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(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXVI - 1972)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXVI - 1972

AN ITERATIVE ALGORITHM FOR SOLVING THE REALIZATION PROBLEM
OF A BOOLEAN FUNCTION BY A SINGLE THRESHOLD ELEMENT

JOZEF SAJDA, Bratislava

The subject of this paper is a construction of en algorithm for
solving the realization problem of a given booleen function by e
single threshold element. The algorithm is suitable for computation
on a computer. The basis of the algorithm is an iteration method
that may be applicated in many other cases because of its general
character.

1.

Throughout this paper we will denote

n an arbitraty natural number;

En an Buclidean n-dimensional space of vectors X = (xl,xa,...
eeey X )5

B . a set of numbers O, 1;

B, a set of vectors XE.En with the property x;€B, 18 Ly2yame
woss Ty )

Qn a set of functions F defined on the set B, with the property:
for every XEB, F(X) e B;

Np a set of vectors X€B_  for which F(X) = 04

Tp a set of vectors XE€B_ for which F(X) = 1.

Further, we denote by the symbol sign (x) a function defined
for an arbitraty real x by the formula

0O if x <O .
sign(x) = (1.0)
1 if x 3 0
The elements F of the set Qn we call boolean functions of n
variables, for a fixed n we call them shortly boolean functions.



A logical system with n inputs and with weights w; for binary
variables x; and with one output for variable y we call a thres-
hold element with a weight # and a threshold t if its behavior

is defined by the formula

n
y = sign (Z X;wy - ) (1.1)

i=1

where W = (wl, Woyeee, 'wn) is a fixed vector of the space E,X=

= (xl, Xoy eoey xn) is an arbitraty vector of the set B, end t
is a resal number. From the formula (1.0) it follows y eB.

Because the behavior of a threshold element with a weight W and the
threshold t is unambiguously described by the formula (1.1) where
the function y is unambiguously defined by the vector W and by
real t, we shall denote such a threshold element by [W,t] and state
that the threshold element realizes a (W,t) - mapping of the set Bn
into the set B. We denote by P, a set of functions Fe€ Q, for
those there exists (W,t) - mapping with the property

n
F(X) = gign(Z x Wy - ) , XeB, (1.2)

i=1

The elements of the set Pn we call threshold functions. Be-
cause PnC Qn and elements of the set Q, we have been called as
boolean functions, therefore we state that the threshold element
[{¥,t] realiszes a boolean function FEQ, if and only if FEP .
A(W,t) - mapping defining a function FE€ P, in accordance to (1.2)
we denote by (W,t)F. :

We define in E, a function h(X) = h(xl,xz,...,xn) of n va-
Fiables X, X,, +++, X, by the formula

n
n
X = D xw -t,  XEE (1.3)
i=1

where quantities w3 and t have got the same meéning as in the
formula (1.1). From this definition it follows that by a given func-
‘tion h(X) of the type (1.3) is defined a partition of the space Ep
into half-spaces E: and Ex]i' whereby



X€E) &>h (X)<0
. (1.4)
XE€E, & h (X) 20

The main task of this paper is to solve the problem of realiza-
tion of a given function F by a single threshold element. According
to the definitions and designations introduced before it is possible
to state this task as follows:

A function F € Q is given. Investigate the statement F € P,
and if it is true then construct the (W,t)F - mapping.

The realization problem of a given boolean function by a single
threshold element is not sufficiently solved so far. Some criteria of
realization based whether on linear programming methods [1] or on mo-
notony [2] and cycle [3] properties of the investigated boolean func-
tion have mostly a character of necessary conditions, whereas the
well-known sufficient conditions [4], [5] are too general and there-
fore of small utility. The common disadvantage of most of such methods
is that they are rather complicated when n is rising and, thus, of
small application.

The procedure described in this paper approaches to the problem
in consideration from other point of view. It has been attempted to
solve the problem on principle of an iterative algorithm in order to
enable the use of computer to solve this problem. The construction
of the algorithm implies the fact, that the formal complication with
rising n does not rise too quickly. This causes a potential effecti-
vity of the procedure namely if n 1is rather great when other ways
are not suitable.

2.

In this part the paper we introduce some useful results of auxi-
liary meaning.

We denoté by the symbol (Xl, X2> a set of vectors X € En defi-
ned at arbitrary fixed vectors X; € E;, X, € E, by

X= (X - X)) A+ X, 0 & Ag1 (2.1)



Lem «1. Let
m be an arbitrary natural number,

Xl, Xz, ces Xm arbitrary vectors of the space En,
MRy eee Ay arbitrary reals with X, + Ay + eee # # 0,
-h(X) an arbitrary function of the form (1.3).

% Then

m
Z P Z 1h(X;)

i=1 i=1

il — - - (2.2)
> N >N
i=1 i=1

Proof - is trivial and connat in the applicatxon of defi-

nition (1.3) to vector

i=1
X = .
m
2 N
i=1
m
‘ Zﬁxi n Zl‘u
i=1 i=1
h = 2 - . 'J -t =
2/ ¥ >
i=1 i=1

{8 G} B



Let us introduce some special cases of the formula (2.2). Let be
(a) )1+12+...+J\m=1, then
m n
h(z lixi> = > Anx) (2.3)
' i=1

(b) Y N Ay # 0, then

X; + Xy + eoe + X h(X;) + h(X5) + oo + h(X)
h = (2.4)
m o .
(c) m = 2, then for xe(xl,xz)
h(x) = [h(x) - n(xy)] A + (X)), 0<Ag1 (2.5)

Lemma 2.2. Let h(X) be an arbitrary function of the
form (1.3) and E:, Et respective sets defined by the formula (1.4).
Let the vectors Xl’ Xz,..., X be from the set Eg or Ei , respec-
tively. Then the vector

Xy + X5 -
X = (206)
m

2+...+Xm

is from the set Eg or E%, respectively.

Proof. From the assuiption X; € E: or X; € Ei it follows
that

h(X;) <0, h(X;) 20, i=1,2, «oopm

what implies that from the formula (2.4) for X given by (2.6)
follows

h(X) < 0, h(xX)=0

and this according to (1.4) means that X € E:, or X € Ei, respec-
tively . % '

Lemmsa 2.3, Let h(X) be an arbitrary function of the form
(1.3) and 'Xl,xz is an arbitrary pair of vectors with X, € E:,



XzeE: or XIEE}‘, XZE,E%, respectively. Then erg or Xegxll,
respectively, for each X€<X1, x2> »

Proof. At given assumptions the formula (2.5) gives

o] (o]
<0 for X, € EY, X,é€ED

h(X)

1 1
20 for X1 € En’ X2 eEn

what implies X€E:, X € Exll’ respectively.

Lemma 2.4, Let h(X) be an arbitrary function of the
form (1.3). Let X; € Eg, xi(-_Et, i=1,2,..., m«c Then for any vec-

- tor of the form

m
X = Z )‘ixi " the relations
i=1
o . o
En' if Xy € En
XE i=1,2, ... , m
1 : 1
En, if Xi c En
and

m
h(X) = > Ah(x)
i=1

are correct.

.

Proof is implied directly from the formula (2.3).

Lemma 2.5, Let

Yl' Y2, ooy Yn+1 N (2-7)

be arbitrary vectors of the space En and 4d be the determinant
Yi1s Y210 cct» Ypa1,1
Y120 Y220 ***» ¥pe1,2

d = eeevevcevevssesesossesae * (2.8)
Yin* Y2n? ***» Yne1,n
1, 1, .0, 1



with 1's in the last row. Further, let X\ be an arbitrary number of

the interval 0 < A 4£1 and p,q with p # q natural numbers satis-
fying inequalities 1< p,q < n + 1. Then the determinant 4 made up
according to (2.8) after substitution of the vector Y_  in the sequ-

P
ence (2.7) by the vector Y will take the value

Ag if X (Yp - Yq) A+ Yq . (2.9)

if Y

(1 - 2)d (Y, - ¥,) A+ Y (2.10)

Proof. Let d'be the determinant (2.8) in which we have re-
placed the elements of the column p by coordinates of the vector
(Y - Y YA+ Y . By the partztlon of this determinant because of the
sums in the column p we get a” = \d. Similarly, denoting by a”

.the determinant (2.8) in which the elements of the column p gare re=-
placed by the coordinates of the vector (Yq - Yp)l+-Y we get

rd

a =(1-2A)ad.

pl

3‘ .

In this part of the paper an algorithm is described for solving
the main task of the paper:

Let FeEQ, be a given boolean function for which is to solve
the realization problem by a single threshold element, e.i.

(a) investigate the statement F € P
(b) if T E€ P, then construct the (W,t)p - mapping.

Suppose that to the function F there exists a function h(X)
of the form (1.3) with the property (1.2) and thus, there exists a
partition of the space En into the half-spaces E:, Ei. It is obvi-
ous that if this assumption will fail then the function F will not
be reslizable by a single threshold element.

Let

Xy, X X, X

n’ “n + 1

12 L9 erey (3.1)
be vectors of the space En with properties:

(1) there exists a natural k< n+l such that for vectors



Xl' x2’ .0.' xk ’ ’ (3.2)
the relation xi € Eg, i=1,2, «.., k and for vectors

Xee1r Xgazr o000 Xpay (3.3)
the relation X; € EL, i=k+1, k+2, «o., n+1 holds;

(2) for the determinant

X110 X210 ccc 0 Xp1 Fpe1n
X120 X221 v+ s Xp2y Xpuy 2
D = ® 00 0000 0P PO RLROELIOIELTOIOIECEOIOTORDROEORROES (3.4)

X1n* X2p» 2 Xppo Xn+1,n

1, 1, .00, 1, 1

which is set up of the coordinates of the vectors (3.1) and of 1l’s
" in the lest row, the relation

D#0 , (3.5)

'is true.

Choose r > 1 mutually different vectors Xg eEg, l1jgr

and 8 >1 mutually different vectors X%eE}l, 1< j<s and ex-

press them by a linear combination of the vectors (3.1):

n+l
o _ - s
XJ—Zaini, 1<j€r (3.6)
and
n+l
x}= b 5% 1<$j<s, 3.
i=1
where the coefficients 8 and bij .fulfil the' condition
n+l _
E ai,j:l' 1<¢j<r (3.8)
i=1



and
n+l

Zbij=l’ lsjss (3.9)
i=1

respectively.

It is clear that such an expression of arbitrary vectors Xg eEg

and x} € E:; is possible and unique under the condition (3.5).

According to the lemma 2.1 and the formuls (2.3) the vectors
(3.6) and (3.7) at an arbitrary function h(X) of the form (1.3)
imply

n+l
n(x3) = > ey (%), 1€$j¢r (3.10)
i=1
and
- n+l
1
RO = D bisn(X), 1€ < (3.11)
i=1
of what we get r inequalities
n+l
> ajsh(X) <0,  1&jgr (3.12)
i=1
and s inequelities
n+l .
> bysh(x) >0, 1<jgs (3.13)
i=1

because of the relation h(xg) < 0 end h(xg) 2 0, respectively.

Because the r and s are arbitrary it is possible to make ub any
number of inequalities (3.12) and (3.13) and with r+s>n+l by succes-
sive elimination of the values '

TOSPIC IR Y¢ SIUPIS Xe SIS FRPRINIC SFPIE.X¢ SHUP FRRIN X¢ S0P

p+1)
to obtain from the inequalities a relation between two values h(xp)
and h(xq) which we write as



ah(xp) + bh(xq) 20 (3.14)

where 1< p<k<qg<n+1 and a,b are the coefficients remained
at h(xp) and h(Xq) respectively after performing the eliminations.

The analysis of the inequality (3.14) gives:

_ l. if a<0 and b20 then (3.14) contains information of no
importance,

2. if 830 and b<O or if a>0 and b<O then (3.14) is
false, e.i. for the given F € Q, there is no function h(X) of the
form (1.3) and thus, no (w,t)F.

3. if sgn a = sgn b then

ah(xp) + bh(Xq) <0 at a<0,b<o0,
(3.15)
&+b 20 at a >0, b > 0.
Because according the formula (2.2) the equation
ah(xp) + bh(xq) . axp + bxq
a+b a+b
is correct, from (3.15) for the vector
axp + qu ‘
X = — (3.16)
a+b
we get the relation
Ep at a<O0 and b<0,
Xe (3.17)
Ei at a >0 and b >0Q.

after using the lemma 2.3.

For any arbitrary numbers & and b with sgn a =s8sgn b #O0
the relation

<1

o( = )=

a+b -a =b

10



is true, the vector

X= (X, - X)) A+ X (3.18)

q

defined by (3.16) is an inside vector of the set <xp,xq> that was

defined at the beginning of the preceeding part of this paper. Accor-
ding to the formula (2.5) the relation

h(X) = [R(X) = h(X)]A + h(X)) (3.19)
is true for any function h(X) of the form (1.3). The set <xp,xq>

is a continuous one-dimensional linear construction in En limited

by vectors xp,xq. This, with

h(X;) <0, h(X)20, lgpgk<ggn+l (3.20)
for any inside vector X and at any function h(X) implies

h(Xp) < h(xX) < h(Xq) (3.21)

what with account (3.19) gives the existence of just one vector
Ye <xp,xq Y with

h(Y) = 0 (3.22)

That means there exists just one A= lo in the interval
0 £ A<1 such that the formula (3.19) will take the form

[n(xp) - h(xq)] 10 > n(xq) =0
This A is
h(xq)

o = —(———(—- . (3.23)
h Xq) -h Xp)

It is obvious that if we denote by symbol ¢ (A,B) the distance

n
9 (A,B) = Z (ai - bi)z
i=1

of two arbitrary vectors A = (al,az,...,an)eEn,
B = (bl’bZ""’bn)eEn then for any two vectors: zle < xp, Xq>

1"



and Y2€.< xp, X > of which at least one represents an inside vector
of the set ¢ xp,xq>v. the relation

@ (Yl,Yz) <e¢ (xp,xq)
is true. Therefore, the relation

e (XY < X, X) (3.24)

is true too, where X denotes the vector (3.16) and Y is a vector
with property (3.22).

The inequality (3.24) implies
X—Y if ¢ (xp,xq) — 0.

On this relation is based the algorithm for definition of a vector
Y e En with the property (3.22) or more precisely speaking, its =
approximation by a vector X constructed according to (3.16).

If namely
o . 1
P(Xp,xq) — 0, Xp € En’ Xq € En (3.25)
then according to (3.21) obviously relations

h(Xp) — h(X), h(Xq) —> h(X)

are correct what is the fact according to (3.20) only if
h(X) —’o, el X —>Y.

Hence, the immediate task is to define a vector Y € En with
the property (3.22) or to define A= )b for which the equation
(3.23) is correct.

Make this agreement: Let the symbol U > V represent a sub-
stitution operation of a quantity V by a quantity U with a follo-
wing formal change of designation U onto V (e.i. under the original
designation V after this operation is U).

The substitution operation we use after obtaining the vector
X by the formula (3.16) in the sequence (3.1) as follows:

12



. . o
X —> Xp if X ¢ En

: 1 (3.26)
x—»xq if X EE;

The substitution (3.26) enables to use the iteration principle for
construction of a sequence of vectors converging to a vector with

the property (3.22).

Therefore, we return after realization of the substitution
(3.26) to the beginning of our considerations, e.i. to the sequence
(3.1) and repeat all the procedure again. Because the vector X being
recently reached by (3.16) lies in the competent set {X_,X > the
average of which with influence of the substitution (3.26) successi-
vely diminishes in general, it is possible to reach such a sequence
under the condition (3.25) by multiple repetition of the algorithm.
At the same time it is obvious that every sequence of vectors (3.1)
being created in the course of the iteration process owing to appli-

.cation of the substitution (3.26) possesses the required properties,
further on, that k does not depend on the substitutions but that
it is constant in all the iteration process, and further on, that
the respective determinant (3.4) according to lemma 2.5 exists and
its value may be easily computed by applying the formula (2.9) or
(2.10). Therefore, it is possible to realize the repetition of the
presented procedure any times in order to gain a sufficient approxi-
mation of a vector having the property (3.22).

In order to distinguish particular quantities creating at m-th
realization of the process described we denote by the symbol

Z, the vector X generated by the formula (3.16),

ap» by the coefficients a,b in the inequality (3.14),
A = —, m>1l.

As a result of the m - multiple application of the algorithm be-
ing formulated above will be a sequence of vectors
21y 2y seey 2y (3.28)

which we bresk down into two subsequences

13



235 29y eeey By see (3.29)
vith the property Zg € En and

iy Zox zoon z}, (3.30)
o 1 1 . s
with the property Zj € En, ~where i+ j = m.

It is clear that the sufficient condition for existence of a
vector Y with the property (3.22) is the relation

lim 2 = lim z} = ¥ (3.31)
i—=>o00 j—> ®
Theorem. Let F € Qn be a given boolean function. Let

represents a sequence of vectors (3.1) by means of which we create

the sequences (3.29) and (3.30) by the described algorithm. Let a num-
ber & >0 exist independently on m such that for A, being given
by the formula (3.27) the relation

lme(J,l-J), m=1, 2, «c0 (3.32)

is true. Then sequences (3.29) and (3.30) converge and the relation
(3+.31) is true.

Proof. The condition (3.32) easily implies for arbitrary
m>1
sgn ay = sgn by #0
and that is the fundamental assumption of the algorithm derived above.

Hence, it is possible to construct sequences of vectors (3.29) and
(3.30) and investigate their convergence.

Ir Zg € E: and Z% € Eg are arbitrary elements of the sequence
(3.29) or (3,30) respectively, then it is easy to find out that for
every vector 2 €< Zg, Z?]-' > Dbeing given by formula

0 1 1

14



with

n
(4] 1 - - o 1,2
P2, 25 = ;= Y @ - 23y
m=1
the equation
0 =

is correct. Similarly, the equation

0(z, 25) = Ay §; (3.34)
is correct. Therefore, from (3.34) at 2 = zg+1 after
designation )Z = 1;*1 we get the relation
_ 10
iv1,5 = Hie1 Oij (3.35)

1

and similarly et 2Z = Zj+1

the relation (3.33)

_ 1
9i,j+1 - (1 - lj"‘l) Pij (3036)

. . 1
and designation A, = >‘j+1 we get from

It is possible to derive inductively from the relations (3.35) and
(3.36) a general formula

Pier,gos = P (2 Zh) =25 3 o - ADA-2Y) Lo
ves X3 —11)9“ (3.37)
where i,j are arbitrary natural numbers snd r,s are arbitrary non-
-negative integers. At the same time naturally
0 < ):m <1, m=1, 2, eee, I
and similarly

1
o<1m<1, m

1, 2, evey 8

what from (3.37) implies

lim o0(z% ., 2 y)=0
r _’009 i+r? “j+s
s =00

15



That‘meens thet an erbitrary & > O there are natural numbers r
sich that for an arbitrary vector Y € En with the property

Y E <Zg , Zg > 'at an arbitrary function h(X) of the form (1.3)
o o

the relation

o’ 0

Ih(Y)I < €

is true.

That means that the sequence (3.28)converges and thus, the se-
quence (3.29) does the same as well. Therefore

lim z = lim 2{ = lim zé = Y
m =00 i—>oo J oo

with
h(Y) = 0

~what completes the proof of the theorem.

The theorem has been proved at a constant p &and q. If after
getting the first vector Y = Yl with the property (3.22) we change
the vealues p and q, so we can find out by the same algorithm anot-
her vector Y = Y2 with the property (3.22). In this way we can ob-
tain in general an arbitrary number of vectors

Yy, Y5, een, L2 (3.38)
with the property
hiY ) = 0, m=1, 2, «os (3.39)

by means which it is possible to calculate in the case m =n + 1
from the linear algebraic system

N \
Zyia.wj-r=o, i=1,2, oo, n+1
J=1

the values WyaWoy eeey W3 T and, thus, the competent function
h(X) of the form (1.3) as well.

As a checking relation how far the vectors (3.38) have been sa-
tisfied the formula (3.39) is the condition

16



Y11 Y120 sy yln, 1
Vo1 Yoo ey Yopo 1
vie ¥ ) e @ WoNS W 908 @ e @ W8 e W ele @ mIee W Bie e = 0 (3.40)
Yn1° Yno2? ***y Ynn? 1
Yne1,10 Ype1,20°°00 Ypel,n L

It is obvious that the relation (3.40) is still only a necessary con-
dition of existence of the (’H,t)F at a given boolean function F. If
this F € Q, 1is to be realizable by a single threshold element [¥,t]
then, moreover, the relations

.0 1
Np CE, Tp CE,
or their equivalences

<0 for X 6NF
h(X) (3.41)
20 for X €T

must be correct.

Let us comment that for checking the relation (3.41) is to use
the suxiliary procedures being derived in the second part of this
paper.

At the end we should like to :add several comments.

*1. If M is the number of vectors (3.1) then from the algorithm
described above follows the using M > n + 1 within it namely if it
is useful in order to speed up silving all the task.

2. It is useful to choose the vectors (3.1) directly from the
sets NF and TF.

3. It is useful to choose the numbers p and q in such a way
that the quantity

P (X,,X), X, €Y, X € B

is as small as possible at the very first application.

17



4. The algorithm can be generalized in a way that at its repeti-
tion we change the quantities p and q. This way creates an algo-
. rithm more flexible on one hand but generally more pretentious on the
other from the time point of view.

5. The assumption 1< k < M means an elimination of the boolean
functions

F(X) = const, X e,Bn

6. It is obvious that to a given thfeshold function FE€P  there
exist in general infinite number of (W,t)F— mappings which solve the
respective realization problem by a single threshold element. Thus,
the approximetion character of the algorithm has zot also the advan-
tage that even rough approximations of the vectors (3.38{_by vectors
X of the type (3.16) can lead to defining one of the (W,t)F- mappings.
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REPRESENTATION OF THE BIVARIATE POISSON FUNCTION
BY CHARLIER SERIES

AUGUSTIN NIZNANSKY, Bratislava

For various purposes it is often desired to expand a frequency
function f(x) in a series

00
£(x) = ) G 8 (x) (1)
k=0

where the Gk x are a given set of the standard functions and the C
for k =0,1,2,... are coefficients. Charlier [3], [4] suggested that
it would be useful to take the P (x) ir (1) to be either the succes-
sive derivatives or the successive differences of some fixed func-
tion. In this connection the considered cases are often reffered to
as type A series (or Grem -Charlier series) and type B series (or Po-
isson-Charlier series), respectively. Charlier gave formulas for de-
termining the coefficients in the two cases, but the question of whet-
her the formal series represents the given function in any reasonable
sense has to be investigated separstely for each particular choice

of the function generating the series. Only one special cace of each
type has been much used: for the A series, 0—(x) is the normal den-
sity function (20)~ -1/2 exp (-x /2), for the B series, 8, (x) is the

Poisson function )f/x! (vhen x 1is restricted to take only non=
negative integral values).

