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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

ON ALTITUDES OF TRIANGLES IN THE HERMITIAN PLANE

VALENT Z ATK O, Bratislava

All terms and notation in this paper have been introduced in
the opening parts of the paper [2]. We only recall the most important
of them.

Let T be a triangle of the Hermitian plane H2 with the verti-
ces A°,A1.A2. The bbrycentric coordinates of points and vectors of
the plane HZ will refer to the triangle T. Any non-zero multiples of
the barycentric coordinates of a point are called its homogeneous ba=-
rycentric coordinates. Lines are expressed by homogeneous linear equa-

- tions the coefficients of which are not equal. A point [vector]
incides with the line [its direction] if and only if its barycentric
coordinstes satisfy the equation of the line. The line which coinci-
des with two distinct points A = [2;]» B = [b;] is given by: '

o
(1) o 8 8| =0
b, by b,
‘2
In the case :E: b; = 0, the equation (1) represents a line which
i=0

is incident with the point A and is parallel to the vector /!8 [bi]'

The vectors d;, d,, d, defined as follows:
a) AJ°+Jl+d'2=o
b) for all i€N = {0,1,2} the vectors d:i' d, form the

biorthogonal basis associated with the besis <33 = AjA- al ’
Ve =A% -al>, where. j,keN and i# jAK#i;.



are called direction vectors of external normals of the triangle T.

By means of the vectors Ji' i€ N the ao-ca{lled g-n'orn':a of
the triangle T are defined '

(2) 8 ; = (d;, d;), where i, jEN.
1j i J

The numbers:
1 .

8ii 8ij ‘
where G.= #0 (independently on i and j)

81 &35 .
end i,je€N, i # j are talled e-norms of the triangle T. We put
e;4 =0, i€N.

‘The scalar product of the vectors f= [xb,xl,xz], Y= [yo,yl,yz] is
given by the following relations: .

1 . .
(4) (§.t) - E [5,)'jxkik-gjkxjikisijkyj+skkx;ji,j] ) _J:k €N, j#k

. 2
(5) ( ’ ) 8 = - y] = - e -‘
| f 44 - [exy] 2 1;;0 915"1}"]

Sometimes it is useful to evaluate the scalsr product using the for-
mula:

. 2 2
(6) (§,0) = inii. where UC= Z ty Jk .
. i=0 k=0
Likewise in [2] the coefficient
gy - 833)°
4G
wi.ll play an 1npbrtant part in this paper.

q= - (independently on i,j, i # J)

Let us rotia_m now to the subject of this paper. We shall begin
with the C e v a 3 Theorem for triangles in the Hermitian plane.
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Iheorenm 1: Let 1’i i=20,1,2 be an arbitrary point of

the line AJAE Jsk€N and ildﬁk#i, not identicel neither with
the point ad nor with the point A%, ‘e equality:

N (A2 (a2%)(A%1p2) « 1

is & necessery and sufficient condition for the lines AiPi' i=
= 0,1,2 being either intersecting or parellel.

The theorem can be proved in the same menner as in the real Eu-
cliden plane, if we define the affine ratio A= (ABC) of three colli-
near points A,B,C as follows :

C"'A' l(C-B).

2
Lemma. ]1: The numbers vy = ngiik' is= 0,1,2 are the
k=0
barycentric coordinates of the nomal vector to the line p expressed
2
by tﬁe_ equation Z ’i?i = 0,
' i=0
- -2
‘Broo f: Since h(gid) = 2 and for all ieN Z &; =0,
: k=0

all solutions of the follovd.ng system of honogonooua linear equations

k=0 ’ ’ : s

are multiples of the aolution (1,1,1). From this fact follows that et
least one of the numbers . vy "is not zero.

* We can take the numbers \£ for the barycentric coordinatés of
a voctor if the suz of them is sero: :

Z i z 'gki.k = Z[Z -ski] ;k =0 .
i i,k ok Li

It remesins to prove now that the vector with baryccntric coordinates
vy is perpendicular to every direction vector f ['i] of the line

p, that is [evi] = s



[evz] = iZ"'i.ivi;j = Z ©; jByidyZ; = Z {izei.igki} 825 =

»J i,J,k Jrk
= Z{ -2 ij-gn} akz = =2 Z 8;2; Z'z' Zglﬂ;k =0
Jik J k

-

Remar k: The numbers 8i3» i€ N have been introduced in the
relations (10) and (11) of the paper [2].

Iheorem 2: The altitudes of the triangle T intersect

in a unique point if and only if for each pair of indices i,j€EN
the number 8 is real.

Proof: On the basis of Lemma 1 the coordinates of the nor-
mal vector to the line AJAK are [x = 8jjr X = 8jj0 X = &x] >

thus the altitude vy of the triangle T which pessea through the ver-
tex al hes an equetlon.

zi ZJ zk

1 0 0 = 0, i.e. Eikzj - gijzk =0 .

Eii 8ij 8By

As the point Pi =N adak has the homogeneous barycentric coordi-

ikoi Sik
nates y; = 0, Y5 = 830 Yk = Biy» there (alakp ) = = — holds.
3ij
Since the altitudes of o triangle can not be mutuslly parellel, they
heve, in accordance with Theorem 1, one common point if and only if
the condition (7) ie fulfilled. When the above stated results are
substituted in (7) we have after reduction the equality:

801812820 * 8p28218)0 ,

which is equivalent to:

811 8 -
(815 * gji). = 0, and BiJ = 3ij rcépoctively.

Bis- 843



Remark: Since the g-norms of the triangle T are real if

and only if its e-norms are real the Theorem 2 remains true if we
replace 8;; by °ij"

Further we shall take into consideretion only the triangles -
the altitudes of which do not intersect in a unique point, that is,

they form the triangle (1)'1‘

(I)Al (I)AZ = v,Nv,. These triangles fulfil the condi-

with the verticqs: (1)A° =vyNv,,
=v,Nv,,
tion: - 7 & ; (gij # éij respectively) for each couple of diffe-

rent indices i,j€N. Unless being told otherwise we shall assume
further thet i,j,k€N and i # j # k # i.

From the calculations in the proof of Theorem 2 it follows that

the altitudes 'j"’k have the equations:

k% ~ 8ji% = O» 8cj%i = &i%5 = O -
By solving them we obtain the homogeneous barycentric coordinates of
the point (l)Ai3 [xi = Bji8ki Xj T 8ji8kjr X = Skisj'k] + The
sun of the coordinates is gj;(g,; + Bij)teyx 83y = “83ibkk * ByiBjk*
= '(sji*gjk)gkk*-(ski*gkk)gjk * 8;3i8ck~8 85k = O» thus the j-th

[i-th] non-homogeneous barycentric coordinate of the point (1)A1
is giveh by the relations:

(1,4 _ 1 (1,i 1
(8) o} = < &by [ ° =3 3ji3ki] .

Lemma 2: The g-norms of the triasngle (1)’1' are given by
the relations: ‘

(99 W ==

where h = 4q and i,j is an arbitrary pair of indices from N.

Pr % 0 f: The direction vectors of the external normals of the
triangle T are defined by the following relations:

A, = 8 - g:.:8] i=0,1,2
i &xi €;i%] 'y
v CECRRLY



. since

2 2
i=0 i=0
. ' “8ix 1
(1,4 _ (1),§ . I .. . -
» ) 83 1 [ . ] "1
T BBk T = = [8kj8ik " BiiBkk| =1
T ey - gy 0 P !
W Q)4 . . T -
R S T L
8ij o
< By) —— = 0.
€51 T 843
Then .
(1)
® (B, B,) 8 e, J-gd‘. d;=g; 4, ) = |
85 = (4 ey -85172 8ki9% = 853% Bxj93-8; 3oy | 1\
8 1 |
———5(-5 *8 )=-———5 = — gyl
81585 JicBid Ji‘kk (83837 &ji aq B3t

Corollasry 1: Tho o-nom of the triangln T, (1)1‘ are '

rolotod by
(1) .
(10) 1‘.’ .‘ h.Ji
for ell peirs of indices i,j EN.

Sorollacxy 2;:

: 1), (1) J’
: = 838 81 ~83i
(1).--[-‘1 J —Lu_l‘qlh.

1) pay Wg= (1)




where
(1) (1)
(1)G 8ii &5
(1) (1)
gji 3.):]
From the relations (9) and Theorem 2 it follows that the salti-

tudes of the triangle 1)'1' form a triangle 2 T, g-norms of which
are given by the relations: )

1
(@, .2
85 " T2 &y ¢

Repeating this consideration for the triangle (2) T, we obtain

8 triangle (3)T and so on. The n-th term of the sequence {(n)T:}ngo

constructed in such a way is formed by the altitudes of the prov1oua
term and its norms (e and g) are given by the relations:

(n)eij = hneij ’ (n)gij = -ﬁa ij y for all n even,
(12)
(n) n (n) 1
°13 =h eji ’ 1 = -;H'sji’ for all n odd;

_ 1
it follows thet ‘Plg= — g .
h2n

‘From the relations (4) and (12) we have

: . 1 1
(13) fz ((n)Al’ (n),J )= (n)gkk a8 = P KR pz(Ai’ ady
(n)g G

for all natural numbers n and

(14) (Yn)Aj_(n)Ai, (n)Ak_(n)Ai) - ()g. = po [_ = k]‘.

= hB (ad - a1, pk _ ,i,

for sall evﬁn.



From these relations it follows that the triangles (2n>T, n=1,2,3,..
are similsr to the trian%le T. One can also easily prove that the
terms of the sequence { n)g °°0 with 0dd indices are mutuslly
similar.

Woreover, from (13) and (14) elso follows that if O<h<l,
then the lenghts of the edges of the triangles n)'1‘, n=0,1, 2,¢¢e
converge to zero, and if h>1 they tend to . In the case when
h = 1, the mentioned sequences are stationary and for ell n even the
triangles ")T are congruent to the triangle T.

In the following consideration we shall express the coordina- -
tes of the vertices of the triangle (n)T by means of the numbers & ;e
Let us remark firat thet the relation between two systems of coordi-
nates with respect to T and (n)T is given by the equations of the
form:

2
as)  x;= Y (n)a';yx , i=o0,1,2

where (x.) denote the barycentric éoordinstea of a point with respect
to T and ({ ) the barycentric coordinates of the same point with res-
pect to %

Since (n*l)T is formed by the eltitudes of the triangle (n)T,
the barycentric coordinates of its vertices with respect to (“)T
are given by the relations: .

: (1),i
E 8ji8kj = aj for all n even,

(ne1),i _ 1 (n), (n)
- (16) b (n)G 83 gka =\

- 31agak (1)33 for all n odd.

The resulting equality holds obviously for J = i, too.

. Ifweput n=1, y.= ks Wl | oc=0,1,2 in (15)
and express ‘1)03 according to (8), we obtain:



. .1
(2) i _ (1) (1)1 _ .
e = o5 % = 2 [esisuski et &6 8 8 ¢
oc=0 : :
1 6133
) _— = e A ().
* 85kl j8ikdyj] * 2 Eij8kg¥ = 85
g
(2,4 1 N . . -
i 5 (8518181 585k * 81380181 385k 8ik8;i8ik8kj] =
G

1

2
-~ 8ii85i855 = 28138;

1

- - . 2

"

1
+ = |-g
c[ *
The obtained results may be written
(17) (Z)ai' = -hJ- .+ (l)aj
J iJ J

where i,j are two arbitrary element
delta. '

Then the following relations:

I 2 2
> [e:181585: + 2885
~

; .. 22 - g3 -
€5i T £1181 5855 T Bi ;851

12
855] = 5 [eis2e1585m80185] =
(1) i
ai .

2
i8j1 = &3] = -h +

in the unified form:

s of N and d}j is the Kronecker

2 2 _ _
(3)82 - Z(z);; (J)b:c - Z [_h{i‘,,(l)ag](l)a:‘: _h(1)33+(1)a
=Q oC=0
(18) \
2 »
Wi o HTONGE Wi L S [_hu);; . (1)a.j;](1>%1c -
- =0 03 - :

= op (Db, (W3 . p2
J J

hold also for 8ll peirs of indices

d;j+(1—h)(1)a§ = hJ;j+(1-h)(2)a§

i,jEN.

d
J



Lenme 3: For'any netural number n and an arbitrary pair
of indices i,jEN ¢

n-1 v
1 - (-h) (l)sj
1+h, j

(19) (2“'1)03 = (-n)0-1 (l)ag + _ “holds.

Pr oo f: The yulidity of (19) is obvious for n = 1,2. Assu~
ming that the relation (19) holds for e natural number n it follows
that the ﬁqrycontric coordinates of vertices of the triangle

(2n+L)p ien respect to (2)p gre given by the relstions:

n=-1
X L2y, BT Loy ()
(2)4 81 &g 1+h (2) 815 &

(2)gh o (pynd 1 (@, (

i n-1
Nl Ll D

-l 1+h J
Then we have:

(20+1) 4 2 (2) =1 ‘(1) g 1-(-mt (1)
+igt = Z ) [(-h)n ¥ a ] =
J oC=0 ’ 1 + h

1-(-n)n-1 2

* o mq](:m’c=
1+h ocga[ et ey Coc

A(-h)n-l (3)33 +

(cmy-1 (301 1-(-n)""1 (1),4 [_h . i (1);:] .
J J

1+h et o

‘ n-1
()R-l [_h(l)ai . (1),@] LI L
. J . J 1+h J

. " ()P )
(.h)n (1).3 + i_h)_. (1).J
1+h J-*

10



(20) s
1+h J 1+h J
' n=-1
(2m) i o (pynel (208, 22Ty
J l+h J
(21) _
- 1=-(=h)® i
= (-h)" 4. . + It (1),§
8 1) 1+h
n=2 n=-1
ST I i T e T T
(22) 9 14+ h J 1+h

n-1l n
R o DL
1+h 13" 14+n |

Proof: Itis aufficient to express (2“'1)5? in (2n)a§ =

= :E: (2“'1)J? (l)ai uaing (19) and (20) respectively. From the
“go J “

relations introduced above it follows that if h = 1 for the triangle T

@
then the sequence {(n)l'} n=0 contains only four different terms.

Hence in the Hermitian plane there exist quadruples of triangles which
are closed with respect to the operation of forming triangles of the
altitudes. '

Theorem J: For each fixed index i€&N all the points

» 03 0,1,2,... are collinear. The lines through these points
have the common point H with the barycentric coordinates:

(2n)Ai

810820 . &g 302312]

(23) [ y - T y
(1+h)G (1+h)G (1+h)G

The line through.tho point H and perpzndicular to the line P; = HAi

contains all the points: (2n—1)‘1' n=1,2,3, ...



Pr oo f: From the definition of H and its barycentric coordi-
nates follows that:

2 85 ;8¢ . 1 2
(24) H= S Ad = — Z (L)gd ,d
=5 (1+h)G 1l+h 350 J
Then:
2 .. 2 n
2 1-(-h) A
L3 BT S gy e S ] -
=0 » J=0

= (p) Al ¢ -] s H - )? [a% - ).
In a similar menner we find that:
(2n=1)4i -y 4 (-p)n-l [(l)Ai - H] .

It remains to prove that vectors fl = Al-H, tl = (I)Ai-ﬂ are per-
pendicular.

From relations (4), (8), (23) and (24) it follows that:

S 1 -3 i vl il
(§t, v = E{sﬁ $i i - 865 Y - agfic vy B §j Y.i}

1 ‘ 1 . .
. o mxk[mai_ Dk (1,4 [ _
(1+h)G { £33 ak[ . a“] Y&k % [ ®

s B e 1
_ (1) k] (1) k [(1) i (1) j]_
1eh ak + ng ak aj Bj

)M 3] P P
Fek aj[ ®3 1on 85]} (1+h)33 g-”‘s"j{gﬁsik+

1
2
* 8 38ikBiy * BikijBik ~ Eucbiy * T [85561bui

1
TS CRCACTEIRESETLI | liewenys (L TCHTR ol

1 . 2 2
* Ton [B538x * 8acdiy ~ Bk &jl} =0

12



Corollary: If h<l in the triangle T then for each

- m . .
i EN the sequence of the points {(n)Al}n:o converges to the point H.

®
Theorem 4: Desides the sequence {(n)‘l'}n,o ¥a aon Ba-

@
sociate with a triangle T another sequence {(-n)Tj}nso of triangles

" such that the edges of its arbitrary term are the altitudes of the
following term; especialy the edges of the triangle T = (°)T-dr. the
eltitudes of the triangle (-L)p.1¢ in the trisngle T is h >1, then for

each i €N the sequence of the points {(-n)ﬂ}m converges to the po-
int H. n=0

Pr oo f: Let us consider the sequence of trianglea the verti-
ces of which are defined by the relatlons.

(-n)yi _ g, (=h) [Ai-H] for i€N and all n even

(25) n+l

o)l o e en 2 [D%3 @] for el n oda.

