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Dominated classes and related questions

V. FICKER

This paper contains some generalized results concerning dominated sets
of measures, relation between the concepts of independent and of singular
measures and decomposition of a measure into an absolutely continuous part
and an independent part, respectively. These results have applications in
mathematical statistics (by study of sufficiency). Essentially in this paper
are generalized some results of [1] which generalization depends upon certain
ideas of [2].

Many problems which are based upon concept of absolute continuity of
measures can be formulated only by means of set theoretic concepts. We
reach a generalization of certain results in this way since they are not used
measure and the Radon-Nikodym theorem as was showed by Neubrunn [2].

Introduction

In terminology of set theory is here introduced a concept of class of null
sets of a measurable space (X, S), where throughout this paper S is a o-algebra
of sets. Classes of null sets will be denoted by M, N, L, etc. Then the concept
of collection of classes of null sets (insymbolsIt, M*, N, etc.) and two kinds
of absolute continuity of two collections of null sets 9t and N are introduced.
Using fundamental results of [2], properties of absolute continuity of collec-
tions of classes of null sets are studied here. Further, the concepts of inde-
pendence and singularity of two classes of null sets are introduced and the
relations between these concepts are studied. A decomposition of a class N
of null sets into an absolutely continuous part and a singular part with respect
to another class M of null sets or a decomposition into an absolutely continuous
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part and an independent part are studied, respectively. Finally, applications
of these results in measure theory are given.

In this paper are used some concepts, definitions of which are not given
here. These concepts are used in such sense as it is introduced in [3], with
a single difference that the complement of a subset 4 of X is denoted by AC
ie. A= X—A.

I

Definition i,l. Let (X, S ) be a measurable space. A non empty class M(M =S )
of sets in X 1is called a class of null sets if it satisfies the following properties.

(i) IfEcMand FeS, then ENF M.
(i) IfEneM, n=12..., then UE,ecM.

n=1
Let 9N be a set of classes of null sets (I is called a collection of clusses of
null sets). We correspond to MM two classes of sets M| M and U M. Then, it is
Melt MeM
evidently that
N M is a class of null sets.
MedM

Definition 1,2. Let (X, S) be a measurable space. Let I and N be two collec-
tions of classes of null sets. We say that I is absolutely continuous with respect
to N in the first sense, in symbols M < N, if

AN = N M.
NeRR Me

We say that M is absolutely continuous with respect to M in the second sense,
i symbols M <N, +f
UN = N M.
Nelt MeM

If N is a one point set i.e. | = {N} and if M is any collection then the
concepts Pt < N and M < N are equal. In this case we say that the collection M
18 dominated by N, or that N dominates over I and we denote it by MM < N.

If I is dominated by N and if I is a one point set too (W = {M}), we
say M is absolutely continuous withk respect to N and we write M <N.

Two classes of null sets M and N for which both M <N and N < M are
called equivalent, in symbols M = N.

If for each pair M, M* e It is M = M¥*, we say I is a homogeneous col-
lection.
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Let M and N be two collections of classes of null sets for which both It < N
and M <M, or M KN and N LM, respectively. Then, we say I and N
are equivalent in the first sense or they are equivalenl in the second sense, re-

I

spectively. We denote it by I = N or by M = N.
We note, a necessary and sufficient condition for each pair M,N such that
MeMand N eN, to be M <N is that M << N.
Proof. Let for each pair M,N such that M eIt and N e be M <N
i.e. N = M. It follows UN = M and from it
Nef
UN = N M, then M LN.
Ne®t MeI
Conversely, let Mg eI, Ng e N be fixed. If M <N, then UN = N M.
Nelt MecM
It holds Ng = UN = N M = M, and hence we obtain No = Mg i.e. My < Np.
Nelt MeM
It is easy to verify the next lemma.
Lemma 1,1. Let (X, S) be a measurable space and let M and N be two col-
lections of classes of null sels.

(i) If M <KN, then M < N.
I,
(i)  If M =R, then M = RN.

Theorem 1,1. Let (X, S) be a measurable space and let M and N be two col-
lections of classes of null sets. If the condition

(UN—NN)=NM
Nelt Nelt Me

holds for the classes N belonging to N, then M < N if and only of M < N.

Proof. If M <N, then M < N follows from Lemma 1,1. If M < N,
then from condition (UN —NN) =N M for the classes of N and from
NeRl Neht MeM
equalities
UN = ( UN—-—-NN)u( UN n NN)
Ne® Nelt Nelt Nef Neh
= ( UN—NAN) v NN
Ne®lt Ne Ne®
follows that UN = NMie MLN.
Net MeM
The next statements, Theorem 1,2 and its Corollary published in [2] are
very useful for our further ideas.



Theorem 1,2. Let (X, S) be a measurable space and let N be a class of null
sels. Let each disjoint subclass of S — N be countable. Let P be a property of
measurable sets B € S. Let at least one set B € S — N have the property P. We assume
that for every disjoint sequence {Ey}q_, of measurable sets with property P the
union has also the property P. Then, there exists a set N € S—MN which is
a mazximal set with property P in that sense, if B is a measurable set with pro-
perty P, E = NC, then E €N.

Corollary 1,2. Let (X, S) be a measurable space, let N be a class of null sets.
Let each disjoint subclass of S —N be countable. Let M, (M = S) be a class
of null sets such that M =N 1is not true. Then, there exisis a set N € S —N
such that N e M, N ¢ N and for every set E ¢ M, f = NC, E belongs to N.

Remark 1,1. Let (X, S) be a measurable space and let M, N be two classes
of null sets. We say a sel Zuy (to M, N are corresponded indices m, n by Z,,)
has the property pmn if it satisfies the following properties.

(i) Zimn € M.
(it) If EeM, E = Z,, then E eN.
(It is clear that £ € S, E = Zy, implies £ € M.)