A question of the expanded form of the type A series for one or
more random variables have been studied extensively from theoretical
and practical applications point of view. The review of the achieved
results where summarized by 3oas [2], Kendall [8], Plackett [10] and
others. Hajght [6] gives an exhausting repgrt including the biblio-
graphic data (more than 700 titles) for the Poisson distribution,
Poisson processes and as their modification as generalization.
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The papers in this field likewise recent autors deal with expan-
sion of the function (1) of the type B series for one random variable
only. The present paper is concerned with the extension of the type
B geries to bivariate Poisson function.

1. The Charlier type B series for one random varisble

Suppose we have an expansion of the function f(x) expressed in
terms of Poisson differences

.

o2} .
£(x) = ) Cy5 Wp (D) (2)
J=0 '
where
r . T »
"oy W = > 1 (T) by (3)

and p (X)) is the Poisson function of one random variable defined by

=X 4 X
e T A
() = ——— (4)
Px x!
then
. 1 b o .
_ i r-i .

where mpiq is the factorial moment of the function (2).

The moments about the origin and incomplete moments *® of the
Poisson function (4) and their relationship defined by Aroian [1],

* In literature there may be found two types of operators for Po-
isson differences and through VorA where the latter is used
exclusively for denoti the forward differences. Seen for example
in: Kendell and Stuart [71], Haight (6], etc. Therefore it seems to
be right to use the operator for denotig the backwards differences.

13

When the sums determining the moments begin with an index of more
than zero and for end before infinite these charakteristic ex-
pressions are called "incomplete moments”.
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Riorden [11], Philipson [9], Hardley end #hitin {5] are expressed
with respect to their possible use. General form ¢~ the k-th moment
about the origin is expressed :

m(k,2) B si,k); for k = 0,1,2, ... (6)

M

-
1}
(=]

where S(i,k)
J+l

i-1 i-1
1 % ioiiv k1 C e,
— D @)= (i (5 )<J'+1>"
i! j=o i j=o
are the Stirling numbers of the second kind. Similarly in the case
of incomplete moments the ordinary form of the k-th moment of £-th
Poisson difference is

K-e
ik, X, 96 = 5 AsBi,05  for k = 0,1,2, ... (7)
i=o

- 8+1 4
) L fivd
where S(a)(i,k) = — E (-1)*d (. ) (J'+1)k =
j=o i
L (k+ £-1)

(=1)" ———— 5 (i,k+£-1)!
(k=1)!

are the incomplete Stirling numbers of second kind ***.

The coefficients Ci in (2) are obtained by one after the other
substitution of (7) into (2) and summing up through all x = 0,1,2,...
Hence expressed in terms of ordinary moments we have

1 r
Cr = -;: :E; :

i
i= J=o

i/r r-1i
(-1) (\ X s7(i,)) m; (8)
1.

R Evidently S l(i,k) is a simple function of Stirling numbers of

second kind where the desired numbers are obtained by means of mul-
tiplying the corresponding originel numbers by the transfer of
(£-1) end terms of the index "k".
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where S'(i,j) are the Stirling numbers of the first kind end m;
are the ordinary moments. The expression (8) may be simplified by
substituting the ordinsry moments by factorial moments using the

Frisch formula

k

By = > 87(k,3) my3  for k= 0,1,2,... 9)
J=o

Using this we find that
1 L . /1 .
= S ¢ r-i . -
o, = - ;{; (-1) (i)il mezy5 for ro=0,1,2,... (10)
i=o

Relation (10) may be found with great brevity by the symbolic opera-
tions as

1 T /
Gy = et (X-m) ; mf = m, (11)
1
r!
where moy is the r-th factorial moment of the function (2). If we

indicate P = A-m and D = d4/dP then

DCq =D PT/(pe1)t
= PY/p!
=C. for =0, 1, 25 eee (12)

2, The Charlier type B series for two variables

Let us have an expansion of the bivariate function f(x,y) ex-
pressed by means of Poisson differences

© © _
Py = D D 0 v (A, ) (13)
i=o j=o

where Vrsﬁ (X,, V) = i i(-l)i+j(§)(s)P (X, o, ¥)
b xy ’ ’ . . ? 1

i=o j=o J/X=1,579



and pxy(}"tu’ Y ) is the Poisson function of two dependent random va-
riables used by Teicher [12] in the form

BAGY) ey ew) ¥e
p.. (2, Y) = exp(=d-4&+Y) (14)
xy Trdts Z (x=u)!(y=-u)! u!

u=o

for x,y = 0,1,2,... , where px(l) and py(ﬂJ are marginal Poisson
distributions of the persmeters X and 4 , Y is covariance. If Y= 0
relation (13) go through the form

pxy(l,y) = px()) pygu) (15)

then we have

5 S S i e

(16)

(o] =
TS p1 gt

where mry jrare bivariate factorial moments of the function (12) and
’ i | -

= TT(i-t) is decreasing factorial.

In order to determine the coefficients Cij in (13) (similarly
as for the case of.one variable) it is necessary to find the moments
about the origin and the incomplete moments of the Poisson bivariate
function and their relationship. General form of the mixed (p,q)-th

moment about the origin is given by formula

min(p,q) yi
m(p,x;q,m) = E nfp, ,v ) m(q,,‘,, v ) —l (17)
i=o :

where m(p,l,v;) and m(q,u, Vl)' are incomplete moments of the p-th
and q-th order of the variables x,y of the i-th Poisson difference
defined by (7) respectively. The general form of the sequence of the
incomplete mixed moments may be written as:



min(p-1,q)

m(p,A3qsk 39°0) = a(p,, Vi Hmlq, u ,9) ¥ (18)
i=o il
min(p,q-1) . i+l i
m(P»l;q,tu,;VOl) = 5 m(P,l,vl) m (Q1(ll.1 Y, ) X— (19)
i=0 it
min(p-2,q) ) ) y}
m(p 230, 39°0) = n(p,2,9*") mlq,u,9") o (20)
i=o 1

min(p-1,q9-1)

i
m(pyl;q”u ;Vll) = m(P,l.an)m(d,(u, 1+1) ')"" (21)
i=o 1
min(p,q-2) ) ) v}
m(pdsa,0c 92 = > alp, A, mla,u v = (22)
i=o 1

and the genersl form of the mixed (r,s)-th Poisson difference is

min(p-r,q-s) . ) i
mlp,A3q, 397 = > m(p,2,9 Imlq, 4 ,9*") 1' (23)
i=o 12

yhere m(p,lsvi+r) and m(q,{tc,,vl+s) are the incomplete moments of
the p-th and gq-th order of variables x,y of the (i+r)-th and
(i+s)-th difference respectively, defined by (7), whereby

m(p,l‘,q,‘u.',vrs) =0 for p<r and q(s8. For ilustration let us
show an example:

21)

3 . g
S a6, 9 n,u, v =
i=o it

m(5,1;4,(~;v

a5, % ,9)nl4,u,9)+n5, 2, 904, 4,72y
m(5.l,V4)m(4,¢u, v3) V2/2!

+
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+m(5,1,9%) nl4,n,9%) p3/3

= - (30+150 X+120 22+20 A3) (14144 +18 4. %+4 3)

(150+240 X+60 A%) (14+364+12 42) Y

(240+120 1) (36+24 1) p2/2!

120 x 24 y3/3:

The coefficients Ci' are obtained by one after the other sub-
stitution of (23) into (13) and summing up through all x,y = 0,1,2,
e+e « This expression is received in terms of ordinary moments mij
which becomes too large and difficult to orient in for higher coeffi-
cients. Therefore bivariate factorial moments are introduced using the

extended Frisch formula

r
m[r9S] B Z £

i=o j

s
s'(r,i) s'(s,§) m; (24)

=0

for r,s = 0,1,2,... , where S (r,i) and S’(s,j) are Stirling

numbers of the first kind and m; ; are bivariate ordinary moments.

Consequently the generfillized forms of coefficients we have

1 & . )
- o i r r-i
®ro = o .2( L (i))‘ B5.0] (25)
1=0
1 & £\ g .
%1% O X(-l) (i))‘r [‘“m[i.OT Wmp g o” “‘[i,ﬂ]
‘ i=o0

(26)

r .
_ iy/r r=1 2 .
2 " o 2 =) (1) A [f“‘ e TR i T
e (27)

+ i(i-l) vz m(i_z’o']" Z(u,m[i']-]" ZVm[i_1'1]+ m[i,Z]]

Q
[}

1 L i /r\ r=-i
3 . 2
r3 o3 z(_l) (1) A [,u mej o)t Ympg ) o7t

i=o
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e 1G=D ay? o, o 1G-DG-2) p S ag o -
2 5 «fs 2
- 3Mu mes 13" 61JLYm[i_l’1] - 3i(i-1) y W17 *

. (28
* 3Ry oy * ALY apy s g = “‘ci,al]

The general form of (r,s)-th coefficient is

Crg = = i SZ Z(‘l)i+j(:)(§)(s;j>(i)k)‘r-i‘u's-"j_k YRk, 5]

(29)

Relation (29) may be found with great brevity by the symbolic opera-
tion as

sIr
S s!{)\-[()u?)-m] } (30)
s 3 n. . s s . ! . 3 .
(:)(ur(s-l)yrlmm " Z (i)(wsqyn n(T-1)J .
i=o i=o
s _
. mr :—.m[r’s]
e
ye || G-t)¥® 5 m_j 3] =0 for i =0,1,2,...
t=o

and the powers r,s are expressed for r = 0,1,2,... and

s = 0,1,2,... raspectively. The expanssion of (29) is performed accor-
ding to every index r, s independently. If we introduce notation

P= d=(u+yY=-m)%, Q= a+y - g, D, = 4/dP with respect to the
first index and Dq = Q/dQ with respect to the second index, then

DCrsy,s = DpP™ Y (r+1)! st

pr/ r! s!

= Chg 3 : for r,s = 0,1,2,... (31)
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)f'i QS /r1(s+1)t

r .
1 T
DCp gv1 = Dg 2(-1) (i
1=0

Ir i - i
= YD ('))“'1 Q%/rts!
i=o +

"
Q

rs ; for r,s = 0'1,2’0-0 (32)

In the case of independent random variables x, y respectively,
the equations (29) and (30) become

1 X ) s s ] ‘ .
_ _1yi+j /T r-i s-j
Cre T T IZO j—zo( 1) (i)(j>)\ AR (33)
or Crg = o [_1— (- m)s] r (34)
s (‘ .) . s . ( -).
s\ ,ris-i) rj = s\ s=i (r=i)j . rs _ .
i%_;(i)‘"’ B on ()a R T
m[-i,j] =0

for i =20,1,2,..., and the powers and the expansion mode has the
same explanatation as above. If we introduce the notation
P=X-(u-m)® Q=a-m D_=d/dP with respect to the first

P
index and D_ = d/dQ with respect to the second one into the equation
(34), then
DpCrel,s = Cr,e (35)
DCrie+1 = Cp,s (36)

3. Application

The choice of the described method is made with respect to the
use on a digital computer. The approximation of the given distribu-
tion depends on the character of empirical data ané must be therefo-
re studied for every case individually.
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A CLASS OF LEBESGUE NON-MEASURABLE SUBFIELDS OF THE FIELD
OF REAL NUMBERS

IVAN KOREC, Bratislava

In the paper [2] the following problem is given: does there
exist a number field H with the property 0 < dim H < 1 7?7 In con-
nection with this problem professor T. SALAT put the question whet-
her there exist any LEBESGUE non-measurable subfields of the field of
real numbers. In this paper a system of LEBESGUE non-measurable sub-
fields of the field of real numbers is constructed.

R denotes the set of all numbers, RO the set of all rational
numbers, c¢ the cardinality of R, Wy the first ordinal with the
cardinality c, £ the set of all closed (in usual sense) subsets of
R with the cardinality c¢, 4 the LEBESGUE measure, 2x the power set
of the set X. If X SR and Y is a subfield of R, then Y(X) is
the least subfield of R which contain X v Y.

Lemma 1. There exists a system Bc2R with the follo-
wing properties:

1. The cardinality of # is c.

2. Every element of /3 has the cardinality c.

3. The set-theoretical union of @ is a set which is algebrai-
cally independent over Rj.

4. Every element of /3 has a non-void intersection with every
element of .?_

.

Pr oo f. There exists a transfinite sequence (F [oC < Wye)
such that for every FEF and A< Wae there exists p, LY < wy
such that Fyp = F. Let <, be an ordering of the set M = {.<°<',/57|
loc < wae, /A “"ae} of the type Wj,, end <, a well ordering
of R. ’
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Let us define a real function a(oc,ﬂ) on M by transfinite
induction relative the ordering <3¢

a(oC, B) is the first (in the sense of < ,) element
of F/, which is transcedent over the field

Rot{alz,d)c 2 ,d><  <oc, A2},

The element a(oC,3) exists for every oC< Wy, M< wye because
the cardinality of {a( . <Y, §>< 1<0C, B> } is less than
c. Then the cardinality of the set of all real numbers which are al-
gebraic over the field Ry({a(y,d)I< 7, 4 ><1 <, B>
has also the cardinality less than ¢, but the cardinality of Fﬁ is
c.

Let us define
By = {e(oC,ﬁ)l,S( wae} for every oC<Wg , and 3 ={ch|oc< wx} ;
It follows from the construction immediatelly that the function
a(o¢, A) is one-to-one and that the set {3(00,/3)106< W g0 ,/5<‘°ae}
is algebraically independent over Ro. The first two properties of @
from the lemma 1 are evident. We must still prove property 4. Let
BE®B, FCF. There exist o¢< Wy, B <wysuch that B = B, ,
F = F/g . Then a(oC,ﬂ)eB‘nFﬂ = BnF, i.e. BNnF # @, q.e.d.

Lemma 2. Let a system B € 28 have the properties 1 - 4
from the lemma 1. Let BE#HB , CEB, B # C. Then Ry(B) # Ry(C) and

Ry(B) n Ry(C) = Ry.

Proof. The first statement is a corollary of the second
one. It is evident that ROERO(B)A RO(C). It remains to prove
Ry(B)N Ry(C)e Ry. Let pé€R,(B), peRy(C). There exist finite sets

x ={a;, coer 8y }€B, Y = {by, coey b} S C such that
p €R,(X)n R (Y). Then there exists polynomials f,(xX;,ees, X ),
0 0 1\ X seasy Xy

gl(xl,...,xm), fz(yl,...,yn), 85(yys++,y,) over the field R,
such that

fl(al,ooo,am) fz(bl,oct,bn)

gl(al,...,am) gz(bl’.t- ,bn)
Then it holds

fl(ﬂl.ooo,am)cgz(bl,-oc,bn) - fz(bl,...,bn).gl(al,...,am) = 0.
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The set {al,..., By byseees bn} is algebraically independent over
Ry, and therefore £(xqyeeesXpyy yl""’yn) =

= fl(xl”"’xm)'gZ(yl"”’yn) - fz(yl....,yn).gl(xl,...,xm) is a zero
polynomial. Hence for any rational numbers py,-«., P, Wwe have
fl(al""’am)'g2(p1""’pn) - fz(pl,...,pn).gl(al,...,am) = 0.

‘We can suppose that gz(pl,...,pn) # 0. Then

fl(al,...,am) f2(p1,...,pn)

p = = ’
gl(el,...,am) gz(pl,...,pn)

i.e« p is & rational number, q.e.d.

Lemma 3. Let a set B<C R have a non-void intersection with
every element F¢ % . Then does not hold u(B) = O.

Proof. If u(B) =0, then there exists an open set McR
such that w(M) <1, BcM. We have R - M€ #, and therefore
(R~ M)nB # @, which is a contradiction.

Lemmna 4. Any LEBESGUE measurable proper subfield of R
has LEBESGUE measure O.

Proof. Let T be proper subfield of R and w(T) >0.
Then there exists a positive number k such that u(Tn (-k,k))>0.
Let 8,¢T, [e°|<1w, a, = Z'n.ao for n = 1,2,3, «.. « The sets
{an + x| xeTn (-k, k)} are pairwise disjoint, they are subsets of
the interval (-k-1, k+1) and &4 ({an +x|xeTn(-k, k) }) =

= & (Tn(-k, k)). Therefore

© .
M (-k=1, k+1) z,z,u.({an+ x|xeTn(k, ©}) = o,
n=0

which is a contradiction.

Theor ems There exists a system A of subfields of the
field of real numbers, which has the following properties:

1. A has the cardinality c.

2. Every element of Q is LEBESGUE non-measurable.

3. The intersection of any two different elements of a is the
field R, of rational numbers.
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Proof. Let s system Ac 2 have the properties 1 - 4 from
the lemma 1. Let &4 = {R (8)|BEMA]}. The properties 1 and 3 of Z follow
from the lemma 2. Ve must still prove that R (B) for every B efl is
LZBESGUE non-measurable. Any R (B) is proper subfleld of R. If it is
LEBESGUE measurable, then JL(RO(B)) O and therefore u(B) = 0,
which is & contradiction with lemma 3.

Remarks. 1l. Instead of RO we can take any subfield of R
with cardinality less than c.
2. Instead of R we can take the field of complex numbers.

3. In the same way we can prove (without using continuum hypo-
thesis) that there exist LEBESGUE non-measurable algebraically closed
subfields of the field of complex numbers.
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ABOUT THE ISOMORPHISM OF BERNOULLI SCHEMES

RASTISLAV POTOCKY, Bratislava

D. ORNSTEIN recently proved [1] that any Sernoulli schemes with
the same entropy are isomorphic. Thus he solved an old problem of er-
godic theory (see ROCHLIN [2']). In this paper we prove isomorphism
only of a class of Bernoulli schemes, but in another way as it was
done by ORNSTEIN. Our proof is simple and elementary.

We shall recall some basic definitions.

Definition 1. The quadruple (Q,Jfo,(u, T) is called
Bernoulli scheme if '

Q
(i) q, ﬁ,,ﬂ-) = l l(xtl Ati pt)’

t==-00

(xt, Ay, pt) = (X, A, p) for every integer t.

(ii) (X, A, p) is a probality space, X at most denumerable
(iii) T 1is the bilateral shift on 1, i.e.Tw= w' &

w; = wi+1 for every integer i.

Definition 2. Bernoulli schemes (2,8,4, T),
(ﬂ,é,ﬂ, T) are called almost isomorphic (or simply isomorphic) if

there exist sets DE®B, De ® and a transformation V : D —>» D
such that

(i) V is bijective

(ii) V and V'l (inverse transformation to V) are measurable
(iii) avi=a
33



(iv) TV=VT for every wé€D
(v) TDcD, TDcD
(vi)  &4(D) =1, & (@ =1.
Proposition. Let (Q,8,u, D, (1,8,i, T be
3ernoulli schemes with the state spaces (X,A,p), (X,A,p) respectively,
x = {Q), (2,4),(2,5), (3,4), (3,5},
= {a,s, 1,5, (2, (N},

p(1) = (L) p(1,4) = T(1)T(4)
p(2,4) = T (2) T(4) p(1,5) = T () T(5)
p(2,5) = TT'(2)T(5) p(2) = T(2)
p(3,4) = T (3) T(4) p(3) = TT(3)
p(3,5) = (3 T(5)

where
T =T +I3) =1/2
L)+ T(5) =1.
Then (_Q.,@,,u,, T) and (1,H,i, T) are isomorphic.
Proof. We shall construct the transformation
® - 1@
v {wt}t- —_— { t}t=-m as follows:

For every integer t

@y = (2) if wy = (2,5) V(2,4
wy = (3) ' if wy = (3,5) VI(3,4)
Dy = (1,4 (1,5) if wy = (D), @, = (2,4) v(3,4)

= (2,5) v(3,5) )

Cwy = (D, 0

where n is the least natural nunboi- such that the number of (1) in
the finite sequence {wt-n”“’ “’t} does not exceed that of the rest
elements.

In the following we denote by (l)t-k, tok+l,eee,t,t+1,.0.,t+m

and 8y ) tikel,...,t, t+l,e..,tem * KO0 natural numbers, the
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number of (1) and the number of the other elements in the finite
sequence {‘“t-k’ Whoker" 0 0r W Wealoeoss Weap} o respectively.

According to the definition 2 we have to show that the set of
all sequences w € €2, for which V 1is not defined, is the measurable
null set. We shall denote this set by A. We have

A
1

tn,

™
A= (J
t=-

78

(o]

T {wl(wt = (1))¢( z 1< kg n)((l)t_k’t_k+1'_..'t> °t-k,t-k+1,..,t)}.

n
For every natural n Atn may be rewritten as the union of<[g]>
2

disjoint sets, any of them has the measure 1/2m1, hence w (A, ) =
i~

2_‘

Q n
A, | = lim (A, ) = lim n, )20l = o,
& Ql tn) n -boo‘u e ([5])/

From the above relation between A and Atn it follows that [u,(A) = 0.

n
=<[n1>/ pn¥l . Since the sequence Atn is decreasing, we have

Let D* denote the set 2 - A. We shall show that transformation
V is 1-1 a.e., i.e. there exists a measurable set B, 4 (B) = 0 such
thet V is 1 -1 on the set D = D* - B. The set B may be written
as follows:

4 ® @ j
B = u U ﬂ Ctn ’
Jj=1 t=-o n=1

J
Cen® {“"(“t'aj)( VA<k<m O My oy L eek <°t,t+1,...,t+k)}

8 = (2,4), ay = (2,5), ay = (3,4), 8, = (3,5).

n
Since there exist ([2}) of sequences {“‘t' Wyppreees “’t+k}

j n
with the above property, it follows that 4(C, )=| [B1jp(a,;)/ 2% .
Arlen [2 J
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Since the sequence an is decreasing, it follows that

¢ A cd ) = 0. From the relation B S & A o

= 0, From e relation = C we have
& p=l 0 j=1 ts= n=1 P
&(B) = 0.

Put D = VD, then it is clear that V is 1 - 1 transformation
from D onto D. It is obvious that a(D) = 1.

Thus (i) and the first part of (vi) are satisfied. In the follo-
wing (ii) and (iii) will be proved.

It is sufficient to show that V preserves measure on cylinders.
We shall prove it by induction.

Let [;t] be the set {(T) la—)t = i't} » X, be an element of X .

Ir ;t = (2) or (3), the above assertion holds. Let X, be (1,4).
Then we have

vi[z]=U, E
By = {Wwy = (2,)v(3,8) ) (Y 1¢k¢n = 1)

<(1)t-k,...,t > ‘t-k,...,t) ((l)t-n,...,t € 8n, et )} .

For it = (1,5) san analogical consideration is true. Put

Fop = {@ Iy = (2,5 v(3,5) ) (V1¢kgn - 1)

(mt-k,....t"t-k,...,t) (Wyen, .yt € "t-n,...,t)} .