If in H, there exists a triangle *T whose altitudes are the edges
of the triangle T then, making use of the relations from the proof
of the previous theorem, we have that its vertices A" are related
with vertices of the triangle 1)1‘ as follows:

: : 1
Wiz g+ (-n) [aln] ana "al=n - - [‘V)a-] respecti-
*p = (<1)q,

vely. Hence

On the basis of the relations (24) and (25) we can oaaily vori-
fy that for all n cven the folloving relation holds:

- o2
(-n=1),k _ (-0-1),§ . (_py ° [k - (6],

-2 .
(-n),k _ (-n),§ . (-n) 2 [Ak - AJ] ,

(-n.-l)Ai . :_l [(Dad- Db Yomlyd, (Dak - @yL ) Com)k]

13



From the first two equalities it follows that the vectors (-n=1),k_

-(fn'l)AJ, (en)yk | (=n)yd gpe mutually perpendicular, from the
third we have that the points (:n)Aj' (=n)yk  (=n=1),i g1e colli-
nesr. This means, indeed, that the altitudes of the triangle (-n-1)q
form the triangle ('n’r, especially the altitudes of the triangle -

(-1)p £orm the triangle T. The validity of this assertion for n odd
will be verified by uaing the rolatione.

"(-n‘l.)Ak - S-n-l)AQj = (-h; 2 [Ak - Aj] ’

(emdyk _ (0033 o (o) “T [(1),% (1),,5]

| (-n=1),i , % [((1)83 - (1)33)(-:1)“1 )

. ((1)a (l)a;)(-n)Ak] .
The validity of the last part of the theorem followa from the rela-
tions (25).

The obtained results can be summerized as follows: With every
triengle of the Hermitian plane we can associate the point H with the
barycentric coordinates (23). If h = O, that is if the g-norms of
the triangle T are real, the point H is the intersection point of the
altitudes of the triangle T. If h#0 the triangle T = (0)7 getermi-
nes & sequence of triangles {(n)rj}fzo of such a property that its

every term is formed by the altitudes of previous term. If h<l the
vertices of the triangles (“)T converge to the point H for n ——m ;"
if h>1, the vertices of '"'T converge to H for n —» - ®. In the
case h=1 the above mentioned sequence consists of exactly four dif-
ferent terms.
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COSET DECOMPOSITION OF THE ABELIAN GROUPS
MILAN HEJNY, STEFAN ZN A M, Bratislava

Zvery group in this paper is considered to be Abelisn. The addi-
tive group of integers is denoted by Z and the subgroup of Z consis-
ting of all multiples of @ number n&€Z is denoted by nZ. '

Let (G, +) be a group with the subgroup H and let a € G. The
coset {a + hl heH} will be denoted by (a, H). The system

{tay, 9} 20,1, cou, k .
is eaid to be a coset decomposition of the group (G, +) if it is a

disjoint covering of G, i.e. if the following hold:

% U (ay, G;) = and
=0

2. 14§ =(ag, 6) N (ay, G;) = 0.

(Obviously we can suppose that a, = e is the neutral element of the
group G). ’

Je Mycielski made the following conjécturo:

' Let (x) be a coset decomposition of the group G -nd let card
G/G° = n be a finite number.If

Toa
=TT »¢t

t=1

is the canonical form of n, then

15



r
t=1

In this article ﬁyciolski'a conjecture is proved for a particu-
lar case.

Let a # b be two arbitrary elements of G.By the symbol
T(a, b) we shall denote the coset (a, A), where A is the subgroup
of G generated by the element b - a, i.e.

T(a, b)-{'xa+yb|x+y=1. X.yez}-

Two elements & ¥ b are said to be unrelated with respect to a sub-
group H (of the group G) if

e T(a, b) ¢ H,

2. T(e, ®) NH # 2.

Lemma., Let G/H be the factorgroup of G related to the sub-
group H and f: G-+2 such a homomorphism that Ker fCH and
£(H) = nZ. Two elements a # b from G are unrelated with respect to
the subgroup H if f(a), f£(b) are unrelated with respect to the sub-
group nZ C 2.

Proof. If £(a), £(b) sre unrelated with respect to nZ, then the
system of diophentine equations x f(a) + y f(b) = nZ, x +y =1 is
solvable. Since f(H) = nZ, there exists such sn element h&H that
£(h) = n. Therefore f(xa + yb - zh) = O and hence xa +yb-3he
Ker fE€H, i.e. xa + ybE€H. QED.

" ) . r Ae ‘ *
Theorem 1. Letcard G/H=n= Trl Py end let £:G—Z be

t=

a surjective homomorphism with the properties:Ker fcH and f£(H) =
= nZ. Let us denote

r

K= Z 2Py = 1)

t=1

Then there exists a set of K + 1 distinct elements of G

gs 8y4 coey Oy
16



wi_ih the property: doéﬂ, _dl, see dk ¢H ~end di’ dj are unre=
lated with respect to H for all i, j, = 0y 1, eeey k, i # Jo

Proof. We-shall consider the follov)ing set of integers:
oc B S
(2) etqtpt ‘,. t = 1,0-0' b oY qt = D/Pt* ’ ct = 0, l, --opt - 1

and O(lt=0, 1, see y N-ln

y r

" It mey be shown that the set (2) contains exactly 1+ Z lt(pt"l)
: t=1

such distinct elements that only one of them = namely zero - belongs

to nZ.

First we observe that arbitrary two elements a # b from (2)
are unrelated with respect to nZ, i.e. the. system of diophantine
" equations xa + yb = nz, x+y =1 is solvable. (The proof of this
is only a modification on the proof of Theorem I from [2}) Now, the
set (1) mey be chosen so, that £(d ), ««=, £(a) is the set (2) and
f(do) = 0. The remainder of the proof follows immediately from the
Lemma. *

Theoremn 2. Let G={(ai,Gi)}i=0. 1, «eey k be 8
coset decomposition of the group G. Le;.. H be one of the subgroups
Ggy ey G ond card G/H =n = TT py¥ is & finite integer. If

o t=1
there exists a surjective homomorphism f:G—+Z with the properties
Ker fCH, f£(H) = nZ, then '

Ir
kz ) J (py - 1)
t=1

g_r_u_ﬁ_ First we shall suppose H = G, . According to thd
Theorem 1, the elements (1) belong to distinct cosets of the decompo-
sition (a;, G;). In fact, let us suppose that two elements d and 4°
from the set (1) belong to the same coset (a;, G;); then 4 - a’'€gy

end hence T(d, a’)C(a;, G;). The last inclusion is contractible
.with the fact that d and d’are unrelated with respect to the subgroup
H (i =0 is contractible with T(d, a’) ¢ H and i ¥ O with
T(a, 4’) NH # P). : ~
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Now, let H = 'G,, s # 0 and h be an arbitrary (but fixed) ele-
ment of H. The low of composition ;

G®G—=G, (u, v)—= u¥vy =u+v-nh

turns G into an Abelian groui: with h as its neutral element and

2h - u. as the inverse to u. A substet GcG is a subgroup of

(G, +) if and only if -the set h + G~ is a subgroup of (G, *). There-
fore the subset GCG is a coset of (G, +) if and only if it is a co-

set of (G, %*). Hence G = {(’i' Gi)} (see p.l) is a coset decomposi-
tion of the group (G, #). Obviously H = G, is a subgroup of (G, %),

The mapping g: G—=2, a —=f(a) - f£(h) is a surjective homomorphism
of the group (G, #) onto Z. iioreover Ker g C H and g(H) = nZ.

Meking use of the first part of this proof to the objects
(G, *#), H and g, the Theorem 2 will be completely proved.

BExemple. Let G=2x2Z be the cartesisn product of two
groups (Z, +) an let H be a subgroup.of G generated by the elements
4 = (uy, u,), ¥ = (vq, v,) with the property

ul Vl

- [\-l, ;] = # 0.
W VY2

It is easy to show, that the mapping
f: 06—z, x—=[u, x]

is a group-homomorphism. Let us consider up, U, to be coprime. Then
t_he diophantine equation f(x) = UpX, = UyX) = 2 is solvable for any
z € 2 and hence f is surjective. On the other hand from the condition
(“1’ u2) =1 it follows that every integer solution of the equation
£(y) = O may be written in the form y = p 4, where p € Z. Therefo-
re Ker £ CH. Denoting the absolute value of £(¥) by n we obtain
£(H) = nZ and hence card G/H = n.

Now the Theorem 2 may be applied.

18
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ACTA FACU‘.TATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

A NOTE ON HAHN DECOMPOSITION

JAROSLAV CERVENANSKY and JOZEF DRAVECKY, Bratislava

The HAHN decomposition theorem is & well known result of the:
measure theory ([1], Theorem 29A). The purpose of this note is to
formulate and prove the decomposition theorem without introducing
any set function, in terms of certain subfamilies of a given 6-
ring. The idea of this proof is similar to the one used by T. NEU-
BRUNN in [2]. The HAHN decomposition of a signed measure space is
then a simple consequence of the established result which on the
other hand is shown to be in a sense more general. '

1. In this note we shall consider a measurable. space (X, §)
and subfemilies ®, #’, -and £ of the 6-ring ¥, having the follow-
ing properties: - - :

(i)  Puh’=Y%
(ii) geZclPnh ana % is closed under the formation of counta-

ble unions of pairwise disjoint sets

(iii) f-2%ena N- Z are closed under the formation of count--
able unions of pairwise disjoint sets

(iv) For any G€X, E€P, Fed’for which GNE = @ end
GAF = @, it holds GuEE® and GuFeH

- (v) There is no uncountable family of pairwise disjoint sets in
’ - Z ', and given any Neur- Z, the family # -7 contains
no uncountable fami;.y of pairwise disjoint subsets of N.

+
We define the :families ¥ = {Ecx; FnEE€ ® for each FEY}

y-= {ECX; FNEE W for each FGY}
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Now the decomposition theorem is formulated as follows:

ITheorem: There exist two disjoint sets A and B whose
"union is X such that AcY' and Be Y.

Proof, Consider in ¥~ Z a maximel family (3 = {Bf}rer
of pairwise disjoint sets such that all 87,7"" ere in ¥ and
write B -r‘-‘lpay « We prove first that BEY . In case there is no

set contained in both ¢ and ¥ - Z we have B = g € ¥", Suppose then
that 6# @. The sets By being in both Yenda ¥- Z, are consequent-
ly 1l in #*~ 2 (since by the definition of ¥ we have By N1 Byed)

and therefore by (v) the family A= {Br}7€ r is countable and e
; o0 "
cn‘n“writo A= {Bn} n=1°. Now for any F€Y the set FnB = Fn(rlen) =
= LJ]. (Fn Bn) is a countable union of pairwise disjoint sets in
n= .
N (since B,6 ¥7) and therefore by (ii), (iii) and (iv) is itself ind
By the definition of ¥ this proves that B€ ¥~

Let us consider now the set A = X-B. To complete the proof of‘tho
theorem it is sufficient to show thst A€ Y%, It is reedily seen
that for any E€Y the set ENA = EN(X-B) = (EnX) - (EnB) being
a difference of two sets in ¥ is itself in ¥ . We have to prove it
is in @ « Suppose, for the~contrary,that there exists a set EEY
such that E, = EnA¢# which immediately implies Eotcr -Z. How-
ever,from the maximality of the femily # we conclude that E°¢ »°
and therefore there exists & set F €Y such that H = E nF ¢RA
which gives at once He £-2. We can consider now a maximsl family ®
of pairwige disjoint sete H, c E, which are all in, #-Z. By (v),
since Boscl:Z, the femily & is countable, x;{ﬂn} ::1 which
in its turn implies that by (iii) the set H = L)l Hn is in P- Z',
. n=
too. Now denote K = E, - H. Evidently K€Y and KnH = @, go if
K were in P-2 or Z, then by (iii) or (iv) respectively it would
follow that B, = KuH& @ which contradicts our assumption, and so
necessarily K6 -2, Due to the maximality of the femily {Hn}r:l

no subset of K is in £-7. mis implies that for any E€Y the in-
tersection Bn,x" f- z, nevertheless, K being in ¥, it holds
ENKE€ Y. As o' consequence, Enk is in A’ and that implies ke ¥ .



Bearing in mind that Keu'- 7, we see K¢ ¥~ Y. This contradicts the
maximality of # , since clearly K € X - B implies K ¢ # . The last
contradiction completes the proof of the thedrem.

Remark. It is evident that the property (v) could have
been replaced by the following:

(v") There is no uncountable family of pairwise disjoint sets in
®# -7, and given any Pe -2, the family #~ 2 contains no uncount-
able family of pairwise disjoint subsets of P.

Assummg (i) through (iv) and (v') end the original definitions
of 5’ ,‘;f y the theorem holds as well, since ,)uet aome notations in
its proof are to be mutually exchanged: ® for #’ f for .‘f A for B
and vice versa.

2. The meaning of the last remark is better seen if we define
the families P, AN, 2 by means of a given signed measure in order
to show that the HAHN decomposition is a consequence of our result.

. Suppose we are given a measurable space (X, ¥) with a signed
measure A . It seems natural to denote )

(1) P={sey; u(E)=0}, Sf'={Eey; u(E)=0},
={Ee¥; m(E) =0}

The families ®, A°, and 2 thus defined heve the properties (i)
through (iv) and also (v) or (v'),and ,9’, ¥ coincide with the fami-
lies of all positive and negative sets respectively. In fact, (i) is
triviel as . is en extended real vslued set functionj (ii), (iii)
and (iv) are implied by the 0-additivity of a4 . In the definition
of the signed measure (cf. [1], § 28) it is moreover required that

& assume at most one of the values + ® and - . Suppose 4>~ ® ,
we prove that then (v) is fulfilled. If there were an uncountable fa-
mily ¥ of pairwiae disjoint sets in A= Z, i.e. having strictly ne-
gative signed measure values, then at least one of the families

1
={EeV; (“-(E)<-—}
n

defined for n =1, 2, ..., eay V would be uncountable and clear-

ly for any sequence {V }i=1 cv% we would aet (A-( U Vi) = =00

23



which contradicts the assumption. Similerly, if a set Fed™-Z
(shich evidently implies =00 <au(F)<0) had an uncountable family of
pairwise disjoint subsets all being in -2, we could find a set
EcF such that 4(E) = +c . This however is a contradiction to the
Theorem 28A of [1] end thus (v) is demonstrated. In the case A <+00
the property‘(v’) would be verified in the seme way. As a consequence
. the considered decomposition exists in any signed measure space, or
in other words, the HAHN theorem ([1], Theorem 29A) follows from the
theorem established in this note. '

3. To justify the axiomatic formulation of our hypotheses in-
stead of assuming & signed measure, we give an example where all the
properties (i) through (v) are fulfilled (and hence the decomposi-
tion theorem holds) and yet no set function can be defined to meet
(1). Clearly the property (ii) is more. general than the statement .
Z= @"vrevzdently implied by (1). And so it is sufficient to find

such femilies @, #and X that (i) through (v) hold but X # Pal,
As an exsmple, consider X to be the interval <-1,1), ¥ the O-ring
of all its subsets, % thé family of all sets in ¥ which contain no
rational number. Denote P’ to be the family of all sets in ¥ which
contain at leesst one non-negative rational number and »J'the family
of all subsets of X conteining at least one non - positive rational
number. Let P=2% u®’ #’=2Z u#’, it is then essily seen that £- Z=
= l’ W-Z= o and the properties (i) through (iv) are read:.ly verz-
fied. Given eny family F of pairwise disjoint sets in e’ or.l’ it
cénnot be uncountsble as there exists en injection from % into the
set of all rationsl numbers and therefore the property (v) holds as
well. 3ince clearly Z# Pn "’, there exists no set function related
with P,A", Z by (1) and this shows that the axiomatic hypotheses
in this note are more genersl than considering a signed measure
function. o
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

PLANARPUNKTE DER HYPERFLACHE % J x];l- (o)
ZOLTAN ZALABAI, Nlitra

Die Arbeit handelt von der Konflguratlon der Planarpunkte
[P-Punkte] der lyperfléche X cj J = 0 und von gewissen Quadriken,

sowie auch von der Konfiguration der P-Punkte und gewissen Hyper-
ebenen.

Im m-dimensionalen projektiven Raum Sm Uber dem Korper .der
komplexen Zahlen sei die Hyperfldiche n-ten Grades mit der Gleichung

gegeben, wo ¢. # O Konstanten und x. homogene Kootdinaten von
Punkten sind; n ist eine natirliche Zahl, n 2 3.

Mit Hilfe einer regulédren linearen Transformation kdnnen wir
die Gleichung (1) in die Form

m+l
n
(2) Z x; =0
J=1
bringen.,

Die Hyperfliéche (2) het keine: singulliren Punkte. Dié Schnitt-
punkte aller (g + 1) Kanten des Koordinatensimplexes mit der Hyper-

fléche (2) sind sog. planare Punkte der Hyperfliche (2). Wir werden
diese kurz als P -Punkt e bezeichnen. "
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Auf der Kante OJ Ok (J = 1~,2, evey m; k = 2’3, .-", m + 1;
j=< k) eind alle Koordinaten der P-Punkte gleich Null ausser xj und
x, . Fir diese Koordinaten gilt

(3) x. = e[zu(j;k)+1] Xirn

Ueg,x) = O 1y ceepm =1,
Die P-Punkte auf der Kante 0.0, bezeichnen wir P .
Ik U(s,k)

Wenn die Quadrik den Koordinatenpunkt O, nicht enthélt, kon-
nen wir die Gleichung in der Form

m+l
(4) Z 85X 5% = o, wobei j&k, a);=1
J=1

schreiben. Die Koeffizienten der Quadrik (4) sind ersichtlich unhomo-
gen.