As for the set N in Corollary 1,2 we denote it by Z,, and we say, Zn, has
‘the property pmn.-

Throughout this paper, when we shall deal with a measurable space (X, S)
and such a class N of null sets that S — N satisfies the following condition;
each disjoint subclass of $ —N is countable we shall say, condition C is
fulfilled by S —N.

Lemma 1,2. Let (X, S) be a measurable space and let M, N be two classes of
null sets. Let condition C be fulfilled by S — N. Then, there exists a measurable
set Zimn which has the property pmn .

Proof. If M is a subclass of N, then put Zmn = A, where A is any set
from M. It is easy to verify that A has the property pma.

If M =N does not hold, then from Corollary 1,2 there exists a set Zy,
with the property pms.

Lemma 1,3. Let (X, S) be a measurable space and let M,N be two classes
of null sets. Let condition C be fulfilled by S—MN. Then, a set B € S has the
property pma if and only if

Zmn AN BEMNN.

Proof. The existence of a measurable set Z,, with property pm. follows
from assumption of our Lemma and from Lemma 1,2.

Let B €S and let B have the property pms. Since

Zomn A B = (Zmn O BY) U (BN ZE,),



then it follows from the properties pmy for Z,,, and B that Z,,, A Be M NN.

Now, suppose that BeS and Zy, A Be MNN. To prove B have the
property pmn, at first we show according (i) in Remark 1,1 that B e M. It is
evidently that B N Zy, € M. Then from inclusions

BNZ, = (Zmn AB eMNAN =M

mmn

and from equality

mn

B = (BN Zmn) Y (BN Z,)
it follows that B e M. '
Further, we show according (ii) in Remark 1,1 that if £ e M, E <= BC,
then £ eN. It follows from inclusions
BN Zpn = (Zinn A\ By e MNN =N,
from equalities
E =En B
= (BN BN\ Zpn) U (ENBNZ,)
and from the property pm» for Z,,,. This completes the proof.
Corollary 1,3. Let (X, S) be a measurable space and let M,N be two classes
of null sets. Let condition C be fulfilled by S — N . Let B be a measurable set,
then Zmn U B has the property pmn if and only if BN Z., e M NN,

Proof. Let us form the set Z,,, with property pm». By Lemma 1,3 Z,,, U B
has the property pm, if and only if Zun A (Zmn U B) € M N N or equivalently
BNZ, e MN N since Zpyy A\ (Zmn Y B) = BNZ,,.

Remark 1,2. Let (X, S) be a measurable space and L be a class of null sets.
If EAFelL, for B, F € S we shall write

E =F [L].

Let (X, S) be a measurable space and let M,N be two classes of null sets
which satisfy the assumptions of Lemma 1,2. Then, a necessary and sufficient
condition for Z,, and Z, to be two representations of sets with the property
Pmn is that

Zmn NZY, e MNN,
In that sense, the set Zy, is uniquely determined and we shall write according
Remark 1,2

Ly, = Z.:‘,,, [M NN].

Lemma 1,4. Let (X,S) be a measurable space and let M, M*, L be classes
of null .ets. Let be M = M*. Let condition C be fulfilled by S — L. Then it holds
Zmi N\ Zm= € L.

Proof. Since M = M*, we have M = M*. From assumptions of Lemmas 1,2
and 1,4 follows, that there exist sets Z,, and Z+ with the property pm1
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and pm+1, respectively. Let us consider the set £ = Z;,, N Z;+,. It is clear
that £ € M = M* and E = Z;+,. Then, it follows from property pu+ that
E e L. From the symmetry it is evidently that F = Zy«, N Z;,, e L. Since
Zimy \ Zimey = B O F, we have Zy, N\ Zm+ € L.

To show the condition Zp,; A Zm+, € L not to be sufficient for M = M¥*,
we give an example.

Example. Let (X, S) be a measurable space. Let M, M* L be classes
of null sets. Let M = L = S and let M* = S (M* be a proper subset of S).
It is clear that S — L fulfils the condition C. Then Z,; A Z;+, € L because
Zimy \ Zi=,’'€ S = L. In spite of it M = M* does not hold since M* 5= M.

Lemma 1,5. Let (X,S) be a measurable space and let L, M, N be classes
of null sets. Let condition C be fulfilled by S— L. Let M LKL and N <L,
then M <N if and only if Zp, N\ Z;,; € M.

Proof. Let us form sets Z,, and Zy, . Let Z,, N Z;,; € M. We prove M < N.
If E eN | then from equality

E=FEnNZuyunZ,)V (ENZ,) Y (ENZy)
follows that £ € M since the first term on the right belongs to M according
assumption Z»; N Z;,; € M. The second term on the right belongs to M because
E NZ,, = E eN and from the property pn, for Z,, it follows that & N Z, e L
and also £ NZj; € M since M < L. The third term on the right belongs
to M evidently. We proved that N = M ie. M <N.

Let be M <N. Since Z,, e N = M, Z,, belongs to M and hence Z,; N
NZ,, eM.

Remark 1,3. It always holds Z,, N Z{, eN. Then, the condition Z, N
N ZS, € M is equivalent to the condition Z,, N Z;, € M NN however this
is equivalent to Z,, € M N N as we see it from equality

Zny = (Zny N\ Zimy) I (Zny O Ziyy) -

Another condition which is equivalent to Z,, N Z;,, e M is Z,, N Z{,, e L.

If namely Z,, N Z;, € L, then from absolute continuity M with respect
to L follows that Z,, N Z, € M.

Conversely, let Z,, N Z;,, € M since Z,, N\ Z,, = Z;,,, then from property
Dm, for Zy, follows that Z,, N Z;,, e L.

Lemma 1,6. Let (X, S) be a measurable space. Let M, N, L be classes of null
set... Let condition C be fulfilled by S— L and S — M. Le¢ N < Mand M <L L,
then

an == an v Zml [L].

