =
= {bl< b2< ...} there exists a difference basis A such that
A(n) € 2B(n).

We shall say that the set ACN is a strong difference basis
if for each ¢ €C there exists an infinite number of pairs (a,b)eAxA
such that ¢ = a - b.

In connection with the above mentioned result of [4] we prove
the following :

Theorem 3. To every infinite set B = {b1< b, ¢ }
there exists a strong difference basis A such that A(n) £ B(n).

Proof. Put A = {al.al+1} 8
{az,-2y1,02+2 } a,

uv
o
N

v
o
W

A, = {a ,a . +1,...,a8, +k a, Z b |
e {o o1 iapen} a2 1 k(ev3)
00
A= U‘k‘
k=1

At first we are- going to show that A(n) < B(n).
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Let n be an arbitrary natural number. Let j be the highest

index such that b, € n< by ; for such index .j
5 3(3+3) 3 (3+1)(j+4)
1 1 :
we have ; j(3+3) £ 3(n) < ; (j+1)(j+4). (5)
From the definition of the set A. it follows that a, Z b ’
d. 37 Lien
and hence clearly
1
A(n) £ ; J(g + 3) (6)

It follows from (5) and (6) that A(n) 2 B(n), for arﬁitrery neN.
The fact that A is a strong difference basis is evident.

In the next section we shall show how-the property.of'the set
"to be a difference basis" is related with some other properties of
the set. ‘

In [5] the notions of a rare set and a sparse set have been
defined only for the subsets of the set of all prime numbers. Now we
shall extend this definition for sets ACN.

Definition 1.Theset A={n<ny,<...}cN is

® -
called rare if Z ~<+ oo, and sparse if A(x) = o( ).
k=1 % log x

Let A be a set of natural numbers; consider the following three
statements on the set A:

P (A):A is a difference basis for C

P,(A):A is rare

Py(A):A is sparse.

Theorem 4. There exist‘seta Al,Az,A3,A4 c N such that
Pl(Al) and Pz(Al), Pl(Az) and. non PZ(AZ), non Pl(A3) and PZ(AJ),
non Pl(A4) and non PZ(A4).

Proof. a) Let Ay = BjUB,, #here B, and B, are the sets
of all non-negative integers of the form
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n
B = {Z §4t} where §=1 or 3 for each £
(=0 ¢ ¢

n
B, '{Z§l4‘} where §e= 0 or 1 for each £ .

¢=0
Put ‘1 = {al,.z.a-c,.k:'coo } ’ !i < .1+1-

In [1] it has been shown that A, is a difference basis for C and

that A;(x) = O (Fx ). We shall show that 3> %- < +®. Since
i=1 1

Al(x) = 0(Yx ) there exists some ¢; >0 such that for each x Z 1
we have Al(x) £ ¢y ¥x. Let x 2 a,. Then there éxists a natural
number k such that 4 £ k = A;(x) € ¢ Vx. From this we get,
1 2 1 2 2 3
2 nal e
uk*1>x>?.k, hencoz . <°IZ k.‘,<+c:>.
1 k=2 k k=1
b) Let A, = {1,2,3,...} - Then A, is a difference basis but it is
not rare.
c) Let Ay = {2,22,23,...} « Then A; is rare but fails to be
a difference basis.

a) Let A, = {2,4,..., 2k,...} . Then A, fails to be a difference
basis end it is not rare.

Theorem 5. There exiast sets Al.A.‘,,A3,A4cN such that
Pl“l) and P3(A1), Pl(Az) and non P3(A2), non Pl“3) and P3(A3),
non Pl(A4) and non PJ(A‘)-

Proof. Let ‘1 is the set in the proof of the preceeding
Theorem. In [1] it is shown that A; is a difference basis and from

A (x) = o(;%—) . o<

it follows that A, is sparse.
log x :

b) Let Ay = {1.2,3,...} . Then A, is a difference basis but it is

not sparse since
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Ay(x)
lim ——— = 1lim log x = +®

X - 00 b 4 ) X <+ ®
log x

c) Let A3 = {2,22,23,... }. Then A3 is not a difference basis but it

is sparse since for an arbitrary x>0 we have

log x] log x
< )

‘3(!) = [ =
log 2 log 2

A3(x)
and hence lim —mmmm =

" (m)

d) Let A, = {2.4....,2k,...} - Then A, obviously fails to be a diffe-

rence basis. Further let x be an arbitrary positive integer.

x -1 x x
Then < A,(x) = [-]‘§ - , and hence clearly
2 2 2
A4(x)
lim —— = +00

X %o ( x )
log x

Thus A4 is not sparse.
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