Wenn die Quadrik (4) durech die Punkte P der ~an-

P-
. Y(1,k) "(1,k)
te 0, Op (k = 2,3,.c0,m + 15 u(l'k)‘;ﬁ(1'¥))gehen soll, denn gilt

fir den Koeffizienten a,,

’ 2[u, + 1 + 1] Xi/n
() sy e Lo * Sam * 1

Bemerkun g.FDer Koeffizient a;, ist fUr unsere weite-
ren Erwlgungen nicht notwendig.

. m
Durch die m Paare der P-Punkte: Pu » Pg ist des (2)'
) (1,k) (1,k)
-dimensionale lineare System von Quedriken bestimmt (k = 2,3, ...,
m+l). ‘
Jenn der Punkt P“(j,k) der Kante O-Ok,(j =2, 2,000y M3 k>»J)

J
auf einer Quedrik des erw#hnten (g) -dimensionalen linearen Systems

‘von Quadriken liegt, dann ist
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e[2“(1,,5) YAy sy gyt 3] Ti/m

ajk = - -
(6) _ e[ZU(l'k) + 2\1(1’k) - 2u(j,k).+ 1] Jri/n .
Durch die Punkte P . P- (fir k = 2,¢00, m+l
: U1,k)" 9(1,k) e e
u(y,K) < G(l,k)” Pu(j,k) (j 2 2, k>j) ist eine Quadrik bestimmt.

Untersuchen wir unter welchen Voraussetzungen auf dieser Quadrik ein
weiterer Punkt P“(j ) liegt, wobei U560 <Y9(j,k)® J = 2,00.,m4

1
k>j. Nach dem Einsetzen der Koordinaten des Punktes in die die Qua-
drik bestimmende quadratische Form erhalten wir die Zahl

BB, * Bt B ¢ 2T 2ug gy v By g+

(m  *FR 2[ug gy ¢ T, 50eg,0* B ¢ 218

- 92[“(1,1;) "_‘-’(1,1:) - U500 * 9,k * 11%im

Antwort auf die gegebene Frage gibt

Satz 1. Die notwendige und hinreichende Bedingung dazu,

dass 2.(”;1) verschiedene P-Punkte: P ‘ » Jje zwei von

P~

Ui,k Y(E,k)

Jjeder Kante des Koordinatensimplexes (j = 1,2,¢+., m} k = 2,3,...,

m+ly; k> j, Ues 1) < G(- ) auf einer Quadrik liegen, ist das Er-
Js Jk)

fiilltsein der Beziehungen

(8) w5801, 55,0 3,0 T Y, 3 -1 (@ed )
fir j = 2,353,000, m5 k=3, «oo, m¥l, k>j.

Bewedis. l. Es gelte die Bedingung (8). Es geniigt zu zeigen,
dass die Zahl (7) gleich Null ist. Nach sinsetzen von (8) in (7) kann
dies leicht festgestellt werden.

2. ibs liegen die Punkte P P- P P-

U,e)" %1, vaLe’ %L’
P P- auf .einer Hyperquadrik. (j = 2, .., mi Kk )e
Uik 8(GE,K) J =2y ey m k>3
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Eraichtlich gilt:
(9) g, * 8,5 UG T R, T G,k T e T

wo x, r ganze Zahlen sind.

Im Sinne der Voraussetzung ist der Ausdruck (7) gleich Null, deshalb

-2 r Xi/n’
e

l - = 0.

Also r=n .‘z, wo z eine ganze Zahl ist. Des heisst jedoch,
dass die Beziehung (8) gilt.

Damit ist der Satz 1 bewiesen.

#ir wollen zwei Hilfssiitze anfilhren, die wir zum Beweis weite-
rer Sdtze verwenden werden.

Hilfesatz 1. Es sei n eine gerade Zahl (n24). Es
existieren n/2 Paare von Indexen bei welchen die Summe uiie) t
’

+ E(j ) gerade ist, wobei alle Summen zueinander verschieden sind.
v ’ ;

Es sind die z.B. (0,2), (0,4), ..., (0,n=2),(1,n-1). Die Anzahl der
Indexenpaare.(u(j,k), G(j,k))’ deren Summen nach dem Modul n kon-

ent sind, wobei die Summen gerade sind, ist n-2 <
s : aad y 18t 5=, (ugg i)

< G(j k))‘ Es existieren n/2 Indexenpasre bei welchen die Summe un-
’ -

gerade ist, wobei alle Summen zueinander verschieden sind. Die An-
zshl der Indexenpasre bei welchen die Summen nach dem Modul n kon-
gruent sind, wobei die Summen ungerade sind, ist n/2.

1 at . Es sei n ungerade (n 2 3). Es existie-

ren Dsl Indexenpaare (“(j,k)’-ﬁ(j;k)) bei welchen die Summe gerade
ist,wobei die Summen zueinander verschieden sind. Es sind z.B.:

(0,2), +«y (3, n=1). Es existieren n%l Indexenpaare, bei welchen

die Summe ungerade ist, wobei die Summen zueinander verschieden sind.
Die Anzshl der Indexenpaare, bei welchen die Summen nach dem Modul n

kongruent sind, ist Qil' ohne Riicksicht darauf, ob die Summen gerade

oder ungerade sind.
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Definitio n' l. Eine Quadrik auf welcher 2. (n;l) P=-

-Punkte - je zwei von jeder Kante des Koordinatensimpleies - liegen,
heisst P-Quadrik.

Setz 2. ImFalle des geraden Ixponenten n betrégt die
Anzahl der P-Quadriken-
(2)+r2 - rmém+r m=r+rm-re

>, ()3 - (%)

Bewei s. Von den Summen u(l,k) + a(l,k) seien r. Summen

ungerade, wobei k = 2,3,..., m¥l; O £ r S m. Die Gesamtzahl der

durch die Punkte P bestimmten (g) ~ dimensionalen li-

P~
Y(1,k)"  Y(1,k)
nearen Systeme der Quadriken ist

(027 ()
r 2 2 4 .
m
: pe2 Tlm=r) (2)-r(m-r) :
In jedem System existieren (—;—) ’ . ; - P=Quadriken.

(Man benitzt die Beziehung (8) und den Hilfssatz 1.)

In diesem Falle betrtigt die Gesamtzahl der Quadriken

, . (3)+r2 - rmemer L, KD P2
(=) 3) =

Demit sind alle Moglichkeiten erschopft. Es ist ersichtlich,
dass die Behauptung des Satzes richtig ist.

§;g_1_z___}; Im Falle des geraden Exponentgn ﬁ gehen durch
jeden P-Punkt '

> (-3

P=Quadriken hindurgp.

(g) + rz-rm+m+r-1 m-r+rm-r2

)
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Bewedis. a)Der Index des festen Punktes P trete in je-
nen Paaren auf, bei welchen die Summe gergde ist..

Die Anzahl der ungeraden Summen “(l,k) + ﬁ(l,k; sei r, wobei

k= 2,300, m+1, 0££r€m-1.

. o n
Die Anzahl der durch die Punkte P bestimmten (2) -

P-
Uk’ Y(L,K)
dimensionelen linearen Systeme von Quadriken ist

. =la r
1 (n n --2) mi=1ap ( n2) n-2
m = . = . . e « = .
( r ) 2 2 4 2
In jedem.System existieren '
(n -2
)

Nenn wir a) vorsussetzen, ist die Anzehl der P-Quadriken

(g)-r(m-r)

r(m~r) " A
.(—) P-Quadriken.

2

m-i’ (g) +r2-rm+m+r-1 m=r+rm=-r

(101 > ()07 (%

b) Der Index des festen P-Punktes trete in ungeraden Paaren auf. Die
Anzahl der ungeraden Summen U(q ) +'G(1 k) gei r, wobei k = 2,3,..
") )

ooy m+1, 1‘=rgm'

m
Die Anzahl der durch die Punkte Pu bestimmten (2)-di-

1] Pﬁ
(1,k) (1,k)
mensionalen linearen Systeme von Quadriken ist ’

m-r 2 r-1
m-1\ (P n-z) ( n n
(r-l "(2'2 ) 4) 2
In jedem System existieren
r(m=-r) . (2)-r(m-r)

fn=2
(___) . .(-) S P - Quadriken.
2 \2
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¥enn wir b) voraussetzen, betrégt die Anzahl der P-Quadriken

(g) + r2 - rm+m+r - 1 n-r+rn—r2

o 3 EE) &

Durch die Summierung von (10) und (11) erhslten wir die Anzahl der
durch einen festen P-Punkt hindurchgehenden P-Quadriken. Danit ist
der Satz bewiesen. .

. Aus den S#tzen 2 und 3 folgt der

Satz 4. Im Falle eines geraden Exponenten n bildon die
P-Punkte und die P—Quadriken folgende Konfiguration: .

(m+1) (m)+ rl-rotm+r-1 D-r+rm-r2 :
L3, (-6 (7) l
r= e
m 2 i
L (2)+ FomEROERE m-r+ro-r?
(m).(_)‘ (n-z _ » (m+1)
r ° e—— ° o
:go 2 2 ) 2
- a8tz 5. ImFalle eines ungeraden Exponenten n betrigt
die Anzahl der P-Quedriken v 2
m
.o n-1 m* (2)
] (=) -
2
Beweld s, Die Behauptung des Satzes ist offenbar.

: §_ﬂ_1_i___§; Im Falle eines ungeraden Exponenton n 5ohen
durch jeden P-Punkt

S (*“1')

P-Quadrikan hindurch.

m+("‘
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Bewegjds. Die Behauptung des Satzes ist offenbar. .
Die Folgerung aus den.S#tzen 5 und 6 ist der

Satg 7. Im Falle eines ungersden Exponenten n bilden
die P-Punkte und P-Quadriken folgende Konfiguration:

m+] . ' nv
£ ey
[z;n(m-n.(n;_l) 2 ] :2.(mi2-1)

Durch die m P-Punkte P“(l % (k = 2,3,00., m+1) ist eine Hyper-
’ .

ebene bestimmt.

Untersuchen wir unter welchen Bedingungen in dieser Hyper-
ebene irgendein weiterer Punkt Pu(. ; (JZz2, k»j) liegt.
Jsk - v

Wénn der Punkt Pu( ) in der erwiihnten Hyperebene liegt, dann
Jik

-

0(20(1,2)"‘1) fi/n
e(zu(1’3)'+1) fi/n

o-otuoo--o.tuoooo---o'-o-ooo'"'0

q(au(l“j y*1) Xi/n

toooo.o-ouo.oooo-nt-o-ooonoo.

(2u¢; . \+1)Ti/n
e (l’k) o : 0 0 0‘ . " o . L] . . L] . 1: .o

NS -
/c/'-oo-oooo-o-'.co-.o-ooooocco_o
P .

(2u(, +1)¥i/
e u(l.m*l) no Q o 0......... 0'01_

: r
o . 00 o o] i_/n..l 0
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Diese Bedingung konnen wir auch in folgender Form achreiben:
(12) ZU(I’j) + 2u(j.k) - 2“(1'k) + 1 = n(2x + 1),
wo x eine ganZze Zahl ist.

Definition 2., Die Hyperebene in welcher (msl) P-

Punkte liegen - je einer auf jeder Kante des Koordinetensimplexes -

heisst eine P-H y perebene.
Aus der Bedingung (12) folgt der

Satz 8, Im Falle eines geraden Exponenten n existie-
ren keine P-Hyperebenen.

Die Folge des Satzes 8 ist der

satz 9. ImFalle eines geraden‘ n sind alle P-Quadriken
unzerlegbar.
S atz 10. Im Falle eines ungeraden Exponenten n ist ei-

m+l

ne'notwendige und hinreichende Bedingung dazu, dass ( 2 ) P-Punkte

- Je einer von jeder Kante des Koordinatensimplexes - in einer ge-
meinsamen Hyperebene liegen, die Glltigkeit der Beziehungen

(13) Zu(l’j) + Zu(j’k) 2 2u(j,k) -1 (mod n)

fir j =2, 3,ee., m; k= 3,000, m¥l; k > j o

Beweig.1l. Es gelte die Bedingung (13). Es genigt zu
zeigen, dass in der durch die Punkte l’u(1 (h = 2,3,¢..,m+1),
h
’

bestimmten Hyperebene auch der Punkt P“(j k)j z2, k >Jj) liegt.
' \J s

Dies ist aber ersichtlich suf Grund der Beziehung (12).

2. Es liege in der durch die Punkte Pu< (h =

. 1,h)
= 2,3,0+¢) m+*1l) bestimmten Hyperebene der Punkt P, (j 22,

k > j). Es gilt die'Beziehgng (12); das ist daaaelbgjigg (13).

Damit ist der Satz bewiésen. N

Auch die folgenden Sktze konnen leicht bewiesen werden:
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S.atz 11. Iﬁ-Falle eines ungeradeh n gehen durch einen
festen P-Punkt n™ ) P-Hyperebenen hindupch.

‘ Satgz 12. Im Falle eines ungeéraden n bilden die P-Punkte
und die'P-Hyperebenen_folgende Konfiguration:

SR B £

pm-l' ’ (m;l)
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(ACTA F.R. N. UNIV. COMEN. - MATHEMATlCA XXV - 1971)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS CDMENIANAE
MATHEMATICA XXV - 1971 '

UBER EINE BIRATIONALE TRANSFORMATION n; - GRADES
IM n- DIMENSIONALEN PROJEKTIVEN RAUM § n

ONDREJ $EDIV Y, Nitra

In [1] ist ein fir die Euklidische Ebene giltiger Satz ange-
fihrt, in [5] wurde dieser Satz fiir die erweiterte Euklzdische Ebene
und fir den dreidimensionalen Raum vorallgeme1nert.

in der vorliegenden Arbeit verallgemeinern wir diesen Setz und
beweisen dessen Giiltigkeit fiir den n-dimensionalen projektiven Raum
Sh iber dem Kirper- der komplexen Zahlen, zugleich fiihren wir '
die Transformationsgleichungen zwischen den entsprechenden Punkten,
den Orad der Transformation, die Fundemental - und Hauptverietdt an.

Verallgemeineru ng . des Satzes

und ‘die T f ansformationsglei-
chungen

Wihlen wir im n-dimensionalen projektiven Raum S einen Sim-
Plex In. welcher 3lexchzortig der Koordinatensxmplex dea Raumes
. S ist. - o

n
§_l_&_z___1; Es sei I eine Sxmplex des’ Raumes S,+P sei-
ein beliebiger Punkt in S n? 'olchor in keinem (n-l)-dinensionalon
Teilraum des Simplexes : 48 liegt. Die Punkte Aij ( (lj) sind allo
Konbinntionon sweiter Klaa-o aus den Zahlen 0, 1, ... n)\eind Pro-
Jaktionapunkto des Punktes P aus den (n-z)-dinenaionnlon Teilrku-
men ::ij des Simplexes suf die gegeniiberliegenden Kanten oioj
Die beliebige durch die Punkto Aij hindurchgehende Quadrik Q
schneidet noch die Kanten 0103 des Simplexes I in den ?hdkton
813. Die durch die Punkte By; und durch die ;cganuborliogondcn
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(nfz)-dinonaionalon Teilr&ump JEij' bestimmten Hyperebenen /313
" durchschneiden sich ebenfalls in einem Punkte P’.

Bewegi s, Dader Punkt P 2 (y) in keinem Teilraum des
Simplexes I, liegt, ist ¥i #0 fir i =0,1,..., n. Die proji-
zierende Hyporebom oG = (zij’ P)(Zid a (Oo,... 61, ieey ’OB, eoe

ey On) ) heat die Gleichung
und durchschneidet die Kante 0103 im Punkte Azj’ dessen Koordina-

ten yk-o k=0 1, seey 11,1‘.'1, cesy j“l j"l, eeey n) aber

Die durch die Punkte Aij' deren Anzehl (“;1) ist, durchgehende

"Quadrik Q schneidet noch jede Kante 0 13 im Punkte Bij Die
Koordinaten des Punktes B1J auf der Kante 010j sind x =0, k=
= 0,15¢¢¢, N, mit Ausnahme von- X5 xj. Wenn wir in die Gleichung Q
‘statt x = 0 (k = 0,1,..., i-1, i*l,ee., J-1, j*l,..., n) setzen,
erhalten wir nach Berichtigung fiir die Koordinaten der Schnittpunkte
der Quadrik Q mit der “ante 0; 0 die Geichung

(2) bi‘i + beJ + c; X1X5 = 0

ﬂil‘ggg;;_l; Von den Koeffizienten by fur i=0,1,ceey, n
kann hdchstens oinor gleich Null sein.

Bewedisps, %“enn b; = 0, so folgt dareus, dass die Quedrik
Q durch den Grundpunkt Oi des Simplexes I; hindurchgeht. Sollten
swei der Koeffizienten gleich Null sein, dann ginge die Quadrik Q
durch swei Grundpunkte des Simplexes hindurch, z.D. 0; und OJ,
i # j. Die Quadrik Q kdnnte die Kante 0; 0 j in von 0; und Oj ver-
schiedenen Punkten nichtmehr durchschneiden. Der Punkt P miisste
also in der Hyperebene des Simplexes liegen, was der Voraussetzung
des Satzes widersprechen wiirde.