Proof. It follows N <€ L from N <M and M < L. Let us form sets Z,n,,
Zm, and Zy, with property Pnm, pm, and p,,, respectively. We shall prove
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that Z,m, U Zy, has the property pgn,. From Remark 1,2 it follows that it is
sufficient to prove that
Ziny \ Znm I Zpmy) ENNL
and even it suffices to prove
Zny N\ Zpm I Zmy) €L,
since from N <€ L it follows N N L = L.
We have
Ziny N Zinm O Ziny) = (Zing 0 Z3py O Zi) Y [(Znm 9 Zimy) O Ziy ]
The first term on the right belongs to N evidently, from property pnm for Z,,
it also belongs to M but from property pm, for Z,, follows even it belongs to L.
To show, the second term on the right belongs to L we apply the property pum
for Zum and pm, for Z,,, and absolute continuity N with respect to M. We have
Zinm I Zm, belongs to N. From the property p,, for Z,, follows that the second

term on the right belongs to L. Hence, Zy; A (Zpm Y Zp,) €L and this
completes the proof.

Theorem 1,3. Let (X, S) be a measurable space. Let M and N be two collections
of classes of null seis. Let the condition C be fulfilled by S — N for every N € R.
Let be M < N. Then M is homogeneous if and only if there exists a class N € N
that Zimn » Zimsn € M N M* whenever M, M* € JJt.

Proof. Let M, M* be two classes of null sets from 9t and let N be a class
of null sets from N. Let be Zyin , Zmsn € M N M*. By Remark 1,3 it is equivalent
to Zmn N Zpey € M* and Z,.., N Z,,, € M (since from assumption IR <N
follows M €N and M* <N evidently) and by Lemma 1,5 we have M < M*
and M* < M i.e. M = M* whenever M. M* e t, then I is a homogeneous
collection of classes of null sets.

Now, suppose M = M* whenever M, M* e Jt. Then there exists N ¢ N
such that M <N and M* <N it follows from I < N. We have M <N,
M* €N and M = M*. By applying Lemma 1,5 it implies that Z,«, N Z5,, € M
and Zpn N Z., € M* and equivalently Zmp, Zm.n € M N M* according
Remark 1,3.

Corollary 1,3. Let (X, S) be a measurable space. Let M and N be two collections
of classes of null sets. Let Zipyn = 0 for each pair M, N where M € It and N € N.
Then M is a homogeneous collection of classes of null sets.

Proof. Since Zpy, = 0 for every M e It and N € it we have Z,,, € M N M*
and Zp+n € M N M* whenever M, M* e )t and N € . Then M is a homoge-
neous collection of classes of null set according to the Theorem 1,3.

Theorem 1,4. Let (X, S) be a measurable space and let I be a collection of
classes of null sets. Let L be a class of null sets which dominates over I and let
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the condition C be fulfilled for S — L. Then IN is a homogeneous collection if and
only if Zmy N\ Zm+, € L whenever M, M* € JJk.

Proof. It follows from Remark 1,3 and Theorem 1,3.

It is easy to verify that Theorems 1,5 — 1.8 are valid. These statements
can be directly proved. They are all based on Lemma 1,5 and therefore the
proofs are omitted.

Theorem 1,5. Let (X, S) be a measurable space. Let M, N*, N be collections
of classes of null sets. Let the condition C be fulfilled by S — N, for every N € N.
Let be M < N and M* < N. Let M and M* be homogeneous collections. Then
M < M* if and only if there exist M € M, M* e IM* and N € N such that
Zm*n € M.

Theorem 1,6. Let (X, S) be a measurable space. Let M, M*, N be collections
of classes of null sets. Let the condition C be fulfilled by S — N for every N € 9Rit.
Let M* KN, M KN and let M be homogeneous. Then M < M* if and only
if whenever M* € M* and some M € M there exists | €N such that Zyqy € M.

Theorem 1,7. Let (X, S) be a measurable space. Let M, M*, N be collections
of classes of null sets. Let the condition C be fulfilled by S — N for every N € RN.
Let M LN, M* <N and let M* be homogeneous. Then IM < IM* if and only
if for any M €IN there exists some M* eI and N e N such that Zpy+p € M.

Theorem 1,8. Let (X, S) be a measurable space. Let M, M*, N be collections
of classes of null sets. Let the condition C be fulfilled by S — N for every N € N.
Let M <N, M* < N and let M and M* be homogeneous. Then M = M* if and
only if Zmsn, Zmn € M O M¥* for at least one of three classes of null sets M, M*, N
where M € M, M* e M* and N e N.

Definition 1,4. Let (X, S) be a measurable space. Let M and N be classes
of null sets. We shall say that M and N are mutually independent, in symbols
(M, N), if for any class L of null sets such that L < M, L <N implies L = S.

Lemma 1,7. Let (X, S) be a measurable space and let M, N be two classes
of null sets such that (M, N) and M <N, then M = S.

Theorem 1,9. Let (X, S) be a measurable space. Let M, N be two classes of null
sets. Let the condition C be fulfilled by S — M and S — N. Then (M, N) if and
only if Z;,, N Z;,, € M N N.

Proof. At first we prove Z;,, N Z;,, = M NN implies (M, N). Let L < M,
L €N for an arbitrary class of null sets L. Let £ be any measurable set.
We have

V(B N Zyy O Zyy)
Each of these terms on the right hand belongs either to M or to N. The first
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three terms are subsets of a set which belongs to M or to N, respectively.
The last term by the assumption. From L <€ M, L <N we have F € L. Hence
is (M, N).
Let be Z;,, N Z,,, ¢ M. We shall prove that (M, N) does not hold. We denote
by L a class of sets
L={K:EecS, ENnZ, cM}.

