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(ACTA F. R. N. UNIV. COMEN. -~ MATHEMATICA XXIil. 1969)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXIII - 19869

ZUR THEORIE DER ZASSENHAUSSCHEN VERFEINERUNGEN
ZWEIER REIHEN VON ZERLEGUNGEN, II
VERKNUPFTE UND ANGESCHALTETE VERFEINERUNGEN

VACLAV HAVEL, Brno

In E] » S. 65 befindet sich ein Satz iiber die Existenz gleich-
‘basig halbverketteter Verfeinerungen zweier einander modularer Zer-
legunganihen und weiter in E.] S. 68 zweiter Satz iiber die Existenz
von gleichbasig verketteten Verfeinerungen zweier einander komplementdrer

Zerlegungsreihen. Man kann aus der Analyse der in [1] gegebenen
Beweisverfahrens folgenden Zusatz bekommen: Fiir zwei einander modu-
lare Zerlegungsreihen iibergehen die gleichbasig halbverketteten
Verfeinerungen aus dem ersten Satz in gleichbasig verkettete Verfei-
nerungen dann und nur dann, wenn urspriingliche Reihen einander
komplementdr ®ind.

Wir konnen uns aber nur auf die iiblichen Untersuchung der lo-
kalen Ketten mit fester Basis (im Sinne von [1] S. 60) begrenzen, was
nun der Gegenstand unserer weiteren Betrachtung wird. Wir versuchen
dabei den mengentheoretischen Kern des Verfahrens von A.W, Goldie aus

Cz:[ zu finden, moglicherweise ohne Anwendung der friiheren Ergebnisse

aus [2] und E!J ’),

Es'sei M!‘ﬂ eine feste Menge mit einem ausgezeichneten Element

@€M ;i jede Untermenge M'C M, e /M ' =011 ausgozeichnete Mengy

heisen. Ist A eine nichtleere Untermenge aus M und A eine
Zerlegung in A/ , so bedeute (¢ cﬂ die Vereinigung aller Nt-ﬂ
-~ Blécke. Sind 94,_ .8 Zerlegungen uur_M , 80 bedonté ﬂa .B,
dass jederA-Block und jedor]—ﬁlock aus dolselben-ﬂ,l-mdck ein-
ander inzidieren. Sind (A,-B Zero;ungen auf M ,» 80 bedeute

Ag -B, dags h’ ausgezeichnete Blacko_ 4!‘4 ) BeB e

Terminologie nach [1] S. 6-9. Elemente einer Zerlegung ¢Z nennen
wir ¢4 -Blocke. Fiir mengentheoretische, bzw,.verbandstheoretische
Operationen des Durchschnittes und der Vero}ni;dng gebrauchen wir
die Symbole N,U bzw..~,\_,tiir Inzidenz das Symbol J{. Fiir die
Mengeninklusion wird das Symbol & gebraucht, fur Verfeineruwgsrela-
Vion awischen Zerlegungen das Symbol < . .

1)
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Beziohung A¢ B s B (A gilt. Offensichtlich ist A0 B=dAnS

‘,Zuorat bemerken wir das Folgende: Sind J/JQ Zerlegungen
aut M mit uusge'zeilchneten Blocken A e d, 8 € B und gilt
daa ) %o ist AcB= B¢ A der ausgezeichnete A V.B

-Block.

In der Tat, es gelte ﬂ(..a = B 4 (4 und es sei C' der
ausgezeichnete uq - B -Block. Setzen wir voraus, dass in C
ein mit 3B disjunkter ¢4 -Block ex1st1ert Dann folgt die
Existenz eines A€ 4, A'€C, A'N B=g und
eines B'GB,BEC ,sodass A 3 B'aL A’ . Das be-
deutet aber, dass B’S(ﬂ( «3), damit gehort auch jedes Element
aus B’ irgend einem mit B inzidenten <2 -Block. Daraus folgt
A'x B, was der verlangte Widerspruch ist. AcB8B=Bc A
féllt also mit 'C zusammen.'

Die Zerlegungen A,.B in M heissen yerkniipft, wenn je-
‘der ¢4 -Block mit genau einem B -Block und jeder JB -Block
mit genau ein.en A -Block inzidiert. Die Zerlegungen :4,‘3
in M heissen asgeschnltet, wenn eine Zerllegung 8 in//exis-
tiert, so dass 04,8 und auch \a,E verkniipft sind.

Hilfssa t z 1. Es sei N eine nichtleere Untermenge
aus M und A ,B lerlegung autf M . Dann sind A, N
und auch (Ncel) n (v4 [ \B) ”n/fﬂvva)"”ﬂ(m/ﬂd)\'(ﬂﬂ‘g})

verkniipft.

Bewedis . Die Verkniipfung zwischen Nc 04, /Vﬂ ﬂ
ist durch die Vorschrift X +— NnJX fir jedes Je J, v 4 IA/
vermittelt. Weiter sind also auch (N((A)C((AV-B)
(IVC ﬂ)ﬂ{f/q\_vg) verkniipft und fir jedes yE (/V( 04)[ f‘AV-aj
werden wir nun jedem (”(04)"\ Ye (Nf°4)/7 (CAV-a)

das entsprechende NnYeNn (04\/3) zuordnen. Damit haben
wir die gewiinschte Verkniipfung hergeleitet.

Hilfssatz 2., Es seien M,M, zwei einenader inzi-

dente Untermengen aus M und (A cB Zerlegungen auf ” Dann sind

A=(MAM)cA)n (Au ( My B)), B = (MM, )cB)nMrh)-B)

verkniipft.
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Beweis . ImHilfssatz 1 ersetzen wir A, ﬂ,.ﬂ durch
Mnﬁf’,rﬂ,ﬁf‘ nB und bekommen sogleich die Verkniipfung

zwischen ((Mn”)(ﬂ)ﬂMv(M I'I.B)) und (M n M)I"l
(M1 M) 1 A)— (Myn B) ~(MAM,) 2 (( My 11 R) (M, 3)).0

~ Hilfsatz 3, Es seien (4',04‘,.8”.8‘ Zer-
legungen auf A/ , wobei A4, 2.4 .8..3 A, & 3B, - ,3
Es seien [, G(A - B )A{‘l vda,) l g €A, AN (Agv-a)
l € ..8 ~ (y% Vt/t- )  ausgezeichnete Blocke. Dann

a)

Ly (A B) = lyl( Ry 8,) =L, .
b) die Zerlegung;en A*‘l, n (04,/\ (o@,u ‘8‘))1 B =
"LG(_ﬁ,/\(%v/%)) sind angeschaltet.
Beweis . Esseien fiele, Beo€ S, C',.;,/Gcﬂ,c -
v%“/ _,/2) ausgezeichnete Blocke. Dann ist [ = C' e
é Cd%l'e' Vf:einﬁun?acl'{:’r f:it ﬂf;,%c} b:zuglich g;h;uﬁivj ver-
bundenen ([1] , s. 12) A -Blicke ( By -Bldcke); ist;
(47) =(42)(2,1). Daraus tolgr Cpp 1 Cpy= (8,11 Cop) ¢ (Ap~— By)=
= (B,ﬂc,‘)f(vi vb ) In der Tat, jedes .ceC N C;,' liegt

im gewissen mit 8, 1nzidenten -4/ -Block und im gewissen mit #p
inzidenten % -Block; (Ar;) = (4 2), (A.’ 4)

Nach 4 g B, , 4.3 liegt dann auch 4 im gewissen mit ”

inzidenten -B, -Block und im gewissen mit '/9 inzidenten .4 ~Block.
Daraus und aus umgekehrtem Verfahren folgt schon der Beweis dol
Teils a).

b) Weiter beweisen wir, d;u 04’ (4,/7 q,) n ('A,AM "’8 )) .
*= (B,n Gg)r1 (B,~(5 3, — A)) angeschaltet sind. Aus Ay (‘4 -

u.a) (A v/s,)A((A,A(A,vz,)) torge A= (Anc,,)n

n fA‘V ,/3 ) dhnlich bekommt man B (51/16‘12)1'1 (.42\.4)

Nach Hilrsutz 1 gibt eseine Verkniipfung zwischen ‘4*

C%(4AC)c (Ay,—5B,) . Nach Teil a) ist aber (4, nC”)c _
((.A‘V.Bl)‘c”n C'”, so dass (%= (C,‘nc’,)n
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ﬂ{.‘,vﬁ) Xhnlich finden wir @ineVerkniipfung zwischen B* und o*
Die Zerlegungen cl,’ A* sind somit ln;uchauot..

Satz, Es seien (A ::;: (»6");‘:4‘ zwei Reihen
von-Zerlegungen auf M , wobei 94, = .4, und Amot®™ Pmoy *

Weiter setzen wir voraus, dass AU-@ fir jedes /"‘l,...,,cn.oii
"ri, ..yt +4 . Dann gibt es Verfeinerungen (o‘f‘ 4:: (46")2::

beider gegebenen Reihen, wobei fiir ausgezeichnete Bléocke ol"é .4",
B"‘(.ﬂi (d=4,...2) ecine solche Permutation f° von
(/, 56, &) existiert, so dass li r vtz_ -¢ und Bj’(u n

n.ﬁ;(ﬂ'1 fir jedes 4‘-/,..-,/" stets verkniipfte, bzw. stets
angeschaltete Zerlegungen sind. '

Beweldi l? Es seien 4‘«5.4‘;, 8"6 .6,' ausgezeich-

nete Blocke. Wir setzen v‘::,,‘ = o{,.: LA (J‘A%)' 3},0 —J’olv

"{‘3}" ‘4‘;) und bezeichnen mit llc‘,", B,‘,Ai entsprechende .
ausgezeichnete Blicke. Aus o4, a.ﬂ" folgt dann i"""(lq;n B;)c

t<vq
(.4‘. ,"; analogische Schliisse folgen fiir B’.,‘; . Es ist bekannt,
*

o
dass ‘l":j bzw, -/5",‘;. untere Zassenhaussche Verfeinerungen von (&A
(ﬂ‘) bilden? Nach Hilfssatz 3 folgt nun die Existenz @imngtVerkniipfung

. zwischen ﬂ:"n ui;-”»" fl m) und E’-’d n.&,- P (4, +,”l-)

(4
und nach Hilfssatz 1 ergibt sich die Existenz einer Verkniipfung

- -
zwischen A nvt‘;." (A Ba)n 04,.: " Ope, 4 17 "’4,43 e )
oy

8hlich fir By /7 Byim o+, . Damit ist der Beweis fiir den Fall der

verkniipften Verfeinerungen beendet.

2) o .

A’,/' durchlaufen die Mengen [l,,m 04}‘ {1'...,404} bzw, mit Aus-
nahme von e +4, m+d.

3) . ' _

Zum Begriff der oberen und unteren Zassenhausschen Verfeinerungen
und zu der ausgesprechenen Tatsache siehe v. KORINEK, Vestnik

krél. &es, spol. nauk, tr. mat. - prir. 1941, Schrift XIV, S, 8-9
und 14.
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Weiter setzen wir JV'A‘Q“‘."V"I)j}"'"f"’"f"““")
und bezeichnen l,.,’, ‘;,.. entsprechende ausgezeichnete Blacko_. Es
ist gut bekannt, dass [4' bzw, "J;':"' die oberen Zassenhausschen
Verfeinerungen von (o4, )’(J’)bilden. Nach Hilfssatz 3 & sind aber
Zerlegungen ”"’ﬂj,"oc, 82,‘, r -6’,4.04 stets
an_geschaltet, woraus schon das Ende des Beweises fir den Fall der
angeschalteten Verfeinerungen folgt.

Bemer kung 1. Wenn die Voraussetzungen im Satz fiir
jede Wahl von eeM erfiillt sind, so dehnen sich die Bedin-
gungen vf'-a -3" auf 04.'0 -‘,’ aus, was bedeutet, d_ass'unter.w&h

Reihen komplementdr sind. Wir bekommen damit den Verfeinerungssatz
aus [17, <. 68 .

Bemer kung 2, Man kann das obere Verfahren in folgen-

der Weise abdndern: Wir wahlen eine nichtleere Untermenge EQ M .
’

und erkldren fir ausgezeichnet jede Untermenge M§ M, welche

E enthdlt. Weiter sollen ausgezeichnet solche Zerlegungen in

/M heissen, welche einen ausgezeichneten Block besitzcn. Dann
kann man Hilfssdtze 1, 2, 3 natiirlicherweise beziiglich £ aus-
dehnen. Auch die Formulation des Verfeinerungssatzes bleibt in
Geltung, wenn wir zwei Reihen von ausgezeichneten Zerlegungen

beziiglich E mit gleichen Anfangs - und Endgliedern und die Re-
lation & botrachton.

Literaturverzeichnis:

EIJ 0. BORﬁVKA; Grundlagen der Gruppoid- und Gruppentheorie,
Berlin 1960.

[2] A. W. GOLDIE, The Jordan - Holder theorem for general abstract
algebras, Proc.Lond.Math,Soc., 2nd series, 52 (1951),
107-131,

[3] V. HAVEL, Zutr Theorie der Zassenhausschen Verfeinerungen
zweier Reihen von Zerlegungen, I (Gleichbasig halbverkette-
te Verfeinerungen).

Adresse des Autors: Katedra matematiky VUT, Brno, Hilleho 6.
Eingegangen am 14.11.1969.
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXIIl - 1869

ZUR THEORIE DER ZASSENHAUSSCHEN VERFEINERUNGEN
ZWEIER REIHEN VON ZERLEGUNGEN, I
KARTESISCHE STRUKTUREN

VACLAV HAVEL, Brno

Im weiteren gebrauchen wir die Terminologie und Bezeichnungen
aus EII-_I und werden kartesische Strukturen (in Elg "Cartesian
systems" bezeichnet) mit einer festen Indexmenge [o untersuchen.

Es sei also F eine feste kartesische Struktur ((Mdo)c(.olf)
mit einer ausgewdéhlten Unterst;'uktur E-(([%O})o“o, f) ' > w/oq
edo € M,(O fiir jedes ﬂ'/o/‘ die Untermengen /’z‘ole‘.éMd_’Q 2

nennen wir dabei ausg ezeichnet. Die Begriffe einer Zerlegung und
einer erzeugenden Zerlegung in einer kartesischen Struktur, der
Begriff einer Faktorstruktur u.s.w. wurden in EIIﬂ , die Relationen
O bzw. B fiir Zerlegungen auf einer Menge in [I:I] eingefiihrt.

Wir werden zwei Verfeinerungssdtze fiir die Reihen von Zerle-
gungen autherleiten,entsprechend zu [II] , Hauptsatz und Bemerkung
1.

Hilfssatz.Es seien ﬂ‘(flv&.) ’,"3‘(“5‘.)‘.

* erzeugende Zerlegungen auf /-" . Dann ist auch A7 erzeugend

“auf F . Ist sogar VQ“’D ‘6‘. fir jedes o, , so ist auch GAs.I_‘A

erzeugend auf F .

Bewe is . Wahlt man also Q‘ € .A‘A.a‘ fiir jedes
oC - » so ist C‘ = ﬂ.( —~ 8, fiir gewisse ”‘64‘,B¢€v3&

und es gibt ﬂoé.d’l B.,“‘éo , S0 dass f(ﬂ/q.‘)ﬂﬂ‘,,
f([18,)€ Bo - Mieraue rorgt (] (Aun B NS Ay~ B,
wo freilich 4, A 8, ¢ A, ~B8, , Gilt insbesondere :
04‘. o .6“. fiir jedes oo , SO ist ‘jeder ‘ﬂ"v,‘“ -Block
der Form ”:. (~€‘° ’ wo 4‘: ein willkiirlicher 'in diesem ’

1) Die Veren\’.gungen vo'n~'f werden wir in der Bezeichnung nicht
unterscheiden. : : :
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cl‘. \.a_.d“. -Block enthaltener .4‘:-8,1ock ist. Wahlen wir
also solche l:t e, , %0 gibt es ﬂ: & A&, , 80 dass
f /04‘0) & ﬂ.l . Fiir jede Wahl von 8; € -8." ,4“*1 B"

existiert ein A € -6.,‘: L 8;, so dass f/g B,:)S 8.
Daraus folgt f(a(d:'( .q‘)) [ [."(-ﬁ, € AL 8.

'Satz 1Ys seien m- (.A"}::",", ﬁ'(ﬂz_:"“ zwed
Reihen von Zerlegungen auf ~ mit iibereinstimmenden Anfangs-und
VEndgliodorn. Wir setzen voraus, dass fiir 'ansg‘zelchnote Blocke )
l‘:éﬂ‘: R 5;‘: € ./5."‘ die Beziehungen f(ﬁﬂ') “.ﬂ:,
f([]&;’) = B.' .4";@ .a;"o gelten,so dass also G= ((”;.).c./),

//{ (¢ 4"': )“.f) Unterstrukturen in F ' sind. Weiter setzen

wir voraus, dass G‘I‘I al‘."', ”’ﬂ-s’wer_zeugende Zerlegungen
auf 6'. bzw. //" sind. Fiir die (unteren, bzw. oberen) Znnenhaul-.
schen Verfeinerungen y ﬂ.."},ﬁ '(ua ".) von ﬂ’%
folgt dann:

<9 L2y €, 4 ‘g, < = =
a) Sind /‘. € 04‘. ; B‘. &€ ‘5‘. ausgezeichnete Blocke,
dann f/aﬂ‘"')- ﬂ‘"’/ f(a B“’") = B.""I 80
dass also 6‘.' ’n ((4‘:")&. uf), H'; - //'8:") f) Unter-

@ “‘l
strukturen in F sind.
. o . ‘e 5 . a .I .
b) Die Zerlegungen G *' 7 /7 e~ ?7 ,H' ‘A7 sind
erzeugend auf 9"’ bzw, ”"‘ und die Faktorstrukturen G b /
L) <, 5 ' e ', . AP
/6 rr A7 R H7? / H?"m A7 sind isomorph.

<, 3 X 4
Beweis , Wir setzen wie friiher in [iIJ A‘ ‘= .4‘. ~

B B AL LB ), A AL~ (R
CBL) A5 B (AT AT,

2) T ) .
Die betreffenden Werte fir 4,],‘“, durchlaufen die Index-
mengen {4,..., met} ven. [A,... m}i {4 ., mea} ven.

{4,...m} wnd /.
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In ersten Falle ist 4, 7=(4% A B)cRL", 8- (B'n&:.)
BT so anas FILAS) = B,57  wna LU[TE7)= B
Jeder 4:"”;—;&”"' -Block ist Durchschnitt eines Aa:” '
-Blocks mit (4} N B2 )c R’ d.h. fallt mit einem
(AnBl)rm R -Block zussmmen. Aus f'/ﬂ/z') .

-4:,‘.//473') B, FILTAS ) = A5 und
f/ﬂv!}”' ‘g"ro”'( w‘ - 3.‘) I .14-'4
¢ ./z, <o ) ot s A(FCAS A B
'))519408 /\d" wndl dfe Zerlegung & "’7 ‘4"’"'

.‘ PR ’o"'
ist erzeugend auf G . Khnlicher Schluss folgt fir "7'8 >

Weil es sich nach dem Hauptsatz aus [II] um verkniipfte Zerlegun-
0 <, .? Yoo = : ey -
gen ," 4 s BTy BT handclt (und eine

solche Verkniipfung ist durch gemeinsame Durchschnitte mit l'(h 5.".

vermittelt), folgt aus der vorigen Betrachtung, dass es sich sogar
. * .“- A . "‘ - . o
um 1somorphe Faktorstrukturen g"’/ & "nti"’ , //""/

JH? % B7**"  hangelt.

Was den zweiten Fall betrifft, ist ahlich J ” /4'
] "“"’ s WO 6',‘, wd der ausgezeichnete (‘4"" -5' -Block
‘ist. Wegen “'5'4(. ist aber C“"! ”‘“( ‘a.z' ('4::‘-

L) -, ;
Daraus folgt schon die Beziehung f(ﬁ” ’) ” ’
1 4
ghnlich felgt f(aﬂ;‘"“jla.’". Jeder I J*;If

'y : 4 e
-Block ist gleichzeitig ein A, /7(e4;"C -8" ) -Block

und daraul schliessen wir auf f (67 {4 'g J“%’ “)) ‘
‘” ﬂvf""l"' o ,4‘:;.,(""““‘ A‘oc ‘aj-oo

f(p‘( .‘04,"44) Sja.oo,’oc
Nach dem Hauptsatz aus l'IIJ sind ﬂ‘ ‘4 ""' "‘ ‘&"‘*‘

stets angeschaltet (und dicse Anschaltung ist durch simultane

g .o
Inzidenzen mit je einem (c:'"' h‘“}ﬂ“‘" -’i ) -Block
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vermittelt). Daraus ergibt sich @hnlich wie frither der Isomorphismus

zwischen 6‘"'/5"’/‘7 04""” y2 ‘}7/” 4"17,7 ‘3‘;’,4‘1‘1.'

Satz 2, Es seien A=M72:fﬁ'{~8’};’:;4 zwei

Reihen von erzeugenden‘Zerlegungen auf F mit iibereinstimmenden

A_nfangs -und Endgliedern, wobei uq:;a «8‘: fir jedes ";J./ Lo .
Dann folgt fiir die Zassenhausschen Verfeinerungen’ \ﬂ' (A‘.”/, 2
s(Bfl‘v')von d' ‘B: Gilt ff&':“)“):m fii.r'/.’n." é.%. .
und st oy e AT AN, o B]E BL7T AL F(LIA)
P e : <7 7
8% ’_‘f(ﬁ% ), ornd (1437 )y f)/ C457),,%)n
'171‘.' ’ f( B“-O' 2{.’0)/((5,:' ),g,, '/yﬁ ‘8,:; isomorphe

Faktor strukturen und 44:"’0 -.8“"4

~ o * .
Beweis . Aus der Tatsache, dass fir zwei Zerlegungen Z"Z‘ '
auf einer Grundmenge 2; o 2; =3 2;&73; gilt (fiir jede Wahl

des ausgezeichneten Elements aus der Grundmenge), ergibt sich
der erste Teil der Behauptung als Folgerung des Hilfssatzes und
des Satzes 1. Der Rest der Behauptung ergibt sich nach [31, S. 93,

Zum Schluss bemerken wir, dass die von O. BORﬁVKA stammende
Fassung des Verfeinerungssatzes fiir kompiementiire Reihen der
Faktoroide ( [1] S. 110-114) ergibt sich als ein Sonderfall des

satzes 2 far [ = {42}, /W,f /V’ ‘M/ MJ SEM bei

der Begrenzung auf regelmissige Zerlegungen auf F ( [r11] s 2).
Eine andere Anwendung bietet die Tl;'en%"i‘e ,t.‘lc!é Multigruppoide

an. Dabei ist [ = {4 21}, M1 '%'M { 'ﬁ\%enzmenge von M.

Auch hicr muss man sich auf gewisse "regelmassige" Zerlegun-
gen auf F begrenzen,
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXl - 1969

BEDINGUNGEN DER NICHTOSZILLATIONSFAHIGKEIT
FUR DIE LINEARE DIFFERENTIALGLEICHUNG
DRITTER ORDNUNG ’

P ptng opany sy =0
MILAN GERA, Bratislava

Die vorliegende Arbeit knupftan die Arbeit [l] an und wir be-
fassen uns in dieser mit den Konkretkriterien der Nichtoszillation-
sfdhigkeit fiir die lineare Differentialgleichung dritter Ordnung

r  LLyIsg™ p (04" py (2)g'+p; (x) g =0,

wo ,l-"(l)é L'(-?'), L™ /,2,3,' .7'-<4l'.,b) bZW.(Q,lo>,“ “‘Gﬁ“\;‘b‘“*
Wir leiten dabei auch einige Figenschaften der Losungen dieser

Differentialgleichung im Intervall ¢ ab, wie Nichtncgativitdt,

Nichtresitivitdt und Begrenzung von oben, bzw. von unten mit be-
stimmten Funktionen,

Unter der zu der linearen Differentialgleichung L[y]-o im
Intervall & adjungierten Dirferentmlgleichung verstehen wir die
Differentialgleichung

2) MCels[(&-p(x)e)e e (x)&]~p,(x)aa0

(siehe [1] ).
Diese Dirferentialgleichung geht durch die Substitution gr¢y) =
EWX)GX[D‘/”(,M? in die Differentialgleichung

(3) ,1/,[,]-([,[9] "’M’") -7 (x)vcff'm""ﬁo
iiber, wo l ["’]'4" *ﬁ,()')d‘fh (D»  ist.
Weiter bezeichnen wir j J-[ J.}.

Wir sagen, dass die Differentialgleichung l[ ]'0 im Intervall
J nichtoszillatorisch ist, wenn jede ihre nichttriviale Lésung
im Intervall ¥ hochstens zwei Nullstellen, die Vielfachheit
inbegriffen, hat.

Lemma 1, Es sei die Funktion l( ’p‘). stetig und

nichtnegativ fir X, g L@ X< b [ nichtpositiv fiir
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a<xrEts X 7]. Wenn f(l),ﬂ(o\’)(d*(iﬂ) stetige
Funktionen im Intervall < X., b) [(a,' X. >J sind und

. 4 f 4 "
u () R X) 4 S A5 ) ()L (rnEplx) :f A L) (t)cit)

tir  ke<Xo,b) [x¢(a, x,>] , dann gilt fiir die
Losung J(A') der Integralgleichung
(4) = ‘ ¢) dt
o g = pm »;/m,t);()
im Intervall < X.Ib) [(a.,x.>_7
J(x) & 4 (X) (y(x)€ ~(¥)).

pie Behauptung des Lemma folgt daraus, dass di'a Resolvente
der Integralgleichung. (4) unter den gegebenen Voraussetzungen
eine nichtnegative [nichtpositive] Funktion fiir 4,=¢t st<bla<

<XKs t;x,] ist (siehe [8] )e

Wenn zu den Voraussetzungen des Lemma 4 die Voraugsetzung
ﬁ(x);o(ﬁ 0) tir ¥e<%,,b)[re(@,/o>]  hinzufiigen,
dann gilt fir die Losung 7(!) der Integralgleichung (4) im
Intervall < J’.,b) [(a'lxo >7

7(x) & p(xEO (y(x) s plx) s 0).
Die Integralgleichung (4) ist dquivalent mit der Integralgléichung
(5) g0 =Yex ;./x { /’A(x,f}l (Te) LT} y(2) e,
wo Plx)= p(x)* / Axtp(t)dt et una p(X), ACKE)
. stetige Funktionen “tiir L, gt3x<b[a<xmit= xo7 sind.
Wenn die Voraussetzungen <‘ies Lemma 4 erfiillt sind und die -

Funktion J%A) im Intervall <x.,b)[(w,x.>__7 nichtnegativ
(nichtpositiv) ist, dann gilt fir die Losung 4 (X) der Integral-

gleichung (4) im Intervall <X,,b) [Ta,Xe>]
g0 EP(x)EO (gx)s $(x)50).

Lemma 2. Die Funktion 4(r,¢) sei stetig und nichtposi-
tiv tir' Yo S I @ x <& - [nichtnegativ fir @ <4 & tg;r.J
und die Funktionen ﬁ(x}l jl(x) seien stetig und nichtnega-
tiv (nichtpositiv) fir xe<x¢,b)[-re (a,, 2,77 . Dann gilt
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fir die Losung 2 (X) der Integralgleichung (5) im Intervall <l,,b)
[ta,x,>]
05 Preigy(x) & 7 0x) (7vCr)s y (X% Px)B0).
Beweis ., Aus den Voraussetzungen des Lemma folgt, dass
der Kern der Integralgleichung (5) fiir A, @28 X =< b nicht-
negativ [tur a<XxXstsdix nichtposi tiv_] ist., Da die Funktion
P(x) im Intervall <do, &) [(4,!,)] nichtnegativ (nichtposi-

tiv) ist, erhalten wir Lemma 1 fiir die Losung ffx) der Inte-~
gralgleichung (5), dass y(x)if(x)iﬂ(](l)z Yix)as 0) rir

Je<X,,b) [X € (a, X, >] ist. Mit Riicksicht darauf,

dass die Integralgleichung (5) #@quivalent ist mit der Integral-
gleichung (4) haben wir fir d1e Lésung y(x) im gegebenen Intervall

7 x)- ﬁ(x)=/,4(:£)7(t)a£50(=o)
d-h. Y(x)m o (X) (7(!)21&()&)) fir X€E<X b)[xe(a. x.;]

Damit ist der Beweis des Lemma beendet.