Nach dem Hilfssatz 1 kdnnen wir vorsusstezen, dass entweder
bi oder b, von Null verschieden ist, dann ist nach Berichtigung
(2) (unter dor Vorsussetzung b; # 0)
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(xi)z ¢35 X3 bj
(3) _ +— . —+—=0
x:l b, X. bi

i J
Eine Wurzel der quadratischen Gleichung (3) ist das Verhiltnis der
Koordinaten ¥y : y; des Punktes A ;e Die andere Wurzel ist das
Verhliltniss ¥y ¢ yj, wo y{, y';, yl; =20 (k =0,1,s0.,n mit der

Ausnshme k = i, k = j) Koordinaten des zweiten Schnittpunktes der
Quadrik Q mit der Kante 0,0, sind, also Koordinaten des Punktes Bi,j‘
Diese Verh#ltnisse erfiillen die Beziehung

yi ¥y b
(4) e

- 2
Y3 ¥; by

daraus
yi.:y:i:bjyj:biyi.

" Die Gleichung der Hyperebene Ai.j’ welche die Hulle des Punkfea Bij

und des (n-2)-dimensionalen Teilrsumes Zij des Simplexes In ist,
lautet

Wenn wir alle Kombinationen (ij) aus den Zahlen O0y1,¢..,n nehmen, er-
halten wir ('"1) Hyperebenen, deren Gleichungen die Form (5) haben.
Unter ihnen sind n 1linear unabhéingig und durchschneiden sich in
einem Punkt P'(y_, yi, ... ¥,)s dessen Koordinaten folgende Bezie-
hung erfiillen:

Yo ' ¥1ireef Ypoy b ¥p = Dybobyecedy 1 DY Yo¥3ee¥py Yy
‘(6) : b°b2b3...bny°yzy3 ese yn Seces boblbzcoobn_zbnyoyl eee

(R yn_zyn : boblbz eee bn"lydlya xXx) yn"l.

[ ]
Bemerkung 1, venn b, = 0, dann entspricht dem Punkt

P der Punkt P's Oy -

Aus dem BDeweis des Satzes 1 folgt, dass dem Punkte PES, ein-
deutig der Punkt P ESn (bis euf gewisse Ausnahmen, ds {iber den
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Punkt P vorausgesetzt wurde,.dass dieser nicht in den Teilr#umen
des Simplexes I liegt)..

Definition 1._ DieZuordnung P—+P  im Raume Sp

nennen wir Transformation T.

_ 'Satg 2. Die durch die Gleichung (6) bestimmte Transforma-
tion T ist eine eindeutige involutorische Korrespondenz im Reum
an‘(eine Ausnahme bilden Punkte gewisser Varietliten).

Bewedias. Durch Proazzioren des Punktes P auf die Kan-
ten des Simplexes qrhlelten wir (n2 ) Punkte AiJ’ zur eindeuti-

gen Bestimmung der Quadrik Q §ind noch n Punkte Ky» (- 1, ess
«sey N, notwendig; diese wihlen wir so, dess sie linear unabhiingig
‘seien, weiter seien die Hyperebenen ( 214, Kt) paarweise verschie-
den und die ilyperebene 7 = (Kl"" K, ) soll durch keinen Grund-

punkt 01 des Simplexes In hindurchgehen.

So ist dem Punkte P € 5, eindeutig der Punkt P'€ S zuge-
ordnet. Wenn wir P’ als Ausgangspunkt widhlen, welcher wieder die
fir den Punkt P auegeaproéhenen;Bedingungen erfillt, bestimmen
wir mit dessen Hilfe eindeutig die Punkte Bij auf den Kanten des -
Simplexes, mittels der Quadrik Q bekommen wir die Punkte A.. und

. i
8o erhalten wir den Punkt P.

Dio Transformationsgleichungen zwischon den Punkten P und P’
haben wieder die Form (6).

S etz Js DPie Transformatlon T ist eine blretlonale
Cremona-sche Transformation n” Gredes.

: Beweigs. Laut dem vorhergegangenen ist die Quadrik Q durch
die Punkte 5:"" l,¢e¢, n, und Aij bestimmt. Auf Grund der Koordi-
' b
natern <2y srwihnten Punkte kann men z.B. die VerhHdltnisse ;i der
. 5 '
Koeffizienten der Gleichung der Quadrik Q berechnen. Die Determinan- -
b, : *

"ten fﬁr Unbeksnnten. ;i bezeichnen wir D;, i = ) PR n. (Die tibri-
o

gon Dotorninonton fihren wir nicht an.) Fur die xooffisiontcn bi’
. i ' 0, lco' n. dlt dann: v
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(7) by i by :by i oese i b =DyiDyiD,: oeesd D, »

. n+l CC
wo Di (i=0, «oe, n) Formen 2 (—2—)= n (n-t-l)Grgdeg in yj (j =0,..

eey n) sind, weil jedes Determinantenelement in Dy zweiten Grades
n(n+l)

ist und die Determinante Di Reihen enthilt.

In der Determihante D, konnen wir aus der ersten Reihe ¥1»

‘aug der zweiten Reihe y, usw. sus der n-ten Reihe In (was frei-
lich von der Anordnung der Gleichungen abhéngt) herausnehmen. AYso

Do = yl y2 o yn uo
wo M, die Form n(n+l)=n =,n2 Grades in yg, Yysee+s¥y ist. Ande-
re Faktoren kdnnen aus Dj nicht herausgenommen werden.

Das gilt enalogisch auch fir die Determinanten D;,i=1, ...
«ey N, also
(8 Dy = ¥g¥y +ve Yoy Viay ove Yoy o

2 A

wo Mg (i =1,...,n)Formen des n Grades in Yor Yyseees¥, 8ind.

Die Xoeffizienten b. in der Gleichung der 'Quadrik sind homo-
gen und deshalb kdnnen wir in die Gleichung (7) anstatt D; die
rechte Seite der Gleichung (8) einaetzen, so erhalten wir

(9) . bi = yoyl-co. yi-lyi"l ese yn Mi (i = o'1|o‘o,.n)o

Setzen wir in die Gleichungen (6) von den Gleichungen (9); wir er-
halten

n n
'I_" n -l—l-
(yi) "on2u3 X lln: ’ (yi)n MOHIHJ ee e Kn :, se e
i=0 . i=0 .

(10)

]_I (yi HOMI-..IK llk*l...ﬂ ooo--n (yl Moul...l =1°

i=0
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Der Voraussetzung gem#iss liegt der Punkt P in keiner der Hyper-
ebenen des Simplexes und deshalb y; # 0, i = 0,...,n; also konnen
wir mit dem gemeinsamen Faktor ;ﬁz (yi)n kirzen und erhalten dann

.’ .

(11)  Jo 2 Yai eoe 3 Yot eie 5y = MMy oo M MM ooo M _toes 3
0 1l k n 172 n° 02 n

: uoul LN u;k-lﬁ+l LN ] Mn: LN : uoul L] .. . nn-l .

Jede der Formen M; (i = 0, ..., n) hat den Grad n? und Jjedes
Glied des Verh#iltnisses auf der rechten seite der Gleichheit (11)
enthélt n Faktoren, also jedes Glied des VerhHdltnisses ist eine
Form des nJ grades in y5, ¥y» o+ Yo '

Wenn wir -y{ gegen y; (i =0, «¢e, n) und umgekehrt in (11)'aua-
tauschen, erhalten wir Transformationsbeziehungen zwischen P und
P. Daraus ist ersichtlich, dess die Transformation T eine biratio-
nale Cremonasche Transformation n3 - Grades ist.

Hilfasatz 2, Jede veréinderliche ¥y in der Form

My (i = 0, «se, n) kann hochstens n-ten Grades sein.

Bewedi s, Die Formen ‘i entstanden aus Di‘ Die Veriéinder-
liche .y; in Dy findet sich in n Reihen im ersten oder zweiten
Grad. Alle yi 8ind in einer Kolonne; in dieser Kolonne blieb auch
Yis welches nech dem Herausnehmen von y; aus der Reihe der Dgtorni-
nente D; entstand. Daraus fplgt, dess wenn wir bei der Bildung der
Forh ui aus dem Produkt yf herausnehmen, bleibt yj nur mehr in
(n-2) Reihen, in jeder nur im ersten Grad. laraus folgt die Behaup-
tung des Hilfssatzes 2.

Im weiteren werden wir von gewissen Punkten beweisen, dass
sie fundementale Punkte der Transformation T sind, d.h. solche,
fir welche in den Gleichungen (11) y{ =0 fur i = 0,..., n ist.

S etz 4. Die Punkte der Varietit
Uni n. ﬂd '.
i = 0, seey n.l
j = 1’ l..' n s
wo ni eine durch die Gleichung M; = O definierte Hyperfliche ist,
sind Fundamentalpunkte der Transformation T.
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Bewel s, Fir Punkte mit der engefiihrten Eigenschaft miissen
wenigstens swei Faktoren aus. My (i = 0,...,n) in den Gleichungen
(11) verschwinden, weil » wenn nur ein Faktor M; verschwindet, wir
" eine der Koordinaten y; von Null verschieden erhalten. Solche
Punkte, bei welchen swei Faktoren - My verschwinden, gehdren in den
Durchschaitt W, N Ij.

Die Lenge (12) ist ersichtlich nicht leer. In diese gehdren
slle Punkte der (n-2) - dimensionalen Teilrume }:1 , was sus den
Eigenschaften der Formen "i hervorgeht, da jeder Toilraun Zi j in
jeder Varietiit lli enthalten ist.

In den folgenden Erwiigungen suchen wir eine weitere “enge von
Fundamentalpunkten. .

Es sei Oi ein fester Grundpunkt des Simplexes I,. 7 sei -
eine durch die von uns im Beweis des Satzes 2 eingefiihrten Punkte

K‘ (l- 1, «¢s, D) bestimmte Hyperebene. K seien Schnittpunkte
d.l' u’p.l‘.b.n. q ﬂit d.n K‘nt.n OiOJ (i - ie't' j = 0'1'. ecey 1-1'

1"‘1' seny n).

Die %ng.hl dieser Punkte ist n. n lineare unabhlingige ‘yper-
ebenen § J (2“, KU) (j =0, ¢e.y i=1, i+l, ..., n) durch-
schneiden sich im Punkte Pye

Sats S.Der Punkt Pi ist ein Fundamentalpunkt und in
der Trensformetion T wird auf denselben die Hyperebene

Wy [mi s (oo,.... °i-1’ 01*1, ese On)] als Ganses ob;obild?t.

Beawels (aynthotiach); Aus der Konstruktion des Punktes
P; folgy, dass die Projektionspunkte des Punktes P; aus I, j (i -

fest, j=0,..., i-1, i+1, ..., n) suf 0 OJ die Punkte ‘ij sind.
Die Projektionspunkte des Punktes P; aus de (Jsk = 0,000, -1,
i+l, ..., n) sind bestimmte Punkte Ajy auf den Kenten 05 Op.
Ersichtlich liegen die Punkte A j in der Hyperebene w;. Die durch
die Punkte K“, ‘Jk' (jyk =1, «..y, n) gehende Quadrik Q besteht
sus den Hyperebenen w; und 7 (in w; sind (3) Punkte Ay, in®
sind 2n Punkte der Quadrik - durch diese Punkte ist die Quedrik Q

eindeutig bestimat.) Gemeinseme Punkte der Quedrik Q; mit den Ken-

ten des Simplexes In (Punkte im Sinne Bu) verschieden von den
Punkten ‘jk' ‘13 sind nun:. .
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8;) auf den Kanten OiOJ (i - fest) die Punkte Qj'

b) suf den Kanten O'J-Ok (jsk = Oyeee, i=1, i+l,..., n),‘alle
Punkte dieser Kanten ausser den Punkten Ajk’ dies hat
aber auf unsere Erwidgungen keinen Einfluss.

Das Projizieren der Punkte Bij von den Kanten zij geschieht fol-
gend: ’

02) Der Punkt Oj (als Punkt der Kante O; Oj) wird von zij
durch die Hyperebene wi projiziert;

b2) Die Kante OJ 0k (als Ménge der Punkte Bjk) wird von iﬁk

durch den ganzen Rsum Sn projiziert.

Der Durchschnitt aller Mengen von a‘) und b2) ist die Hyper-
ebene aﬁ. als Menge von Punkten, welche nach geometrischer Defini-
tion dem Punkt Pi entsprechen.

_ Es ist leicht zu zeigen, dass jeder Punkt P der Hyperebens® a.li'
(ausser den Punkten Ijk (j,k = Oye0e, i=1, i+l,...,n) ) gibt als
entsprechendes Gebilde den Punkt Pi'

Anslogisch gilt die Erwdgung fiir die Punkte P;, i = 0,..., n.

Setgz 6. Auf den Punkt O, (i =0, ¢esy n) des Simplexes
I, werden die Punkte der Varietdt M; =0 abgebildet.

Bewei g, Tauschen wir in den Gleichungen (11 y; fir y{
sus. (Mit Ricksicht euf Satz 3 ist dies mSglich). Statt y; setzen
wir die Koordineten des Punktes O; und suchen diejenigen Punkte,
deren Koordinaten den verénderten -Gleichungen (11) genligen. In der
Gleichung fiir ¥ fehlt auf der rechten Seite A, wobei y; #0,
aber in allen Gléichungen sind alle M. enthalten, j = O,¢.., n,
wobei j # i. Das heisst, dass lj £0(j =0, seeypn, j #1i).

Falls sber irgendein Ij'? 0, dann ist auch y; = O.

Aus dem Beweis des Satzes 6 gehtAhervor, dass die Punkte der
Verietdt N; = 0 (i = 0y ees, n) die Hsuptpunkte der Transformation
T sind. Ersichtlich ist, dass die Hauptvarietlt bestimmt {50 Mi

A pet v

enth#lt; aber zu dieser Vo:oinigung gehoren auch die Fundamental-
punkte. Also die %enge jener Punkte dieser Varietdt, in welchen die
Abbildung definiert, aber nicht (1,1) - deutig ist, ist die Menge "
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0, esey n=1
j=1, ..., n

'Auf Grund des Satzes 5 gehdren in die Hauptvarietlit auch die
Hyperebenen w; (i=20, ¢oey, n). <
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

CONVERGENCE OF VARIATIONS
AND UNIFORM CONVERGENCE

ANNA NEUBRUNNOVA, Bratislava

In the paper [1], there were sequences {fn} of functions

of bounded variation on the interval (-, ®) atudiod. A theorem as-

serting that if {fn} i is elmost unifornly gonvorgcnt to a func-

tion £ of bounded varistion on (- o, m) nnd ir V Ly ™™ V r( V;
-s0
- stands for the variation of g on (-®, o) ), then {fn}
n-l

'unifomly convergent on (- @, ® ).

Let us define, in an snalogical way as in [2], the variation of
£ on an arbitrary set Mc (-, o).

Defipnition 1. A real function f will be termed of

bounded variation on a set M if there exists & resl number K  such
that ¥|f(bi )-f(a;)|< K, for any finite sequence {“1' bg} of no-
noverlapping intervals, the ond-pointa of which belong to M. We ahnn
put V£=0 end J£= fud Zlf(\:i ~f(a;)|if X # 2.

In connection with this -definition a question arises, if the
above cited theorem from [1] is true when the intervel (-m, ) is

substitued by any set X (-, ® ). The following exsmple shows that
the answer is negative. .

Example 1. Let M = (-1, 0) U.(0,1). Put
"0 it xe(-1, 0)

fu(x) =nx it xe(0, =)

-

1 if xe<¢=-,1)
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Then xrn =1 for n=1, 2,-3, ++. « The sequence is almost

uniformly (it means uniformly on every compact subset of M) conver-
gent on M to f which equels zero on (-1, 0) end 1 on (0,1). In
fnct,'if Kc M. is any compact set, then K = K,uKk,, where

ch (1,0) and ch (0,1), are compact sets. The uniform convergence of

£, on K, and K, implies the uniform convergence on K. Since V f=1,
we have V fn —» V f£. But the convergence of {fn} on M is not uni-
M M

form on M.

So an another question arises. The probleme is to characterize
those sets MC (-, o) for which the mentioned theorem remains to
be true. The question is.solved by the following two theorems.

Theorem 1. Let f and f be functions of bounded
variation defined on M. Let X have the following property:

(%) If x, is such e limit point of M that X, ¢ M, then
either X<x, for every xek or x>x°- for every xé€M. Then the
almost um.form convergence of {f 3 to f on the set M and the con-

n=.

dition’ x , —-bx £ imply the uniform convergence of {fn}ml on the
.. n=

set M to the function f.

Notel. The veriation of f qn the set M, defined as obove,
is a generalization of that one defined on an interval. In gendral
the variation as a set function need not be additive considered as
a set function. It is sufficient to consider the following simple
oxamplo.