Then we have:

1. L is a class of null sets for the measurable space (X, S).

If FeS, Eel, then ENnF <E, ENnFnNnZ,,cENZ, M, we have
EnF nNZ, M and hence ENF €L.

IfErel,k=1,2,...ie. Ex €S, Ex N Z:, cM for k = 1,2, ... hence

UEreS and U (ExNZj,) €M, then from equality
k=1 k=1

UE:nNZ,, = U #xnZ,) follows that U Ex € L.
k=1 k=1 k=1

2.L<M, LLN.
Let E € M since £ NZ;, = E we have N Z,, M and hence E el i.e.
L <M.
Let B eN since K N Z;,, = Z;, then from property pum for Zy, follows that
E N Z;, € M and from it we have £ e Lie. L <N.

Now, we shall prove that L = S does not hold. The set Z, belongs to S
but this set does not belong to L since Zj,, N Z;, ¢ M. We have L <M,

L €N and L 5+ S that means (M, N) is not valid.
We can prove similarly that if Z;,, N Z;,, ¢ N, then (M, N) does not hold.

Lemma 1,8. Let (X, S) be a measurable space and let N;, i+ = 1,2 and M be
classes of null sets. Let the condition C be fulfilled by S — N;, ¢ = 1,2 and S — M.
Let (N;, M) for i = 1,2 then (N1 N Nz, M).

Proof. It is clear that N; N N is a class of null sets. From equality

S — (N; N Ny) = (S —N;) U (S —Ny)
follows that S — (N; N Ng) fulfils the condition C. Let us form measurable
sets Zn, ~ nym aNd Zy,u, ~ n,. We shall prove that
(a) anm N Z112m = an N ngsm [M NN N N2] and
(b) Z‘rrml U Zmna = Zm,n1 N By [M NN N Ng].

At first we shall prove (a). It suffices to show (see Remark 1,2) that Zy » N
N Zn,m has the property Dn, A nym- It is evidently that Z, m N Zp,m €N1 NNy
since Zy m € N1 and Z, m € Na. We shall prove that for every set £ € N1 N\ Ng
such that B = (Zym N Zn,m)°, E belongs to M. Let be E eN; "Nz and
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E = (Zpm N Zpym)e. Put By =ENZ,, and Ey=E N Zym N Z then

ngm?

E=E,VE;, E1eN;iNNz, s cN; NNy and E, :Z:hm’ Es cZ;‘,'m, then
from the property pu m for Z, m» and pu,m for Z, , follows E, € M, Ez; e M
and hence £ = E1 U E; € M. We proved that Z, » N Z,,m has the property
Pnl N ngsm -

Further, we shall prove (b). It suffices to show that Zmuu, \U Zmuns, has the
property Pm,n, N n, (see Remark 1,2). It is clear that Zmy, U Zus, € M. Now,
we shall prove that for every £ € M such that E = (Zmua, U Zmya,)¢, E belongs
to N1 N Nz. Let be £ e M, E = (Zmn, Y Zma,)® it is evidently that B = Z;,,
and from the property Dma, for Zy, follows B € N;. Similarly £ belongs to N
and hence £ belongs to Ny N N2. We have proved that Zmn, I Zmn, has the
property pmn, N n,-

Now, we shall prove (N; N N2, M). By Theorem 1,9 follows that it suffices
to prove

(Zmn, Y Zimn,)® O (Znm O Zinym)®* € M N Np N Ny
From equality
(Zmn, Y Zmn,)® N (Znm N Zinga)® == Ly, O Zipyg, O Zipy 1) 9 iy, O
N Zipn, Y Z,

n.m)

we have, the first term on the right belongs to M N Nj since it is a subset
of Zyy NZy,, € MN Ny and (Ni, M) holds (see Theorem 1,9). The first
term on the right belongs to N2 too, that follows from property pmn, for Zyn,.
The second term on the right similarly belongs to M N\ N; N N2. Hence we have
that both terms on the right belong to M N N; NNy and therefore (N; N
N Ng, M)

Definition 1,5. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. We shall say that M, N are mutually singular, in symbols M L N
if there exists a measurable set A such that for every measurable set E A N E € M,
and Ac N E eN.

Lemma 1,9. Let (X, 8) be a measurable space. Let M, N be two classes of null
sets and let M L N, then (M, N).

Proof. If M L N, then there exists sets 4, 4¢ such that for every K € S,
ENnAeM, and En AceN. Let L be an arbitrary class of null sets such
that L < M, L < N. Let £ be any measurable set, thenE N A e L, BN AcelL
and from equality

E=(EnNA)U E N Ac)
follows £ € L and hence L == S. This completes the proof.
Lemma 1,10. Let (X, S) be a measurable space. Let M, N be two classes of null
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sets. Let the condition C be fulfilled by S — M and S — N. Let (M, N), then
M | N. :

Proof. Let (M, N) or equivalently Z;, N Z;, € M NN (see Theorem 1,9).
Put 4 =27%;,nZ,, and Ac =17,,UZ,,. Let £ be any measurable set.

nmn mn nm

From ANE = A =Zpy, e M follows £ N A € M. From equalities
ENAdc =E N (Zuym Y Zy,,)
= (ENZm)Y ENZ,)
= (BN Zyn) YV ENZ,, N Zum) Y ENZ, NZ)
follows that £ N Ac eN, since the first two terms on the right of the last
equality belong to N, they are subsets of Z,,, € N. The third term on the right
belongs to N because Z;, N Z;, e M NN <= N.

Theorem 1,10. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. Let the condition C be fulfilled by S — M and S — N. Then (M, N)
if and only if M L N.

Proof. The proof follows from Lemmas 1,9 and 1,10.

Theorem 1,11. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. Let the condition C be fulfilled by S —MN. Then there exist two
uniquely determined classes of null sets Nog and Ny such that N = Ng N Ny,
No < M and (Nl, M)

Proof. Let us form Z;, with property pm.. We denote by

No={E:EecS, EnZ,cN} and

mn

N, ={E:E€eS, ENZnueN}.