Die Differentialgleichungen L[7]==0 M[¢]'o M [‘r]-

im Intervall a' zusammen mit den gegebenen Anfangsbedingungen in
der Zahl X,

7(1'.) 7., J(Xo) Jo 7(1,) ’70
& (Xx) = =Z,, A(X.) A’; (ﬁ ﬁf(’)‘} ’/3',
L) Wy, AR = ¥ A Yr) = 7

sind dquivalent mit den entsprechenden Volterraschen Integral-
gleichungen zweiter Art

(6)

7 ROy g gy S "B () g7e) it
(1) & - Qo (x e 2, 220) + /. B,(nt) " le) At
Y, .

(e) ¥ r4)
®  A(r)= 5(4»&;4;',4*.")+f€ (1,¢) () OhE;
e
welche dquivalent sind mit den entsprechenden Integralgleichungen

o b S gl AT
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o &%s S”(.r,z.,zj,/z,’)r/"’{ /'a (1,8) B(C)AT Y olt,

an ) & (4, 95,47) 1, 816, (T 8) ) St

o ‘
) AN / VAR / ' »
- frx,;.,;.,;.) : }’rx,;a,y-,;.):/&(/c ) Blt, g0, pl) bt
. . v 4 , ”
as) Y4, 4., 2l) = Q0,40 4,45) ¢ [Bl12) G (¢, b0, &0, @)l
Xo

P 4
. _»
(10) ,E(x,o;,nsj.o;"}s \‘9‘(1,46,411.')*/'4(1,0 5,‘&,4:, %, 70 )t
Yo

£ ist eine der Zaklen 0, 4, 2, 3 (in weiteren Erwdgungen der
Funktion 2Un%e,30:1 067, KO 20,001 )0 )i Quln, 0,22, 42), Yy (1,8, 55, &5);
£(’,ﬁ"‘:”5’), Z‘(I,A‘,,M:/Viﬂ) diese dieselbe Bedeutung

haben) und

;p,cx)-;'g.,a»ﬂ’;.,a))-;’g.,w+”"",;,a)’"“"'" ),,a Ls,

% ej.« 7. / (pater & Lty t2))e ity Jf(t) 'Y,
O /(f../en‘ = (l))dl-; /7., (dt, fir L=z,
Il WA Y e T

o Gl ) - /(x-t) patescts, fie Le1,

’ x 7 "Q;d - Im4 .
heplex)egs (M)e"ﬁ po7 7.;,(:.) n«ot‘é' u‘?{t baw.
Xo ’

rtipotalgeli-n) 'b'-"'*»f/r-);wéxr-w-))a]""" fte
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—/;,a)—’f,“h(x) ol ﬁ(x) fir 223,
f[;t,(g)'(f tipy (§)]e {"’W‘df bav.
-y (t) /[fl(,f)'(f t)ﬂ,(f)]df, Jir Le2,

&ﬁ,‘)“ "’f‘“)/‘ {"ﬂ) d /ﬂ, (4)/¢{; W< “bzw.

-ﬁ,(t)‘ L (f,(l)‘ﬁ,ft)) /!f);‘{f)d,f, }/a‘b Z= 4,
(7‘;(&) / (1-4 )e"/;" Jd'd's) -7 /t)//x-,o)ef" ddb w.

V‘f/(‘)”-t (7‘:{‘) 27‘1“))'& (7‘1(” Pelt) */"ﬂ)/ fim 220;

(B (o e ) 1) 1)+ (2.5, )= (0) [« 0 -x0) (2 +

oy (Xe) )+ 71 (Xo) t0) ] + (e (X) = oy (X)+ g () [ +(x-X,) &+
. ‘-',ﬂz (2 + oy (10) fig # Ay (20) £22) ], fir L= 3,

o py () fh o 4 (5, oy # g (101 o (1e) aa Ay (1a L
+[ 7s, (x) - py (x)][ Lor(x-X) 2l T+ /u (X&' + 2o /;n, (t)dt+
i, ﬁt -Xo) pg (¢) i, fair lsz ;

I. Py (0) 2o / [lx-t)p,060-7, (u],a op-py (rlby+ [ ,m)a,+

rul] (x-x.) , /m' 4=1, '

o+ [o- pylro) o] (1-%0)+ [, (. lo)/z. ] (el yzw.

A (uely

PR a2 rr/l.),t.ﬂ/e/’ '/‘M'éﬂ*[ﬁ.fr.)z.
“£l] [ (¢-1) F WAL ptn 220,
%

=
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-
xX-t

Pl 2 () (1) ¢S (g (1= Pig (1) 9 7y (), fim Lo s,

Py (X155 (2 0 711(;))*/(5 ) pslds, fir Lee,

3644 2, (0 /[(x S)ps)-p Gty , fom £e4

~

% %, %)a

.40,

f, (¢)- 7—— VoS (¢) + === (’-“’) f, (¢) bzw.

f[(f -t) py (4)-p, (¢]] ¥ /"(’M"d; feor 4s0,

/

—

r-21»,(»)»;'-[;,(://- s+ P07+ (2-x0) ] + [, (x)- g Cx) -
'ﬁf(”ﬁzflﬂfm +(x-Xo) 7, + 5’”—"‘11/"7 bzw.

&)el
A, #7)-pisf '/[f*ﬂ-x o 25, 1) & p

+[p00-p; {xg][rdx- &) %+ qr] /7 /x]of,/l!][fO(I-X.) %] frles,

/(8 )y /Mv.a
2 e dt—zr;;,fxlnc/ﬂ—:.);»,me dt-

N A
"”[ﬂ{X)'*/"XO)f’:KX)]'e t(l [], )t.x. bew.

Air#; s e (r) P () (7 0(2-4e) 25 o] / AL lE) i+

+ /[,.,(e)* M pate)][ o2 )'o},’;]dt fir 428,
; ,{M

iatl *tf/[{:-u Aslt) 2, ru]e/‘ e 7%
Y tr-d)e fﬁ e (L [1’]) =

A

4
#*f/[,/l{/e‘ df—;«,(é]cu*(l [1»]1 /e'z& : H:ié | for 2
- reln g G ) 7K

#ﬁ/"' *{[3["]/,,,'/(1-] )eﬁ'{' &é/' leo,
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“2p (X) =5 [ 00+ Po ()41 (X)] + Q;—‘l'[f,(x)—p; (X)-
= A0 12y (x)] baw. ’

=i - 4, (]« S [, (0)-py ()] -
_,,m/ff %, (¢)e f"""“‘df /, l-s,
pn= 5 e opp ety
Cix )z § = A, (t)-palr)- (x-uh(x) / () g +

| + 650 [1,06)- /L,(f)ﬂl(f)]d:r fir L,

/[(x-f) 74 0F)- ;t,(f)] e df bzw-

= Palt) f[;,(/s)/e'/ 7 -ha)]m /a,- /-4,
[, (H— XL gy (2)+ ’—'l;:, (tg/e/r' 125,

. bazw.
: /
A2
SLG5-t) py (4)-py (8)] e, for 220,
B
dabei setzen wir in den gegebenen Integralgleichungen, die
Stetigkcit der auftretenden Ableitungen der Funktionen ﬁ,{x},

7&.[,\'} im erwogenen Intervall y voraus.

-

Definition 1., Wir sagen, dass die Differential-
* *
gleichung [ [’]30 aus der Klasse 4{<X.,b)) [A‘{(a., J’o>)]

ist, wenn der Kern der beireffenden Integralgleichung (6)A (X,t)

eine nichtnegative [nichtpositivé] Funktion fiir Yo £=x<b[cv<_
<xstsx] ist.

Definition 2, Wir sagen, dass die Differential-
gleichung L[7]=0 aus der Klasse ﬂ;(«.,b)) [ﬂ; ((a., Xo >)J

ist, wenn der Kern der betreffenden ;ntegralgleichung (G)A‘_(X,'L)

eine nichtpositive [nichtnegativeJ Funktion fiir xoit‘.ﬁx<bfq'<
<X§lﬂx.] ist.
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Kbnlich definieren wir die Klassen & (), &, (7)  vzw.
g‘(f}' &'(9’} fir die adjungierte Differentialgleichung M[a']lD
-bzw, fiir die Differentialgleichung /‘/,[‘l"]‘o-

Definition 3, Wir sagen, dass die Differential~
gleichung 4[2.7'0 aus der Klasse D37 (7) ist, wenn sie aus

der Klasse .ﬂ: (7} oder ﬂ: (y) ist und gleichuitig ist die zu
ihr adjungierte Differentialgleichung M[¢J‘0 aus der Klasse
ﬂ (7) oder 6]- (9’) bzw. die Differentialgleichung /‘f,[f]ta
1st aus der Klasse 8 {.7) oder 8 {,7} (4.,',' ist eine der
Zahlen 0,1,2,3).

Bemer kung 1. Wenn die Dif[‘erentialéleichung L[y]"a
aus der Klasse -4:{.7) oder aus der Klasseﬂ. (7) ist, im allge-
meinen kann die Differentialgleichung M [®]=0 bzw. M,[r]-a '

* -
nicht aus einer belicbigen der Klasse @/(171, 6] (7) bzw,

. 8, f’) e (7} sein, Zum Beispiel, wenn die Differen-
tialgleichung L[]]=0 aus der Klasse 04 (‘Xo,b)) ist, ist
e (x) = 0 fir X€ < Xo,b) und wenn fb,{X}* 0,

dann kann die Differentialgleichung /V[Q]'O nicht aus der
5 ‘
Klasse ﬂ (<X¢ b)) sein,

_Unmittelbar aus dem auf die Integralgleichungen (6) (7), (8)
(9). (10), (11) aplizierten Lemma 4 und Lemma 2 und darau-. dass

fiir die beliebige Funktion £ (X) € C (.7} (Le1)

- (k) Ifl: @)
Fm-é w1 J—Mr/" 8 Fredt

(7 -4)! (2-1-4))
ist, wo k=0.1, [ 7, _folgen dieae Sitze:
Satz ‘1. Es sei eine der Zahlen 0,1,2,3, Die Diffe-
rentialgleichung L[]]' sei aus der Kiasse dq; (7) V und

fiir irgondoine Gruppe dreier Zahlen 74, / ;'. a§1
2y ))xo(s0) [Llkp,p.0:) £0 (s o)f

fir XY€Y . . Dann gilt, fir die Losung x) von L [;.7’0.
welche durch die Anfagsbedingungen 7/1. = o,/(lo) ;',J/IO) "/
bestimmt ist im Intervall ¢7

;,"'m P, 30 y., 77 80(50)
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und,
l-l 4)

(x-x) {yt2) 2:719,) = {){ {S{;f’w Pa 0 pp) i} 20(20)
tir 0=k = L- ",vk eine ganze <ahl

[/?fn L83, p0igeds BO(S0)

x L1k

(2-Xo) [7 (x) Zy ) e-xl” L6 g ;.,;.17.'/41 ¢fzo(s0)

- £
(-0 ) (E-a)!

tir 0k = I 1, k eine ganze ‘ahl ] .

satz 2. Essei £ eine der Zahlen 0,1,2,3. Die Differen-
tialgleichung [[;]-0 sei aus der Klasse ﬂ; {7) und fir
irgendeine Gruppe dreier Zahlen ;"~I‘l’7’ ‘sei (17., .,7.)‘
50(20) f(x].,].,;.}:ﬂ(‘ 0) tir X € ¥ . Fir die
Losung 7(.{) von L[ Jﬂ O , welche durch die Anfangsbedin-

gungen 7/’0) ‘/o,}. (X.} ], , 7 (Xo) = 7 bestimmt

__ist,im Intervall g gilt dann
A =/m<£"7-,7~,7o)

’-& ‘.1-0 x (.44

\
\

\

\

V . %) L W peon =
(XX,) lg‘_tg,_, g, AP (7(:)— 2;7,,,, g__k_)-z)(x-x.)s (x—x.y‘n-t) P{q.,,.,;.)a

fiir os K al-1, " eine ganze Zahl

( B(x.je,pe,p0)5 7“{"1) 3 %08,00,00. 75)

und
X .-k
(r-x.)f ,_k,,}’/l,y.‘;.,y.}dt:ém 7,,., e )8 ooe3 /"‘—‘%u/f:h?' ot

tir Om k2l -1 ) eine ganze Zahl).

Satz 3. Essei l eine der Zahlen 0,1,2,3. Die Diffe-
rentiulgleichung Mlg]=0 vav. M., ]=0 sei aus der Klasse
4 (7/ bzw, e [.7} und fir irgendeine Gruppe dreier Lahlen
ﬁo,#.,ﬂo bzw, %, /r, 43 sei gfl',#o,#./ &)z 0(&0) vaw.

ﬂ(x-,'r;rr #3) & 0(50) [?’(x,/z. s, ) 20(%0) vaw.



- 22 -
Xe (2, %, %', ') z0(=0) ] rir Xe 7.
Dann’ gilt fiir .die Losung &£ (X) vzw. 2(x) von M[&]=0 bzw.
M, [41"];0 welche durch die ainfangsbedingungen & (Xo) = %o,
~ (xa)a/za,(/z-/«.,m/z =% bow, (k)= ¥, ¥ (r,)=Vs, 7)o 7"

P Na
bestimmt ist im Intervall

(e | ’
ﬂ/}} ..?/,r’ ﬂo,dol,daﬂéo (2 0)

X l-"k
(x-x.) - I 27n) (f";’;’} -/(f’"’ Qe 0 50 23) At | &2 0(50)

l-1-4)!
’-k Xo
fir 0= k= l""; k eine ganze Zahl
bzw.
g '
20 =S, (x4 2 0(s0)
und

. L1k
] _f:‘ r-xeft /o) o e
o) it Z, %) (7o) L (4-e)! &g (&,%,%,% )t} otso)
fir 0z 4= f-4 , k. eine ganze Zahl

)
~0x) - 5”(1 A,,,z,,z,}; o(s0)

(H'.)Zux) ):A'ﬁr}.}gﬁl (;:‘:}, (( %, %0, %)) it ] 20 (<0)

Lir 0= k___:j_./’ 4 eine ganze Zahl

bzw.

/r/x/,( (4, % fz/;,/rjzo/‘o)

und

i 14 L-4 . - £-1-¢ o
rord (8- ool ot~ 7,—,%7 2, (4, % %) clt}Z0(20)
g4 Ao ’

rir 05 b= 1-4, A eine ganze Zahl ].

‘s atz 4, Es sei l eine der Zahlen 0,1,2,3. Die Differen-
tialgleichung M[k]‘o [” ["]‘Q] sei aus der Klasse ﬂi fyj
[f'(.?’}] und fir irgendeine tiruppe dreier Zahlen /Qo,/zo,&.
[45,4;,4*] sei @y (X 2o, Ko, £2) O (£0), Y (1 40,2, £5) 20
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S0)[S, (x,%, % 4;*)Z0(80), X,(k %, v, %")z0(50)]
fir re? Fir die Losung ,4’0)[’(1)] von M/&]30[/Vy["]=a]

welche durch die Anfa_ngsbedmgungen A (Xo) = %o ' ,t'(la) =/,
(A”ﬁr (x) ‘);. x.‘ : /';'(i'.)-'):,/r"(x.) "rvl, /"‘Zfa}"%'] bestimmt
ist,im Intervall. ¢ gilt dann

U (n &, 70, )8 4 T02 G (2, 4,20, 2)

un x
“trx, ) /77{7, (¢, 4,,#.,,& 2)elt 5(400)- f/-t ) ("‘f;’, )(x—x, )42

£-4
s(x -X,) (j-*—ﬁ},— 0 (¢, sz.,/r,,/z:) At
fir Ofl’.f l"/l ) 4 eine ganze Zahl

2, "
‘ ( 01 {xlﬂol'eo’l’#"’}é/l§é = %(JI’/‘Z’/ 'é"/ A-)

£ty ¥ Lk
(u.) ﬁ ,(e,&,t.;e,')dt:(z‘?fr;é?(x.)rﬂ)(x-x.)g (x-x.s / _I_L' Y, tes, )l

(lu)l
fiir 0= k s L1 , k eine ganze Zahl

[ X, (1,05, 25, 4)s w5 S, (1, 95,25,95)

(1) @%}; ,l/mzr’)dts (rwg'md ){u.); (x-¥y /(?—})—l (4% %, %)t
I‘iir 0= # “1’ l eine ganze Zahl
’ o {” . / Y
(§ (x z,n,mgo-fx)é (X% %, 4")

und

x—x.%%& [k, x,chg/m [m.)!ﬂ-_ borg & (rnf /r‘ ‘),x(e %%%)d

r -0‘ k = 14; £  eine ganze Lahl)].

Bemer kung 2, Auf Grund der Sitze 1,2,3,4 ist méglich

im Falle #=o© bhzw.@ ®*-©© auf einige asymptotisch Lingen-
schaften der Losungen der Differentialgleichungen l[y]-‘-‘a,

”[&]30' M' [¢]=0 in der Umgebund des Punktes ©© tzw,

-0© zu schliessen.

Satz 5. Es sei £ / eine der Zahlen 0,1,2,3. Die
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Dil‘feraniialgleichung [[7]-0 sei aus der Klasse 'gy‘ f,?'}
und im Falle, dass die Differentialgleichung
a/ 1[7]-0 aus der Klasse ‘,4; (7) (€52) ist, sei

-xJ % (x001) £0;
b/ L[’] =0 aus der Klasse ,ﬂ;(y) ist, sei
(x-x 8 (4,0,01)50, (x-tof: +/(x-u Pt0g1)dt =0
c/ M[ﬂ- - aus der Klasse ) ( l) ist, sei
g & (7 (7%
(2-X) ¥ (1,0,0,1) 20
bzw, M [:?‘]' aus der Klasse ?;57} {/t!’ ist, sei
x-xe) X (4,80,1) & 0; ;
& Mlz]=0 aus der.Klasse 6;0) ist, sei
(r-r)§ @ 001)s0, rz-x.ffﬁl-éi‘ §5(4,001) dlt& O
bzw, /’,[1’]'0 aus der Klasse'. g; (’} ist, sei 4
(X-XoP X, (£,0,0,7) SO, (r-Xo) //x-t)‘ S(¢,00,7)clt& 0
ro
’Iiir le? und ausserdem, wenn die Differentialgleichung
L [7J’0 aus e ner der Klassen /4,- {7/, A;[yj und zu-
gleich die Differentialgleichung M /%J=0 ~ aus der Klassen
6.- (]) / 63- (17) bzw, die Differentialgleichung M,[?]‘a

aus einer der Klassen ?;(_7}, g; (.7} ist, gelte eine der

intsprechenden Ungieiéhheiten

L0r001)« Yix,0,04)> 0 Ling0,4)+(x-x)7, /a—t)‘gﬂ,eefw,q

(x-x.;'/{x-u‘/’n aanit - 01800970, (AP EQZPa aof)«y,a,acu) >0
bzw

$ix0, af)'l.(&ea =0, Plragntr-ats //x-t)'fﬂ 001)dé>0,
(x-x,) /(:-Jé’(l,wutol.{xqwbo U-Xo)* /?-—' R(60,09+5(¢,001)jdt>0

ﬁir X6 I . pann ist die Dirferentialgloichung L [7-7-0

im Intervall 7 nichtoszillatorisch,
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Beweis . Umzu beweisen, dass die Differentialgleichung
L [7.7’0 im Intervall ¥ nichtoszillatorisch ist, geniigt es
zu zeigen, dass ihre Lésung I,Gl') mit der iingenschaft 7'(1.)"
:7"()',)-0,7"(].)31 und gleichzeitig die Lésung &, (X) der

Differentialglcichung MlIa]=0 mit der Eingenschaft & (4p)>
=A’,'(I,}.-0, /ﬂ;"ﬂ, fl/ﬁ’,)';’ 4 bzw. die Losung /’:a’)
der Differcntialgleichung ”,[.'0']-0 mit der Eingenschaft
/’,(X.}t zr,'fx.l'a,i'fl.l"/ cir Y€ I positiv ist

(siehe Folgerung 1 des Satzes 1 [1] ).

Den Deweis fiirhen wir nur fiir folgende Fdhle durch:

I. Den Fall Jn (<X., b)), wenn die Difft;rentialgleichung ll-’J'o
aus der Klasse .A; (‘X., b)) und die Differentialgleichung
M[«]=0 aus der Klasse ﬂ; (<l;, b)) ist,

1I. Den Fall l”("a,b)), wenn die Lifferentialgleichung

L[’]n 0 aus der Klasse A:(‘I,,b)) und die Cifferential-
gleichung M [#]= 0 aus der Klasse G;M’b) ist.

11I. Den Fall 3;‘ (ra ¢>), wenn die Differentialzleichung
1[7]’0 aus der Klasse j; ((4,)',7) und die Cifferential-
gleichung Mf[’]‘o‘ aus der Klasse ?;{{a,]a>) ist.

1v. Den Fall Z,(<As,b)) , wenr die Differentialgleichung
[[y]-o . aus der Klasse &, (4.’0, b)) und cdie Differential-
gleichung M[#] =0  aus der Klasse ﬂ;(‘lc, b)) ist.

V. Den Fall .ﬂ., (<4r.lb)), wenn die Differentialgleichung

L [7_]=0 aus der Klasse (Af(ﬂ\'o,b)) und die Differential-
gleichung M, [#]20 aus der Klasse @;(‘Xc, 6)) st

In den a-ndurgn Fihlen ist die Beweisfiihrung @nlich,

I. Da die Differentialgleichung L [?]'0 aus der Klasse
‘A;(‘X,,b)) ist, ist der Kern der Intcgralgleichung (6)
(tir £8) Ay (£2)=- P, )~ 52 py ()= 52 5 (1)

eine nichtnegative Funktion fir Yo & t 2 x< b und -
daher auch l’ (X, X)) "’f, (x)- ‘&5!:/0‘ x)- g%ri‘f, (x)&0
rir ye <lqa)." . Daraus, dass A, (4 2) = P(roo4)
ist haben wir fiir die Lisung 7, (X) gemdss Satz 4 7:; 2(1; 0,0,4_};0,
woraus 7'(4"}2 'Qf&l tir ¥€< X, b) ist. .
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Mit Riicksicht darauf, dass die Diflerentialgleichung M [4J=0

aus der Klasse ﬂa (‘4,5)) ist, ist der Kern der Integralglei-

chung {(7) (riir Z=0) %{A;éj eine nichitpositive Funktion fur
loste ¥x<b.

Da 9./1 0 1) =z 0 ist und nach Voraussetzung auch
%(x,0,0,4)50 rir ¥ € < Xo,b)  ist, dann gilt auf

Grund des Sfatzes 4 fir die Lisung /.?,(l) im Intervall < /4, 6)

%/#0/0/7/5/4'1-
d¥ir zeigen, dass /,(X) >0 fir A€ (J'o, b) ist.
Indirekt. In der Zahl fp € (Xol b) sei At, fj';} =0, Da
s, (X) € C'(<Xo,b)) una #,(X)Z0 tir € <4,5)
ist auch ,é,' (i,) =0 . Laut Lemma .2’['1] ist dann auch
7, (;o) =0, was nicht moglich ist, weil ;’, () & Q’E—'!'-)z’a-
Also &, (X) >0  rtir re (xob).

II. Aus dem Beweis des Falles I folgt, dass es zenigt die
Nichtnegativitdt der Losung A, (x) der Differentialgleichung

Ml=] =0 im Intervall <Xo,b) zu zeigen. Da die Diffe-
rentialgleichung M [4&J<0 aus der Klasse /33_&,0,6))
ist der Kern der Integralgleichung (7) (fir [-3)

By (x,8)= 1, (x) +(2py ()= Py (X), 1;—4-4’:%”‘ (700 (x) - p(x)+ Pz (1))

eine nichtpositive Funktion fir );,g tsS X< b und also

ist auch BJ(X,););O rir K€ <'r¢,b). Da ‘

B (J’ X,) = Q’(X 0,0, 4) und nach der Voraussetzung des
Saztes ist W (I 0 04}5 0 (r-x )"+/(x-£)’0,(£ 04)d£§0
rir 4 € </|',, b) auf Grund des Satzes 4 erhalten wir fir die
Losung /¥, (x) im Intervall < Xg, 6)

/x,rxn-—'!‘-'"+ ety (40,01)clt 50

d.h. K, (X)E O rir Xe-c)',,b)
I1I., In diesem Faile ist der. Kern der Integralgleichung (6)
( riir /-4) l, (JZ ¢) eine nichtnegative Funktion fira- < X&
=¢ %X, ebenso ist der Kern der Integralgleichung (8) (tiir jaz)
C‘(xlé) eine nichtncgative Funktion fir @ <X & s 4, . Da
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B(x001)= 0; J; (4,0,0,4) & 0 st und nach der Voraus-
setzung ist auch }3/4‘;0,0,4)5 O,X‘{{O,O,f)EO fiir
X e (G, Ao > ; aus den Sdtzen 2 und 4 haben wir fiir die Lésungen
y, (x), #(X) im Intervall (@, Xo >
Plro01)sy, (W)= § (x,0,01)50,
o.«,/f’(e 0,01)dt a4, (x)=//9(£001)dt,

0=X(x004)£4f'(x)§f(4r001}
fS (t,0,01)clt= nw(x)s/z (¢,00,1)dt,

0= f(x-t)X (¢,0,0,1)cdts %(x)g//x—t) (4,90 1)d£
d.h. y,(o\') ¥ond A; (X) sind im Intervall @I X.) nicht-
wachsende Funktionen und also 2’,(]} und /);{){) sind fur
(3 (a‘ Xo) positiv.

IV, Mit Riicksicht darauf, dass die Differentialgleichung
L[7]=0 uas der Klasse ﬂ:(<4\'o, b) und die Differential-
gleichung M) =0 aus der Klasse 6:(<X¢, 6))
ist der Kern der Integralgleichung (6) (.fiir l‘o) A,(x,t) und
der Kern der Integralgleichung (7) (tiirl-O) B,(x,t) eine nicht-
positive Funktion fir XpStZ X<b, va B(Xx,0,0 4)Z0,
Qo (X, 0, 0'4)_?:0 ist und gemidss den Voraussetzungen des Satzes
ist auch )‘i(x,O, 0,1) = 0, %(X, 0,01) 20 riir X€ < Xo, b)'
laut den Sdtzen 2 und 4 bhaben wir fir die Losungen ;, (IJ,A'(X)
im Intervall <.y, b)

05K (x00,1)5 2, (15 B(x,06,0,1),
0= Y(x001)=,.,(x)5Q,(x0071).

Aus diesen Ungleichheiten geht l';erv_or. dass y.' (x) + K, (x)&
‘P(IQQf)fV(X,Qaf).Da wie vorausgesetz wurde g(’, 0,0,4}"
"“l{(x,o,(),ﬂ:o tir Y€ (X‘o b) ist, ist auch 7, (x)+

tA,(k})>0 fir Xe(x,, b). Wir zeigen, dass ;1 (X)>O,
ﬂ’ x)> O. tir ¥ & (X,,b) ist. Es sei zum Beispiel
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2’1 (x,)=0 in irgendeiner Zaht X, € (x,, b) .Dann
folgt aus der ‘Ungleichung (7F 1 P. (X-.,o,o,f)i y, (%) =0
dass p, (R.'O, 0, 1)=0 _ist.und also y’, (i.'a, 0,")’0-
Mit Riicksicht darauf, dass y,(x} g0 ) . und 71 (x} €
5'C’(<x"b)) ist, ist auch Z’(j’;)t (o) . Aus dieser
Tatsache nach dem Lemma 3 [1] ist dann auch ,&, (7,)' 0 , Was
nichtmsglich ist, weil A&, (K)E % (X, 0,01) >0 . xnniich
wird bewiesen, dass ,d’(x)> (v] . tir X € (J,,b) ist.

V. Da die Differentialgleichung L[J]-O aus der Klasse
ﬂ;(".,b» und die Differentialgleichung Mq['r]‘o aus
der Klasse £ (<Xo,b)) ist una R(X,0,0,1) 80, S; (50,0020
fir X€x< Xo, b) ist, gilt fur die Lii}sungen y, (x) und
/’;(X) auf Grund der Sdtze 1 und 3 folgendes
E‘_&? '(i- J" %{., x“_ J.qf .
],0)3«_,)_, :.(‘._1)., E(é,O,QM?Q?(I)i(I.4,! :‘/(’_0! ,'( ,0,0,1)clt20

- wemn g E4,721,

7enzR(x.0,0,1)>0, 402 ,(1,001)>0, fir 4=0,]0; X& (e, b)d.h.
(1) >0 fir Ye (1,b).
pamit ist der Beweis des Satzes beendet.
Folgerung 1. Es seien f;(l},fl‘(X) im Intervall
O/ stetige Funktionen mit der Figenschaft h(X)iO,ﬁ;(l}iﬁJfl)éa

(h(X)IO,U!”a)Qﬁ; fX)) fir €7 . Dann ist die lineare Diffe-
rentialgleichung

(1s) 4"+ fag(X) #’ + M (X)j.a
im Intgnall J. nichzoazi‘llatorisch.
Bewedis Es soi ﬁ(t)ﬂﬂ,ﬁ;(X)ﬁﬁ(l}‘ofp‘(l)‘o,'%

( ! (X) . im Interval J « Aus den Ungleichungen
;T’(xffoﬁ, (x))sa{,,wsa;t,(x);o_) rir ¥e 9
ist grlichtlieh. dass die Differentialgleichung (15) aus den
«lassen I.A; (=Xo, b))‘ (‘A: ((a'lx‘ >)) v i = A28, ist.

Mit Riicksicht darauf; dass f}(l}‘ ﬂ,{)’)’ﬂ(0‘ﬁ;ﬂ')‘ﬂa'))

ist haben wir:
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f[,, (€)+(5- t),, (f))afz /[,,, @Mf-t),; DTS £=£7-, (),
(11, ()~ /f'-ﬂﬁ Petfz (x-tip (0 /(lf/f.’ ($llf /7', (flcig

fir a‘x:lﬂ Xo

(/Z}:/f) “{( gfsé‘)]df= (1-4)2(8) (1-E)p ( fo/?)' f)ﬁ(f)dfé f 7(E }df
rur fo s tsx<b).

Aus diesen letzten Ungleichheiten und den Ungleichheiten ¥ fl}i?,
P X) = p ()50 (A ()S905 4,005 p, (X))

erhalten wir, dass die Differentialgleickung (15) aus den Klassen

u¢ ({ax>) (.A /X.,b)) /—042 ’ ist. Xhnlich

kann bewiesen werden, dass die zu der Differentialgleichung (15)
ad jungierte Differentialgleichung

(157) B+ py ()@ (g (1) -y (%)) e = O

aus den Klassen 6: {<X¢’ b))’ 8; {(@,Xo >) (a’?(<xo, b)),
BL ((a,%,>), 7=012; <=48,3, /st

Die Voraussetzungen des Satzes 5 sind erfiillt und deshalb
ist die Differentialgleichung (15) im Intervall 7 nichtoszilla-
torisch.(Diese Folgerung ist ein Spezialfall des Satzes 5.11 EQ] .