E !IRJ! 2. Let M = (-1, O)U(O 1), let f(x)'cl)iif"
€(-1,0) i
Ao 1)). Put “1 = (=1,0); M, = (0,1, .Ve_have xf =1, xlf =0,

V=0, hnnce Vt>V r+Vf.
My . My - My

But -the followix_:g oimp}c result concerning the addi'tivi.ty-df the va-
riation will be usefull. ' '

"+ Lemma 1 Let £ be of bounded variation on & set M and
let @a€M, DLEK, a<b. Put lli = {x:xel, x & -} P H{- {x:xeu,
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2b}, M,={x: xel e$x$b}. Then yrsvreveve.
Proof. Let <a;,b;>, (i =1,2, ..., n) be any collection

of nonoverlapping intervals such that 8, €l b; € M. Any of the inter-
vals <aj, bj> which is neither contamed in <a, b> nor bi $€a or

8; = 2 b holds, if there exists such an 1nterval, can be divided by

means of the points a, b into two or three intervals <a; 'bi > -in
. . k k

such a way that they are contained in <a,b > or one of the inequali-
ties b; £ a, & 2 Db holds. For such an interval <&y, by>. -
k ’ .

lk :
(1) 120y - £la)IS Y | £(b; ) - £(a; )|
. X k 'k

If instead of the original system (ai‘; bi >. the new one which
is obtained after the mentioned procedure of div1sion ia considered,
then in view of (1) :

. )
?f(bi)-r(aiug 2 ltp-rlas)] = ie(o)-2a;)l +
J
n - o n
+ 2 1tmy)-radl +2 "|£(v,) - f(aj)li |
where z denotea'the .aum ;ver thosé (aj, bj) for which bj s a,zn

j= Z2b and Z'.is the sum

over those intervals (aJ, bJ> for which (a. 'bj> € <&, b>. Then
(2) 1mphea .o

the sum over those <aJ, b > for which a.

S Ietvy) - r(-ei')lg_v, f+vVELVE
i - S NN

hence .

(3) xfév,f+v"f+v1'
| My uy M,

“

Now let & >0. There exists a finite aysten <8, b > of non-
overlapping intervals such thet akelﬂl. b€ "1. k=1,2, «e0o , m
and glf(bk) - f(ak)|> x, b 4 -'% « Similarly there exist finite

»
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systems <.I" bl> and <_.'.' b.) ’ ‘g‘lln' bé‘u;'l' n#l,-o.,;lo»p;
agely, be 'l(z, e=m+p+1l, ceo, @+ p+n such thet

» ' : Y , I3
(by) =f(ap)| > VL == , I£(b )=f(a )|>V £ - =
Girvg) = eagl> Lt - 5h 3 egtlal>fe -3

So to any £>0 the existence of a finite system of nonoverlapping
intervels <9y, bi’ r 86 M, b ENM, is gueranteed such that

D let) - £la)|>V eV LV L -8

i c . ll Il Ie

Hence Vf;V r+vr+vr
o KK

The last and (3) prove the lemma.

Note 2. In the proof of Theorem 1 also the lower semicon-
tinuity of the variation will be used. It is as follows:

® ; A
Ir {fn} is a sequence converging on K to f, then V £ £
n=1l _ M
£ limint Vv fne The proof of the last fact is not different from
n-—+o .
that one for thc case when M = Cs,b> (see [3] ) and will be omitted.

zggg: of Ihgg:.. 1 Let £ >0. Choose a fini-

te \collection of intervals <°1’ bi> such that

(4) - Y If(oy) - £(a))] > xr -&
i

‘Put a = min 8&;, b= max b;. Usihg the ssme notation as in’ the leame
we have A

(5) VE+ vV rs £¢
S
Put l.‘, = {a,b> N K. From the lovor ulieontinuity V £§ 1lim inf V £,.
n-’*® '2
Hence there is & number N; such that ir n;Nl then

(6) Ven>Ve-¢&
M
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Further, by the assumption of the theorem, there exists & number N2
such that if . n >N2 ’

(1) |V, =VL|<E
lun Ml

Using the lemma and the relations (5), (6), (7), we have for
n > max “‘1"‘2’

(8) Vg + V fn = vr-vrn<vrn-Vf+£=
Ky wy oM X, M i,

=Vt -(Vf—Vf-Vf)*£<3£
l'l‘ M “1 ll1

Now choose any xlslll. Since lim f nXy) = £(xy), we have for n»> Ny
n -+

For n)> max (Nl,Nz,Ni) and oq{ ~xeli, (8) and (9) give

(10) li‘n(x)-f(:_c)l s lfn(x)rfn(il)l + lfr;(xl?-f(xl)l + lf(xl)-f(x)k xifn +

+E+V, TLS5E
M
1

By the same consideration as for thc nt '“1 the ineguality

|£,(x). = £(x)I<5€ can be proved for”any x‘lll and for all n be-
gining from a suitable N. Now the ‘only thing which remains to be
proved is the uniform ‘convergence on ,"2' To prove this, it is suffi-
cient to prove that ‘2 is a compact set. llz is a boun@od set. We
shall prove that it is closed. Let x, beas limit point of llz. Ir
Xy = a, or x, = b, then x tlz. 1r a<x, <b, then x elz,

accordmg to the property (n) of the ut K. Hence M, is @ conp.ct
set. ) . s

[ 4
N_Q_I..Q_.L'. As an example of.aota-hlving the property (:) we
can take intervels of any type or any closed set. Another type of
a set with the propertx (z) is e. g. the set (-1,0)u<1,2 . Any
set which has the property ® is Fs as can be easily proved. The .
converse is evidently not true.
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Iheorem 2. Let M have not the property x. Then there

exists a sequence {fn}ml and a function f such that f is al-
n= '

most uniformly convergent to f on the set X, x f, V<L but
' M

o
{fn} : does not converge uniformly to f on the set M.
n=s

Proof. According to the sssumption, there exists a point
x, such that x, is a limit point of M, x, does not belong to M
and the sets M, = {x:xeM, xex }, M, = {x:x eM, x>xo} are gct
empty. One of them is infinite. Suppose that it is Ilz. (In the oppo-
site case the proof is analogical.) Let us define the functions
(]
{fn}ml as follows: For n = 1,2,3, ...

0 if xsll

fn(x) tn(i-xo) if xslzn(xo, x°+;)
1 if xéxo_*;, xeM,

Immediately can be verified that x 4% =1 forn=1, 2, 3,.c.
The sequence [fn ®  is convergent to f, which is defined on M as
ns

=1
follows:
o if xeM;
£(x) =
1l ir xSllz

Since x f =1, we have V f5 — V f. The convergence on M is almost
M M

uniform. It may be shown quite analogicely as in the exsmple 1. But
the convergence is not uniform on M because fublfp(x) - £(x)|= 1
for n=1,2,3, ¢¢. « The proof is finished.

From Note 3 and Theorem 1 we have the following corollary.

Corollery. If {fn}::’l end f hsve the ‘same meaning

as in THeorem 1, then on an interval of any type end on any cl'oaod set

the almost uniform convergence of {fn}ml to f and the condition
n=
®

v fn = V £ imply the uniform convergence of {fn} to f.
M M . Tin=l
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The gcneraliut:.on of the cited theorem from [1] may be obtained
also in a little difforent way. Let us introduce the following type
of convergence. )

' ®
Definitiomn 2.A sequence {fn} of functions de-
n=1
fined on a set M is said to be y-convorgont to £ on M if f,
is uniformly convergent to f on ‘every set <a,b> N M where a¢M,
bcM, a$ b

Not g,i In general the Y-convergence on M and the almost uni-
form convergence do not coincide. For the proof it suffices to conesi-
der the example 1.

If the almost uniform convergence is subetituted by the JY-con-
vergence, then Theorem 1 may be stated for any set Mc (-0, ® ).

©
Theorem 3, If {f“}nﬂ is a sequence of functions with

bounded variations which is J -convergent on M to a function f of
bounded veriation, then under the assumption V fn—>V'f is the se-
M M

®
quence {fn} n=1} uniformly convergent on M.

The proof is similar to that of ‘l'heoren 1 and therefore will be
omitted.

The relation bettween the almost uniform convergence and the
convergence is described in Theorem 4. At first a lemma will be pro-
ved.

Lem Lo 2. Let {fn}n=1 be Y -convergent to f on the ‘set
M. Then {fn}nsl converges to f almost uniformly on M.

Proof. Let Kcl y, K# 2 be any compact. (The auKae
is trivial.) Then there exist e€K, b€K such that Mnca,b) = K.
From the J-convergence the uniform-convergence on' K foXllows. The
‘proof is finished.

Theorem 4. The Y-convergence on M and the slmost uni-
form convergence on K are identical if end only if M. has the pro-
perty (=).

Proof, Let M has the propety (x). In view of Lemma 2 the
elmost uniform convergence from the Y -convergence on M follows. :
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Now let {fn}:;l be almost unifcrmly ccnvergent on M 1let agh, beEM,
8 §. b. To prove the uniform ccnvergence on <¢a,b> N'M it is suffi-
ciend to prove that <a,b>nk is compact. But the last is evident,
because the boundedness is triviel and the fact that <a,b> NM is
closed follows from (x:). ‘

Suppoee now thet M has not the property (). From theorem 2

' the existence of a aequence {fn}n-l follows such that {fn} =l is

elmoat uniformly cénvergent to f, V fn—>V f and {fn}n-l fails
M

to be uniformly convergent. The proof is finished.

No t e, The: Y-convergence is metrizable. The proof of this
. fact is not essentialy different from that of the metrizability of
almost uniform convergence (see [4] p. 146).

Not e. The relation of theorms 1, 2, .3 -with the infinite se-
ries is evident from the known fact that to any sequence {fn}n_ a

geries z 8n may be formed such that for the partial sums sj = :
; n=1 . : ®
holds. Hence in theoreme 1,2,3 instead of a sequence {fn}'n_ a se-

ries ilgn can be considered, if the condition V f, — V f is
n= ® M M

eubetitued by the condit:.on Vs, — V z 8+ But also the following
: M K p=1

eufficient_condition for the uniform convergence of 1nfin1te series

", holds. . '

The g rem 5, Let g-_ gn(x) = g(x) for every XeM, whe-

‘re gn and g are of bounded variations on M. Let the convergence

of z 8n(x) is almost uniform on M and 1et M has the property
. n=1 [+
(). Let v 8n V Z g Then zlgn is uniformly convergent
n*
n=1 M M h=1 n= v

'On M.
Pr 909 f. In view of the last note it is sufficient to prove

Ve = V 8 , where s = z f;+ The lower semcontinuity gives
¥ " i
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M n -» 0 M
Further
X ® )
Ve =V (g +g+....+g)$ZV =Ves
n 1 2 n’ 2= &n
M Mo S M
Hence
(12) lim sup V 8, $ Vs
n — o : M
The result follows from (11) and-(12).
Note s s
N e. The conditions Vg =V g and V.s_ —»V g
' n=lM " M TP Mo M

are not equivalent, as the following example shows.

. n
Example. Put gn(x) = (-1)™1 X forn= 1,2,... and
for x€<0,1>. .
n i+1 xl
We have s (x) = 2 (-1) — , .lim s, (x)= log(1+x)— s(x).
n n
i= & n+

Since s8p(m = 1,2,...) and s are increasing on <0,1> , we have

V ep=3s(1) -5 (0)=395(1); V s =1log2
<o,1>.n n n " %0,1> &
Hence 11m = lm 8p(l) = lo 2=V
3% 3,5 o &2 %018
. -
1
On the other hand Z Veg,= == o .
. n=1 M n=l R
oo 00 -
So the equality Z Vg, = v Z g, does not hold.
n=1 M n=1

© .
The pointwise convergence of {fn}n=1 and the condition V fn —
M
"’x f does not imply in general the uniform convergence, even in
the case when M is an interval. It may be shown by a trivial exam-
m .- ' .
ple {-xn}n-l on <0,1> . In what follows, it will be proved that the
pointwise convergence and the condition x f,-—> V £ guarante the
. M

J+~almost uniform convergence in the sense of the Lebesgue measure AL o
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Definit i oqn. A sequence {fn}q’l of measurable func-
n=

tions is seid to be A -almost uniformly convergent to a function T
‘Af to sny £ > O there exists a measurable set E such that & (E)XE
“and {fn} ia uniformly convergent to f on K-E.

o
Theorem 6. Let {fn}ngl be a sequence of functions

with bounded variations which is convergent on the set M to a func-

tion f of bounded variation. Let Vf —> V f. Then {fn}n- is
M

M -8lmost uniformly cohvergent to f on M.

Proof. In case of finite measure of the set X our Theo-
rem is a corollary of Jggoroff'é theorem ([4] p. 249). So let &(M) =
= 00. Denote Mk Mn<-k,k>» for k =1,2,3, +¢s « The sets Mk

ere of finite measure. Let £ > 0. From the convergence of {fn} asl

on llk', the au-slmost uniform convergence follows on Ilk. Hence to

fE & measurable set E,cM, exists such that & (E )< 5‘- end the

00,
convergence of {fn =1 is uniform on M. -E . Put E = kL-)], Eg . Then
M(BE) ¢ z‘a.(E ) ¢ €. We shall prove that the convergence of {fn}n=1

k=1
is uniform on M-E. In fact, let 7% > O. There exist a e M, bEM,

& €b such that V %« £<7 on the set ll:l = X - (a,b). From the last,
1

in the nno manner as in the proof of theorem 1, the existence of Nl

follows such thet for n Z Ny

“(13) If,(x) - £(x)|<q for every x € l;.

Now let k be such chosen that <a,b>C {-k,k> , hence <a,b>n lkllk.
Since lk-l N, - Bk and the convergence is uniform on hik-Ek, the-

re existe N, such that |f (x) - f(x)|<m for n 2 N, and every
x € M, - E. From (13) end the last inequality we get If (x)-f(x)I<q
for n £ mex (ll1 "2) end every x6€ M-E. The proof is finished.
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(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXV - 1971)

ACTA FAGULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

ON THE VECTOR SOLUTION OF THE SYSTEM
OF THE DIFFERENTIAL EQUATIONS x’ = A(t) x + £(t)

R.I.A KARIM, Cairo
§1. Introduction

Je shall deal with the system of differential equations
(a) x = A(t) x + £(¢),

where A(t) denotes an n.n. continuous metrix of period p and f(t) is a
continuous periodic vector of n components of the same period p-

(1) A(t + p) = A(1), £(t + p) = £(t).
The corresponding homogeneous system is
(v) ¥ = A(ti X
and the ad joint
(e) 2" = - AT(t) z
Qhefé -Aw denotes the transposed.matrix of A . If
() = (gy(0), g, (8), eee y g (8) )

represents a fundamental matrix solution of (b), then the equation
(b) can be written in the form

() Y = A(t) ¥

Let Y(t) be a fundamental matrix solution of (b), such thet the con-
stent matrix (sec [1], theorems 1 & 2)

(2) P=Y1(t) ¥(t + p)
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has the normal form

(3) P = ofP

Kyp
with the submatrices Py = e where the matrix K is in the Jordsn

cenonicel normel form

4) K = K, Ky = T I 2 T T B

~ 9 .

'K ‘ 0‘9

The submatrices K, are of order my . The fundamental matrix solution
Y(t) can be written in the form

(5) X)) = §() &, F= (R, Py oee 9,

where the matrix f (t) is of period p and the constant matrix is in
the Jordan normel form (4). The corresponding fundamental matrix so-
lution of (c) is (see [2], § 3.2 or [3] § 1.4)°

- T T
(6)  z(t) = (" 2eNT = (FrenT. Kt = pr) KT

with q;’- ("'1' Yoo oee E yn) "

Referring to [1], theorem k6 3 there corresponds to each submetrix
Ky of K with the eigenvalue oy = 0 exactly one with p periodic so-
lution Y (¢) = !(,,(t) of (b), and similarly one with p periodic so-

:\;tion ;t"(t) = Yyft) pf (). The indices (») and [v]are defined |

(7? (V) =m +my+ .00 ¢ "9-5." 1, [¥]= my*myt eee + Wy,

It is comfortable to write the fundamental matrix solution Y(t) in
the form.

(B) . Y= (!1’ 12, ceey !'ﬂ) = (!1’ Yz, o‘..n ’ !3)

with Xy = (y(5)s Y(y)enr =+ o I[y))

where Y,. ia' 8 rectangular matrix of type n x my . Similerly for the

58



other matrices Z(t), ¢ (t) end g (t). Thus referring to (5) snd (6),
we obtein

T

' Kyt
(9) Y, (t) =§’(t) e, Zy(t) =Y (t) e

Using the method of variation of parameters, the solution of
(a) can be written in the form (see [1], (3) )

n n : .
x(t) =§ x,(t) = )1: Lu(t) cult) = X(t) glt) =

t
= ¥(t) ( / 2T (mg(rat+ ¢ (o) ).
[+]

It is convenient to subdivide the vector solution x(t) ss the sum of
s vector components

8
(10)  x(t) = D Vx(t)
1

with (see[1], (21) and (22) )

i (32 ]

an Vs - (Z” 5t =;” L) cult) = ¥y(8) g (b) =

t
= 1,8 ([ 250 £ 4T+ gyl0) ),
° .
where
(12) g} "= (egyys S(pye1r *oor Cpyyde

It should be noticed that the matrix K, which is defined in (4),
plays a decisive role in the study of the boundedness or unboundedness
of the solution x(t) of the inhomogeneous differential equation (a)
for unbounded incressing t, as it will be shown in § 4. However, the
general way to obtain the metrix K = % log P (see (3) and [1], lemms
2) is in general laborius. : '

In this paper we give certsin specisl cases to find this meatrix
K in & simple wsy. Further we prove that-the vector compononta_’x(t)
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of the solution x(t) of (a), which sre formed from the vectors ;“(t)

by the relation (11), satisfy the systems of differential equations
that can be derived from (a). At the end of the paper we study the
aesymptotic behaviour of the vector solutions 95 (t) as well as of
the total solutions x (t) of (a).