Then evidently Ngo and N; are classes of null sets of the measurable space
(X, S). We shall prove N == Ng " N;. Let £ €N, hence E N Z.,,, E N\ Zyy €N
and further £ e Np and £ € N;. Then we have # e Ng " N;. We have showed
N =Ny N N;.

Now, let E eNg "Ny, then E N Z; N and E N Zyy, € N. From equality

(@) E = (ENZu)Y ENZ,
follows £ cN. We have proved No N"N; =N and hence N = Ng N Nj.
Now, we shall prove Ng < M. Let E €M, since ENZ°, =Z° then

mn mn?
from the property pmn for Z,, follows £ N Z;,, € N and hence E € N,.
Further, we shall prove (N;, M). Let L be any class of null sets such that
L <M, L €N;j. It is necessary to prove L = S. It is evidently L = S. Con-
versely, let £ € S, E is an arbitrary set. Since Zy, € M it follows E N Zy, € M
and L <M implies & N\ Zyy € L. The set B N Z;,, is a subset of Z,, which

belongs to Nj, then E N Z;, eN; and from L €N, follows E N Z,, € L.
From equality (a) follows E € L, therefore L = S.
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Finally to prove the uniqueness, suppose that No, N; and No, N; are two
representations of the same class N which satisfy the preceding conclusions.

We shall prove Ny = N_o and N; = ﬁ;

At first we shall prove that £ N Z,,, € Npand £ N Z5m € N, for an arbitrary

measurable set & . Z,,, belongs to M and from No < M follows Z»p eNo No
is a class of null sets, hence we obtain for any E € S, that £ N Z,,, belongs

toﬁ_o.
We denote by L a class of sets
' L—{E:EecS, ENnZ,ecNj.

It is clear that L i a class of null sets. Now, we shall prove L << M, L < N;,
then from (N1, M) follows L = S and we obtain & N Z{, eﬁl for every E € S.
We prove L < M. Let £ € M, then Ny < M implies £ € Ny and also £ N

N Z;,, €N, since N = :NoNN; =N; we have BN z eN; and hence
Eel.
To prove L <ﬁi, suppose €Ny, then B N Z eth and hence ¥ € L.
Now, we prove Ny = N;. Let B eNg ie. E NZ., € since N = Ng N
N N1 = No we obtain £ NZ;, € NO because it always holds EnNZu, eﬁ;
Then from equahty (a) follows that £ €No. We have proved Ng = Ng. Con-

versely, let £ eNo, then £ N Z¢ «_:No too. Since E N Z°

wn o € N, for every

E €S it follows that B N Z%, €Ny N N; =N and hence £ €N,. We have

proved No = N, and summarizing we obtain Ng = - N,.

We prove N; = N1 Let £ eN;y, then £ N Z;n €N since N :E,mNT =
= Nl, we have E N Zy, € N1 We note £ N Z;,, eﬁl for every E € S, then
from equahty (a) follows E €N;. We have showed Nj = Nj. Conversely,
let £ € N1 ,also B N Zyy € N1 Since £ N\ Zyyu € No, for every £ € S, it follows
E N Zuyn eNo N N1 =N and hence £ eN. We have proved N; = Nl, and
the proof of the theorem is complete.

Theorem 1,12. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. Let the condition C be fulfilled by S — M and S — N. Then, there
exist two uniquely determined classes of null sets Ng and N1 such that N = Ng N
NN, Ng <M and N; 1L M.

Proof. The proof follows from Theorems 1,10 and 1,11.
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The considerations of the preceding section can be applied to the formulations
of results concerning sets of measures defined on a measurable space (X, S).
We note that for every measure p defined on S we can correspond a class
of null sets M, where M is the class of all those measurable sets £ whose measure
w(E) = 0. It is easily seen that p <€ u* if and only if M <€ M¥*.

In this way, we can study the dominated sets of measures by means of
dominated collections of classes of null sets.

Let (X, S) be a measurable space. Let I be a set of measures on S. 4 set K
is M — null if it is measurable and of u-measure zero for each u € .

Let 9t and N be two sets of measures on S. We say It is absolutely continuous
with respect to | in the first sense, in symbols N << N if any £ is W-null implies £
is also Jt-null.

We say I is absolutely continuous with respect to N in the second sense,
in symbols 9N <€ M if for each pair y, v is ¢ <», where p €IN, » e N.

Suppose that (X, S) is a measurable space and u is a o-finite measure (we
note once more X € S, see Introduction). It is well known that there does
not exist an uncountable disjoint class of positive measure sets and so we have
a measurable space (X, S) with such a class of null sets M that S — M fulfils
condition C.

Further, we show that there exists a weaker condition than o-finiteness
of measure u for the fulfilment of the condition C.

Definition 2,1. Let (X, S, u) be a measure space. Let {un};_, be a sequence
of finite measures on S. We shall say u has the property o if

W) = T ua(E)

n=1
for every measurable set E.
We note that o-finite measure u has the property o.

The next example shows, there exists a measure y with property ¢ which
is not og-finite.

Example. Let (X, S, u) be a measure space. Let X be the set of all natural
numbers and S be the class of all subsets of X. The measure yx is defined as
(&) is the number of elements in £, if 1 ¢ £ and
ul) =+ oo0,if 1 € K.
It is clear u is not a o-finite measure. Further, we define finite measures
w(l) =1,if 1€k
=0,if1¢E.
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Let n be an arbitrary natural number n > 1 then we define
i(B) =0, if 1¢E and n¢ E
1,if1¢E and ne ¥
1,ifl1 el and n ¢ E
2,if1ekl and nek.

Then u(E) = £ un(#), u has the property o.

n=1

It can be showed that the next Theorem is valid.