Den ersten Fall der Fclgerung._bewies auch M. IVEC [3] .)
3 1]
Folpgerung 2. Ls seien A(X), b(x) stetige Funk-
tionen im Intervall 7 und es sei A(x)ﬂa b(X)za (=0)

tiir Y€ . Wenn hiebei A(X)vb(X)Z0 (g 0) oder
b0X)=A'(x) = 0(; 0) fir ¥ ¢%f .ist, dann ist die
lineare Differentialgleichung »

(16) g e2deng's (A1x)+b(x) g =0

im Intervall 9' nichtoszillatorisch.

" (Diese Folgerung ist ein Teil der Ergebnxsse, welche von M, GRE=~
GUS [3] bewiesen wurden).

Bewedis . Setzen wir 2A(x) ’ﬁ‘(X) ACX)*b(X)-ﬁ(’)
vann 15t 4 (x) = 5 o (X), DOX) = s (X)=F 13 00, b.(x)- Al sy (1) “Ael)

und aus den Voraussetzungen der Folzerung erhalten wir, dass
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e (X) S0, g (X)- ;4- 7»,’ (x)zaLso)/-/n,(x)éo(:-o ) oder

f, (X)"ﬁ; (X)éO(.—_’-a)‘/t;" Xe7. Wir zeigen, dass
die Vorausseizungen der Folgerung 1 erfiillt sind. Es sei zuerst
2SO M (X)-FA (W20 (50), Ax)S0(20) riir

A € 7. Dann folgt aus der Ungleichheit s (x)s0(z0)
und gy (X)=4-p,(X)20(£0), dass A (x)&0 (Z0)
fir x€J ist und daher f-_,(:\’) = ":—f-z’(X)E/‘z'ﬂ') (f: r)=
=7 A (X) &, (X)) a0 g (X)-p,(r) 20 (S0)
tir Xe 7.

Wenn m (1)S0, Ay (k) ~F Ay (X) 2 0 (20), py(X)-7f ()20
(z0) fir €7 ist, dann ist 3 Pe (X) = ps(X)3 Py (X)

(f;; (X) = A (x) = 2‘!" 74; (/)), daraus wolgt, dass
7‘5 (x)20(0) /'J" rev. Dies bedeutet aber, dass
73 (x)z0(=0) tir 1€7 ist. Damit ist gezeigt,

dass die Voraussetzungen der Folgerung 41 erfiillt sind und also
die Differentialgleichung (16) im Intervall J nichtoszillatorisch
ist.

Folgerung 3, Es sei C irgendeine Zahl aus dem
Intervall (a,é) Es seien (x), s (x) stetige Funktionen

im Intervall (&, 6) und ,
(a7) pe )2 k + [ p ()it 50
4

sei rir ¥ € (a, b) ’ wo £ eine nichtpositive Konstante
ist. Dann ist die lineare Differentialgleichung

(15) 7 A (Y ps (X)) =0

im Intervall (ﬂ,b) nichtoszillatorisch, (Im Falle kao erhal-

ten wir ein Kriterium, welches von J. CZRVER [_'4] abgeleitet wurde.)
Beweis , Wir zeigen, dass die Differentialgleichung

(15) aus der Klasse_ﬂ:(‘lo, b)) . und die zu dieser adjungierte

Differentialgleichung (15°) aus der Klasse @’(<J;, b)) ist'.

fir jede Zahl X, € (a, b) . Gemdss dem zweiten Satz iiber
den Mittelwert der Integralrechnung ist

/fx-f) #s (FIclf =(x-t) /;5 (fldf Lz Xsx;
) £ .
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/,(f-t) ps(flef - (x—t)!/;;: (FlaF, ¢=Esx.
7

Auf Grund dessen und auf Grund der Ungleichkeit (47) haben wir
A, (X,t)=(x- e),, (¢)+ / (X=F) py(F) lp = (-¢) [,, (¢)+ /h (F)gTe
s (r-t)[ ke /7‘, (F)alp /ﬂ (I ]s/,r—rf)/;:/ﬁ(ﬂdf Js0

und

B (5t)=-(x- <A / (F-E)py ) = (X-E)[Agn) !/75 E5
0 () [ O] (5-8) [ gy 1y 0

fir A Z £,' & te (@, b). Damit ist gezeigt worden, dass die
: . . * ,
Differentialgleichung (45) aus der Klasse /{’ /<X,’b)) ist
a ’
und die Differentialgleichung (15 ) aus der Klasse @l /<J;,é))

ist. Daraus folgt, dass die Differentialgleichung (145) im Inter-
vall <4 b)) nichtosziliatorisch ist (Satz 5 ).

Da die Dif(erentialgleichung (15) im Intervall <4|',,b)
nichtoszillatorisch ist liir jede Zahl J’,é (a., &b ) deshalb
ist sie nichtoszillatorisch im Intervall (a,' b).

‘Mit ahnlichen Zrvdgungen kann die nachstehende Folgerung
bewiesen werden.

Folgerung 4, Es seien 44'(1),b(x), frfl) stetige

Funktionen im Intervall  wund es sei 4(X)= U,ﬁf.}‘]‘afs 0),
b(r) :0(30) tir A € & . Wenn dabei ,4'(x)+b(x)i0(za)

odor 4(X)~A(X)-24(x) p(x) ZO(EO) rtir K€l

ist, dann ist die lineare Differentialgleichung

VAR %27 gAY [Am+ bix)] 7 -0

im Intervall .7' nichtoszillatorisch, o

(Diese Folgerung bewies auch L. MORAVSKY [5] unter der Voraus-

setzung, dass %,/x) in keinem Teilintervall identisch gleich )
Null ist.)

Bemerkung '3. Wern in der Folgerungen 1-4 die Vo-
raussetzungen iiber die betreffenden Koefizienten der gegebenen
Difrerentialgleichungen im Intervall (-°°,°°) erfiillt sind, dann
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sind die gegebenen Differentialgleichungen im Intervall (‘°°.0°)
nichtoszillatorisch. (Dies folgt aus der Tatsache, dass die Diffe-
rentialgleichungen im Intervall < Xo,o® ) fur die beliebige Zahl
4o € (- o, o) nichtoszillatorisch sind.)

‘Wir haben die lineare Differentialgleichung
(18) 7'&#1“7-0 , 4 E X >0,
wo 4#,06 gegebene Konstanten sind.

M. RAB [6] zeigte, dass diese Differentialgleichung unter
der Voraussetzung /6<-3, /kl = !&'—/{’:'{—7?‘—’1 im Intervall
<x.,¢o) nichtoszillatorisch ist. 2

Wir zeigen, dass diese Differentialgleichung im Intervall

< lplo‘) nichtoszillatorisch ist unter dieser schwﬁcheren.
- Voraussetzung .
/
P <-3; /‘,/g //54'4//»44-2//403
/ A +3

Die zu der Differentialglelchung (18) adjungierte Differential-
gleichung ist

(19)- - A =0.

Es ist bekannt [‘17 , dass wenn die Differcntialgleichung (18) im
Intervall < 4,00) nichtoszillatorisch ist, ist auch die Ciffe-
rentialgleichung (19) im Intervall< 4p ,00 ) nichtoszillatorisch
und umgekehrt. Ceshalb ist es mdoglich, ohnc Verlust an der Allge-
meinheit vorauszusetzen, dass kzo0 (weil wenn K< O wire,
wiirden wir die Aufgaben der Differentialgleichung (18), (19) aus-
wechseln).

Es sei 4 Z 0 . Dann ist die Differentialgleichung (18)

aus der Klasse A, (<4,9°)) und die Differentialgleichung (19)
~
aus der Klasse ‘, (fx.,ot)). Es sei 7, (x) die Losung der
Differentialgleichung (18) mit der Ligenschaft ;, (Xo)= Z;(XJSU
7 (’.),4 e /‘-3, ks L e tl/S+2YA8+3)
. X.Ao-s

Mit Riicksicht darauf, dals :

zxd*l
/ 1 t"‘") 2 rewy yery ey

ist, erhalten wir i- Intervall «< Ao, o®)
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# {‘; 0,01)=4% (x.xg‘ rx—-t)’ - ’-"dl; (4'-:.)‘7 4 /t‘(bx.)‘d ],0
. b (xro o/)go tir Y& 4o

Auf Grund des Satzes 5 folgt aus diesen Tatsachen, dass die
Differentialgleichung (48) fiir oben angefiihrtes /8 und k im
Intervall =< Mo, 0°) nichteszillatorisch ist.

Als weiteres Beispiel nehmen wir die lineare Difforéntial-
gleichung

(20) ;vx?mr;+ 60 ]-0 420.
Diese Differentialgleichung ist aus'den Klassen &3 ((’9‘1"”)1

%, ((-368,0>)

und zwar: Die Differentialgleichung (20) ist aus den Klassen

/4; ((—09,-1’)'4‘ (("3'63,0 ’ und die 'zu’.ihr gehorige

Differentialgleichung ,1/’[4-'].0 d.h, die Jilferential-
gleichung

P ’ ¥
(21) [(/r’+l'/;~’+lxr)e7 6‘?0‘ e’wve0

ist aus den Klassen ?;.(('- eo,-13), ?;((—3'68, 0>) .

Deshalb ist die leneare Differentialgleichung (20), auf Grund

des Satzes 5, in den Intervallen (-o-, -4 >,(-368,0> nicht-
oszillatorisch und also ist auch die Differentialgleichung (21)

in denselben Intervallen nichtoszillatorisch (siehe [1] ).'R. M.
MATHSEN [7] zeigte die Bedingung, unter welcher die lineare Diffe-.
rentialgleichung der Form [[7].- im geschlossenen lntervall
<cd> nichtoszillatorisch ist. Diese Bedingung ist fir die
Differentialgleichung (20) im Intervall <-2,0 > erfullt,
aber im Intervall <-3,0 > ist diese Bedingung nicht mehr
erfiillt.
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NOTE ON K(Q_ (C))

. by
M. S. MORSY, Cairo, U. A. R.

Introduction

Let Mn denote the Grothendieck group of Z,-graded Cn—mo-

dule. Define An to be the Cokernel of the natural restriction

—_—————
Mn+1 n®
We propose in this paper to prove the following theorem:
The diagram

.

J
K(G,(C)) ——— K(s™
2 &
An+2 hod ;:Kn+2 (point)

Commutes.
The paper is divided into two parts.

Part I is entirely algebraic and is the study of Clifford
algebras. This contains nothing essentially new, Part II is
_ concerned essentially with the proof of the above theorem.

Part I

§ 1: Clifford algebra oo
Let E be a C-module and let T(E) = E &)
i=0
=C®E®EQRE ®... be the tensor algebra over E.

Definition (1.1): A quadratic form is a pair (E,Q), where
Q: Ex E —— C is a symmetric bilinear form; i.e., the
following relations hold ' .

(1) Q(ax,a’x’,y) = a Q(x,y) + a‘Q(x’, y). for a,a'c C
and x.x',y [ E,
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(ii) Q(x,by+b’y’) = b Q(x,y)+ b’Q(x,y") for b,b" & C
and x,y, y e I-: '

(iii) - Q(x,y) = Q(y,x) for x,y ¢ E.

Definition (1.2): The Clifford algebra of a qua'dratibc fora (E,Q)
is a pair (C(Q), ig ), where C(Q) is a C-algebra and iy : E—C(Q)

is a linear function such that (iQ(x)) = Q(x,x).1 for each x £ E.

We assume also the following universal property: For any linur
function # of E into a C-algebra A with unit such that @(x)

= Q(x,x).1 there exists an algebra morphism #°: C(Q) —> A such
that #°, iy = 6, and 8° is unique.

Proposition (1.1): A Clifford algebra (C(Q) i,) exists for. each
quadratic form (E,Q). If (C(Q),iy) and (C(Q'),i&) are two Clifford

algebras, there is an algebra morphism #:C(Q) — C(Q°) such that
16 =g iQ. Moreover , # is an isomorphism and it is i\nique.

Proof: For the first part, let C(Q) be the tensor algebra'

T(E) --g ™E =COEO@E®E ... modulo the ideal
=0 . )

generated by x (¥ x - Q(x,x).1. Let iq be the composition of

the injection E—— T1 (E)=T(E) and the projection

.T(E) —— C(Q). If §:E—> A is a linear function with
ﬂ(x)2 Q(x,x).1, then # factors as E ——p T(E) g + A and

as E __Q_, c(Q) —ﬂ-—b A, 1‘0"0'0!‘ Bis unique becau:e

I, (i ) generates C(Q).

Finally, the uniqueness of (C(Q).iQ) follows from the exi-
stence of two algebra morphisms 51:C(Q)'——P c(Q’), and
B:CQ)"— C(Q) with iy = #; i and 1) =Bp 1. This implies

that ig = ”2 8, iq and i"= 8, #, 16. From the uniquoneu pro?

perty of factorintion., 1 = 62 ”‘1 and 1 = ﬂ 53. This comple-
tes the prnof of the propgsition.

§ 2: The Z, - g. rading of'C(Q)' The algebra morphism

d E——’C(Q). given by ©t:(x) = (x). determines an invo-
lution A :C(aQ) ———-)C(Q) with ﬁd-(x) = & (x). Usually, we
write (x) = X. Then we denote the subalgebra of x € C(Q)
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with T = -x by C(Q)°. Then C(Q)° is the image of RIS
ogi ;
L J
in C(Q), and C(Q)‘is the image of z 1*1*1(g) in c(Q). Finally
oF1 '

we have C(Q) = c(Q)° ® c(Q)’, which is a Zz-grading.

§ 3: The n-dimensional complex quadric Qn(C)':

An n+1-qimensiona1 complex projective space, (c), is

n+1
defined as the space of complex lines througﬁ the origin in
gtte,

An n-dimensional eomblpx quadric Qn(C) in Pn+1(C) i§ given
by the ﬁquation: n+l

' }:::ti = o,
=0 .

where (to?ti""' tn+1) are complex homogeneous corrdinates on
Pn+1(C). The complex structure on Qn(C) is induced frﬁn the
complex structure on Pn+1
the plane tn+1 = 1Aia an n-dimensional sphere Sn.

(C). The intersection of Qn(C) with

Part -II

The Proof of the Theorem,

Theorem: The following diagram

K(Q,(C)) i > K(s™)
A o 5
A2 % -> n*z(point)

Commute:.

Proot; Let M = l° + M be a graded C_ *a-nodule then by the stan-
dard contruction of [{ we have an alement oL g l((l!"‘+2 Ly
= K(Sn+a). By periodicity theorem [@] this corresponda to an

_olenent of K(S ) and one .can check easily thqt thin element nny
be obtained by taking the vector bundle M* where !x is' the posi-~-

tiva-eigenspace of the transrormation Tx orn® given by
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T;(m) = x e, o(m), Here e ,, is a vector of R™? and we take x
a unit vector orthogonal to e ., (so that X g s" < j"™1 < g2y,

Our problem now is to show that we can define a vector bundle
over Qn(C) which restricts to M over S". To do this and to avoid
algebraic geometry we proceed as follows:

Let H denote the Hopf-bundle of P (C) restricted to Qn(C).

n+1
Then we may consider the bundle homomorphism ™1 ® v _ L L
over Qn(C)._ llere Ilo.)l’deno_tc trivial bundles (anlo, anu') and
A is Clifford multiplication. I claim that. ‘
(1) A is of constant rank (i.e, independent of x 3 Qn(C)). This
implies that Ker A and Coker A are vector bundles over Qn(C)

(Atiyah Harvard notes [I] )-

(2) Coker A/s" 2 w'. ,

If we can establish these two points, then we are finished.
In fact, to prove both (1) and (2) it will be sufficient

to show that for x € S" we have a natural isomorphism Coker
T+
X

A =M
X

(3) this will show that dim-Coker A_ = dim M = 1/2 dim M° is
independent of x for x £ s". But " is sphere, determincd.
once we have picked a vector ©h+2 of Rn+2' so rank Ay is indepin-
dent of y for all y ¢ Q . This prove (1) and then (3) gives

(2). But (3) i.a quite easy.In fact.. for X € s", we make the
standard identification H = 1 (trivial line bundle), u’_a_;u°.
If we use the decompcsition R“+2"=;=" Ri® R™1, then A gets re-
placed by B:M® ———— %,

Moreover we can recall that the dap

sPe RV, Q(C) & P,,(C)

Dl
is give by X ————p e .3 +ix
I claim that ot

" B; = 1+1 T

(recall that it depends linearly on the coordinates and we have
arranged to that the val ue at ®h+2 is the identity)
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Now cecomposing M° or M; @ N so that t‘ isi ® -i
we find that Bx =0 @ 2. Hence Coker BXEEE H; and of course

Coker Ay === Coker Bx' This completes the proof.

Note: I have avoided algebraic geometrv bv considering only the
vector bundle homomorphism over Qn(C) given by the matrix A, 1t

is also true that if we work with sheaves over Pn+‘1(C) then we
get a sheaf which represents the vector bundle M* on Qn(C). Howe -

ver the proof would bhe as above, once we know the sheaf was lo-
cally free on Qn(C).
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EXISTENCE AND UNIQUENESS OF SOLUTIONS
OF BOUNDARY VALUE PROBLEMS IN NON-LINEAR PARTIAL
DIFFERENTIAL EQUATIONS OF THE HYPERBOLIC TYPE

VLADIMIR DURIKOVIC, Bratislava

The present paper deals with the existence and with uniqueness
of solution of a boundary_value problems for the equations

grrrhmy o
T e (e - s O
2

where 3.,14.._. 'b:".m‘ ‘“_4 ~under the generalized conditions

of Krasnosielski-Krein’'s type from {3] . The criteria of the
uniqueness given below for the equations of the type (i) are
strictly connected with the results obtained by F. BRAUER [ﬂ ’
B. PALCZEWSKI and W, PAWELSKI [4] and W. WALTER {5] .

I

In this section we introduce the notations and coneceptions
used thronghout the present article. )

a/ We shall denote an arbitrary set of the points
X(X,, ,Xm) of am -dimensional Euclidean space (mmxz2 )

with the coordinates O=<X = A¢ or Osxcw A Ay >0
for 4 =4y ..., m by R,’R""Pectively; The set of points
Ulxy,. .oy %y, 0 Kpeareog X am’) or, 'f"‘ (X,.- X.er

. O Ao Tt A;."ﬂ g, ”‘,,;.-. Y ‘.Ymv.), vhere 0% Xy Ap

for < p & or Lppg will be denoted by R

Rsjrespectively (/= 4, 4/1/&;[41')'_
b/ Next, let ff’ or [P? be the product

k?.

R,. sp,., Rx SP?’ respectively, f” donotes the Carte-
aian product of the intervals (=o®,+0® )given as follows: Spq-
(” {-..«y m<+02}, where Apg (3)={( P km): Oszas :
ﬁ 70, 0‘?"-’-1‘; ?,7’20 and ‘;zl are integers ,/-4 ,m} for
‘fr=1 and g =0 °l'f = m &nd 7-4.
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. ¢/ The symbol Z(V.g) denotes & simplex with the Y+ A4
linearly independent vertices E, (0.-- -.0))5., (f, o,.. <y 0).). R
~
;&h(ﬁ---,f.ols,(!;—-ﬂfmin the Y -dinensional Euclidean space E,
Consequently [(vlf) is a set of points PG EV such that
P.d'cg.‘. ;.“PEV g Wwhere d. *-cc 'dy - 4, “'Z O for ,4.'-0,4,...,)'
1rfx0, tnen X(V,0)=3,. '

r‘)l.‘
d/ Let us denote the differential operator —‘1—- through

D:: for ﬂ‘--'flﬁ,. . and 2‘ ‘}‘{X)lﬂf(l} In our conside-

ration the set of the ccntinuous fonction "‘{X) with f,he continu-

ous derivatives D D {X) in R for allé; /"f,

satisfying the relatlon {f, .t )E Af}' (?’) will be
denoted by Mp,,{/?} and by /V{k) the set of the contxnuous
functions/ﬂ*/X) with the continuous derivatives &, - D:::

Q"W(X} on k for 0‘6-‘- 7,’,481,...,/”&,’*,&
will be denoted. '

Our aim is to inquire into the existence and uniqueness of
solutions of the two following bhoundary value prcblems

| 1),,4’.. : D,::"/(.=/{X, e 0,:’.. , ,f':a,...),)'ek" (1pq)
for ?‘;-,7'=4... such that (ﬁ...%)eAr?(%‘)
[D“a(){)]x O-(W(XA) GRA, 4,501, . i b-T;827,ym (2)

[ DI:‘ 6 (<4) ( X, )]‘r‘w, [ D,:‘G,; M}( Lo )]r..-m L‘e Re "
A )‘/4:/‘;,0 =09 - ‘/-Ii/;d =01 ‘d"it‘yd"/‘,...)mp

where Q;("'J(XA)‘”{RA) and the function f(x.. Cey Mg
is continuous in the domain [f . ’

PARIEED

Under f.ho solution of the problem (/f’),/l) ;re understand
any tunction/‘(l)ﬁ,””(ﬁ)
satisfying the conditions (4’7), (2).
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Hence we immeciately obtain that thc problem (‘lpq), (2) and the
integro-differential equation

)60+ [ da.../ 0% 020 (5 Yk,
M= zf‘,,:,) " L / Ol Bt (B )M

are mutually equivalent in R, where.__. (f,, fm) and gy
ror/.ul, g denotes the Lebesque measure defined in the’

Euclidean space [ « The function G(X) can be expressed as
follows: '

"1 4:1,-.',4;/ "l'"l(l

a(x)-_i'” 2 X .{-4)"’;45,';}","[4, 4. {’” e
SIETY / 7 .'

. . .. rgp 20
where 054’51.:‘", /3",...,1 and (&,,,..,(,) ¢ ‘
is an .arbitrary combination off numbers from the 7 natural numbgrl
(4., ), £,< .. <4/‘? .

Fror ihe equality (3) we have

B Ll BEDE60S Gf (5.0 (), o

[ 4") Iﬂm%’n]
for XER and 7, ilf’...,,m_ such that fo; /u)edﬁ (d-),
where
'_' - -
/ F/._‘.’,d/t; "F/fﬂ‘ 'f»‘-f/'rwf,‘-«,.--,f,...)
2(gx)
In the conclusion we still formulate the well known Shauder’s

fixed point theorem (see L, Collatz [2] ,pp. 353-355):

Theorem 1. LetB be a Banach space, M a closed and convex
subset of 8 and 7 a continuous operator onM, If moreover,/ mapps Minto
itself (7MSM | and the set of images 7M is compact in 8 then the
operator 7 has at least one fixed point in M

Theorem 2, Ifthe function {/{1‘“”:&,) is

defined, continucus and bounded in the domain g‘. then there
24

lﬂ)' (2)in Mm’( R)o

Proof . To prove it we shall use the Theorem 4. Then,
we have to skow that the set MA’ (R) with the norm

. ma 0%.. D% w (X - W
Var /4"::’4,{;({)/ % G «(r)]

exists at least one solution of the problem (1
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o®

forms Banach space. Let the sequence {a‘(l}},‘., of the fun-
-ctions 4, ([)GM,,,,’ (R) be a Cauchy sequence, i.e.

/"n., N -2, =0. For each & >0 there exists a number

M, lpee a2 "

N(E)>0 such that
] B g Lan (D)4 ()] ] <€

for the all indices s, >N (£) ana (. J,;.)‘L‘ @) o R
Hence we conclude that thé seqguence {D"fa,f‘&(l}};,,

converges uniformly in the domain R tor each (d’.d,:»)‘dl,. (d.
If we denote the limit of the sequence [““(I)};-q by «(X)

then it is obvious that /0(;)5 ”'”V(k) and ;'4;':;’;(6‘-4//80.

The space 'M‘”“ {f) is complete and so it is the Bangch space.
Because the function f is bounded in E,.;, » there exists a%losed
sphere in the lplce”n,(kl such that the operator '

60N da,.. 0% 0™u(m) ...
u (l)[{‘"")% I{‘“,““{ {5” 4'. o ”/')' )OL/“,”L (5)

is continuous on M and TMc M.

Now it is sufficient to prave that the set of the

images T’M,..,(k) " is compact. For this purpose let us choose
an arbitrary sequence {7:“‘ (’)}'::' of the functions

u“‘ (I)GTMM'(R) et [ ./;f‘f // (l: . 'Ialr"la-»“ ')I .

From (5) for X, Y= (7,;---, 7#»)63 we obtain the inequality

10 0~ T -0 0 T (1)) 1 85 L= L0601

A

- g
. aus,...[ A, YRy
/‘é'.l{*.";)a ' z{lfwé.f,rjﬁ)[;[d}iﬁg dﬁ.' "

M o [ “ ol o 37+2) PN
Xi/(b.ﬂﬁu.uw)‘ wat ,_{‘;; % ,N{ (&, ,p;, D”"f o Jobfo [=
4-dio kj-df

' % , '/ = 4 Ay
i [ -6 L { E et )-’J’JT T
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. for a1l (dj.. )GA,‘,(J) and m=4%,... The previous

estimate guarantoes the equicontinuity of the sequence of deriva-
” .
tives { D“1 — x,.... T,(b“ (‘X).}M_q in the domain .R.

In view of the inequality

- & o AT
G T ] = g 1 B 00 L s

it is obvious that the sequence {D:f Dx:i“ To‘(v‘ (X)},.."
.also is uniformly bounded. on Ri .

{Td"* (X)j:;’ be a subsequence of the se-
quence { 7.46“ (X)} - which uniformly converges in- R to
a function V(X) i.e. ém 7.(1, (l) =V¥(X), tor XéR.
There exists a choosen sequcnce [TM f=e.: 0)(1)}&.,

(the expression”( A0.., 0 I contains the/"" componenté) of
the‘ sequence [ 7-404 (I}_}:4 such that the sequence of
derivatives {DI, 7;“,”{:’-“0) ([)}:’ uniformly converges

on R and

Lom 7,-(4{” a)(,) V{X)M 0 7-(6(” ’)(X) QV(X‘)

hvoe & o~
- P {
Now let us assume that the subsequence {T/l;z (X)}:‘
of the sequence [7—.(1; ( )} *  along with the

sequence of the derivatives [4 D Q.. 7:(0 (Aol &)(X)}‘“
for all 050'. }‘, P J‘f ‘/”v uniformly con-

verges on R and that

vo g . oo . f' X3 ‘
Lom B QF . DT T4 R BG4 ) ®
l-ov k ’ ‘ :
7; for /-4, ce ey m are non-negative 1ntegorl.: From

of o
the sequence {Q‘ Q:.'

-~

! "i" 7-4 e »,--)(1)}‘ 5
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we can chooce an uniformly convergent sequence on R . Denote this
sequence by

I i T TN o
[4, con 5 ve g, 7:11;_‘ (1)}“_, . Then with
L g .+ Poss o
respect to the relation [T‘l;“:’: et -2 )(X)* <
=9

Q{r o ﬁ-)()()}k”’ and to (6) we may claim that

ot
M 4’7 o"n 7-4‘&‘(#..-#.1 }:...)(l 0 0 ) Dd'-nr(lr)

Poaties ket 9 ° 43 °°° Tiony

.4
on R for 0= O} 7; /=7 .

Continuing in this procedurc we

see that there exists an uniformly comergent sequence {T/& (1)}“
a(‘ a’.-’-.
€ [Tap (OFT sven cnay o QT - BT BTV
&> 0®

t4
in the domain R for all (1 o/rm)éd,,,.,(a’) llence we easily

get that
bm U] T, VU= 0, ¥ (X)& Mom, (R)
& »o-
whicli is the desired equality. Then the sct TMM, f?) is

compact in Mm, (;?)

Doth the existence of solution of the equation ¢ = T

and the existence of solution of the problem (1m1). (2) is proved.

In the following theorem we shall prove the uniqueness of the
solution of the boundary value prcblem (44.,), (2) .

Theorem 3, Let//l - Pom,---) be a function
defined, continuous and bounded on £1o and satisfy the following
conditions:

For any (l"lar)‘ Pore ! ) ()’ "M,,)QE',

W8-Sy e o k..ﬂf, Y X

x/ﬂ,,,,...}m- Yoy o If

where 20 and Pp, - pam 8re non-ncgative constants of which at

least one is non-vanishing. The function A(X) of the one real variable
‘X is defined as follows:
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4 for A=0

A (x)=

0 for x#0

Moreover in E,.

