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Dna 10. m4ja toho rcku sa doifva 70. narodenin akademik 0, B o r uvk
profesor Prirodovedeckej fakulty Univerzity J.E. Purkyne v Brne. S jeho me-
nom su spojené mnohé velké uspechy teskoslovenske j matematiky na vedeckom
poli a bohata pedagogickd &innost. Prof, O. Borfivka sa zapisal do mysl{
pracovnikov Univerzity J.A. Komensk ého svojou nezisStnou précou, venovanou
rozvoju matematického béddania a pedagogickej précc na nasdich katedrach.
Slavnostné &éislo Acta fac.rer.nat. Univ, Comen. venované nadmu vzécnemu ju-
bilantovi je skromnym pre javom nasej ucty a vdaka za jeho celozivotné dielo.
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K SEDEMDESIATINAM AKADEMIKA OTAKARA BORUVKU
M. KOLIBIAR

Dfia 10, mija t.r. sa doZiva sedemdmiatin v§yznamn§y &eskoslovensky mate-
matik, akademik OTAKAR BORﬁVKA, profesor Prirodovedeckej fakulty univerzity
v Brne. Matematicky Zivot v Brne a v Bratislave je veImi uzko zviazany s
tymto menom a mnohé uspechy brnenskej a bratislavskej matematickej Skoly
sa dosiahli jeho pridinenim.

Prof. 0. BORJVKA &tudoval na deskej vysoke j S8kole technickej v Brne,
potom na Prirodovedeckej fakulte Masarykovej univerzity v Brne. Dva roky
Studoval u prof. E. CARTANA na Sorbone a potom eSte jeden rok u prof. BLASCHKE-
HO v Hamburgu. :

0d svojho vynikajiceho uéitera M. LERCHA a od prof. E. CECHA, ktory v

tom &ase pdésobil v Brne, ziskal lésku ku klasickej analyze a modernej dife-
rencifilnej geometrii. Jeho préce z diferencidlnej geometrie su zamerané jednak

na projektivnu diferencidlnu geometriu, jednak na plochy kondtantnej krivosti
vo viacrozmernych priestoroch. 0, BORUVKA bol prvym v Ceskoslovensku, ktor§
pracoval Cartanovimi metodami a tym prispel k ich rozsfreniu u nds. Jeho préce
z diferenciélnej geometrie si &asto citované a niektoré vysledky su uvédzané

v ulebniciach diferenciélnej goonetrie. Na jeho préce o analytickjch korespon-
denciéch nadvidzuje cely rad préc, v ktorfch sa buduje sistavné teoria korespon-
dencii. Napr. geometrické Skola v Bologni vysla z tychto Boruvkovych préc.

Druhym vyznamnjym okruhom préce prof. Boruvku Jje algebra. Ku koncu trid-
siatych rokov publikoval préce o grupoidoch, ktorymi sa zafina budovat roz-
siahla &ast -o@o;noj algebry. Je dobre si uvedomit, Ze teoria algebraickych
systémov s jednou binérnou operéciou do znaénej miery odzrkadIuje aj vSeobec-
nejSiu situéciu, ked je operécii viac a nemusia pritom byt bindrne. Takto
Boruvkove préce do istej.miery predstihli a mySlienkove pripravili teoriu
abstraktnych algebier, ktor4 sa v poslednych rokoch rozvija. VeIkou zésluhou
prof. Boruvku je jeho rozpracovanie tedrie rozkladov v mnoZine. T4to teodria
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m4 mimoriadny v§znam nielen pre matematiku, ale pre vedu vdbec. V sivislosti
s teoriou grupoidov spof¢iva vyznam Borﬁvkovych vysledkov aj v tom, Ze uk4zal,
Ze abstraktné jadro viacerfch algebraickych viet a konStrukcif tvoria vlastne
mnoiinovo-teoretické vysledky, tykajice sa rozkladov mnozfn. Niet divu, Ze
Jjeho kniZka o tejto problematike bola v matematickom svete velmi priaznivo
prijata a v ddsledku toho vysla aj v Nemecku.

Na za¢iatku svojej vedeckej drahy publikoval prof. 0. BOROVKA niekolIko
préc z klasickej anélyzy. Neskordie preSiel na Stddium diferenciélnych rovnic,
kde vypracoval osobitné metidy. Ddlezitym aparstom jeho tedrie si Specislne
funkcie, tzv. disperzie, ktoré popisuji rozptyl nulovych bodov integrédlov
danej linedrnej diferencidlnej rovnice. Vypracoval tieZ teoriu transformécii
linedrnych diferenciélnych rovnic, umoZiujicu napr. transformovat rovnicu
do jednoduchidieho tvaru. Tedriu diferencidlnych rovnic rozvija prof. BOROVKA
v semindri, ktorj Pracuje uZ cely rad rokov a ktorého utastnici 8iroko rozvi-
nuli mySlienky svojho uditela a uk&zali ich nosnost,

Za jeho précu sa mu dostalo viacero pdct a vyznamenani. Tak napr. v r,
1934 dostal cenu Ceskej akadémie, bol vyznamenany Stitnou cenou Klementa
Gottwalda a stal sa riadnym &lenom Ceskoslovenskej akadémie vied.

Charakteristickym rysom prace prof. 0. Boruvku je, Ze zapaja do préce
na svojej problematike &o naj3ir3{i okruh pracovnikov. Vdaka svojim osobnym
vlastnostiam podarilo sa mu vidy ziskat kvalitnych spolupracovnikov'a poéet
tych matematikov, ktor{ mu vdaéia za svoj vedecky rast, je nemaly. Aj mate-
matici v Brarislave a na Slovensku si mu mimoriadne zaviazani, V obdobi, ked
matematické katedry v Bratislave boli len v zérodku, prof. 0. BORDVKA po dobu
11 rokov pravidelne prednédsal na Prirodovedeckej fakulte Univerzity Komenského
v Bratislave. AvSak prednadky netvorili jedini népli Jeho ¢innosti v Bratisla-
ve. S velkou obetavostou a8 mimoriadnym taktom ziskaval pre vedecku pracu
mladeZ, sustavne ju viedol. Na vysledky tejto svo jej price mbéZe pozerat s ra-
dostou, rovnako ako jeho Ziaci 8 vdakou a l&skou myslia na svojho "star3ieho
priatela”, lebo patri ku kizlu jeho osobnosti, Ze pbdsob{ viac priatelskym
taktom, neZz utitelskou autoritou,.

A ked na kaidorodnych v§letoch, ktoré prof. BORDOVKA organizuje pre mate-
matikov z celej republiky, zaznie druZné piesein, Jje to prejav neustédlej
mladosti nédsho jubilanta, mladosti, ktori nach4dza trvalé pramene v spojen{

s mladymi, .
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A REMARK TO THE ASYMMETRY OF FUNCTIONS
LADISLAV MISIK

. vy
To Profesivr Otakar Bornvka i the vecavion of bis 70" Lty

In the paper [4] T. SWIATKOWSKI studied the properties of the asymmetry
of real functions which are defined on a topological space. The fundamental
theorem of his paper is:the theorem 1. The first part of this theorem is used
to obtain the theorem the special cases of which are W.H. YOUNG s theorem

[5] about the asymmetry points of arbitrary real functions of a real variable
and M, KULBACKA s theorem [é] about the approximative asymmetry points of

suen functions. The purpose of this paper is to show that the first part of
the theorem 1 by T. SWIATKOWSKI is a simple consequence of one theorem on
ordered sets. Further on we shall show how easy we can get W.H. YOUNG s and

M. Kulbacka s theorems from this theorem on ordered sets.

Definition 1, Let A and B be two ordered sets and let B be
a complete lattice, i.e. for every Cc, #§ # CCB, there exists sup C and
inf C. Let © be a function from A into B. Let 2 be a system of down-ward
directed subsets of A, Then we put:

lim sup @ (€) = inf {mf {-up { P(a) :a€E, az b} : beE} :Bef}

and
lim inf ?(g)fsup { sup{inf{‘( (a) : aé€ E.a!b}: b e E} :Eef}_

Definitiomn 2, LetB an ordered set and M/ a transfinite cardi-
nal number. A subset A of B is called a# -ideal iff the following conditions
are satisfied:

1. For a, b€ B, aS b, b€ A is a an element of A.

2. For everi subset C of A the cardinal number of which is not greater
than # sup C belongs to A if it exists.

If A C B, then the minimal ## -ideal over A exists always and we shall
denote it by (A .
(4],
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Theorem 1. Let A be an ordered set and let B be a complete lattice,
Let _! be. a system of down-ward directed subsets of A which is v --iparlhlo.
i.e. there exists a subset H of A of the cardinal number M, H C U E:
t: E€ ! } ¢ for which the following condition is satisfied: for every
Ee¢ end every a € E there exists an element h6 HN E so that hsa,
Let Y be a function from A into B, Then lim inf Y(€leCy (U:)_L&-luroby
r(UE) "{ VY /a/ : aGE tor at least one E ¢ t}.

Proof, EvidentlyY /b/€ Y(U £) tor every h € H. There exists
c = sup {1[! /h/ h(ll] bocause {Y /n/ : hGH]C B and B is a complete
lattice. The cardinal number of the set [ W /h/ : he H} is not greater
than eyand therefore c € [ ¥ ( U &)l - : '

It is ovident: {nf (Y /a/ :a€E, a8 v} : b€ HA B} C (inef Y/ur:
a€E , ag b} :be E} for every set E € £ . Therefore lllp[ int (Y /u/:
"a€E,aE b :b6€ HnB.}S '-up{m{" /a/ : a6 E, ag b { :b.!}
for every set E € t o Now let b € E. Then there exists an element h€ HN E
for which h ¢ b. Hence we have inf [" /a/ : a €E, atb}ﬁ m{,f /a/;
a€ E, lﬁh} + Therefore it followa that: nup{tnr VY /a/ : a 6E,
aSb} :baE} = oy (it {Y /a7 :a€E, agr : D€ HNE} for
every set E € « Further we have: lup[in.f [v/ll :a€E, a8 b} :
b6 E} = aup{1nr{ Y /a/:a€E agb} : bEHNE}Fawp W /s :
b€ Hﬂ!jl‘up[w /b/:bCH} = ¢ for every set E€ ¥ . Honce
lis inf"P(E)c and further 1im int Y(Elclycug)y .

Let X be a topological space and Y a Hausdorff topological space which
satisfies the second countability axion of Hausdorff /i.e. axiom /10/ of [,
pe 229/ 1/. i.e. that there exists a countable basis of open sets. Let 922
be s O -structure of subsets of X. Let £ be a?t ~moasurable function from
X into Y, i.e. ) sG/6 272 for every open subset G of Y. Let ¢ be &
function from 7 into 2% /o is the set of all subsets of X/. The function
£ 1 said-to be S’ -regular at the point x € X irfe for every y € Y and every
open neighbourhood U of y there exists an open neighbourhood U‘of thig
point y such that U'c Uand xe¢ ¥ /1"1/u7/. The set of all points at which
£ is P -regular we shall denote by P /1/. Lot ¥*/t/ « x - ¥ /2/. Then
it holds: ’ o

Y/ y

In the theorem 1 T. SWIATKOWSKI ought to suppose that Y satisfies the
second countability sxiom of Hausdorff instead of the supposition that Y is
& separable space,
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Corollary /The first part of T, Swiatkowski s theorem/. Let 7L be a
G -ideal /2/ of subsets of X. For onrym -measurable function £ we have
P76 M itx-¥ e N for every M € 77¢ ,

Proof . Nowwe must put: A = the systemof all open sets in Y;
B = 2% with ordering by set-inclusion, ¥ /a/ =X - ¥ /el /a// for every
a € A.t = ([ U : U is an open subset of Y which contains y} i ye !} o
Now we shall prove that P*/¢/ = 1im int VCE). .

An element x is of #*/f/ iff f is not ¥ -regular at x. But £ is not

4 -regular at x iff there exists an element y € Y and an open set U contai-
ning y with the property: x £ . ¥ /¢t /u'// = x - Y70/, 1e. x6 Y /07
for all open subsets U'of U containing y. The last assertion is equaivalent
to the following one: there exists an element y € Y and an open set U con-
taining y with the property: x € inf {W /0°/ : U’is an open subset of U
containing y} . From that we obtain: x € P*/f/ iff there exists an element .,
Y € Y for which x € sup { 1nt{ Y /U°/ : U'is an open subset of U containig
Y } : U is an open subset of Y containing y} . Now the following assertion
is evident: x € P¥/t/ irr x ¢ sup [ lllp{ 1nr{ W /U°/ : U'is an open
subset of U containing y} : U is an open subset of Y containing Y} Y& Y}
This gives P%1/ = 1im'int Y (F). ' :

Y /U/ is of L for every nonempty open set U since f is 77C -measurable
and X - ¥ /271 /u// € P .Theretore Y (U E)C It and furthér lycue)y
CMN . But ?‘/f/é LVcu £ )], according to theorem 1. This gives No
Prtre R . '

By using theorem 1 for the case: A = 2 "™’ ")  anap = 3 (-**s%*)
with ordering by set-inclusion, ! = H /Yy -€Ey+E/: E>0:y .e An-ﬂ ’
and ¥ /X/ is the set of all one-sided limit points of the set £~} /x/,
whereby X is a subset of /-e9yee / and f is a real function of a real varia-
- ble, we get W.H. Young’s theorem for the function f since Y /X/ is a
countable set for every X C /-o0e0, 00 /.

2/
0 -ideal is No-ideal.
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Let A be a subset of /-o®, oo /, The point x is said to be the right
/left/ approximative limit point.of A iff the set AN /x,00 / //-o° ,x/A A/
has at the point x the outer upper density / (3] , p. 128/ positive, i.e.

ii= [An /x,x +E /]| iim lAn/x - x/| 3
5-0.0" z >0 é'-i'l:" z >0/‘//.

Proposition,.LetADbea subset of /- ©°,2° /, The set of all
its one-gided approximative limit points is of the first Baire’s category
and of Lebesgue s measure 0.

Proof .Let A" /A™/ be the set of all right /left/ approximative
limit points of A which are not left /right/ a.proximative limit points
of A, Let Ar = {(x : x€ /-00,00 /,

lim [An /x.x + €71 1 and lAn/x -7 .x/] 1 for all
g+0+ — ¢ 22 o2 TR = TL
n ! n 2n
which satisfy the inequality 0 <”l§ }'J;'j’ We shall prove that A; are nowhere
dense,
If the set A; was not nowhere dense, there should exist an apen
interval J of the length nor greater than —: which 1s a subset of the s

closure of A; . Let x € Jn A'; . There exists an element y € J which satisfies
; /

the inequalities y > x and 'Ay’l_,/: A > 'rli . The function 1—“—;’—'-\-_%'1’—1 as

a function of y is continuous and therefore there exists an element z € J 5

n A; with the following properties: z > y and ‘A———ZA_—/%LQ—/—I > ?ll . The

inequality “z"_/: 2l 4 is in contradiction with the definition of

1120

A; because 0 < z - xg

and z € A;. i.e. that there ought to be A Q _xxz/|<

Since the equality A* = U {a* : n=1, 2, 3, ... } is evident the set
+ . n
A" is of the first Baire s category in /-©°,00 /. Analogously we can prove

73/ . .
’B’ denotes the Lebesgue s outer measure of the set B.
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that the set A~ is of the first Baire’s category in /- °° ;> /., This proves
the first assertion of our proposition.

It is evident that no point of A' can be a point of outer density / {3}
p. 128/ neither of the set A nor of the set /- ey ee / - A, From the equa-
1ity A = /a*A a/u /A*N //- o0, 0 / - A/ and the well-known density
theorem / [3] , p. 129/ it follows that |A*| = 0. Analogously A7) = o.
Also the Lebesgue s measure of the set of all one-sided approximative liwit
points of A is equal to zero.

If we apply the theorem 1 to the case: A = 2/~ 7% / g = o/~o2o/
which we order by set-inclusion, g = {[ /7y ~E,y+E/ € > 0};y €
/- 0° 5 oo /} and ?/I /X/ is the set of all one-sided approximative limit
points of the set f'l/x,’, whereby X is a subset of /-o° oo / and { is a
real function of a real variable, we get from our proposition M. Kulbacka's
theorem, i.e, the theorem: The set of all approximative asymmetry points of
a real function of a real variable is of the firstBaire s category and of the

. /4/
Lebesgue s measure zero B

/4/ The second part of this assertion was given and proved for the first
time by A, Csészér, see footnote of [2]) on p. 91.



[1] .HavsDoRFF F.,
[aj KULBACKA M.,

[3'] SAKS s.,
[4] Swiatkowsk: T.,
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REMARK ON THE ASYMPTOTIC BEHAVIOUR
OF THE SOLUTIONS OF THE DIFFERENTIAL EQUATIONS
' MARKO $VEC, Bratislava

To Professor Otakar Bordvka on the occasion of his 70" birthday

In this remark we deal with the asymptotic behaviour of the solutions
of the equation

(E) g, 03(&,7, Lio oy JI=41) |
1t the function Bk, ), w =(mym, ... U, _,) 1ssman1,

in certain sense then the asymptotic behaviour of all solutions of ( F) can
be as the behaviour of the solutions of the equation 3','”): » 4.0,

7(¢)= 4"[ A« P(A)], im ¥ (4)=0 where

- . -d.
Pty - codhs ) Thu case was studied by authors [1] - [3] .