Theorem 2,1. Let (X, S, u) be a measure space. Then, x has the property o if
and only if ‘S — M fulfils condition C, where M is the class of all y-measure
zero sets.

If we apply the preceding considerations and results we can give assertions
concerning measures which are immediate consequences of theorems of the
preceding section. In that sense, we can formulate without difficulties all
Theorems and Lemmas in part I.

Definition 2,2. Let (X, S) be a measurable space. Let j and v be signed measures
on S. We shall say that p and v are mutually independent, in symbols (u, v)
if for any signed measure A such that 2 < p, A < v implies A = 0.

Definition 2,3. Let (X, S) be a measurable space. Let u and v be signed mea-
sures on S. We shall say that u and v are mutually singular, in symbols p 1 v,
if there exists a measurable set A, such that for any measurable set K is
lul(4 N E) = [v|(4° N E) = 0.

Now, we give a measure theoretic formulation of Theorems 1,10—1,12.

Theorem 2,2. Let (X, S) be a measurable space. Let u and v be measures on S
and both have the property o. Then (u, v) if and only of u 1 ».

We note that a generalization in a certain sense, of Theorem 2,2 is valid,
if u and » are o-finite signed measures on S. It suffices to remark that equivalent
assertions concerning absolute coatinuity, independence and singularity
between o-finite signed measures p v and their total variations |u| and |»
(which are o-finite measures evidently) are valid.

Theorem 2,3. Let (X, S) be a measurable space. Let p and v be measures on S.
Let v have the property o. Then, there exist two uniquely determined measures
vo and v, whose sum is v such that vo < j and (v1, p).

Proof. Let us consider the set Z,, belonging to the class

M= {E:E €S, uk)= 0} and to the class

N = {£:E €S, v»E)= 0} which are two classes of null sets.

Put w(B) = v(E N Z;,,) and »(B) = v(E N Zn,) for every measurable set E.

It is clear that v = vy + v, vo < pu and (. u). It suffices to prove the
uniqueness of this decomposition. We denote
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No = {E:E €S, v(l) =0} and

N, = {£:EeS, »nk)=0;j.

It is easily seen that N =NoNNj;. If v = + » and » = ;0 -+ ;1 are
two decompositions of » then by Theorem 1,11 Ngo = Flo and N; = Nx
Further, we have

n(Z;,) = 0 and also ;;(me) = 0 equally as

v0(Zmn) = 0 and also v—o(Zm,,) = 0.

Let £ be an arbitrary measurable set, then »n(#) = w(& N Z;,) +
+ (B N Zpy) and hence vi(F) = vi( N Zny). We have also v;(E' =
= 11(E O Zmn).

Further,

vE N Zmn) = volE O Zmn) + 1B N Zimny, = il N Zpa)
WE O Zimn) = vo(E 0 Zimn) + 91(B O Zin) = »(B O Zun)
and hence v (#) = ;(E) for every measurable set £.
Since »i (¥ N Z3,,) = n(B N Z5) = 0 and also
vl O Zpp) = %(E’ N Zmn) = 0 for every measurable set E. Then,
vo(B) = vo(E N Zmn) + vo(E N Z,,) = vl N Z;,)
and also v—o(E) = v_o(E NZ

”WL) i

Our final result concerning the equality »(E) = »o(#) for every K €S
follows from equalities

v(B N ann) = vo(& N ann) 4l N Zfrm) = ‘ll()(E’ N Zfrm)r
v(B N Zfrm) = (£ N ann) T V1(.E N Z:rm) = ’V()(E N ann)'

Theorem 2,4. Let (X, S) be a measurable space. Let u and v be measures on S
and .both have the property o. Then there exist two uniquely determined measures
vo and vy whose sum is v such that vo < u and vi L p.

Proof. The proof follows from Theorms 2,2 and 2,3.

We note that Theorem 2,4 treats the Lebesgue decomposition for
measures and can be extended also for o-finite signed measures.
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Dominované triedy a pribuzné problémy
V. FICKER
Zhrnutie

h's prici je podané zovSeobecnenie niektorych vysledkov tykajacich sa dominovanych
systémov mier, vztahu medzi pojmami nezévislé a singuldrne miery a rozkladu miery »
na absolutne spojiti a nezdvisli resp. absolttne spojitd a singuldrnu mieru vzhladom
k danej miere u. Pritom sa o mierach predpokladé menej ako o-koneénost mier. Zovse-
obecnenie sa dosahuje tym, Ze pojmy, ktoré spoéivaju na pojme absolitnej spojitosti
mier, sa formuluju iba pomocou pojmov tedrie mnozin. Tu sa nepracuje s pojmom miery
ani 8 Radon-Nikodymovou vetou.

JloMuHMpOBaHHBIE KJIACCH M POACTBEHHEIE MPO6JIEeMbI

B. DUKKEP

Peswome

B craree HaxonuTcA o6oGuienne KacaonieecAd HEKOTOPHX Pe3yJbTaTOB JOMHUHMPOBAHHBIX
IPOCTPAHCTB Mep, OTHOLICHNUSA MEKAY MOHATHAMN HE3ABUCUMBIX U CHHTYJIAPHBIX Mep U Pasio-
#EeHNA Mephl » HA YaCTH, OfHA M3 KOTOPHIX a0CONIOTHO HempepHBHA & Apyrad He3aBUCHMA
UM PAB3JIOKEHMA MepHl HA 4acTH OfHA U3 KOTOPHX abCOJIOTHO HENpephiBHA a Jpyrad CHUH-
ryJsApHa OTHOCHTEIHHO HeKOTOpoll AaHHO#l Mephl u. O Mepax mpepmosaraerca Goiee ciaaboe
ycioBHe ueM o-KOHe4yHOCTb Mep. OOoblieHne ROCTUraeTcA TeM YTO IOHATUA B3aBUCHAIINE
Ha a0CoIOTHOI HempepHBHOCTH Mep POPMYINPYIOTCA TOJBKO ITOCPEICTBOM MOHATHIL Teopuu
MHO3KeCTB. 3/ieCh He NMeeTCA B BULY HMOHATHe Mephl U TeopeMa Pagona—Hukoguma.