;) .,
/{/X,-"""x---w"' ) ,/{.r,...,z;,...,,__,...)/jé: ’}7;_ '__,h(x,’f v X ) /ah.. ; }A@;,...,,_l“ (8)

for0<g <4 and 7,”?’“ are again a non-negative constants of

which at least one is non-vanishing. Among the constants K, &, “
the relation

He VR (A= )< by (4, 1)(1-0), k24 854, (0)

holds and thereto KA« >0 4>Z ” ?‘4 Z.Tl-’("if?:'}) ~ where
‘.~-?‘.’--c
/-/,;[!./-7: (//‘.%qu] for Jo= de-2
4(‘.‘, ?‘1) H, for 7‘.‘ =4 -7
| 4 for 7% = ‘4'

Then the problem (4"),(3) has at most one solution u(.l’),

Proof . Let us suppose that the problem (110). (2) has
two different solutions,a,,(r}#-,(él (4) in R and put

sup .. ;
M= . ///X,. ///}: }om,..-)/, Then from the equality (3,)

we obtain

o ) Ol —~
Kl D D [ (4)-48, ()]s 2M %7 g o

on £ for 0;", /."’/,...,m-such ﬂllt(dh-u 0,,’..,)6 a4,, () . Basing

ourselves on the assumption (#) we have the following estimate

N 0F 0T [, (1) - e, (W] =

AT HEQYR(E] |15 fu(E) uhs

] ﬂ."’f ,;,_ l, ﬂ;ﬂnl‘(m)
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LRy VAR S (5 g | L8 Tl Ny P

0% Ilherdf, o)

=(2 M}‘(A" Z G M2

Using the same procedures as in the previous estimate we get

generally

< "‘,...,; ‘ﬁvf » Ron M‘---fz"
,(,'f.x,‘f"/o,".’..o:[q (4)-4, ()]] < C[{ ﬁ"""""') (2M) (1’*,, Ko }
o (#)" 7

for/lv -»I,Zl_,_and X € R . llence we may conclude

X% =) O [44{1},«,(1/]/5‘{5”%% Ry Ll

I VhLs saxe we decins ‘the function QH) ox B By
LA s L TR NS L il

ou

0 ‘ for XeR-R®

The inequality (10) enables us to find out that

0% Q(X)s (‘Em q'd,'---%)%"‘ T P m[fk“‘"‘mj%} )

d40(p) go1
- . ‘,_ o - - . 'd A
X .ﬁtl‘_[; (ks-1)(1-&)-Hi Vi (1 )1/o-n
g7
whence we have that /&,‘.—. ' Q(X)- 0. Hence it follows
23 X» X ER-R® :

_- that the function Q(X) is continuous on R . Besidad we. 6Tads
that Q(X)!O on R . Let us assume the contrary, i.e.
let there exists a point Y € R® such that 0‘0(‘("/’294’ Q(X).

~Then by (7) we have

105 .. g La(Y)-4,(Y)]]s )
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S/d./"/ 7 '—l._(—c f"r‘. 7’2"{.‘&[‘;‘("-’:) - Yo
Z{k,-{, W Il e, 7-)!’ L ‘gr) vor ] x

1[0 0,7 [, (%) -4, (Z)] [t <0() [t | K x
Z00,:4,3)) Z (ki dom, Jom)

X #ﬁ-”‘%'d/‘ﬁms e Q(y)‘f[y‘ Hi BWR + k&-~oZ-4 P (k"&)}

1'se

tor all O F =7, fulfilling the condition

(oy... I ) € A”(J)‘,where

4i-di-¢ ,

_}T_(H"Wi*j) for O™ jes -1
20

B("':d;') = y tor O wlee

Thén from (11) we obtain

Q(Y) <) I [pf...qe T A (ki)
A4(d) st
which is desired contradiction.

The following theorem is a conseguence of the previous two
theorems. ' '

Theorem 4, Let//)'l ...,4(",,, r‘.,) be a continuous

and bounded function in the domain g'“' and satisfy the condi-

tion (8). If furthermore the conditions (7) and (9) are satisfied,
then the boundary value problem (‘1“). (2) has one and only one
solution,

Remark 1., With respect to Theorem 3 we may observe on
an example proving the failure of the uniqueness in the case ir -
none of the conditions from (9) is satisfied. Consider the Darboux .
problem )

Ay (gl =fs (1, 4, 4), (ro)e(or>x(0>

(03)=4(X0) =0, JE<Q4>,ye<a,4, (11



-5 =

where the function /, (1,7, “ )

fo

is defined as follows:

f.’_,.g,a,so’ -~oo< P

P2 —?-V for ~@<ses0, 0""‘62-)'&
f.(%r) = ln-avv_“,'(;?';)k g<1"<-ow
F

for o‘/w‘(%l)r-'z,-o«v'so
iz %
T (Bapier)  fe 0cme ()% 0cre(L)5A

. ! 1
A o e (5] T o s (P E)

X i—%-(r(ow
& .
m (22) =

br () cpcrm, -0 =0

Gl (—'L)% * _;7 v for (-"-’-)'*“x«"*"'o“’*("')#-x.”%

ﬂ(&)zz*f (_z.)v-d- f..(_"_) wcow(ﬁ) Xﬁ<f<-ﬂfo
(>0 0‘“‘4, f'op‘ py

From the easy calculations we find out that the function
/’ (X;;,M,M) is continuous and bounded in the domain

Ep=<81>x<0,4>x (. ©o,+ @=)X(-00#s) and satisfies the
conditions:

WPkl (gas, 5)= 5 (platy-pil < paie Iy =4 ) on E 1o

150,44, %)- £, (8, 3, 45,2) | = | 4 0y | p, 17 %9 [2n £,
If moreover V_(J-d)<4 then the problem (I) (I) has one
solution 4 (/, 7):0

If the condition (9) does not hold; i.e. VX (71- -£)= 4 then
the problem (I) (I) has in addition to the solution ,w(;‘?)lo

a further lolution’“ (x 7)-K‘ ’\‘(xg)rneally 0</‘9(l'7}s(_-1)*’5
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and 0=, (Kiy)= ('v?i)'—‘: x 7=
Remark 2, In the case if b;th the range of abstract

function 4," . Q:__/" (X) for (x 2 g 7.0«.)64” (?") and

the range of / (’, . ® .a,.-.r‘)...) are from

a Banach space

then an analogical result to Theorem 3 holds.
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A COMPLEXITY VALUATION OF THE PARTIAL RECURSIVE
FUNCTIONS FOLLOWING THE EXPECTATION OF THE LENGTH
OF THEIR COMPUTATIONS ON MINSKY MACHINES
IVAN KOREC, Bratislava
In this paper we introduce as mentioned above the valuation
of the complexity of the partial recursive functions. Further
we consider the real - time computable Cunctions and some other

sets of the partial recursive functions.

§ 1. Introduction

The method of the complexity valuation of the partial re-
cursive functions which is considered in this paper differs from
the methods used by HARTMANIS and STEARNS [3] and by YAMADA [2]
mainly from these points of view:

a) The valuation is extended from the unary functions to
functions of an arbitrary number of variables. This extension
cannot be completely compensated by the transition to the unary
function with the help of numbering of the set of all (ordered)
n-tuples because then the complexity valuation of an n-ary
function would be influenced by the numbering functions which
have been applied.

b) The valuation is extended from the recursive functions
to the partial recursive functions. The motive for this extension
is that some functions which are not recursive (e.g. x -~ y,
X ¢ y comprehended as partial functions from to N) are in the
intuitive sense (also in the sense which will be here introduced)
more simple than some recursive functions,

c) Instead of the many - tape TURING machines the MINSKY
machines will be used (see e.g. MALCEV [1] ). The many-tape
TURING machine usually realises some (maybe partial or n-ary)
alphabetical operator resp. is producing a tape to which only then
are given the number functions. The complexity valuation is again
influenced by the coordination which has been used. On the con-
_trary to MINSKY machines the number funcions are directly coordi-
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nated. This is especially clear when we consider the MINSKY machines
as programs for a certain abstract computer. As I was told by Pro-
fessor Beivar similar machines were used in the paper [5] o

Besides the MINSKY machines have a more feeble outfit than
the many - tape TURING machines (only if we congider also the time
necessary for the cbmputing; otherwise they are equivalent). The-
refore it can be hoped that the valuation of the functions will
be finer than it would be by using the many - tape TURING machines.

d) Real - time computable functions .are defined otherwise than
in [2] « Because of the above - mentioned motives this notion is
also extended on the n-ary functions, (is defined through MINSKY
machines) and is liberated from the dependence of coding, By this
the condition of increase becomes éuparfluous. These functions
conserve the imporiant .properties of the functions from [2] and
have also further important properties which we shall be conside-
ring later. ’ ' ‘

e) By the &e(inition of the notion of h-computability (which
has an analogical task as the notion of T-computability in [3] )
is not required that h be a recursive function. In this way
we succeed in the characterisation for example of the so called
almost recursive functions as h - conputable (for convenient h).

f) One of the most substantial differences between the here.

used approach and the approach used in [3] is the estimate of

the expectation of the length of computing (by a given probabi-
lity) instead of the estimate of the length of computing separa-
tely for every argulentA(with the values of a given function).
This circumstance besides facilitates the comparison of the com-
plexity of the function of different number of variables. Besides
the process from [3] valued the complexity of the function accor-
ding to the values of the argument for which the value of the
function has been most difficult to be computed and the remaining
of the values of the argument has not been Practically expressed,
whoroal'our approach considers all thc values of the arguments
(with weights which can be chosen arbitrary).

Some of the notions and denotations we are going tc use are
indicated in § 2, Very important is the calculus with 0 andee
and also the modification of probability theory notions which
are to be taken narrower than usual, only to be sufficient for
the purposes of this paper. In § 3 the MINSKY machines are defined,
their instantaneous descriptions and their computations, farther
the fhnctions coordinated by the (MINSKY) machines, ¢5 2 and

jr; « Because we are considering the n-ary functions, an infi-
nite number of functions ¢; are coordinated to the machine
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- and then also an infinite number of functions 9'; which note

the lengths of the computings. The notions are introduced also for-
mally but as it is usual in this kind of papers we are going to use
mainly more free expression, in case no ambiguity is possible. In

§ 4 the machines necessary for the futher work are constructed.

In § 5 is introduced the fundamental notion of this paper,
the notion of the h - computability and some notions derivated
from it of which we indicate the weak H - computability and the
quasiordering > . The weak H - computability facilitates for ur
sometimes to avoid the use of the non-recursive functions h as .
it can be seen from theorem 10.1. For any two functions f, g
the relation [ > g means that f is at least as complex as g.
The exact meaning of > is introduced in the defimition and it is
imposible to introduce it here.

§ 6 contains some methods of constructing of machines from
the given machines, which are typical for farther proofs. Gradually
we cease to define the machines formally and we are content with a
description of their work which is a sufficient indication for the
construction of a machine with the desired properties., It is only
4 question of concise proofs. The effectivity of the proofs is
not damaged by this, '

In § 7 are introduced and characterised the so called almosi
constant - functions. Approximately can be said that these functions
can be computed as quickly as the constants. In connection with
this we consider also the functions min (xl"""n) which are
(in our sense) the most simple n-ary functions they are more ‘com-
plex than the constants.

In § 8 is considered the closeness of the set of all h - com-
putable functions (for a given h) towards the operation which can
-be expressed with the help of the superposition with a fixed exter-
nal constituent. Here belongs for instance the sum of functions
because f(x) + g(x) is the superposition of the functions
x +y, f(x), g(x). We consider directly the set of those external
constituents by which we obtain from the h - computable functions
again a h - computable function,

In § O are introduced the real-time computable functions;
exanplél of such functions and some of their properties are given.
An important property is that every h - computable function is
a difference of twvo h - co-putable'and real-time computable
functions (the function h must fulfil certain suppositions).
This property enables the research of the h - computability
‘without directly constructing new machines, because for real-time
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computable function the h-computability can be characterised without
help of machines. (This method has been chosen in the proofs of some
theorems in § 11 but for the present we are not applying it syste-
matically.) For the characterisation of the real-time co-putablo
functions it is sufficient to consider the lengths J' “ of the
computations, and the functions ¢ 2 Aare not necesnry at all.

§ 10 introduces the almost recursive functions. On the whole
we can say that they are functions computable as quickly as the
recursive functions, i.e. that there exists an algorithm ascertaining
if their value (for any arguments) is defined and computing this va-
lue if it exists. These functions are characterised with the help
of the h - computability as well as with the help of the real - ti-
me computability. Farther we consider the closeness of the set J
of all the real-time computable functions towards some operationl.
At the end two theorems are proved on the relations between the
set J; and the set jr of all real-time computable functions
in the sense of (2] . '

In § 11 the functions are considered which can be intditivoly
characterised as functions not more complex than the polynomials.
§ 12 contains different atutenenta which have been used or were 4
necessary but from the thcmatical point of view they do not belong
to this paper. They are chiefly statements from the mathematical
analysis. In the symbols register is given the number of a para-
graph in which the symbol has been introduced together with a short
explaining of meaning but this explanation cannot replace the de-
finition. Nowever, if it is a question of customary denotations we
are not going to give again the definition of those notions.

In what follows, the list of the functions effectively admissi-
ble for the -uporpolition and of the real-time computable functions
will be completed. We shall consider the h - computability of
real numbers. We shall consider the connection between Jrr and

jr Further we shall find the solution of some questions of an
algorithmic solvability (resembling to the Bﬂ ) and the properties

of the sets {h} F and of the relation > -

I would like to use this opportunity and to express my thanks
to RNDr. J. GRUSKA, CSc. for his advice and remarks which have
been very helpful.

§ 2. Some Notions and Denotations

We shall use the logical signs 2&, v, 1, V,
in their usual sense i.e. for the equivalence, conjunction, impli-
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cation, disjunction and negation, the universal and existential
quantifiers. Farther we are going to use some denotations from the
set theory. Their significations are given in the symbols register.
N will denote the set of all natural numbers (including 0 ), &
the set of all unary total functions from N into N.

Under a function we shall understand a partial function of
n variables from N into N ( n is an arbitrary natural number)
and to comprehend it as a set of ordered (n+1)-tuples. The set of
all partial recursive functions will be denoted by £ . pe&f holds
and # is a unique element of ¥ 3 for which the number of arguments is
not unambiguously determined. Cn(f), resp. Cs(f) denotes the zero
supplement of the function f .Arolp. the zero supplement of the
function 1 + f. The functions Cn(B), Cs(f) are usually considered
as gnary functions. From [1] we take the denotations of some fun-
qtiﬁn@ which can be found together with some notes in the symbols
register. The denotation f(xl.....xn) will denote either the value .
of the function f by the arguments Xgseess X, OF the function
f itself; the significance wiil be clear from the context. In the -
second case we take x, y, Z,..., Xq0 X, Xgpeee for variables, a,
b, ¢yeee, m, n, k,... for constants. E.g. if ax + by means & fun-
ction then it means a function of two variables x,y. We shall de-
note the superposition of the functions f, 8qreces 8, by

Sn+1(f.gi,....gn) (under supposition n # 0). For the minimali-
sation the signs (“: (ly'.... will be used. For the sum and the
» .

product the signs ‘[,T will be used. If f(x,y) is a function
then Sum(f), Mult(f), Dif(f) are the functidns g3+ 83+ 8y such

that

x : : x
gi(x.y) ='£o t(z,y) gz(x,y) = 770_ t(z,y)
z= z=

gy(x,y) = f(x,y) * f£(x 31.y5flg(x) P

Alsgo in the case of other number of arguments (different from
0) have Sumi{f), Mult(f), Dif (f) an analogical signification;
we sum or we multiply always according to the first variable. The
functions of real variables e.g. x:y, V:: are several times con-
sidered as partial functions from N into N. However, if they
will be used together with the symbol for the whole part, f.i. [ Vr;J
we understand them as a whole, (And[ Ur-;J is a total function.)

If we write some symbol of the number relation between two func-
tions it means that this relation holds for the values of functions
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by any values of arguments. Instead of Xpee.eX, Wwe shall write
only Xn, and similarly we shall use the sign Bn (in place of n
an other letter can be used, but not instead X, B). We are not
excluding by this the case when n = 0, We do not exclude it nei-
ther in other cases when the forms with 3 dots "..." are used.

Instead of _lim , ( lim
X 00

Xgteoetx )ven we are going to write only

lim; analogously for lim inf, lim sup, too. The phrase "for almost
all x‘l....,xn" means "for all XyooooXy with the exception of fi-

nite number of n-tuples <x1,...,xn>".
To the real numbers we add the symbol ce and for 0<a<oo
n €N we define
o0 + 0= o0+t 3800 +tOoO= 8 .00=CO0:O0®= a i0® = Oco! a =

z eo" 200" - oo

0 :e0o =00 : 0=a:0=0:0=0, =0,

We added the element eo only to the real numbers and not to N,

We will consider only such probabilities which are defined
on the set of all subsets of the set N. There exists a natural.
bi jective coordination between these probabilities and the non-
negative real-valued functions p defined on N and such that

z p(x) = 4, These functions will be called probabilities.
x=0 .

We coordirate to every h €Pa non-negative real number (even-
tually oo ) and the real function p following the formulas:

. 1 1
Th)= ) ’ plx) = ———
L= nix) T(h) . hix)

On condition 0 <T(h)<eo® p is a probability. We call it the
probability coordinated to the function h .

For 0 F x<oe 0g y<oo we define

x®& ymiy=0V (x® vy & x #0)).7

1r PqsP3 are probabilities coordinated to the functions hi'
h, € P (and 0 < T(h1)<o- ) 0 < T(h;) <ee ) then:

(F ke mps kp ) m (I k€M) (b Z ko).
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in® (x,y) will be the minimum of the numbers x; y in the sense
of ordering £%.

As far as we are going to talk about the expectation of the
function of more variables we shall always suppose that the argu-
ments are independent and having the same probabilities,

We shall consider only the non-negative random variables which can
acquire also the value o® , For their expectation the value ©® ig
also acquired (so that for them it will always be defined).

We are going to limit ourselves to the probabilities asso-
ciated to the functions from & in our considerations., The re-
sults would not change if we took into consideration all the pro-
babilities as can be seen from the theorem 12.1., (We depend chiefly
upon the finiteness resp. infiniteness résp. infiniteness of the
therms existing in this theorem as can be seen from the definition
5.1.) : .

§ 3. MINSKY Machines

The MINSKY machines are defined in'[L] as non-writing many-
tape TURING machines with one-sided infinite (or: prolonged) ta-
pes. On these tapes in the extreme squiros the symbols 1 are in-
serted, the remaining squares are o-pty. The numbers are coded by
the positions of the tapes to the heads (and not by the words in-
serted on the tapes). Another interpretation of MINSKY machines is
also possible.,

Ve underltand MINSKY machines (further only "machines") as
programs for an abstract computer. This computer will have a
potential infinite number of (memory) cells Sg+ S1, 830000 in

every of them one arbitrary ‘natural number can be put (so that.
every of this cells is itself potentially infinite) and a potential
infinite number of cells 99s 44s Q3seccc for the laying of in-
structions of the program. (These cells are finite and their con-
tents are not changed during the computing.) We are going to call
90+ 94+ Ggse.. states, Tho operation code of this ¢domputer will be

1) to add the number 41 to the content of a coll SJ. the
sign is P,

2) to cubtccf'rron the content of a cell sJ {only if this
content is not zero; if it is zero, then it is not chan-
ged); .the sign is M,

3) the conditional Jump according to zero in a cell SJ' it
is without any sign.
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The stop occurs if the computer comes into a state which is without
instruction. The .-sequence of instructions is prescribéd: the address
of the following instruction is always noted on the just working
instruction,

We define formally:

De finition 3.1, a) A machine is a finite set of
quadruples of the forms <°15j"“x> . <qiSjllqk> ' <qisquqn>
which does not contain two cifferent quadruples with the same

first element. (The mentioned quadruples will be called plus-,
minus-, resp. zero-guadruples.)

b) An instantaneous description is an (ordered) pair
(3.1) <95 » (ugug,up,es ) >
where qy is a state and (“0'“1'“2"") is a sequence of natural
numbers, which has only a finite number of non-zero members., '

Instead of (3.1) we shall use a simpler denotation
(qi; uO’"i”"'“n) in which n is arbitrary but such that

= u = ... =0,

L n+2

n+1
c) Let Z be a machine, Uy = (g5 ug,ug,ece,uld,

‘_]3 = (qJ; vO"‘l"""’n) are inatnntayeous descriptions, We shall

write Ui—' UZ(Z)' if there exists m @ N such that for all k & N

k#m u, = v, and

.l) Vg = Uy *+1 and <qiSquJ.> €17 or

2) Ve = Uy *1 and <qisilqj>ez or

3) L 0 and there exists p € N such that
<q1s.qqu>ez or
4) Ve T Uy # 0 and there exists p €& N such that

<945.949p > €2

d) By the computation of the machine Z from the instanta-
neous description U to the instantaneous description V is

called a finite sequence Uo = U, U’..... Un = V such that

U, - Ui;‘l (Z). The number n (possibly, 0) is called the length

of this colpui,ation. We shall write U »V(Z) if there exists a
computation of the machine Z from U to V, If this computation
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is unambigously determined the length of it will be denoted by
L(Z; U,V). An instantaneous description U is called a final des-
cription of the machine Z , if there exists no V such that

U - V(Z).

e) If there exists a final description V such that U=pV(Z)
we call the computation of the machine Z from U to V by the
computation of the machine Z from U, If for the machine Z and
for the instantaneous description U such a V does not exist,
then wé call by the computation of the machine Z from the in-
stantaneous description U the infinite sequence (UO' Ui. Uz,...)

such that Uy = U and U, —» U,,,(Z) for all i@ N. In the first
case we put L(Z;U) = L(Z; U,V), in the second case L(Z;U) =oe

Remark. The computation of every machine from every instan-
taneous description exists and is unambiguously determined but it
can be finite or infinite and in the first case it can have also
a length O,

Definition 3.2, a) The set of all pairs &nZ°> where

né€ N and Z is a machine we denote by = .

b) For <£ni)é Z we denote ¢ 'Z‘ the n-ary function such

- that ¢"(x eessX_ ) = y if there exists a finite computation of
7'y, n

the machine Z from the instantaneous description (q‘l; 0,x1....,xn)

~which ends by an instantaneous description '(qO: y.ui.....u.n) (for
arbitrary m, ug,...; upl. '
In the remaining cases the value ¢2(x1.....xn) is not defined.

c) For <nZ>e& Z we denote by g the n-ary function with

the values from Nu {o©} defined by the formula
(3.2) T3 (Ryeanea®y) = LUZs Qg8 00%gseeeoXy))e

(In accordance with the above mentioned agreements we will sometimes
understand ]"z‘ as a partial function with the values from N.)

It is clear from the definitions that in our interpretation of
the machine as a program, the numbers Ug, Ug, Ugyees corréspond to
the contents of the cells S,, S,, Sy,... . If we consider (nZ)ez'

it seems to be sufficiently natural to understand si....sn as
input cells and So as an output cell. Further we shall show that
this can always be arranged. We define: '

Yefinition 3.3, We call the cell S; an input cell
esp. an output cell) if SJ appears only in zero-and minus-quadruples
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(resp. only in plus-quadruples) of the machine Z . We call it an
actual cell of Z , if it appears in quadruples of Z and we call
it the working cell if it is actual but neither input cell nor an
output one of Z .

For every cell S and every machine- Z happens to be just
one of the four cases: S is a workingcell of Z , S is an
actual input cell of Z , S is an actual output cell of Z , S
appears in no quadruple of Z . In [1] has been proved (even if it
has not been oxplicitly rormulayed) that for the computation of any
partial recursive function it is sufficient to have two working
cells,

We are giving an example of the machine here. Let be
2= {<445990> » L%%5M> . <95Pa> } -

It holds é% = I}, f%(x) = 3x + 1 . Indeed, the computation
of Z from the instantaneous description (qi; 0,x) is
((qiz 0,x), (qz: ?,x). (q3: 0,x-1), (qi‘ 1,x-1),...

sees (gp; x-1,1). (qa: x-1,0), (qo: x,0)).

Clearly, for every x &€ N it holds ¢%(x) = x, f}(x) =3x + 1,

In this example S1 is an input cell and So is an output one of
the machine Z , It is clear that for every n &1 holds
¢; = I'i‘ and f"z‘(xn) = 3x, + 1.
Let us introduce a theorem on the realtion between ¢;

and f; at the end,

ITheorem 3,1. Let be <nZ>e % Then

8) for every X,,...,x such that ¢ ;(Xn) is defined it holds

n
n n
drxys J Dix).
b) if for arbitrery X,,...,X M(X_) is defined then ¥ 0>o0.
1 n Z'%n ) 5 z
n = On
¢) if there exist x,,...,x such that d)z(xn) = J z(xn). then.
¢'z' = f‘; and both functions are constant and different from 0.

Proof , a) It is sufficient to consider that in every step of °
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the computation the content of So increases at most in one unit.,
At least Q);(xn) steps are needed to be done so that the content

of. Sy increas from 0 to ¢;(Xn).

b) If there exist XgoooesXy such that b;(xn) is defined, then

Z contains a quadruple beginning with LT Therefore the computation
from every instantaneous description with the state q‘1 has the

length at least 1.

—

¢) In the computation of 4?'2'(!(") (i.e. in the computation of

Z from the (ql; O;Xn))a plus-quadruple must be used in every step.

Therefore the development of the computation does not really depend
on the contents of the cells Si’ Sa.... (as far as the computation'
begins from the state qi).

§ 4. Exampies of Machines

In the preceding paragraph the machine Z has been introduced
which computed the functions I'il and in the proof of the theorem

3.1. we considered the machines computing constant functions (dif-
ferent from O0), We introduce the machines which will compute the

functions x +y, x -y, [x :y], D(x.y.). [‘x 1 [logyx] .

min(xi.....xn). X « Y, X = yz here. The machines will be construc-
ted - as far as possible - so that for the lengths f; of their
computation (for n determined by the function, an arbitrary k&N

and all the xi....,xn) will be valid

(4.1 ) T B xgueenix) @ ko(loxg+o.iox )

n .
(4.2) 7rska+ ¢ 0.

We shall need those estimations especially in §8 and §9. The esti-
mation (4.2) can be fulfilled only if the function d)'z‘ is total,
and so it is impossible to fulfil it for ¢'z' =@ . We note thet
for the functions I: and for'the constant functions (with the

exception of #) both the estimations (4.1 ), (4.2) can be fulfilled.
Now we are going to construct the machines for the above mentionéd .
functions, '
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1) The function x+y . Let the machine Zy be composed

of the quadruples:
494519294> » (95M43> . <9350P97

{945295%) +  K95SoMag> . (9650PU47 -

2 2 N
Clearly 4>11<x.y) =x+yY, F (x,y) =3x + 3y +2 and then

z,

‘the estimations (4.1), (4.2) are fulfilled for k = 3,

3) The function x -y . Let us replace in Z, .the last

quadruple by the quadruples £ qﬁsoq.,q8 > ., P4 q.,solq4>

and let us denote the new machine by Z,. Then it holds 3 (x,y) =
2 22

= x -y . The estimation (4.1) is fulfilled for k = 4 , the estima-
tion (4.2) cannot be fulfilled.

_)Tho function [x :y] . Let the machine Z, be com-
posed by the quadruples:

(qisquQO > <Q2SQQ3Q7 > ('quzu‘i4'> I 4 Q4slq5qo > " -
C955Pag > » <9gSqMoy > . <9;SgPag > L 9gS3g9 > »

{95349y > + * L9y052P4g > -

The machine 23 works as follows: At first, it ascertains whethei
¥y # 0 ., If not then it has finished the ccmputation. If yes then it
subtracts y from x and simultaneously forms y in the cell Ss
After every‘lubtr.aetion it transports y back i:nt.o 82 and so it

continues its work until the whole x is exhausted. The number of
accomplished subtractions is formed in SO' It is equal to [x tv]).

Therefore it holds ¢§3(x.y) = [x iy].For y=0 723(:.1)3‘1
holds. For y ¥ 0.. x <y it holds f%s(x.y) =1+ L(Zy; (qé:
0,x,y)) & Sy + 4. For x Zy >0 it holds L(Zy; 0,x,y), 4

“‘33 1, x -y, y)) = (57 +1) +1 + (3y + 1) = 8y + 3. Therefore
it holds f’ia(x.y)gsy + 4+ ‘tx :y] . (8y + 3) &5y + 4+ 8x+

+ 3x. So the exuut{on (4.1) hold; for k = 11. (The estimation
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(4.2) cannot be fulfilled here, nor in the other'.oxa-plel of this
paragraph where it will be not expressly mentioned.)

4) The function D(x,y) , (The greatest common divisor.)
Let Z4 be composed of the quadruples:

‘qlsiq2q3 > (‘hsgq‘qs) . <Q3saq°‘lo 2
<Q5slq8q°> ’ <q8s-1'QQ > » (L QQsopqs >

€9%5391090> +  <94052M994 > .+ < YqSoPeg > .

<945192%3> »  <9925294% 5>  (9352946%)
<954 7> » <9375Magg > o <93g50Peg >
€9550%199¢2 » € 9995MG20 >+ €92053P945 > »
€93650929¢ > + < 9215gMazzy » “aé%"“ie) .
At first, we note that gd(x.y)'t 0;‘(y.x). f%l(x.y) =
= 'r24(y.:). We shall silently use this symmetry in our farther
Vconsldeutionl. For y =0 is fg‘(x.y) = 3x + 3, ¢§‘(x.y) =
z x. Lo.t from now on x ¥ 0 , y # O . Then the first nine quadruples

express themselves only by the prolongation of the computation by
2 in the computation of D(x,y). For x>y >0 it holds *

f‘;‘(x,y) - .7%4(:-,.,) = L(Z,; tag 0,x,¥), (g4 O,x-y,y)) =
- (5y + 2) + (3y + 1) = 8y + 3. For x =y >0 it holds
ﬁrg (x,y) =3 + (5x + 2) = 5x + 4, ¢§‘(x,y) = x . By induction
4

following the sum x + y wé can prove ¢: (x,y) = D(x,y),
: . ) 4

:"(x.y) s 11(1 + x + y), Really, let. those relations be valid
4 .

forx + yS$K and let uv 0, u+v=K+41, Then ¢§‘(u.v)-

= ¢: (u = v,v) = D(u-v,v) = D(u,v), .": (u,v) =~ .7‘: iu-v.v) +
4 4 4

"+ 8y +3F1M((u-2)+v+1) +8v +381Mlu+v+1).1If us=y
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then the formulas mentioned above are also valid and they can be
verified without using the inductive assumption. We can easily ve-
rify the formulas also for the case x =0 or y = 0.