OQur aim is to study the problem of the existencé of such numbers P and
4‘. , i = 0,4, ... m-¢ and of such solution of (£) that the formulae ;

(?) ’ o ?(4)(6 <A

A o 00
hold. The number of such solutions n dt-cmd also, For linear nonhomoge-
neous differential equation such problem was discused by T.G. Hallam

[s] - (1) . In nonlinear case [4] , [8] , [9] . p1. .

We will prove the following theorem:
Theorem 1. Let 3(44)be a continucus function in the range
nN:A>a [,/ <oc, 01 ..., ,m-¢



- 12 =

Let N be a set of all functions ‘P(é) such that 50 fé) is continuous
tor £>@ gng lis P(E)=0 Let P, Ai, 4i=04...,Mm-1 be the real
numbers such that the following equations are fulfilled: )
. e+ Z,
N i BCLERCLA L (4)] EP-'[A,+ B(E)],. . . tF-™ ‘ﬂ»-«ff.-,].
; LP-=

:(}D"’/"'*"’)A/n‘_d
2/ li-oof"(’o"':} l,,»¢=0,f,..., A=
where ﬂ(l)é”l

Let ;(f, J‘-) be a function continuous on {2 » non decreasing in each
of its variables & , £ = 7,. .., M4 ang guch that

13 | BCbal|s F(et, ) tor (¢, w)éen,

e F P P :
/4/ V/A’}‘f Fﬂ’,"'«ipl -'; -:ktﬂ““dlcmror K>0

/5/ Lem ﬂ) .0
& —»00 K
Then the equation (E) has the solution (¢) having the property (p)
If @P>m-4 then there exist at least 7 solutions or(E) having the pro-
perty (P). 1t 0SS k-4 <Ps p= A, there exist at least
such solutions of (£).

Proof . Let # be the set of all tuhctionaf(t) having the continu-

———

ous derivative of order ,J2.-4 on J= [to. ©°) ¢ > 4 and
such that z #
. LUE) - -
/8/ Lo P a;, £ =01, . . ., n-4
where ; € R _ Let for ' (¢) € H

1 R 1 ¢)]
- e (e YL
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be the norm. Then 4 is a Panach space. The strong convergence in 4/ implies
the quasi-convergence (¢ -convergence )[},". [10]]

Let now M- [fe ”/ t‘,., f(f/(f) =Ay, 7201, ,4&-1}
e [Fem| wrsK]

It is evident that ”kci‘/ and MA’ is convexe and closed and for every
fé M, there exist the functions ¥¢ (¥)€ ” £=04...,m=1 such
that FIE(E) =t P-1 LA+ Pi(e)].

AcLet P>m -1 . Let C’a,C,, Ay C-1 be arbitrary real
numbers . We define operator T on M as follows: If fé N, then
~eq ] ¢ -
.  (t-¢a)? (t-%) T £(C) AT
/9/ rfny(f)gc’ ?{-, +°m3(:()
Then P / i f/
(€ry). (€-4,)7 " (¢-t,
v'(t)- ¢, B T (T) ¢
/10/ /é; j (/ <) / T (T r (7))
We will prove scme lemmas:
o/ TmMcM
By use of 1 Hospital's rule and, /10/, /1/, /2/ we have
Yo' | fom Bt f(E)]
tr®  P-+ £r00 (P& )(P.i-1). .. (P-m+1)
| A
P-aIp-<-a) (pomez Am-t)= A, 420t m1
b/ There exists such K, 7 O that TMK C Mg,

It follows from /10/ that

(i & ol e i P ym-s-
o J};/%/f r f/B(ftf(C))]atf‘



-14 -

nyo g ZI ” , / IBEATN ¢

- 4-4
/7,

f-a G vt
}:-/c/ / ;(trqff_,.ﬁ  KE)

A= 44 . .,m=9 Now from this and /5/ follows the existence of such

et JTAN =Hvis k.

o/ J. 1s quasi-continuous on MK, ‘
Let t‘ fe M, /B ,f 2 -converge to . Then using the same

.rononinl as above we get J("n’ V(‘)ﬂl /3%, fd (2'}}- 301 @/ at

P g
secanse / 2 (, 4, (T))- aft FOE)'a 2 FOGKT] kePrT . ap-mey
by use of Lebegues theorem we have from the above inequality ‘
Le)-vin—o R
a/ ‘l‘bo convexe gnd closed envelope f of TN is z =-compoct .
g?(t)éer. Then L::_(ﬂsko,J-Ol...,/u-4

That means that the functions: 7/‘)ft}e (TM,( ){"} “are
uniformly bounded on every closed finite subinterval of 7

Therefore for £ = Q 4. «,7t-2 they are also oquiconunuou on every
closed subinterval of « We prove that the functions ’ ~-1le) &

€ ( TMK )’“'0 are equicontinuous on every closed subinterval of .
Lot y/t/- 74 fe€My, ‘e Then

7 (ms) (t) = Cu., .[ a(z'frt‘l)aw

Using /3/ and monotonocity of Flé,42) “we have that for
4. ¢ , §[K8] ) Lolots /ym-‘)(t )-gf~-dee )] =/
//ur r(’r)/dt‘/s// FOLTRT e ot «

s /En.:,; F(t&t"’t" . kt'.m’4/£ t /
o,
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This completes the statement that the functions of TMK. and their
derivatives of order ¢ , L = Q4,...”~7 are uniformly bounded and
equaicontinuous on every closed subinterval of J .

Make now the convex and closed envelope JS' of er. . Then the
functions of S are also uniformly bounded and equaicontinuous on every
closed subinterval af J from what follows that J' is @ - -compact
/ see [10] .

Thus § is convex, closed and @ -compact set and 7S C er cs

because er cSc ng . Following the theorem 2 from [10]
T has at least one fixed point in Mx which is the solution of (E)
having the property (P).

It is easy to see that in this cese the set of solutions of (E) having
the property (P) depend on m parameters.

B.Let OZK-1<P<K&m-4K=12,..., »n-1.

Let M Dbe the same set of functions as in part A’ . We define
operator 7 on M as follows: If £ M, then

12y TFew () ¢ (Eta) _ O (T-0)™ e df
/g /! o (Kk-1)! (m-R-7)7 Bﬂfﬂ”

For the derivatives of V we have the formulae

L.t .
(4) (t-t)7C  f (e-T)ht F oo™ 2
(e)- Zc . S B( fa)doats
& £

asng 4 *

/13/ (<) (b-s)™<"7 )
¥ “t=-/ Bls e KS L5 n-1.
g (m-<-1)! fral)te, L
It can be proved in the same way as in part 4 .that 7AMc M.
We omit the proof.

We will prove that there exists such K, > O that TMK.CMA'.
From /13/ we get

” K=a P
[ 2 e 45 Jor o e




4-
Z/C{/ KP /AM‘P"'F{A/(JJ: ‘ A’P'“"" ols

for 0 s <2 K-1 nnd

| S - Sl gy

for x: Ligm-a 7*°
Thus '
y 21

/4.//‘:/6/*,(1’//“4'9'4;:[4(} '("A“}dd
Respecting /5/ we get the exutonoe of such £, > (/] that 7',4(’. CM(

By the same reasoning as in part A we get that 7 is 2 =continuous
on My, the convexe and closed envelope S of T My, is @  -compact

and tbre T/ TS o So using the theorem 3 from [.lg we have that 7
has at ! ‘¢ on: fixed point in Mk,

The 2. % solutions of (£) having the property (’} depend. in this
case a: "::.. on A parameter Cz.2=04,.-..,k-7,

C.olLet PN KuO1, . .. m-1.

Lot 0/,’ = 0' ., K-1, . be arbitrary real numbers. Let A/
denote the same as above. Then we donne operator 7 on M as follows:
nSe M then p B
rf.vﬂ) /)'_"c _.‘...7‘_) "y (“'_;',izl_ =
(=)t ()41 gy ) ot
(K- 4)/ / (n-k-q)! f(}}
Th - ' X—¢
- r@)(¢) = Zej (e-t,) N G L

/ j-‘)' K (Kk-<)!

2. -4
/ (D) T (Fagnehee Bs f(4))cts 2T

(k-€-7)! Y, (m-k-1)1

0545 K-1,
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{m -&=-q)!

’lclﬂ) e (1"'4)" < Bls,f(o) Ao, k<is m-1.
: F (m-<-71)!
The statement and its proof is the same as in part 8. D. Let <o

In this case we define the operator 7 oo M as follows:

1t €M then

o

e (b) e [ L)
e W)= ) Ty s

/éA}ﬂl-o-l
£ = G2, ..., m-1,

. The proof the eximtence of a fixed point of 7 in M can be made in the
seme way as above. In this case we get at least one solution of (€ ) naving
the property { P)

Bemoar ;'. Let exist a continuous fonction F(t) for t >
and let

ne /3(£ .«o}/f F(t) {n all (.txo}e.ﬂ.
oy ﬁ -p-4 F(t} At < oo

Then, 1if we subatitute /3/ by /14/, /4/ by /15/ /the condition /5/ is now
fulfilled/ the validity of the theorem 1 remains.
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To Professor Otakar Bordvka on the occasion of his 70t birthday

1. Let us consider the differential equation
“(l) " £(x) Iy(x)l = sgn y(x)- =0, - x: (r)

where 0 <% < ] and the function f(x) is continuous on the intervalc¢0, o° ).
0. the case f£(x) > 0 it was prond in [1] that all the solutions of (r) are
oscillatory if and only if f x* £(x)dx =00 ,:In the following theorem

we shall.omit the assumption £(x) > 0 and it will be proved that all solutions
of (r) are oscillatory also in the case if f£(x) "alternates”. For X > 1 this
problem was solved in the papers [6] and [4] . Let us note that from the
known theorems on the extension of solutions it follows that all solutions

of the equation (r) can be extended over the whole interval < 0, o= ) .

[see 5] .

Theorem 1, Let there exist a number 4 uu-tyiu 0o</B s
* such that

":(xm .00,y (1)

then all solutions of (r) are oscillatory.

Proof . Suppose that the equation (r) had a nonoscillatery iolndon
y(x). Without loss of generality,. it can be supposed that y(x) >0 for
3;2070. The substitution t = 1/x, y = xu tnnltor- {v] .into the fora

we(t) + 2@ u)® sgauit) = 0 - @
(u* -ﬂ.,x-l/t). -
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It im evident that to the solution y(x) of the equation (r) corresponds the
solution u(t} > 0 for 0O<te to = l/xo of the equation (2). Let us denote
1+&€=/ =7, then from (2) after an arrangement we have

) ), B > o
7(—;’ t *‘—7717'—)- t% = - £(1/¢)¢ for 0<t‘¢o .
u u

" Hence integrating over the interval <t, t°>(t° >0) and using the second

u(z 7-1
oz z dz we get

s
mean value theorem for integral .{
. . to
u(t) > > 7-1 1-& /'n‘ z > / -~-2
- t7 o+ t (y) +&x TLI‘L z2dz=¢, -/ £(1/2)2 dz,(3)
o { T 1 $ ?

a®(t) 1- &

where ¢, = ;‘“0) td 7 r-1 1.
1 =t  + t (t,), teVg t,.
a () 0 1-& o " o €%
¢t
According to (1) /t‘ t(l/:)z'ﬂ'adz-’- for t—» 0", hence by (3)
we have
u (t) .
- -F(—) tf"" -0 for t —» 0’. (4)
t

Hence u(t) >0 in some interval (0,T >(T {to). therefore u(t) is a bounded
function over this interval, If we use the given transformation we get

vy (x) a u(t) - x~lace) 8 1-X oA ult) »

D e e w7 (t)t - —
y (x) % u® (1) f*(t)

The last oqu.ut'y. preceding considerations lild (4) give for all x)ll-y xq
the following inequality -H-:-}— x? <. 1. Integrating this inequality over

over the interval < X1 X> we got

1-0 1 -0 - -0
1l'x(x) < - TT :1."‘ + 03, where oy = oY) x} A + yl “1"

From this it iz evident that for sufficiently large x, y(x) <0, But this is a
contradiction and thus all solutions of (r) are oscillatory,
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2. The solution y(x) of (r) is said to be left (right) singular at the
point xq if y(xu) = y'ho) = 0 and in every neighbourhood of x, there exist
two numbers x,, X< X, (xl.x3> xo) such that y(xl) # 0, y(x3) = 0. The
solution y(x) of (r) is said to be singular, if there exists a point
xq € <0, 0©) such that this solution is left (right) singular at x,.

In what follows it will be given an example of the function f(x), under
which equation (r) has a singular solution., The function £(x) will be con-
structed in the same way as in [3] , where for o = 3 was proved the existence
of a solution which cannot be extended into the whole interval <0, ©° )e
For the sake of the simplicity of the calculation we put in (r) « = 1/5,
Then the following assertion holds:

There exists a constant ¢ > 0 such that the equation
U(e) + out3 (1) =0 . (s)
has a solution U(t), which satisfies the following boundary conditions

U(0) = U(1) = 1,0°(0) = (1) = 0 - (8)

and has exactly two zeros in the interval (0,1).
This assetion follows, buidol'anot’her. from the faoct that all solutions
of (5) are periodic with the period *
. .
T= ‘-2/5(_62_) 1/?/ (1 - 16/5)-1/3“. where A is amplitude of a solution,
~ S

If wo put A = 1, T = 1 then the existence of a number ¢ > 0 follows such that
(6) holds. .

In-the following a lemma, proved in [3] , will be introduced and adapted
to our purposes.

Lewm 4a 1, For every positive integer n there exists a function
qn(t). continuous in the interval < o0,1> such that the equation

UC(e) + (e + qy(t)) 03(0) =0 ‘ m

has a solution Un(t) having two zeros in the interval (0,1) and lltil:?in&

the boundary conditions 5 .

L4 Ll . n . 'A.'
Un(O) =0, (1)-= 0, Un(O) =1, U, (1) .(n+1) (8)

€
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Moreover the function qn(t) are such that q,(0) = qn(.l.) = 0 and 1lim qn(t) =
n+x

-\0 uniformly on the interval <0,1> .
Proot '. Let U(t) be a solution of (5) satisfying (8) and 0<tpel
such that U(t) > 0 in the interval < tos1> . Define Un(t) as follows
U(t) for 0 t ¢ to
Un(t) =
. n \5 4 : (9)
Tr) -1+ 0(t) -[ (t - s)f (s)ds for tgsts 1.

The functions tn(t) will be chosen to be continuous in the interval <to.1 >,
bounded for all n by some constant and satisfying the boundary conditions

L] n 5 4
f (to - I)fn(l)dl ——) -1, / .fn(l)dl =0 (10)
te n+l /1 ’

fn(t")) = 0, fn(l) =

n+1

The first three conditions from (10) ensure the continuity of funotions
Un(t). U;(t) and U;'(t) for every n in the interval < 0,1> , It is also
evident that to can be so chosen in order that Un(t) > 0 in the. interval
<tgel > . Then U (t) has two zeros in the interval(0,1) and satisfies (8).
If we define q (t) = - (¢ + 0;1/5 (t) U "(t)), then 9,(t) is continuous

function in the interval <0,1> for every n and q,(0) = 9,(1) = 0, which

follows from (6) and the fourth condition of (10). Thus Un(t) is a solution
of (7) satisfying (8), It remains only to prove that the functions with the
requested properies can be found.

It turns out that it can be e.g8. the functions of the form
£208) = eyt -t )% 4 bt - 6% v o (e - to). The third condition of (10)

is satisfied and the rest ones give us the following linear system

/5 (1 Wb/t M-t )%s 0 /8(r-093=1 (2
88 A1 = tg)” + 0y Tt t e “to =

/4 1-tte b /s (-t e 0/ 1-tpdao (11)

81 -t + b (1= t)? s o (1 -ty) = —
n ) n n n+l
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Since the determinant of the system (11) D ¥ 0., we can calculate the
cootrichnt- a., bn and L In additon to a constant K exists such that max
Clagl o [vy] o | o, )< l/n form=1, 2, 3, ...., which follows from the

right-hand side of the system (11). If we choose therefore 'n~' bn. °n in

such a way, all requiremnts on t (t) are satisfied. From this, by the definiton

of q, (t) and by (7) it follows that lim qn(t) = 0 uniformly in thq interval
n-yee

< 0,1> (mee [3] ). Thus the lemma is proved.

By using the preceding considerations we are going to construct a
function f£(x) in order to be continuous in the interval «< 0,o® ) and equa-
tion (r) to have for &€ = 1/5 a singular solution.

Let the sequence {V be such that V., =0, ) = 1 , then
n 1 n _2

lim v, =£ /6. For x € < 0, ﬂ' /8) let us define f(x) and y(x) as follows
n—eé

£(x) = ¢ + qn(nz(x - vn)) for Vp €X€V,
’ (132)

(x) = 1/n3y (na(x - V.)) for A
y n n §x ‘vnﬂ.