(o ¢ @® *
Since A :%:)1 Byn) = 2By end M (Byp) = Qg p Ggoperreee
* *

veey Qp_y Qy» B = 1,24000y Qpp = 1/2 T (4), it follows that the
measure of V! [ it], :'tt = (1,4) differs from the measure of

vl [it] » X, = (1,5) by a constant factor only. We have
® 00

,u.(LJ1 E,,) = 12T 4, ,u-(u1 Fo) =1/2T(5) L ang
n= n=

12T wlhle128 e =1/2,



thus l= 1, hence the measure of cylinder and the measure of its in-.
verse image are the same.

Let [xt+1, xt+2"“'xt+n] be the set

{‘”‘“’tﬂ Z Xpedr Ygeo T Xgapr cren Wep = "t+n}’

Xi41r Xgyps oeey Xy, be elements of X, n =1,2,...

Suppose the proposition (iii) is trus for [;t+1’§t#2""’it+n ],

Leee OV [ Ry 0B ppee e iRyan | ) =4 [ENTCNUISPRY. e DO

The inverse image of [§t+1’ §t+2""'§t+n] is (in general) the

union of cylinders.

Two cases are possible:

a) Let Wgy 8 £ t+n be such component, on which the inverse image

of the above cylinder depends, that (l)a,e+1,...,t+n < as,s+1,.;,t+n

and let no component w,, 8 < r £ t+n with this property exists.

b) Let there be no component with the property sub a).

Consider the cylinder [;t+l""';t+n’§t+n+l] obtained from the

original one by the adding of Rionsl = (1,4). If we put

G [Ey qreeerFgeq]) = £ ana
AR e T (1L,8]) = kT8,
it follows (in both cases) that _
wO R e Fny (1,5)]) = kT(5)  and
k= k(@) +T(5)) =V [R 0,0 By, (L,OVA,5]) =
=2 [Rpqseeeryn ] N{W Wy = (D] =

= (V7[R 100 iFypn ] ¥81) = 1724, hence

(vt [;t+1”"';t+n,it+n+1] y=1/2T () L =

= ‘U. ( [;t*l,...’it*’n';t"n*'l] )0
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It is easy to prove that vl

i.e. E€ B implies VEE B .

is a measurable transformation,

Now it is easy to show that & (D) = 1. (iv) is obvious. If we
prove (v), the proof will be finished.

*
Let D, D and B be as in the first part of this proof. Consider
any weD. Then TweD*. It is necessary to prove

Tw ¢ B.

Indirectly: suppose T w € B. It means:

(]t) (]a) (W, = 800k 2DC Wy a1 ek <8, 801,00, 10k

Then the element w' differing from Tw in the component with the
]

index t (u)t = gome of aj) only, belongs to D , too. Since
'I"1 w'eD*, the above assumption leads to a contradiction.

Since TDcD, we have TD=TVD =V TDc VD = D.
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXVI - 1972

ON SOME PROPERTIES OF SOLUTIONS OF THE DIFFERENTIAL
EQUATION

PAVOL MARUSIAK, Zilina

In this paper we will consider a differential equation of the
n-th order (n ) 3) with delay (hereinafter referred to as "the
equation") of the following form:

(n) =z 1
Wy W+ Yy [n ()] =0
p=o0

vhere m is a positive integer. The functions Qp(t)é CO(J=(a,oo)),
(a =z 0), hp(t) €C,(J), p = 0,1,...,m, where ho(t) = t,hp(t) <t,

lim h_(t) = ® for p = 1,2,s..,m.
t > P

In the paper [2] the asymptotic properties of the positive
solutions of the equation y’ (x) + P(x)y(x)+Q(x)y[x- & (x)] = 0

are investigated. We are going to try to generalize some of these

results and the principal result will be summarized in Theorem 1. In

Theorem 2 we are going to generalize Theorem 1 in the paper [1] which
®

runs as follows: Let f(x)>0, / x"—2 f(x)dx = @ . Then the

(n)

following statement is true for the equation y + f(x)y = O:

If n is an even number, then the equation has only ascillatory
solutions.

If n is an odd number and y(x) is a nonoscillatory solution in
the interval (0,00), then 1lim y(n'l)(x) = ..o = 1lim y(x) = 0,
X - 00 X 2o

where the signs of y, y'.---, y(n-l)

large x.

alternate for a sufficiently
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The homogeneous initial problem (hereinafter referred to as "the
hom. problem") for the equation (1) is defined in the following
way:

Let a continuous function @(t), where ¢(a) = 1, be defined in
m

- - P.gPcfy: x=
the initial set E, pL-'-}o E} ; Ej {x, x = hy(t) & &, t2 a}v {a} ,
and let yéi) (i = 0,1,¢s+, n-1) be arbitrary real numbers. We search
the solution y(t) of the equation (1) in the interval J which ful-
fils the initial conditions:
(1)

’

(i) =
y o' (a+) = Y,

i = 0,1,--.,!1—1

(2) (o)
y(t) = ya(p(t) if teEg byg = ¥g)
The solution y(t) of the hom. problem (1), (2) will be called

nonoscillatory in J if there exists such a number t > a, that
y(t) #0 for t > t,.

The solution y(t) of the hom. problem (1), (2) will be called
oscillatory if the set of zeros of y(t) is not bounded from the
right.

*
Let us define the function ]‘p(t) (p=0,1,...,m) as follows:

* - .
’fp(t) = eup{x, a ¢ x, hp(x) < t} ‘

* * * *
and let us denote 7 (t) = max {3:(1:) = t, fl(t),...,fm (t)} v

Lemma 1. If lim h_(t) = o, p=0,1,...,m,
t o P
(3) *

then 7 (t) < @ for every tE€J.

The proof is obvious.

Lemma 2. Let the functions f£(t)(=0), h(t), g(t)GCO(J).
Let 1lim f(t) = x where k is either a positive number or the sym-
t >0

bol +00 and let O0<K<h(t) for t€dJ. If

@
f £(t) h(t) g(t)at = ¢
a



where c is a real number and the function g(t) does not alternate
00

the sign in J, then / | g(t)ldt < oo,
a

Proof. If 0k, then, in view of the assumption of Lemma
2, there exists such @ t; > a and 0<K,, that 0<K,< f(t)h(t)
for t2t;. Let g(t)=z0 in (a,0) = J, then 0< Klg(t)sf(t)h(t)g(t)
for txt;.

©

From the last inequality it follows that / g(t)at< oo, because
© a

[ £t) plergltrat< o .

a

The proof can be carried out similarly for g(t) < O.

Lemma 3. For té€J 1let us assume that

(4) either Qp(t)zo or Qp(t)so, p=0,1,...,nm,

m

where ZQp(t) = 0 does not hold in any interval and let (3) hold.
p=o :

Let y(t) be such a solution, with the property y(t) # O for

t2t €J, of the hom. problem (1), (2), that

: (n-k)
(5) 1 (t) = =0
° t i‘:nooy “n-k

Chn-k is constant, sgn c _ = sgn y(t) for t>t, and k is a fixed

number from the set <2,3,+..,n ).

Then the folloving statement is true:

(6) 1im y™1(p) = o, {=1,2,000, k=1
t =

Proof. Without a loss of generality, we can suppose that
y(t)>0 for t2>t, and Qp(t)zo for t€J (p = 0,1,...,m). Then,
w#ith regard to Lemma 1, it follows from the equation (1), that

*
y(n'l)(t) is a monotone decreasing funkction in (T(to),m) and
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(n-l)(‘;) =

with regard to y(t)>0 for t2t_, 1lim Yy 0. Let us sup-
" too )
pose that 1lim y(n'l)(t) = b> 0. Then 1lim y(“'k)(t) = + o0, which
t >0 t =00

is contradictory to (5), therefore 1lim y(n-l)(t) = 0 must hold.
1)

The proof of (6) is going to be performed by the mathematical

induction. For i =1 it has already been proved under the assump-

tions y(t)>0 for t2t, and Qp(t)ao for tedJ, p=0,1,...,m.

Let us suppose that 1lim y(n'j)(t) = 0 holds for some i = j,
t >

je<1,2,...,k=2> and we are going to prove 1lim y
t 2o®

and Qp(t);o, tedJd,

(n-j-l)(t)

0.

From the inequalities y(t)> 0 for t > t,

p=20,1,...,m (these inequalities were assumed earlier), it follows,

with regard to the equation (1) and 1lim y(“'j)(t) = 0, that

t 2>
(-1)9 y(n-'i)(t) <0 for a sufficiently large t. Then, with regard

to (5), 1lim y(n"-j‘l)(t) = 0 must hold. The proof of Lemma 3 is
t =

®
finished.
Lemma 4. Let (4) hold and let
hp(t)
7 " >d, p=0,1,...,m, t>a+ €&,

where 0<d<1 and £ is an arbitrarily small positive number. If
there exists a solution y(t) of the hom problem (1), (2), for which
there holds exactly one of the relations:

(n=2)(4) = ¢

either lim y‘P1)(¢) = €,y» Or lim 'y ne2? OF +oe)

t »00 t>o

tlimooy(t) = c,, where c (#0), ..., c ,( #0), choq( 7 0)

are real numbers. Then all the integrals

(e}
(8) I, = / ¢p-1 la,(e) 1 at P=0,1,e0e,m

are convergent.
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Pr oo f. Let us suppose, without a loss of generality, that

the relation lim y(n'k)(t) = ¢ _, >0 holds for some k€(1,2,...,n) .
t 2o

Then there exists t >a with tlie property y(t)>0 for t 2ty > 8.

If we integrate equation (1) k=1 times from t to +m, using Lemma
3, we will get for the given ké€<{2,3,...,n> the integral identity

(nkel) g o _CDE 7
(9) n-k+l)(py = — /(s-t)k-2 Q.(8) ylh (8)]| 4
v (k-z)!pgo P y[p ] :
- t

If we futher integrate (9) from t, to +m and in the case k=1 we
integrate equation (1) from t to +o, we will get the integral
identity

0¢c, = lim O E) 4y = y(““‘)(to) +

(10) £
(-1* & 7 k=10 (e)y[h (s)] ds for k 1,2
. — Z / (s’to) psy[ ps] s for 7240 0 usn
1 o 4 .

Let us consider now, that for the given k there holds:
a, k €<1,2,040,4n-1) b, k =n

a, In the first case we modify (10) to the form

*
(c1yk m 7(ty) 7
k-1
— > / (s-t )k g (a)y [ny()] +
tO

cn_k = y(n-k)(to) +

p=0
(11)

+
P

° 3"'(1:0) [hp(a)] n-k

(-1)k ® 9 y[hp(s)] [hp(a)Jn—k
ds
s

k-1 _n-k
Y (s-to) s Q. (s)
p:

From (7) it follows that 1lim h_(t) = @ (p=0,1,...,m) and therefore

t>wo P
with regard to Lemma l,r*(t) <o, t€J. Therefore the first integral
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y[hpsn 4
in (11) is a proper one and the functions ———GCO(T (to),oo)
n-k
[hp(t)]
because hp(t) 2t,>0 (p=0,1,ee.,m) for t > 7’(t°). The functions
hp(t)

, P=0,1,...,m, are bounded and positive in (to,m) (t°> a)

h_(t)
as it follows from (7): .1;—92— 24 > 0.

Because 1lim y(“']‘)(t) = ¢ y(n-k-i)(t)

t =»>o
(i =1,2,+..,n-k) are not bounded and for y(t) it is true that

n-k > O» the functions

y(t) ®h-k
lim = # 0
t =+ 0 ,n-k (n-k)!

If we use now the assumptions (4) and Lemma 2 for (11) we come
to the conclusion that all the integrals

@®
(12) / (s-to)k'l sn-lep(s)lds p=20,1,ce.,m
)
are convergent.

b, Let k=n. If we use the assumptions (4) and Lemma 2 for (10),
we come to the conclusion that the integrals

®
(13) / (a-to)n-llQp(s)lde p=0,1,¢..,m

t

are convergent.

The convergence of integrals (12), (13) are equivalent to the
convergence of integrals (8). '

Notel. If for the function f£(t) €C,(J) there holds that:

1, There exists such a number bEJ that function f£(t) is
increasing [decreasing] in the interval (b, ),
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2, lim f(t) = k, where k 1is either a real number or symbol
t=->o

+00 [-(‘D],

then we will denote: fftk[flk].

Theorem 1. Let for all p=0,1,...,m either Qp(t)'?-o

m
or Qp(t) £ 0 for teJ, where ZQP(t) 2 0 does not hold in any

pP=o
interval. Let (7) hold and let
00
(14) 1_ = /t“'llQ (t) |dt = o
Po Py

at least for one p € <{9,1,.c0,m). Let the hom. problem (1), (2)
have a solution y(t) in J with the property y(t) >0 for trt,ed.

I. If Qp(t)so, p=0,1,...,m, then for the solution y(t)

la’ with n- even, it holds one of the "—;3- ceses:

either'l, y(n-l)fm ) y(n-2¢w o"'vy'Tm y Yo,

or 2, y(n-1)10, y(n-Z)to' y(n'J)fm’.." y'¢m’ yto,
OF cccee

or g ’ y(n-l)fo. y(n-2)¢ov y(n-3)fol"'! ynto) y’Tm y Y1,

or 22_2.' y(n-l)TO, y(n-Z)tov y(n-3)fo»"" yntot .Y,TO, .‘11'0

1y, When n is odd, one of the Bl oges is true:

either 1, y("'l)foo , y("'Z)foo yieoy Y4, ylo,

or 2, y(n-l)TO) y(n-2)¢o, y(n-3)1m'1'°') y’Tw) yto ,

. s y(n-1)10‘ y(n-2)¢o' y(n'3)1‘0, y(n-4)&o’ y(n'S)Tcn -
ceey y’1‘m y Y400, Or ..

or E;—]; ’ y(n_l)TO’ y(n-Z){'o: y(n.:’)fon"'s .Y”'fo) y"'o) ytoo.

II. If Qp(t); 0, p=20,1,...,m, then for the solution y(t)

n
2a, with n - even, we have exactly one of the 5 cases:
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either 1, y(n-l)to, y(n'z)‘roo,..., yto, yto,

or 2, y(n-l)w, y(n-2)1o’ y(n'3)¢0, y(n-4)1»°°’“” ytoo,
or LI N
or 5;—2 , v o, y (0o, y(0=3)i0 Ly Loy e, y e,y
or g , y0 o, y(r2)o, y(0=3)i0 L. yr0, y0, y o,
2b, with n - odd, there holds one of the 9;—1 cases:
either 1, y("'l)io, y(n'Z)'Too yeses YA, Y400,
or 2’ y(n-l)lo’ y(n-Z)?o, y(n‘J)Lo' y(n‘4)fm g6 oy yfm .
or -
"1 - - - . s .
or 22_ ) y(n 1)‘0) y(n 2)¢0' y(n 3)‘03"°:y V0, ¥ foo, yf{o ,
1 - - - ”” d
or % s 300, y0=Bp0, yn=Iio,.L, ¥y} 0, y10, yy0.

m
Proof. I.Let Qp(t) <0, p=0,1,...,m, where ZQp(t)Eo
p=o0

does not hold in any interval and y(t)>0 for t>t, . Then from
the equation (1) it follows that y(n'l)(t) is an increasing
function in a neighbourhood of + oo and with regard to (14) and Lemma
4 it holds: either y(n-l)foo (then y(n'k)foo, k= 2,3,6e0, n)

or y(n'l)fo. Therefore y(n'Z)(t) is a decreasing function for

a sufficiently large t. Then, with regard to (14), Lemma 4 and

y(t)>0 for t2t,, y(n'Z){,O must hold. When y(n'z)i'o, then

y(n'”(t) is an increasing function for a sufficiently large t.

Let us suppose now, that y(n'k)(t) is an increassing function

for sufficiently large t, for some k€(3,5,+-+,y) (where Y=n-1 if
n is an even number or Y= n-2 if n'is an odd number) and y n-1 40,
y(n'Z){O,..., y(n“kﬂ)lo. Then, with regard to (14), Lemma 4 and
y(t) >0 for txt,, it holds: either y(n-k)?oo (then y(n‘i)1‘w,
i = k+1,...,n) or y(“‘k)fo. If y(n-k)") then y(n-k'l)(t) is

a decreasing function for a sufficiently lar%e t. Then, with regard
to (14), Lemma 4 and y(t)>0 for t2t,, y " 5)}0 holds. From
this we will get the assertion of Theorem 1 by the finite induction.’
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II. The proof is similar to the case I. Thus Theorem 1 is proved.

Not e 2. Similar asymptotic properties hold for the negative
y(t), too. ¥e must only interchange the sign ? [{] with | [4] end
symbol o with symbol -oo.

We will say that a solution y(t) of the hom. problem (1), (2)
has the property V if either (-1)K y(nnk)(t) Vo

or (-1)k*1 y(n'k)(t)lo, for k=1,2,...,n

Theoremnm 2.

(15)  Let Q,(t) 20, p=0,1,...,m, t€J

m

where z Qp(t) 2 0 does not hold in any interval. Let (7) hold for
p=o

hp(t), p=0,1,ee., me If

[0 o]
n-2 =
(16) / 772 q, ()at ®

at least for one p, € {0,1,¢eee,my, then

1, if n is an even number, all solutions y(t) of the hom.problem
(1), (2) are oscillatory.

2, When n is an odd number, all nonoscillatory solutions y(t)
of the hom. problem (1), (2) have the property V.

Pr oo f. Let us suppose that there exists a nonoscillatory
solution y(t) of the hom. problem (1), (2) and let y(t)>0 for teJ,
#ithout a loss of generality. Then y[h (t)]> 0 (p=0,1,...,m) for

t 2 t> 7 *(a). From (7), #with regard to Lemma 1, it follows that
T(a)<oo. If y[h (t)]>0 for t > t,, then y(n 1)(1:) is a

decreasing function. This assertion follows from the equation (1),
with regard to (15) and y(n'l (t) >ﬂ 20 for t >t,. Let us
suppose that ﬂ>0 and let y(n' VA « Then there exigts such a

number t,>7" (to) that

f/2 n-1
a7 y[hp(t)]>(n_ [hp(t)] (p=0,1,.c0,m)y t 2t,
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From the equation (1), by integrating we get

t
m
y(n'l)(t) - y(n-l)(tl) -Z / Qp(s) y [hp(a)] ds =
p=0 ty
(18)
n=-2
n ¢ y[hp(s)] h,(s)
= y(n-l)(tl) -Z /Sn-z Qp(S) [ ds
p:d [h (S)]n-z 8

Relations (7), (17) give

n=2
y[hp(’)] [hp(t)] > ﬂ/z dn'lt >0 for t >t
z "1

[hp(t)]n-z t (n-1)! o

Then (18), with regard to the last inequality and (16), gives

A2 m
y(“'l)(t) ¢ y(n'l)(tl) - todn'z Z / 82 Qp(s)da — -
(n=1)! 3

b |
N < . (n-1) (n-1) -
#hich is a contradiction with y >/4>0. Hence y (t)io[ﬂ -0].
The proof, that (-1)k*1 y(n°k)(t)i0 (k=1,2,+..,n=-1) will be

performed by the mathematical induction. For k=1 it has already been
proved, that y(n'l)(t) 4 0.

Let us suppose thatvf-l)h% y(n"k)(t) J O holds for some k = i-1
(k=1,2,..0,0-1), feeu(-1)F 33 e) 4o ana 3" Divyyo,...,
(-1)i-1 y(n'i+2)(t) V0. We are going to prove that (-l)i*ly(mi)(t)to

holds, too (k=i). Let us assume that _ lim y("-'i)(t) = 0 does not
B A X )

hold. If (-1)} y("'i*l)(t) {0, then (-1)} y(n'i)(t) is the increasing

function for sufficiently large t. Then there exists such a number
d>0 and t,; t, > t, that for t > t, , either (-Diy(r=ileey 5 4,

or (-1)i y(n'i)(t) <= 4. From the 1last two inequolities it follows,



with regard to y[hp(t)] > 0 (p=0,1,...,m) for tt,, that )5"-1‘)(1'.) >68
for t 2 t, (#here i is an 0dd or an even number). It is clear that

y(n'i)(t) ¢ - ¢ cannot hn1ld, because then for a sufficiently large
t, y(t) < 0.

y(n'i)(t) > d for t2> t, yields that there exists such number
*
tyi t3 > 7 (t)), that

d/2 n-i
(19) y[hp(t)] > T [hp(t)] (p=0,1,.00,m), t > tg

If we multiply equation (1) by t1=2 ana integrate (by parts the

left hand side) from tj to t, we get [ i=k ]
L [ty()] = 572 v D ()= (e-2)e B30y (0=2) gy 4 L

+ (c1)E(k-2)1 y(OE+D)(4y =

t
n
Lk[t3,y(t3)] - Z / gk=2 Qp(s) y[hp(s)] ds
p=o 4+

Let us wodify the last integral identity to the form
L [ty®)] =1 [t3(ty)] -

m yih_(s) h (s) Pk
Z gh2 Qp(s) [ i ] p ds
3

(20)

) p=o [hp(s)] n-k 9

But (20), with regard to (19), (7), (16), yields

t
. ) L

Ly [t,y(t)](Lk [t3,y(t3)J - /2 an-k Z / gt~2 Qp(s)da — -
(n-k)! s 4

which is a contradiction, because L, [t,y(t)] 20 for t3>tj.
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Therefore lim y(n'i)(t)=0. Then, with regard to (-l)iy(n'iﬂ)(t) {o,
t

(-1)?’1 y(n'i)(t) $ 0. So far we have proved by the mathematical in-
duction that (-1)k*1 y(n'k)(tHO (p=1,2,00., n=1).

Concerning the proof that a nonoscillatory solution y(t) of the hom.
problem (1), (2) has the property V it is still necessary to show
that y(t)4{o0.

1, For n - an even number y(t){| O cannot hold. If y(t)} O then

there must hold: y 20, ¥ 40,ee4, y(n)&o, i.e. y(“)(t) > 0 for
a sufficiently large t. That is a contradiction, because the equa-
tion (1), with regard to (15), gives y(n)(t) £ 0 for t €J.

Therefore y[hp(t)]> o >0 for t 3z t,. Then (21) holds for k=1,2,..

eeyn=l. If we multiply the equation (1) by tn-z and integrate (by parts
the left hand side) from t; to t, we get:

L, [t,y(t)] = tn'zy(n'l)(t)-(n-z)tn'3 Ay(n'Z)(t)+ van

+ (=1)M(n=2)! y (t) =
(22)

t
m
=L [t3,y(t3)] - ; / a""2 Qp(a)y [hp(a)] ds
"5 1,

But (22), with regard to y|h_(t)[>0¢c >0 for t>t. and (16), gives
P o

a ¢

Ln[toy(t)] <Ln[t3’y(t3)] 'OCZ / Sn-z Qp(a) ds —» - o,
p=o t3

which is a contradiction and therefore, for n- an even number, the
hom. problem (1), (2) has not any nonoscillatory solution. Therefore
the hom. problem (1), (2), for n-an even number, has only oscillatory
solutions.