3) The function [VX]. The machine' Z, 1is composed
from the quadruples: )

<9452628g > » £ 935,9399> . <93S4Mq, > , <Q452“q5 >
<asS3Pay > .+ <96S3Pa7 3 . <47S39g942 > < 9gS49990 >

(9gS1Ma30) »  (9053M944> »  <9452Pa7 > 0 <94250PYy > -

This machine works so that it subtracts gradually from x the
odd numbers 1, 3, 5,... and after every finished subtraction adds
41 into So « The computation is finished by the exhaustion of the
content of S1 « Because 1 + 3 + .., + (2y - 1) = y2 , the number
of finished subtractions is equal to [ Vr;] . In the computation
(from the instantaneous description (ql: 0,x)) the machine 25
subtracts 1 from the content of S1 at least in every sixth
step and therefore it holds ‘7 %5(;:) S6(1 + x).

6) Th e. function [log x ]. Let the machine Z6 be composed

of the quadruples:
€9ySMa3 ¥, €935;0493% ,  <9,53Pag> . 2955,9603>
< 965997957 »  <G75201298> + <9gS38gdyg> »  <9gSaMayg > o
<S4052Pag > »  <ay3S5Pa7 > . CapaSyMaggy.  <9yaSpMey, >
<9 4S3P96 > »  <U553996% 8y <94653MGq7> 0+ <U752Pe5 o
<9854999921> <9954Ma30> +  <9205¢Payg >+ <9295192290y
€a3250Pag > -

The machine works as follows: At first, it ascertains whether -
flogy x] 1is defined. If it is not then the computation ends in

the state q;. If it is, then values [x : v}, [[x:v1:7v]1,

[C[x : y]: y]:y].... are computed until O arises. From the
number of the executed divisions [log’ x]will be determined. It
can be shown that the evalution (4.1) is fulfilled for k = 28,
(This machine is needed only for one statement from §8 which will
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be proved in §10 without using the machine 26' However, this sta-

tement gives a better survey of the functions admissible for the
superposition.)

7) The f u nction min(x4..... xn) , n¥ 0, Let the ma-

chine 27 be composed of the quadruples:
<9359240> + <GS Mag3> . 9359490 > . 9;5Ma5> . ...

cee v KBpagSp%2n0% > 0 <%2n5pM%2n41> 0 < B2ns1SoPY > -

The machine works so that it subtracts a unit from all the .numbers
Xgreees Xpo then adds the unit to So and repeats the process.,
The computation is finished when it is impossible to subtract., It
n _ n < q N
holds ¢Z7 = min(Xn), .72 (Xn) = 2n + (2n + 'l)mn(xn). So the
’ 7

estimation (4.1) is fulfilled for k = 4 , and the estimation (4.2)
for k =2n+1 .,

8) The function x.y. Let the machine Zg contain
the quadruples:

(q;ls.quqO > (Q252Q3QO 2 + < Q352uq4 > <Q4S41q$q8 >
(q5siuq6 7 y £ QGSOPQ-, ? » £ ('.783PQ4) ’ <q853QQQ2 >

{9gS3¥a;0 > + £ GoSqPeg > -

It holds ¢§ (x,y) = x.y . If x =0, then -Vis(x.y) =1, 1f
8

x ¥ 0 then fgs(x,y)=1+1+y(1+(4x+1)+(3x+1))=

= 7xy + 3y + 2 , Then the estimation (4.2) holds for k = 10, The

estimation (4.1) cannot be fulfilled for the function x . y , as
it can be seen from the teorem 3.1.

9) The function x*y,z, Let the machine Zg be com-
posed of the quadruples: '

<q151Q2Q4 > <qZ51"‘Q3 > {"lssop(l.l > <Q4saq5qO >
<9553Mag >+ < 965297910> »  <98Sg99%p > » < 99ScMagg > o

<9051P9 > » <991%9929) <99259May35 . € 93352P9y, 5 o



This machine works so that it puts first x into So and it uses

3x + ‘l steps for_thes. Then it subtracts a nu-bor 14 from z and -
y from x until z or x becomes equal to 0. One such subtrac~
tion needs 8y + 4 steps. (The renovation of the content of s3

is included.) The maximal possible number of these subtractions
together with the last unfinished one is [x : yJ+1 for y ]

and z +1 for y = 0. In the first case fgg(x,y,z) &3x +1+
e ( [x y)+ 1. (By + 4), in the second one 5’3 (x.y.z)i 3x +

+1+(z+1).(8.0+41), From this we obtain easily the evaluation
(4.1) with k = 12 , It is clear that @ 3 (x,y,2) = x * y.z.
9

(We could also place the same note there as we did for the functicn
[l@sy ’J .)

§ 5. h - computability

Definition 5.1, a) For‘every <n2>62and every he®

we define
o0
T°(h, < nz> ) = Z ; J2lxgeeeenxy) 46
Rt h(x,7 ... hix_ 4
. Xq = 0 xn=0 | * 'n)

— ‘9'4 (0)
T(h, <n2>) = —r itn=0,

x=0

T(b) = ‘:_o-ﬁ,-,— "

Th, <nZ>) = M%H_ .
(T(n)) =17 *

b) For every function f we define

T(n,f) = inf {r(n. <nz>)|< ny>eZ& ¢g = f} .

-

¢) A function f is called h-computable (and we write fVh) if
T(h,t) < oo -
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In this definition the calculus with 0 and o= introduced
in §2 is fully used. We shall never use independently the symbol T
and therefore no misunderstanding from the denotations T(h),
T(h,f), T(h, <nZ >» ) is menacing. In these terms h, f are always

functions (and not values of functions). For instance, T(x) = T(l}) =

= o0 , T(xz) = %ﬂz . It n#¥0, g(x,.....xnﬂ) = “"l'"’"n)'

then T(h,g) = T(h,f) for every he® . The definition of
T°(h,<nZz> ) and T(h, <NZ> ) for n = 0 was chosen so that
the same statement is fulfilled for n = 0, too. For n # 0, .
0 < T(h)<e= jt holds

Th,< niz» )= I <Snz>)

(T(m)"
o o0 .
. Z E TG (Rgseeesx Voplmg)esaplix,)
xi=0 ’ x“=0

where p(x) =1 : (hi(x).T(h)) is the probability coordinated to the
function h . For n= 0, 0 <T(h)<oe is T(h,f) = n(O) = f(z).

Therefore for 0L T(h)<e® T(h,«< nZ> ) is the expectation of
f;(xn) by the probability which is coordinated to the function h.
In most cases we shall be interested only in the h-computability

of a function f and not in the numbhering value of T(h,f). This
will be facilited by the following thcorem.

ITheorem 5,1, A function f is h-computable if and only if
there exists a pair <nZ)>¢ & such that ¢'Z‘ = f and

T'(h, <nZ) )< oo.

Proof , fVh holds if and only if there exists a pair <n.Z>
such that @5 = £ and T(h, <nZ> )<oe . But

T(h, <nZ> )<oem T (h, <nZ> )< oo.
Indeed, if T(h, €nZ> ) = o® then .9'; £ 1 and thereforc the

numerator of the expression T(h, <nZd» ) is greater or equal than

the denominator of ome. Then also T (h, <_nz> ) =o® , Conversely,
if T'(h, <nZ> ) =oo s0 T(h) ¥ 0 and then T(h, ¢nZ>) =om ,
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Theorem 5,2, Let he # , let for almost every x € N it
holds h(x) = 0. Then a function f is h-computable if and only
if it is partial recursive,

Proof . Let be l={xEN‘h(x)#0} .1t r€¥ , then

there exists a pir <nZ> €Z such that ¢'Z‘ = f. Because the
set- M is finite, there exists a machine 7.1 such that 4’; =
= ¢2 and .7'2 (Xn)<°° for every X,,...,x; € M. Then

1

T'(h, < nZ,> )<e®  and therefore fVh. Conversely, if fVh for
some h , then there exists a pair <nZ> € & such that ¢‘£ =f
and therefore f € £

Theorem 5.3. Let h €0 T(h) =oe. Then a function f
is h-computable if and only if f = 8.

Proof . If fVh, then there exists <nZ>» such that ¢'z' =f,
T (h, Knl) )J<o°  , If £ # 8, then .7'2 £ 1 and therefore

.'l"(h, <ni» ) 2 (1‘(]\))("'31)*"l =©@  which is a contradiction.
Conversely, if f = # then for example ¢; = £, T'(h, £18> )=
= 0<'o® .

Theorem 5.4, A function h € 6, is h-computable if and
only if h(x) = 0 for almost all x &N,

Prootf , Let hef , hVh. There exists a pair 4117‘-2 such
that ¢; = h, T (h, A7) )<o® , According to the theorem

3.1. every ncn-zero member of infinite series T (h, <1Z> ) is -
greater or équaLto 1., Their number must be finite and therefore
h(x) = 0 for almost all x € N, The converse statement follows
from the theorem 5.2,

Definition 5.2, a) For partial recursive functionsf, g
we define

£>g if for every. he® fVh implies gVh,

t~g if £ >»g and g>f,

tP>g if £ >g but g >t does not hold.

b) For any function he’ wé denote the set of all h-compu-
table functions .by {h} F. For every HS P we define

Fe U {dF Hf - ,QH{"}F ;

h&H
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A function f is called weakly (resp. strongly‘)»-'H-co-putablo.

it re HF (resp. f € H‘f )e

.Renarkz We put ﬂf=f. {h}f = {h}F.

The relation > is a quasi-ordering of the set . (I.e. it

is both reflexive and transitive.) As usual we shall write g < f ,
g<< ft instead of f > g , £>> g respectively. Further some

subsets of f' with the help of the relation > are defined, without
directly using the h-computability.

The following two theorems. are corollaries of the theorems
5.2., 5.3.

Theorem 5.5, For every partial recursive function f # #
the relations f > 0 , £>> @ hold.

ITheorem 5.6, Let A ve the set of all h‘p such that

0<T(h)<oo , let £,g&& -{#}. Then £>g if and only if
.for every h € P’ fVh impliu’s gVh.

We can see from the last theorem that the influence of those
functions h € 07 t9 which probabilities are not coordinated is
expressed only for the function #.

Let us mention now that x;* y if and only if x2 y> 0
or x = 0,

Lemma 1. Let be h,, hye ® , n,z¥ n,, 4nz>e Z . Then

(hy, <nz7> )= T'(hy, <nZ>).

Proof . If h,lg,“h2 then for any x & N ‘1:hd(x)=‘l:
: hz(x). Now it is sufficient to compare member-wise the infinite
series ‘l"(hi. <nz>) , T'(hz,(nz>) .

Theorem 5.7, Let be f a function, hy, hy & ‘,, h,lt."hz.

Then hz-computability of £ implies hi-computabiuty of one.,
(ree. {n} Fge {p,} 4
This theorem is an immediatc corollary of the lemma 1.
We note that it is impossible to write ®& instead of B'
the lema and in the theorem. For example, - I,lﬁ o holds, but {o} F
is not a subset of {Ii} F
Theorem 5.8. Let he hy, hy e @ and let there exist (finite)
. positive real numbers &¢,/3 such that ef .h,l‘i h, & V<] -hy. Then
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every function f is hz-conputablo if and only if it is hi-co--
putable (i.e. [h‘l) F. {ha} ¥i.
Proof , There exists m€& N, m ¥ 0 such that n.h‘;'hz . Then

F F ; .
(hZ} € {"hl} . For every pair <nZY> € X the equality

T(m.h,,<nZ») = T(h,<nZ>) holds and so {-.hi} Fe {hi} F,
Therefore {hz} FQ {h‘l} r . Likewise the second inclusion is proved.

Iheorem 5.9, Lot be h&®, T(h)<e® , h> 0. Then a
function f is h-computable if and only if the function Cs(f)

is h-computabdle. 4

(We note that Cs(f) is the total furction such that f = Cs(f) - 1),

Proof ,If f=gthen Cs(f) = o and clearly oVh. Let now be
£48. Lot <nz>E€ZLP = £, T'(h,KnZ>)<oo . Then 1§ J j<oo.

The wachine Z can be easily adapted intg a machine Z,1 such that
.7'; g1+ 3T, ¢'2' = Cs(f), it is sufficient to replace the

1
state gq, by the state q% in all quadruples of Z , to add the
qundrupiel (qgsoq%q(,) . (qgsolq: > and to replace all the sta-
tes (with the exception of qo) whic¢h are i‘n the third and fourth
places of the quadrup}el of Z but arc not in their first places

by the state qg. It holds T (h, <nZ,> )<@® and therefore
Cs(f)Vh. Conversely, from a machine 2, such that ¢; = Ca(f)

can be obtained such a machine 2, that ¢'z'2 = f and y"z‘z

s 3 ?;i. It is sufficient to roplace the state g, by the state

q}, -in all quadruples of l.l anrd to add the quadruplbs

<Q%5°Q%Qg> . <Q:30Iqo) . If Cs(f)Vh, we can assume T (h,
(nli> )co® . Then T'(h, <nZ;> )€e@® and so fVh,
Remark, The assumption ‘l‘(h}‘-‘ had to be used only for

the case f =6 ,

As 8 conclusion of this paragraph we shall point out that
there is onc possible modification of the h-computability. In the
definition of T(h,f) only such machines have been considered
which have had the property ¢ 'z' =t and so they computed always
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the value of the function (i.e., for all xi.....xn). We could
waken this demand in such a way that we could take into considera-
tion all machines which computed the value of the function f with
the propability 1 (the probability ccordinated to the function

h being considered). In a formal way, we could replace the condi-
tion é'z' = f in the definition of T(h,f) by the condition: for

all x,,...,x, such that h(x,) # 0,..., hi(x ) # 0 it holds

4’2,“1---'-‘n’ = t(xi....,xn). Then the case T(h,f)<e® could

happen also when f would not be partial recursive. In this pa-
per we are not going to consider this modification,

§ 6, Some Methods of the Constructing of Machines

We shall often construct a new machine from several machines
similarly to a new program constructed from subprograms. Therefore
it will be neéeasary to arrange the machines in such a way that
they could fulfil some additional conditions. Here we shall des-
cribe some methods which will be often used. Because we are inte-
rested chiefly in the h-computability of the functions we are not
going to be anxious about the linear prolongation of the length
of computation. On the other hand we shall try not to prolon® the
length of computation unnecessarily.

1) The address substitution is the most
elementary method of the arrangement of the machines. In the wor-
king of the machines all the states q; as well as all the cells
S, have essentially equal roles, But in the definition of the

functions ¢'Z' » .T'z' the states 9 99 and the cell So and

- the cells sl.....s

e have a special task. Therefore if we want
a machine to work as a subprogram in another machine wée must change
indices of its states and cells. .Such an arrangement, of course,

changes substantially the functions ¢'z‘. -7'2‘ but on the con-
trary the machine can compute the func tign ¢; in the time .9';

if the arguments are put conveniently, if the computing begins with
a suitable state and if the result is taken from the suitable cell,
In the same time we loosened the states qo. Sy and the cells

so. si.....sn .

1r we are using more machines in the construction of one ma-
chine we suppose always that those machines have no common states,
nor cells with the exception of the states and the cells for which
it has been expressly introduced. '



Often we construct a machine so that its cells and its states
are indexed in a more complicated manner than it is allowed by the
definition 3.1, (then if we take it rigorously it is not a machine).
By an easy address substitution it is possible to replace this
indexing by an allowed one.

2) Simultaneous model1ling of the work of n
machines with separate cells, Let 24,....Zn (n Z1) be machines

and let every cell s1 ariee at most in one ZJ . (The states can
be common), Let us construct the machine Z as follows. Its sta-

tes will be q‘i’ . i where 1% js& n and 9y is a state of
14 °°**"n m

the machine ZIII for every m=1,,..,n . In all the guadruples of
the machines Zj (for j=1,..., n) we‘'are putting the uppaf

index j to the states in the first places and the index j+1

(if j< n) or 1 (if j=n) to the states in the third or fourth
places. Down we add j-1 indices in front of the original index

and n-j indices after the original index by all admissible (i.e. -
leading to the state of Z) means but we add always the same indices
to all states of one quadruple. Let be the machine Z composed by
all the quadruples coordinated in this way to the machines Zﬁ....ln.

1f this machine Z begins to work from the configuration with

the state q} i it makes one step of the work of 11 from
grecerip

the state 9 at first, then one step of the work of 22 from the
1

state q12 etc., and also one step of the work of Zn from the
state QG . Then follo s a farther step of work of ,Zi , of the
n R

work of Zz etc., until Z finds a machine ZJ the work of

which was finished already. Then Z stops.
: E ]

By simple arrangements of Z the following kinds of stops of
the machine Z can be obtained:

A) if the computing of one of the machines Z’.....Zn is
finished. (The original machine Z stops in this way,)

B) if the computings of all the machines Z .....Zn are fi-
nished.

C) if the case B happened or if the computing of one of

the machines 21""'2n is finished and it has been ascertained

that the value of the competent function is not defined.
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By this method the length of the computation can be computed.
Let Z‘1 be any machine, Z5 = {(qlsani)} .- Then the machine

constructed here (following the point A) after finishing its
"work shows the length of the computation of Zi in the cell S..

3). Separation of the input, output

and working cel1ls . As has been pointed out in §3
in the consideration of a pair <nz0>¢2' it is natural enough to

ask si""’sn to be input cells and So an output cell, We de-~
note: by za the machine arising from Zo by address substitution

. .

of the cells Sy, Sp,...,S; inte Sg, Sp,...,S; . Let for i =1,

n
essp,n be

2, = {<uSi00> . <S> L LesiPy>) -
Let us now construct the machine 2 by application of the method
of point 2A (without regard that the machines Zi....,Zn s Z&
have common cells Si' S;)' which wil; be modclling in every cycle
first of all 3 steps of'work of Zi, then 3 steps of work of
z2 etc., until 3 steps of work of Zn and finally 1 step of
work of 28 . Then the next cycle begins._(Every machine Zi.....
zn.za begins its work from the state qi.) After the end of the
work of Za let the machine Z transcribe also the content of
~0
we must add some other quadruples for this reason.) It holds

¢'z' = ¢;0, there exist k,, ky € N° such that f'zlﬁ k.

s~ into so and then stops in the same étate as 28. (0f course,

N 20 + Ky, si""'sn are input cells of Z and S, can be

an output cell of Z .,

By a small modification we could obtain the machine Z which
does not work further with cell SJ(J =1,...,0n) il it ascertains

that its content is exhausted already,

Femar k ., It is not convenient to transcribe at first the who-
le contents of the cells S,,...,S  into Si.....sé because the
evaluation for ,2 needs not to be valid.

4) Simultaneous modelling with ¢com-

mon inputs. Let the machines Z,,...,Z ~ have common
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input cells si.....sn. The machine Z which modells the work of

the machines- Z!,....Z can work analogically as the wmachine 2

n
from the point 3 ) (without the quadruples vhic!_\ transcribe the
result from S(', into So )o The new machine Z transcribes the

.

content of any SJ (§J = ‘1....,.n) not into a cell SJ but into m
-cells sﬁ (i =1,...,m); by this for every machine Z.1 special

inputs are formed. Instead of the modelling of one step of the ma-
chine Za always one step of the machines 13 (j*1,...,m), which .

are obtained from ZJ (j =1,...,m) by replacing of S; (1=1,...,n)
by Sf, will be modelled. For the stop of Z° there are analogical
possibilities as in point 2 .

§) Clean machines. The pair _<nz>¢‘ iucalled.

.clean if any finite computation of the machine .Z from any in-
stantaneous description (q.l; o, Xn) ends by an instaneous des-

cription '(qi; Yo Xn) for some gq; and some y €N.,.If n is

known from the context, we call a machine Z clean, if the pair
£nZ» is clean. Clean machines are proper e.g. when a function
f is recursively defined from a function g and so it is ne-
céssary to compute the values of g with arguments only slightly
changed. We shall find now (for the given n @ N) to the machine
Z‘1 a clean machine Z which will compute thc same function

whereby the computation time is prolonged only linearly. Let us
put m = 2, 12 = {< qisiq.lq1>} in the construction of the point

4 and let us arrange the machine Z described there i.n such a
way that after the end of the modelled work of the machine Z,,
Z shall renovate the contents of the cells s1.....sn by adding

the contents of the cells sﬁ.....sﬁ to them., (The method from

- the point 2 does not guarantee that during the modelling of the
work of Z,l the sums of the contents of the cells SJ. s§ will

be egual to the ariginal contents of the cells Sj. but this can
be easily arranged.) Then Z puts zero in all memory cells with
the exception of Sy, Syseee,Spe It holds $7- 4’;‘ and the-

. gen 2=n
re exist k,, ky €N such that .rziki. fzi + Ky

Remark , Evon in this case it would not be proper to tran-
scribc at once the whole inputs data.
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We shall now introduce an application of the above mentioned
processes,

Iheorem 6.4, Lot be hy, hy in @, h=min® (ny,ny). 1t

an unary tgnction f is both hi-computable and hz-computable
then it is also h-computable.

Proof , We can limit ourselves to the case f # #, Let be
ﬁl = ¢§2 =t , T, <12,> )<oo , T'(hy, L12,> )<o=
Let a machine Z modell the woik of Z, and Z; until the work
of one of machines Z,l. 12 is finished. Then, if the vqlu_e of ¢
is defined, let Z transcribe this value into the cell So and

stop in the state Qg If not, let Z stops in another state.,
1t holds ¢Z = f and there exist ky, ky € N’ such that
T %g k,y .min( -9'1‘ - .7'2 ) + kye Therefore k € N exists such

that TJ1 = ko.min( g1 ~ -71 . For every x € N hold

J 3t k.y%"l(x) k. 57,00

h(x) o hi(x) . hz(x)

Indeed, the greater member gf the right side is greater or equal
than the left side. Then T (h, <12> )3 k.I'(h,, 12,7 )+

+ k. T (hy, <12,> )<oo+oogoo.

Iheorem 6,2 Let be hy, h in #, h = min(h;,hy) . If an

unary function f is both hl-computable and ha-computable then
it is also h-computable.

Proof Following the theorem 6.1. the function f is .
min® "'1-“2’ - computable. It holds h = nin(h‘l.hz)i* min® “‘1“‘2)

and therefore f is h-computable according to the theorem 5.7,

Remark, Theorems 6.1. and 6.2, do not hold for any n-ary
function f. Let t'(x.y)tx*y-tx.s.sglx*i-yl
3, .86

hi(x) = x5+ 8 . 88 rest(x,2), hz(x) = x" + x ', rest(x,2). Then
h(x) = x o The function f is not h-computable because of
£(x,y) == f(x,x+1)-
. ST | = O® ,
i t hi(x)h(y) & Z - x".(x+1)

x=0 y=0 x=0
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Otherwige, it is hl-conput.ablo and hz-computuble as we shall

see latter (f will be real-time computable). Now we note only that
oo

e
tix,y) .
z 2 hy (x) b, (y) = Z Z T3 "Z: By (x)h (x+1) =

x=0 y=0 x=0 y=0
oo .

= 4+ E (x8 : x¥) < oo
x=0

Analogical consideration can be made for the function h2 .

§ 7 Almost Constant Functions

Definition 7.1, An n-ary function f is called almost
constant if there exists such an a € N that for all "1""":.‘ N
it holds

(7.1) f(xgpeeey x ) = f(min(x,@),..., min (x ,a)).
The set of all almost constant fuoctions will be denoted by Fe .

Lemma 4, Let us denote for any n € N, n # O and any real
number 0C : ; )

() minA(xi.....xn)
A = * B ! »
n Z i [1+x,1"1...[ 1+x % ]

x‘l=0 xn=0
B (cl) = E E s
5 [1+x ...[ 1+x ] .
x4 xn |

ho(x) = (1+x) [1ogz(x+a)]3

o E min(x,l,...,xn) ,
L Z h,(x,)eeoho(x )
x1=0 _ xn=0 01 0"n
oo o0 .
I I—
Bn = *
o ho(xi)""hohn)
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Then it holds Bn < oq 4 An = o® ,
By(% )<omzal>

1
A(H)<oemot> + &,

The proof is given in §12,
‘ -~ a
Lemma 2, For every f GJc there exist <nZ>€ and k&N
n _ n g
that @0 =1, .7'2__._k.

Proof . Let hold (7.1); the machine Z can work in such a
way that at first it ascertains (in no morec than n.(2a + 1) steps)
the values of min(xi.a),.... min(xn. a). According to which of the

(a+1)™ cases takes place, the machine Z forms the necessary
content of S0 and finishes thc computations conveniently.

Remark. Z need not have working cells.

De f inition 7,2. Two computations of a machine Z are
called paralell oncs if they are of the same length k , if they
have the same states in the first places of their i-th members for
all natural i3 k and if in their every step the contents of the
equal cells are changed by the same additive constants,

The paralellism of two computations of Z from thg, same state
can be disturbed only by the using of a zero- or a minus-quadruple
if the competent cell is exhausted in one computation but it is not

exhausted in the other.
Lemma 3. Let be <nZY€X, k€ N, let T D% k. Then I,

¢; are almost constant.

Proof . Weput b = min(xi.k +1) for i =1,...,n . The
computations of Z from instantaneous descriptions (QI: O.Xn),

(qq: 0,B)) are paralell and therefore ¢2(Xn) = ¢'Z'(Bn).
y;(xn) - z(B,) q.e.d.

Lemma 4. Let <nZH&Z , let the function f."z not to be

bounded. Then there cxists a partition of the index set {i.....n}
on two disjoint but maybe empty) sets {ii.....ik} A

{ji,....jn_k} and numbers by,....b, , such that for all x;,...,

L3 such that xJlll = b A(m =1,...,n-k) holds

f%(xi,...,xn) z min(xii....,xik)

(for k = 0 we put min(x,,...,x,) =o®).
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Proof , If .9"2' acquires the value o® , the statement is

trivial. Let be S ;<0' . Let us choose a sequence of n-tuples

(1.3.) it oees 2830 | 12 4,2,3,..00

such that

(7.3.) lim f"(x(“,.... x‘(”) = o®
isoe L1 n

r

Let us denote by i,4..., 1, the indices m ‘tqr which the
sequence (xé“' i =1,2,... ) is not bounded and by jy,e.es I,y
the indices m for which that sequence is bounded. (In this case
k # 0 , of course.) There exist numbers b,,..., bn-k such that
for every m = 1,..., n-k and for infinite number of i it holds

x;i)= bm' We may assume (and we can obtain it by replacing the
- :

sequence (7.2) by a convenient subsequence) that for m = 11.....11'

the tuducnce (x‘:i) l is= 1,2_....) are increasing and for
m = Jeeeees ok they are'constant, with members b . In order to
make the description more simple let farther be 1n =m for m = 1,
eesyk and j’- =k+m for m=1,,.., n-k,

Let for some Xy,..., X hold f'z'(xk.Bn_k)< -in(xk). For
almost all i it holds x:'i)g %, . For those i the computations

of Z from the instantanecus descriptions (qiz O,Xk.Bn_k) and
(qi; o.x{i).....xii) . Bn-k’ are Paralen and ghorororo. for almost
all i
ng. (i) (1) ) .
Ty e 1y By ) 77,8 )
which is a contradiction with (7.3).

Lemma 5, For nZ41 holds nin(xm_i)“.-in(xn).

Proof , Following the section 7 of paragraph 4 and the
lemma 1 of this paragraph it holds min(X ,,) V 1+ xi*k] but

1+&]
min(x ) v [1+x does not hold. Then it is sufficient to
prove the relation < , Let be -m(xn)vu. Then
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oo o oo

min(X )
T e e
h(xi)...h(xn) : h(x-ﬂ)

x,=0 x,=0 : X +1%0 o

By multiplying and using the comparative criterion we have

oe
) ~— ) }1 '1“(513‘1) <“'
h(xi)...h(xnﬂ) ,_

ese =0

x,1=0 xn=0 X

n+1

Then for a machine . Z constructed aqcordiné to the section 7 of .
§4 such that PI'! = min(x ) holds T'(h,<n+1,2>)<00 and
therefore -1n(xn+1)v1: q.0.d. '

The orem 7.1, Let -f be an n-ary function, n ¥ 0. The
following conditions are equivalent:

1) £ 1is almost constant, )
2) t is h-computable for h(x) = (x + 1) [1052 (x + 2)] 3.

3) f is h-computable for h(x) = [‘1 + xh‘é]
4) f=< o (remark : o(x) = 0 for all x €N) ,
5) f£< min(xg,..., X 1) > '
6) f<< min(xg,ec0, xn). _
7). there exists such a machine Z that ¢ 7 =f and !‘g
is bounded.
Proof, 1-»7 is lemmal ; 7 =»1 Cfollows from lemma 3;
7—+2 follows from lemma 1 ; 2-»3 follows from the comparat ive

criterion; 4-#5 follows from this same criterion; 5-—6 follows
from the lemma 5. We shall proof 3—»4 and 6-—7 also indirectly.

74 —>J3 , Let f < o, Z is a machine, ¢'z‘ = £, Following
the lemma 6 there exist numbers 11"""!’ J‘l""'jn-k'

byseeesby ) (fulfilling the conditions of this lemma) such that

for x; = by (m=1,..., n=k) it holds !‘g(;n); '1“(’1.1""’x1k)‘

m
Then following the lemma 1 T°’(h, <nZ2> ) =0® and therefore f
is not h-computable. '

17> 71 6 . Let 717 hold, let be Z a machine such that ¢ 'z'st.
The function .7‘; is not bounded and therefore following the lemma
6 it holds ¥ ™(X ) Zmin(x; ,...,x; ) (the assumptions are the
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same as in the lemma 6)., The machine Z was arbitrary and therefore
min(X ) =<f ., If f<< min(X ) then min (X, )<< min(xn) for some

k& n which is a contradiction with lemma 5.