The runotion £(x) defined in this manner is continuous in the interval
<0, % 2/6). Because li- qn(t) = 0 uniformly on <0,1 > , it follows that

lim £(x) = c. Thorefore the function f(x) can be continuously extended on

the whole interval < 0,90 ), By (8) also the functions y(x), y (x) are
continuous in the interval < o.i‘/e) and by (12) in every of the intervals
<Yy V.1 > 7(x) is a solution of equation (r) for & = 1/5. It is evident

that j(’ ) = 1/n% ana by (9) in any of the intervales <Vpe Vpug? y(x)
and y ‘(x) has at least one zero. From this and fro- the pouibiuty of tho

_ extension of the solution y(x) it follows that y(&3/6) = y’ “(®3/6) = 0.
Thus the solution y(x) of (r) is left singular at the point .'talﬂ.

From the preceding example it is evident that the continuity of a posi-
tive function f(x) does not eliminate a singular solution of (r). However
if we require some additional assumptions, then (r) has no such a solution.
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Theorem 3, Let there exist a number x;>x, (il.n xo) such that
for x € (xo.xl) the function f(x) is nonnegative, continuously differentiable
and the following inequality holds
X, - X
t(x)» =2

£ (x). (13')

Under these assumptions equation (r) has no right (left) singular solution
at the point Xge

Pt oot . Let y(x) be such a solution (the proof for x; < Xg is
similar). Transform the equation (r) by ¢t = 1/(x - xo). y = (x - xo)u.
Then to the solution y(x) corresponds an oscillatory solution u(t) of the
equation

. ' o<
u (t) + q(t) | u(t)| sgn u(t) = o0, (13)
. du
(us —)
dat
-3=0¢ PO
where g(t) = t (xy + 1/t). From the proof of Theorem 1 of (2] it follows
for the equation (13) the following assetion: If the function q(t) = 0 is
continuously differentiable, where 4(t) € O for t € (¢, o0 ) /c is a suitable
number) and f" tq (t)dt<oe , then all the solutions of (13) are nonoscilla-
tory (besides a trivial one). Using this fact our theorem will be proved
easily, since the assumption of the continuous differentiability of q(t) and
the convergence of /“t tq(t)dt are satisfied and by (13) we get
o

alt) = - t""ﬁa +o()t(x) + (x - xo)r‘(x)}s 0.

Theréfore equation (13) has no oscillatory solution and this contradiction
proves the assertion. ’

From the prieodtng considerations it follows that if £ (x) is continuous
in the interval < 0, o), then equation (r) bas no singular solution.

The existence of a singular solution of (r) is closely related with
the uniqueness of solutions of (r). It is evident that uniqueness of (r)
can fail only on the x-axis.In the points where a singular solution of (r)
exists there fails the uniqueness. In the next we 'prove that uniqueness can
fail only.in these points.

Let xg be & point on the x-axis in which does not exist a singular
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solution. Suppose that equation (r) has two nonnegative solutions v(x),
z(x) such that v(x,) = z(x,) = 0, v'(xy) = 2" (xy) and in a neighbourhood
of xq for x >x, u(x) > v(x) holds (similarly for x < xo). Then from (r)
we get.

x ,t
u(x) = v(x) 8// I(V)(I v(v)l‘sgn viv) -,u(v)l“sgn n(Y)} dvdtg 0,
%o %o .

and hence u(x)g v(x), which contradicts the assumption. Therefore if such
solutions exist they have to intersect 1n.tin1§.oly many times in every
neighbourhood of Xge However, this is impossible what follows e.g. from the

following lemma. #

Lemma 2, Let the function f(x) 3 0. Let u(x), v(x) and 'z(x)
be solutions of (r) such that 0 S u(x)< v(x), u(x) <z(x) for xe (a,b) (a30).
Then solutions z(x) and v(x) can intersect in this interval only once.

Proof . Let x;, x; be such pointe that a<x;<x3<b,

v(xl) = z(xl). vixy) = z(x;) and for x & (xl.xa) hold u(x)< vix) < z(x).
Consider the function :

Fixi = (z(x) = v(x)) (v (x) = u’(x)) = (v(x) = a(x)) (2 (x).- v (x)).
Since

F (x) = (z(x) - v(x)) (£(x)u™ (x) - £(x)v™ (x)) =

os oc
- (v(x) - u(x)) (£f(x)v (x) - £(x)z" (x)),

then integrating over the interval< X)sXg >, for the sake of concavity, from
the preceding equality we get

F(xy) - l"(xl) =
"‘C"t(x’ {(v(x) - ulx) (2% (x) - v® (x)) = (z(x) = v(x) (v (x) = n‘(x}dxso.
On the orther hand we have '

F(x;) = - (v(x;) - ulx;) (zlx)) - v'(x;))<0,

Flxg) = = (vixy) = ulxy))(zlxy) - v'(x3)) >0,

but this contradicts (14). Thus the solutions z(x) and v(x) can intersect at
most once in the interval (a,b). °

If we put u(x) = 0, then by Lemma 2 it is evident that solutions v(x) and
z(x) cannot intersect more than once, unless v(x) intersects the x-axis and
this proves our assertion.,
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We understand under a graph in this paper a finite graph without loops.

Let G be a directed graph, In the following we denote by VG the set
of vertices of G; by E; the set of edges of G; by Ec(—» v) [EG(V —-o)]

the set of such edges of G that are oriented to [rro-] the vertex v,
respectively.

Under an indegree [outdogroe] of a vertex v we understand the cardiml
number of the set E (—v) [BG (v—)] and we shall denote it by £ (v)

[w G ( v)] respectively, The sum O (v) = % (v)+ w, (v) we call

as usual the degree of v in G. We say that a vertex v is a spring in G if
f (v) =0; irw;(v) =0, v is called a receiver in G.

G is said to be 09 -graph if for every v € V; we have Jtn (v) =wg (v),
It is clear that a degree of each vertex of a @ -graph is an even number.
Under a 9 -factor of a graph G we understand a factor of G, which is a
@ -graph.

Let G bo a directed graph and Vc {'1"2""'1;} « Let F be a directed
graph constructed as follows:

(1) vp = {"1"‘2""'%"1-" .....wp} ;

(2) Ep = E; and moreover for i =1 2,...p holds:

[o€ (s v)]=p [ € Bp(— 9T : [reBg (vow)m[teE, el

. Then we say that the graph F arose from the graph G by the ﬂ) -gtrans-
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formation and we write F = % (G) . It is obvious that every e € Ep is
oriented n'-o--.. vertex v EW '{'1"2""'9} to a vertex u’ elWU: ("l'“ .

...,up « Honce F is a bipartite graph. The set W is a set of springs of F
and U is a set of receivers of F, It is clear, that G’F ("1) = .7?", (uy) =

.Q" (v’) i Op ('1) = W, ('1) holds. The following two assertions are
obvious (no e.8.- BERGE [1] corollary to Theorem 2, chapter xI) :

Lemma 1, Let G be a regular® -graph of degree 2n with p vertices,
then F -7(6) is a bipartite regular graph of degree n with 2p vertices in
which every edge 'is oriented from some spring to some receiver (i.e. F does
not contain any cycle) .

Lemma 2, A directed graph G is decomposable into quadratic §
~factors if and only if G is a regular 9 -graph.

Remark 1, Directly from the definition of the @ ~factor it is
clear that every component of a quadratic @ -factor is a cycle. Therefore
a dooo-poliuon into quadratic P -factors means nothing else than ‘a.
decomposition into quadratic factors composed of cycles only. It is well-known
(ln e.g. KONIG [2] s P29 that every ¢ -graph which need not be regular
and only a £ -graph is decomposable into cycles. The Lemma 2 is dealing
* with the case when we can distribute these cycles into n quadratic factors.

Lemma 3, Every 9 ~tournament can be decomposed into quadratic
¢ -factors.

Proof . Lemma 3 follows from Lemma 2,

Let G be a regular @ -graph of the degree 2n (n >1) with p vertices,
'0 '('l"a""'p} and let the graph F arose from G by an 'bz -transformation;

V= {ul,na.....n'.vl.iz....wp} « Let H be a graph which arose from F by

adding another of the edges hl".'z'“"hp such that the edge h:l is oriemted

from w to Wy It is clear that G is decomposable into n Hamiltonian cycles

if and only if there exists such a decomposition L™ = {l. (1) .L(2),

esql (n)} of F into linear factors that for every i = 1,2,...n we have:

The quadratic factor L (0) UL (1) where L (0) is the linear factor of H
containing all edges and only the edges from (hl'hz"“'bp} ‘is a Hamiltonian
cycle of H. "
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Lemma 4, If the decomposition L = {l. (1) o L (2) yeeesr L (n)} i
has the required property then for the number of circuits q1 in the
quadratic factor Q, j=L (i)uL (Jj) for every i # j; i,j € (f 2.....n'}

we have q; ; = P (mod 2) .

" Proof,LetL*-= {L (1) , L(2) ,eee,l (n)} be such a decomposition
of F into linear factors that L (0) U L (i) is a Hamiltonian cycle of H for
every i = 1,2,...,n (where L (0) contains the edges of the set [hl.h
....hp} .« Let 1 # j be two arbitrary numbers from (1 2.....n) « We dencte by

Cy j the cubic graph L (0) UL (i)u L (j) and by U,y the number of the

L] L]

circuits in its quadratic factor L (x) U L (y) . In [3] it is proved: 9,5 *
+qo J’qi is p(md 2) « In our case we havoqo i~ Y, 3 =1, from which

the assertion of our lemma follows immediately.

Theorem, Let G be a @ -tournament with 2n+1 vertices. Its decom-
poaition into Hamiltonian cyelu does not exist if every decompésition
= {L @) oL (2) seens d (n)J of F =% (G) intolinear factors has the -
Iouowing property: at least one its quadratic factor Q; j= L 1w ()
contains an even number of circuits.

“P.r oo f of this theorem follows from Lemma 4,

Remark 2, We hope that simplifications following from our consi-
deration and from our Theorem (the problem of finding a decomposition of
a ?' -graph into Hamiltonian cycles is equivalent to the problem of finding
such a decomposition of some bipartite regular graph into linear factors
Lo"‘l""'l‘n [wherehy Lo is a given its linear :actop] that every quadratic

factor "0 viy is a Hamiltonian circuit - the orientation of edges is not

-essential - and we may exclude from our considerations all the decompositions
in which at least ome quadratic factor Q:l has an even number of circulu)
will be useful at 8clving fonowing unsolved problem: Is it possible to
decompose every @ =tournament with 2n+l1 vertices into n Hamiltonian cycles?
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A REMARK ON NON DIRECT PRODUCT OF MEASURES
TIBOR NEUBRUNN, Bratislava ’

To Professor Otakar Bordvka on the occasion of bis 70%h birthday

The paper [1] contains a result asserting the following:

(A) Let A be a non negative finitely additive set function defined
on an algebra @ @ (& of subsets of XA xY such that (i) .A KXxY)=1,
(i) A is a non direct product of 4 and Y where <& and V are non negative
finitely additive set functions defined on the algebras & and a8 respectively
Then under assumption that ome of the functions 4 and Y is compact and
the other is & -additive, the function A is 6 -additive, the function
" A is @ -additive.

The notion of the finiteness is substantial in the definition of non
direct product of measures irtroduced in [1] . This note contains a result
analogical to (A) , and based on (A) ,for the case of infinite measures,
Further the applicaticns of the obtaimed result, to the problem of
¢ -additivity of a function A (Ex F )’ which is supposed to be

0 -additivity as a function of A when & is fixed and as a function of
£ when F . is fized, are given.

If nothing else is said,. the notions are used such as in (4] , @ and
A will denote rings of subsets of X and Y respectively. If T is

& non negative set function defined and additive on & (The values of €
are supposed to be real numbers or ®*) , we shall write shortly that is
f.a. function. Moreover if & is an algebra and if T (X)"ilp 4 is
said to be normed finitely additive, shortly written € is n.f.a. function.

A collection 4 of subsets of £ is said to be compact if for any
sequence of Ca & A, ‘“ﬁ:c,.., >* &  whenever Cn C,n. -G P tor
n =1,2,,.. . If T is a f.a. function defined on £ then 18 termed
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compact if there exists a compact oollecti&n X of subsets of X such that
torany £ € Q for which T(E)<o® and tor any €& > O there
oxist A € KX and F € Q  guch that £2KDF and C(E-F)<6.

(\p
It ¢ is finite f.a. function, then the above definition coincides with
that one in [5] (cf.also [6] p. 225)

Note that if X is a Hausdorff topological space and C the class
of its compact subsets, then any regular Borel measure defined on the 0 -ring
generated by C is compact, Recall that the notion of the regularity and that
one of Borel measure is used in the same sense as in [ﬂ with the only diffe-
rence that- X need not be locally compact space.

"Further A X B = {EXF:E€ Q,Fe B} . 1he symor A® 8
denotes the ring and a@d. 03 the 0" -ring generated by (L x &.

In accordance with [1] n.f.a. function defined on & @ ﬂ is
said to be a non direct product of n.f.a. functions & and V¥ defined on &
and ) respectively if ’

ACExY) = A (f) forany FeQ,
.A.(X.;F)'.y(F) for any F e B.
Further we put 2% = {E Fa A€ @, for any . A ,&a};
The following properties follow immediately, therefore the proofs are omitted.
(a) A* 1s an algebra and @A
(v) 1¢ Ee a* x ﬂ'; then (Px Q) E & aes
for any Pe a, QE a .

It A is f.a. function on @ @® B and & denotes the collection of
all Q?: Qe x B for which 0: A(PxQ) <o, then we define
).a' (E)=A(R@Q)\E) tor any £ € A*® B”*. this detinition is correct

as it can be seen from (b) , and mereover
; P, »
(ec) - ATH Q is additive on 4’0 a”.

A* denotes the n.f.a. function which can be obtained from > .

- A 5@
A '(E)' i_(,‘% for any Eiaf’Q 6*

Thus
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We have

%)- “x\(? T (2 Q),E).

Hence -

(@ A*E) =X (P Q)aE).

If A is defined on @ x B the symbols , A and A, have the
same meaning as in [2] or [3] , i.e. p A (F)a A(ExXF) for every
Fe B while £ € @  is supposed to be fixed. A, is defined
in a similar way,

The notion of a semifinite set function, which is a bit more general
than that of 0~ -finite, will be used in the following sence.

A non negative monotone set function A defined on a system & of
sets is called semifinite on € it A(F)=LUB{A(F): FCE A(F)<on }
for any £ € &' . For the -euurea the notion of semifiniteness appears

in [1] .
Lemma 1, Let A be f.a. function defined on a ® B and let
the following assumptions be satisfied: .
(1) For any px QE £ the function X ~ra is a non direct product

of a measure ("39 and a measure ) ra defined on & and & respecti-
vely.
(2) At least one of the measures (“ 0 PG is compact for any 73. Q‘F
(3) A is a semifinite on a,@ 8.
Then A is a measure on a@ 8.
- P
Proof. A *Q is n.f.a. function on ﬂ*@ 6* for any

AQe¢ ¥ According to (1) and (2) and the result (A) X il

is a measure on d# B* . Thus )\,’ Q is a measure too. The system

{A ‘ ) where Q‘ Z is increasingly directed system of measures
on a"@ P chce the function €(§)= lUﬂ A%9CE)  is a measure

on a ® ﬂ (-oe [7] p. 87, or LB]) .« We lhal..l prove that € coincides
with A on 6?,0 8.
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It is sufficient to prove that ¢ coincides with A on ax A .
If 0< A(Ay B)coo,then ) y B ¢ S~ and we have

() Tca, 8)zX'"14,8)°2(4,8), tor any 4,86 #
P a(l, B)ax(Ax8) tor any 2 Q € #. Hence
T(AxB)s X (4x8).
The last and (e) give '

{/) E-MXB)'J\('M'B) for any Ay B‘K

Now let A (4xB)=e=. The semifiniteness of €, the property (/) and
the fact that ? is monotone give

o= NAxB)=LUB[A(ExF): Ex FcAuB, A(E, F)= <)SUUB[C(E,F):EFc h, B2 ltarg)

Hence € (AyB8)=m=2X (4x3). Since the case A (4 x8)=0 is
evident, the proof is finished.

Lemma 2. Let & be non negative, monotone set function defined on
Qa - Let '¢ A be semifinite on @B for every F e C2 « Then A
is semifinite on Ly, B , Moreover ifg A . is 0 -finite'on &
(]
(i.e for any Fe B there oxists a sequence { Fu L" 3 Fn6 MB such
that ¢ A (F, )=<oo and F ¢ a{_./' Fw) , then A is

6~ -finite on A x A3 .