2, For n-an 0dd number y(t){ O. Let y(t) | O not hold. Then

y [hp(t)]> < >0 for t >t , but in view of what has been proved
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above, this is not possible. That’s why nonoscillatory solutions of
the hom. problem (1), (2) have the property V.

Note J. From Theorem 1 it follows that if we increase the
exponent at t by one unit, then the divergence of integrals

Q0. .
./ gn-l Qp(t)dt (p=0,1,c..,m) is not sufficient for a solution

y(t) of the hom. problem (1), (2) to have the property V.
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
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ON ZEROS OF SOLUTIONS OF THE SECOND-ORDER LINEAR
DIFFERENTIAL EQUATION WITH RETARDATION

K. SMITALOVA, Bratislava

In the present paper we are going to show some conditions which
are sufficient for the second-order linear differential equation with
retardation to be oscillatory, resp. nonoscillatory. These conditions
follow from some relations between solutions of the differential
equation with- and without retardation. In the sequel, we use the
theory and symbols from [1].

Consider the following equations:

(1) y7() + pltIy(t) = 0,

(2)  x7(£) + p(t)x(t) = q(t)x(t - 4 (¢) ),
x(t) = ¢(t), teE,, |

Where p(t), q(t), & (t) 2 0 are continuous functions defined on the
interval < A, ), and (p(t) is a continuous function defined on E,.
From (1), (2) we get the followving relation:

x” (£)y(t) - 37 ()x(t) = qlt)x(t - & (t)y(t),

reep,

(3)  -w'(x,y) = q(t)x(t = & (£))y(t)

Theorem 1, Assume that t - 4 (t) is a monotone
function, that 1lim (t - & (t)) = t,, tg finite, inf lq(t)l = k>0,
t >0 _ <A,m)

and that the zeros of ¢ (t) have no limit point in E,. Then the
following statement is true:

~ If all solutions of the equation (1) are nonoscillatory, then
all solutions of the equation (2) are nonoscillatory.



Proof: Consider the three cases:

a) Let Ix(ty)l > O. In this case there is some t;> A such
that t - & (t) € (to -4, ty + é), for t>t,. Hence x(t -4 (t))

has a constant sign, for t > tl' Assume that for t >t5, where
t2 P tl' the sign of y(t) is constant. Then also W’ has a constant
sign and hence there is some t3 such that W # 0, for t»> ty>t,. If
x(t) is oacillatory, then there exist points a>t3, b> 1:3 such
that x(a) = x{b) = 0, and x(t) # O wvhen te(a,b). Since W # O in
<a,b> the solution y(t) has a zero in (a,b).

b) Let x(to) = 0, and x(t) 2 0 in each interval which con-
tains to. From the assumpions of the theorem it follows that to

cannot be the limit point of zeros of x{t). Hence we have either
t-Aa(t)e(ty -4, ty), for all t >ty 2 A, or t-& (t)elty,ty+d),

for all t > t;, and hence x(t - & (t) ) has a constant sign for
t >t Now we proceed with the proof similarly as in the case a).

c) Let x(t) £ 0 in some interval J which contains tye In
this case, for t € J,

wix(t), yit)) <x(t)>'
- ——— TS = O, i.e.

x = yc,
which is impossible.

The proof of the theorem is finished.

Theorem 2, Let lim (t - & (t)) = +o0, and let
. t>m
q(t) > 0, for t 2 A. Then the following statement is true:

If all solutions of the equation (1) are oscillatory, then all
solutions of the equation (2) are oscillatory.

Proof: Let x(t) >0, for t >t; = A. Let a, b,
* - B
b>ad>7 (tl) = sup {t', t -4 (t)(tl} , be two successive zeros
. tot
1

of y(t), i.e.. y(a) = y(b) = 0, and y(t)# 0 for t € (a,b).
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Assume that y(t) >0, for t (a,b); from (3) it follows that, for
such t, W (x,y) < 0 so W(x,y) is decreasing, i.e.

(4) w(a) > w(v).

On the other hand,

"

w(a) = y(a)x'(a) - x(a)y (a) = -x(a)y’(a) < O,

W(b) = y(b)x (b) = x(b)y (b) = =x(b)y (b) > 0,

hence
w(a) ¢ w(b),
contrary to (4).

The proof is similar in the case x(t) < O for t > ty.
Thus the theorem is proved.
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UBER EINE KONSTRUKTION REELLER ZAHLEN |

MILOS FRANEK, Prievidza

Reelle Zahlen werden gewdohnlich sus rationalen Zahlen konstru-
jert. Bs ist dies nich die einzige Mdglichkeit - siehe [2], wo der
Entwyurf der Einfiihrung reeller Zahlen mit Hilfe von natirlichen Zah-
len vorliegt.

In dieser Arbeit beschreiben wir eine andere Konstruktion
reeller Zahlen direkt aus ganzen Zahlen, und dies eigentlich mit der
Folge der unteren g-adischen Aproximationen mit nichtangefiihrtem
Ordnungspunkt.

Das Symbol g wird stets eine festgewlhlte natiirliche Zahl
grosser als 1 bedeuten. Das Gebiet der Verdénderlichen, welches
nicht ausdriicklich angefihrt wird und auch nicht aus dem Zussmmen-
hang folgt, wird immer die “enge N = {0,1,...} sein. Weiter bezeich-
nen wir 2 = Nu{~1, -2, }

Definitionpn 1. (Definition der Entwicklung.) Die Fol-
ge {an}G.ZN nennen wir eine (g-adische) Entwicklung, wenn

(1) (Vn)(Ofta 4 -2a8% g-1).

Wenn ausscrdem
(2) (¥n) (Jkz n) (8, - 88<g=-1),

werden wir uber eine normale Entwicklung sprechen. Die Folge der

Form {cgn} (e € 2) werden wir eine ganze Entwicklung nennen.

Joll ) i o die B i -

nungen. Anstatt {cg"} , wo ¢ €2Z ist, werden wir ¢ schrei-
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ben; speziell {O}mo = Q0 resp. ign} = 1. Die lienge aller Entwick-
n=

lungen, bzw. ganzer, bzw. normaler Entwicklungen bezeichnen wir Ry,
bzw. Rz’ bzw. R. Ersichtlich gilt Rz CRC Rl' Wenn 06={an}€R1-R

und ngy ist der kleinste der Indizes n, fur welchen
(Vk 2 n)(akﬂ -ag=g-1)

gilt, bezeichnen wir mit o oder {En} die Folge, welche wir mit den
Beziehungen

8, = e, fur: n<ng,
;n =a, +1 fir n > n,
definieren.

Fir o¢ ER setzen wir & = oC. Wenn wir fir oCER; f(oX) =
setzen, dann t:Rl —_— ZN. Auch spéter werden wir den Streifen nur
in diesem Sinne anwenden.

Hilfgsetg 1.VWenn o €R,, dann oC ER.

Beweigs. Es genigt vorauszusetzen, dass oC = {an} eRl - R,

wobei o€ = {;n } oben definiert wurde. Dann existiert ein solches ny»

dass fir jedes k Z ng
8ps1 ~ %8 =8 - 1,
8, - 8.8 = (a4 + 1)-(a, +1) g=0(#g=-1)
gilt, so dass fir {En} (2) gilt. Daraus folgt auch die Gultigkeit

der Ungleichheit aus der Bedingung (1) fir n 2 nye Wenn n<ng - 1,
gilt ;n+1 - Eng =8, - 8,8 und epdlich fir n = ny - 1 gilt

3n+1-ang=ano+1-an°_lg_s_g-1
(aus der Definition des Indexes ny folgt ntémlich, dass wenn n,; >0,

dann ist nno - a g - 1). Deshaldb o = {an}eR.

ng-18 <

Bilfesetz 2. Firjedes {aJecR gilt
(Va)(Vm)(0 L a0 - angm <d®.



Bewedig. Wir zeigen es mit der Induktion in Bezug auf die
Zehl m. Fir m = O geht es um eine triviale Behauptung. Setzen wir
voraus, dass

(Yn)0=a, - angm < g™.

Fir eip beliebiges n gilt dann (siehe auch (1) )

m

0 g

A

m
fn+l+m ~ Fn+18

(a .y - a,8) fzg=-1) .

WA

0

A
IN

Durch Addition erhalten wir

+1 +1
0% epipe - ani" < g"
Hilfssatz 3. Essei {an}’{bn}enl' Dann ist

(Vn)(Vm >n)(a < b, =>a < b).

Bewedis. Es sei 8y < by Daraus und aus der Definition 1
folgt

a8 £ (hk -1) g,
8y+1 ~ 28 < 8,

02 by, - by

Durch Addition erhalten wir 841 < Bpere Wir bewiesen also die Impli-

|

kation 8 < by =>a .y < by fir ein beliebiges k und daraus folgt

schon die Behauptung des Hilfssatzes.

Hilfssatz 4. Wenn c, ke N Konstanten sind, {an}e_R,
so ist {a + cg"] € R. Setzen wir dariber hinausv orsus, dass

8y+1 ~ 88 # g = 1, und bezeichnen wir b, = a fir jedes n £ k,

n

bzw. b =& + gn-k-l fir n= k + 1, “so ist auch {bn} € R.

Bewegis. Der erste Teil der Behauptungen folgt leicht aus
den Voraussetzungen und aus der Definition 1. Fir {bn} gilt unter
den Voraussetzungen des Hilfssatzes
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b4 ~b8=8,.,-8zg fir n<k

-k - -
ool = Pp8 = 8pyg + & - (8 + g" g =
=&, - 8.8 fir n>k
cBgel " DB T By v 1-882120

([T

8 el B8+t 1lsE-1

(weil 841 ~ 88 < 8- 1). Gemdss dem vorangehenden folgt aus der
Glltigkeit der Bedingung (1) fir {a } ihre Giltigkeit fir {bn}
Dasselbe gilt von der Bedingung (2), sodass {b } € R.

Defipnition 2. (Definition der Anordnung.) Es sei
oC = {an} € Ry, = {bn} € R,. DieBeziehung o <3 entsteht genau
dann, wen (3 u)(!an < bn).

Wir fihren auch die Relationen > , < , 2 auf die gebréuchliche
Weise ein (d.h. 0> Al ks BPRABILXSD < fVvei=f).
Mittels des Hilfssatzes 3 kann die Glltigkeit der Beziehung

(3) {on) £ {oa} & (Voo ¢ b))

leicht bestimmt ﬁerden (eine &hnliche Behauptung fir eine scharfe Un-
gleichheit gilt jedoch nicht!). Die Entwicklung o 2 O nennen wir
nichtnegativ (o¢ > Q0 positiv, oC< Q0 negativ).

Satz 1, Die Menge R, 1ist durch die Relation < aus Defi-
nition 2 geordnet und R bildet mit der Relation < ein Kontinuum.

Bewedigs., Es sei ¢ = {an} €Ry, A= {bn} € Ry. Aus der De-
finition 2 ist ersichtlich, dass wenigstens einer der FHélle of = /5 y
o <fB, o¢ >Beintritt und dess der erste mit den iibrigen nicht ver-
einigt werden kann. Aus dem Hilfssatz 3 geht wieder hervor, dass
gleichzeitig oc< A, o¢ >/8 nicht gilt. Ebenso erhalten wir aus dem
Hilfesatz 3 sofort die Transitivitlit. Die geordnete lenge R (CR,)
hat weder ein kleinstes noch ein grosstes Element, weil zu einem be-
liebigen o¢ = {an}eR kénnen wir /8 = {an-gn} € R, )’=_{an + gn} €R
konstruieren (siehe Hilfssatz 4), wobei /3 <0<y gilt.
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Wir beweisen, dass die Anordnung dicht ist. Es sei {an} {cn}eR,

{an}< {cn}. Geméss Definition 2 existiert ein solches m, dass s < 0

und zu diesem gemiiss Definition 1 ein solches k ¢ m, dass 841 -
- 8,8 < g - 1. Definieren wir jetst {bn} .folgend:
b, = 8, fur nsk

bo=a, + gl fir nzk+ls )

Gem#ss Hilfssatz 4 ist {bn} € R. Aus der Gleichkeit bk+1 a8+l
folgt jetzt a ., < b, d.h. {an} < {bn}' und aus der Beziehung

b, = a < ¢, die Ungleichheit {bn} < {cn}.

Es bleibt nur noch die Existenz des Infimums einer beliebigen
von unten beschrénkten nichtleeren Menge McR zu bestimmen. Erwi-
gen wir eine solche Menge M. Bei der Bezeichnung OC = {an} definie-
ren wir

(4) c, = oxéliénu 8, (n=0,1,...)

Diese Minime existieren, da M # O wund nach (3) gilt (V n)(Voc € N)
(dn 4 a,), wenn é= {dn} eine untere Schranke der uwenge M. ist. Zu-
erst beweisen wir die Beziehung

(5) (Vn) (3o €EM)(VK & n) (cy = 8)

und aus dieser, stellen wir fest, dass "€ R. Wéhlen wir ein beliebi-

ges n. Geméss(4) existiert ein solches oC € M, dass ¢, = 8,+ Zum ge-

)
wéhlten k<n existiert ein solches f= {bm} n=0 € M, dass
by = ¢y £ 8- Darausi folgt geméiss Hilfssatz 3 fur by # 8, die Un-
gleichkeit bn <-an, was im Widerspruch mit der Beziehung e, =
=c, < bn ist. Es gilt also bk = 8y, und also Cyp = 8y Aus der be-
wiesenen Beziehung (5) folgt, dass zu jedem n ein solches oC =
= {an} €M CR existiert, dass ﬂdml - c,& = 8,1 - a8, d.h. P hat

die Eigenschaft (1). Uberpriifen wir noch die Eigenschaft (2). Indi-
rekt setzen wir voraus, dass fir irgendein n

(Vk Z n) (°k+1 -cg=g-1)
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gilt. Erwéigen wir ein solches o¢ = {an}e M, dass fir das erwihnte n
und fiir jedes k £ n c, = a, gilt (siehe (5)). Durch Induktion be-
weigen wir, dass die Gleichheit ¢, = a, fir jedes k . *. L3 ge-
niigt nur noch den Induktionschritt durchzufiihren. Es sei ¢, = a,
(k 2 n). Auf Grund von (4) gilt dann

a8+ g-1l=cerg-1=cpy Sa,)Sagteg-l,

also ¢, ., = 8., Deshalb (Vk)(c, = &), d.h. oc= 7", also nicht-

einmal o¢ hat die Eigenschaft (2), was ein Widerspruch ist.

Zum Abschluss beweisen wir, dass "= inf M. Es sei oC € M. Aus
den Beziehungen (4) und (3) folgt 7 £ <. Es sei endlich ,/4>7°. Dann
existiert ein solches n, dass b, > c . Gemiss (4) existiert oc €M,

fur welches c¢_ = a,, was a, < b q;</5 bedeutet. Damit ist der

n n n’
Satz bewiesen.

Der Zwek unserer weiteren Erwidgungen wird hauptséichlich in der
Definition der Summe und des Produktes zweier Entwicklungen liegen.

Hilfgssatz 5. Essei oc={an}e Ry, A={v ] €Ry.
Dann

(Vn)(Vm)((a +b)) g" ¢ * bon < (ap + b +2) g

anﬂn n+m n

Bewelis. Esagenigt den Hilfssatz 2 auf {an}, {bn} anzuwen-
den und die betreffenden Ungleichheiten zu addieren.

Hilfssgsatz 6. (Hilfssatz Uber das Produkt.) Es sei
= {an} €Ry, ﬂ = {bn} € Rl‘ Dann existiert zu jedem n nur eine end-
liche Anzahl ganzer Zahlen i, fur welche

(Im)(a o+ D z ig® !

n+m =
Wenn wir den grdssten unter ihnen mit cn(n=0,1,...) bezeichnen, so
ist 7={c } € R;.

Bemerkung. Aus dem Beweis des Hilfssatzes 6 geht hervor,
dass dessen Formulation wie folgt sein konnte: Es sei

< ={8n}€R1. ﬁ={bn}€R1. Fir n = 0,1, ... setzen wir

¢, = 8, + by +1, wenn (3 m)(an+m * Doy & (a +b +1) &%), bzw. cp =
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=a, + bn im Gegenteil. Dann 7'= {cn} € Rl‘ Den ursprunglichen Text
fihrten wir wegen der Analogie mit dem Hilfssatz 9 an.

Beweis des Hilfsgsatzes. Die Existenz der
Zahlen c ist ersichtlich aus dem Hilfssatz 5. Bei beliebigem n ist die

Zahl c ., die grosste der Zshlen j, fiir welche

(Im)(apyiem * Ppelem = i)

Zu der Zehl c, existiert ein solches m, dass

m
+ >
8n+m bnﬂn = che

Fir o¢,/3 folgt aus der Bedingung (1) weiter

8nim+l * Ppemel Z (0 * bonlt

!
7
B

Deshaldb

b 2 -

. n+m+l = °n&&

n+#m+l
d.h.c c 8 ist eine der oben angefiihrten Zahlen j, und deshaldb

c -c.8 2 0. Setzen wir jetzt indirekt voraus, dass c -

n+l n+l
c,8 2 g Nach der Definition der Zahl c .4 existiert ein p, fur wel-
ches

b

P
8 +1+p * Pnelep = Cne18

Aus der indirekten Voraussetzung folgt ¢
gilt

nel = leg + 1)g. Deshaldb

8em * pep 2 (ep + 1) &

fir die Zahl m = p + 1, was im Widerspruch mit der Definition der

Zahl ¢, steht. Es gilt also

(Vn)(0 £ cppq - cp8 Sg-1)

Defipition 3. (Definition der Summe.) Fira={a }€R,,
Y. ={bn}€R1 deﬁ.nie—ren wiroc+B =7, wo 7= {_cn} im Hilfssatz 6
defeniert ist, und "= {En} nach'der Definition 1. Weiter schreiben
wir ¢, = ak@bk (k=0,1,¢00).
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Bemerkungen. Auf Grund des Hilfssatzes 1 gilt immer

o+ € R, Zufolge der in der Definition eingefiihrten Bezeichnung
konnen wir {_an} + {bn} = {°n® bn} schreiben, wobei die Operation

® von o¢, B abhiéngt und nur der Einfachheit halber schreiben wir
zB @06'/5 nicht. Aus der Bemerkung nach dem Hilfssatz 6 und aus der
Tatsache c, & ¢ %¢_ +1 (n=0,1,...) folgt, dass

= n n
(6) an+bn§an®'bn§an+bn+2 (n = 0,1,...)
Bilfopootsz 7. Besei ={a }JeRy, A={b}cRy;

o, B Z 0. Dann existiert ein solches p, dass fir i = ngﬂ‘ +1
(k = 0,1, l-c)

(v’m)(ekbk*fm S ap,n Beam < (Beby + i) 82m
gilt.

Bewedisg. Wihlen wir ein solches p, dass & <gp by < gP.
Durch Induktion stellen wir fest, dass (Vk)(a < g™,

Der Induktionsschritt ist:

+ +
p+k gP k+1

°k<8p+k S8,58 -l=a <agtgs (g™ -1)g + g =

Khnlich ist b < gp+k flr jedes k. Bezeichnen wir A = °k+m’°k3m’
B = bkﬂn - bkgm. Geméiss Hilfssatz 2 gilt A,B < gm, woraus wir mit

Ricksicht auf die Abschétzungen fir a,, b, auf deren Nichtnegativi-
tdt und mit Hilfe des Hilfssatzes 2 fir jedes k,m

2m _ 2m
.akbkg = 8+mPk+m - %kPk& * (ayB + bA) g" + AB < (a by +
+ 28p+k + l.) 82m
-erhalten. Die Zahl i, = ngﬂ‘ + 1 héngt ersichtlich nicht von m ab.

Hilfoosat*tgz 8. Essei c, (k = 0,1,...) ganze Zahlen,
¢, Z 0, wobei
o=

(1) (VKOS epppp - Cop8° < 8°)

Dann existieren solche Zashlen ¢, ., (k = 0,1,...), dass {cn}eRl,

{cn} 2 0. Die Zahlen Cop+l konnen bei gegebenen Cy hur auf eine
einzige Art gewdhlt werden.

64



Definitionsgbesgtimmung. Wir werden sagen,
dass wir die Glieder Cox auf die nichtnegative Entwicklung {cn} er-
génzt haben. <

Bewei 8 des Hilfssetzes. Zuerst beweisen
w#ir dieEindeutigkeit.. Fir {cq}, e } € Ry gelte Cop = S (k=0,1,.
.+). Schreiben wir weiter Coxs+l = Cog+1 * 4 wenden wir die Gleich-

heit fUr gerade Indexe und die Bedingung (1) fir {c;}, {cn} an:
0 < Copen = (c2k+1 +d)g<g-1
~ kg~ 1Y E = Cgp.o ¥ OB 20

Durch Addition erhalten wir - (g - 1) £ dg< g - 1, d.h. gldIS g - 1,
was nur fir d = O mdglich ist. Damit ist die Eindeutigkeit bewiesen
und wir konnen zum Existenzbeweis lbergehen.

Bei gegebenen c2k(k ='0,1,...) definieren wir die Zahlen
ry = rl(k), r, = rz(k), Copsy Folgend

2 5
Copep ~ Cox8 T8 * Ty O0£ry<ug,

Cok+1 ~ CokB * T

Geméiss (7) und aus der Definition der Zahlen Ty, Ty konnen wir indi-
rekt leicht feststellen, dass auch O £ r; < g. Die Eigenschaft (1)
der Folge {cn} folgt jetzt aus cen Gleichheiten

Cok+1 ~ %28 T T1
Cope2 = Cox+18 = Cppsp ~ (Cpp8 t T1) B8 =T,

Da sich die Giiltigkeit der Beziehungen c Z 0 (n = 0,1,...) leicht
durch Induktion beweisen lisst, ist der Beweis beendet.

Hilfssatz 9. (Hilfssatz uber das Produkt.) Es sei
«={a,}€ry, A= {1 } €Ry5 ¢, /3 Z 0. Dann existiert zu jedem k

nur eine endliche Anzahl von Zahlen i fihr welche

(3m) (ak+m byem = ime)
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Wenn wir den grossten unter ihnen mit Cox bezeichnen, konnen wir
die Glieder czk(k = 0,1,...) auf die nichtnegative Entwickulng
7= {cn} erginzen. '

Bewedis. Die Existenz der Zshlen c,, ist ersichtlich aus
dem Hilfssatz 7. Aus diesem Hilfssatz , sowie auch aus der Tatsache
a5 by 2 0 (was aus den Voraussetzungen oc, 4 2 O und aus der Be-
ziehung (3) horvorgcht) erhalten wir auch die Ungleichheit cjy % O.

Gem#ss Hilfssatz 8 geniigt es die Gultigkeit von (7) zu beweisen.