Examples . The functions #, sg, 8g, rest(k,x), k2x, min(x,k),
k-x are almost constant; the function rest(x,k) is not.

As a conclusion we give here a sufficiently trivial theorem
without the proof.

Theorem 7,2, Let f be an n-ary function (n#0), gi,...,_gn

m-ary almost constant functions. Then the superposition of the
functions f, 51""'gn is an almost constant function.

Remark , The assumption Bprecer B, € F—'c cannot be. rcplaced
even for n =1 by the as:uption f €& ﬁc ‘as can be seen from

the example f = sg, & =9 .

§ 8, Functions Admissible for the Superposition

In this paragraph we shall show that the sum and the difference
of h-computable functions is again h-computable (on the contrary
the product has not this property); We need not to prove such '
thebrems separately for the sum, for the difference and for other
functipns but we can consider the whole class of all these opera-
tions: For this reason we introduce the following definition.

Definition 8.1, a) An n-ary function f is called admi-
ssible for the superpasition if n # 0 and for every h e @ and
every n-tuple of m-ary h-computable functions g,l.....gn the -

:superposition, of the functions f, Bpreees Bp oy is also h-computable.

b) A function f is called effectively admissible for the super-
position (sometimes shortly "eas (function) ") if Lhere exists a
pair <nZ>€& and k€& N such that n # 0, ¢'z' = f and for

evel;y xi..... xn €N y.rz'(xl,....xn) ék;(i" xl + see + xn)o

¢c) The set of all functions admissible for the superposition resp.
effectively admissible for the superposition will be denoted by
f., resp. 3'“. )

The casé n = 0 is excluded because for this case we have
not defined the superposition; of course, the constant functions
(for example @# and o as imm:y func tions) are not excluded.
Now it is p_ossible to express the statement "for every heﬁ,
the sum of h-computable functions is h-computable" by the phrase
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"the function x + y is admissible for the luperponition". As we
shall see from the proof of the following theorem, the statement
“the function x + y is etfectively admissible for the superpo-
gition" means that from the machines 21. Z2 such that ‘l"(h,<nzi>)<

<o® T (h,< nzz> )J<oo a machine Z ©oan be effectively obtained
such that

T (h, <nZ> )<es and 1,;: ¢,gi+ ¢;2

Theorem 8,1, Any function effectively admissible for the
superpostition is admissible far the superposition.

Proof . Let be <nZo>GZ ", n#¥ 0, k€ N and for all x;,
T 3x)=k.(1+x). Lot hel , <mz,>€X, 1°(h,<nZ>)<o°

for all i =1,...,n., It is necessary to prove ‘that
n+l, n
5 ‘¢zo- z""-¢z ) Vh.

Let the machine Z first to modell by the method 4) from §6 the

work of the machines z,l....,zn from the common input data in

the cells si.....s and the results are put into the cells

m
Sgres+» She If all the machines Zy,eees Z, finish their work
(and all the due values of the functions 4) Z," ¢z have

been dotined) let Z work as a conveniently address substituted
machine Zo. The input data are taken from the cells S%.....So.
If some of the values of the functions ¢; are not defined

i ;

the work of Z ends after the first phase. So we obtain
Y= a1 ¢z, Pz, 7))
The first phase of the computing of Z has at most
kq .max .7-'21 +'k; steps (for convenient k‘l'. kg & N). The second
phase has at most k.(1 + ¢;1 *oeea * d>2“) steps and ‘therefore

it holds

T 28 (x, vk, +KATF +...+ 7% +1).
z 1% z, Z, .
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If T(h)<o® then this evaluation implies T (h, L nZ > )<o®.

If T(h) =oo then ¢ ;1 = § and therefore ¢; = @ ; clearly
¢Fvn.

Remark, Lot be g=5"2tg,....50 , r&& .1t HGP
and gy,.... 8, € Y then geg H . It g < £° holds for t'€ ¥
then g < t’. However, such statements are not valid for Hr.“<‘< )

instead of Hf

Theorem 8,2, The superposition of functions (effectively)
admissible for the superposition is also (effectively) admissible
for the superposition,

We are not giving the proof because this can be done from the
definition directly.

Theorem 8.3, The folloving functions are effectively admi-
ssible for the superposition:

a) All the almost constant functions with the exception of the
O-ary ones,

~

b) The tunctions Ip,.x +y, x -y, x*y, [x:y), dlxy), [Vx],
[10g,2] , min(xy,.cenx)), x 2 yz.
¢) The functions s, [~x - y’ , rest(x,y), [x : k] . q.l.r,-r‘ .

Proof . a) Following the definition (8.1)' and the theorem
7.1. -

b) Following the definition 8. i. and with the help of the machines
from §4.

c) Following the theorem 8.2. For example gq(x) = x £ [_v—]

q = st(x = vz, x, [Vx]. [_ﬁ'] ) and theretore qef

Remark . The functionx .y 1- not adniuible for- the
superposition because e.g. =3 (xy, xa. x), x V x4 but
'1 x4 v x‘. Hawever, the product of some functions will be expressed
with the help of x = yz. .g. [r] [logzx] =x 2 (x 2 [rx
[logax] )e
Further eas functions can be obtained with the help of some
thcorems from § 10.

Theorem 8,4, a) If f is admissible for superposition then

=< I:..'(Renark : I.}(x) = x for all x & N.)
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b) For the unary function f the following conditions are equivalent:
1) < 1l ' ’
2) f 4is admissible for the superposition.

3) f is effectively admissible for the superposition.

Proof ., a) Let be f an n-ary function reﬁ" . Then
£ = s™e, 13,00, 1), IP< 1} for k =1,..., n and therefore
f&I} holds. '

b) It is sufficient to prove 1—» 3. Let us take such a function . .
h € p that T(h, I})<°° and for every unary recursive function [

o

’ £(x) ' £(x) ’
1im sup = oo implies Z ) =09 .
x o h(x)

X =
There exists such a machine Z that ¢% =f, T'(h, 12> )<o0®°
Then lim sup (?’%(x) : Xx)<oo and therefore f is eas function.

(The proof of the existence of the function h with the required
properties is given in § 12.)

§ 9, Real - Time Computablc Functions

Definition 9.1, A total function f is called real-time
computable (sometimes shortly "rte (function)®) if there exists

a pair < nz>€&& and k € N such that ¢'z‘ = £ and for all
XgoesesXp € N it holds:
n s < n '
(912 T Bxgeeesxy) E k(1 + PRlrgseexy))e
We dcnote the set of all real-time cou_tputable functions by ﬁ‘r'
This definition is clearly not equivalent with the definition
given in Cﬂ . We shall deal with the comparison later on. In the

definition 9.1. it is sufficient to require that the relation (9.1)
will hold for almost all Xp,....X, €N,

Lemma 1, For every <nZz>€ 2 there exists a machine Z,
and m € N such that ' '
1) Z, does not use the cell So »

2) I3 - 20,
_ 1

and for every X,,...,X such that f"z‘-(xn)<v°

n
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‘AS) the computation of Z‘1 from (qi': O,Xn) ‘'ends in the same
state as the computation of Z from (qi; o,xn).

4) final contents of Spe S-",1 by the computation of z, .
from (qi: O.XH) are equal to f'z'(xn) and to the fi-
nal content of S0 by the computation of Z from
(qi; o,xn).

Proof . If .7'2' = 0, then it is sufficient to put 21 =g,

For the remaining cases it is possible to apply the method from
the point 2 of §6.

Lemma 2, For every k € N there exists a machine Z .such
that for all x, yEN, 1% x< k(y + 1) it holds q)z(x,y) =y,
T 2(x,y) = (6k + 6).(y + 1) - 2x.

Proof . We are going to introduce only some instantaneous
descriptions through which the conpuuliion of Z passes if

1% x< k(y + 1), From these it will be clear how to construct
the machine Z . These instantaneous descriptions are:

(qq4i 0,x,y) , (q3; y,x,0,y) , (93: ¥,x,0,y+1) , (a4 y.x,k(y+1) ,
(65 ¥,0,ky+k-x) , (qgi y,0,ky+k-x-1) , (97; v, ky+k-x-1), (qg; y),
(ags ¥) , (gg: y).

The whole length of the computatic.m of the machine Z is

f'z' (x,y)
+ (3ky + 3k - 3x - 2) + (2ky + 2k - 2x - 1) + 1 + 1 = 6ky + 6y -

(4y + 1) + 1 + (ky + Ay + k + 3) + (3x + 1) + 1 +

-2x + 6k + 6 , q.0.d.

Definition 9.2, Apair <nZ>€ZF is called regular
output pair with ouptup in every k-th step. if

1) ‘The function ¢Z is total,
2) So is an output cell of Z.

3) In the computing of Z from any (q : 0, xi....,x ) we
add unit into ‘Sg in m-th step Just when m is a mul-
tiple of k.

4) For all xi....;kn €N it holds
rest (\7'“(:1.....:') , k) =k -1,

If the value of k is not inportant we shall talk shortly
about a regullr out;ut pair, If the value of n will be known



- 87 -

from the context we shall talk about a regular output machine
(with output in every k-th step).

Lemma 3, To any n-ary total function f and to any pair
- &nZY» € ¥ such that .7'2' = k.(1 + f) there exists a regular
output pair <n21> with output in every (k+1)-th step such that
n
=f .
¢z,
Pr oof . The machine 21 can work in such a way that it always

modells at first k steps of the (conveniently readressed) machine
Z and in the (k+1)-th step adds 1 to Sy if the~computation

of Z is not yet finished. 'After this it is modelling farther
k steps of the work of Z , it adds again one unit to S0 and
so on,

Remar k., We can replace the (k+1) by any m &N, m>k
in the lemma 3,

Theorem 9,1, For any total function f the following con-
ditions are equivalent: . *

1) f is real-time computable. ‘
2) There exists k € N:and <nZ>€ % such that ¢2 =r,
T3 =xa+dh.
3) There exists k € N and (nZ)éz such that
£ =[.7' 7z k],
4) There exists a regular output pair <nl» such that
¢z-=r:.
Proof.. 1->2. Let be <nz,>eZ , ¢ ;1 =1,
lei k.(1 + ¢21). Let the machine Z work in the first phase as

lemma the macuine from lemma 1, in the second phaée as a machine
from the 2 with the address subtitution of thec cells So. S‘l' Sy,
S3 into SO' S S Sm+2. The length of the. first phase of the

m® “m+l’
computation is 2.7'2 , of the second one (6k + 6),( ¢'z'+ 1) -
. 1 .
n n n n _
- 23’11. together (6k + 6).(1 + ¢ z,)* It holde ¢21 ==t

and therefore J 7 = (6k + 6).(1 + £) q.e.d.
2~p3 and 4 —p1 are trivial.

3—»4.Let £=[F 7 :k].If k=0 then £ =0 and it is .
rtc.
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Therefore we can suppose that k # 0. The machine Z can be adapted
n _ n _
into a machine ?1 such that fzi = k(1+f), ¢21 =f in a

following way. It holds f"z‘ = f‘z‘ + (k - rest (J2, k)). The
1 .

machine Z,l will work like the machine Z and simultaneously it

follows (with the help of a larger number of states) also the fun-
ction rest (p,k) where p is the number cf the stcps made already.
After the end of the work of Z the machine 21 adds the necessary

number of -steps to fulfil the equation .7' ; = k(1+f). It is suffi-
1 :
cient now to apply (to the Z,l) the lemma 3,

Theorem 9.2, A bhounded function is real-time computable if
and only if it is both total and almost constant.

The proof 18 easyv.

Theor em 9,3, Any superposition of real-time computable
functions is real-time computible itself.

|

Proof , Itis sufficient to show that if <nZyy <nzi> ——

ssep (nln> are regular output pairs with the output in every ‘

k-th step, there exists a machine Z such that q)'z' = S"ﬂ( ¢20 "
m ... ®™) and it holds I " = k. .(1 + N). The machine
2,l Zn : =M z

Z can work so tl;at it always modells k 'steps of the computations

of the machines 21..... Zn from common input data taken from

S,l....,S- . The results are put into S{.;...S; . Then the machine

Y4 modélls one step of the work of Zo with using S;,....S;\
instead of 51.....8“'. By this procedure the values of. the functions

¢; Sieiies ¢; are created quickly 'enough in order to modcll the
. 1 n

computation of lo correctly . If some of the machines Zi.....Z‘l

‘ends its work, some useless steps instead of its work can be dono:
The wachine Z° stops if the wodelling of the computation of Zy is’
tinished. '

Theorem 08,4, The following function are real-time computable:
.a) I:. x+y, x 2k, [x:k], minix,y), Ln]z » ¢, Xy, nix,y),
» xt,x7, T

Proof . Inthe major part it is sufficient to consider the
machines from §4 and the theorems 9.2,, 9.3, The function n(x,y)
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must be computed following the formula n(x,y) = (x : D(x,y)).y

(it is not allowed to use the formula ni(x,y) = (x.y) : D(x,y). The
machines for «x! , xY ‘can also be oaéily constructed but the real-
time computability of those functions will follow from the theorems
of & 10,

Definition 9.2, For a function h €® and an n-ary fun-
ction f we define '

o0
f(Xp,000,Xx)
3 (h,f) = i E 1 n it n # 0,
x,=0 . =0 hix,)...hix))
oo
2 (h,f) = E e : if n = 0.
x=0 X .

E.g. it holds T (h, <nZ2>) =X (h, #'7), T(h) = T (h,1).

Theorem 9,5 A real-time computéble function f is h-com-
putable if and only if T(h)<e® and 3 (h,f)<o®

Prootf. Letbe <nz>€&,pl=r, Ilgr.(1+ 1),

1t molds T (h, <nZ > )= k.(Z (h,t) + T(h))<oe and so fVh.
Conversely, if fVh then T(h)<pe . Let T(h, «nZ> )<oo.
Then = (h,2) g 3 (h, F7) = T (h, £0nZ> ).

Corollary, If f,l< f2 . f‘l is real-time computable and

ra is h-computable then 1"1 is also h-computable,

Theorem 9.6, Let f be real-time computable, g be both
total and almost constant. Then the functions f 2 g , {r : g] are
.real-time computable.

Proof, Letbe k€N, gz k. Then k:ge F, kg is

total and therefore k = g is rtc function. Finally, f 2 g =
= (£ + (k2g)) 2k is rtc function as a superposition of rte
functions. For the other functions it holds

f g] Z; [f:n].-gIg--’md-oituouunorpro-
ducts of rtc functions. Therefore 1t is a rt_c function.

Iheorem 9,7, a)letbe he , T(h)<©® h >0 . Then
any function f 1is h-computable if and only if it is a difference
of two real-time computable and. h-computable functions.

_b) Let HSP , let for every h& H hold ‘l‘(h)<o¢ , h>o0 .,
Then any function is weakly H-ccmputable if and only if it is a
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difference of two real-time computable and weakly H-computable
functions,

Proolf a) Let be fVh. There exists a pair <nz>é.2 such that
So 1is an output cell of Z, $8=csin), T(h, Lnz>)< 2.

It hclds -f';<°‘ . Let the machine Z° be obtained from Z by
replacing of any cquadruple <qis‘lqu > by the quadruples <qis,qui>’
(q;Squj> . The functions f'gl. .7'; + 1 are both rtc and

P (TR 1) = (I8« cst)) -

(F2+a)=cslr) -1=1 que.d.

h-cemputable and it holds f'

b) If f is weakly IH-computable there exists h €H such that
£Vh. Following the point a) there exist f,,f,& &_ n{h} F such

‘ 3
that ¢ = f, - f,. Clearly, 1,1, €F NH,
Conversely, let f = f, - 2 ,‘f1, £, ewfn fr' Then min(1 + f‘l’ £5)
fé an rtc function. There exists an h& H such that (1 + fi)Vh.
Then min(1 + or f5)Vh. It holds f = f‘l - min{(1 + f1. fa) and so
fVh, Then the sooner is f enf .,

From the theorem 9.2. and directly from the definition 7.1.
the following theorems can be proved (aralogically as the theorem
9.7¢’l '

Theorem 9.8. A function is almost constant if and only if
it is a difference of two almost constant real-time computable fu-
ctions,

Theorem 9,9, A function is effectively admi'ssibl_e for the
superposition if and only if it is a difference of two real-time
computable functions effectively admissible for the superposition.

§ 10. Other Properties of the Real-Time Computable Functions

In this scction we shall apply the theorems ahout the real-time
computable functions to the so called almost recursive functions and
after that we shall consider the rather properties of the set 3},
in particular its closeness against some operations with the fun-
ctions and the relation to the set ¥ of all yamsdan functions

(i.e. the functions considered in [2] ).
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lef inition 40,14, A function f will be called almost
recursive if it is partial recursive and its domain is a recursive
set.

Lemma 41, a) There exists a function h e® , h>0 such
that for any unary recursive function g it holds lim(g(x) : h(x))-
= 0, *

b) For any function h tulfilllng the conditions of the point a)
and for every unary recursive function g it holds z (g{x) : h(x))<es,

Proof . The statement a) is well known. For the statement b)
it is surricient to consider that for almost all x € N it holds
hix) & x .g(x).

Lemma 2, Let hep fulfil the conditions from the lemma 1.
Then for every <nz>e:¥ T’ (h, <nZYy )<o*R r'z'<o-.

Proof . If T'(h, &nZ» )<oe then because h >0 -7'%

cannot reach the value go . Conversely, let 7 'z‘<¢. « Then the

function f'z' is recursive. Let us denote
£(x) = z z 0‘ T I
X,= ©ox,=0

glx) = £(x) = £(x = 1).sg(x).

The function g is recursive. It holds T (h, <nZ> )&

g.n(x seveosR.) = (
Ez _ ‘ z ! 2 ﬁz il <o® gq.e.d.

x1=0 eee xngo b(-.x(xi..'.,xn)) x=0 h(x)

Theorem 10,1, Let be h€ 0’ , b >0 and let for every una-
ry recursive function g hold 1lim(g(x) : h(x)) = 0, The following
conditions are equivalent: J ’

1) £ is almest recursive.

2) Cs(f) is recursive (remark: Cs(t) is the total function such
that Cs(f) -1 = f)..

3) £ is h-computable. _

4) £ is a difference of two real-time ccmputable functions.
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Proof, 12 is in essence a known statement; the same also
" 4 ~»1 if we consider that every real-time. computable function is.
recursive; 3 =4 is a consequence of the theorem 9.7. There

remains to prove 2—#3, If Cs(f) is recursive then exists a pair
<nZ> € z such that ¢'z' = Cs(f). It holds 'zllo. and the-

reforec following the lemma 2 it holds T (h, <nl> )<o®.

Theorem 10,2, Let f,g be n-ary real-time computable

r(xl....,xn)

functions, let 1lim inf
8(:1...-.xn)

Then the function f2 g is real-time computable.

Proof Let be k., ky €N, <nZ,> , (nza>eﬁ: ¢g1 = £,

n =g, f"',‘.k(‘l*'f). f"Sk('l'*g).Letbe-'QN.
22 Z’l 1 22 P’

1
m# 0, liminf(fig) >1 + — . There exists k, € N and <nZ>&X
m

such that @7 =12 g, Jis ka(f‘z‘l+,7"z‘2)+3:+ag+2

and therefore for convenient k € N ‘r'z‘s k(1 + £ + g), It holds
f:g>1+(1:m), ice. (2m+1).(f 2 g) >f + g for almost all
X, . For almost all X J2gk(1+ (2m+ 1)(f 2 g))a® k.(2m +
+1)(1 + (£ 2 g)) and therefore £ = g is a rtc function,

Corollary. Let be f(x,xn) real-time computable function,

f(x+1, Xp,000,X)
let 1im inf 1 ‘o 51,
f(""l"""n) .

Then g = Dif(f) is real-time comﬁutablo (remark : g(x.xn) =
= r(x.xn) 2 r(x 21, X ).sg(x)).

Iheorem 10,3, Let be ¢'(xn) . 8(x,y,X)) real-time compu-

tadble Cfunctions, let the function t(x,xn) arise from g°, g by the
primitive recursion. Then the function
x

£(x,X ) = Z 1+ 2y, X))
y=0
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is real-time cowputable. (Remark: f£(0, xn) = g'(xn). £(x + 1, Xn) =
= s(x, f(x,xn). xn)-)

Proolf Let be k, €N, let be Z,, Z, machines such that
n L4 n+2 n ' n
¢Z1 =g, (bzz = g, ,21‘ k(1 + g7, 7@k g

By applying the methods of $6 we can find k € N and the machines
Z;, 24 for which is So an output cell, which do not use the .
cell S1 and the state 9 and such that for all v, Xd 2

1) There exists a computation of z3 . from 01 = (qi: Q;O,Xn) to

Uy = (qq; q'(xn) +1,0, X, 0, g (X)) and it holds

L(Zg; Uy, Up) s k(1 + g7 (X)), _

2) There erists a computation of Z, from Uy = (qa; 0.0,x“,x,y) to
U, = (q3: g(x.y.xn) +1, 0, X, x+1, g(x,y.xn)) and it holds
L(ZA: Uy, 04) k(1 + g (x,y,xn)l.

3) Us, U4 are final instantaneous descriptions of 23. Z4. respec-
tively. 23, Z4 have no common cells and no comwon states with the
exception S,, Sy,..., Speqr
above-mentioned agreements..)
Let us put now Z =25 UZ,U { < 93519490 > - <Q4S.1“q2)}

and consider the function ;ﬂ ’ j‘;ﬂl . Let us consider

Sp+ge 93° (It is in assent with the

the computation of Z from (qi; O,x.xn)..Firut the value

g‘(xn) = £(0,X ) .is ccmputed (by the help of Zj), then (by the
help of 24) the values I(I.Xn). I(J,Xn)...., f(x.xn). These va-
lues appear in the cell Sn+3’ Besides they are also put (together
with the added units) into the cell SO' Therefore it holds

P 71 = I For the length of the computation it holds J 3 (x,
XS k(A + g (X)) + 2+ k(14 £(1,X))+2+ ...+ k(14 f£lx-1,
X)) + 2+ k(4 + flx, X)) 41, ) -
Wehave JF 51 E kr'(x,X )+ 2x+ 18 (k.+2)(1+£°) and there-
fore f° is a rte function.

By the same method as in the theorem 10.3. the following theo-
rem gould he proved.
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Iheorem 10,4, Let be f(x,X ) a real-time computable function.

Let the function g(xn) arise from the function r(x.xn) by the -
rcgular mtnimalisation. Then the functions

g(x )
(10.1) ‘ g'(x) = Zy= £y,x )

is real-time computahble. (Remark: g(Xn) is the least na'tural number
u such that f(u.xn) = 0; by the regular minimalisation it must

exist.)

We are not giving the prcof, We only note that we need net to
form the sum of the values 1 + r(y.xn) because all the tcrms

£(y,X ) in (10.1) with the exccption of the last cne are non-zero.

Theorem 10,5, If a function f(x,xnf is real-time computable
then the function g = Sum(f), i.e.

. x :
o * 8, (x,xn) = 2y= I(y.xn)

is also real-time computable.

Proof , Let us put in the theorem 10.3, glx,y,X ) = £ly + 1,X.),
g (x )= £(0,X ) . Then £7(x,X ) =1+ x + g, (x,X ) is also rte.

Let us consider the funct.ipn sg f(y.xm). It is bounded and rtc and
therefore it is almost constant. There exists a &N such that for

;'= min(x,a), bi = min(xi.a) (i =1,..., n) it holde sg f(x,Xn) =
= g £(x’, B)). Lot us put ¥ (x,X) = sg(t(x’, B).5q(a £ x)).
Then # isrte, P (x,X ) =1 if xZa and r(x',xn) ¥ 0,

In this case f(y,X ) >0 for everyy Za.Ir - P (x,X;)) = 0

then x< 8 or f(x,Bn) =0,1f xZa, ‘the second relationship

implies f(y,X ) = 0 for every vy a. Therefore it holds (for

every x, xn) : ' ) ' . .
. ‘ =
8, (x,X)) = &g Pix,x ). Z (£(k,X ) .88 (k 2 x)) +
. . k=0 .

+ Pxx) o (E7(x,X) + x5 Px,X) 2 (x+ 1)),

The functions 't‘(x.xn) + x.88 & (x,x ), x+1 arerte
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functions, Farther ror'every x »>a (and Xn 'arbitrary) it holds

£x,X) +x .58 P xX) =4+ xvg (X )+ xT P (x,X )2
o .
Zx +Z (f(y,xn) +3g P (y,Xn)) £ 2x - a and so
y=a
lim inf (( r'(x.x") + x.58 ¥ (x.Xn)) : (x + 1) & 231, Therefore
(£7(x,X ) + x.58 ¢ (x,X)) * (x + 1) 1is a rtc function. All the
other functions in the expression of 8y are clearly rtc and there-

fore g is also a rtc function,

Lemma 3, Let f(x,xn) be a real-time computable function, -

f £ 2, Then the function gy = Mult (f) is also real-time computable.

Proolf . Following the theorem 10.3, the function g, .
X
g(x,X ) =1+ x *Z g (y.X))
n y=0 n

is rtc., It holds 32(""‘“) = g(x.xn) = (1 + sg x.g(x21, Xn)).

Now it is sufficient to use the theorem 10.2. .

Theorem 10.6. Let be a function f(x,xn) real-timc computable,
Then the function g3 = Mult(f), i.e.

X

gxx) = [T t.x)
y=0

is also real-time computable,

Proof . Let be again x = min(x,a), b'i = min(xy, a) for
‘i =1,...,n and let be a chosen such that for every x, xn
sg(f(x,xn) 2 1) = sg(fix, Bn) 21). Let us put

PhUx,Xp) = 2088 £(x,X) + (1 + §Z(x2a)).£(x,X ),

a
Pixx)=352g (/] £kB)) + sglaz x) + sg(r(a,B.) 1)
n n n
k=0

The functions f°, ¥ are rtc. The equality ' (x.X“‘) = 0 holds
if and only if xg a , !‘(a,Xn)§ 1 or when t(k.xn)'= 0 for
some k = 0,1,..., a. It holds f&2 and therefore Mult(f’) is

a rtc function, We can write thc function -5 also in the follo-
wing way: '
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a
X ) = 8 @), T[T (10X ) 5Ekex) + sglkin)) +
k=0

x
+ sg P (x,X)). [TT £7(x,X) ¢ 2“1] .
' y=0 :

So g3 is expressed by the’ help of superposition of rtc functions
and thcrefore it is also a rtc function.

.Q arollary. The functions x!, xY are rval-time computable.

Proof . It holds x! = Mult(x+sg(x)) ,
) = SEly) + sgly).Mult( I3(y 1, x)) and x + y , sglx), FE(x),

x =1, Ig are rtc functions,.

Theorem 10,7, Let be f(x,X ) a real-time computable function,
let

£ (y,x,X ) = x 2 Z_ £(z,X ).
z=0

Let the function g(x.xn) arise from the function f'(y,x.xn) by
the minimalisation., Then the function g(x,xn) is effectively
admissible [ or the superposition. (Remark: ’

‘ y : .
glx,X) = Ay, X)) = 0 = Y E XY E X))
) -‘ z2=0
Proof ., Let x’, by (i =1,...,n) have the same signification

as in the nbove-ucntiéned proof, We chocse a € N in such a way
that for all x, X, . it holds lg.t(x,xn) = s8g £ix", Bn). The function

9’ (x.xn) = lg(f(x',Bn) ., (x 2 a)) is almost constant. If
= ”(x.xn) # 0 then the value g(x.xn) is defined and moreover for
all.ygx " it holds t'(y,xn) Z 1. (This condition means that the

machine Z a description of which we are going to give later on,
.wi}l not compute uselessly such values of f which vould not dimi-
nish the content of Si.) The function A :

y - L]

Wx,x) =58 P X)) Z £(z,X;) = 3¢ Px.x). Z £(x,B)

z2=0 . k=0
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is Lounded. Therefore ky @ N exists such that for all x, ;; such
that ¥ (x,X ) =0 is g(x,X ) defined only if xg& k,. Therefore

the function sg ¥(x,X ) . g(x,X ) is almost constant.
n n

There exists a machine Z, and k € N such thnt‘
1) it does not use the cell S,.
2) the cell S, is an output cell of Zi.
3) for every instantaneous descriptions Ui = (qaz 0.0,Xn.z) .
U, = (q4: O.I(z,xn).xn,zﬁ) it holds L(Z,lz Ul.Uz)ﬁi(i + f(z;Xn)_)
and Uz is a final 1nst.ant~npeoun description of Zi.
Let us adapt the machine z1 into a machine 22 in such a way that
every quadruple (9151""j> be replaced by the quadruples <q131!q;>

<qislqjq0> .

Now let be Z a machine such that by its computation from
(qq: 0,x,X ) it computes at first the value 7 (x,X)) . If
y(x.xn) # 0 then Z passes to (qq; 0,x,X ); if ?(x.xn) = 0
then Z computes g(x.xn) directly, as a value of an almost con-

stant function. The machine Z can be constructed in such a way
that the above-described phase of its computation has bounded length.
From the instantaneous description (qss o.x,xn) let the machine 2

compute like the machine 23 v {( q4siq5qo > ,‘(qssqu:,)} e In
this phase Z gradually computes the values I(O,Xn) » f(!.!n).....
subtract them from S, and adds 1 to Sg by every finished

subtraction until the content of s;1 is exhausted., Therefore it
.\ n+l ) :
notas P 7t = g.

Wo can assume that by the second phase of computation of Z a unit
~ is subtracted from the content of S,1 ~at least in every ki-th )

. .
step. Then there exist k;, k; € N such that f; 1: kgex+k,
and therefore g'(x.xn) is eas function q.e.d.