Proot Let , A be semifinite . Let £, F e A x A

A(EyF)eg A(F)= Lue {,A(6) F>6,6e8 A (6)<oo} =

LB {A(F,G): F26,A(E,6)<=}8 LUB{L(4,6) N Eck\F,
He@, 6 e B, A(AxG)<c=}a L(F,F).
Thus A (ExF)= .Lus .41(2) wvhere Z runs over all those sets

belonging to a; A tor which A (z)< oo + This proves the semifinite-
" nessof A on XA ‘
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Now,'let 2 A be O -tinite. Let E,Fe A x /3. There
L]
exists a_sequence [l;'"_ .r /-'“ e & for which Jl(e”)< o=,
Fe U Fm . £, Fm€ A, B torn=1a,...,

O Ey b SEF,ACE E)mg A(FEn)<om.

mug X

Thus A is O -finite on L ¥ B .

Iheorem, Let (x,jﬂ), (V’f) be measurable spaces. Let
A be non negative set function defined on J’* satisfying the

following conditions:

. (") For any £, F e £ the function g A 1is O -additive on 5
and Jl, is 0" -additive on f° .

(2°) For any £, Fe £ at least one of £t AF is compact.
(3°) For any £, F¢ P, & at least one of g A, A, " im semifinite.

'l‘ho:i A is 6 -additive on Px f « Moreover, if the semifinite-~
ness in (3°) is substituted by 0~ -finiteness then on J’@G, j\' there
exists just one measure ,4¢ which is an extension of the function A,

Proot From the condition (17), the finite additivity of A. on
» x J . follows, The last implies the existence of the unique extension
" of A which is finitely additive on J”, (9\ « We shall use the same
symbol A for this extension. Now let P.de e Px G Let

_ us form X and define
WPOE) = A(EPIx @) tor any E& #7
VEUE) =X (Pe(FaQ)) tor amy FeF *

1 Px Q e‘f then xP,Q is non direct product of ((4’:’@
and Y P& | pecause it £ & ™ then (in view of (d))

XY V) X CEAPIAQ) = 2O E)
and it F € f' » A
X ) =X (P Fn @ e O(F),
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c«ﬂﬂ and V"a are measures. The last follows from (1°). For any
PXxQ e f" at least one of (“20 ) V'." is compact. In fast, let
e.8. Agq be compact. Let £ € ¥ be any set. Then Fpn Fe P

Since A((E Px Q) < o= , there exists to any & >0 a set
Ke .7(‘ (X @ denotes the compact collection corresponding to the
measure A q) and aset £¢ S * such that ENP 2K 2 Fn P and

ACCEAP-FaP)xQ)<EA(PcQ). Hence X ((Ep,P-FaPlx Q)<é&

which means ,‘t”' (E-Fe< & . Thus the compactness of ,«-"e on S
is proved. The semifiniteness of A on J’@ f\’ follows from Lemma 2,
The assumptions of Lemma 1 are fulfilled. Using Lemma 1, we have that A ig
G° -additive.

. If the 0 -finiteness instead of semifiniteness is assumed in (3°),
then A is & -finite on JSx 2 . This implies & -finiteness of

"A on f@ ?' and the uniqueness of the extension on J"@‘.

follo s from the well-known measure extension theorem. The proof is finished.

Corollary. Let X bea Hausdorff topological space and 2
the. system of all Borel sets in X . Let (Yl f\') be a measurabl: space
and A a non negative set function defined on P x .9\' and such that

1", A is O~ -additive for any £ € S

(2°°) }-,'- is inner regular Borel measure for any ~ € 7

Then there exists just one measure ﬁ" on J'@d- f such thntp& is the
extension of ) . c

Proof . The condition (1°°) and (2°°) immediately imply that (1°)
of Theorem is satisfied. Similarly (2°) follows from (2°°). Moreover (2°°)
implies the semifiniteness of 1. for any Fe ¥, hence (3°) is satisfied.
Thus the assumptions of Theorem are fulfilled and Corollary follows.

Another proof of the corollary for the case of the locally compact space,
and related results are given in [3] o The case when both spaces are locally
compact was solved in [2] .
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A NOTE ON MEASURES IN CARTESIAN PRODUCTS
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To Professor Otakar Bordvka on the ocassion of his 70/ birthday

In the p-pér [1] the following problem is dealt with, Let measurable
spaces (S,¥) and (T, 5) and a function A on the system of the sets of the
form EXF, E€ ) , Fe J_ , be given. Suppose that A (E x F) for every
fixed F € 7 is sigma additive on 5 as a function of E and for every
fixed E € ¥ i sigma additive on < as a function of F. The question
arises whether A 1is sigma iddi'_.in as a function of E X F,

In the paper [1] the affirmative answer to the question is ('hen in
case of the families 5 J” of Baire sets in locally compact spaces S, T
and in the futher conditions of regularity in case of Borel sets. )

.In this note the affirmative answer is given in case that (S, >’ ) is an,
arbitrary measurable space and J s a family of Baire sets (in conditions
of regularity - a family of Borel sets) in a locally coly-ct space T, From
this we obtain the result of the paper [1] .

Our terminology in measure theory is drawn from [3) and [4] .

In t’l‘a_o- sequel T denotes a locally compact (Hausderff) topological space.
Further Y%, 7" denotes the family of all Baire, Borel sets, respectively,
in T. :

4 Let us denote ' )
PxJ, ={exrire? .-r.f;},_.}’{?.-[:x r:ee%, re 7.

If A is & function on J% J, the symbol g A for an arbitrary EeJS
will denote the function om z defined by the squality g A (F) = A (ExF).

Similarly for Fe¢ ./ we shall denote by the symbol ).‘ the function
on # , for which A, (E) = A (Ex F). Analogous definitions we take for
the function A on ¥, O
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N/

Further, Jo@ /. ) ja@ y- will denote the ring of sets generated
by S ‘Z} Fx J7 ., respectively. It is known [4, Theorem 33 E] that
the ring )‘o 7% ()"Q J") consists of all sets of the form

? . ) . ,

1 6= U g xF,

<=9 ’
where [Ei X Pi} is a finite family of the ‘sets from J‘x y,;' (P x f),Ei
being mutually disjoint. The sigma rin; generated by .)‘@ .7; or J‘,\- fé
( f@ T or Px .7') we shall denote J'eo ,7" (_Perjv_

If A is an additive function on * .9;' ( #x fj', then on J'Q Z
(.9’0 f'j - there exists one and only one additive frunction ¥ swh that
Y end A coincide on 35 T, (2 x 7 ) . The function y is defined
by the equality

' A

@ Ve = 20 A xF,
Ang
for every set G expressed in the form (1) [4, Exercise 8.5] .
Iheorem 1, Let A be a function defined on 5 J with the
following properties:
(1) The values of A are nonnegatve real numbers or o= and,a (C)~oe

for every compact set C € yo- . '

(ii) For every set E ¢ % the fg;notion' A is sigma additive on Z,.

‘.

(111) For every set F¢Js the function A, is sigma additive on J°,
Then the function A is sigma additive on Py J, .

Proof , It is easy to show that the function A is additive on
J’, .7; [4. ‘Thoore- 33 D, Exercise 7.5] and hence the function Y defined
by the equality (2) is additive on the ring 2 9% - ) »

We shall prove that the function V igs sigma additive aon the rlngPO],'
and our result then will follow, ’

It is known [4, Theorem 53 G or 2, Theorem 60.1] that every Baire
measure on .7'. is regular,

Let G=E x F ¢ S ._’;) V(G)<o= . From the regularity of g At
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follows that for every &> O there exists a compact set C¢ y‘o such that
CcFandg A(F-C = A([E X(F-C)=<€&.

IftGe 5’09; is an arbitrary set of the form (1), v (G)«e= , for
each i = 1,2,...,k we can find a compact set C1 € -9; such that we have

Cic Fi and
- S < £
“A(ri €)= A x (Fy -C )< -, 1=12,...k
Then we have
E; x C,cE, xF E, xC, ¢ G= Unxr
i i i i’ g 1 i ot 1

and

L 4 A :
vyfU  E xF]- [VUE xc,])= VUTJE x(F, -C)]) =
['.'l 1 X Fy) [4"1'\' 1] ,."[1" 1 -]
Z VI x (Fy - C))<E.

oy
‘. oo y -
To prove the sigma additivity of V,'let {Gn }m.-o"G“‘ @ n = 1,3,...,

be a decreasing sequence of the sets of the form

= U EfxF], E}x Fl#8, 1= 12,00k, n=1,2,...

<=1
with
Vi) > & >0, n=1.2,..
Denote F = UJ Fi. Then we have
Ty L
0 <& =< W)= L vE}xFD= ZA(:" Urehs
“‘ 4'4" a'zq asq
= A | £ (ED) = A U ED.
sy - k‘

" The sequence {U } forml a decreasing seguence of the sets

with the intersection ﬁ ( U E ) . Since
m ey e
A (U EP>éE> 0,n= 12,

4:4
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80 from the sigma additivity of J\ it follows

A, (N (i‘f::»w E> o
&

msd

i.0. the intersection n ( E‘) is nonempty.
moq inqg
For every n thon oxist compact sets c: c !"1'. i=1,2,..., ky,

such that
A .
(G, - EP xCM = V(G - ¥ j<-£— =1,3,...,
v, n uf 1x i n n 2™ L

where Y, = U En 1. Denote X, = YN ... nY,, then m g n implies
X,C X, and

v (G, x,,)-wu (c, -vngZ V6, -1)s

t'f

v (6 -1)s 52 <é.
T} =
Hence it follows

0 < é= v(c.) =V (X)) + v(cn-xn)< v o(Xx)+ &,

and V(X)> 0, i.e. the sets X, are nonempty, and X1 € Xpe

Define the projection P of GC SX T into S as the mapping PSG =
{- €S : for which there exists t € T such that (s,t) € c}

Clearly Pg G, U 21. P, (j‘ B:. and also . PgX = PY =
< Awg :
= PSG - (, E" (we suppose that I"ll ¥p, 1= 2.....kn. n=1, 2,...).

uurs/'). X cn sxn.ondiflcﬂ PeX,, then & 6 P.X ,

n=1 2..... the nu (Xn).

sets, hence the intersection - n (xn). = ﬁ x‘). is nonempty and
mad Mg

form a decreasing sequence of nonempty compact

s € Ps‘ﬁ" !n. Thus we have .
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- - - £on
PS‘Q' xn- ﬂ' Psxn-‘f)q Pscll. é y'l:} .

P
Since we have shown that n { U l‘;_) is a nonempty set, the set
o o 44“ ey
n
l’S n xn 'n U E:l.
mzq mag

contains a point 8,5, therefore there exists
e A
a point t, in T such thatv(lo.to)é‘““ Xn.
Since

G, 2 Xn.
oo

U
it follows () G, ¥ 8. Thus it [
<mry

n= l.z.oco.

G, = §, we must have lim V(G,) = 0.
mod M O
o
It V@) == amaG= U 6. C,eFpl n- 1.
- oo
we must show that V(G) -Mg V(G)eee .LetGeEXFa U B, xF,
By x P, and B XF,

mutuslly disjoint. Since g A (F) = A(EX F) = V-(E X F)
3 oo
is sigma finite, we have F = ‘\f’ Fn K, FA (E(‘\Hi)< o,

o
1=1,2,...,4.6. A(EXFNAH)<o® and EXF=Ex rn‘L_J’ H =
o
= U (ExFaH), VIEXF) =
4sq

oo
ZVEx Fn H). Now
€=y

Ex (Fna "1) -‘U’ E » (an "1)' V(E x (Fn Hi))coci = 1,3,...,
'
Y (Ex (Fn “1” =

V(E, x (F.ANH),
mag

' » -
VEXF) = é_? V(E X (FAH)) 'Z,« VI, X (F A B)) =

Ang AT

o
=Ef V (E, X (F, A H)) = f v (E, X F,).
mzy Lvq mzyq

From it we have at once that V (G) = fv(cn)
Y(G) = o®

for G of the form (1) and
. Mmag

Clesrly Y is sigma finite on the ring J’@f .

- 011la 1 If A satisfies the conditions of Theorem 1, then

on Jaz there exists one and only one measure y&4 and on J@d_ﬁ' one
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and only one measure & such that for

EXFPe %Sy w (ExF) =M, ExF)= A (ExF). ‘
Corollar Y 3, Let A be a function on .nywith the properties:

(1) The values of A are nonnegative real numbers or ©° , and
A(E x C)=<oe for every campact C ¢ .7,

(i1) For every E « P £ A is additive and regular on o
(1i1) For every FeJ ‘AF is sigma additive on S
- Then A is sigma additive on ,}"xf and en -”@a’?’then'exiltl one and
" only one measure & coinciding with A on S5 7 .
Iheorem 2, Let ..A. be a fucntion on J: ‘9; with the following
properties: ’

(1) The values of A are complex numbers and the function V defined
by t he relation (2) is bounded on ® .7," :

(11) For every E &y‘l is sigma additive on '/(-0 .
(111) For every F ¢ 4, Ag is sigma additive on 2

Then A is sigma additive on ,(0,]" and on Jpq’.g'\there exists one
and only one sigma additive function c®s » which coincides with A on 8,.9;
and on :)’9 f'ono and only one sigma additive tunction‘«r coinciding with

‘A. on ,,’f; .
Corollary 3, Let A be a complex function on Jox with

the following properties:
(1) the function V is bounded on .P@f
(11) For every E € £ A 1is additive and regular on .7,
(111) For every F&-?J-F is sigma additive on J°.

Then A is sigma additive on J’@f and on P@fﬁthero exists one
and only one sigma additive funcuon/& coinciding with A on % 2'

The proofs of Corollaries 1,2, 3 and of Theorem 2 are similar to those
in [1] end hence omitted.

Remark 1, Itis easy to give an example that the condition of
boundedness (i) in Theorem 2 cannot be omitted because in general the function

V may fail to be bounded.
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Remark 2, In general, the condition of regularity (ii) in Corolla-
ries 2 and 3 cannot be omitted. An example can be found in [7. p. 1027 of
a function A for which J-A- is a probability measure and A v is a probability
measure but A is not sigma additive on ¥x < (of. also [4] p. 214 and [5]
p. 167).

Remar k 3, T, NEUBRUNN has pointed out to me that in [5] similar
problems for probabilities are treated with, For this we refer to (6] .

I
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IN LATTICE ORDERED GROUPS

JAN JAKUBIK, Kogice

To Professor Otakar Boritvka on the occasion of bis 70" birthday

The concept of disjointness was used by several authors for studying
the structure of lattice ordered linear spaces and lattice ordered groups
(F. RIESZ [9) , KANTOROVIE - VULICH - PINSKER (7] , NAKANO [8] , CONRAD [2]
31K [10]). In this note there are investigated some problems on the existence
of lattice ordered groups with certain properties concerning the disjointness
proposed by G. Birkhoff( [1] , Problem 117) and Ch. Holland [4] .

§1,. Basic concepts and notations

Let G be a lattice ordered group; the group operation and lattice
operations are denoted by + and A , V , respectively. Elements X,y e G
are said to be disjoint, if x A y = 0. A subset X € G is disjoint, if x > 0
for every x € X and any two distinct elements of X: are disjoint. For any Y< G
we denote

lys= (zGG:jzl A [y]~=0torea(;her}.

Instead of L Y we write also Y* (cf. [1] , Chap. XIII; in [7] and [1d] the
set lY is called "the component generated by Y“) .

Let 9(6) be the system of all l-ideals of G; the set O (G) is partially
ordered by inclusion. It is well-known that £ (G) is a distributive lattice
with lattice operations AA B=ANB, AVB=A+B for any o,B € O ().

G is a simple lattice ordered group, if O (G) = “0} . G} . An 1-ideal J is
closed if from {x,} € J, Vx = x€ G it follows x € J; J is said to be
"closed", if L (1J) = J (et. Tx] . po 307) . _

1r A,B,A» (-A GA) are lattice ordered groups, then we denote by



ax B, T,gArnd M_4ea Athe direct product, complete direct
product and lexicographic product (in the last case we assume that A is
linearly ordered), respectively; the lexicographic product of two factors
is denoted by Ao B (cf. [1] and [3] ).

§2, Complements of "closed 1l-ideals

The following theorem is well-known (1] . chap. x11I, Thm. 27) :

(III!SZ-BIRMF?) In a compiete l-group G, the following are equival ent
conditions on an 1-ideal J; '

(1) J 1s complemented, (11) J = L (Ly), (i11) J is closed. -
G. Birkhoff ([1], p. 318) raised the following problem;

“Are there incomplete l-groups in which: (s) every "closed" l-ideal
is complemented, or (b) the correspondence K — (K”)*of Theorem 19 is
a lattice endomorphism? What are they? What does this mean for 6 (G) ™~
The correspondence of Thm. 19 concerns the mapping X —* (K‘y*whore ¥ runs
" over the set 9(0) .)