Die Zahl ¢, .- ist die grosste jener j, fir welche
2m
(Im) (o, im Prodem = 387)

Zur Zahl Cox existiert ein solches m, dass

> 2m
8 +m Pkem = C28

Aus der Nichtnegativitidt oo ,/3 und aus der Bedingung (1) folgt wei-
ter ’

2
8cem+l Pkemel = %kem kem &

Deshald

2 2m
8 em+l Pkemel Z S8 8

d.h. dass °2k5? eine der angefiihrten Zahlen Jj ist, und deshald

2 >
Coge2 ~ C2x8 =0

Setzen wir nun indirogt voraus, dass ¢, .., - cZkgz < 32. Nach der
Definition der Zahl c,. ., existiert ein p, fir welches

2
8 +1+p Pkelep * C2k+28 .

Aus der indirekten Vorauanotzuﬂg fdlgt Cope2 = (c2k +1) 32. Deshaldb
gilt fiir die Zeshl m=p + 1 :

2n
Op4m Bgen = (G + 1) 87,

was im Widerspruch mit der Definition der Zahl c, ist. Es gilt elso
(7.
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Bemerkung., Aus dem Hilfssatz 7 folgt, dass bei den Be-
zeichnungen und Voraussetzungen aus den Hilfssétzen 7 und 9

(8) a b, p-1 Cop < B.b, + iy (k = 0,1,...)
gilto

Hilfsgssatz 10. (Hilfssatz uber das additive Inverse.)
Wenn o< = {an} € Ry, dann f§ = {bn} = {-an - I}ERI und es gilt
o<+ B =0.

Bewedis. Fir jedes n gilt O <

3 & - 1, aber
auch (°n+1 - ang) + (bml - bng) =g-1.

®n+1 T 8n8

Desheld 0 £ b .4 -bgslg-1(n=0,1,...), d.h. B ER,. Weiter
gilt fir jedes n,m 8 m * bn+m = -1, was fur ¢, aus dem Hilfssatz
6 ¢, =-1(n=0,1, ...) folgt. Dann aber Chel “Sp8=8-1(n=

= 0,1, ...), d.h. En =c,+1=0, also gemiss Definition 2

o+ ={En} ={0}::0 =2

Defipition 4. (Definiton des additiven Inversen.)

Wenn o¢ €ER, und /5 nach dem Hilfssatz 10 bestimmt ist, bezeichnen
wir -0¢ = 4, (Siehe Ubereinkommen nach der Definition 1.)

Definition 3. Wenn oCER,, schreiben wir lcl= oC,
wenn o¢ 2 Q; bezw. lo¢l= -0o¢, wenn o¢<Q.

Hilfssatz 1l. Es sei oc={an}eal.nanngnt
(a) o020 &>a,20;
(b) o0 <Q &>a,<0;
() X< Q9 =H-x=0
(@) lecl 2 0.

Beweis. (a)Wenn oC 2 Q , gemtiss (3) ist dann 8y Z O.
Wenn a8y Z 0, stellen wir durch Induktion fest, dass (V n)(a, 2 0).
Induktionsschritt: a, z 0=ra ., 2 8,8 = 0 (siehe (1)). Gemiiss
(3) gilt o¢ 2 Q.
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(b) Die Behauptung folgt aus (a) und aus der Trichotomie.

(c) Es sei o < Q, d.h. 85<0, -ao-léo nach (b). Fir - o -
,6.-{5“}, wo b, =-a -1 (n=20,1, ...), gilt denn b Z b, =
--QO-IZO, also gemiss (a) ~x 20 .

(4) Siehe Definition 5 ung (e¢).

Bevor wir sur folgenden Definition iibergehen, bemerken wir, dass
-AB wie iiblich - (AB) und nicht (-A)B bedeutet.

Deftinition 6. (Definition des Produktes.) Fur
o, €R), K= {-ln}, A= {bn} definieren wir das Produkt o¢c/ fol-
gend:

1. oC,S = i" » wenn 06,/32 Q und 2" ist im Hilfssatz 9 definiert;
2¢ o0fA=lecllfAl, wenn oG, < Q ;
3. 6f=-logll Al, wemn o3 Q, S<Q oder o<, AZ0.

Das 2k -te Glied der Entwicklung werden wir mit 8y-b, bezeichnen.
(Ein gewShnliches Produkt schreiben wir stets ohne Punkt.)

Bemerkungen. Das Produkt o0 /3 wurde durch die De-
finition 6 fir jedes oc,/8 € R, definiert und es gilt oCAER. Das

folgt aus dem Hilfssats 1 und 11 und aus der Definition 4. Uber die
Operation . gilt eine Bhnliche Bemerkung wie iiber @@ .

Hilfoosets 12, Eseel)={c }eR, 6={a]ER,
7 > &+ Dann gilt (3 r)(Vn 2 r)(e, 4 a, *+ 8 g

Beweis, Da ’>d, existiert ein p, fiir welches ep>dpe
Zufolge (2) existiert fiir & ein solches r > p, dass d,-d,_ 18 % 8-2

und euf Grund des Hilfseatses 3 c, _, > d, ;. Deshald

epZ o832 (a+1)gZa,+ 2.

Daraus und aus dem Hilfssatz 2 folgen fir jedes m die Ungleichheiten

Crop 3 0,8 2 (a  +2) & = (g + & +g"%a,, +&", aleo ist

6,24, + " firalle n=r+nir.
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Die Identit&t;en fur addieren und multiplizieren bewoison:wir
mit Hilfe der durch die folgende Definition eingefiihrten Relation.

Definition 7. (Definition der Relation(r).)
Es sei {an}, {bn} € 2¥ ; p,q 8ind natirliche und {r) ganze nicht-

negative Zahlen. Dann werden wir schreiben 8ok (T bpk , wenn
rk+s
(3 a)(Vl:)(Iapk - by l<e )

gilt.

In Formeln der Type ‘pk geht es nicht um doppelte Indexe, son-
dern um ein Produkt im Index. Dsmit es zu keinem Missverstéindniss
kommt, werden wir im Zusammenhang mit dem vorangehenden fir Xk
nichts anderes einsetsen. Die Semantik des Symbols {r) ist neben-
séchlich; zur Sicherheit kdnnen wir ihm aber folgende Bedeutung be-
stimmen: {r) ist das Symbol einer Relation auf der Menge ZN (bei
gegebenen p, r).

Beatinnfani der Bezeichnungen. Venn
{‘n}’ {bn} €2V, wird das

Produkt &b (k = 0,1, ...) ein Glied d,, irgendeiner Folge {dn}
bedeuten (p aus der Definition 7 ist hier 2) und #hmlich °2kb2k =

= du (p = 4).Die Summe &, + b, wird das k-te Glied einer gewdhn-

lichen Summe von Folgen sein (jetst ist p = 1). Fur ak@ b, (Defi-
nition 3) ist p =1 und fir ay - b (Definition 6) ist wieder p =
= 2, Wir werden verkirste Formeln verwenden, sB

! k
8y <12 by = ey + 3y (0) o8
anstatt a5, (1) boys Doy = Cpp *+ dopr Cox * Aoy {0 'k}'

Hilfossets 13. Fir jedes o= {a ], A= {bn}, Ta{cn],
oG = {;n}’ /3 = {‘-’n} y o0 ,/3, 7€ R,, natirliches p und fiir ganse
nichtnegative r, r), r, gilt

(9) ap (T> by = by (TH ey, - e, (r)=by ;

(10) ¢ {0) 0, wenn ¢ = const. (d.h. L <0) bpk' wenn
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(3 c)(Vk)(apk = ¢, bpk = 0));
(1) ap <P>0, -8, <p>0;
(12) a8k <°>3px ;
(13)  ay, (1) 8
(14) apk<r1) bpk<r2') Cogr T = max(rl,rz) > a8 {r) ok
(und Bhnlich bei léngeren "Ketten");
(15) 8, ©Oby, 02 &g, + by 5
(16) 8ok {r) bpk =) 8ok * ooy ({r) bpk * Cox 3
(17) a5 <T> bpk = 8ok Spk {r + p?> bpk ok b
(18) ok * bpk<p>°pk bpk 5
(19) o, BER, ay <r>b,, T<pP X =/
B e i s. (9) Die Behauptung ist selbstverstdndlich.

(10) (Ve)(Fe)lle -0l < g%%*8) 3 c<odo

(11) Es existiert ein solches s, dass |a |< g%, und geméss Hilfs-
satz 2 gilt fir jedes k die Beziehung O < a - aogpk < gPk,
Deshalb
+ kK k
(3 s)(Vk)(l-apk -0l ¢ l‘pk - aogp | + Iao|gpk < g+
+

s+pk < ng-rpk < 8pk+aa+1 )

g
(12) Es gilt (Vk)(lapk - Epk | $1< 30“1 )

k 1k+0
(13) 0§a2k-akgk<g £ 4 |32k-akgk|<g

(14) Es sei apk<r1) bpk {ry> Cogr T = mx(rl,rar). Dann existie-

ren solche s, 8,, dass fur s = max(al,sz) und jedes k
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rlkul rzk*az 5
[®pxPpk | € |2pk~Ppi | * | Ppk®pk|< & v 8 =

A

2 8x~k+e < srk+a+l

gilt. Also apk {r) °pk'

(15) Es sei oc+f= 7, wo 2 im Hilfssatsz 6 definiert ist. Dann
ist aka-) bpk = Epk 0> Cox* Nach der Bemerkung, welche auf den

Hilfssatz 6 folgt, gilt weiter
lcpk - (‘pk + bpk) ' $1< gOk’l
also °pk<°> ot Doy Nach (14) ist also .pk®bpk <0> LI bpk
(16) Die Behauptung folgt aus der Tatsache
I(epk + °pk) - (bpk + °pk)| = |apg = bpg|-
(17) Wenn ok (r) bpk’ dann
(3)(VE)(|ay, - by |< &™)
Weiter stellen wir wie im Beweis der Beziehung (11) fest, dass
(F o (VI eyi<a T

Fir jedes k ist also

(p+r)k+s+s; +1
l2okCpk = PpkCpkl=1%pk = Ppicl ISpk < 8

(18) Gem#iss Def. 3 unterscheiden wir die Félle 1 - 3. Im Falle 1,
d.h fir o¢, B 2 0, gilt in der Bezeichnung der Hilfssétze 7 und 9
(nur schreiben wir p, enstatt p) auf Grund von (8) die Behauptung

PPk pk+p; + 2
1 +1< 1

(Vk)(lczpk - ‘pkbpkl < ipk = 2g g

d.h. °2pk <P 'pk bpk‘ Daraus und a,ui der Beziehung ’pk'bpk =
= Ezpk <0) C2pk (siehe die Definition 6 und die Eigenschaft (12))
folgt gemlss (14) die bewiesene Behauptung.
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Im Falle 2 (oC, ﬁ < Q) schreiben wir auf Grund von Definitionen
6, 5, 4

wwp=lallBl= coir(-p) = {7, - 1}{ 7, - 1}

Da -o(,-p2 0 (siehe Hilfssatz 11),gelten gemiss Hilfssatz 1 und ge-
méiss den Eigenschaften (12) und (17), (10) und (16), (11) und (16) die
Beziehungen

apk'bpk = (-apk-'l).(-bpk-l) (P) (-apk-l)(-bpk-l) (p>

(P> (-apk-l)(-bpk-l) (P (-apk-l) (-bpk-l) apkbpk
- ’pk'bpk +1 <0 °pkbpk - ey 'bpk (P> apkbpk-apk(p)apkbpk
& . .
Geméss (14) erhalten wizj.' ay bpk (py apkbpk
Im Falle 3 erwiigen wir nur die Mdglichkeit o2 0, /4 < Q.
Wenn wir 06(-/3) = {dn} bezeichnen, gilt -ﬂ= {-bn—l} und weiter

4ok = 'pk‘w (P> apk'('-b:":n' (P> epk(-bpk-l) =
= “%pPpk ~ %pk (PY = SpiPpy
Daher ist d2pk (P> -apkbpk; auf Grund der Gleichheiten
of= -l ocllff|= - (c(-f)) = -{a,} ={=4q, -1}
folgt daraus
8k +bpy = ok -~ 1€0) =dppy = 140> =d5, <Py = (-ap by ) =8 by,
Es gilt wieder ‘pk‘bpk {(P) apkbplr

(19) Es sei o¢, BE R, 8 <T bpk’ r < p. Setzen wir indirekt

voraus, dass o¢ #/3, d.h. & >ﬁ oder o&(ﬁ. Geméis Hilfssatz 12 folgt
daraus, dass

n-
(3r))(Vn2r)la -b )28 b,

dies ist aber im Widerspruch mit der Tatsache, dass fiur irgendein s

und fir alle k "pk - bpk' < grk" gilt. Es gentigt némlich ein
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solches k zu wihlen, dass pk 2 r, (p~-1r) k 2 r; + s gilt, und
n = pk zu setzen. Dann

hery _ BTy 2 Tk

l8pk=Ppx =187, € & g >l 8pe = Ppl -

Satgz 2. Die Menge R mit der Anordnung, Summe und Produkt
aus den Definitionen 2, 3, 6 ist ein geordnetes Gebiet der Integri-
t&t.

Bewedis. Die Komutativitéit der Summe und des Produktes er-
geben sich aus der Definition. Fiir beliebige o(«,/.’o. 7" € R schreiben

wir weiter of= {an}, ﬂ = {bn}’ 7= {cn}.

Die Assiziativitéit der Summe: Bezeichnen wir (oc+3)+7"= d =
= {dn}’ X+ (B+y) =€ = {en}. Auf Grund des Hilfssatzes 13 gilt

d = (8, @b ) e, <0 (a, A by) + ¢, <O> (8 + ) + ¢y =
= a, + (c +b.) (0> ay + (b + c, ) <0D 8, ® (b, Pey) = e

Deshalb ist d,, <0 e, , und also & =& gemliss (19) (weil d,
EER, r=0<1=p).

Die Assiziativitit des Produktes: Es sei (¢ 8) 7 =d = {dn},
<(BY)=E= {en}. Dann ist

4 = (apeby) o ooy €2) (apuby) cpy <3) (ay By) ey <3 (ayby de, & =
= o @ (bye) €3 ay (byey) €3 ay (byecy) €2 oy (byeey) = oy
Deﬂh‘lb d‘k <3> "k’ al‘o J = 8.

Distributivitdt: Es sei (C+/8)7 = d= {dn}, <T+BY=E = .
= {‘n}‘ Dann

doy = (a, ® b )ecy (1) (ak@ b.) ¢, (1) (g + ble, = ac, +
+ beey <1 ap.cy + beey (1) apecy + byec, <O a.c, @b o =

=@
. 2k
Deher 4, 1 ey mithin d = €,
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Das Nullelement ist Q. Gemdss Definition 3 und Hilfssatz 6 (die
Bezeichnung belassen wir) geniigt es sich vorzustellen, dass wenn

b, =0 (n=0,1, «..), dann gilt sogar fir jedes m a  + b =

= a 2 a g™ (siehe Hilfssatz 2), aber firr kein m und fir kein
n+m n

iZan+1 gilt ‘nﬂn; ig®. Daher c, = 8, (n=0,1,000), =0C,

o+ Q= 2-"= oC = oC, Bevor wir die Existenz des additiven Inversen be-
weisen, missen wir uns dessen bewust werden, das fir jedes o<, /3 € Ry
<+ =oc+ B gilt. Tatslchlich

ak+5“<0)ak+hk<0>3k+bk<0)3k+5k

Das Element =oC = /j aus der Definition 4, wo gemliss Hilfssatz 10
o+ /8 =0 ist, ist ein additives Inverse zum Element oC €R, weil
oG +/§ = oa+/§ 20¢+/B =0 = 0. Da wir schon bewiesen, dass R mit
Ricksicht auf die Operation + eine Abelgruppe bildet, ist das additi-
ve Inverse eideutig bestimmt und daraus folgt, dass =(-o¢) =oC (was
wir spdter anwenden verd‘en).

Das Einselement ist ) = {gn} (2 0). Wenn o¢ 2 O, dann oC1l =7,
wo 7 im Hilfesats 9 fiir /= {bn} = {gn} = ] definiert ist.
(Die Bezeichnungen aus dem Hilfssatz 9 werden wir belassen.)
Zum gewdhlten k und zu der Zahl i = a, existiert m (= k), fur
welches

2m
SenPien = %2k%2n = 028 (¥ 8

Dagegen aber gelten fir jedes i z ay *1 ’gon!n Hilfesatz 2 fur
Jedes m die Besziehungen

82‘)

K+ m ¢ ;.2m
8 emPiem = Pkem€ S Sppeop < (8 + 1087 5 ig

Deshaldb ¢, = 85 (k = 0,1,...) und gemdss Hilfssatz 8 (Eindeutig-
keit) auch {cn} = {°n}' Deshalb o¢] = . Im Falle oCc < Q gilt zu-
folge dem Bewiesenen

ocl=-loclid|==-locl L= -loc|= ~(-a) = o<,

Es geht also um ein Gebiet der Integritét, und deshald werden wir auch
weiter die Operation der Subtraktion (welche durch die Gleichheit
oC -8 =0G+ (-/3) detiniert ist), die Eindeutigkeit des additiven
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Inversen (die Beziehung -3 =0 &« =), die Eigenschaft oc Q =
= 0oC =0 und anderes benutzen.

Beweisen wir, dass o¢,4>Q = o+, ¢ 3 > 0. Wenn o, 350,
fir irgendein m,n gilt dann & >0, b >0 und sufolge Hilfssatz 3
auch a,b, > 0 fir k = max(m,n). Daraus - auf Grund von (6) und
(8) (wo gemiiss Definition 3 E,‘,k = a, .b, gilt) - folgt

O<ea +b S8 ® b

< <3 =
0 < ayby & cyp = Cop = 8yeby

und also 06+ﬂ = {an ® bn} > 9,06,3= {‘n'bn} > 0.

Zum Schluss zeigen wir, dass oc>/3 == B > 0. Bezeichner: wir
< = {an}, A= {bn},o( -A= {cn} (oc,ﬁGR). Es sei o¢ >/3. Dann

existiert ein solches n, dess a > b, d.h. a) - b -1 2 0. Wei-
ter gilt

{cn} = oc'-ﬂ =0+ (-f3) = {an} + {-bn—-i}

daraus geht fiir das erwidhnte n laut (6) hervor

n

= = 1-v)2 =] -
c, =8, ®(-1 b,) 2 a, + ( b)) Za, +(-1-b)%Z0,
woraus wir gemiss den Hilfssitzen 3 und 11 o 20,00~ ﬂ: QO er-

halten. Die Gleichheit kommt nicht in Betracht, weil fiir oc-/8 = 0
oC:ﬂ gilt, dies aber ein Widerspruch ist. Deshalb o - /3 >0. Es
gelte jetzt nicht o6 >/3. Im Falle oc=/3 istoc-/3 = 0, also ist
nicht o€ -ﬂ > 0. Im Felle /3)06 gilt zufolge des oben bewiesenen

ﬂ -0¢ >0. Wenn auch o¢c-/3>2 whre, misste Q = (0c-4)+(B-¢) >0
selten, was nicht moglich ist. Deshalb gilt wieder nicht <-4 >0.
damit ist der Satz bewiesen. '

Aus dem Satz 2 und dessen Beweis geht hervor, dass in R die
Regeln

(20)  -o0fd= (-X)fB= oG (-13);

(21) w<B & )Y <ABY fir 7>0;
(2) el @xYSEpYy fir ¥F>0;
(23) 1 >0;
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(24) o0 =060 = Q.
benutzt werden koénnen.

Hilfeoeatz 14. Es sei o¢,8,dJ€R; ¢,820, K=
= {an}, ,@ = {bn}, 4= {dn}, wobei ein solches kg existiert, dass
fir alle k 2 ky eb 2 d,, 8ilt. Denn ¢ 832 4. Wenn fiir alle
k2 ky ob, £d, ist, denn gilt « A< 6.

Bewedis. Schreiben wiroc/f=7, wo 7 = {cn}, 7= {En} ist.
Wenn b, 2 d, (k2 ky), denn gilt nach der Definition des Sym-
bols oC und nach (8) &, Z ¢, 2 &b, 2 d,, fir k 2 k, sowie such
52k+1 Z2dy,, fir k 2 ky, begw. En 2 4 fir n<2k,, was man sich
zufolge Hilfssatz 3 indirekt beglaubigen kann. Im Ganzen also
(Vn) (@, 2 ay), ane /= {5 }2{a} =& gontiss (3).

Es sei jetzt a,b, £ de (k Z kj). Setzen wir indirekt voraus,
dass aoA- 5"> Jist. Dann existiert sufolge Hilfssatz 12 ein solches

r, dass fir n>r

= n-r
cn+1§cn§dn+g gdn+2, e, >4,

gilt und also 3" = {cn} > {dn} = §. Erwiigen wir jetzt die Konstante
P und die Zahlen i, (k = 0,1, ...) aus dem Hilfssatz 7. Auf Grund
des Hilfssatzes 12, der Voraussetzung dop 2z 8, by, der Beziehung

32""‘ > ng*k +1 fir k 2 r+p+2, des Hilfssatzes 7 und der Bezie-
hung (8) gelten fiir irgendein r und ein geniigend grosses k die

Besiehungen c,, 2 4, + g2k T2 a b, + &k T > a b, + 2gP*%41 =

= ab + 1k > Cyy s Wass ein Widerspruch ist.

Hilfooats 15 Esseid= {an}en, d>0, d.h. a,>0
fir irgendein p. Bei festgewdhltem s 2p existiert dann ein sol-
ches 3 = {b }€R, dase b, = a - g fir alle kZ s ist.

Bewegi s, Den kleinsten der Indexe r, fir welchen
(20) ri{ikcs dk+1 -dkg = 0

gilt, bezeichnen wir r, und setzen
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b, =d, -1 fur rqg £k <s,

Dann gilt
by = D8 = dpyy - 98 fir k < rg - 1,
byyy = D8 = dpq =1 -.d.e fir k =rg -1,

Bes1 = D8

(@pyq =1)-(a, -1)g=g=-1 fir rikcs
(siehe (20)),
Deel = B8 = (dk+1’8k+1-°)‘(dk-8k-s)g =4d,,1-9,8 fir k Z s.

Die Bedingung (1) ist fir {b,} in allen Féllen ausser der Mdglich-
keit k = ry-1 evident erfiillt. Ersichtlich ist jedoch auch dann

by - b8 § & - 1, und suf der anderen Seite by, - bg 2 -1.

Eine Gleichheit kann hier nicht entstehen, weil dann dk;l - da.8=

=4, - dro_1 = 0 gelten misste, was mit der Definition des Inde-

0
xes T, im Wiederspruch ist. Aus dem Falle k Z s ist ersichtlich,
dass {bn} such die Bedingung (2) erfiillt. Es gilt also / €R.