18



ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM X., FASC. VIL MATHEMATICA XIV. 1966

Zovieobecnenie Steinerovho stredu ovalu

M. HEJNY

Prdca vznikla z popudu prof. Urbana, ktorému
autor vdali za mnohé impulzy. Prof. Metelkovi
@ doc. Palajovi dakuje autor za cenni konzul-
taciu.

1. Bud v euklidovej rovine danad ortonormalna baza (P, J1, J2> kde bod P
je podiatok. Oznadme
N(t) = Ji cost + Jgsin t. (1)
Potom
N'(t) = — Jisint 4 Jz cos ¢, (2)
kde &giarkou znadime derivaciu podla parametru ¢.
Nech je dana funkcia p(t) s tymito vlastnostami:
I. funkeia p(t) je definovana pre vietky realne ¢éisla ¢;
I1. pre vsetky ¢ plati p(t + 2=) = p(t);
III. funkcia p(t) mé druhd derivaciu spojiti;
IV. existuji kladné &isla m, M tak, Ze pre vietky ¢ je

m=pit) = M;
V. pre vietky t je p(t) 4+ p"(t) > 0.
Bud vektor )
R(f) = p(t)N(E) + p"()N'(E) (3)

sprievodi¢ — vektorom krivky R(¢) = P + R(t). Podla podmienky II. je R(f +
+ 27) = R(f). Podla IV. je krivka R(f) ohranidend, a preto aj uzavretd. Na-
kolko je N"(t) = —N(t), je aj

R'(t) = [p(t) + p"()IN'E). 4)
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Z rovnic (2):a (4) vidiet, Ze ku kazdému aenulovému vektoru A existuji
prave dve disla z intervalu [0; o), pre ktoré si vektory N’(t1), N'(t2) kolinedrne
s vektorom A.

Uzavreta krivka R(f) dana sprievodié-vektorom R(f) ma v kazdom svojom
bode dotyénicu a pritom neexistuji tri rovnobezné dotycénice. Krivka je
jednoducha. Krivku danu sprievodi¢-vektorom (3), kde funkecia p(f) ma
vlastnosti I.—V., budeme nazyvat ovalom a znaéit symbolom p. Funkciou p(t)
budeme nazyvat tvoriacou funkciou ovalu 9. Kruznica, ako najjednoduchsi
oval, bude &asto vystupovat ako singularny pripad nasich Gvah. Aby sme
nemuseli v8ade tento, inak trividlny pripad vyluéovaf, vypustime kruznicu
z nafich tvah uplne.

2. Jednoduchy vypocet da takéto vvsledkv Vektory N’(t) a N(t) su po rade
jednotkové vektory dotyénice a normaly ovalu v bode R(t). Polomer krivosti
ovalu o v bode Ri¢) je ¢&islo

r(t) = p(t) + p"(@). (5)
Podla vlastnosti V. funkcie p(t), je polomer r(f) éislo kladné. Gdkial plynie,
ze vnutro ovalu o je oblast konvexna. Nakoniec eSte oblikovy parameter

je dany integralom
t

s(t) = fr(t) dt. (6)
0
3. Bud % pevné é&islo a p(t) tvoriaca funkcia ovalu 0. Funkecia
p(t, k) = p(t) + h (7)
mé zrejme vlastnosti I., II., III. Aby funkcia p(¢, ) splhiovala aj ostatné
dve podmienky, musf byt konstanta i ,,dostatodne velka‘, ¢o presne znaéi
h > ho, kde My je vidiie z ¢siel,
—min p(t) a — miar(f),
priéom extrémy sa bert cez vietky redlne ¢. Ked je potom podmienka & > Ao
splnend, je aj funkcia p(f, ) — ako funkcia jedinej premennej ¢ — tvoriacou
funkciou istého ovélu..Tento budeme znaéit o(k). Symbol (k) je definovany
pre realne h vidSie ako hy; pritom je o = 0(0).
Sprievodié vektor ovalu o(k) je podla (3) a (7)
Rit, /) = R(t) + AN(Z).
Oblik s(t, k) a polomer krivosti 7(t, &) v bode R(f) ovalu o(k) st dané vztahmi,
ktoré plyni bezprostredne zo vztahov (5), (6) a (7):
st,h) =s(t) +t.h; riE, h)=rt)+ k. (9)
Mnozinu vSetkych ovalov o(h), kde 2 > hy nazveme vrstvou ovalov, tvo-
renou ovdlom o a znadime ¥(p), ¢i jednoduchdie iba r. Kazdy z ovilov
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vrstvy t moze byt vzaty ako jej tvoriaci ovdl. Zmenou tvoriaceho ovélu
zmeni sa iba &islo k. Vhodnou volbou mézeme docielif, aby ¢&islo Ay bolo
Tubovolne blizke nule. (Cislo %o je vzdy zdporné.)