Exam ''e 1, Let llo be the additive group of all rational numbers
with the natural ordering. R, is an incomplete l-group. Since R, is a simple
l-group, each l-ideal of G fulfils both conditions (i) and (ii) and thus
(1)* (11) tor any 360 () . More generally, we have:

] Let G be a linearly ordered group. For any
Je g (G, the following conditions are equivalent: (i) ; (1i) ; (iv)
ge {{o},c}. _ ;

£ , Obviously, (iv)=p (1) . (44) . Let J # {0} . If (i1) is val id,

thenJ =1 (lJ)= 1{0 = G, hence (iv) holds; since (i)=y (1i) in any
lattice ordered group ([1] , p. 315) , the proof is complete. 0

Corollary 1, Let & bho an infinite cardinal. There exists

an incomplete lattice ordered group G such that card G = and
(1) =b (11) for any J& O (G) . _

- Proof . Let I be a linearly ordered set, card I = & and for any
1€ I 10t Gy = R, Demote H = ", o ; G, and let G be the system of all
elements g¢ H such that the set' I (g) = {t €I:g (1) 70} 1s finite,
Then card G = ® , G is an. incomplete l-group and G 18 jinearly ordered;
hence by Prop. 1 (1) d=p(i1) for any J¢ O(c) .
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If (1) 4ump (11) for say J ¢ ©(G), the implication (111) mmep (1) need
not hold:
Example 2 LetG=R,o R, J ={(0,x): xcao}. Since

G is linearly ordered, (i)<¢=d>(ii) for any J € ©(G) and J, does not ntinfy
(1) ; obviously J, fulfils (iii) .

If the conditions (i) , (11) and (iv) are equivalent for any Jee (G.)
the lattice ordered group G need not be linearly ordered:

Example 3, There exist simple lattice ordered groups that are
not linearly ordered (Holland [4] ; cf. also § 4) ; let G have the mentioned
properties. Clearly (i)cmms) (ii)¢é=$(iv) for any i-ideal J&¢ O (G) . (an
legroup with these properties cannot be complets, since any complete l-group
that is not linearly ordered is a nontrivial direct product, thus it is not
simple)

Let us remark that if an l-ideal J € O (G) has a complement, then this
complement equals . J.

We can generalize Proposition 1 as follows:

Theorem 1. Let I be a non-empty set and for any i € ‘I let
Gi be a linearly ordered group. Let G -TT i'e 1 Gi' Je® (G) . Then the

following conditions are equivalent : (i) : (ii) ; (v) there exists a subset
IS Isuchthat J={g€G:g (1) =0 forié€I}.
Proof ., Assume that (v) holds. PntI = I\I "
(l) g = {l €G:g (i) = 0 for uch i€ 12}
Then J; is & complement of J and hence (v) =» (1) . (i1) .

. Por any subset X < G let I (X) be the set of all 1 € I such that there
is x € X satiafying x (1) ¥ 0. Suppose that J € O (G) fulrils (i1) , put
Ip=I1(J), 1, = INIy and let Jl bave the seme meaning as in (1) . Then

Ja ,‘,(.LJ)-[“G : g (i) = 0 for each i € 11}'
thus (i1) =p (v) . Since (1) = (i1) , the proof is complete.

The conclusion of Tha, 1 cannot be generalized.for subdirect produeu
‘of unurly ordered mupoz
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Example 4, Let G be the set of all continuous real functions
defined on the closed interval [-1.1] = I. Then G is a subdirect product
of linearly ordered groups G, = R (1 € 1) , where R is the additive group
of all real numbers with the nitural order. Let I, = [-1,0] , I, = [o,1] ,

I = {r €G : £ (1) = 0 for each i € Ik} (x =1,2) . obviousty 1y, = I

L3, = J;, hence (i) holds for J) . Ir J € O(c), A J, = {0} , then

JCJz. Mm-JVJl =J+ JC J2 + J;e For anyg‘.la + Jl we have

G (0) = 0, whence J V Jy # G and therefore J, has no complement,
‘Lemma 1. LI€EO(G) for any J€ 6 (c).

Proof, It is easy to verify that the set L X is a convex
l-subgroup of G for any subset X c G. Since each element g € L J can be
witten as a difference g = x - y, xz 0, y&0, x,y& L J, it suffices to
prove that fromxe¢ L J, x >0, t GG it follows -t + x + t €L J, Let z € J.
Then x A |z| = 0, hence

(-t+x+t)Ajz]l =-t+[xA(t+[z] -t)]+¢t=o0
This implies -t + x + t € | J.
Let us consider the following conﬂition on a lattice ordered group G:
(a) (11) =3 (1) for any € O (c).
Theorem 2, A complete direct product G =-Tr1 eI Gi of lattice

ordered groups (.‘1 satisfies the condition (a) if and only if each factor
G, fulfils this condition. ’

Proof . For any subset JC G denote
J(ey) = {s(1):8€ 3},

1( (Gi)) = {x €Gy : [x) A |y] =0 for any y € J(G‘)} .
At first we shall prove that ‘

(2) Ls=T L@ () -
It he 1J, g€ J, 1€ I then bl A [g|.= 0, hence

In (1)1 A lg ()] = Inl (1) Algl(a) = (ln)A(g)) (3).=0,
thus b (1) € L(J (G,) snd b€ TTL (J (Gy)) . Conversely, 1ot h & TT.L(y (G,)
g € J. Then we have lh wlAlg (1)' = 0 for each i € I and therefore
Il Algl =0, belua.
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1f we put Kk = TT 10 (G,)) , we got from (3) (since K(Gy) =L ()
(3) L(19)=TL (L (3(6)).

Let us now assume that each factor Gy satisfies (a) and let J € S(G)
L(L13) = J. Then it follows trom 3 '

(4) J(6) =L (L(3(s)
and obviousiy J (Gi) is an l-ideal of the lattice ordered group G’_. According
to (4) and since (a) holds for G, the l-ideal J (G) is complemented in

the lattice © (G,) and its complement equals L(J (G,)) . Hence any element
ste Gy can be vritten in the form
(s) taylezl, yleas(e) . 2lel(u(s) .

i

Let g € G and denote g (i) = x". There exist elements.y, z € G such that

y (1) = yi. z (1) = zl for each i € I, where y", z! are as in (5) . From

(2) ., (3) and (4) it follows y € J, z €.l J, hence geJ+LlJ. Thus
G =J+ LJ. According to lemma 1 LJ & O (G) and therefore J V L J = G.
Obviously J ALJ = {0} , thus LJ is a complement of J.

Conversely, suppose that G fulfils (a) . Let 1, €I, J; e® (Gi) ‘
(] *® .
4(L33)= 3y . Forany 1 €1, 441, put I = {0} and 1et 3 =TTy, (1€1).

‘Then J is an l-ideal of G and according to (3) we have L (1 J) = J.
Hence 1 J is a complement of J, thus

(8) G=J+L1J.
Let gleg Gi.:' There is an element g € G such that g (10) = gle (other
components of g can be arbitrary). By (6) there exist elements h € J,
k € LJ satisfying g = h + k., Then 31' 2 h (10) + k (1,) and according to

(3 » (1,) € L(L( (cy) = Jy, + % & L Jy. This implies G, = Jy + LJ;

and hence according to lemma 1 .l.Ji is a complement of J:l in the lattice
O(q,) . : . .

From Proposition 1 and Tha, 2 we get as a corollary a plrt; of Thm, 1:

Corollary 2. If G is a complete direct product of linearly
ordered groups, theha G fulfils (a) .

Moreover, since any simple lattice ordered group satisfies (a) , it
follows: 4
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Corollary 3 Any complete direct product of simple l-groups .
satisfies the condition (a) . ' ‘

Proposition 2, Alsttice ordered group G fulfils (a) ir

and only 126 (G) is a Stone lattice.

Proof. AStone lattice is a distributive pacudocomplemented ‘1attice
S with 0 and 1 satisfying s”V 8" = 1 for any s ¢ 5, where &” is the
pseudocomplement of s, i.0., s” is the greatest element of the set -
fxes:xAs= 0} (1) . p. 130) . The lattice ©(G) is complete, distributive
and pseudocomplemented (tho pseudocomplement of J €& 6 (G)veing the 1-ideal 1..9,
Assume that © (G) satisfies (a) , J € ©@) and denote k =1 (L J) « Then
1 (L1 K) = K and thus by (@ KVL1 K =G. Since LK = L1J, we get
L(LJ)V L3 =G for any J& O (G) and hence O (G) 1s s Stone lattice.
Conversely, if @ (G) is a Stone lattice, then by the definition L J V. @ J)-
*= G and clearly L J AL(LJ)={0}; hence (a) is valid.

Let us remark that if each l-ideal HE © (c) » H# G satisfies (a) then
G need not satisfy (a) : . z

Exa mple 5. Let G axo(Yx Z) , where any of lattice ordered
groups X, Y, Z equals R. Then G contains only there mon-trivial l=ideals,

namely J, = {(o.y.0) : y e Y_]' ~ Ja -{(o.o.:) 1z € Z} and Jy -((o_,y.z) :
yeY, z62 . ‘ :
J1 and J2 are linearly ordered, hence they fulfil () ; "3 is a direct product

of linearly ordered groups and according to Thm, 1 Ja satisfies (a) as well,
But G does not fulfil (a) , since L Jyp=d Ldp 2,9V Jy = Jg ¥ G

$3. The mapping J— (J%)*

In this section we are dealing with the correspondence

Q] 3 — ()" .
where J runs over the set O (G) . Since wo shall be interested mainly in
_the properties of the lattice @ (G) (rather than with those of the
1-group G ttuu) the notation J*instead of L J will be more convenient
for our purposes; this notation coincides with that used for pseudocomplement ed
lattices (cf. Proposition 2) « We shall consider the condition:

(v) The correspondence (7) is an endomorphism of the lattice © (G) .
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Theorem 3, The conditions (a) and (b) are equivaleamt.

Proof, Since J"A J"™a {0} tor any J & 0 (G), the condition
(a) 1s equivalent with . . C

(.l) J*vi* =G forany J € O ().

The condition (b) means that for any A, B € 6 (6) the following-swo
conditions hold:v
. (v,) (ave)*™aa*"vp"",

(v3) : ‘ (an 8)™” - "'4 p** .

Lt J€0@) . 103,66 (c), < (J*vI®)% theny L J*
thus J,C J®*, and at the same time J, L J**; this implies J, = (0} .
Hence (J*V R {0} and therefore :

| (VY
Asaume that (b)) is fulfilled. Then we have
P VERT LI LY J-oo'* - (Jov'aoo)n_ G
this proves that (b)) = (a;) .

Conversely, suppose that (a;) holds. 'I’hon {ltnco 6 (G) is dutrtbuun)
J® belongs to the center of the lattice O (G) for any J € © (G) and
therefore (the center of a lattice s being a sublattice of S, cf. (1] .
Pp. 66, Tha, 10) A" A B" and A"V B" are clements of the center of © ©)
for any A,B€ © (G) . Thus these elements are complemented and the system

0 (G) = {J : Je O( G)} is a Boolean al.ubu. J®® is the complement

of J“ « It is easy to verify that
(aA'vB)T=a"A 8"
- (cf. also [1] » Po 129) llld thus
' (ave)**=[ave)]s [A'A 8"] "= A" V",
hence (bl) holds.
The complete lattice 9(c) satisfies the infinite distributive law
AA(V B)=V (aABy)
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for any A,B, € O(c) (et. [3] . p. 117) , hence 6 (G) is a Brouwerian
lattice ([1] , p. 304) . It is known that for a Brouwerian lattice the
condition (nl) implies that
: (AAB)"= A"v 8" .
for any A,B (fl] » P+ 130) . From this we get
- .
(AA B)ID’ [(AA B)*] = [A' v B.Jﬂ - A"A B™"

and therefore G fulfils (b,) .

From the results of § 2 and from Thm, 3 it follows:

Corollary 4. There exist incomplete l-groups G for which
the correspondence J —(J”)* is a lattice endomorphisa on the lattice 6 (G).

§4. Simple lattice ordered groups

In this section the group operation on G is written multiplicatively;
e is the neutral element of G. An element g € G, g > e is said to be
insular, if there exists a conjugate 8; od g such that g A ( n~! '3 h) = e
for all h € G, h > e. By using this concept Holland characterizod the class
of all lattice ordered groups that can be ropreudntod as groups of
automorphisms of an ordered set with bounded support; as a corollary he
obtained the following llsQrtion([A] , Corollary 2) :

If G is a simple lattice ordered group with an insular element, then
for every g € G, g > e there is an infinite collection of pairwise disjoint
conjugates of g. '

In [4] it is remarked also that any simple nontotally ordered l-group
contains an infinite collection of pairwise disjoint .elements (thi- follows
from results in [2]) and there is formulated the question, whether the
conclusion of Corollary 2 follows from the weaker hypothesis that G is
simple and not totally ordered.

The answer to this question is negative. There exists a simple nontotally
ordered l-group containing an element §, such that no pair of conjugates of
8, is disjoint. For proving this we use one of the series of examples of
simple l-groups given in [4] (-olo topological properties of this l-group
were studied in [5]) .

Example 6., Let G, be'the set of all automorphisms of the
linearly ordered set R of all reals. The group operation is the composition
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of endomorphisms, the operation V is defined by x (fV g) = (x2) v (xg)
and the opération A is defined dually. Then G, is a lattice ordered
group. Let G be the set of all f € G, satisfying

® x+Df = xt+1

for any x € R. G is an l-subgroup of G,; it is proved in (4] that G
is simple. Clearly G is not totally ordered.

An element ho of a lattice ordered group H is called a weak unit,
if h A h°> e whenever h € H, h > e. It is easy to verify that any
conjugate hl. of a weak unit ho is a weak unit, too.

Let ¢ € R, ¢ > 0. The automorphisa to of R defined by xfo =x+c
for any x ¢ R satisfies the condition (8) , hence t,eG. If g&G,
g >eo, then xg Z xe = x for any .x ®« R and there exists x; € R such that
X8 > X;. Therefore

x(t,A8)=(x+c)A (x8) & x, x; (1,4 8) > x,
and thus to A g > e. The element to is a weak unit of G and all conjugates
fo are weak units. Hence no pair of conjugates of to can be disjoint,.

It is now natural to ask whether each simple nontotally ordered l-group
contains an element g such that there exists an infinite disjoint collection
of conjugates of g.
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In this paper we consider the differential equation of the third ajder
of the form :

(a) (’7')"¢ (77')’*»2"'1‘7 -0
and we supose that @ = (x)>0, 7~ 2 (x) & 0,2'(;)’ A= alx)mo

are continuous fonctions of X & (==, o) . and that A (l);zf(x)‘o
and that /f, —z" 0 does not hold in any interval.

In this paper we derive some properties of the solutions of the .
differential equation (@) we introduce the so called "bands of solutions"
of (4) and derive some properties of the solutions which follow from the
properties of the bands. Furthemore we prove the existence of the loluuqn.l
without the zero~points in (-oe,0®) of () and we derive some
cons equences of this existence. At the end we derive one sufficient condition
for the solution of (&) to be unoscillatory on some interval (a., o®).

l. Fundamental properties of the solu-
tions.

The solutions ); , Zl ; 7’ of (@) are linearly independent and form
the fundamental system of solutions, if the determinant (wro-nu)

PR/
Wl 2. &
@) (255 (2p))'
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is at least at one point different from zero.

Remark 1, The Wronski determinant of the fundawental system
of (&) 18 W(x) = p (1) Wix,)/p (r).c','f.’.- < x,< o=,
since (pW')'s PW.

Remark 2, The solutions of the differential equation (%) with
the property

7 (%)= 7 (a)=0,(py)'(a)w 0,
o J @) = fpy')'fz)-é, Jta) =0

o . ;I (a} = (”'}’(a) ’0, y(a) *a/ —pe < < 09,

i
are dependent.
This follows from the existence and uniqueness theorem.

The following integral identity

() (f;’)"f;l*gy "‘/'[,4'2-'_7)'dt = const.

holds for the solutions of differential equation (4) . We get the integral
identity 1 by integrating equation (4) teru by term from & to x,

-—oPCA <o®) —ol < X< o,
ITheor o m_1, The solution 3' of the differential equation (@)
with the property 7 (a) -)/fa.)- 2, 6,;’}’ (@)s o has
no zero point fOv N <Q -~ e <R woe ..
Proof . Suppose that -4 ‘x) -;'/ﬁl-a,fp)') (a)=>0.
The integral identity (1) for ¥ (x) is

. P x ' '
W) PV epy' =gy » [ Latt)-2 ()] 3(8) t= (p3)0a) > 0.
Suppose that (p,l} '(‘r) :o, where X, < &  ig the first zero
potnt of (g 57)/7r) 7" on the left of @ . Referring to (1) we obtain
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P 7' (4)+g (5) 7(x) -/' Lalt)-2 '/f)];ﬂ)dt./,,)@,a

This leads to a contradiction, nnco the expression on the left of tho
last equation is negative.

Remark 3, Intheoreml we have proved also t.hnt]’(l) and

(ﬂi'), (x) have no zero points for =& . -

Corollary 1. Let J,,7, be two solutions of (&) with
the properties 7 (a)=)) (a)= g9 (ﬁ,‘,'}'{a) r X4 and

(&)= (p))) ()= ‘)0, Then the function W'(¥)s= ‘e

2 (%)= (7)) /3 172
~Jo Jp 20 for Xra. :

f .