Hi . (Hilfssatz tber das inverse Element.)
Zu jedem oG €R, ¢ # O, existiert JER, fiir welches o< d = 1.

Beweis. Es genigt vorauszusetzen, dass oC >Q. Wenn die
Behauptung fir positive Entwicklungen gilt, dann ist gemliss Hilfs-
satz 11 -o¢ 2 0 fir oc<Q und gemiss Satz 2 - & # J; deshald
(3 51 € R)( (-00) Jl = 1), mithin gemliss (20) 06(-6'1) = 1.

Beweisen wir, dass ¢ = inf M existiert, wo M ={/36Rlac,35;1,
und dassocd= 1 ist. Die Menge M ist von unten beschrénkt, da
y:i 2 Q fir jedes BER ist. Tatsdchlich, aus den Voraussetzungen
o >2, BEMN, B<Q ergeben sich gemtss (21), (24), (23) die Be-
ziehungen 9_)00/5 2 1>0, was ein Widerspruch ist. Zeigen wir,
dass M ¥ @ ist. Da o¢ >Q, existiert ein k, fiir welches a, >0,
8, 2 1. Erwiigen wir die Entwicklung = D = {bgn} = {bn}, wo
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b= gk + 1 ist. Dann gelten bei Bezeichnungen aus dem Hilfssatz 9
und nach der auf ihn folgenden Bemerkung fir J = {cn}, wf= T =
= {En } die Ungleichheiten

EZk Zcy, 2 eb 2b = bgk = (gk + l)gk > 32k,

d.h. dass zufolge Definition 2 ao,6>{gn} =1 ist. Dann ist M
nichtleer und d = inf M existiert zufolge von Satz 1, wobei JER,
620, (Q ist eine untere Schranke der lienge M).

Setzen wir indirekt voraus, dass o«d # ) ist, setzen wir
d = {dn} und bezeichnen wir oo d =7 = {En}, 7= {cn}. Unterschei-
den wir die FHlle

a) <d >1;
b) o«d <.

Im Falle a) ist ersichtlich d > Q (weil & Z Q, wobei fiir d = Q
o< d = Q < 1 gilt, was ein Widerspruch ist). Konstruieren wir BER,
£ir welches <&, 0cfA Z L ist. Nach dem Hilfssatz 12 folgt aus
der Voraussetzung oc6 = 7 > 1, d.h. {En} > {gn} , dass ein r
existiert, fir welches

(Vi 2 1) (3, Z &% + &™)

Daraus in den Bezeichnungen der Hilfssétze 7 und 9, wo wir anstatt
b d schreiben, erhalten wir auf Grund von (8) fir alle k = r die
Abschiitzungen '

- < $ =
=°2k=°2k+1"kdk+1k+l

= ad, +2 (&% + 1) ¢ ady + 4 g”'k

Es gilt also a,d, Z ng + szk-r - 4grk und es ist leicht festzu-

atellen’), dass solche k,, rg existieren, dass fur slle k 2 ko

g2k"T - 4gP*K 2 g%K°TO 44t, a.n.

2k-r _ 48pﬂ: z 82](--1- prk+2 _

')Fﬁrk:koi‘ﬂpﬁ gilt g -g

2k-r,
. gPHRH2(gk=Tmp=2_)) 3 gPHk*2gkor-p=3 o 710, ro=r+l ist.
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(25)  (Vk 2 ky)(ad, Z g2 + g2K770).

s-r
Wahlen wir jetzt ein beliebiges s ( Z ry), fir welches ag<g ist.

Dann

. s-ryt+k
(26) (Vk)(a <& ° ).

. . s=rotk
(Induktionsschritt: 8, <8 =~ =Da,,,Seag+rg-1 <

s-ro+k
g -l)gtg-1<g

men wir /3= {bn} geméss Hilfssatz 15 (die Voraussetzungen d €ER,
§ >0 sind erfiillt), wobei wir die Zahl s so wihlen dass nicht
nur 30- < gs-ro, sondern auch s Z p gelte, wo dp >0 ist, (er-
sichtlich existieren solche p,s). Dann ist A< d und fir alle k Z s

< B-I‘O+k+l
= .) 2Zu der Entwicklung 4 = {dn} bestim-

gilt b, =4, - gk-s; geméiss (25), (26) erhalten wir daraus fir al-
le k 2 k; = max (kg,s)

- 2k . 2k~ 8-ro*k . 2
akbk=°kdk'°k3ksgg +gk1‘0-g gks=gk_

Zufolge Hilfssatz 14 bedeutet das o¢c/42 1 und also BEM, was mit
der Beziehung A< d = inf M im Widerspruch ist.

Im Falle b) konstruieren wir & €R, fir welches oc£$ 1, £>§

ist. Gem#iss Hilfssatz 12 folgt aus der Voraussetzung o b= 3.’< 1
die Existenz eines solchen r, dass fir jedes k Z r (siehe (8) )

82k z EZk + g2k-r 2 ey * g2k-r

2k > 2k=r
(27) g = a4, + &

k°+1-r
Wihlen wir jetzt ein solches ko 2r -1, dass ag <g , d.h.
(dhnlich wie im Falle a) )
ko+1-r+k

(28) (Vk) (ay <& ),

und setzen wir € = {en}, wo e, =d, (k S kg), bezw. e = 4y +

+ @& %01 (k2 Ky + 1). Nach Hilfesatz 4 ist &€R. Fir alle
k Z ky = max (r, kg + 1) gilt weiter auf Grund von (27), (28)
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k-ko-l

= < 2k-r ¢ _2k
ay ey akdk + ae = akdk + g g

vas gemiss Hilfsseatz 14 o £$ L. Fir jedes ABEM gilt aber 1 S,
also o¢c €5 003, woraus £< B . Deshalb ist £ eine untere Schranke
jer Menge M, was mit der ersichtlichen Beziehung E>d = inf M im
Widerspruch ist. Damit ist der Hilfssatz bewiesen.

Das inverse Element zum Element oC# O (oC € R) werden wir mit
¢! bezeichnen.

Unter einem geordnetem Korper reeller Zahlen werden wir jeden
Archimedisch geordneten Korper verstehen (siehe [1], Seite 46, De-
finition 5.35).

Seatz J. Lie Menge R mit Anordnung, Summe und Produkt aus
den Tefinitionen 2, 3, 6 ist ein geordneter Kdrper reeller Zahlen.

B ew « Wenn wir die Behauptungen der Sitze 1, 2 und des
Hilfssatzes 16 erwhgen, genligt es zu beweisen, dass die Anordnung Ar-
chimedisch ist. Stellen wir uns vor,dass aus Definition 2 und aus
der Bemerkung nach Hilfsse#z 6 fiir a + b = ¢ (a,b,c€2) die Bezie-
hung g + b = ¢ folgt (d.h. {agn} + {bgn} = {(a+b)gn}). Daraus
konnen wir durch Induktion leicht ableiten, dass fur jede natiirliche
Zahl c¢ die Gleichheit ¢ =1 + ... + 1 (c Glieder) gilt. Nehmen
wir jezt beliebige o¢,/3 € R, wo /3> Q. Wenn ocﬁ'l = {cn} (€ R)
ist, dann konstruieren wir zu der natiirlichen Zahl ¢ = max (1,c0+1)
die Entwicklung {cgn} = ¢. Dann gilt «Cf -l {cn}<{¢:8u} =g=
=1+ ... +1 und nach (21) gilt auch - o¢ < (1 + ... + 1) 3 =

=8+ . +/3 (in allen Summen je ¢t Glieder). Camit ist der Satz
bewiesen.

Bemerkunge. Unter einen geordneten Korper von rationa-
len Zahlen werden wir einen minimalen geordneten Kdorper verstehen,
in welchen man ein geordnetes Integritéitsgebiet von ganzen Zahlen Z
einsenken kann. Es ist leicht zu beweisen, dass die Menge RQ =

= {ac €ERI| (3B, 7€ Ry)(eC = ﬂ)"'l)} ‘mit Anordnung, Summe und Pro-
dukt aus den Definitionen 2, 3, 6 ein geordneter Korper von ratio-
.nalen Zahlen ist.
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(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXVI - 1972)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXVI - 1972

ON THE INTEGRATION OF FUNCTIONS WITH VALUES
IN COMPLETE VECTOR LATTICES

RASTISLAV POTOCKY, Bratislava

The purpose of this paper is to show that the concept of inte-
gral on a measure space can be constructed for the functions with
values in a complete vector lattice, too. We shall also prove some
convergence theorems for such functions. (For definition of complete
vector lattice and for the other ones used in this paper, see [1],

[Z]i [3])'

Our way is similar to that used in the case of real functions.
At first we shall define the integral on a simple family of func-
tions 7, for which the following conditions are satisfied:

o<ty + e, e T
it £,,f¢ 9 then fyvi, el
fiAafeT,

.

The integral will be defined to be a non-negative linear opera-
tor continuous under monotone limits, i.e. such that:

a) £ >0 implies [ £ du30

) [(xt +f8g) du =<2 du+ Afg dn

c) rnbo implies /fn du V0.

Then the method of extension will be used.

Remar k. Throughout this paper we shall assume that the
family of functions discussed is partially ordered in the usual
manner.

Definition 1. Let (N, S,u) be a measure space,
X any complete vector lattice. A function f£:fl —e X is integrable
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n
simple function if f = Z Xy IE » where IE. are indicators of
i=1 i i :
mutually disjoint sets E, E; €S, #(Ey) ¢ w, x; € X, i=l,...,n.

The integral of f is defined by

n
. /rd(uz-z x4 (Ei)~
i=1 ’

It is clear that this definition is justified.

Lemma l. If X is a complete vector lattice of real
functions defined on a set T, then integral as just defined, fulfils
the conditions a), b) and ¢). .

Proof. a) and b) are trivial. The only problems is how to
show that fn &0 implies /rn d,u‘o.

Let £ be an arbitrary poaitivé number. For every t and for
every natural n we shall consider the set

of = {w|st (W)€}

where f:(w) is the value of fn>(w)._at t, i.e. a real number,

and fn(d}') is the value of f at w, i.e. a real function on T.
Since the order convergence in the above space is equivalent to the
pdint convergence, we have f:(w)‘& O for every t. Hence Zo'-?l G‘t1 = ¢
for every t. Since G: Dc;ﬂ for every t and n = 1,2,..., and
since 0fc{w|f} (w) > 0} implies w(a%)<m, we have u (a%)]o

for every t. If we write M% = sup f{(w'), E= (J ‘Ei,
w
X . . i=

f.l = z x; IE » then we have
= i
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t t t
o&/fd =fe t.btan + [z 1. taucg
nt"‘ /n_Gn(“' /nE-GnF‘

5 t ) t.
JEN IG; au + fE1; au & utu(a)) + EwE), -

. ¢ ‘

for every t. But this implies 1lim /fn du = 0 for every t and
) n

hence /fn du ‘O, completing the proof.

Lemma 2. Let f be a topological space, S class of all
Borel sets of f2 , M-8 regular Borel measure on S and let X be any
regular complete vector lattice. (For definitions see [4] .)

Then the integral defined on the family of all integrable simple
functions in the above manner has the properties sub a), b) and ¢).

Proof. Properties a) and b) are obvious. It remains to
show c). Let { be an arbitrary positive number. Let E be a set in
S such that fl = 0 onES. Since, in the regular complete vector
lattice, order - convergence and relative uniform convergence are
equivalent, for every w € E there exist a natural number n, and
an element g, € X such that f’n(w) < € g¢- This inequality holds
on a set E ,€S. The regularit_y of 4 implies that, for every Ew,

there exists a set K“,E.U(U means the class of all open Borel sets),
Ey €Ky such that & (K, - E) € €. Furthermore from the properties -
of the regular measure follows the existence of a compact subset C
of E such that u (E=C) ¢ €. Since the class Kor a1 K, (w 6E) is
an open covering of C, there exists a finite subclass {Kw. K of

1
K such that ) i=)
- k .
c K
U Fw, »
i=1

thus there exist a naturai number N and an element g € X such that,
k

for every n 2N and for every w in iul Ewi,
. .1=

._fn(w)< Eg

If we denote sup fl(w) by M, we obtain, for every n 2 N,
w .
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[t qw (e w+ pio) &)

But it means that the sequence j f, du converges relatively uniform-
ly to O and the desired result follows from the equivalence of
order and relative uniform convergences.

The next procedure is very well known. Let U ve the family of
limits of non-decreasing sequences of non-negative functions in J
such that sequences of their integrals are bounded. The integral of

rell is dofined by / £ du = 1im[f_au , where T3¢ % 2.
a=dom ) fn Ol n

The definition is justified, for if the nondecreasing sequences
£, and g, in 7 are such that lgn £ < 1'11m g, then llilm £, au €

Slgm/gp ag.

Remar k. Since values of the above function f need not
belong to X, we add to X symbols @ and - o . Relations among them
and elements of X are analogical to those which hold for the extended
real line. If a set ECX. is not bounded above (below), we set sup E =
= 0 (inf E = - ® ). From now on the set XU {o} v {- o} is
denoted by X.

A function f£: 0 — X is called to be integrable, if there
exist functions f, end f, in U such that f (w) = £ (w) -1, (w)

for all w for which the expression fl(w) - fz(w) is defined. (From

now on all the relations among functions are understood in this
sense.) The integral is defined by setting / fams= j £, du -

—jf2 du . The family of all integrable functions is denoted by r.

This definition is justified.
It is easy to show that the int‘egrll has the following proper-

ties:

l. £,g eV ,x=xt+ ﬁg (in the above sense) implies k ¢ 7,
Jrau=xftap+pB[gan |

2. £,,1,€V, £, ¢ 1, implies [f, an € [£, du

3. If a function £ is integrable, then so also are its absolute
value and its _poaitive and negative parts.



To prove 3.), we observe that if fl and f2 are in % , so also
sre f; Vf, end f, A Ty This fact is an immediate consequence
of the following relations:

1 2 1,,.,2
rlfe, 2202, imply £ vedle v,
1 2

rn/\fnffl/\fz,

12 1...2 1, .2 1 2
fnvfné(fn\/fn)+(fn/\fn) = £+ L.

- From the relations |f| (£, v £,) - (£, A L5)

+

£ =1,-(f; AL,)
it follows that the above functions belong to Y.

II.

In this section we shall investigate sequences of integrable
functions. We assume in what follows that X is a regular complete
vector lattice.

Theorem 1. If f, is a non-decreasing sequence of
integrable functions for which 1lim / f, di < ©, then the function
lim : 49 is integrable and

frim £, du = lim [£, au.

Proof. a)lIf £, are functions in [/ , there exist non-
decreasing sequences g: of non-negative integrable simple functions
such that g:T fn(m —> o) for every n. "We write hy = kasug g: H
hy are non-negative inﬁegrable ainplé fixr;ctions. Since the sequence

hy is non-decreasing, lim /hm du < ® and since for every natural
n and m there exists a natural number k such that ¢: £ hy, we

have lim f_ = lim 1lim g: £1lim h_ £ lim £ . But it means that
n n n R n 2 n o ‘

lim f_ belongs to % and
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/lz;.n £ = lafh du ¢ Un [£ ap ¢ frn e ap,
and hence /lim T, du =.lim/ f,du .

b) In the general case we consider functions kn defined as
follows:

Klw) = £,
falw) = £ W), £ (wex, £ (w) € X
kn(w) = 00 , fn_l(w) =»fn(w) .= ©
0 v fo(@ = £ (w) = - oo

n=2, 3, ¢

k. (n =2, 3, «..) are non-negative integrable functions. Moreover

% ;
f1(w) + an(w) = lim £ (w) for every w for which the left
" n=2 &
side is defined. Since 1im/ f, du <® it follows that the series
n

o]
Z/ k., du converges.

n=2

We write k. =8, = h, &, h, are funcf.ions inv, n = 2,3,...

Since X is a regular vector lattice, for every n there exists a

k.
. n =
natural number kn°4 such that / (hy=h "0) du = /hn au -

K o k
- /hnno du £1/2 r, r € X, , where h, (k = o) is a sequence of

functions in J , which converges to thekrunction hy. It is obvious

, n,2
that, for every n, the function h, - h  ° belongs to L. To prove

n
that the same is true for the function &n~hn ° , we observe that
kno
gn(w)znn(w) for every w , and hence g, - h, ~20. Sinte

kng

(g,kI - h, ) VO are ubn-nagative integrable simple functions,
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k k k
Kk n Kk n n
since lim/(gn - B °)vo du < ® end since (g, -h, °)‘VOT(gn-h oy
k7.
k
n
it follows that g - h, ° also belongs to u.

® ® [+ )
Since we have Z/gn au = Z/kn du + thn au
. n=2 n=2 n=2
k k
. - B, By
consideration of functions &, = h, and h, - h, instead of
&, and h respectively, shows that the series

00
Z/gn du converges.
n =2

®
Since the sequence sh of partial sums of the series Z &, is

n=2

non-decreasing, and since lim / L du ¢ ®, it follows from the
Q0 .

' first part of this proof that Z 8, belongs to U . For the series
o] n=2 (3]
Z h, an analogical consideration is true. It follows that an =
n=2 n=2

@ @®
= Z &, - Z_ hn (the equality holds in the above sense) is
n=2 n=2
integrable, and hence that 1lim n is integrable. Moreover we have

- @ o) 00
/Z k, dau =/Z g, du -/Z h, du =
n=2 n=2

n=2

n n
- e iz;zlgidp.-lin ) [bau =

i=2 :
00 [+

- Zz(fgndy.-/nna,u) -Zz‘/kndtu.
n= . - n=

and hence
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Jue tpeu = [ry 0 +f kg -
. n=2
=/f1d¢u. +§u:;/kndp. =1li;m/fnd;b

n=

Theorem 2. If fn is a sequence of integrable functions

which converges to a function £, and if g is an integrable function
such that lfnl £ g for every n, then £ is integrable and -

JEXTE lri;n/fn du

Proof. Since the proof of theorem is similar to that used
in the case of real functions, it will be omitted.

Theorem 3. Let g snd h be integrable functions

and let tn be a sequence of integrable functions such that
fn>/ & resp. fn £ h. Then, if lim inf ffn dau <0 the functions

lim inf rn. is integrable and
fliminf £ dx < liminf [ £ au

resp. if lim sup / fn du >-00 the function lim sup fn is
integrable and f lim sup £, du > lim sup f f,au .

'2 r o 0of. The statement of this theorem is very well known
in the case of real functions. Its proof applies to our more
general case also. :
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(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXVI - 1972)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXVI - 1872

UBER EINIGE .EIGENSCHAFTEN DER LOSUNGEN DER GLEICHUNG

JAN OHRISKA, KOSICE

In dieser Afbeit werden wir uns mit der linearen Differentisl-
gleichung zweiter Ordnung mit verspéiteten Argument befassen, welche
die Form

(1) u”(t) + altlult) + vltlulp(t)) =0

hat, wo die Funktionen a(t}, b(t), ¢ (t) (£ t) im Intervall ¢t ,T>
definiert und stetig sind. Die homogene Anfangsaufgabe fiir die Diffe-
rentialgleichung (1) ist folgend formuliert: Wir suchen im Intervall
{(t,,T> die Losung u(t) der Differentialgleichung (1), welche die
Anfangsbedingungen

.

u(to) = ug, u (t° +0) = uy

(2) .
ulp (t)) = u  p(p(t)), wemn P(t) < ¢,

erfillt, wo Y (t) eine auf der Anfangsmenge Eto = {z:z =p(t)<t,,

t 2 to} U {to} definierte und stetige Anfangsfunktion ist, wobei
(f(to) = 1 Uy u; beliebige reale Zahlen sind. Ferner werden wir
unter Losung der Differentialgleichung (1) immer die LGsung der be-
treffenden festen Anfangsfunktion ¢ (t) verstehen.

Wir fuhren 'zuerat einige Hilfssttze an, welche wir im weiteren
gebrauchen werden. : '

Hilfepatgz 1. Es seien u(t), fl(t), fz(t) >0 im
Intervall <t°,T>; definierte und stetige Funktionen. Wenn fir je-
des t €t ,T> die Ungleichheit
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-t
u(t) $ £,(¢) + / £5(ty)ult,)dt,
t
o
gilt, dann gilt fir jedes te€ < t ,T> auch die Ungleichheit
t t

u(t) € £,(¢) + /fl(tl)fz(tl)exp[/ fz(tz)dt2] dat, .
Y Y1
Folgerupg. Wenn f;(t) eine Konstante ist bezeichnen
wir sie mit ¢, denn folgt aus der Ungleichheit
t
u(t) ¢ c + / £5(ty)ult,)dt,
t

]

die Ungleichheit

t
u(t) € ¢ exp [/ £,(t,)at;

t

Bemerkung. Der Hilfssatz 1 ist zusammen mit der Fol-
gerung in (2] angefiihrt und bewiesen.

Die folgenden vier Hilfsslitze stellen die Verallgemeinerung
des Hilfssatzes 1 vor.

Hilfesatg 2. Es seien u(t), fl(t) fz(t) z 0,
f3(t) Z 0 am Intervall <t ,T> definierte und stetige Funktionen.

Wenn fir jedes t € <t ,T> die Ungleichheit

t
ult) $ £,(8) + £,(8) / £,(t) Dult,)aty
to

gilt, dann gilt fir jedes t € {t ,T> auch die Ungleichheit

t t
u(®) € 2,00+ £,(0) [ r1<t1)f3(£1)exp[/r2(zz)f3(tz)atzJatl
to ty
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Bewedis. Setzen wir
t
R(t) = /'f3(t1)u(t1)dt1

o

Dann haben wir

R (t) = f3(t)u(t)§ £1(0)25(¢) + £,()f3(£)R(L)

Erwgen wir die Gleichung 3z (t) = £1(£)23(¢) + £5(¢)f3(t)z(t). Die-
se Gleichung hat im Intervall (t,,T > eine einzige Lisung

t t
z(t) = /fl(tl)f3(t1)exp[/ fz(tz)f3(t2) dtz] at,

to t ‘

welche die Anfangsbedingung z(to) = 0 erfullt. Auf Grund des Hilfs-

‘satses I.4 in [2] haben wir, dass R(t) ¢ z(t) im Intervall ist.
Denn ist

Cult) §£(8) + £,(LIR(E) € £5(8) + £,(t)zlt) =

t t
= rl(t) + fz(t)/ fl(tl)f3(tl)oxp[/fz(tz)f3(t2)dt2] at,
to to

Damit ist der Hilfssatz bewiesen.

Hilfopatz 3. Esseien p(t)¢t, 9(t) >0,

u(t)2 o, £,(t) 2 0, £,(¢) 2 0 astetige Funktionen am Intervall
<tg»T) 3 f3(t) 20 ist eine stetige Funktion am Intervall (ty,

0.1(T)> (p_;(t) ist eine zu der Funktion ¢(t) inverse Funktion).