§2. The matrix K

In order to obtain the matrix K, ess it is described in [1], theorem
2, we need in genersl a fundementel metrix solution Y(t) of (a),
from which we get the matrix P = Y~1(t) Y(t+p) and then by taking
the logarithm and multiplying by the factor % , we obtain the ma-
trix K.

That this goes in certain specisl cases without trouble, is
shown in the following:

_ Theorem 1. If the periodic matrix A(t) of period p is
commutative with its integral from O to t, i.e. if the relation

t t
(13)  A(t) . / A(T) 4T = / A(D) aT. A(t)
) o - o

holds identically in t, then it follows with the constant metrix

1 P
(14) K = —f A(T) aT
P (o]

that
*
(15) P=éeP,

To this belongs the fundamentsl matrix solution Y(t)

i
. [ amat s g%
(16)  ¥(t) = &° =) e

with the periodic matrix of period p.

. j (a(m-k™ at
an  gt) =e |
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Proof. In the following the two following formulas, which
.can be proved by mesns of the series representation of the exponen-
tial function will be used (see e.g. [4], § 8 or [5], § 10.9)

(18)  &B*C = B, o€, if BC=CB;
(19) (&))" = B po() 2 87(1).eBt), ir p'B =B B,

First of all it follows by mesns of (19), that Y(t) in equation (16)
is a fundamental matrix solution of (b) (Notice that Y(o) = I). The
¢onstant matrix P is obtained from (2) with t = 0

P
[ A(T) aT
(200 P = Ylo) v(p) = &° )

from which the relations (15) and (14) folia&e.‘

It remein’s only to prove that, the matrix § (t) in (16) can be writ-
“ten in the form (17) (see (5) ). mvidently ? (t) has the period p,
_ since from (14)

p " .
)( (A (L) =K ) 4T = 0.
o
The relations'(16) and (17) leads to the identity

1t t

[ aar [ @ -ghHar
(21) & = o® &t

if it is proved, that the matrix K is commutative with the matrix

t
fA(t')dt’; i.e. if the relation
o

[ e fuones [ aons. |
(22) . A(T)aCT . [a(6)d6 = A(e)ae , A(tlac
!. () 0 ' .g(-

holds. 3ince this relation is true for ¢t = 0, then (22) follows by
differentiating it we.r.t. t from the commutative law

P P,
(23) [ A(T)aT. A(t) = A(t)/ Al(T)ae ,
[+]
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To prove the velidity of (23), we calculate by considering the pério-
diecity of A(t) from (1) : B

‘P t4p t+p,
At). [ AlDat = ale) ( [A(c)dv:- [ aterae)
0 [} P
t+p t+p
=att+p) [ a®ar-a) . [ awac
0 P
and by considering (13)
t+p t+p

f A(T)AT JA(t+p) - [ A(T)aT. A(t)
[} P

t+p t+p ’ p
( / A(t)dt-/ A(T)ATIA(L) = /A(t)dt.A(t).
0 P )

Then (22) and (21) are proved..

By meens of canonical transformetion (see e.z. [4], § 5 or [6],
§ 6.20), we can bring the matrix (14) to the Jordan canonical normal
form, which is expressed in (4) and moreover, such that the succession
of the eigenvalues oC,, oy, «oey oCg is the same. Thus we can ob-
tain the matrix K°, which is related to the metrix K in (4) by
the relation. .

. o

(24) K P=p = &P,

The corresponding eigenvalues of the matrices (24) are equel. The ei-
genvalues e, of K and K® can at most differ by ny . 3%& with in-

tegrel numbers ny . Thus

&
1 )
: 2Xi
(25) K° =K+ Z, with 3, = n,.

Ll I ' A
- ) P v

where I' represents the unit matrix of order m, . llence we have



Iheorem 2. 3y mesns of canonical transformation, the
metrix K¥in (14) can be trensformed to the matrix K°, which is relas-

ted to K by the relation (25), such that K can be calculated.’

Theorem 3. The assumption (13) for the theorems 1 snd
2 cen be replaced by the most powerful one

(26) A(t) . A(T) = A(T) . A(t)

with arbitrary t and v .

Proof, There is only to show, that the relation (13)(with
arbitrary lower limit) follows from (26).

Ve calculate:

ot t : t
Alt). [A(t)dt fA(t) Alv)at = [ A(E) A(t)dt =

to t, t,

t
/ AlT)at . alt)

to

$3. The vector solution Yy(t)

On the vectors 9x(£) (see (11) ), we state the following:

Theorem 4. The vectors ”x(t), which ere defined in (11)
satisfy the systems of differential equations

(27)  ?x" = a(t) Yz + () , Y=1,2, eee, 8
with
(28)  Y2(t) = §(t) by (t) = () (o) £()

#e need the following

Lemme 1. By means of the transformation

(29)  x(t). = $(t) wlt)

with @(t) from (5), the system of differential equations (a) is re-
duced to the system with constant coefficients
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(303 u =Ky + bt)
with (see (6) )

(31)  b(t) = ie) £t),  blt+p) = blt).

Pr oo f. Substituting from (29) in (a) 2nd using (6), (31),
we obtain

-4 . )
w= ¢ag-4)u+np.

It remains only to show that the matrix premultiplied by u is equal
to ‘K. i.e. - -

32) § =4 - dx.
Referring to (5) and (b), we calculate
_ p"u@-@') = {5’(1\{:- ekt & ¥ 7Kt | 1)
=3 ag- At oKt gt Kb gy 2k,

. B_g_n_g_z,;; The system of differentisl-equations (30) can be
subdivided into the s independent systema - :

(33)  u) =K,up by, V=1, 2, .y 8,
where m, is the dimension of each vector. Here
(34) QT = (!1'92'."" ne) with gg =_(u(v),u(9)+1,....utv3)
and (see (29) and (8) ) L ’
T
(35) =
by ‘fSIi. |
Referring to (29), (11) and (8), we also obtein
Yy .a
(36) X é,g_),.

"Proof of Theorem 4 Differentiating (36) un-
der considerstion of (33), we obtain

95' ’Q;!)’ + éyu; = i:g’ + éy(Kyn; 9,)

= (§,+ k) uy*+ oy,
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Referring to (32), it can be easily verified, that

é;*évK9=A é,}'

Thus we have

9;' = Aévlly + fvﬁy .

By using (36) and (35), it follows that the relations (27) and (28)

are true.

§4.The asymptotic behaviour

of the vector solutions f;(t)

We prove the following lemmas

Lemma 2. Let v(t) be an arbitrary periodic function of

period p. Then

g ¢ |
(37) / VD)t = vy(t) + k.t
o

where vl(t) is periodic of period p, and k is the constant

T =

/

Proof. We have

-t t t

[vivars [ o) - war + [ kat=vit) v ke,
o o ]

where

t
ww = [ v ©-0ar.
]

By virtue of (38), it follows immediately that

p :
vy(p) = [ (v(t) - k)T =k p-kp=0=vy0).
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Lemma 3. LetA 15 (t) ’(V(v). V(p)elr *eo ‘Ev) be an ar-
bitrary periodic vector of period p having m, components, such
that its last component ssetisfies the relation

P .
(39) / Yy (TNAT £ 0.
[+

And let

be a matrix of rank m,-1 with m, =tv1-(v) + 1 (see (7) ). Then

r(t)
t p,(t-0) r’(t)
(41) / o T,0)at = wt) + |
o .(ﬂy-l)
r (t) )

‘where w,(t) is a periodic vector of period p with my components,
and r(t) is a polynomial of degree m, .

r
Proof. First we notice that Dy, = O for r > m, (see (4],
s By

§ '5 especially p. 82). Denotig the unit matrix of rank my, by I,, we
get

my-l o (t- o

t .
(42) / L=y (t)ac = /{ 2 n e } r,(c) at=
: A

* Y(v) V(v)+1 Vi -2
: . Ol | (t-0) T
= : : (t=T) + o00 + 9 (————m'&
Yeva . ali
o Vewd o 0
)3
0 Ry~
+| (t=-T)
: — aTt .
0 (.v "1)'
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But by virtue of lemma 2, we obtain for 6 = 0,1,...,m,~1 and fixed y

t
) (6+1) (€40
f v* (t’dt. Vr (t) + kr‘ ot with ';0) = " )
o

where v;ﬁ” is periodic of period p and

43)  x, .;/ vy (B)ac.
o

Thus by using partial differentiation, the occuring integrals in (42)
cen be calculated successively for =0, 1, ..., m,~-1 and fixed ¥

g+l (‘l t‘ "'2"1“’
(44)

to(-e)”
[ —— woar= 5T «

ky
o " ! H" =1 (6*2-&) !

Substituting from (44) in (42), we get

l- ) w | [ @ 2 @ g3
Y * Kyt o +1 ’Z"(vm (3=a)!
t . . o=l
[ e vyltac= | . ¢!
) c2) (o) ’3 -
~ v&” + z k‘ga
) 0 o=l {3~
| Vs Rt ) O J
- m”'l-‘ -
- w ¢
v + kA ———————
v
(4D o ] (‘9’, 1-a)!
* 0
L 0 )
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This sum of vectors can be arranged, as it follows

: [ 351 (uen
Vo) ta
m,-l (a‘,) m,-l 0
t . 7]
. Dy(t=-T) Z Y -Z .
(45) / ‘@ gyoac=| a=1 M Iz o
°
my-1 my-1
) ()
VD
a=2 () +de ey Mph
40 - )
8 )33 ]
B «) - C W
2 @)
k .t k -
(») @) o +E(yyer t
) @ Q@)
+ K(v) | Eoertt t E) 44
(Q)]
0
k) + 1
ceecaae 0
- ' 0 J ’ L [0}
B m =a+1 }
i’ W t ¥
k ———————
“31 o (my—#"")!
Dy m" il
+ cee + Z km
a1 0] (my-)! .
m -l =1
5 e
Py %] (my-d-1)1
)
S
vl J




In the first summation we collect all periodic terms together, such
that the other summations contain only polynomials in t with fixed lo-
wer indices. To every polynomial vector, we have to add suitable con-
stents, such that the relation on the R.S. of (41) is satisfied. Ad-
ding the additional negative constants to the periodic vector in the
forst summation, we obtain the required formula (41). Now in the for-
mula (45), there exists a term of the highest possible power: toy,

namely the term k

. But the factor K

is different from

zero because of the assumptions (39) and (43). Consequently, it fol-
lows that the polynomial r(t) in (41) is of degree m,, which comple-

tes the proof.

D
Lemma 4. By adding a vector of .tkre form e

v g¢yl0) to

to both sides of (41) with D, and ¢ from (40) and (12), we can
v .

obtain the special form

t

(46) }( e

o

with (see (43) )

(1)
(47) k
(3]

Proof. For arbitrary g:”

Dyt .
¥, (€)aT+ e ’ g% = w,(t)ek

ﬂ...‘.

/ v _(vlart.,.
(vl

, we got (see also [1], (18) )

(t)
-
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where q(t) is an arbitrary polynomisl of degroo m -1. Referring to
(41) and (45), the relation

oy

r(t) = k1) + h(t)

vl mv!

holds; where h(t) is a definite polynomial of degree m,-l. We need
only to determine the constants q,}”. SO0 %9;”, such that the poly-
nomial q(t) = =h(t).

On the boundedness of the vector solution Yx(t) for unboun-
ded increasing t, we state the following

Lemma 5, Each component of the vector solution ’;‘t) is
bounded for t increasing without limit and periodic with period p,
in either one of the following two cases:

i) When the eigenvalue o¢, of the correaponding submatrix k, is
not equal zero (here Yx is uniquely determined);

ii) when the eigenvalue o6y,=.0 and f gfvj(t) £(t)dt= 0 simultane-
]
ously (here Yx is uniquely determined with the exception of one

parameter).
(Proof. See [1], theorem 4)

Now we prove the following theorem ehd further by using elemen-
tary methods.

Theorem 5, Let K, be a submatrix of K with the eigen-
value oGy = 0. And let

P T
of Bp,,(®) E(TATH 00

Then the vector solution Yx(t) = Ei% X, (t) takes - independent of
&=

the initial condttion. - values of the power order t y where m,y

is the order of Ky.
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Proof. Referring to (11) and (9), we have

_ t
(48)  Yx(t) = Y, (t) ( / 2z} () £(t) ar+ (0) )

Dy(t-t) T Dyt
v W (T) g(r)aT+ o ’ e ,0) ).

o
t

=@ (t) ( e
o « f

Applying lemma 4, we can choose g’(o) to obtain a particular solu-
tion Yx*(t) in the form

- | (tm" ] .

1) L r

(49) Yx*(t) = $(t) ¢ w.(t) + k¢
. 0 9 xy £¥3 | (my-1)8

\ T
T :

where the vector !v(t) = (1(9), emey wth) is periodic of period p.

Further from (47), (48) and (9) we have

I~

(50) k(1)

P 1 P,
(¢)at = - (v)f(v)ar =
vl o/ 2 P o/%’] - _

o

"
-

P T
/ z,{T) L(¥)aT # 0.
0

Every solution Yx(t) can be written in the form

Dyt
(51)  Yx(t) = VE(t) + §(t) o gh(0) .

Evidently the particular solution (49) takes values of the power or-

der t°% . This is also valid for every Yx(t) from (51) with sr-
m - .

bitrary g:(o),becauae t " is the highest power which is inclued

. D

in &t g5(o) -



; _
T
Corollery 1. If[g (t) £(t)dT = 0, then the
o (2]

particular solution (49) is a periodic function of period p see (50).
Also the general solution (51) is periodic of period p, when the first
component q:,(o) of g:ko) is arbitrary chosen, while the other compo-
nents of g;(o) are equal zero. This result coincides certainly with
lemma 5. - ;

‘ P
. T
Corollary 2,1If e, =0 al_!d/ %,{%) £(t)aT# o,
: . o tvl

. . " .

then each vector component ;(u(t? of the sum Yx (t) :E: ;aét)
; m, A=)

(see (11) ) takes values of the power order t .

Proo f. Substituting from (9) in.-(49), we obtain a particu-
lar solution

( ( tm, 1 A
ay!
Dyt gl
M = Y. (t AR el f
x (t) ’f( ) e () + 01 | Gyt
L b t - J
m,~1
(=t) 7.

- -1, -t' ey T/

= (l(V)’..-’ !‘,} .

'7
= o o

T2



S ) t
WRNCH Py i

i.e.

-1
(-t )m,

o XM' (m,, -1)!

+

. * 3
(52) ’x " (t) = (x), y =t Yoy L(,)e10e"

m,-z

(=t) '
+ ——— e P e
L)1 (@22t Y0y
r F tmv - ' -
m,!
m,-1
w | ¢
01 w (t) + k o
v ™1 | (w11
\ ' L t J J

Referring to (52) and (11), it follows for the vector components
¥ (yyeu (4= 0,1,..,m -1) that

»

* . w (=t )n’-‘“ -1 | (=t )‘.‘
(53) x (t) = y )|~k o= w et
(»)+a (»)+a €] (my =)! 4 (?)+c (6 =)l ‘
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But from (9) we have

ﬂ‘ t&-r -
(54) (t) = (t) I I—". (f = o 1,.0. -1).
l(,)’& rgo?vjor (-1 or & ’ By
S'otti‘ng (5}) in (53), we get for & = 0,1,..., m,-1

: ny-r

“ el )
(55) «x (t)=(-1) ke o (t) +
(»)ea e 4%’(9)”' @)t (my- )

4 -1 . c-
i (z)( "E 1) s i )
+ v + - w .
r'o_(v) 4 CoA ()46 (u=-g)t(6-a)!
From (55) it is clear that cach of the vector components ;: y abof
’ m,-1 ' Y)+
the sum “x* (¢) = ;:x' takes values of the power order Vo
=20 (¥)+a
This is also valid for each vector component x from (51) (for

. V)+a
&=0,1,...,my -1) with arbitrary ¢, (o).
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(ACTA F. R. N. UNIV. COMEN. — MATHEMATICA XXV - 1971)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

UBER DIE SCHWACHE HALBSTETIGKEIT VON UNTEN
EINES TYPES NICHTQUADRATISCHER FUNKTIONALE

R. KODN AR, Bratislava

l. Wir werden uns mit dem System der partiellen Differential-
gleichungen fir w, u, v der Form
[ D 62w 3%w 62'.v
—AAw=-—-—6x+—6'+2
h ax? ay2 9xdy

t_’-kl(x,y) 6y -

k,( ) 6 *q
1) ¢ 2 A

%0, ot

__...__.—_o’

o9x 9y

aT 9c;

_..+—1=O
\ Ox Oy

befessen, wo

s E Bu corw + 2 w2 A
6, = - 4k xyw+—(—) +¢ll-(—+ X,ylw +
RS S 2 \oax ay 2"

1(aw 2
+-.— .
2 Oy))l

I 1. SR l(a")z (bu)u( )
6. = —_— X w+ - + —_— )+ b4 w+
y 2 |9y 2%y 2 \dy ax 1

1 -

27,
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E du dv O Ow
1'8—-—-—4-—1-——)
z(1+,«_:.)(ay ax dx 3y

D, h, .E, A 8ind positive Konstanten.