Proof . Suppose w’(l,)-ﬂ, X, > - Then the equations

C')' (X) ’c:z.()')'ﬂ

¢ d'(r,) *6’,7, (r,)=0
have the nontrivial solution &' , ' . 4.0, the solution }'(l)-
c"'ﬂ)oC‘;‘ (r) has the double zero point at X, and 7'(4)-0"'-

which is a contradiction with the statement of theorem 1. Thus w(x)p0D
for X>&. '

Remark 4. Let ?,,;‘ be two arbitrary:solutions of (@/ then
a0x) = ' l / / is the solution of the differential

equation [ (g0 ) -*/’(P“’)" rawl ff(fﬂr) f/fl'}-o(z«)f’-o

2. The bands of -olutionl and its
‘properties

Definition. Let ,y, 7; be two independent solution of (@)
-with the properties '

g (&)=} @) =0, (py)) (@) =1
and

J‘ (@) = (f,‘l)'{a) -0,&' (@)={;—o=<@<o=.

The set of loluuonl/ =0, 7, (x)+Cy ?‘ x with the froporty
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Z@) =0 14 sa1d to be the band of solutions of the differentisl
squation (@) at the point .« or shortly the band at the point & .

olla The band of solutions fulfils the following
differential equation of the second order :

Lo o7
|y =0
w. T ERN R (pp) |
(8 Wiyl oty [ puyis (pateg wly-o,

where W= W (X)=}, Ji - - Ja # 0 for ¥>c which follows from
corollary 1,

Remark 5. Since the differential equation (§) is of the second
order, the zero points of.all the solutions of (#) are simple in‘fa,a)
and separate (if there exist) each other,

Iheorem 2, Let Xy> @ be the first zero point of the solution
f#¢ ©of (@) (with double zero point at G) o Then every solution ) of
the band at the point @ has between & and ¥, just one zero point.

Proof. Suppose the contrary, i.e. Fx) »o in (@, x,> .
Then ; '
% ) (QP-2¥_ 2, cGh)-2lc,¥ sl 2
() - df2l. Harcaninter'ss) g

If we inn;nto this equation between <2 and Ay we get

Br) L B . foaw
7Cx) rea 70X "’&:‘;'t 7 ‘

. The expression on the left is zero. The integral on the right exists, since
the function under the integral sign is continuous and different from zero
in (&,7) and possesses a limit at @ . Then we obtain

Xe
0=-C —2(t) 0,
"a,/ IO
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This is a contradiction. Then must have in (@ ,Xs) at least one zero
point. Since the zero point in (@, X,) of each solution 7{]’) ot
the band seperate each other, then there is only one.

Theorem 3, If every solution ua lie differential equation (@)
with the double zero point has at least one zero point on the right of the
double ze~o point, then every solution with one zero point is oscillatory
(bas infinite number of zero points on the right of this zero poinﬂ.

Proof ., Let 7 (I) . be the solution of 'a with the property
7(]’}. 0, —oe< )y, Let , be the solution of (a.)with

double zero point at X, i.e. 7,(],)-& (’J"a (fl;)'ad"a
and let ,4 (;‘)'-0, L >x,. The solutions ’(.r) and ;, (x)

betong to the same band at X, and according to theorem 2, the solution
(x) must have at least one zero point on the interval (X, ,X%5)e

Let (X)=0, x, <Xy <Xg . Lot f, (k)  be the solution of
(@) with the double zero point at 7}, and let i,(l‘) -o, Ay > 7‘

The solutions ¥ (), )v (x). belong to the same band at iz and
according to theorem 2, 2 (4) must have one zero point on the interval
< }' . X5 ) and so on. From this process it follows, that 7(X)

has infinite number of zeros on =< A, 10®).
Similarly it can be proved the rouoviu'.
Theo rem 4’ If one solution of the differential equation (a)

has in some interval (¥, 0°),— oo <ot < o= infinite number of zero

points, then every solution of a with one zero point, is oscillatory

on (&, o).

3., Existence of solutions without ze-=
ro points ’

Lemma ], Let be the solution of (q,) with the double zero -
point at # and let ,, (I) wh 0 for X> & , Then every solution

of (@) with doudble zero point at & > & has not the zero point for X >,
The proof touw- from the properties of bands of solutions. From
‘
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theorem 1, it follows that 4. x)# 0 for X< also. Let & > <
’ 9 ¢
and lot J (K )= y'(R)=0, Cpp) (l‘)fﬂ. It J(x,)=0,x,>x,.
then ’, (x) must have'at least one zero point on the right of
which is a contradiction.
Theorem 5, Let the differantial equation (@) have at least
one solution with the double zero point, which has no zetros different from

this double zero point. Then there exists at least one solution of (&)
‘without zeros on (— o= ,0=).

Proof, Let g, (x), fe (x) be two solutions of (@) with
the properties Qv (X,)= ),/(X,)= 0, (p;',') '(X,) >0 and
/2 (B)=0y (X4) 20, (E))) (1) F0 . Lot —om <ty <xy < o .
Let 7' (x) o0 for X # X, « According to lemma 1,

" (x)+o for X w X, . Therofore there exist constants G ,C"
such that ,(I)' Cor () + & (r)wo fot X €(Fomoe).

Theorem 6, The differential equation (a) has at least one
solution without zero points in (- oo,,o).

Proof,Let be the fundamental system of
7, ’ 7‘ 7 7.' 5y
solutions of the differential equation (@) with the propertiu:/’,fd}=

=07 (@) =0, (p};)la)= 14, J,@)=(p g tar= 0. (apes; },'Cay= o ) a) 9.0, ()1
From theorem 1, it follows that J,(X)>0 for ¥< @ .Let @ <ux, <X <
o & % ‘&.< . . o be the sequence of numbers which diverges to «+ oe -

From the sequence of solutions of (a) £“:.. (l')f::‘ ) Ay CX)=
- c:‘z' ’f C:’;‘ - c';' ,, with the propertio'-:/» (’A)./“;.
()= G (pal)lg)>0 ans ugl (@) 0ui® () ( o )b a)=1.

It is evidently possible. From theorem 1, it follows that ,Je‘ (x) >0 for
A< Xq . Form the sequence of numbers:

@ ] (Al o),

Each sequence from (2) is evidently bounded, therefore we can choose from
(2) such sequences
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(atn, ( 4)L,,, g (O lpin ) (DT
which converge. '

Let ,a.o,,«:o, be the liwits of these sequences. Let /ap(l) be
the solution of (a)with the properties:

wla)=u,, ("-')"/“’, ) (f/_vl)'fa-) - .
This solution is not trivial, since &, + % *+ ="

The solutions /“m.‘ (x) and 4 (x) can be written in the form

At (1) = (’"“;‘.)’(“)Z(‘r)'“';% (@) 7, (x) + 4, (@) 7y (1)
and

o (X) = 48] 1 (0) + 44, G, (4) = 42, 24 (X)

From these relations it follows that

/'ﬂb 2w, (X) = 2(X) for every X € (-e°,o=).
o Samdad 4

To prove that ,‘o(x) cannot have the simple zero points, suppose the
contrary. Let _« (f) =0, L (f) PO —oco< f= o=. Then there
exists in the neighborhood of f such a point f, for which « (f,)‘ 0.
It follows from the preceding, that M (f; = (f)<0.

This is not possible, since ¢, (f) > a .tor ,«:‘ sufficiently

great. Therefore _4 (X) cannot have the simple zero points. Let _é (X)
have the double zero point at £ . It is £ (X) >0 for X ok z,
since every solution of (co)caq have at most one double zero point.
Then there exists in the neighborhood of 4 such a point t, for which
/o'(‘t ) > 0 . It follows from the preceding, that

Lm & ( z,) - - t,)>0.

ﬂ‘-'
But his is not possible, since frwa t.heoren 1 and remark.3 it follows that
/“'a (t )<0 for A‘ sufficunuy great. We can prove also that

(ﬁ,«-)'{x) cannot be negative in any puint. The proof is complete.
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Co rollacr X 2. From the proof of the preceding theorem it

follows that the differential equation (a) has at least one solution
A¢(X) of the properties :/0(4\')9‘0, ISP a(r) -/’A(p,a'}'/l}f/’o««'m

for all X € (-oo, o=).

Corollary 3, The solution _a (¥) of (&) with the properties
as in corollary 2 has the following property:

4(x)—0, (ps)(r)— 0 for x> wm .

Proof, Let /o‘(x)>o,,~'(x)<0,(;v4~'/'(x)>a
for X€ (~ o», 00).
From the differential equation (@) , it follows that (fﬂ')'l'-

LXY) , .
- - (ﬂ "")—z"" ~AA#20 and therefore (pdb)'> O isa decreasing
function. Suppose now (,AO')'(A') > 4% >0 . Integrating this
inequality from @ to X we get

(i) M) > p(R) u'ta)+» 4% CX- ).

From this inv:.::ity it follows that there is ,u—'()') >0 for suffi-
ciently greai 2 , But this is a contradiction, therefore (p,co')'——a
for X —» ox » Similarly it can be proved that ,Jo'(:)—o O for X—»oe.

Lemma 2, Let_4¢(X) be the solution of (a) with the properties
as in corollary 2 and 3 and let p (rx) be bounded on (-oe,o0®) and ,
M/ﬁf g (X)=0. Then for this solution the following integral

X —> oo
indentity holds:-

) (pu)epasga .{f?ﬂe)—z'(t)]ﬂ (&) tt.

’ . .
Prootft Let {X‘L ¢ be a sequence of real numbers which diverge
- W

to ¢ o= , For every X, and for the solution ,a,(x) the integral identity
(1) holds

(pa)'+ pu'+ A+ / ’[4 ()-G)] s (&)l =(pai) (10 )opl) (Ll goiat),

i.e.



- 65 -

(paw)'s pan +g o = (0] (1a) + Plha) 4 (L) +. z@»ﬂdﬁd-z'l«d,
L 4

If we take the limit for X, —>oe , we get the identity (4) , since

& (pec) (1) =0, Lm 7 (L) 41, )=0, .f? ¢ 2 (1) 4l )= 0.

Th o orem T, Let /"[tff)— f'(é}] ot diverge and let

the supposition of lemma 2 ‘b‘o fulfilled. Then the solution <¢(X) of (a)
with the properties as in corollary 2 and 3 fulfils the cond'iuon,,a.(x)-oo
for Y~ w=

Proof, Suppose thitﬂ(al’)?“’ﬂ for ¥ € (—o=,0"),

L

Then

() [ [2(8-g ) ()t = [LaCe)-g ()] 4t ===
% o

A

This is a contradiction because the integral on the left in (5) exists,
which follows from identity 4.

4., Unoscillatory Solutions

Now we derive one surficient condition for the solutions of (&) to be

unoscillatory on (a, °'), i.e. for every solution of (@) to have at most
two simple zeros or at most one double zero point,

Theorem 8 Let 2(f) be continuous on (@,00) and let

g()-px)-1+(x-a)pfr) -g'tr1J=c
for X> Q@ . Then every solution of (@) is uncscillatory on (&, o= ).

Proof . It is sufficient to prove that 7{)') of the property
y(a}-y'fdf) -(p}?’fd)-{ has no zeros on the right of (&) .
Then from remark 5 and theorem 2, it follows the statement of theorem 8.
The integral identity (1) for ’ (x) is of the form

ne ’ ¥ .o’ ‘Iﬁﬁ - (’ ) X)=q .
(p))epye g9+ [a-2 Tyt PrI(2)

Integrating it from & to X we get
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. 7 ' 4 .
) PP Py LZ08)-p(t)-1+(1-8)(at)-g (¢) ]y (¢)cttD

Suppose that I'}—lw is the first zero point of 7 on the right,
Then 7([,) =0, 7'{(,}; o. From (6) we get

0> pxy). y7(x,) + fh[zft}-ﬂ’(l}-fo{r—t)a(tj—z'(l)]j(éjaa-a"
a

which is a contradiction,
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(ACTA F. R. N. UNIV. COMEN. - MATHEMATICA XXIiI-1969)

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXII-1969

ZUR THEORIE DER ZASSENHAUSSCHEN VERFEINERUNGEN
ZWEIER REITHEN VON ZERLEGUNGEN I
Gleichbasig halbverkettete Verfeinerungen
VACLAV HAVEL, Brno

Herrn Professor Otakar Bordvka zu seinem 70. Geburtitag gewidmet

Im weiteren verwenden wir bis auf wenige Abweichungen die Terminologie

aus [1] Wir wollen eine Vertiefung des Verfeinerungssatzes von 0. BORUVKA.
( ] s. 65) gewinnen.

Die Menge G +ﬂ sei fest gegeben. Wir beginnen mit zwei HilfasHtzen

Hilfssatz 1 Es seien F)-;f Zerlegungen .au.t G Es seien
weiter £ € Zf € -),77 X v gegeben, Dann sind (7/)5) E(Y,_.,,'Z-)’
(fni)[(?ﬁz) verkniipfte Hiillen,

Beweis. Fir&eée (xnf)[(/\’ﬁz)
acxX 2 ax } Es gilt auch & <2  fiir ein geeignetes

£e 2 . Daraus folgt aber nnfé XA( Y’\z) , so dass
&N 7 =XnN 4 & n ‘ fiir ein 1 geeignetes (und zwar eindeutig

beatimtes):’/le Yé Z « Die Rollen von. XAZ Y/\Z sind vertauschbar,
8o dass der Beweis beendet ist.

gilt offensichtlich

1/ oy

Fur Inzidenz (nichtleeres Durchschnoidan) gebrnuchen wir gelegentlich
die Bezeichnung JX

Die Symbole nl Ui A — bezeichnen mengentheoretische bezw.
verbandstheoretische Durchschnitte und Vereinigungen

Die Eindeutigkeit ist leicht erweisbar

2/

3/
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Hil fssatz 2, Es seien Zerlegungen X_Z 7\ ¥ 7 = E ‘auf
G gegeben; wir setzen A'= A = (X~ E), B.' B—( 7"\ E)

Die beiden Hillen A = ()Tf\i_)_[A., B=(xn7)[B°
sind fir jede Wahl von X€ X, ie Y, X Iy- dann und nur dann verkniipft,-
wenn ’
(1) A.f\ 9 - B.ﬁ y

Beweis ., Esgelte (1) und seien X € X jéy fry gegeben,
Wdhlen wir einen boliebigon A -Block"/ » 80 folgt a:::x, & 1'7
und wegen X = A _sogar ackX . Aus & I 7— ergibt sich
nun &N 7 € A/\ ,Y , also wegen (1) existiert ein geeignetter (und
zwar eindeutig bestimamter) 3' -Block £ R dass &N 7: ‘ﬂf-a:n

Es existiert also genau ein 3 -Block & I & . pie Rollen beider
Hillen sind voruunchbar. es existiert also auch zu jedem -~Block genau
ein mit ihm inzidenter A - =Block,

_ Sind die entsprechenden Hillen A 3 fir jede Wahl von X € X 2

7¢7, X I7 ) vorknupn so existiert zu jedem 4 -Block a
genau ein s -Block xa . Weiter gilt wieder & x, Jc
a,n] -lnx-qnz so dass jeder (A,-\ Y) -Block mit einem (E,-\;;

Block zusammenfillt. Daraus folgt schon der Rest des Beweises.

Im folgenden untersuchen wir zwei Reihen’ (A?.) . ( By) von
Zerlegungen auf - G ,w

(2) Gonan = 4,242 . . Lai,,, h—3,-T,
.5’”“-»5.25,2 ZJ 25"4.,',4‘/—\ B"V
Unter dou oberen bzw. unt.oron Zuunhcuuohon 'Vorroinorungon von (2} versteht

man mun dio Reihen )"”) ( Vv, J‘) bzw, (4‘,”)( ”,,) wo
v(al) A»y")‘_;/‘\(: \JE)

E;.J" = P-"'"(gr\',‘"q}‘)'

LR Tt -

"’Zhunto einer Zerlegung nennen wir ihre Bl'écio
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(2‘,)' T)",V' }_\_/ (i’._4/\ y)'

~— 7
5,',, = Ey "’ ( E-)I-J o~ I"-)
fir Yer,. .. &« A, VA, .. S,

Es ist gut bekannt, dass es sich tatsdchlich um Verfeinerungen von (2) handelt
([4]). s. 8-9 und s. 14)

Satz 1, Die oberen Zassenhausschen Verfeinerungen von (2) sind
jedenfalls gleichbasig halbverkettet.

Satz 2, Im Falle
Urul

sind die unteren Zassenhausschen Verfeinerungen von (2) gleichbasig halb-
verkettet.