. Es sei @(t) 2 O eine stetige Funktion auf der Menge Et, =
=<P(ty)y £, u(p(t)) = u, P(P(t)) wenn P(t)<ty, wo u, eine.
nichtnegative Konstante ist. Denn gilt: wenn fir jedes t €{(t,,T)

die Ungleichheit
t

(3) ult) & 2y (e) + £,(e) / £3(tydu(pley)aty

)
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8ilt, dann gilt fiir jedes t ¢ <(ty»T> auch die ﬁngleichheit
to .
ult) € £, ()ru f,(¢) / £30(9_y (el (¢)) plepat, +
9(ty)
t to
+ fz(t)/[fl(tl,)*uofzftl)_ / f3(9_1(x))f'_1(x) (p(x)dx] .
t, p(t,)

. £3(p_5(t10)9 5 (¢)) exp[/fz(tz)f3(9_l (t))p 5 (ty)at, [at,
: t
1

Bewegis. Aus der Ungleicheit (3) erhalten wir durch die
Substitution g(tl) = x

glt)
ult) § £(t) + £,(t) £3(p_1(x))g ; (x)ulx) ax ¢
p(ty)
) t
4 £,(8) + £,(¢) 'j( fj(g_l(x))fll(x)u(x)dx =
p(ty)
to
= £ (t)+u r,(t) j{ f3(9-1(t1))9:1(t1)¢(tidt1 +
e(ty)
t .
+ fz(t)/ £3p_1(ty)) P_:l(tl)u(tl)dtl
to
Bezeichnen wir
Fonee t,
F}(t) = £ (t)vu £, (¢) f £3(p_3(t9)) o2, (2)p(ty) Aty
f(to)
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Dann konnem wir fiir jedes ¢t € (tyr TD

t

u(t) € Fy(e) + fz(t)/ £30p_5(£))) pZ) (tydultydat,
t
o

schreiben. Auf die letzte Ungleichheit konnen wir die Behauptung des
Hilfssatzes 2 anwenden und bekommen dann fir jedes t € <to,TD

t
ult) € Fi(e) + £,(¢) / Fp(ty)f50p o (10007, (2y)

t0
t
. exp [/ £5(t,)f5(p_, (¢5)) 9_’1(1:2)61:2] dt,y
t
|

Wenn wir den Ausdruck der Funktion Fl(t) betrachten, sehen wir,
dass wir die Behauptung des Hilfssatzes haben.

Hilfssatz 4. Es sei ty 2 0 und alle Voraussetzun-

gen des Hilfssatzes 3 seien erfiillt. Dann gilt: wenn fiir jedes
te <t°,’1'> die Ungleichheit

t
(4) u(t) € £,(t)+ (t-tl)fa(tl)u(tl)dtl +

L
-]

(t - tl)f3(t1)u( 9(t1)) at,

¥

+
oﬁ '\.ﬁ

erfillt wird, dann gilt auch fiir jedes t €'< t,,T> die Ungleichheit

t

£, (t)+u t / £3(p_1(t1))p 5 (t)) p(ty) Aty +

(t.)
% t

t
+t [[fl(tl) +u, ty / f3(9_1(x))9:1(x) ¢ (x) dx] .
t f(to)

nAa

ult)

(]
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t

. [rz(t1)+f3(9_1(t1))9_'1(t.1)] . exp[ / ty(f,(t,) +
: t
1

+ £3(p_y(25)) 9_1(t2)) dtz] at,
Bewelisas. Da t 2 0, ist auch t, 2 0 und anstatt der Un-
gleichheit (4) konnen wir schreiben:
t t
cult) £ £(e)+t / £,(ty)ult;)de, + t/ f3(t1)u(y(t1))dt1
t
o

to

Analog wie im Beweis des Hilfssatzes 3, haben wir aus der letzten
Ungleichheit
t

ult) € £,(¢) + uy t / £30p (1)) @2y (t)) p(t)aty +
plty)

.t [fz(tl) + 2300 1 (40 9 (e) ] uepraty

ot
o\.ﬂ

Auf diese Ungleichheit konnen wir die Behauptung des Hilfssatzes 2
anwenden, wodurch wir die Behauptung des Hilfssatzes 4 erhalten.

) Hilfssatg 5. Die Funktion f(t) habe folgende Eigen-
schaften:

a) y(t) ist stetig und hat eine stetige, positive erste Ableitung
im Intervall (to,T,),

b) o(t) €t em Intervall (t ,T>.

Weiter gelte:
¢) u(t) Z 0 ist eine stetige Funktion am Intervall {p(t ), T>,
a) £(t) 2 O ist eine ptetige Funktion am Intervall <t , p_,(T) >,

e) ¢ 1ist eine beliebige positive Konstante,

98



f) fir jedes t€{t,, T) gilt die Ungleichheit
. ,
(5) u(t) ¢ c + / £(ty)ul@(t,))dey

to

Fir jedes t€<t,, T)> gilt dann die Ungleichheit
t

ult) € c exp [ / £lp_(x) fil(x) dx]
plty)

Bewedis. Mit Hilfe der Substitution _p(tl) = x und durch

Anwendung der Voraussetzungen des Hilfssatzes aus der Ungleichheit
(5) erhalten wir die Ungleichheit

t
u(t) ¢ c + / f(s)_l(x)) f:l (x)ulx)ax

y(to)

fir jedes t€ (t,,T> und daraus mit Hilfe der Folgerung nach dem
Hilfssatz 1 erhalten wir die Behauptung des Hilfssatzes 5.

Bemerkung. Den Hilfssatz 5 konnen wir auch als Verall-
gemeinerung des bekannten Hilfssatzes von GRONWALL-BELLMAN betrach-
ten.

Die Gultigkeit des folgenden Hilfssatzes ist leicht festzustel-
len.

Hilfsgatz 6. Jede Ldsung der Differentialgleichung
(1) welche die Anfangsbedingungen-(2) erfillt, erfillt auch die In-
tegralidentitéiten '

R t
(6) u'(t) = u; - /a(tl)u(tl)dtl- /b(tl)uty(tl) dt,
t
[+]

to

t .
(7) u(t) = u°+u;(t-t°)-/ (t-t'l)a(tl)u(tl)dt1 -
, £



t
- / (t-tl)b(tl)n(p(tl)) at,

to
1 1 7
. 1 ’
8  =uZ(t) + = alt)u?(t) - = / a’(t)u?(t))at, +
2 2 2
tO
: 1
. / u (e bl duCp (1)) aty = = [ug? + aty)u, |
t

o
fir jedes t € {t, Ty

Bemerken wir, dass die Integralidentitiéten (6) und (7) unter
den Voraussetzungen gelten, dess a(t), b‘t), und P (t) stetige
Funktionen am Intervall {t ,T> sind und die Integralidentitdit (8)
nur unter der erginzenden Voraussetzung der Stetigkeit der Funktion
a’(t) am Intervall (t,,T)> gilt.

Aus der Integralidentitdt (7) haben wir

t
lalt) 1€ | u°|+|u;|(t-t°) + / (t-tl)la(tl)llu(tl) | aty +
t, .
" ,
+ / (t-tl)l b(tl)llu(f(tl)) lat1
t

Jetst sehen wir, dass wir als Folgerung des Hilfssatzes 4 und des
Hilfssatses 6 folgenden Satz sussprechen konnen.

Setz 1. Essei tj 2 0. Es seien aft), f(t) $ ¢,
9'(1:))0 stetige Funktionen am Intervall < t,,T), b(t) ist eine
stetige Funktion em Intervall (t,, ¢_,(T)> (p_;(t) ist eine inver-

ge Funktion gu der Funktion ’(t) ), @(t) ist eine stetige Funktion
am Intervall ‘g(to), tyd (@ (t,) = 1). Fir jede Losung der Diffe-
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rentialgleichung (1), welche die Anfangsbedingungen (2) erfiillt,
gilt dann fir jedes t € (to.'l') die Ungleichheit

t
o
|u(t)|§|u°|'+|u;| (t=t,) + u t / | b(g_l(tl))l.f_’l(tl) .
o(ty)
t : ty
Sl e]at, + ¢ /[|u°|+|u;|(t1-e°)+juo|t1 /[b(?_l(x))l.
ty 9(t°)

. 9:1(1). I(p(x)ldx] .[la(tl)l + |b(9_1(1:1))|.f:1(t1) ] .
t

. exp[ / t2(|a(tz)Hlb(g_l(tz))lg:l(tz))dtZ]dtl
t
1

Fihren wir jetzt einige Folgerungen des Satsges 1 an, in welchen
wir gzeigen welche Abschéitzungen der Losungen der Differentialglei-
chung (1) durch diesen Satz gewonnen werden koénnen.

Fo 1 gerung 1. Die Voraussetzungen du.Satzea 1 seien
erfillt. Weiter sei Ip(t)] £ K,(>0), lalt)] € Ky(>0), Jblt)] &
s Ky (>0) und es sei ¢(t) 2m >0 (m<1). Dann gilt fiir jede L3-

sung der Differentialgleichung (1), welche die Anfangsbedingungen
(2) erfiillt folgende Ungleichheit

2
, c,t
ja(t)l & lugl = lugity + eyt e 2 , fUr jedes t €<ty,T)
wo '
' K
Iz 3 .
01 = T T(KZ + -;—)o‘lhlol - Iuol tol +
[uol KoKy ¢ ote) ] ['1 . ‘3) 2]
+ —— Y t. - t +iu « OX - - + -1t
- o f o | o| P 2( 2 a 0
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Bewegjs. Auf Grund des Satzes 1 und der in der Folgerung
angefiihrten Voraussetzungen erhalten wir nach einfachen Regelungen

|“°|K1K3 .
(e & Jugl = [ugity + ¢ [—___;__. . (tgme(tg)) +ug)| +
s 2)e it ol 2)
* + — e |lu,l=Iu exp | — + — s
2 - o ol ‘o 2\2 m
t
) / [ 2 (x Ka)tzldt (K KJ)
exp| = -  — + + —_— .
4 2(2 o/ % 2t

[+

l“ol KIKB

1
o | s 6 plt ) + ] [-x+—)t2].

t K
/ t l(x ] tZ]dt
ex - -  o—
1 **P 2\ 2 2 1 1
t

(]

Fir das erste Integral der rechten Seite der letzten Ungleichheit
gilt

Nach Ausrechnung des zweiten Integrals und nach Berichtigungen er-
halten wir die Behauptung der Folgerung 1, womit der Beweis durch-
gefihrt ist.

Folgerung 2. Es sei t, = 0. Die Voraussetzungen
des Satzes 1 seien erfiillt. Weiter sei I? (¢)] 2 K, (>0),
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a
[att)] :_.a S H

ot

(a>0, 0<oc<l), Kk, 2 9'(t) zm>
St

>0 (m<1): Jede Losung der Differentialgleichung (1), welche die
Anfangsbedingungen (2) erfiillt, erfiillt dann auch die Ungleichheit

20t
[P
'|u(t)| < |u°| +cypte 2 . fir jedes t € <t°,T>
.I 1,1 [ 1 m(z-oc)w'] [I"l
wo ¢, = |u,|a 1+-)—— l+= | ——m—m—m— |+ |u, | +
1 9 ( m/1-0¢ 2 (m+l)a L
lug| & K1, 1-oC 1\ a
+ . (9_1(0)) und ¢, = |1+ - .
m(l - o) m 2 =0C
Bewedi s, Auf Grund des Satzes 1 und der in der Folgerung

angefihrten Voraussetzungen erhalten wir nach einfachen Regelungen

ug| @ KK, 1-e¢
(0)) +

< e e i e
[ute)]| £ Jug| + t[luol arerramr (p_y

+

1 1l a 2-0C
t{luol a(l +-)exp (1 +—) .t .
m m/ 2 =oC
t
1 1 a 2=0t ,
o [ (3 )t [
1 1=0% 1 ! 1 a o<
(p_1(0) ] 1 -) (1 —) .t ]
O Pu1 ) a( -o-m exp +m - A

t
/ 1 1\ a 2-*%}
. t, — exp|=- (1 + - t t
17 ( m>2_u_ 1 %R
o

.
@
»

o

(9)
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t 3 1\ a
Schétzen wir jetzt das Integral / — exp| - (1 + -) .
0

t
2- % 1-o¢
.ty | aty. Beniitzen wir dazu die Substitution t, = s. Demn

1
-k 1 —

- = o<
ist tl dtl = ds, t, = sl

: und wir konnen wie folgt
-0o¢

schreiben:

HA
*n‘l,..
3
O
—
[
%
o
]
T
+
B I+
S——
"r’l,
]
[4]
n
=)
R
| —
(=%
«
+

o ' ol
1 1 a 24—
+——/exp - 1+—)——s 1o¢ | a8
l-cC m/ 2= d
3 -

' 1\ a 2+ T::—o
Die Funktion exp [- (1 + -) 8 ist aber am Intervall
2=t

<0,u§) sinkend und am Intervall <1,00) kleiner oder gleich

2-00

t

1 [ . 1) . 2'~o<~]d .1
—— * - | —— t +
GC 2=0C 1 . 1= 1 -0%

1y a 5 L
exp[- 1+ -)—-'a . Deshalb konnen wir
n
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1 [ 1 "m(Z -o)T ]
— 1l + - —_———
1- o< 2 (m+l) a

schreiben. Durch Ausrechnung des zweiten Integrals in der Ungleich-
heit (9) durch Einsetzung der gerade gewonnenen Absch#tzung und
durch elementare Regelungen erhalten wir aus der Ungleichheit (9)
die Behauptung der Folgerung 2.

Weitere drei Folgerungen des Satzes 1 fihren wir ohne Beweise
an, da diese #hnlich wie in den zwei vorhergegangenen F#llen durch-
gefuhrt werden.

Folgerung 3. Es sei 9(t°) > 0. Die Voraussetzungen
~ a
des Satzes 1 seien erfiillt. Weiter sei |?(t)|§ K,(0), [a(t)] s -
t
a
Ib(t)| £ - (a >0), P(t) 2 m>0 (mn<1). Fir jede Losung der Diffe-
t

rentialgleichung (1), welche die Anfangsbedingungen  (2) erfiillt,
gilt dann die Ungleichheit

< , ! . eyt
|“(t)|=luol'|“o|to - :-Iluol'luoltolt *eyte T,
o
fir jedes t € <t ,,T>, wo
‘|u°| K,a t,

el :

m 9(t°)

1 ”,
' °1.=[ :‘ll“ol'luolto
°

o)

und ¢, = a 1+ % ).
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Folgerung 4. Es sei 9(1:0.) > 0. Die Voraussetzungen

~

des Satzes 1 seien erfiillt. Weiter sei I?(t)l 2 K(>0), |a(t)|§ —:
t
K3 .
(x, >0), |b(t)] ¢ = (3>0), P(t) 2 m>0 (m<l). Fir jede Lésung
t

der Differentialgleichung (1) welche die Anfangsbedingungen (2) er-
fillt gilt dann die Ungleichheit

c, .
|utt)| € ey + ey t 2, fir jedes t € <t ,T),
K
3
Kz + —
wo- cy = |u°| - |u°|1:° - 5 -'(|u°| - |u°|t°),
l+K, + —
2 ' n
. K, . LKy 1 1
. K > — . u l+lu - —
2 n |u°|-|u°|t° [uo] Iol o (f(to) to)
cl = Q + ’
K ) K K
3 3
14K, + — 1+Ky* ;3' Kp + —
m to to
5
ey = ] + K2 + —_—

Folgerupg 5. Es sei 9(to)>0. Es seien die Voraus-
setzungen des Satzes 1 erfiillt. Weiter sei |{(t)|g K,(>0),

K K
2 3 . i
lste)] £ — , [o(e)] § — k>0, K3>0,0¢>2), 9"(t) 2 m>0(m<1).
t t

Fir jede Losung der Differentialgleichung (1), welche die Vorausse-
tzungen (2) erfiillt, gilt dann die Ungleichheit

-t t2--0( 2 _c2t2-ao

l“(t)"|u°|-|u:,|to*cf o 2 + oyt e ,

fir jedee t € (to,!l') sy WO
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ot
by
]
.—‘
=
o
)
c
[« NN
g
o

m/ ol=2
- K3_ 1 K3 1
c3 h“ol luol t°| . (K2 + ;—) t°°° . exp (K2+:- o_‘_:; .
1 ]
. o
tc:t

Die folgenden zwei Bedingungen sind verh#ltnismissing bekannt,
(die zweite wird in [3] angefiihrt), deshald fiihren wir sie ohne Be-
weise an. '

Hilfssatz 7. Es seien ul(t') und uz(t) zwei linear

unabhingige Losungen der Differentialgleichung

(10) u'lt) + a(t)u(t) = 0,

uy ué

ist. Es seien c; und c, beliebige Konstanten. Die stetige Funktion

fir welche der Wronskische Determinent W = =1 fir alle t

u(t) welche . die Ldsung der Integralgleichung
t

(11) u(t) = cyu, (t)+eyu,(t) - / [ul(tl)uz(t) - ul(t)uz(tl)].
t
°

wo ulp(ty)) = uo‘f’(?(tl)) wenn 9(t))< ¢t "die allgemeine Ldsung
der Differentialgleichung (1) ist.
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Setzen wir a(t) = A+ A(t), A >0. Dann kinnen wir die Diffe-
rentialgleichung (1) in der Form

(12)  u”lt) +Ault) + Alt)ult) + b(tlulp(t)) = 0,
schreiben und die folgende Behauptung aussprechen.

Hilfsseatz 7Ta. Die stetige Funktion u(t) welche
die LOosung der Integralgleichung

(13) u(t) = cl.cos(at) + cz.ain(at) -

@ |-

t
/ein [a(t-tl)] .
t

o [Aateute) + vieputptey) Jagy  tst,

wo 8 =|A >0; u(9(tl)) = u, ‘f(?(tl)) wenn 9(t1)<t° und ¢y, ¢,

beliebige Konstanten sind, eine allgemeine LOsung der Differentisl-
gleichung (12) ist. :

Satz 2. Esgei A D0. A(t), ?(t) £ t, 9'(t) > 0 seien
stetige Funktionen am Intervall <t°,T>, b(t) ist eine stetige

Funktion am Intervall <t , ¢_,(T)> (9_1(1:) eine zu der Funktion
9(1’.) inverse Funktion), (p(t) ist eine stetige Funktion auf
Eto( (,O(to) = 1). Jede Losung der Differentialgleichung (12), welche

die Anfangsbedingungen (2) erfiillt, erfullt dann auch die Engleich-

heit
t
OI) luOI /° ( (x)) " (x)
+ b b 4 . X)e.
o . I 9-1 l 01

9(t°)

lu(t)'ﬁ[ Z(I.u°|+

.
.|<p(x)|ax] . exp {% /[|A(t1)|+|b(9_1(t1))|.

t

. 9:1(t1)] dtl}

fir jedes t € (t,,T>, wobei s = ﬁ > 0.
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Beweis. Aus dem Hilfssatz Ta folgt, das jede Liosung der
Differentialgleichung (12) auch in der Form (13) ausgedriickt werden
kann. Da die Losung u(t) die Anfangsbedingungen (2) erfiillen soll,
missen fiir die in (13) autretenden Konstanten c; und ¢, die Gleichun-
gen

cl.cos(sto) + cz.sin(ato) = u,

- cle.sin(sto) + cza.coa(sto) = U,

gelten und daraus haben wir fir ¢y und ¢y -

ug
uo.cos(eto) - :: o 81n(8t°),

L |

u

o
u,.8in (sto) + :; coa(ato)

€3

Wenn wir die so errechneten Konstanten ¢, und ¢y in die Integralglei-
chung (13) einsetzen und wenn wir die Eigenschaften des absoluten
Wertes und die Funktionen Sinus und Kosinus in Erwﬁgung‘ziehen, dann
erhalten wir sus (13) die Ungleichheit

. t
< 2(|u | + lu°| ,,i At u(t,)|dt, +
lutd] £ 2(ug] + —)+ - D] ute]aty
'to

t
. /|b(t1)||u(9<tl))| dtI}

to_

-

fur jedes t € <t,T D. Mit Hilfe der Substitution f(tl) = x kOnnen
wir

t ‘ Ce t,
/Ib(tl)l utptey ] aty £ |ug| / [blo_y (x))] . @l (x) &
ty plty)
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t

| (x)) ax + / | blo_y (] e 925 (tg) e uley)] aty

t

schreiben und durch Wiedereinsetzung erhalten wir

lugl  lugl  fo )
Iu(t)l s 2 (|u°| + )+ / Ib(g_l(x))l . 9l (x).
- 8
9(to)

t
| x)|ax .- /[lA(t1)|+|b(9_1(t1))| 9;1&1)] .
8

to

. |u(t1)| dt,

Aus der letzten Ungleichheit erhalten wir mit Hilfe des Hilfssatzes
von Gronwall-Bellmen die Behsuptung des Satzes.

Bemerkung, Die Behauptung &hnlich der Behauptung in
Satz 2 ist in [ 3] ausgesprochen und bewiesen, dort wird aber voraus-

gesetzt, dass |¢(t)| €£1 euf Egp, und die Bedingung, dass 9Yt) >0
wird nicht verlangt.