‘Wir werden die Gleichungen (1) im begrenzten Gebeit £ (L <E,)
mit der lipschitzschen Grenze Jf1 untersuchen, bei beliebiger (ent-
sprechender) Kombination folgender Randbedingungen:

i 0 0
a = —| = 0; a. u =v = 03
1| s 2 aa 2| lsa Ian. ’
(2)
vy | ad = 0j b)| Ony +Ta | =
Tny, + d'y nylan= h,
wo n eine Hussere Normale zu 9fL ist und Ny» sind deren Kom-

ponenten. 3etzen wir voraus, dass die Funktionen k,(x,y), ky(x,y)
geniigend glatt sind’und dass’ q(x,y) €L,(); hy €L,(30), hy€L, (M.

_Wir werden die Bezeichnungen aus [1] benutzen. Die schwache Konver-
.genz werden wir mit — bezeichnen.

2. Setzen wir V = v, (2)x(W, () )° und fir des Tripel
(w, u, v)JEV definieren wir die Norm mit der ‘;orschrift

2 _ 2 2 2
|(w,u,v)[|v ||W||aé2)(n) + "u"\'v;”(n) * I'"‘;én(n)

la)

(2) ' ‘
®
Setzen wir weiter W =W, (n) x (Wél)(n) )2, Im Reum W definieren
wir die Norm #hnlich wie in V. )
Wenn in der Kombination der Randbedingungen die Bedingungen 8,/

auftreten, denn ist das Tripel (w, u, v) €V eine schwache LSsung von
(1), (2) wenn fir jedes Tripel (¥, U, V)€V gilt

D/ 0%w 3°w 22 w 02w 2%w 3°w '
./ + — —) an -

— + 2
B \ax? a2 dxdy 0xdy 3.2 3.2
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-3 2% o o ,
+/ 6. —+t’-—+t’—-‘+ 6 —)d.ﬂ.so

Tas zweite Additionsglied in (3) kdnnen wir durch Integration per
partes in die Form

bringen.
Die linke Seite in (3) bezeichnen wir als A'(w.u,v)(ﬁ.ﬁﬁ).
Wenn in der Kombination der Randbedingungen die Bedingungen b2/

suftreten, dann ist (w,u,v) €W eine schwache Losung von (1),(2) wenn
fir jedes Tripel (W,3,V)ew .

Alw,u,v) (’i,ﬁ,‘\?) - / hy U ds - / hz"vi ds £ 0
an in
gilt.

3. Es sei E ein realer ~anachscher Raum. Es sei F ein auf
E definierter Operator. Wenn im Punkte oC €E

F(ot+ tA) - F(oC)

4

= VF(oc ) . €E
t —=0 t . 1Al A

existiert, dann heisst der Operator VF(oC,/) Gateauxischer oder
schwacher Differential des Operators F im Punkte o¢. Wenn VF(oC, /)
in dezung auf A linear ist, bezeichnen wir dies mit DF(e¢,/) und

nennen wir ein linears Gateauxisches Differential des Operators F im
Punkte oC .

Es sei f ein Funktional suf E, welches auf der kenge M E
ein linears Gateauxisches Differential Df(ao./!) besitzt. Der durch
‘die Beziehung '

Df(eG,A) = F) B,  BEE

7



definierte Operator F(oC) wird Gradient des Funktionals f (oC) ge-
nannt und wir schreiben F(oC) = grad f£(oC). .

Defipition 1. Is sei F ein Operstor von E nach

E* (ad jungiert zu E). Wir sagen, dass F auf der wenge KCE poten-
tial ist, wenn ein solches Funktional f existiert, dass fur alle
o0 €My grad f(oC) = F(oC) ist.

Bilfessatz 1. ([2], § 5). Es sei F(X) ein Opersator
von E  nach E*. Es gelte .
1. Fl) hat das lineare Gatesuxische Differential DF(e¢ /5) in jedem
Punkt oC der Kugel D ={oc f-ocjg <r, r>0}.
2. Das Funktionul DF(eC /9))’ 1st in Bezug auf oC stetig in jedem
- Punkt o¢ €D,
Dann ist die notwendige und hinreichende Bedingung dazu, dass
Fl¢) in D, potential sei
DF(oc, )y = DF(ec,?)p

Es existiert ein einziges, in. oC, den angegebenen Wert f  erhalten-
des Funktional f(oC), dessen Gradient der Operator F(oC) ist. Lieses
Funktional hat die Form

: 1
(W) 2o = £, + [(F (g + tlec-oc,), (6-0g,) ) at
/ .

Setg 1. Der operator A(w,u,v) ist suf V sowie auch auf
W potential.

Beweisps. Wir zeigen, dass beide Vorsussetzungen des Hilfs-
satzes 1 erfiillt sind.

Wir beseichnen o¢= (w,u,v), /5=(w1‘, Uy, vp), = (W, 8, V.

Wir errechnen den Quotient

. 2 2. .
Aot t8)7- A Y n/(" " a""" a " 3%

t

3w w2
: il i YOO °_'(_1 .
i )m*.a./{[‘ (P % 2(ax[ 'Ox)
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wo

Owl 2 awl Bwl awl awl 2 -
+A(—-—) +—6(oC,/3)+t—— +¢"-(— ) — +
Oy x ox dy x
' 2
[a . ) 3wy . .t (Ow [(""1)’ (Wl)} 3wy -
— 6 , § m— + == [(—)taa|—) | + —6, (ec,p)+
3y Y A y oy oy Ox Byas' A

dy
2
dwy [(3'1) (a"lﬂ)] aw [aw . 0wy t‘
t —||—) + 4| — + — T+
dy ay/. b ox dy x P ox

3wy (a"’l w Ow) Owy )] aw

+

+t-— — —+ T(L,B8) +t — —
dx 9x | ox 9y

+

3w awl aw w bwl
‘C(o6/5)+——-€'*t—(—--—-+t‘(ac/$)+
y oy 9 \0y ox

Bwl Bwl a' ?'l 2
t — —) dfl+ [(o'x(oc,/!-) +t (-——) +
3x Oy ax 2 ox

2
31\ 7\ a8 oy By soF o
+Al — a_ + ( r(“ ,ﬁ) + t _a_ —-—) — .—.) +

+

dy x x dy/ \3y dx
oy e[ (2 (2]) %] e
+ + t + —_— —_
P dy ox dy ’
s ) g [ ) aw #(3'1
, = —_ +o—— +k
= A 1-u2 L 3x 1M Ox Ox C
Ak
ow a"1 )]
2 e o ’
dy dy
(. A) g [ ) aw " (°“1
T e | — ot KWy b = Ul ——— +
y ’/3 , 1_"“.2 111 9y 9y o Ox 11
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ow a'1 )] V
+ o g
ox Ox ’

L4

T, p) =

— o ——  cm—— — — —

E (3“1 v, O 3y B 3"1)
dy ox dx 9y Ox Oy

(21 +a)

Wie gzu sehen ist, der Limes dieses Quotienten fir t —>» 0 existiert
und es gilt

2. 2 2 :
p /9™ a2y w2y w7
( -

VA(oG,8)) = = = 2 wF -
. hn axz ox axay axay ayz ayz

[ by (e, ) e 6 d (a' 6. (cC, )

+ —_ 0 + — —_— | — +

/(ax x(Ce )+ ‘)ax 2y VP

(5) 2 - ,

S\ oW fow o) \oF /ow ‘

+ — 6 —+(—t’(oc,p)+—-—)—+(—f(°6./5)+
3y Y/ 3y \ax x /3y \dy :
¥ oW @

+-——t’)— an +/[6‘x(a<.,/3) oty
dy 9x Ox

VA(oC, )7 ist beziiglich zu /A linear. Also kdonnen wir
VA(oG ,,d)]’t DA(oG,lA)} schreiben. Wenn wir Ic‘n -aclv,,,<8 voraus-
setzen, dann erhalten wir durch Anwendung der Holderischen Unglei-
chung die Stetigkeit DA(oC,/)7 beziiglich auf o . Die Gleichheit
DAleC,8)9" = DA(OC,)’)/S erhalten wir durch Errechnung unter Anwen-
dung m}-mtor Beziehungen.

o Also ist .A(w,u,v) ein potentialer Operator und deshald exis-

tiert das Funktional f(w,u,v) fir welches grad f(w,u,v) = Alw,u,v)
gilt. Dieses Funktional kann leicht gefunden werden (z.B. -durch An-
wendung der Formel (4) ). Es hat die Form
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D 24 - E ‘ du dv 2
f(w,u,v) = — / (Aw)af + — / (— + —) +

du v 1-4 f3u v w w27 2
+ (1-(u.) ( )+(——) + (—4-—-) +— ( ) -t-(-—) +
ox oy 2 \dy Ox ox oy
du faw\? dv [ dw)? av awy? du (owy? 2 ,
S B 2 e
ox dy \dy dy \ox 9x \dy
2

du Dw2 2 2 ov Oow
+2k . W— + k. wl— ]+ kS wS + 2k, w—+ku|—) +
17 ax 1 ox 2 2 dy 2 Oy

[du 2 1 ow ov
.+ 2(0- ;;kzw-rzklkzw +-2-k2w -a-;) +k1w;;+

1 ow 2 E du Ov\ Ow Ow
+—k1w(—) dQ+———-—/—+-v—)---—d.ﬂ.-
2 oy 2(1+(u.) 9y Ox/ 3x dy

1
-;/qwdn / hluds- /hzvds

a2

Wenn in den Réndbedingungon die Form a,/ oder dass Gebeit 0 ein
rechtwinkelig ist., denn konnen wir das erste Additionsglied in (6)
in die Form (3] ’

D 3w 2 ) (32w )2 (32 2] aq
2h (axa) Oxdy ay )
a2

bringen.

4. Es sei auf den rellen Banachschen Raum E irgendein Funk-
tional f(oC) gegeben.
Definition 2, Das Funktional f(oC) ist achwach halb-

steting von unten im Punkte <, €E, wenn fir jede Folge {o& } CE
die Implikation

(&nn—-:: <o )g(f(x)snil;nff(“) ) gilt.
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Hilfspatz 2. Das Funktional f(oC) habe in der Kugel

D das erste und zweite lineare Gateauxische Differential. Es sei

1n D

das zweite Gateauxische Differential des Funktionals f£(oC)

nichtnebativ. Dann ist f(0C) suf D, schwach halbstetig von unten.
Der Beweis des Hilfssatzea 2 ist in [2] § 8 zu finden.

Sat g 2. Das Funktional (6) ist auf V und W schwach

“halbstetig von untens

82

Bevyedig. Bezeichnen wir die Additionsglieder in (6) folgend:

=_/(Aw)2dn

o
/{ du avy\° a ) (Bu)‘? (Bv)a] 1-A (au
—_+ -]+ (1- —_ )+ (=] |+ —_
#L(ﬂx ay) Al ox dy/ 2 \dy
2 d . :
vyl
+ ——);}dll
Ox

2
3 [wz [kl(x,y) + kz(x,y)] iQ
a

£, =n/ qwd QL + aéhluaa + a[nnzvds | ‘

e
N,
"

a)
]

du dv
f5 = j, ;; (kl +Aky) + — (k2 + Mky)| A
a dy

o] @7
v [0 EE 2O e

a2
2

fg / [( )(kl-r,#»kz) "(%) (kz;#kl)] aa



Nech dem Hilfssatz 2 sind die Funktionale f,, fz, f3- f4 in ¥ und
V schwach halbstetig von unten.

n

_ (1)
Es sei u —u in W, () und sleo auch in Lz(n). Genliss
den bekannten Sitzen iber schwache Konvergenz ist dann ’

v ( Ju N u =N ).
n ¢ 1l WV = el v
. 3u du,
Also ist “-— . =R, z —_— =R .
L, (@) ol y )

L, () ein reflexiver Raum, deshalb kdnnen wir von jeder in diesen

Raum befindlichen begrenzten Folge eine in ihm schwach konvorg'nto
Folge entnehmen. Darsus und aus der Definitionm der verallgemeinerten

du , du
Ableitung -é— folgt sogleich, dass die ganze Folge {-3-5 schwach
x 1

konvergent ist und in Lz(n) den Limes ; hat. Ahnlich kdnnen wir

beweisen, dass auch

v, v vy du n v
3x 2@ ' 3 L) 3 oy La(n.) oy

unter der Voraussetzung, dass {u } { } i '2 (n) schwach kon-
w . Den Raum '(2)(9.) kOnneri wir ste-

vergiert. Es sei v,

w2y
o(1) "2 o(1) _
tig in W, () einbetten. Den Reum '2 (Q) konnen wir kompakt

(1) . ov2) ' (1)
in W, (a) einbetten. Es ist also moglich W, () kompakt in LA (n)

einzubetten. Bei kompakter Abbildung geht die schwach konvergente Fol-

1)
ge in eine stark konvergente iber. Also w, —=w in W, ‘(2). Daraus

dw, -
erhalten wir aber gleich, dass —2 = — . Ahnlich ist
5 ox L4(n) x
wn

der Beweis fir — . g
dy
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Es ist ersichtlich, dass wir mit Hilfe der bekannten Implika-
tion ' '

(" ——li

<, e <A)
"L, A L,(Q) A

) =uip>( o€
A nfn L,(a)

und mit Anwendung der Definition schwacher Konvergenz der Elemente
in szn) erhalten, dass die Funktionale fgy fgy £q, fg auf V
und auch auf W schwach stetig sind.

Folgerung. Das Funktional (6) ist auf V und auch
auf W stetig.

-
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

ON THE VALUES OF EULER’S FUNCTION

STEFAN HANZALIK, Trnava

Euler’s function is defined for all natural numbers as fol-
lows: V(n) denotes the number of numbers 0,1,2,...,n=1 coprime with

the number n.
oC o o<

It is known that if n = pll p22 oee pkk i's the standard form

of the natural number n > 1, then

V(n)=n(1-—:—1)(1-—:’;;)...(1——;;) 3

written in another way

x1-1 %=1 -1
(1) ¢(n) = py P, ces Py (pl-l)(pz-l) sis & (pk-l)

From the definition of Zuler’s function and from (1) we may
conclude: (1) = ¢(2) = 1, ¥(n) is an even number, if n >2 and
¢(p) = p-1 if p is a prime number.

H. J. KANOLD in his paper [1], I. NIVEN and H. S. ZUCKERMAN
in [2] (p.256) and S. PILLAT in his paper [3] proved that the set all
the values of Euler’s function has the asymptotic density O. So
"most" of natural numbers have the property that they are not values
of Euler’s function.

“We are now going to construct such infinite sets, the elements
of which are not values of Euler’s function. In the book [4] (p.198-
199) the following result is proved: The numbers of the form 2(3k+l),
where 3k+1 (k 2 1) is a prime number are not values of Euler’s func-
tion. !
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The result may be generalized in the following way.

Iheorem 1, The equation
(2) P(x) = 2q

‘where q is any primeé number of the form (2a+l) k + a, (a, k are
natural numbers) has no solution in natural numbers.

Proof. The proof of this theorem is analogical to that of
mentioned assertion from [4]. «
1 o<
Let the equation (2) have a solution x = 2 Py p22 ps° ;
where p; (i =1,2,..., 8) are prime numbers, 2<p;<p, ese<Dg
o is non-negative integer and o<y (i =1,2,..., 8) are natural num-
bers. Then from (1) and (2) we conclude

-1 ‘1—1 6(2-1 0(8-1 . " '
3 (3) 2 pl p2 - e ps (pl-l)(pz-l)ooo(ps-l) & 2q,

if ¢ >1 and

: %, -1 %,-1 -1 _ _
(‘) p]:, p2 LN pa (pl"l) (92‘1) sece (ps-l) =
if o =1. _
Since the right-hand side in (3) end (4), respectively is divi-
‘sible by an odd prime number, s Z 1 holds. Let s =-1. Then the
standard form of the.number x contains al least two different odd pri-
me number p,;, P, and hence the left-hand side in (3) and (4), res-
pectively is divisible by 4 and the right-hand side is not; that is -
impossible. So. & = 1 and then the equalities (3) end (4) (if we
put Pp =P end o6, =/4) turns into
-1 p-1
(5) 2 pﬁ (p-1) = 2q

if ¢ > 1 and
-1
(6) p's (p-1) = 2q
ir e« £1. _
If o =1 then the left-hand side in (5) is divisible by 4 and
the right-hand side is not, that is impossible. So - £ 1,
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Let 4 >2. Then the left-hand side in (6) is diviaible by
s square of the prime p and the right-hand side is not, that is im-
posible.

- Let 4 2 2. Then from (6) we obtain p(p-1) = 2q. Hence p-1 = 2,
q=p and s0o q = 3. But it is impossible, because the prime number
q is greater than 3.

Let A= 1. Then from (6) we obtain p-l = 2q. From this we get
p=29+ 1= (2k+ 1)(2a + 1). But it is impossible, because p is a
prime number.