Bewedis ., Es seien (K’;!,,),(T,,) bzw. (i(-;,y),([;,'»}

d
lokale Ketten von (",,y)’ ( E‘P: P) bzw, (Tp, v)' (‘i;,' 7;-)
beziiglich einer gewshlten Basis d-@ 4 . Wir haben also

— - .
5’-' - y”‘dkl far J.‘..)".l" 4 .‘*4[0 y.d’...AM

Gcip ehp,,  act,  eby .,

— o~ - U ol
;C.“?,v € A”;l’: C "!'}" € B"?'
- ~—~ — - L34
a-ca,!..l,eﬂr'” a.cl-‘,'rcl,,,r'
5«. Lt “.- G’ ‘

—t [~ ~—

K 24 - "}‘c""4 ’-7‘}::[ L)’,’}‘" z:l"' I z;l?“l
-~ — ~—
Kiw = %%y Ay, rr,r' 2;,-»-' 18,
Do gy = £ -2, =4
ﬂ?‘ b o "-f'r "’o- Yo "' ’
v = ) o~
k¢~+4,4¢4 L.O-mv,.cv-.v Kd»‘v-_»v_,_d-rw - LA+4,¢+4'
= a ’/
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— = — s = ==
a/ Aus a,’;y,elqr’ P l},’/\(l),u )/’@t@"ﬁ“,_,c

[
C@y y.g; HGhnlich bekommen wir j ) a,,.._,c I P—7 80

C
dass a—’. '/) 4 Andererseits gilt aber 4',

}*y 4’7‘
ca Py woraus a’}" ’ ) ‘p-, va,p"p_’ n

2‘» —1=,0I’1 /)AZ;,},folgt. Fir X € K}o—y bzw.]élj;y.
butoht die

Inzidenz mit einem [ -Block bzw, k?‘;u -Block genau dann,

v, »
wenn Xé(i 4/)4,,_ )EK.),” bz:. fe(i ~9 1}-1-1}[£P:?'"

Die Halbverknipfung von Ky, v und “7.}‘- folgt also aus dex- Ver-
knlipfung der Hillen (a,?'/)gv ') [,4?_’ /)[ )[ 0 1

eine solche Vorknuprung beider Hiillen ergxbt nch aus don

Hil fssatz 1, Die Halbverkniipfung
ist trivial.

von X ;.
“r1,41, z,cwy,dfq

. - - _ -
b/ Aus ﬁ"‘w_'e4r”_' -lyu(l;&_,/\ 8,_,) .tolgt
U(&:’,"/)I )C Zy,p_1 und also auch g 2eg 1
Né ,C&yp, 7
lhnlich erweiat sich ,/” ,/) Ry, C Yy
~ —
Hieraus und aus Ay. p-1 = ,4)‘., p a;‘; Yo C da},,_’

ibt ‘sich dlich f~4 7
Suk 2° endiie “’}‘1’71 12 E s Ny gy s Ky y
N A v, . ‘Nun besteht fir ¥ € E"P bzw. 5‘62"

-

Inzidens mit einem Z) e -Block bzw. '(}* &
wenn X €(& Vg N If, 1)['(,}") bzw, 75(“”’/1,/"_’)1_-[’ 30
Die Halbverknupfung zwischen ,(’r Y [ Vo folgt also aus der Verknup..
fung zwischen (4’?‘"1/,1_1)[4?31‘(";&,/71” ’)[ 0,

(Zpy N4y )L By s (B, n 4y )LDy, 0
dio sich nach (3) aus dem Hilfsatz (2) ergibt. Die Halbverkniipfung zwischen

die

=Block gerade dann, .

/(‘,.4,'," , Loz 4, Kws I8t wieder trivial.
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Zusatz. Sind umgekehrt bei jeder Wahl der Basis cx e V

- > _ -
simtliche Paare von Hilllen (ﬂv’_, N 19—4)[ (?‘w ’ (a_’_'/)l'.')cz;lr
verkniipft, so folgt nach Hilfssatz 2 die Bedingung (3)

Hilfssatz 3. Es seien ,FzA:yzB" Zerlegungen auf G
Die Zerlegungen xrr l,iﬂ 8 sind fiir jede Wahl von & € E
'7-6 y/ XX 7 halbverkniipft, wenn und nur wenn

(‘) A/\ y = 8/-\ 7

Bewedis. Aus (4) tolgt'-ofort A~ 7“ EAX‘A"B )
und die (;/\ i) =-Klassen in ;A i sind also genau die Durchschnitte
der (i/\y) -Bldcke, bzw, der (8 xX) -Blécke mit ¥ /N 7_
Diese Betrachtung ist auch umkehrbar, so dass der Hilfssatz bewiesen ist.

Zusatz., Gerade im Falle 75=4-7‘ oder 5;\'-'-.)7'4-"7

wird die Halbverkniipfung aus dem vorigen Hilfssatz die Verkniipfung. Der
Beweis ist in [2] § 32, gegeben.

Man kann also in Satz 2 die Bedingung (3) durch
Urod 4 ~ T
5 App— Buvpq= 4».»-4’" v, »
fir jedes 7»..4,...,,544,- y.4’ C e, B

ersetzen und die neue Form des Satzes ist auch gilltig.

5/ Diese Relationsprodukte sind da im Sinne von 3 S. 14 gemeint,
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(3] DUBREL P.,
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ACTA F.R.N., UNIV. COMEN. MATHEMATICA XXII-1969
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXII-1969

NPAMBHEHVE MPOCTPAHCTBEHHHX MATPYIl B TEOPWH AJIEBPAMECKMX
NICBEPXHOCTE/Y 4-I'0 NOPHIKA

II, DAJAR, Kommxue

Nipopeccopy Oraxapy Bopyexe mo caywan 70-off roxosumtzx

CO AHR ero pOXneHNs

Crarps 4BASETCS BRASJOM B TEOPXD X I'eéOMETPNUEGCKNE NPRAORGHNS NPOCTPAH-
CTBeHENX MATDNN., B mefl npoaoAXapTCS NCCAGLOBAHNS GBTOP® X8 DadoTH [1] 3 ROTO=
polt ¢ NCHOALSOBAHNEM DPOCTPAHCTBEHHHEX MATPNI X NX AGTEPMNEARNTOR HaAemM ocmOB-
HNE SKBNAHIADMOENYECKN® KOMNTGHTH OfHON, ZBYX ‘X Tpex TPONENUENX axrebpaxuec-
XHX (b(;pu 4-off cTemeHN X ABHO I'OOMETPNYECKOe NCTOAXOBAHNS HyXeBOrO -nwon;a
9TEX :ommoi AZE COOTBeTCTBYDme! CNCTEMN NAOCKNX AXreCPANUECKNX XPNBNX 4-Tokt

CTeNnenx,

B npensaraemclt padore pesyapTaTH N8 [1] pacmMpeNs XS cNCTeMM Oxmoft, ABYX,
TPeX N UeTHPeX axreSpaNYecKEX NoBepXmHocTeft unopeol' crenenx, Bmumanxe aBsTopa
8 orToll o6aacTx maMepeHO Ba aarefpaNyecxue O0pasH BHCUNX cremenef M om ysepex .
B BOSMOXROCTN ‘pqlpwo_nm TeOpNR axreSpaxveckux o6pasos ‘-!ol CTONGNN, IAK
wernoro 4 , mpx nomomx - MeDEHX METDNN NAXOINYEO TOMY, K&K 9TO NArXSXNO
CAEXQHO ZAS KBRXDATNUECKNX 06pasoB NPN NOMONX XByMepEMX marpru, fcmo, TTo uex
4 Goxnme, Teopus Gyrer Goxee Gorarolt M caoxmofl X Tex nacToltunnee BuCTynaeT

HeoOxOAMMOCTD BaflTM Goxee HArXEIHHO. MOTOAN MNCCXOROBANNSK,

OxXBNANTAPMOERYECKXl coBMecTHHi NHBADNA&HT TPOX TPONENUNMX uroop;llucnu

dopu uerseprot cremenx
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/ ¢ é .
= (@x) = (#x) = (&x W= 12,8 (1)

rnJ , j » © = NZeaxbENe NADAXIGIBEN® XOBADNAHTHNE BEXTOPH, MOXHO BNPASNTS
» dopue (cm. [1] )

(‘1)
@) .
- FAXY
4 /723
1Al = Mh‘llx_l 3 / ’ =1,2,3 (2)
@by o
rze ; N "' . N
A,' ':""s"’ ’:n":”’ 2] —>(%,)
" s %y sy hss, o
chy, A, =
ls’i"i 4y j.w';“‘, ib‘.i‘:? (<) gé i ®

4 - MOpHEM® MATDNIN NOPAZXA TPN, COCTEBIEGHEHE X8 xoowhenroaL ,4,‘4.., s
dopu f MmpapxanT (2) gBasercs rxmepaeTepMHHAHTOM NOPAXKA PX, CRIHaTYpPH
( a Ay 4', 4:»‘, )5 - uoplol MaTpHIH A s BAS xoTOpOft MaTpNINM f luumca AByMep-
HMMN COYOENSMX ODNEHTAIMX (/ ‘-1 44 ). Peomerpuecxoe lc-rononaue HYXEeBOT0

SHAUGHNS 9TOI'O I'NNePAETODPMNHAHTA JAHO B TeopeMe ’ padoT [1]
/

MoxeT CAYUNTICS, UTO NMEXOTODHE N8 ¢opu f punn. Toraa MHBapMaHT (2) mo=-
AYUNET COONNAXLHYD (boplly. Ec.ll xule—ndynb ABe X8 9TNX (OPM DPABEM, B CIGZCTBNE
TOro, QTO MEXOXC ] B JeTepMNEAHTE (.?) HEAXTeDHATNBER .l, 8BAYNT, MOXHO N8Me-
ENTD NOPSZOK 4 = MODHMX MATPNN c A ’ B 9TOM XeTOPMNHAHTe 68 NyMeHe-

HNS 6r0 SEAUGENS, NEBAPNAHT (2) moayuxrT QopMmy

F e Aty =12, (4
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rze Xazexc a =1 npln;uen-r .uvu OANEAKOBMM (opMaM,

Ecax Bce Tpx dopumu f / / OXNMHAKOBM, TO MHBapkarnT (2) noaywaer

opuy
+
(i)
Y <) .
IA1ALA| . Jrtytartaty= 1,2,3 (5)

t *
(4:1) ("3) 4 2 3
Ecax Hexoropas s ¢$opM f ’ f 9 f paBEa apyro# ymrOxXeHHOR Ha uNcxemEM
MHOXNTEAB, 8TOT (AKTOD BHCTYNAeT TAKEe KAK COMHOXNTEXb B onpesexurese (4) max

(5) x nosTomy eToT cayuak Ee TpeSyerT CREUNaILHOrO MCCAGXOBAHNS,

Paccmorpuu Tenepr 4 weTBepHuYHHe aarefpanyeckme PopMH uweTBepTOoRf Crenemk
N 7 7
}5=<M&);(1x)=(cX)=(JX)/=1zs4 (8)

r,ueai‘, ,1 ’ ({ ’ pz MeaNbHHE NapaJjeibHNe XOBADHAHTHHE BEKTOpPN, M8 xoeddmmmesn-
TOB ﬂ{‘;’ 4}‘42’ $opu ¢ cocraBMM 5-MEDHYD MATDERY ueTBepToff cTemem:

(<)
7 2 3 ¢ ["_’( Vo
=M/44M/A// /,L,,/«,, ,, , 1,2,3,4  (7)

()ey)

. ;

x eff rEnepAeTepPMMHAKT

c',.)

IA’ = IA'l A‘IAJlA‘I // ’d 1'6:‘;’ 1,2,3,4 (3).

. («J("x) l'
rne A 4 ~ MepuHe mMaTpuns werBepToft crTemerx gopu r . OT™M MATDNIH SBIADTCS ABY-

MepHHMN cevueENSMM opueHTammu ( /4, 4‘ ) 5 = meproff MaTpMUM l .

Oaa rmnepzerepuuHanta (8) BepHa caexymmas
T eopena f. I'mnepmerepumnarnr (8) ecTs cosmecTmmit NHBapxaHT Beca 4 dopu
(6)e
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JoxasareascrBho, Teopemy moxaxeu Tax, uro runepaerepuusant (8)

supasux 3 Qopue, 8 xOTOpoR NSBECTOR NHBADMAHT N ero Bec,

5= mepmuit rEnepaeTepPMNNAHT _(B) o0osHAUNM uYepes Qx PRSXOXNM €I'0 B ax-
reSpanvecxyo cCyMmmy 4! 4-MOpHMX r'NMIepPReTEePMNHAHTOB CASXYXUMM OGpasoM

A otigy i
i bttt A‘%‘* —’(:!)

; 4

%)
QoA « 3 oo L __] _ (9)

@

1 [] .
. Ay | ===~ sy
7 ..
rae Ai’“&‘i,‘.’ COOTBETCTBYIIME LBYMeDHN® CEUGHNS ODMeHTANNX (ji,l;‘_) MaTpRON

(7), nocaexzomarexrnocTs
T {4;’(;)/,‘, 42,3,4} (10)

sBIsKeTCS EexoTopoft nopoenlonov aNcex 1, ceo, 4, ucao%;n-; uncay xumepcit
3 nepecranosxe (10) x cymMMpoBamNe PACHPOCTPAHOHO EA BCO TN NEPECTANOBKN,
SxeMeHT™ ‘."J}J-}l.,npnn B dopme CEMOOXNUOCKNX DpONSBezemuil
¢ i {0
aﬁ.‘.“:’o"’ =~ ﬂ‘:’ﬂ"‘“b,ﬂ. 1. ooy 4 (11)
Teneps MM MOROM NS XAXZOTO TPOXMEPHOTO COWOHNS OpNeETAINN ( J dl,‘” ) mar-
PEIl PENOPAOTODMMEANTOB B CYMMe (9) BMNECTN 88 SHAXN MATDNIN MNOXNTESD d:'. He-

TPYARO Teneps 'BEXETL, WGTO o :

R = R Q, | (12)

rae R . -Ia’o,l . (15)
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Q " I/. L L I (14)
a’&‘_/vs"'v

ecTh IENePLeTEePMMEART 4-MepHOR MaTPNIM gweTBepToll CTenemn x8 cMMGoamyec—
KXX BAGMEHTOB a,‘-“_:s‘;’//‘ ,l_",,‘:‘,,t, 21, eeey 4o

Pasxoxnsmy runepieTepMNBAHT &, B Axref6paNvYeCKYD CYMMY XYONYOCKEX Xe—
TEePMNHANTOB TNOXYVINM '

+
£

Q-5 bﬂ‘z"’&'x,i, 2| -

| P 4 :“(i) (: )
L ] Al [T e
()

,4’ &, RBYMEDHEME MATDNIN C SXOMEHTAMN aq, ‘ﬂ/sl-, , HocxenomaTexd~-

A(i

HOCTBH (" ’ ...,A‘ eCTh NMePeCcTaHOBEA QUNCOX 1, cos, 4 X o‘ paBEO uNCAy i~

rie

sepcxit coomec!}tymol nepecTanoBkRN,

QXOMO TR aAﬁl‘cnou PaszOXNM B CMMOOXNWECKNE NPONSBOXGHNS,

“AJ"" .ﬂ ZG,;I .-‘“ .l" .",' 1, coey 4

Teneps us» xamzoro assymepmoro cewemns opNemTamMX (’4,(’ )) MATDER XYON-—
9eckNX ompegexxrexeil » cymue (15) MoxEO BuxsTY daxTOp Ay, s Docae nthnno:-
ro ofopMIeENRS NOXYQAaeM

2
Q, L] Q‘ R ) (16)
+

-——-v(;) | (f.,)

@ iyl Al £l Ao 2,1

rae



- 18 -
Nocae mogcramoBkx (16) B (12) xMeexm

Q - Qz;R‘ (17)

Passoxuu HaxoHen KyOwueck:ll neTepMMRAHT Q‘n CyMMy OOCHXHOBEHHMX onpe.-

neanrexelt, VeeT MecTO cCoOTHOmMeHMEe

. .+
/ Wie
Q -lbys | - Z Bldys ]
4 4 )
smaunt, ﬂ:-,('), _____ au:sm‘

B /O
Q, =Z (=1) 4 ~ "(4) (18)
ﬂ:;s 1 ﬂ", 4

rae {/'3(”/7’,/, _-__/4} (19)

= 4." NMeDT AEAJOrNYecKkoe 8sHaueuMe xax B (10), -

SJXAeMOETH ‘J‘,’ pasioxkM Taxxe B CEMOOAMYECKNE NPONSBeXeHMS

72 Y S 4 ; s
Ciyuy =% % §  Agite = Lo

Ilocxe ®TOr0 OKOHYATEALHOIO PASAOKGHMA SAGMEHTOB MOXeN n.]. «THX
OTPOX OOMKHOBOHHNX onpenexmTexefi B cyume (18) BMESTH daxTOop éj « Coorrome~

uxe (18) Torma moayumr ¢opmy _
4 ‘
R=Q, L v'3 Jed “ 7)
rae Q3 ecrTb geTepmmuaHT (13), sraumr
Q3 L R '

M CYMMNDOBAHXE DECHPOCTPANEHO Ha BCe NMepeCTAHOBKM (19).