Iheorem 10,8, Let be f(x,,...,x;) real-time computable

function, 8qseees 8, m-ary functions effectively admissible for

the superposition. Let g be the superposition of functions £,
8goeseoly and let for some k @ N and every xi.....x'- hold

g(‘#.aoo,x-)s‘k(i + '1 +.000 *+ x-).-
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Then the function g is effectively admissible for the superposition.

Proof , The machine Z can work in such a way that it computes
the values gl(xm)....} g,(X ). from common inputs data in S,,...,5,.

If all these values are defined then Z computes the value g(Xm)

from them., If not then Z stops. For the length of computation of
Z the necessary evaluation will be fulfilled if the values 5i(xm)

(1 =1,...,n) and f(gi(xm).....gn(xm)) are computed in a competent

way. (E.g. by'the modelling of computations of convenient machines.)

Examples . The functions (x + 1)" - x™ is rtc because it

is a polynomial with natural coefficients. It holds

y
["\l" x :1]=/4_v(( 2. G+"-MHzx
~z=0.

n
and thcrefore [ V x = 1] is an cas function. Decause the function
n
x + 1 1is eas the function [ V X ] is also eas according to the
n
theorem 8.2, It holds [ V x |"< x, x™ is rtc function and

therefore [nv xJ" is eas.

Theorem 10.9. Let be h € , let m-ary functions

fi.....f be h-computable, let f be real-time computable function,

n

g be the supcrposition of the functions f, f fn. Then the

greces
function g is h-computable if and-only if 3 (h, Cs(g))=<ee .

Proof . The necessity of the condition 2 (h,Cs(g))< oo
is trivial, The machine which is needed for the converse implication
can be easily constructed. We are not giving the detailed proof.

.Theorem 10.10, ‘Let f be an n-ary total function effecti-
vely admissib;e for the superposition, let

. Py eeey X.)
lim inf - 1 L

> o,

Xg ¥ oeee X

Then the function f is real-time computable.
The proof is trivial,

E x'agg ple . The function ['ﬂyf;i]“. is rte.
We recall now the definition rrom [2] .
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Definiltion 10,2, a) An unary total function f is called
Yamadan function if it is increasing, f(0) >0, and if there exists
a many-tape TURING machine which prints in évery step one symbol of
the sequence (ai.'aa. aa....) vhere

ag = 1 if m is a value of the function f ,

l-4=.0 if m is not a value of the function f
onto its output tape,

b) The set of all Yamadan functions will be denoted by 52.

We note that following the [5] it is not necessary to ask the
printing in every step but it is sufficient to ask the printing
(at least) in every k-th step where k is a natural number.
Because the Yamadan functions are unary {and increasing) we are
going to compare them only with unary rtc functions (mainly with
using of operators Sum, Dif).

Theorem 10,41. Let f be unary real-time computable function,
£ > 0, Then the function g = Sum(f) is Yamadan.

Proof . Let be Z a machine with regular output in every k-th
step (for n = 1), let ¢% = f -1 and let the computation of Z
from (gy; 0,x) end by (gy: f(x) = 1, x). Let us put 2°= 2

v {<“051Pq1 >}

We interpret now the machine 7’ as a~many-tdpe TURING machine.
We add an output tape to 2°, Let Z° print into this tape the
symbol 1 by the using of quadruple<{q051Pqijr and the symbol O
always when Z° adds 1 to Sj. Let the computation of Z° begin

from (qi; 0). Then the sequence of symbols

0f(0)-11 0!(1)-11 Of(Z)-il e

arises on the output tape. The machine Z gives a symbol on the
output tape in every k-th step, The m-th symbol is 1 if and
only if m is a value g for some x., Therefore g is Yamadan
function.

Theorem 10.12, Let be f(x) real-time computable function,
Let there ekxist a real number £ > 0 such that for every x &N

£(x+1)
— P
£(x)

1+€E.

Then the function f is Yamadan.
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Proolt . Following the corollary of theorem 10.2. Dif(F) is
rto function, Dif(f) > 0 and then f = Sum Dif(f) is Yamadan
function according to the theoream 10.10.

§ 11, Polynomial Computability

In this paragraph H, means the set of all functions (1 + x")
n'1,2,3..... ‘

Definition 11.1, A function f is called polynomially
computable if there exists n € N such that f < x".

Theoresns ugig' Let £ be an n-ary function. The following

conditions are equivalont:

1) £ is polynomially computable,
3) f£ is weakly Hy - computable,

3) There exil'u a machine Z and k € N such that for almost
Lall Xg,eee, X EN ’ ‘

r f;(xl....,xn)g (xg + oeo x“)k .

‘Remark, Following this theorem the set of all polynomially
computable functions is equal to 0 °

"Proeo t. 1— 2, It £<x™ then because x™ V (1 + x®*%) it
holds £V (1+x™2) 243 .1f £V (1+x™ then there exists
8 machine Z such that Pz =1, 1°(1+x", gnZ> )<o® . Then
for almost all X S 7(X )= (1+ x3) ... (1 + x7) and therefore
n mn+1
for almost all X J ;(x )g (x; + .o + x) .
3~>1. ‘Let Po ¢'z' =f, f;(!n) §(X;)k for almost all Xy o
We shall prove < xX . Let be 2 (n, 1 + x¥)<oo . For almost
all . f;(xn')é nk. (1 + x:) wee (4 +.x:) and therecfore it is
sufficient to prove Z (h, (1 + x:) eee (1 + x:))<60 « It holds
2 (1 + x:) eee (1 + x:)) = ( Z(h,(1+ xX)) o0 . Therefore
x*Vh implies fVh, 1.e. £=<x" q.e.d.

.frn the theorem 9.,8. follows immediately:

Theorem 11,2, A function f is polyno-ilily computable if
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and only if it is a difference of two functions both real-time and
polynomially computable. ’

From the theorem  9.6. follows:
ITheorem 11,3, A real-time computable function f is poly-

nomially computable if and only if there exists k € N such that
for almost all x,,...,x, 1t holds f(xi.....xn)ﬁ (x,‘l * wee +'xn)k.

From theorems 11.2. and 11.3. follows:

Theorem 11.4. An n-ary tc al function f is polynomially
computable if and only if there exists k € N such that it holds

f(xi,....xn).’_'. (x,1 ¥ gem * x“)k for almost all x,l;....;n and

the function Flxgreee,x ) * (%) + ou0 # xn)k "is real-time com-
putable. :

All the almost constant functions and all the functions
admissible for the superposition are polynomially cosiputable. We
are not going to repeat the known examrles of these functions.

Theorem 11.5. The superposition of polynomially c.mputable
functions is also polynomially computable.

Proof, Ltbe k€N ,<mZyH>€EF (m#0), <nzi>'ez
(1 =1,...,m) and let for almost all X, X_ ?‘;o(x_)g )k,

J'; X )s (x)% | Let be a machine Z such that
i m n

(P'z‘ = s+l (¢;o. ¢;1 eees ¢;-) and which works.as follows,

In the first phase Z modells the computings of 21,....Zn from

common input data and then from corresponding results the computing
; n

of Zg . 1f ¢Z # 8 then thgro exists k, & N such that for

almost all xn :

TS "1-‘7'21‘-"..’ *eee + 7,;_(xnn + .7";0( ® ;1(x,,).
2 .
SO0 ¢ ; (!n))g' (X;)k *1  and therefore ¢; EHS-
- )

ITheorem 1176, If the function £(x,X ) is solynomially
computable then the function g = Sum(f), i.e. '

x .
8(x,X ) = E _ £(x,X,)
is also polynomially cosputable.
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Proof . Let us consider first the case when f is total.
Let be f=t, -2, 1, 5 € F Auf. Then g = Sum(f) =
zSu-(ti) - Sum(f;) . The functions Su-(ta) and Sum(f,) are rtc
and then following the theorem 11.3. they are also polynomially
computable. Then g is polynomially computable according to the

theorem 11.2. If f is a partial function let be r; = Sum Cs(f),
f, = Sum 8g Cs(f). It holds

.

g(x.}n) = (fi(x,xn) 2 (x+ 1))+ (0= £3(x,X))

and therefore g GFHS according to the theorem 11.5.

Theorem 11.7, Let a function f(x.x“) be polynomially
computable. Let the function g(x.xn) arisc from the function

f(x,xn) by the bounded minimalisation, i.e.

g(x.xn) = g y(y_."._: x & f(y.xn) =0).
Then the function g 1is also polynomially computable.
Proof , We express the function g with the help of Sum, Cs,
functions from HF. and superpositions. By this g E:HS will be
proved. Let be f, = Sum 8g Cs(f) , £ = cs(f) ,
fa(x,%X) = £,(x,X) + sg [t2tx.%) - 1| . The functions fg, f

give by the bounded minimalisation the same results. Therefore we
can assume that f is total. Then it holds

X y21
glxX) = ) . FE (fyX) *+sgly) . ) T LzX) ).
y=0 z2=0

Theorem 11.8, Let a function fix,X ) arise from g'(xn).

g(x.y.xn) by primitive recursion and let there exists k & N

such that for ail x, xn

flz,X) = (2 + x ¢ x5 ¢ .00+ xn)k .

if the functions 'g, g’arb polynomially computable then f is
also polynomiaily computable.

The proof will be only indicated. We should find (analogically as
in the proof of the theorem 10.3.) a machine Z such that

2*1 = ¢ and then prove that for some h €M, it holds
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T°(h, <n +1, Z> )<oeo . The substantial part of the work of Z
would be taken by the computation of values of. g (the value of (’
is computed only once). By the computation of r(x.x“) it is nece-

ssary to compute (yg = g'(xn) ahd) v, = 8(0,y0.%), ¥ = 8(1,y,X,),
cees Yy = g(x.yx_l.xn) . There exists m € N such that for the
computation of g(u,v.xn) it is sufficient to make (2 + u + v + X;)'
steps. It holds y, s (2 + x + X;)k for i =1,..., x and therefo-
re for the computation of Yyreeer Yy it sufficient to make

x.(2 +x + (2 +x + x:)" + x;)"' steps. (If f(x.xn) will be not

defined then the computation will be shorter.) The evaluation of
the number of remainded steps is easy. We can consider that for

K
convenient k, € N it holds .T'z‘ﬂ (x,X )= (2 +x + X;)." and
then f € H:; according to the theorem 11.1.

Remark. We could not use the well known modus of expression
of the primitive recursion with the help of minimalisation because
by this expression too big functions are needed. (The function ax
is not polynomially computable already.)

At the end we shall express Hf) in the form {h} F and we

shall characterise the set Hg with the help of quasi-ordering
< and the superposition.

Lemma 1, There exists a function h,l P o h1 > 0 such
that for any unary recursive function f
= (h‘l' f)<oe if and only if there exists h G.Ho such that
Z: (h, f) <oe
The proof is given in §12.

Theorem 11,9, Let be h, the function from lemma 1. Then.
a function f is polyncmially computable if and only if it is

h1-computable. (I.e. {h‘l} F oo Hg .)

Proof . Let f be an unary function, Then f € Hg if and only

it Csl(f(e 4(x),.en,c (x)) € H‘; . Therefore it is sufficient to
prove the theorem 11.9. for unary total functions, Following the
theorem 9.7. it is sufficient to prove 11.9. for any (unary) rtec
function f . It holds fVh, & P (ho.t) .

re Hf,s (I ne Hy) (L (h,f)<e= ), But f is roeurli.vo and
therefore thol fe Hl"; according to lemma 1 .
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ITheoremnm ‘1‘1,‘10, The set H:; of all polynomially computable
functions is the smallest set which has the properties:

1

1) 1t contains the function I, (remark: I}(x) =x ),

2) it contains with any function f all the functions g such

- that g=<f . '

3) 4t is closed under the superposition,

Proof , It holds i.yé 11 because x.y, I: ' are rtc functions

and for every ne® 3 (hxy) = (X (h.I}))z. By the superposi-

tion all the functions xa. xa, x‘. ese can be obtained fr‘o- x.Y ,
I‘l « 1f we add to these functions all the functions g, g<xk

for some k € N, we obtain the whole set Hg « Conversely, the set

lls has ill there properties from the theorem 11.10. as we can ne.

from the above-mentioned theorems.

§ 12, Supplement

Theorem 13.1, For any probability . p there exists a sequ-
‘ence (h‘l’ hy, ha....).or functions from ® such that 0 <T(h1)<-‘

"for all i = 1,2,3,... and for any n-ary non-negative real-valued
function f it holds

X (a0 :
(12.1.) lim =—F——p— = e “"n’-"‘ﬁ"“"“n’
e (T(ny)) %70 =0 : -

and the right side of (12.1) is equal to o if and only if
" X (h,f) =o® for almost all i.

Prooef . Itwill be only indicated. Let us put (for ig N,
170 andel} x @M hx) =[i: ptx)] . Let p, be the probabi-
1ity coordinated to ll" for i =1,2, 3, «co. « There oxist real-
valued seguences ('a‘. a3, a5, ese) , (by, by, bg,.ee ) such that
lim a = ilim bi =1 and for all =1, 2, vee and all x & N
ioew ives _ .
.‘.p‘(x)l pix) & l-:i'..pi(x) « The left side of (12.1) can be expressed -
as . ‘

E: f vee E r(xn).pi(zx'l)...'pi(x';).

xi-O xn-o
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Now it is sufficient to use the comparative criterion. (Remark: The
function f can reach also the value os ) ’

The following theorem is only ancther formulation of the lemma 1
from 510 :

Theo rew 13,2, Let be noet? " ho(x) = (1 + x) [logz(nz)] 3.
n€N,n#0, let be® a real number. Then :

© 1) I (hg, min(x)) =%
©2) T(hgl<oe,

: 1
DX ([1+5] ,minx))<e* B ot >1+ — ,
: n

4) 1([1+ fj )<eooF X >1,

Proof . T(hy)<os follows e.g. from the integral criterion.
Following the comparative criterion we get the implication « in
.4); the orther implication is trivial. Analogously we get 31,
We must prove yet the point 3). Let us denote

B i e

S = [1+3] ...+ x;‘]

It holas B & Z ( [‘1 + x‘] ’ -m(xn))ﬁ n.B and therefore we can

~consider B instead of Z ([1 + x“] » min(X )). It holds

For &% 4 is trivially B=oe . Let be o >1 . Then

lim (-—x—a—-: —ai-q—)"l-
[1+ %] x .

y=x

E 1 1 1
lim -IT:—’-—.-j-—) H -;ﬁ—)' & 0<eC -1<oe
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and therefore B <o® if and only if

i % 1 n-1
('__-T-'I_' . (—-z:{—) )(a'and it holds just when
x=1 X . X ‘

x-n.(O‘ -1) ' 1
Z < oo i.. nlot-1)>1, i.e.0l>1 + - q.e.d.

x=1 n

\

In the proof of theorem 8.4. the following statement was used.

heorem 12,3, There exists a function h€® , h>0,
E (n, I})‘“ such that for any unary recursive function f

oo ‘
: £(x) z f(x)
lim sup = 0O implies — 2 0O .
x x=0 h(x)

- L J
(We note that- X (h,I3)<®* 2 T(h,I})<eo and therefore it
is sufficient to prove this theorem,)

Proof , Following -[4] for any sequence (c,, c3, C4,...) oOf

__puit:l.-vo real numbers such that lim inf e, = 0 there exists a
sequence ('1' 8, 13....) of positive real numbers such that

oe
L_ s oo L onse

x=0 x=0

Let us order all the unary recursive functions f such that
1lim sup(f(x) : x) = ©© into a sequence (rl. f3, f3....) and for

any 1=1,2, 3, ... put °1(" = (1 +x) : (1+ ti(x)) . Then
(for any 1 ) lim inf ci(x).- Q and therefore there exist sequences
(ai(x) .x = 0,1,3,... ) such that

B
Z (x) =00 ; 1= ()t s
= a,x) = ’ e &,(x) < °
A TN al

x=0 x=0

Let us put hi(x) = a,(x) : (1 *'fi(x)). Then
[ d . o

) (ot by =00, ) (e b=z,

x=0 x=0
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 d
for b(x) = Z bi(x) it holds (for all {1 =1,2,3,...)
i=1 -
- o
2 1 + fi(x)).vb(x) =o® , E (1 + x).b(x) = 1.
x=0 x=0
L= oo
Therefore z b(x) =1 and then z fi(x).b(x) z o9 ,

x=0 - x=0

"'Now it is sufficient to put h(x) = [2 : b(x)] for all x€ N .

Let now H, have the ‘same meaning as in $11.

ITheorem 12.4. There exists a function h,lef » >0

"such that for any unary recursive function £ it holds.

) <=z 31;6 H;,)('ﬁ J =) .

Proof . Let be (ag, a,, 85,00.) a8, =0 An increasing

sequence of natural numbers such that for any infinite recursively
enumerable set B = { bo, by, "2""} (where bo<b1< by< awa ),

it holds a; > b, for almost all .i & N . Let be h,&® the
function such that

i

= =
hy(x) =14 +x it a; ,Ex<a; .

If for some h € Hy it holds Z(h.f)<0° then :ollowi'ng the
comparative criterion it holds a.lso Z(hl'f)':"". .
Conversely, let be f an unary recursive function such that

( Vh E‘Ho)'( Z (h,f) = oo .( Then also ( V h € Hy) (1lim sup
f£(x) o

h(x)

zoo),

Let us put bo =0

+ by,q = the least natural number greater than b, such
that f(x) &z, ’

The set {bo. b‘l' "2""} is recursinly enumerable and there-
fore for almost all i it holds h1<a1 . If b1'< a, then
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hi(bl)a‘l. + bi . But t(bi) Zbi , 80 in infinite series Z (h,l.t)

the 1imit of x-th member is not equal to zero and therefore

Z (n,f) == .,

Symbols Register

The number of the paragraph dealing with a given notion and
also a short (maybe not fully exact) explanation of the meaning.

Usual Denotions (§2)

x€A x is an element of A

{x' U4 (x)} set of all x with the property P
AXB ) . cartesian product

A AXA ...XA (n-times)
<81.-...Xn7 ordered n-tuple

AGB set-theoretic inclusion

hi"""n) or

(’1' i=1,.00,n) finite sequence

(xq, X3, Xgseses) OF

“i' i=1,2,...) infinite aoquenée

[“l""'xn} finite set

—),E,V,&,j .V,3

logi cal Qi gns

-<
=3 < less or equal, less
) ‘infinity

n . .
E t sum, product

=] i=
[;]’ ) whole part
Ix‘ ) absolute value

Operators (§2)

cnlg) Null completion
Cs(f) Cn(1 + f)
pig(e) Dif Sum(f) = f for total f
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Nult(£) ' Multiplication
s‘"i(f.g,. ceerBy) Superposition
Sum(f) Sumation
"-y(f(y.xn) = 0) . ‘Minimalisation

Number functions (§2)

c(x,y) Numbering function;
(x+y) (x+y+1)
c(x,y) = —————————— + x
‘ 2

e, (X)) enﬂh) = c(c...e(xl.xz).....xn)
cpy () °n(°n1(‘)'""°nn(‘” =x
D(x,y) Greatest common divisor
hy(x) §7 Bo(x) = (1 + x) [1ogy(x + 2)] .
n n
I(x,) I-(xn) = x,
1(x) : Numbering function; c(l(x),r(x))=x
[logyx] Whole part of logarithm
uin(!n) Usual minimum

»* L
min (X)) Minimum by the ordering &
n(x,y) ; Smallest common multiple
o(x) o(x) = 0
o (X,) o"(x,) = 0
q(x) q(x) = x ¢ [V;]a
r(x) Numbering function; c(1(x),r(x)) = x
rest(x,y) rest(x,y)=x = [x : y] .y
s(x) s(x) =x +1
sg(x) 0if x = 0, 1 otherwise
8 (x) 58(x) = 1 - mg(x) ®
r(x.y) C(x,y) = rest(1(x), 1.+(y + 1).r(x))

: X c X, : =
[x :¥] or[y] Whole part of y.[x.() 0
x! 2 Factorial
xY Power
x>y x-yif xgy, O otherwise

lx-yl (x 2y) + (y & x)



Abbre viations
B“ §2
eas §8
rte §9
!n §2
+
§2
Relations
fYh §5
I<g §5
g>t §5
Wik~ §5
U=-V(Z) §3
U=>v(2) §3
x5y §2
Sets
i— §2
£ §7
j;n §8
£ 59
£ 58
f; §10
o 55
L §5
fh} E §5
Hy § 11
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b1,r-o_-n bn

Effectively admissible for the
superposition

Real-time computable
xi.oc.,‘n

xa* ese *+ xn ’

f is h-computable
f is simpler than g
g8 is morec complex than f

Kelations derivated from »

V arises directly from U by the
computations of machine Z

2%>(Z)" is reflexive and transitive
closure of "—»(Z)"

0O<xgy or y=0

The set of all ...
+«s partial recursive functions

+ss 8lmost constant functions

«oo functions effectively admissible
for the superposition

eees real-time computable functions

«es functions admisible for the
superposition

«++ Yamadan functions

+o« weakly H-computable functions

+ss strongly H-computable functions

__«es h-computable functions

ess functions 1 + x", n = 1, 3, 83,000



’ iy §11
N §2
/4 §a
z .53
'] §2

','-0_'ther denotati
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ees polynomially computable functions
ses natural numbers
«es unary total functions

eee pairs <nZ2 , n€ N, Z is a ma-
chine
Empty set

L(Z; u,v) §3

L(Z; U) §3
¢ §3
72 §3
Z (n,1) §9
T(h,t) §5
T(h) §5

T’(h,<nZ>) §5

T(h,<nZ%) §5

Length of computation of Z from

U to V '

Length of computation of Z from U
n-ary function being computed by Z

Computation time of ¢'z' (on Z)

2 (h,£(x)) =

i i Ry v B} -
-..M‘o h(xi)...h(xn)

X1=o
int{ T(h,<nz>)| < nz>eZ&¢:: r}
Z (n,1) ' '
Zm, I

Expectétion'of .f'; by the probability

coordinated to h
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ON THE EXISTENCE OF CERTAIN OVERGRAPHS
OF GIVEN GRAPHS

FERDINAND GLIVJAK, JAN PLESNIK, Bratislava

In this paper are studied mixed graphs i.e. graphs which con-
tain directed and undirected edges too without loops nnd_nultiplo
edges. To a give graph G not necessarily connected and finite is
constructed its overgraph Gi with a given diameter and such that
after deleting every edge'and also after deletlng every vertex and

"all edges incidental with this vertex the diameter will be greater.
Moreover the neighbourghoods of every two different vertices of
graph Gi are different. This question was solved also if we suppo-
se that G and G‘1 are cimultanooully undirocted or directed or
oriented.

' This paper is genoralization of one result from the paper [2]
where this problem was lolved for undirected graphs and diameter 2.

Under a graph G = (U,H) we understand a puir of sets U,H
where U is the set of vertices, H = H,l U Hy; is the set of edges

whereby Hi is the set of undirected edges (i.e. a subset of the
set {(x.y), x,y € U} Hy is the set of directed edges (i.e. a subset

‘of the set {(x—.?)l x,y € U} .
The following conditions for the graph G = (U,H) will be used:
‘(1) G does not contain loops nor multiple edges

(2) if (x,y) € H then (X,y) f H and also (;‘.‘:’:)#n. for every
x,ye U

(3) u (£;¥) € H then (¥,%) du, for overy x,ya U,

In the next we suppose that graph G fulfils the conditions
(1), (2).

Definition 4. The graph G will be:

a) undirected if it contains undirected edges only

b) directed if it contains directed edges only

¢) oriented if it is directed and fulfils the condition (3)

d) tournament if it is oriented and for every two vertices x,y eU

is either (X,y) € H or (y,x) @ H.
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The basic notions not defined here were taken over from [1].
The distance from vertex x to vertex y in the graph G we shall
denote by fg (x,y). The diameter of the graph G we shall denote
by d(G).

Definition 2, a) A graph is without superfluous edges
if after deleting every edge the diameter of this graph will be gre-
ater.

b) A graph is without superfluous vertices if after deleting every
vertex and edges incidental with this vertex the diameter will .be
greater.

D ) finition 3, The neighbourghood of a vertex u in the
graph G = (U,H) will be the ordered trinity of sets (A,B,C), where

a={x] wxen} ,p={x] @oen}, c= {x| w en}.
Lemma 1. Let G be a graph which is not necessarily connec-

ted and finite., Then there exists a graph R of the dfameter at most
2 and such that G 1is its section graph.

Proof. It is sufficient to construct the graph R = (V,E) where
V= Uu[l) ,afU andE=H u{(a,x)' x € U} 7
Theorem 1, Let k22 be a natural number. Let G = (U,H)

be a graph which is not necessarily connected and finite. Then
there exists a graph G,1 of diameter k and such that:

1) G 1is its section graph
2) the neighbourghood of every two -different vertices differ
3) G, is graph without superfluous edges

4) G1 is a graph without superfluous vertices. A

Proof. According to the Lemma 1 we can construct the graph
R = (AI.E) of the diameter 2 and such that G is its section graph.

Let Ai = {f jé€ JJ , where J 1is a set of indices. The graph

G = (Uy, H,) we construct by adding other vertices and edges as fol-
lows:

Uy

[w} VSJA‘ , where A, [a‘ ,j € JJ = EUE.E,VE, where
{(w,x)' x € AJ UUU( sl"i“*}
. = {(x AR, )f‘ Ea (x’.f)¢En. (y,X*) @ E ; x7, quJ
. —
s [(x‘. ™) | G i, %) E, (x?, y7) ¢E ; x7?, y'GA,J.
The sketch of this construction is in Fig. 1.

m & m
" (]

~ First of all we shall prove that da(G) = k., Let be 1<€isk ,
18 jsk and r,s6¢J. If r=s then § (ai .az ) = ?(li ,.'l:; )<k,



L

Py
——

4 e s emre e

—p —l
Let r # s; let (’:.g‘)tﬂ and (a; a‘)‘l{. ‘
If i+jsk-1 then the path 9‘.9. voossl » 5‘ , ve.edl) has the

length at most k. If i+jZk then the path (a .a:'.'...,g:,w,t:....lj)

has the length at most k. Hence l; a‘)ck.

If i+j<k-2 then in the graph R there exists the path (n‘,z. )
of the length 2 and the path ( ,....a‘ »Z, i ....i) is of the
length at most k. If i+j) k-1 then the path (a 3’......&'.& .....a“)
has the length at most k. Hence also f(g , A)sk.

"~ Other cases may be verified analogously. So d(G) =

Directli fros the construction one can see that the conditions
1) and 2) from the Thcorem 1 hold.

The graph G,' is without superfluous edges because after dele-
ting the edge: (w,a ) for r€J would be f(w.a)yk

(s, »"4} for 1§i¥k-1; r€J would be ¢ ( a" .a;“)ﬁ
(a.a:).for 41, ki r,8€J would be _r(‘. a)) >k
(F.u) for j=1, k; r,s €J would be 9(a},a])>k.

The graph G‘1 is without superfluous vertices, because after ;
deleting the vertex (and also edges incidental with this vertex)

.‘,tor‘ 251Sk; r€J would be f“'o")>k
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al,for réJ would bo f(g: x)> k, for every x €Ay such that either

. (% x)&H or (. x)&e Hy ©

w , would be f(x.y) >k for evory x,y6 A, such that either
(x,y)¢H, or (x.y)’ll, , Hence the theorem holds.

_ Corollary 1, Let G = (U,H) be a finite graph and
" |Ul = n. Then for every two natural numbers k32; s»1 there exists

a graph Gi of diameter k, without superfluous od;u, without su-
perfluous vertices, with the number of vertices k(nu)'-‘l ‘and such-
that G - is its section graph and the neighbourghood of every two
different vertices differ.,

So it is obvious that for -a'given graph G there exists an in-
finite number such graphs G B

Corollary 2, Let ¥ be a system of graphs and let
k32 be a natural number. Then there exists a graph of diameter k,
without superfluous edges and supefluous vertices such, that every
graph from the system r will be its section graph and the neighbou-
rghood of every two different vertices differ.

Remark 1, Let G be a undirected graph. Then graph G‘l
constructed by Theorem 1 will be also undirected. If the set of

vertices of graph G will be finite, countable, uncountable the set
‘of vertices of the graph G‘l will be also finite, countable, un-
countable, respectively.

Corollary 3, Let G be adirected graph, not neces-
sarily connected and finite. Then there exists directed graph Gl
of the diameter k, without superfluous edges and superfluous ver-
tices such that G is its section graph and the neighbburghood of -
every two different vertices differ., .

Proof, It is sufficient to replace every undirected edgo (u,v)
in the graph G, from Theorem 1 by a pair of edges (u, v). (v.0).

Lemma 2, ‘Let G be an oriented graph, not necessarily
connected and finite. Then there exists an oriented graph R with
the diameter at most 3 and such that G is its section graph.

Proof, Let G = (U,H) and U ={u;|16€J} . Then it is sufficient
'to construct the graph R = (V,H,), where V = Ilu{v,“e.l}u{'} and
Hy = Hu{(%Y) | 16J}v{(n‘,w) i 1¢J}u {(Z7uy) | 1,5€3} . This

oonotruouon is 1llultrntod 1n Fig.