Mit Hilfe des Hilfssatzes 5 und des Hilfssatzes 7 wollen wir
jetzt eine hinreichende Bedingung dazu aussprechen und bewiesen, dass
Jjede Losung der Differentialgleichung (1) am Intervall <ty,00) zu-
sammen mit ihrer ersten Ablaitung begrenzt sei. )

Satgz 3. Die Voraussetzungen a), b), des Hilfssatzes 5
seien erfullt. Die Funktion b(t) sei im Intervall <t°,cn) stetig
und es sei

00
/ |b(t)| dt < oo

t

Wenn jede Lisung der Differentialgleichung (10) zugleich mit ihrer
ersten Ablaitung am Intervall <t°,co) begrenzt ist, dann ist auch
jede Losung der Differentialgleichung (1) welche die Anfangsbedingun-~
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gen (2) erfiillt gleichzeitig mit ihrer ersten Ableitung am Intervall
<t , ®) begrenzt.
o

Beweis. Die Lisungen der Differentialgleichung (10) seien
die Funktionen ul(t) und uz(t), welche gem#iss den Voraussetzungen
begrenzt sind und sie seien so, dass
Uy Y2
v %

W= =1 ' fir jedes t

gelte. Die allgemeine Losung der Differentialgleichung (1) kdnnen
wir mit Bentitzung des Hilfssatzes 7 in der Form (11) schreiben, da-
raus erhalten wir

t
lato)] £ e [uy ()] +leyl luy(ed] + j/ lug (£ duy(t) =

to

- uy (8)uy(ey)] [ble)] [utptey D] aty

Auf Grund der Voraussetzungen des Satzes konnen wir die letzte Un-
gleichheit in der Form

t
lult)] & eq + ¢, /{ Ib(tl)llu(g(tl))ldt1
to

schreiben, wo ) und c, positive Konstanten sind. Fir diese Un-
gleichheit aber gilt auf Grund des Hilfssatzes 5 und geméiss den Vor-
aussetzungen des Satzes

t
[ute)] £ c3 exp [04 j[ |b(9_1(x))| 9:1(x)dx] £
bogtey

0
= ¢y exp [c4 j[lb(y_l(x))l . 9:1(x)dx ] £K
9(ty)

m



wo K eine positive Konstante ist. Damit haben wir bewiesen, dass je-
de Losung der Differentialgleichung (1) welche die Anfangsbedingun-
gen (2) erfiillt am Intervall (to,oo) begrenzt ist. Es bleibt noch
. zu beweisen, dass auch die erste Ableitung der allgemeinen Ldsung
der Differentialgleichung (1) begrenzt ist. Zu diesem Zweck betrach-
ten wir die Integralgleichung (11). Mit Ricksicht auf die Eigenschaf-
ten der in ihr auftretenden Funktionen, konnen wir dieselbe deri-
vieren und erhalten
t
u’() = cqu (t) + eyuy(t) - ]/ [uy (e ug(e) -

to

= ug(tuy(ty)] bleydulplty)) aty

Daraus
t

[u’te)] s |clui(t)|+|c2u;(t)|+ j( |u1(t1)u£(t) -

to

- ug )yt | [peep [[utetey | aty

Fir die letzte Ungleichheit gilt gemiiss den Voraussetzungen des
Satzes abermals

t
(14) |u'(t)| g cg + 961/ |b(t1)||u(?(t1))| at,

o

wo cg und Cg positive Konstanten sind. Im ersten Teil des Beweises
zeigten wir, dass |u(t)|S K fir t € {t ,0). Erwiigen wir dariiber
hinaus, dass die Anfangsfunktion {(t) auch begrenzt ist (weil dies
eine stetige Funktion am geschlossenen Intervall '(9(t°),t°> ist)
kdnnen wir schreiben, dass |u(t)| £ K, fir t€<s>(t°),oo) ist, wo
Kl eine positive Konstante ist. Wenn wir dieses Ergebniss auf die Un-
gleichheit (14) anwenden, dann erhalten wir
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t

|u’(t>|§ c5 + K1°6/ |b(ty)]at, 2 c5+K1e6/ [b(t))]at; = L

to o

wo L eine positive Konstante ist. Damit ist der Satz beweisen.

Folgerung 1. Die Funktionen 9(t), b(t) sollen die

Voraussetzungen des Satzes 3 erfiillen. Dann ist jede Ldsung der Dif-
ferentialgleichung

\_z”(t) + ult) + bltiulp(t)) = 0

welche die Anfangsbedingungen (2) erfiillt begrenzt, gleichzeitig mit
ihrer Ableitung am Intervall <t°,oo).

Eine Behauptung #hnlich der Behauptung des Satzes 3 gilt auch
- fir die leferentialglelchuug u (t)+(a(t) + b(t))u(t) = 0, siehe [1]
Deshalb konnen wir noch eine solche Behauptung aussprechen.

Folgerung 2. Die Funktion 9(t) habe die Eigenschaf-
ten a), b) des Hilfssatzes 5. a(t) und b(t) seien stetige Funktionen
am Intervall (to,oo) und es sei

00 @
/la(t)ldt(m, /]b(t)ldt<oo
tO tO

Dann ist jede Losung der Differentialgleichung
“(e) + (1 + alt)ult) + b(tlulplt)) = 0

welche die Anfangsbedingungen (2) erfiillt zugleich mit ihrer ersten
- Ableitung em Intervall <t°,go) begrenzt.

Zum Abschluss fuhren wir einen Satz an, welcher uns die untere
Abschétzung der zweiten Potenz der Losung der Differentialgleichung
(1) angibt. Vorher aber noch ein Hilfssatz.

Hilfssatz 8. Es seien alt) £ 0, blt) s 9(t)$t
stetige Funktionen am Intervall <t°.‘1‘> und @(t) 20 1st eine

stetige Funktion suf Eg . Es sei u, 2 0, u°>-0 [uw, £ 0, u° < 0].
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Dann ist jede Lisung u(t) der Differentialgleichung (1), welche die
Anfangsbedingungen (2) erfillt am Intervall (to,T > wachsend
(sinkend).

Bewedig. Dieser wird unter der Vorsussetzung durchgefiihrt,
dass u, 20, u; > 0. Aus der Voraussetzung folgt, dess die Ldsung -

u(t) auf irgendeinen Intervall rechts von t, wachsend ist. Setzen
wir jetst das Gegenteil der Behauptung voraua und te <, T> sei
die erste Nullstelle der Funktion u (t) rechts vom Punkte tye Fur
den Punkt t aus der Integralidentitét (6) haben wir dann

3 t
u’ (%) + ][ a(t)lult;)at, + ]/ b(tl)u(f(tl))dtl =u
to to
3 i3
Aver u’(%) = 0, / a(tylu(t)at, 5 0, / b(tylulp(ty))dt; s 0
to tO

und u; > 0 aus der Letzten Beziehung erhalfen wir also einen Wider-

spruch. Dann hat aber die Funktion u’(t) rechts vom Punkte t, keine
Nullstelle, d.h. dass u “(¢)>0 am Intervall <t,,T> ist, Fur
u, £0, < O wird der Beweis #hnlich durchgefiihrt.

Satz 4. Die Voraussetzungen des Hilfssatzes 8 seien er-
fillt. Weiter sei a'(t), b’ (t) stetig am Intervall <t orT” und
a(t) + b(t)<0, a’(t) + b (t)<0 am Intervall <t IV . Dann gilt
fir jede Ldsung der Differentialgleichung (1) welche die Anfangsbe-
dingungen (2) erfiillt die Ungleichheit

ST ¢ “(ty)+b (1)
a +
w2(t) 2 ./' il bl

————— exp :
a(t)+b(t_) a(ty)+b(t,)

fir te{t,T> , wo ¢ =u’l

2+ (alty) + bt )uy

Bewedis. Setzen wir uéz + a(to).uz = ¢ (wir wollen bemer-

ken, dass die Konstante c auch negativ sein kann). Aus der Integral-
identitét (8) heben wir dann
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: t t
a(t).ug(t) $c+ ./.a'(tl)u2(tl)dt1-2/[b(tl)u(9(tl»uYtl)dtl

to t,

Mit Hilfe des Hilfssatzes 8 erhalten wir aus der letzten Ungleich-

heit

t
a(t).u?(t) §c+-/.a'(t1)u2(t1)dt1-2 bltultydu’(ty)at)
Y1

o+ 5+“‘-\d

woraus wir nach Errechnung des Integrals / b(tl)u(tl)u'(tl)dt1
to
durch die Methode per partes und nach einfacher Berichtigung

b a(ty)+b (2))

(a(t)+b(t))u(t) s cq + j{ (a(t1)+b(t1))u2(t1)dt1

e(t1)+b(t1)
o

wo ¢y T ¢+ b(to)ug ist. Aus der Letzten Ungleichheit erhalten wir

mit Hilfe der Folgerung aus dem Hilfssatz 1 die Ungleichheit

ta(t))en (1))
b(t))u(t) € ¢, -exp /

(a(t) + ty
alty)+b(t;)
t
o
oder
c toa’(ty)+b (t)
> 1l 1 1
uc(t) 2 —m—— . ty
a(t) + b(t) a(tl)+b(t1)
0
fir t € <t°,T> , womit der Satz bewiesen ist.
Bemerkung. Es ist ersichtlich, dass der Satz 4 nur dann

eine gewisse Information ilber die Losungen der Differentialgleichung
(1) gibt, wenn die Anfangswerte uo,u; 8o sind, dass ¢,<0.

In den anderen Fidllen ist die Behauptung des Satzes trivial.
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A REMARK ON PYTHAGOREAN RATIONALS

PAVEL KOSTYRKO, Bratislava

In the paper [1] Pythagorean rational numbers are considered.
The rational number x/y is said to be Pythagorean if there is a
number z such that x° + y2 = z2, where x,y,z are naturals. In [1]it
is proved that the set of all Pythagorean rationals is dense in the
interval (0, ). In this paper we shall solve the similar question.

Rational number x/y will be called the Pythagorean rational of
the degree n(n23) if there are neturals 81y 8,000y 8, 8 such,
that

() a% + ag + eee + aﬁ = g2

holds and x/y = al/az.

ITheorem: Let P, be the set of all Pythagorean rational
numbers of the degree n (n23). Then Pn coincides with the set of
all positive rational numbers and hence is dense in the interval
(0,00).

We shall give two proofs of Theorem.

Proof 1. In the monograph [2], p. 67, it is proved that
every solution of the equation

2 2 2 _ 2
8) +8; +a3=a

in naturals 81, 8y, 83, 8, where 8y, 8, are eQen is given by the
following formulas

a, = 2k, 8, = 21, 8y = (®+1%-p?)/m, & = (k2 + 12 +n?)/m,
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where k,1 are arbitrary naturals and m is a divisor of the number
k2 + {2 1less than VI§ + 12,

The proof of Theorem for n = 3 is an immediate consequence of

this statement. For n>3 it suffices to prove the inclusion P 1Ppy-

Let Q, be the set of all n-tuples (nx3) of naturals (CITREE
ceey an) such that there is a natural number a with the property that
the equality (%) is fulfilled. It is known, with respect to the above
-mentioned statement, which triples belong to the set Q3. For every
n>3 we shall construct a set Q: (a part of Qn) using the set Q-1

- ; ; 2 2 2 42
by “the following way: Let by + b2 + oo + b, =05, i.e (bl""bnél)e
Q-1+ Let r,s be naturals, r>s. Let us put a; = bi(r2 - sz)Afor

i=1],2, ¢«¢e, n-1 and a_ = 2 brs. It is easy to verify, if

n
b(r? + 8%), that (x) is fulfilled, i.e. (ay,...,8.) € Q.

We shall prove the inclusion P _,CP (n>3). Let x/y€P__,.

Then there is (by,...,b _1)€Q,_, such, that x/y = b;/b,. Since the
first two coordinates a;,a, of the n-tuple (al,...,an)e Q, con-
structed above for the (n-1)-tuple (bl""'bn-l)e‘;n-l satisfy the
equality lal/a2 = x/y, we have ‘x/y EPn.

Proof 2. If we generalize the considerations in the proof

of the above-mentioned theorem of the monograph [2] we shall get the
following statement:

If Cyreesy Cp_y 8TE arbitrary naturals and ¢ is a divisor of

the number ci + oeee + cﬁ_l less than fﬁ% + e + °§—1 » then for

numbers a; = 2¢; (i = 1,...,n-1), an‘= (c§+...# cﬁ_l_- ¢®)/c end
2

n_1+c2)/c the equality (») holds.

= 2
e-(cl"ono*c

From this statement the statement of our Theorem follows
immediately.
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COMPLETELY SUBDIRECT PRODUCTS OF LATTICE-ORDERED GROUPS

STEFAN CERNAK, Kosice

r. Sik | 6] has defined the concept of a completely subdirect
product of lattice-ordered groups. J. JAKUBIK [4] has shown that if
(G, + , £ ) is an l-group and if the lattice (G, ¢ ) is a non-
trivial complete direct product. of lettices, then the l-group (G, +,
2 ) is a non-trivial complete direct product of l-groups. The same
does not hold for subdirect products (see [5] ). Every complete
direct product of l-groups is a completely subdirect product of
l-groups. In this Note we generalize the result of [4] to the case
of completely subdirect products. Hence the possibility of represen-
ting en l-group G as a non-trivial completely subdirect product can
already be decided merely in terms of lattice~theoretical properties .
of G.

Let I be a non-void set of indices and let Ai(ic I) be
lattices. Form the set of all functions f which map the set I into
the set uAi such that f(i)e Ay for each i€ I and subject them

to the following rules:

(1) f=g<>r(i) = g(i) for each ie€I,

(ii) (fAag)(i) = £(i)Ag(i) for each i€1I,

(iii) (fvg)(i) = £(i)vg(i) for each i€ 1I.

We get a lattice which is called direct product of lattices
A;(1€1I) and denoted by TTA;(i€I). If we put f $ g if and only

if f(i) £ g(i) for each i€1I, TTAi(i.cI) is a partially ordered
set.

121



By x(i) we shall denote the i-th component of x€TA;(ie I).
Choose a fixed element X, € TTAi(ic I) and constr'uct the set

Ai(xo) = {xc 'lTAi(iEI):x(j) = xo(,j) for all jeI, j# i}
for any fixed ic€lI.

Let SgTA; (ie1) . If
(i) S is a sublattice of TTAi(ic Iy,

(ii)  there exists an elcment x, € TTAi(ic I) such that Ai(xo) SS
for every i€I,

then S is said to be a completely subdirect product of lattices
Ay (i€ I) with respect to the element Xye

From the definition of the sets Ai(xo) it follows that
x,€A;(x)) for every i€I and thus x, € S.

Now, let Ai(iCI) be l-groups. If 'ITAi(iE I) satisfies

(iv)(f + g) (i) = £(i) + g(i) for each i€ I, then it is an l-group
which we call complete direct product of Ai(ic I) and denote by

TT'Ai(iEI). By O we denote the zero element of this l-group.
Let S & TMA(ieD). If

(1) S is an l-subgroup of TT“Ai(ie 1),

(i) A;(0) €5 for every ic€I,

then we call S a completely subdirect product of l-groups
A (ie 1),

Let G be an l-group. If se consider G merely as a lattice,
#e use the symbol (G, £ ). By ~“g we shall denote an isomorphism of
partially ordered sets.

An l-group G is isomorphic to a completely subdirect product
S of l=-groups Ai(:le I) if there exists a mapping o¢ from G onto
S such that

1) (G, $) ~ys,

(11)  (=(x+y))(i) = (oe(x))(i)+(e¢(y))(i) for any x,y € G and
for any i€1.
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1. Suppose that G is an l-group. Let the lattice G be isomor-
phic to a completely subdirect product S of Lattices Ai(ié I) with
respect to an element x € TTAi(iCI). This isomorphism will be
denoted by ¢ . There exists an element g, €G such that P(g,)=x,.

The mapping fig —> g + 8,0 8€ G 1is an isomorphism of the lattice
G onto G. The mapping ¢¥= ¢f is an isomorphism of the lattice G
onto S and we write

(1) (G, £ ) ~g S

In particular, for g = 0 where O denotes the zero element of the
l-group G we get y(0) = X . Denote G; = y’l(Ai(xo)). It is obvious

that Ocai for all i€Il. If gcai, then the following equation
holds:

(2) ( w(g)(3) = ( w0))(J) for any jeI, j#i

The mapping g — (W (g)(i), ge Ei is the isomorphism between
the partially ordered set Ei and Aje Then

(3) TG;(ie1) NO_TTAi(i €I)

Let be 3§ = X~! (S), where X denotes the isomorphism (3). Then 3
is the completely subdirect product of the lattices Ei (i€I) with
respect to the element X € TTEi(ie I) such that ;o = 1'1(x°) and
O for each i€ I. The relation (1) implies

thus io(i)

ol

) (G, §) ~,

Let g€G be an arbitrary element and let 2€G such that
(YENGE) = (wig)E), (YEN) = (¢))(§) for any jeI,
j#i. By x(i) we shell denote the i-th component of the image of
the element X €G in the isomorphism (4). Then g(i) = g. In
particular, if geai, then by (2),

(5) g(i) = g and g(j) =0 for any j€I, Jj #i.

If g(j) =0 for any Jj€I, j # i, then by the definition of the
set G; we get ge€GT;.
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For a fixed :I.OC I denote

-4 -
Gio = {g €G : |x|A|g»| = 0 for any xcGio} .

- S
Gi: and Gi: are convex l-subgroups of the l-group G (see [1],

Theorem 12, p. 119).

&8 .
2 . Gio = Gio, for eny 1°€I

- = &6
Proof . Itis obvious that G; & Gy for any i_€ I.
o) 10 [0}

~ &8
Conversely, let x 20, x € Gj . Assume that x(i) > 0 for some
o
i€I, i # i . Because of x(i)cai using (5) we obtain (x(i))(i) =

= x(i) end (x(i))(j) = 0 for any j€I, j # i. Thus we have
(x(i))(j) 8 x(j) for every j€I. Then (4) implies x(i) £ x, i.e.
x(i)AX = x(i), which is impossible, since §i < ('i& for any i€1I,

i
o
i# i‘o' In the same way we get that all negative elements of aii‘
belong to G; . Let x be an arbitrary element of Ei“. Then x=x,-X,
o o

where x,, xzeﬁio, x) 20, x, 2 0. Since -x, £ x £ x;, and x,,

-x, € Ei , by convexity of ai we have x¢€G, .
o o o

Under the same notations as above the following assertion holds:

Lemnma 1. The lattice ordered group G is a direct product
of l-groups G; and Eia. This fact we write
[ o
§

(6) e} =tG.i x Gi
o 0

Proof. Evidently,
M g ng’ = {o}.

" Choose an arbitrary element z €G, z20 and denote by z(io) = x
its i-th component in the decomposition (4). In the same way as
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in the section 2 we get x ¢ z. If we denote 2z; = -x +2z 3 0,
then

(8) Z =X+ 2

= & =&
¥e have to prove that 2,€G; . Assume that z1¢ G; - Then there
0 0

exists an element ucai such that
0

(9) zy AJul =2,>0

The relation -0 < z, £ |u| and the convexity of Ei_ imply that
= o
z, € G:
2 i,
Hence

(10) X+ 2z, € Gio

From (9) and (8) we obtain x + z2, § X+ 2, =2z. By (4) this im-
plies

(11) (x +2,)(i) 5 2z (i) for any i€l

From (11) and (10) we get x + z, = (x + 2z,)(i ) & z(i)) = x, hence

zy £ 0, a contradiction. Since the positive elements of Ei
)

- - =6
G, generate G; and G; , respectively, and as by [1], p. 106
o

and

10 o]

positive orthogonal elements are permutable, we infer that
) ) - )

(12) g+g = gJ + g forany g € Gio and gJC Gi
o

Let 2z be an arbitrary element of G. Using (8) and (12) we
obtein

’

(13) z=2" - (-27) =x+ zy - (x"+ zi) =X+ 3 - zi -x =

(x = x") + (zy - z]'_) where x - x'GEio and zl-zicaij
In view of (7), (12) and (13) we conclude that G as an abstract

group and by [1] Lemma B, p. 117 G as an l-group is the direct pro-

duct of l-groups G; end G;°.
o o
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4. Let 2z € G, 2z 2 0. In the proof of the Lemma 1 we have seen

that the element 2z has the same component in the factor (_‘:i with
[+}

respect to both decompositions (4) and (6). The same fact is also
true for any negative element of l-group G. Take an arbitrary element
z€G. If z(io) = x in the decomposition  (4) and z(io) = x  in the
decomposition (6), then z* (io) =x"=x"" ana z'(io) =x =
=x'", hence x =x’.

5. For any x,y€G we have in the decomposition (6)
(14) (x + yiiy) = x(i)) + y(io)

By the section 4 the relation (14) holds also in the decomposition
(4). Since the decomposition (6) is true for each i,€ I, the relation
(14) holds for every i,€I in the decomposition (4).

In the sections 1-5 we have proved that following statement is
true:

Iheorem 1. Let G be an l-group. If a lattice (G, )

is isomorphic to a completely subdirect product of lattices A (1 eI)
then there exist l-groups Gi such that the l-group G is isomorpmc
to a completely eubdirect product of l-groups Gi and for every i€ I
the lattices (G;, $ ) and A; are isomorphic.

6. G. GRATZER ([2], p. 230) has defined a concept of a weak
direct product of algebras. We shall apply this definition to lattices.

Let 4 (i€I) be lattices. Form a direct product TTA (ie1).
A aubhttice S of TTA (i€I) is said to be a weak direct product of
lattices Ay (ie 1) if
(1) f,g(S-’{i : £(i) # g(i)} is a finite subset of I, )
(ii) fes, geMa;(i€I) end {i : £(i) # g(i)} is finite =>gesS.
J. HASHIMOTO [3] has defined a concept of an L-restricted pro-

duct of algebras. If this definition is applied to lattices it reads
as follows:

Let Ai(ic I) be lattices and let L be an ideal of the Boolean
algebra of all subsets of I. A sublattice S of a direct product
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'ﬂ'Ai(iC I) is said to be an L-restricted direct product of lattices
Ai(iC I) if

(1) f,ges=>{i : £(i) # gli) e L,
(ii) fes, geTMa(i€I) and {i : £(i) # gli)} € L =»ges.

If in the above definitions Ai(ic I) are l-groups and S is an
l-subgroup of TT“Ai(iE I), we obtein the definitions of a weak
direct product and of an L-restricted direct product of l-groups
Ay (i € 1), respectively.

Let S be an L-restricted direct product of lattices Ai(is I.
A set of all i-th components of all elements x S shall be denoted
by Ki S Aj. If Ki is a one-element set for some i € I, then in
the direct product we can omit the factor Ai. Suppose that Ii is
different from one-element set for each i € I. Evidently, {i]eL
for each i € I. Namely, if (i} 4L for asome i€I, then f(i) =
= g(i) for arbitrary f£,g€S. Thus Ii is a one-element set, a con-
tradiction.

Lemma 2. Let S be an L-restricted direct product of
lattices Ai(ie I). Then S is a completely subdirect product of
lattices Ai(i €1).

Proof. Let x,€S. Form the sets A;(x,). Choose an arbi-
trary element e€Ai(x°) for a fixed 1i€I. Evidently, {i ¢ al(i) #
# xo(i)} = {1} Using the statement mentioned above we get {i} € L.
The definition of an L-restricted direct product implies a€S and

thus Ai(xo) € S. This inclusion is true for every i € I.

A converse statement is not true. Let us consider the following
example.

Example. Let T Ai(iCI) be a direct product of lattices
Ai(i € I) and let Jj,k be fixed elements of I, j # k. Assume that
card Ai>1 for each i€I and further that A (Ak) has the least
(greatest) element which we denote by m(n). Form the set

S={x€Ta;(i€I) : either x(j) =mor x(k) =n}.
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It is evident that S is a completely subdirect product of lattices
Ai(iC I) with respect to an arbitrery element x,€ TA;(i € I) for
which xo(j) =m and in the same time x (k) = n.

Assume that S 1is an L-restricted direct product. Choose an
element x €S such that x(j) = m, x(k) # n and an element
y€ Ma;(i€I) such thet {i : x(1) #y (1)} = {J). since {j} €L,
the definition of the L-restricted direct product implies y € S,
contraty to y(j) #m and y(k) # n.

Every weak direct product of lattices Ai(ie I) is an L-res~
tricted direct product of lattices Ai(i € I), it~ L is equal to
the ideal of all finite subsets of 1I. Ip view of this fact and of
the Lemma 2, Theorem 1 holds for L-restricted direct products and
for weak direst products.
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