Aexee , 4 v
) (-nzf I—Té{’(f# R
/=



. =13 =

N8 Yero CIexyer .
Qol - R
Nogcramxss 3 (17) mmecTo 62, OKOHGATOALHO NOAYUAGM
Q- R f (20)

rae k ecTs ompexeaxrexs (13), M rax
Q -|Al '!‘id,,‘: J s g™ Laeenshe '
7

Onpeneanrexs (13) cocrasieHHufi N8 XOODANHAT BexXTODOB (74 » XOTOpMe
MOTyT ONTH TAKXE NZOAXbHNE, NADAXXGABHNG NAN HONADAXIGABEME, OXHAKO He NTO

XHO® xax (PaxTop APORIOXbLA BTOPOr'O POAR
4
[ ad d]

M rax uMeeT MECTO DA&BEHCTBO
| A | =[&«&&&]‘ (21)

CaenoBaTeapHo, B cxay nepsot ocEOBHOR TeopeMH CNMOOXNUECKOrO MOTOAR
Apouro.im. pupaxenue (21) sBASeTCH COBMECTHHM NEBEDMAHTOM Beca 4 dopu

(6), TeM moxasaTeABCTBO TEOPEMH OKOHY@HO.

U rax nueem

-’

|4 |AJAlA]

(22)

z
: (‘:1)-
rxe /, A', ’ 4‘-‘ ’ ‘} "; = 1,0... 4,
Ecan B naabmefimeM MM OyneM COCADAATH OPMOHTAIND NHAEXCOB B S-MepmENX

MATPNIAX N CHMIHATYPM NX RETEDMNHAHTOB xax B (22), cTpeaxx OGyseM OmycxKaTh,



.
e e (1 et
JATAIALA]
s ot ranpserepenner (8 oo
Al - [A1A)AIA]
© coomomms (25) sonyen dome

MJIA’M”M = [&’é"td—]’ (23)

Anaxormumoe COOTHOm@ENE BEPHO Taxxe IAS /™ -apmix dopu ‘O'I'I‘le
CTONeRx
I 4 / / ;
Ve @x)y= (£x)= (€X) = (AX) = ..; FE T . (24)

AR VRV IR ) B

nopagxa M xs xosddmumenros dopu ‘Z GBAXOI'NYEO XaKk MM NOCTPOMAX MaTpMny (7)
s xosdjmnxenros fopu (6) x ek rxnepaeTepummanT

IAI'/AI/A./'--IIJ*/ | (26)

Has rxnepzeTepmmmanra (26) mepna

I eopeuna n s T'unepzerepummanr (26) paiox qerBeprof crenexm gaxropa
Apoxroxaza »roporo poxa dopu (24)3

[AJA]...|A] B2 ... &]* S
nuaumbcno oroll Teopemn amaxorxumo ;onu-n.ncny XOTOPO® MM NpN-

" meax zas / = 4 X N0 PTOMY MM er'o OnycxaeM.
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¥s cmoficTs ¢axTopa ApONroanxa BTODOro pPoja X Ns (27) suTexaerT czexyor~
mas

T e op e na III, Iuneprerepmxmant (26) ecrs cosmecTmil NNBApNAXT Beca 4
dopu  (24). '

Coormomenxe (27) MOXeT NMETH SRAUNTEXLHOS MECTO B TEODNN axrelpaNvec-
XXX 06pasos uerseproff CTeNeNN NO CXOAYXMMM NPNUNHAM:

1) Bupaxemxe xmmapmanTa.B JopuMe cTeneEM (axTopa ApOEroanfa BTOPOT'O POZR
ouens Mcro N ZAS HEXOTOPMX nexell BEI'OAHO, HO AXS DACUETOB COBCOM HONPNTOXNO,
Tax-x8x B HeM NOABASDTCA XOOPXNHATH NAGAXLHHX BEXTOPOB xo'r.opuo He NMODT I'eo~
MOTPNYECKOT'0 SHAUGHNA - SHAWGHNE NMODT TOABKO NX NMPONSBeZeENS, B Bupaxemu:
oTNX NENB&DNANTOB Wepes rinepAeTepPMMNHAHT NPOCTPAHCTBOHHOA MATDNUN HOABISDTCS,
HAOPOTNB, HENOCPeACTBEHHO KOSDIMINEHTH COOTBOTCTBYDUMX axrefpamgecxxx ¢opM.

2) Bupazas xmmapranrT » ¢opMe rumepxeTepMMEAETa npocfpancfiunol MATPNIM
MOXeT NCnoX»soBaTh cBoficTBA NPOCTPAHCTBeHHMX MATPXR X XX onpexeanrexef,

3) Bﬁpcunn xEBapxanTa 3 JopMe rEnepReTEPMNHARNTE NPOCTPANCTBOEROR MAT-
PEON OZMEAXOBO NPOCTO kax X ero BupaxeENe B (opume daxTopa ApOEroXbAR BTOPOro
pona. .

B saxbuefimeM uMu GyneM 8SENMATHCA ONATH UOTHDHMS KBATEPHMMX axrebpax-
weckmux dopuamx (6). Hafinem reomerpmuecxoe smeuemme runepmerepummanra (8) -
B cayuae ecax Bce dopun (6) pasHNe X TaxEe B cayuae, 6CAN ZBe AN AAES Bee

pasEN, Jlxs 9TOr0 BOCHOXbLSYEMCS CASAYDMMM NPMEINIOM HUIERIA :

OYCTs PABENCTBO MYAD MHBAPMARTA

[a l]d[iqf .

4 )
P o arr= defte ex® ...

osHAYAGT, no/b TOYOX ONPENOASHHHX YPABHEHNOM "- 0 o6xamapT HEXOTODHM

npoexTxsmuM cmoficrsox ( E ), Torma xoHTpasapxan?

. [abu]” - [pewT? ..
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reprarHOft dopun
A A
Y o= w@xis dxtecxft ...

ofpampeTcs B HYAb ZAS TEX N TOABKO TOX NPAMNX AU , xoropue mepecexarr xpmayp

?’ = 0 B Touxax, obaazamumx ceolicrTBoM (E),

9ror npumnxn KIEENA me TPyZEO o6oCmMTE X ZAS CAywas NPOGKTMBHOr'O NpPOeT-
paxcrsa 7}» s TPX IPONBBOXBHOM ~,

T e opena IV, OXBEARrapMOHNYeCKMSt KOHTDABADMABT NOBEPXHOCTM

‘ .
@x . hxy=exy axi-o (28)

OpocTpaRCTBA 3 NueeT B dopue mnepxnopnxéxn S-uepHoft MaTpumy nopazxa 4

YpaBHexNe

d 4 9
. Al -0 s
rae A ecTh 4-MepHas martpuna dopmm ( LX )‘.‘u 4-MepHAS MATDELS BAGMOHTH XOTO-

poRt pammm
Uiy g 34y, = Ug oy Us U,
npauen f‘,, e “4' XOoOpAMHATH naocxocTx AL .

dokE8 8 a7rexpcTB o, 4TOUKN NpAMOR, KOTOPHE ONPOXEAGHN ypaBHeHNeM
(@xy=éet-o |
O0pPASYDT SKBNANIGDMOHNUECKYD UOTBEDKY TOUGK ©CAN
j
fabT-o.

¥s sToro ma ocmoBammM npmuxna KIEEIA CASAYET, QTO HEOOXONNMHM N JoCTa-

TOUNNM YCIOBNEM ZXIS TOr'0, WTOOM NpPSMas nepecexaxa KPNBYD 4-Toff crenemx
@x¥s dxfeexy=o (30)

npocTpascrsa Pi B 4 OKBNAEIADMOENYECKNX TOUXAX, ABIRETCH CAGAYKLE® YCAOBNG

‘[a{«,]" =0 (31)
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YpaBHenre (29) ecTs» amueliuaToe ypaBHeHNEe oXBRAHIGPMOHNYECKOIO KORTpa=
BapranTa xpxsoft (28), YcxobMem anoxspEocTx xpmeux (28) x (29) TOrga, ove-

BMaHO, OyneT .
[&(a]“- 0. (32)

Ecau cropa mcnoxmsyesmcs npxmmwnom KIEEIA vo Rxa nosepxmocT (28) moay-

UMM ypaBMeHMe el aKBNAHIapMOHMYECKOro KOHTpABapMaHTa B (popue

,.;‘luo]b' o ‘ (33)

YpaBrenne (31) wmoxHO, Ha ocHoBamMN (27) BHpasnTs B fopue

IAINAILL o

Tax xax MzeaxnHue BexTopu &, -‘, € nepaxxexbHM, MMEST MECTO

M8 Wero caexyeT, uTO ypaBHeHMe (32) MoxHO samncaTy B dopue

4 1 1
[AlA|AIR] -,
HYeM noKkasaTeabCTBO 8S&BEPMeHO,

T eopewma V, [Jra Toro, uro6u nosepxHocTs (28) OGuxa anoxsproft ceoemy

OXBRAHMapMOHMYECKOMY KOHTDABapDHAHTY HEOOXOLMMO M AOCTATOYHO NCHNOXHOHK® YCJAOBXSA
4.4 4 4 .
[ATATAIAl  =° (2}

doxasarTesspc T B O, llyecro ypanrenne BXBNANT'@PMOHMYECKOr'0 KOHTpaBa-

PxaHTa nosepxHocTH (28) mammcaHo B Popme ) (34). Zas Toro, urobu nosepxmoCTH
(28) Omnna anoaspuoit ormGemme#t (29) HeOoGXOAMMO M ZOCTATOWHO, WTOOM CyMmMa
npoxssezenxit cooTBeTCTBYXIMX xO(PNUNGHTOR ypaBEeENS nosepxrocTx (28) = ypap-
menns (29) Ouxa nyxemoft, ATy cyMmy Moxem cPOpMNPOBATHL TAK, UTO B ypaBHeHNe

(29) noxomt‘:;‘ci‘.jﬁ 'a@é’ﬁ.‘} s TO ecTs
‘
uw -4.
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Taxnu o6pasoM moayums ycazosxe (35), wem Teopema poxasana,

T eopeua VI, HeoSxoxunoe x mcnrouo'o ycxoB¥e IAf TOro, YTOON noBepx- .

mocrs (28) Omaza anoaspHOft cBOeMY SKBNAHI'&DMOHNUECKOMY KOHTPABADMAHTY MOXHO
BipasxTs Taxxe » dopue

4
Al =0 (36)
4
rRe ’AI €CTh IENepAeTepPMNHANT 4-MepHOR MaTpMnu nosepxmocTe (28),

doxasarea 3. c_ 7 B0, Tax xax BCe 4-MepHMe CeUeHNS MATPNIN 5-MEPHOTO

rENEPROTOPMNHARTA NOPSAXE 4 B ypasHenNX (35) paBHEN X NEZEKC  NOAXTEPBATN-

seN, s cmoficTs onpemeaxtexedl NpoCTPAHCTBEHNNX MATDMI CaexyeT
4 1 4 1 4
[AIAIAJA] =« ]Al
4 .
rae ,AI NMeeT SEAueHNe N8 TeopeMu, M Tax ycxoeme (35) wmoxmo BHpasnTh Coxee

npocro » Popue (36). Tou TeOopeMa JOXABAHA,

OcTapTCs CAYNUAN, B ROTOPMX HOXOTODM® MAN [axe BCe NS MGAXLEMX BeXTOPOB
A ‘ » & » A msamumo menapazzeanmu, B sTHX CAYNGSX N8 YMOMAHYTMX BEXTOPOB

1) TPX BSANMHO MAPAAXEABLHH X OXMN C HNMM HENApPAXIeXEH,

2) ZBa BSANMNO DADAXNGXALEN HO C NOPBHMN XBYMbA HeNapaiieXbHN,

3) mBa BSANMHO DAPAXZGXABNN N ZBA K&K BSANMHO TAK N C NEPBEMN XBYMBS
' napaxaexsmm,

4) apGMe XBe DADK BBANMEO HONADAXLIEXBHN,

KpoMe DpegueCTBYDHXX XOBAPNAHTOS X NHBADNAHTOD MOXNO OGpaSOBATM eme
CXOXYTEM® THIMS

a) xomapmaxTy lé ,A: ,é lul (37)
ALAIAILI -
3) xEBapxanTH ‘A‘lA“AJA‘l (39)
|ATAIALAL w0
Jé‘lélﬂlg' (a1
|AIAAIAl @
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Peomerpwuecxoe smavenme xoBapmantoB (37) x (38) noaywms Ncnoxssosa-
HNeM mpMmmuna HJIEEDA N8 NSBECTHOTO 'eOMeTPNUECKOr0 SHAUGHNS MNBADMaETOR (2)
n (4), xoTopue comepzaTCs B TeopeMmax W x _V_ padoTs [1] + Tax manpmmep
nyers E,) o6osBavaeT CBORCTEBO N8 TeopeMx ﬁcuﬂu [1] o« Bean » XuBapxaxte

+ Y
| () (Ce)
|A[BIB] [—»éo
NOXOXNM
A q *.
B-A , A AER & ()

X COIZaCHO CE&PAHROMY BHII® ONYCTNM CTPeaxKN, NOoXyuNM

[A1AIA] (40

Tex xax xmaexc Lo HEAITEPEATNBOH, NHBADMAHT (44) MOXHO BMpasiTs B

1414141 s

CooTHomenne (27) nosBoaser HAM McnoxssoBaTs npumnxn KIEHIA zxs rRaep-

Aerepuntarra (45)., ¥Ms mero caexyer, uTO ypamuenxe
' 4 4 2 :
[AIAIAIW] =0 (46)
BENCXNONO TEMN X TOADKO TeMN nxoCKOCTAMN AV , xoropue nepecexapT aareSpamuec-
KN® NOBEPXHOCTN CTONORK 4 C MATDNNAMN A x /oGosmauenxe xs (43) / » xpusux

. muexupx csolicTBo A ( E, )e M Tax reomerpNqecxie smauenxe ypasnemns (46) moxmo

chopuyaxposars B fopme cxexyxmef Teopea.

Teopewns V]I, Ypasmemxe (46) ecrs ypasmenxe ormcammed uoeto::ﬂl nepe-
COXAIIAX AAreCPANYeCKNe NOBEPXHOCTR WeTBEDTOrO NOPSAXE C MATPRIMMN AxA » xpx-
BUX NMOIUNX BSAKMNOS pi;':lcno ( E, ) ms reopem W crarsx [1] 7 NCIOXMS OB~

§ueM oSosmawexnx (43) /.
Ecax » mmsapxanre (46) samemsu MaTPENRY U NOCTONONENO MATPRIAMM l ‘ ’

A noxyuns umsapxamrx (39), (40) = (41) . om!pncuoo SHAYGENE NOCAeR-
HNX BMpaxemo cxexvimeR reopemoft,
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T e 0 p e M & VII], Hyzemoe suauenne MHBADMAHTOB (39), Bepree (40), Bepmee

(41) sBaseTCS HEOOGXOZNMHMM N JOCTATOUEMM YCJAOBMOM IXS TOro, WTOOH axrebpamyec-
. 2 3

xas nosepxmocTh 4-oft cremenx ¢ maTpunefi cooTBeTCTBEHNO A sepuee A BepHee A

6uxa anoxspuoft nomepxnocTm (46),

JoxasaTeancTBO 8TOM TEOPEMH QRANOIMYHO LOKABATEALCTBY TEOPeMH v,
CeoficTB0 M8 TeopeMH ! ue [ 1] o608 HAUMM uUepes (E‘). Menoarsya oGos-

RaveHNs .
4 2 73
4 - A ’ B = A ’ c = A
RAs HyxeBux snavemmi#t (38) x (42) BepHH caefyxuMe TEOPeMH,

Teopewma IX, Ypapmenme

|4 1A1R1u] -

ecTh ypasuemxe orxSammelft maocxocTeft nepecexamuMx MOBEPXHOCTA YeTBEPTOro NOPSA-

7 .4
X8 C MaTpMnaMM A » A . A,n XPHBHX MMexmux cBoficTBo ( E‘).

T eopema X , Pamencrso Hyazp umBapuanta (42) ecTh HeoSXomMumoe M ZOCTa=

TOYHO® YCAOBNE JIAf TOrO, uTOOH Kaxnas M8 noBepxHocTel#l weTBeproro nopsaka C

7 st 3 :
n-rplnanﬁ ,A s A ’ ﬂ’ 6Hz@ anoAAPHOR NOBEPXHOCTH

% h X
LATATA %] <o

rae J', " j‘ . }3 DNPONBBOABHNE TPM M uMcex 1, ..., 4, KOTOPHe MOTYT N coBna-
naThe ) .

loxasaTexbCTBA BTHX TEOPON AEAXOINUHN AOKA8ATEALCTBAM NPENeCTBYIUPIX
npesroxenxit,

BooOme MOXHO cxasarTs, UTO IAA AxreSpamyeckMx nosepxHocTel uyersBepTolt cre-
MeEM UNCIO KOTOPNX He GoAmme 4, OCHOBHMM COBMECTHHM KOBSPHEHTOM SBAKETCS KOBA-
pram? (38) X COBMECTNMM MEBADNAHTOM - NEBapMamT (42), ¥8 nocaeammx x xx
FeOMeTPNYECKOTO 8HAYGHNS (noc-re;:um OTOXZOCTBIGHHENM HOKOTOPHX N8 8TMX NmOBepX-
nocreft) BuUTEXEDT XOBADNAHTH X COOTBETCTBOHHNO XNBADMAHTH IAS TPeX, ABYX M OZRHOMR
axreSpawuecxxx nosepxsocrelt weTBeproll CTenemHM ¥ TaxXe NX r'eOMeTpMYeCKMe smave-
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