. Iheorem 2, Let G be an oriented graph, not necessa-
rily connected and finite. Let d 310 be a natural number. Then
there exists an oriented graph G1 of diameter d and such that:
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1) G is its section graph

W . 2) the neighbourhood of every
two different vertices dif-
fer

3) is a graph without superf jo)us
edges

4) is a graph without superfluous
vertices,

Proof, According to the Lem-"
ma 2 a graph R = (U,H) may be
constructe such that G will be
its section graph, Let U ={u |-
| eJ} let k,k be natural number.
The vertex ut of the graph G,= (.UIH) will be the Iollowing set:

Uv{'}u U’y U; UY vAuB , where U’= {u‘-lieJ} . ',',S [lejiJk,

ly'.'ljéd} , '
A-{ l(u .u)‘E» (ul,u,‘)#E;iij}-
B ={b‘1,(u .u )¢ Ea (u .u*)‘E ;1 JGJ}

U

Yo

Let E’'= {(u‘,ui' (uj,u‘;)¢E : i,j CJ} . Let Hi denote the

minizal set of edgol. that »tor every i J the following sequences

y» Aee  uty?
form path: .q. .....x‘ ) s (U, Y seeen ¥ ue,ys W), Lot us
dennto Hy = i(xz ) ’ (.1“1’) ,eA s 1, jeJ}

{(x’-.b" ), (b uo) | bej€B; 4,5€} . The set of odgu of the

_ graph G,‘ will be ll ‘EvEUL H!“ HyuHy . The conmstruction of the
graph G, is illustrated in Fig. 3.
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It may be verified that the longest path of the graph G, has
the length d = max (7, 2 +k-1, 2k+& -1, k+£ +4) , Let us put £ 2 5;
k=1,2; then d = 2¢ +k-1, Hence the diameter d of the graph Gl may
be equal to any laue more than 9, for suitable Z, k.,

From the above mentioned construction it follows that G,1 ful-
fils the conditions (1) and (2) from this theorem.

Obviously, in the graph G,1 only these edges can be superfluous:
— ——
‘(x:‘.u ) . (u}- ,x%) where o
(Ij..l‘.l‘) E, (u" »u, )E€E" , where r,s&J. We will prove that they are
not superfluous. Since d(G)<3 then there exist r,s, € J such that

A; i,jed ,

—p
(q‘-.ﬂ‘) E, (u’-.\l‘)el-: . After delet‘ing the edge:

(x‘.,!I ,u;) would be P(x'..xé;’)> d
~

(u’-.x}) would be 9(1:..:":')>d

— 6 (x? v

(4, ,u) €E would be (4 x! . xg )>d

—ly . A
(u,,u,) €E" would be ?(x},xﬁ'))d. where d=2 €+k-1. So. the graph

G1 is a graph without superfluous edges. G‘l is also without super-
luous vertices, because the diameter of the graph formed from the
graph G1 by deleting every vertex and edgel incidental with this
vertex will not be finite. Hence the theorem is proved,

Remar k 2, The validity of Theorem 2 for d<10 is not
known for us. But the following theorem holds:

Theorem 3, Let T be a tournament, not necessarily
finite, Let d»4 be a natural number, Then there exists an orien-
ted graph G, of the diameter d "and such that:

1) T is its section graph

2) the neighbourghood of every two different vertices differ
3) Gi_is a graph without superfluous edges

4) G, is a graph without superfluous vertices.

Proof, To a tournament T we may construct by Lemma 2 a graph
R of the diameter at most 3 and such that T is its section graph,
The graph R may be completed to a tournament ‘r1 with the diameter
at most 3 again. To a graph ‘l'1 we can construct a graph G.l by con-
staruction of the Theorem 2, It can be verified that owing to a
suitable selection of parameters £ , k we shall get a graph with
the diameter d> 6, It is clear that thec graph Gy fulfils the condi-
tions 1), 2), 3) and 4) from this theorem, The sketch of the con-
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struction of the graph G1 for d=4, d=5 is in Fig 4, Fig. 5 , res-
pectively, Hence the theorem holds.,

.....
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- REAL-TIME COMPUTABLE FUNCTIONS AND ALMOST
PRIMITIVE RECURSIVE FUNCTIONS

MARIA BENESOVA.Braﬁsta

Preface

The valutation of the complexity algorithms has been much emp-
hasised recently. One of the methods of this valutation is the intro-
duction of the concept of the real-time computable function.

This paper determines thc relations between the real-time com-
putable functions and the primitive recursive functions. The concept
of the almost primitive recursive function has been introduced here '
as well, The almost primitive recursive function is the partial re- .
cursive function whose nul completion is the prilitive'reduraivo fun-
ction and whose domain is primitive recursive set. In this paper we
have succeeded in determining a simple correlation betwen these and
the real-time computable function,

Chapter 1.
CONCEPTS AND DENOTATIONS..

The majority of concepts and denotations o-ﬁloyed in this chapter
was introduced in [1] , see References.

‘The concept or the computability of the Iunction as used in this
paper refers to the computability by MINSKY machine [g] [2] MINSKY:
sachine, further only machine, is a device with a potentially infinite
number of memory cells S, si, 52'°"- each of which can be fed one
arbitrary natural number. Purthor it contuin- potentially infinite
number of state Qge Qg0 QQecees i.e. finite memory ‘cells wich con-
tain instructions for the -uchino.

An instantaneous do-cription of the machine Z will be called
an exproloién <q4: W, Wy,eee,my >, where q"_ic a state, in which
the machine in the given moment is, and numbers L li.q...-n'aro the
contents of the memory cells’ So. Sl.....sn.with k>n all of the me-

mory cells 'S, contain zero.
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-'The operations of the MINSKY machine have one of the following
forms:

1. <G4, sjn Ay G >
3. éa4, S50 Pyqp >
3. <q» sJa M, qr>

The machine accomplishing the instruction <qy, SJ. Qe 9.7
goes Ixjo-' the instantaneous description ;qi; Mo, Bypeces LI

into the instantaneous description: <Qp; Wy, Mg,eee, M) ¥ ir mj;l 0

or into the instantaneous description €Qpi By, Ma,ece, -nvAif

-J" 0. Acco;:plinhing the instruction <9 SJ, P, 9. > the machine
goes from the inst'antaneous description €94 By, By,ece, m.> into
instantaneous description «<q; io. ii...fi. in,, where ij =my 4 1
and ik =m ifk # j. Accomplishing the instruction <aqj. sj. M, g

the machine goes from the instantaneous description <Qy: my, my,

ey my > into the’ instantaneous description <q: io' il"'"' n, >

whor;oijanj=i a.ndik=nk:lrk#j.

A finite set of duadruples of the given form will be also called
the machine, where this does not contain two quadruples, having the
first symbol equal. The machine stops its work,when it is in
the state qy and there does not exist a quadruple recort of
vhieh_beginl with state qj.

A step of the work action of the machine will be called the
accomplishing of one instruction.

To every machine Z the functions ¢z and i'z will be map-

ped. Let Z begins its computation in the instantaneous description
<4 0, x, 0,..., 0> and up to stop of its work, it is in the
instantaneous description <y Yy Myseee, By > o Then ¢zv(x) =y

and a value e'z(x) is the equal number of steps, which machine Z,
has done counting the value of the function ¢, (x).

Definition. A function f(x) is real-time computable
if the machine 2 exists, that ¢, = f and a number k @ N that
i'zg k(1 + ¢;) holds [1] .

A set of all primitive recursive functions will be designated
R and a set of all primitive recursive unary functions al'
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A set of all primitive recursive real-time computable functions
will be designated F .

Definition. An unary total function f is called
Yamadan function if it is increasing and there exists a multitape
TURING machine, which prints in every step of its computation, one
symbol of the sequence ag, a4, 82""} where a, = 1 if m is a value
of the function 'f and a, = 0 if m is not a value of the function
f, onto its output tape. '

A set of all prinitive recursive Yamadan functions will be de-

signated Jy. _
The following theorems, we shall need, are proved in (‘l]

The following functicns are real time computable X, X +Yy,

[V-J . (Theorem 9.4).

Any superposition of the real-time computable functions is the
real-time computable function., (Theorem 9.3).

Let be f(x) real-time computable function, let the g(x) arise
from f(x) by the iteration, then the function i‘b (1+g(y)) is real-
. o=

‘time computable. (Theorem 10.3.).

Let be f(x) real time computable function, let f >0, Then' the
function g(x) = Z: f(y) is Yamadan. (Theorem 10.11).

Chapter 2.

CORRELATION BETWEEN PRIMITIVE RECURSIVE FUNCTIONS AND REAL-TIME
COMPUTABLE FUNCTIONS,

A set of all ordered pairs of the unary primitive rechrafvo fun-
ctions <f,, f5 > , where £, » f;, will be designated P .

The ordered pair of numbers (fi(x). fz(x) > will be called the
value of pair < f,, f; » in the point >x and desigmte'd <ty I3 > (x).
If f, g are one-argument partially functions, then the opera-
tions +, #, J are defined in the following way: \
(£+g) (x).= f£(x)+g(x),

(£#g) (x) = £(g(x)) and
g = J(f), where g(0) = 0, g(x+1) =(£#g) (x) = £(g(x)).
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Let us define the following mappings of the set #x @ into
the set of all pairs of the primitive recursive functions:

1. The mapping + :
LTyl 7+ <80 B> = <I4%84, 1382 >
i.e, for all x €N : :
( <ty 27 *+ <8y 8y >) (x) = <r1(x) + gi(x). tz(x) "'
+ galx) > .

2, The mapping ¥ :
<ty 137 F <Bys By > = <L, f (8,783) * 1,78,
£3(8,-83) * 1478y >,
i.e. for all x &N :
( f f4. £3 > ¥ <8y, 8 > )(x) = <f,1(g1(x)-gz(x)) +
+ fi(gi(x)). £(g,(x) - g3(x)) + £,(g,(x)) >".

3. The mapping J of the set ® into the set of all the ordered
pairs primitive recursive functions: Let < f‘l'. rz > € ® then the pair
of the functions < g, 8> is defined: 4

<iy By >(0) = €0,05 , ¢F. F> (x1) = (&1, > #

- then: ’

’ . .X x2 1
(Jet,, £, 2)(x) = 8., 8 >(x) =< (1+g, (y)) = (1+g,(y)),
1 f2>)C <8y, & 50 gy (y yz;_s- sz/y

x21 -

X
(1+g,(y)) - (1+g,(y)) > .
o RO -5 b

Theores 2.1, The -.ppin;s +, f‘ J are operations oh t.ho set ’ .

Proof, 1, The set @ is closed with respect to the opontion +:
“1"1) - (fz“a) = (fi-fz) » (‘1'83) > 0.

) 2, The set @ is closed with respect to the operation ¥#:

-111' (‘1-331 + fl"i - ‘2“1'53) - 1,78, = £,7(8,-83)- 127 (8,-83) >
3. The sot # is closed with respect to the operation. J.
- Let J( ‘ti°t2'>, = *(‘1, 83> Then !1(0) - 82(0, = 51(0) + 1-&2“))'-

=1-30(0 -1+g(0)+1=0;and for x # 0
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x ) . x21 x
84 (x)-gy(x) = ’% (il(y)fi) + % (Z(y) +1) -;;o (83(y)+1) -

x21
- Z;o (& (y) + 1) = g,(x)+1 - Fy(x)-1 = g, (x) - Zy(x).
y .

By induction will be proved: 31- 82 0.
lo il(o) - ia(o) = 0 “
2, Let for all ygx, i{(y)-izly) 20, then El(xi-l) - gylx+1) =
= t.l(il(x) - Ez(x)) + r‘l(ii(’”'_ - fa(ia“’ - iz(x)) - fi(ii('”,’ 0.
Let us define the mapping V- of the set ¢ into ti:
P(<fi.fz >) = f1 - fé.
Lemma 2.1. The npping Y is the ho-o-orphi;- of the algebra
(P, +, # J) on algebra ( Ly, + 4, 0. )

Proof . Ltfe %. then <f, 0>&€® and ¥ (<f,0>)-i’>1.e.
the mapping ¢ maps the set (P on the set ,.

1. It will be shown. that: ¥ (<f,, f,> + < g, 83>) =
= W<t 0>) + ¥ (<a,, 83>).
Vi<ty, 135+ <8y, 85) =¥ (<ty45,, 1345 ») =
= £448-Tp-8y = (£4-05) + (g4-8,) = ¥ (<), £35) + ¥ (<gy.8;7).
2, It will be shown: that: ¥ (<f,,f,>7 < 8y, 835 ) =
= (<t 2p5) £ Y (<8y.855). ‘
Vi<fyufy> < 8y:835) = ¢ (<f,7(g,-85) + 1,78,
13 # (84-83) *+ 11784>) = 4,7 y (<8y:835) - £ V¥ (<8y.835) =
: Wlct ) # Yicsg8ys).
3. It will be shown that: W (J<f.f35) = J( Y (<1,,855)),
Let J(<f,055) = <8..835>: W (<gy.83>) = &,
‘ Y(<fi.ta>) =fand J(f) =g,

Then ?(<;i.327(x)) = ;1(1) -bgz(x) = g(x).
8(0) = g, (0)-gy(0) = £ (0)+1 - F,(0)-1-F, (0)-1+3,(0)+1 = 0,
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x+1 X
g(x+1) = g, (x+1) - gy(x+1) = Z:O (& (y)+1) = }:_:_) (F3(y)+1) +
= y=

x+1

+ (8, (y)+1)
=

é’ '(i,l(y)*‘l) = 8, (x+1) - gy(x+1) =

= £(8) (x)-g5(x)) + £,(Z4(x)) = £5(F, (x)-Fp(x)) - £4(8,(x)) =

= (Y (<t.055) 7 ¥ (<8q,825)) (x) = (££g) (x).

JY (<£,,2,>)) = J(f) = g, where gl0) = 0, g'(x+1) = (£7g)(x).

Thus we showed g = g.‘ that had to be proved,
The homomorphism Y determines on the algebra (ﬁ", +, ¥, J)
" the congruence that will be designated E :
<L £33 2 <8q8p>, If £,-f5 = g,-g,.
The factor algebra ( /@, +, #, J) with respect to the congruen-
ce = will be desigmted (& , +, # J), The elements of the set 9
will be called complexes, The monomorphism of the algebra (3 , *,%,4J)
into the algebra ( ﬁ,l, +, #, J) induced by the mapping W will be
designated . The monomorphism ® 1is obviously an isomorphism,
Let us designate:

K= (<t <055 = <x01, 05} 5

Koef{ctifa> ) <> 2 <x. [Vx] 2>} .
- ==
Then P (JK) =8 and P (K ) = q. It follows from the
isomorphism of the algebras (21. +, #, J) and (O , +, #,-J), where
x =E Y-_x] 2,
from the Robinson's theorem, that the algebra (’D. +, #, J) will be
generated by the complexes JX, .

21 is generated by the functions s(x) = x+1, q(x)

Lemma 2,2, Let f, g are total functions, for which holds:

1. £ is the real-time computable function i.e, there exists the
machine Z, and number k, € N so that ¢21 = f and &1* k, (1+£),

2. there exists the machine Zy and number k, @ N so that _¢123 g
and Ty <k (1en);

2 o
then f + g is real-time computable function.

Proof , It will be constructed the machine Zo = ~(<q°,si‘,q2, 9 >,
¥ < rd o0
<Q2n sio M, qa b ) <‘I3o 51- P, 0‘7» <Q4- s‘l o Py q17 }
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and the machines Zi, Zé in the following w-wy: if Z,l. worked with memo-

ry cells So, S,l.....S , we shall change Si to S; in all quadruples

r
of the machine Z,, when i 6{0.1,...,r1} . If the machine Z, worked
with memory. cells SO' S‘l""'sra' we shall change S1 to S;' in all

4

quadruples, when 1 € {0.1.....!‘2} . For the machines Z1 and Z:;_.

Tz‘i % k, (1+f) and 'cza' = k, (1+£)

will hold. It will be constructed the machine Z from the machi-
nes Zo. Zi. Zé so that in each cycle of the work of the machine Z,

we let the four steps of the machine Zd work and after one step
Zl' and Zé (what can be accomplished by the uppropriatevrenominatioxv\
of the steps of the machines Z,, Z,i. 22'). The machine Z will curry
on working as long as the machines Z,i and 25 go on. The work of
the machine Z consists in the simultaneous work 2{ and Zé, whilo
the input data will copied from S,l as quickly as needed. At -the
places S(') and 56' will be formed the values of the functions f and

g. The quadruples, which at the end of the work of Z add contents
of the memory cells 56 and 86' into So,'will be added to Z.

Thus a machine Z will be formed for which:
10 ¢z = f“'g,

2, Q.Z gs(max(k1(1+f). ka(‘1+f)) +4+3 (1+2+g)= k(1+£+g), "where
k =6k1¢6k2+1,that means the function f+g is real-time computable;

[N

hold.

Theorem 2,2, Each complex X contains pair <ti.f2 >z,

where f1'f2 are increasing and < 1’1,1‘2 & f" X ﬁ; holds.

Proof ., Let <r1,12> & x o Let us define functions:

x x=1 ‘
£, (x) = (£, (y)+1) + ( (£f5(y)+1)) - 8g(x) and
1 50 10y (y% 2(y)+1))

x x21
1,(x) = 50 (£5(y)+1) + (%‘_(’) (£, (y)+1) . sg(x)

Thereforg £, (x) - fz(x) = £,(x) -£5(x); 1131‘2 and <f,,f5> = <!1.!27

holds. It is necessary to prove, that I,l,l‘z are increasing.
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1) - !1(01 = ti(‘l) + 1+ £(0) + 1 - £,(0) <1 - £5(0) -1 =,
=1,01) +1> o.
For x >0,

: o . X x .
I, (x41) = Fo(x) = £,(x+1) + 1+ 37 (£,(y)+1) + ;--‘o (fy{y)+1) -

y=0
&, - 32 (230041) = £ (xe1) (x)
- y)+1) - fr(y)+1) = £, (x+1) + 1.+ £,(x).+ 1 > 0,
Y50 1 5= 2 1 o 2
In. this way we may prove, tha-t ‘the 12 is increasing.

The complexes x and 7( contain pairs of the real-time com-

puublo functionl. because the functions x+1, O, x,[ V__] (3 r
1. Let .‘ .&‘ I and 41‘1,:27511/1(‘?' x;'),

<8:8> & H3n( f, X ’:). then <f,+8,, fy%8;> € F; xft'.
. an Let zl f xa Ld %o

‘ """<“1"é‘>v_€ Kin & xF) <8385 € 72‘_'_2"‘ 7, x ";’

and £, . f,, g,, 8,be ineroniu Ii will be shown t.hn..
(<l (g g, )0 0,%g,, Lon(g,- .,)ﬂ,k g17 € 9})‘ -F

The functons f,»( g, - g), £,~ g, uti-fy tho conditions of the
Lemma 2.3, Then the function f‘l ¥ 8 e.;;. It must be proved that.

the machine Z exists and k € N, that
$, =1, # (g-8y) and T, € k(142, # g;) bola.

" The comtrnotion of . the machine Z : It will be constructed the
machine 2° , composed of two blocks. A, B, Block A is constructed
of the machines Z, and Z; from which ¢21 = g, Czi_ ki(‘l*gi)

. -and ¢22 = g3 -‘L’z < kz(‘hga) hold, in this way as in the proof
~of the Lemma 2,2, After the completion of the block A will be conputod
the values of the functions gl(x). gz(x) in memory cells SO' So and

the inequality C‘_ k’ (1+g,) will hold.

The block B -nb.tr.cp the contents of memory cells S",. 56'
and the result is written instead of Sy. Then cz = t‘ + tn =

=k (1+g,) + k* (14g,+g,) = (k'+ 3k" ") (1+4g,) = K(1+g,).
AR AL ] 1'82 1 1

e
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We presume that the machine Z, writes after each k steps one digit
to SO' Apart from this no number is added or substracted from So [1].

Let Z; be a machine and k, € N that ¢Z =f, and (CZO
k°(1+f1) hold. The machine Z, which will ainulato k lteps of the

work Z and then one step of the work Z'o, will be constructed. It may
be presumed that f1 is increasing i.e. x & ti(x) for all x € N, ‘value

of the function can be formed at a satisfary speed and will be exist
k that tzf k(1+f11‘51) holds. The functions f,l/ (8y-83), ‘1"31

satisfy the conditions of the Lemma 2.2 so and that 1y ¥ (31'52) +
+ L, # 8 € g:.,' It can be proved in the same way f, ¥ (31-32) +
£, £ gi € .‘f\t'. . .

It is proved, that .ra = x1 4 3'2 contains a pair of the
real-time computable functions. .
3. Let J(X,) = X,.
Let <f,.0,> € X{ A ( '9: xg;). then the functions

£1(0) = 0, §y(x+1) = £,(F, (0) ~“Bp(x)) +2,(F, (x)),
gz(o) =0, gz(x*1) - rz(il(x) = gz(‘),+ f1(§1(x)).

are generated by primitive recursion from the real-time computable
funetions an according the: ‘l‘hoore- 10.3 [‘1] it holds that the func-

- tions E (1+gl(y)) to (1#gz(y)) are real-time computable. Be-
y= ) .

cause tho sum of the real-time computable functions is the real-time
computable tund’.ion, it holds:

X x 1 X
Z (1+g1(y)) + Z (1+g5(y)), Zo (1+g,(y)) +
y=

f_" (i*gl(y))7ef x %

Due to the. fact tiigt algebra ("9 +, ¥, J) is generated by the
complexes x-nd 3 , each complex contain a pair <f1,f3 >,
where rl. ta '3 ;;.

Theorem 2,3, Each complex X contains a mir <f,,f5>

where ‘tl' ra are Yamadan functions.
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Proof. Lt <f,,5,> € Xn( £, xZ)). It will be denoted
£y.83 >0. Lot us define:

+
B (x) = yt‘:’ £.(y) + £5(y),

o

y!

x+1 '
E(x) = ;:: foly) + £,(y).

y=0

According to theorem 10.10 [‘1] the functions fi'fz are Yamadan.
It is clear, that if f(x) & 3;, then g(x): g(0) < £(0) and
g(x+1) = f(x) is Yamadan. Let us construct the functions . g,, & in
the following way:

. 8,(0) = £,(0), gq(x+1) = Il(x) and
g,(0) = £,(0), 32(x+1) = lz(x).

Because 11(0) <I1(0) and f,(0) <12(0) are the functions g,, gze-{(;'.
It holds: g,(0) - g;(0) = £,(0) - £,(0), '

X+
8y (x+1) - gy (x+1) = l‘.l(x) - Ix) = ﬁ £a(y) +

y=0
x x+1 .
+ Zo fy(y) - 27 f(y) - io £,(y) = £,(x+1) -
y=0

y=0 .
- f5(x+1) so and that < g,,8; > eXnl f; X-";).

Theorem 2.4, Each primitive recursive function may be expre-
ssed as the ‘ditference of the two real-time computable primitive re-
-cursive functions, -

Proof . Onthe basis of the isomorphism of the algebras
(9, +, ¥, J) and (24\. +, # J) it will be corresponded complex

b £ P'i (f) to each function £ & ’ﬂi. According to Theorem 2.2

exists <1112>€xthat 1‘1,?2& 9; and f = 11'12'
Theorem 2,5, Each primitive recursivo‘ function may be expres-
sed as the difference of the two primitive recursive Yamadan fun-
ctions,

-Proof ., On the basis of the isomorphism of the algebras
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(4! , #J) and ( 321, # J) it will be corresponded complex
X . ? <1 (£) to each function £ € W « According to Theorem 2,3
oxiste < fy.f;> that f,,13€ F and £ = f-t,.

Chapter 3.

ALMOST PRIMITIVE RECURSIVE FUNCTIONS

It will be designated X-‘a n-tuple of the matural numbers

v

(xi. XpseeesXp)e

Definition, A function f(xn) is called an almost primiti-
ve recursive function if it can be obtained by a finite number of
applications of substitution and primitive recursion from the fun-
ctions 0, s, 0, I:.-whoro 0 is unary function identically equal

O, and § is O-ary nowhere defined function.

Similary, will be designated 1 the O-ary function identically
equal 1, .

The class of the all almost primitive recursive functions will
be designated J)° .’ The algebra ( %, S, R), where S is operation
of the substitution and R is the operation of primitive recursion,
by the functions 0, #, s, I

n
m° :

An operator Cs will be defined in following way: Let r(x ) be
a partial recursive function, then Cs f = g, where

r(xn) + 1 for all X , where f(X ) is defined,
g(xn) = ’
0 elsewhere.

A value of the function f(xn) in the point xn will be designated
(Cs £)(x ).

Lemma 3,1, If f is an almost primitive recursive functiol.tho
Cs f is the primitive recursive function.

Proof , 1. It will be shown, that Cs O Cl s. Cs # and Cs I:
" are primitive recursive functions. In fact: Cs 0= 1 Cs s = g+1,
c-t-omac-x"=1“+1.

2, 1t will be shown, if f = S(g, gl,....g-) and C- g,
Cs 8y, Sc 83,000, Co g € & , thenCs r & ZR. Lot
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n
1= [] sg(Cs g,). S(Cs g, (Cs g,) *1,..., (Cs g_) = 1)
I sstce gy g, (Cs g, 8

It tolloyl from the suppositions of the theorem and the form of the
~record of the function, that the function 1 is primitive recursive.

The value of the function 1(X ) = 0 in two following cases:

1. if the value of the function 4%- sg(Cs 31) = 0 in the point
i=0

X,» i.e. at least one of the values gi(xn). gz(xn)..... g-(xn) is
not defined, i.e. if r(xn) is not defined, or if

2, the value of the function S(Cs g, (Cs 51) 21,..., (Cs g-)=1) =0
in the point X , i.e. if g(gi(xn)..... g-(xn)) is not defined, i.e.
_r(xn) is not defined.

1f the function f(X ) is defined, then ((Cs &) *1(X) =
m
= gl(xn)....,((c- g-) 2 3)(Xn) = g-(Xﬁ) and {:1 ‘8g(Cs 31) =1,

In this case:

1Z,) = (Co g) (8 (Ky)soaes8y (X)) = Blgy (X)), eeeug (X)) + 1.

Summarized as follows:

0 1r,r(xn) is not defined
1(Xn) = {

g(gi(xn).....;-(xn))'+ 1 ir f(xn) is defined,
i.e. 1 =Cs f.
3. It will be shown if f = R(gi.gz) and Cs g,, Cs g, then Cs f.

Let 1 = R(r,, rz).’whero
1(X,,0) = r (X)) = (Cs g, ) (X)),

l(xn.y*l) = rz(xn.y. 1(Xn.y)) = lg(l(ln.y)).(Cs ;2)(any:!(xn[’))'

It follows from the suppositions of the theorem and the form of
the recerd of the function, that the function 1 is primitive recur-
sive, By means of induction we can prove, that 1 = Cs f:

_ 1. The value 1(X) = (Cs g,}(X_) = 0 if g, (X ) is not defined,
i.e. the value t(xn,O) is not defined. If t(xn,o) is defined, then

‘84 (X,) is defined and 1(X_,0) = g (X ) + 1.

Summarized as follows:
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: if £(X.,0) is not defined
1(x ,0) = n
gi(xn) +1 if r(xn.o) is defined,

s0 and that (Cs £) (X ,0) = 1(X_,0).
2, Let us suppose for all t <y, (Cs f) (Xn.f) = l(ln.t) holds.
The value l(xn.y+1) = 0 in two following cases:

i, it -g(l(xn,y)) =0, i.e. I(Xn.y)'il not defined, that

means, the value f(xn.yﬂ.)A is not defined, or if

i1, (Cs ga)(X‘,y.l(xn.y)) =0, i.e, 32(Xn,y,f(xu.y)) is not
defined, so and that I(Xn.yﬂ) is not defined. ’

I £(X ,y+1) is defined, then sg(1(X ,y)) = 1 and

l(Xn.y*i) = gz(xe.y.f(!n.y)) + 1.

Summarized as follows:

0 if f(xn.y*i) is not defined
l(xn,y+1) = {

;z(xn.y.f(!n.y)) +1 elsewhere,

i.e. (Cs f)(xn.y"'i) = l(xn.".'l)o

Theorem 3,1 . The function r(xn) is almost primitive recursive
if and only if the primitive recursive function g(!n) exists, that -

for all X , f(X ) = g(X ) - 1 holds,

Proof, The functions £=Ce f -1, Cs f'a &.

It will be shown, that r(x) = x-1 is almost primitive recursive:
Let '

0 it x=0
k = R(0,0)  k(x) = { ‘
not ‘defined if x ¢ O,

. not defined if x = 0 .
ds= S(k.q)‘., where q = 13x, d(x) =

1 irx¥ 0

. not defined if x = O
r=d.1, whers 1 = x21, rix) = ’
x 21 ; it x# 0

i.e. rix) = x=-1,
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Let g(xn) €ER, then r(xnv) = z(xn) -1 € ), because f = S(r,g).

The or em 3,3, The difference between two primitive recursive
functions is the almost primitive recursive function.

Prootf, Let ¢ = g4-83, vhere g,,5, € X and t = (¢1+13g3) “1.
It follows from the procod{ng theorem, that £ € °, because 8y * 1=

g eR. ) '
Theorem 3.3, The foliow:lng conditions are equivalent for the
each unary partially function f: o

1, £ is an almost primitive recursive function.

. 3. £ 1s the differonce between two primitive recursive realtime
computable functions. '

3. £ 1is the dittoronee' between two primitive recursive Yamadan
functions,

"Proof ; a. The equivalence of the conditions 1 and 2:
Let £ 6)° , then £ = g-1, where g & e . According to Theorem 2.4
8,:82 € .?;-ox_uu. that g = 8,-83 holds; then f = & - (52*1).

The converse is the corollary of the Theorem 3.2,

b. The equivalence of the conditions 1 and 3; Let
f €Y, then £ = g1, where g € & . According to Theorem 2.5 .
84+83 € ‘?.y exists, fro-»itl follows gy+1 ef;. that £ = & - (ga'*_l_)

is a difference between two Yamadan functions.

My thanks and appreciation are due to RNDr, IVAN KOREC for this
valuable advigce, '
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