Theore g 2. The equation
« & < .
(1 ¢x) = 2q1‘ q22 O qnn , nZl

where qi(i = 1,2,+.4,n) are prime numbers, 2€q;<qy<€ «e0 €qp,
°‘1 (i = 1,2, «.s, n) are natural numbers, is solvable if and only
if one of these cases occurs:

(3) n= 1, ql = 3,4
"1 ‘fz - &y '

(b) 29,7 Qx° eeeqy ¥ 1 is a prime number,
o, o < 4

(e¢) 2q11 qz2 s qn-ln ly1= a

Proof, Let the equatior (7) have a solution

A, A , ‘
x=2. ﬁfi-pz cee pk¥ ,» Wwhere 'pi (i = 1,2,000,k) are prinornunbcra,:

2<py<py=<:. <Py, A; (i =1,2,...,k) are naturel-riumbers end o« is

& non-negative integer. Then according to (1) end (7) the follo'ing
must hold

o« -1 Al'l A -1 ﬁk-l
(B) 2 pl pz X Pk (pl-l)(pz’l) eoe (%‘1) =
o, o o
= 2‘111 Q22 oee qnn ’

if & >1 end

A1 A1 A . ‘ 2 R
(9) pl pz xx pk (91-1)(92"1,0t0(pk1') s qu qz see qn

iroc S 1. &1



Since the right-hand side in (8) and (9), respectively is divi-
sible by an 0dd prime, we get k Z 1.

We shall show that the standard form of the number x contains
just one 0dd prime. Let k>1. Then in (8) and (9), respectively is
the left-hand side and so slso the right-hand one divisible by 4. That
is impossible, becsuse the numbers q; (i =1,2,¢..,n) are odd primes
and for this reason k = 1. Let us put py = p and /51 =f. 50 x=

o¢
= 2 p/! and (8), (9) turns into
o« <
251 AL (p-1) = 2q11 q22 as q“n "

if  >1 and

(10)

21 o, o o,
(11), rf (p-1) = 2q11 q22 a0 qnn

it & 1.

Leto >1. In the same way as in thecase k=>1 it may be pro-
ved, that (10) cannot occur. For that reason o« € 1 and so (11) holds.
In the relation (11) p-1 is an even number. Let p-1 = 2%h, where s
is a natural and h is an odd naturel. Then p = 2°h+1 and from (11)
we obtain

A-1 o6, o e
(12)  (2%ne1)  2°h = 29,0 q,° ... Q"

Let s8>1. Just &s in the case k>1 we msy prove, that the
relation (12) cannot occur. For this reason s = 1. Then p = 2h+1 and
the equation (12) turns into

-1 &1 oc <

(13) (Zh"’l)ﬁ h = ql qz see qnn

The following three possibilities cen occur (with regards to
the numbers h and A ):
() h=1 end A Z1
(v) h>1 end S =1
(¢) - h>1 send 4 >1

In the case (a) p = 2h+1l = 3 and (13) is correct if and only
if n=1,q) =3 end A= 0C1+1.



o o«
In the case (b) from (13) we get h = ql1 &:2 cee qnn . So
oG, ot o
2h+l = 2q B q 2 eoe q LI Conversely, if p = 2;‘1 4‘2 cee
o 1 2 n 1 12
cee qnn + 1 is a prime, then we can easily show, that the numbers

p, 2p are solutions of the equation (7).

o
"

L]
"

In the case (¢) from (13) we obtain

(14) p=2h+1-=gq;

for the suitable. i, 12 i $n, A -1=¢,. Thus

«. o « < o< <. o«

- 1 2 i=1 i+l n = 1 2
h = ql q2 cee qi‘l qi+1 voe qn .So P = 2q1 q2 eee

%1 % n
Ceee Q3.7 9541 cee Q¥ 1.

If i<n, then p 2 q,>1q; but it contradicts the relation (14).

i Wy %n-1 |
Hence we have i = n. Do p = 2q;" q,° «++ qp " + 1 =gq, eand A=
q o) % <n. .
= °Cn+1. Conversely, if q = 2q11 q22 o v d qn_g 1, 1, then it can
«< +1 < +1

be easily shown that the numbers x = q,
of the equation (7).

,» 2q," " are solutions

P
Corollary. If the equation (7) is solvable, then the
equation ’

7 < « «
(15)  ¢(z) = 2" q;t q,% ... g ”

~ is elso solvable for any natural 2" .

 Proof. According to theorem 2, if the equation (7) is so0l-"
vable, then one of the following cases occurs:

(a) n=1, q =3,

o« o «
(b) 29" q,° .- qdn +1 is prime

. &, o«
(e) qul q22 coe qn_? 1 + 1= qn
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It is easily to verify that in the case (a) the equation (15)
+1
has the solution gz =2 .3 1 .

Now (15) can be written as follows

N A2 SN 2 « o<
?(z) = 2 aqu q22 s qnn' .
2r

The equation ¢(x) = . A1 -has the esolution x = and the equation

o «
Py) = '2q11 q‘? O q“n has in the csse (b) (according to theorem 2) .

- L% % %n .
the solution y = 2q;" q,° ... g, + 1. Since ¥ is a multiplicative

. <) o o
function and (x,y) = (2", .?q1 q22 qn" + 1) =1 we have

£ - o« o
"’(xy) - v(x) 032 = 9T )P 2ad 0 cvr @+ 1) = 27 st qi? ...
r “ oC o«
(2

cee qn + Hence (15) has a solution z = xy = 2 qy q22 qn“ +1).

In the similar way it can be shown that in the case (c¢) (15)
+1
has the solution z = 2’ "n .

With the mentioned problem is closely related the study of the
vsalues of the function y(n)/n. In the book [4] (p.210) it is proved
thet the set Of all the values of the function {(n)/n is dense in
the interval (0,1). Further in [4] (p. 210-211) also the ronowmg
result is proved: The set of all the numbers of the form k2P » whe-
re k is an 0dd natural and h is naturel >1, is dense in the inter-
vel (0,1) and disjoint with the set {#(n)/n}.

The following theorem generalizes this result.

Theorem 3. The set M of all numbers of the form k/a®,

where a,h,k are naturals, a >1, h>1 and (e,k) = 1, is dense
in the intervel (o0,l) and disjoint with the set Q = {P(n)/n }.

Proof. Since the set of all the numbers of the form klzh,
(k/2)= 1, k™0, h>1 is dense in the interval (J,1) end is a sub-
set of the set K, it is sufficient to prove, that the sets ¥ and Q
sre disjoint.



We shall prove it indirectly. Let us suppose that there is a na-
tural n such that

@(n)/n = K/a"

where a, h, k are natural numbers, a > 1, h >1 and (a,k) = 1. From
this we obtain .

(16) & ¢(n) = kn

Let p be aby prime divisor of the number aj 101_: a= p“’al.
where oC and a, are natural numbers and p{a,. Then (16°)

pXk

and the equation (16) turns into

an 5 P em =

From this p|n, since (a,k) = 1. Hence n = pﬂnl, where /4 and n,
are natural numbers and

(18) pflny

Euler’s function is known to be multiplicative. On the base of
this and of (1) we have {(n) = Y(pﬁnl) = p"'1 (p-l)?(nl).

Then from (17) we get

«hp A-1
" A 1) play) = wpfing
This yields
h-1 h
(19) p a; (p-1) ¢(n;) = kn,y

where oc h-1 Z 1.

From (19) it follows that p divides the number kn;. But it con-
tradicts (167) end (18).

91



REFERENCES

[1] xaANOLD H. J., Uber zahlentheoretische Funktionen, Journ. f.
reine u.angew. Math. 195 (1955) 180 - 184

[2] NIVEN I., ZUCKERMAN H. S., An Introduction to the Theory
of Numbers, John Wiley and Sons, Inc., New York - London -
-Sydney 1967

[3] PILLAI S., On some functions connected with {(n), Bull.
of the Amer. MKath. Soc. 35 (1929) 832 - 836

[4] SIERPINSKI W., Teoria liczb, PWN, Warszawa 1959

Received: Nay 26, 1970

Author’s address: Katedra matematiky Pedagogickej fakulty Univerzi-
ty Komenského, Trnava

92



(ACTA F. R. N. UNIV. COMEN. = MATHEMATICA XXV - 1971)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXV - 1971

REMARKS ON RATIO SETS OF SETS OF NATURAL NUMBERS

J. SMITAL, Bratislava

If A, B are two sets of natural numbers then the set «(A, B)
of all numbers of the form 2 where a €A, and bE€B, is called
the ratio set of A and B (see [1]).

If A or B is a finite set then clearly R(A, B) is nowhere dense
in the interval <O, ). But there are also infinite sets A, B such
_that the set R(A, B) is nowhere dense in <0, + ® Y(for example, A =
=B ={2, 22, ..., 2°, ... P. T. SALLT [1, Theorem 5] has proved
that R{A, B) is dense in <O, +00) provided A or B has a positive
asymptotic density and both A and B are infinite. This condition is
only sufficient but not necessary. Indeed, a simple modification of
the proof of Theorem 7 in [1] gives the following result:

Theorem 1. Let c = {ci}:’,l y C4< €44y » for each i,
be an infinite set of natural numbers. Then there are two disjoint
sets A, B of natural numbers such that A(x)<C(x), B(x) < c(x)
(A(x) is the cardinality of the set of all numbers a€ A such thet
a=x), snd the ratio set R(4, B) {s the set R’ = {1} of all positi-
ve rationals different from 1.

Proof: Let rl,' Ty, eeey Tyy s+« be @ sequence of all num~
bers ip A {-1}. We shall define by induction a sequence of numbers
8y, byy 85 byy eeey By by, - 88 follows: Choose :-o positive in-
tegers a,;, bl such that c) =< 8y, c1<b1, and si =ry. Clearly

8y # bll. If numbers 8;, b, 1=3i<n has been chosen such that
aj # by s for j, k=<n, let L b, be two positive integers such
that '

8, > max (cn, 81y ++e» 817 biy eeey bn—l)’
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b, > max (°n’ 81y ceey B 15 Dy eeey bp—l)’
and

= rn

o7 | =

. Now put A = {al, 8y, e+ 8yy <ec}8nd B = {,bl’ by, eee
ceey b, ] It is easy to verify that the sets A, B have all desi-
red properties .and hence Theorem 1 is proved.

The Theorem 1 gives a non-effective example of two disjoint sets
A, B, whose asymptotic density is zero and such thaet R(A, B) is dense
in <0, + ). Now we show a ainfple effective example of such sets:

T.he g': em 2. Let A be the sct of all prime numbers > 2
and let B be the set of all numbers of the form p + 1, p€A. Then

the ratio set R(A, B) is dense in <O, +0), AAB = @ and both A
and B has the zero asymptotic density.

Pr oo f: The sets are clearly disjoint; from the known fact
on asymptotic density of the set of prime integers it follows that
both A and B has the zero asymptotic density. Hence it suffices to
prove that R(A, B) is dense in <0, +@ ). Let a, b be two real
numbers auéh that O<a<b. Choose some ¢ such that a<c<b. It
is known that each interval contains infinitely many numbers of the

fong- where p and q are primes (see [2], P. 155). So choose

: P
prime numbers p, q such that - (c, b) and

. q.
. b
(1) q>
c~-a
We shall show that
€ (a, b).
cq+1
Assume, on the contrary that =<a.
. q+1
Hence
g p P P
(2) c - a<c~ - =

qQq q+1 q(q + 1)
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’

P A b
Since — € (c, b) there is p <bq and hence from (2) ¢ - a <-3

q q
b

thus we have shown that q< , contrary to (1). The Theorem is
. c -8

proved.

x
In Theorem 2 the sets A, B are given such that A(x) = %1 )
og x

). Next Theorem 3 gives two disjoint sets A, B

and B(x) = 0 (
log x

such that A(x) = 0(log x) and B(x) = 0(1log x).

Theorem 3. Let p, q be two relatively prime positive
integers. Put A = {p, p?, eeey p%, «ev }, 8nd B = {q, Q2 00y Q%) oo
.+}s Then A(x) = 0(log'x), B(x) = O(log x), ANB = @, and R(A, B)
is dense in <0, ®).

The following two lemmas are necessary for proof of the Theorem:

Lemma 1. If p, q are two relatively prime integers,
1 <p<gq, then there exists a sequence

(3) {"‘k};o

of numbers such that ock =

K
n
q k

OCk>1, for k = 0,1,2, ..., and  }im oGy = 1.
k > ®

(m,, mp are positive integers)

Proof: Since 1 <p<q there exists the least positive in-
m, pm° ;
teger m, such that p >q. Pu OCO = — ., Clearly 1<0':Q <q.
q h

P
if ock = -Ek— is constructed let d be the least integer such that

P (oc,)d
(ock)d>q and put o¢, ., =

pmk

= — (mk, n, are positive integers) it follows

Qk

. From the assumption &, =
q

pd“k pmkﬂ.

%y = ;33:4'—1 = :‘:{ (mk*l, n,, are pgfitivo integers).
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It is easy to see that
(4) *x>1, for k=0, 1, 2, ...
The sequence (3) is decreasing, i.e.

(5) o6y 2 K1 for k=0,1, 2, «os

To see it we sssume that 06k+1 ? ock, for some k. From the defini-
tion of the number °‘k+1 we know that 4 = Eﬁil is the least ingeger

%k

(positive) such that o¢ d >q. But from the equation X
k k+l q

and from the inequality a‘k+1?°‘k it follows that

6) o t>a.
p“‘k
Since ock - and p and q are relatively prime integers, the
q
equality does not hold in (6), so we have oC,
m

k+1l a
is the least integer such that &,
T

the inequality (5) holds.

a-1 . 4 contrary to the

fact that 4 = > q. Hence

Now for each positive integer s, let A(s) be the set of all
wdﬁniMuuaRZONthtx;<mlm x:u>mfw
every ke€A(s) (the equality acks = q is clearly impossible).

We shall show that
(7) A(s) is a finite set, for 8=1, 2, «co

To see it we assume that for some fixed s there exists a sequence "
s+

m 0
{ki} j=0 ©f integers such that O=sk; < ky,;, aCk: <9 and “ki >

.>q, for 1=0,1,2, ... From (5) it follows

«<.® «°
X X,
(8) —dc =1-7 <1, where O=< 7 =<1, for i = 0,1,2,...
a a

For arbitrary foxed i let

(9) éi = ‘ki = ~ki+1

96



Evidently oC; >0 .(ae—e (5) ). From (8) and (9) we have

s . ) s
Cy. Ky, -
(4-9) & = (g, -0 )= —2.—2a
ka"’l
Since —— .41 » from (8), (4) it follows
. q 1
s

(1 -7 € ( T ) 2 7> 7 £ >
l - = le—=)=2 > 80 —_—

7 % “'ki-rl q k;+1 ’ i -9

From (5) and (9) we have

Ky = % P o = £.>-2_

i ki1 T kg - Tk -9

9 :
oG -oC € + & + o0 + > (n+l) — and so we
Ky " %k, =T A €n

conclude that 1lim &« , . = - o0 contrary to (4). Hence (7) holds.
i - 1 2 : ) <
Further property of (3) is as follows: For every positive inte-'

ger r 1let B(r) be the set of all integers k =0 such that o ">gq
‘Then :

k

(10) B(r) is finite, for r=1, 2, ...

In fact, &, <q for k=0, 1, 2, ... (see (5) and the definition
of o,), 80 B(r) is finite for r = 1. Now assume by induction,

that B(r) is finite for r = ry. It is easy to check that B(rg+l) =
= A(ry) uB(ry). Since B(ry) is finite, and from (7) it follows that

A(ro) is finite, too, we conclude that B(r) is finite whenewer r=
= ry + 1. Hence (10) holds.

®
Finally, we choose & subsequence { ,Sk} k=0 of the sequence
(3) such that klin ﬂk = 1. The inequality (5) then will imply that
- ®

lim ‘k =], q.o.d.
k »®
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Put I"o = aco. From the definition of the number ol o e hawe
that 06% = o < q. Assume that A, , is choosen such that 4,

<q and, say, Br-1 = -Cj. From (10) it follows that there exists an
index j'>j such that acgt.l < q. Put tdk = aCJ.. So: the: sequenve

m »
/5 is constructed by induction and for every k =1, 2, ...,
k| k=0 1
: k -o

The Lemma 1 is proved.

Lempga 2. If p and q are two folatively prime integers,
l<p<q, and @ is a non-negative real number, then. a is a limit-point

of the set of all fractions of the form ﬂ whers m apnd n are po-
q"
aitiyo integers.

. . P
Proof: If a=0 then lim —— = 0 = a. Assume that-
' n-o q° -
a>0. To prove our lemma it suffices to define a sequence {bk} k=0

of numbers of the form bk 25— (m, n are positive integers) such

. that bk<a, for k = 0,1 2, ees, and 1lim by = a. Choose a posi-

k-
P
tive integer n, such that wc,;-< a and put' b, = —/— . By the Lem-
. . q o . q o
me 1 there exists a sequence 2y >2% >... >y > ... of num-
) : m o
p 1 E_k
bers of the form q—n such that 1<]’l" <1 + % If b = ny is
. : q

slready constructed let d be the greatist integer such that

. d a.. Dk+1
by Fye1 <@ and put b, = bkrk*l - :3]"71 . Clearly bhy<a=

1l 1
SO s 00 |a - blso 7y - bl<b. T<ap. ftence 1lim b, =

k =-m
The Lemma 2 is proved.

LLLQ_t__o__r.___Lh_s__r._q_e._o___t_n-_l Is en easy con-

sequence of Lemmas 1 and 2. ¥e may, uthout loss of generality assume
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that p<q, since R(A, B) is dense in <0, + ® ) if and only if
R(B, A) is. That 4a(x) = 0(1log x), is clear.
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