4. Bud dana spojita .iezdporna funkecia m(t), definovana pre vietky redlne
¢isla t. Nech pre vSetky ¢ plati m(t + 2x) = m(t). Uvazujme oval ako mnozinu
hmotnych bodov, priom hmota bodu R() je udand hodnotou m(t). Budeme
hovorit o ovéle zatazenom hmotou m(t); funkeciu m(t) budeme nazyvat funk-
ciou hmoty. Ak je funkcia hmoty m(t) konstantné, alebo ak je priamo vy-
jadritelnd iba z tvaru ovéalu o, potom zrejme tazisko zatazeného ovélu je geo-
metrickym invariantom ovalu 0. Dva takéto pripady boli v literattire podrobne
rozobrané. Prvy pripad: m(t) = konst. — taZiskom zataZzeného ovalu je
(obyéajné) tazisko ovalu. Druhy pripad. m(t) = k(t), kde k(t) je krivost ovalu o
v bode R(t). Tazisko takto zataZeaého ovilu je zndmy Steinerov stred krivosti
ovalu. ,

Uz Steinerovi bolo zname, ze vSetky ovaly vrstvy ¢ maja jediny spoloény
Steinerov stred krivosti. Tento budeme nazyvat Steinerovym stredom vrst-
vy t. Prof. Kubota dokazal (Tohoku Math. Journal, rok 1918, str. 20 a nasl.),
ze mnozina (obydajnych tazisk jednotlivych ovdlov o(k) vrstvy ¢ vyplni
tast priamky, na ktorej lezi Steinerov stred vrstvy. Prof. Kubota nasiel
dalej podmienku pre to, aby dana priamka, degenérovala na bod.

V praci rozoberieme obecnejsi pripad, ked totiz je
Wl(t) = T\t, h’)n-l,

kde n je prirodzené &islo, alebo n = 0. 4
5. Tazisko ovalu o(h) zatazeného hmotou r(t, h)n-1 oznadime S.* a na-
zveme ho n-mocny Steinerov stred ovalu 0(h). Podla znameho vzorca je sprie-
vodié-vektor tohto bodu
L(h)

! . | R B, By ds,

Sa(k) = 7
[ [re, It ds

o

0

kde L(k) je dlzka ovélu o(k) a ds je diferencial obliku dany vzfahom (9).
Pretoze je ds = r(t, h)dt, moZno pisat

27

. JIR® + 2 N®I ) + A (10)
[ty + hpar
0

Su(h) — !

Mnozinu vietkych bodov Sy(k) pre h > hy oznadime &,. Podla faktov
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uvedenych v odseku 4. vieme, Ze & je jediny bod Sy — je to Steinerov stred
vrstvy. Dalej mnoZina &, je astou priamky. Zavedme nasledujtice oznadenie.

2n 27
<= (:)f[r(t)]k dt Ui = f N(t)[r(t)] dt
o ’ (11)
Vy = f R()[r(t)Idt WX = (1’:) Vi + (k j; l)Uk,
0
kde pokladame (:‘:) = 0, ak je k > n.

Potrebujeme este niekolko pomocnych vysledkov. Je predovietkym podla
(11)

g =27; ¢, =nL, (11)
kde L = L(0) je dlzka ovalu o = 0(0.
Dalej pouZijeme rovnicu N(t) = — N”"(t) a integraciu per partes. Obdriime

2n

2n 2n
[NOp© &t = — N©po] + [ N©p'© dt
0 0 0

2n

2n
[ NOp ) dt = (N@p O] — [ N'@©p'@) dt.
0 0
Rovnice spoéitame a pouzijeme vztahy (11), (5), (1), (2) a podmienku II.

Dostaneme postupne

o0n 2n 2n
Ui = [N rt) dt = [N@Op() + p"®)] dt = [Ntp'(t) — N'©p()]
0 0

teda )
U =0
a tiez
2n 2n on
Uo = [N() dt = — [N dt = —N'@0)] = 0.
0 0 L

Bez ujmy na obecnosti mézeme volif podiatok sistavy siradnej v bode So.
Bude potom vektor Sp aulovy a podla (10) a (11) bude aj
Vo=0 aj WJ= O pre vietky prirodzené =.
Zhriime vysledky! Plati
4 = 27, qlll = nl
(12)
U=U;=Vo=W; =0
pre vSetky prirodzené n.
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Na pravej strane vo vzfahu (10) prevedme naznadené mocnenie a pouzime
oznadenie zavedené v (11) spolu so vztahmi (12). Bude

S W hnk

Sa(h) = o — . (13)
z qg - hn-k
k=0

6. Prejdime k homogénnym suradniciam. Volme bazu
O(1,0,0), 15(0,1,0), Is0,0,1).
Podla (13) st homogénne stiradnice z-mocného Steinerovho stredu
Si(h) = (2o + Sqhhnk; Syt Sekhn), (14
K=1 K=1 K=1
pri¢om &sla y* a zX sii udané rovnicou
WE = ¢, + 2K,

K tomu, aby formalny bod S,(k) bol aritmetickym bodom, je nutné
(a stadi), aby aspori jedna jeho stiradnica bola rézna od nuly. Nech A4, ..., kq
st vietky také komplexné &isla, ktoré dosadené do S,(k) anuluji vietky
tri jeho stradnice. Je istotne ¢ =< ». Potom vSetky tri suradnice, uvazované

ako polynomy, st delitelné polynomom (h — k1) ... (h— hq). Po vydeleni
obdrzime aritmetického zastupcu

P p p
Snp(h) = (27mhP + Z"ﬁ hp-k; 235 hp-k; Zt:} hr-x) (15)
k=1 k=1 k=1

pricom p = n —gq. Plati 0 < p < » a v pripade p = 0 je
Sno(h) = (2:7,; 0; O)

aritmeticky zastupca Steinerovho stredu S,. Formalny bod Syy(h) je aritme-
tickym bodom uz pre vSetky komplexné ¢isla k. Je to vSeobecny bod istej
algebraickej krivky stupna p. Pritom bod povazujeme za algebraicka krivku
stupna 0. '

Veta 1. Mnozina &, je ¢astou algebraickej krivky Ry, stupna p < n:
krivka R,p je nerozlozitelna a. je incidentnd so Steinerovym stredom So.
Bod S¢ je bodom uzdveru mnoziny G,. Je So = Rno.

Dokaz. Algebraicks varieta so vSeobecnym bodom je nerozloZitelna (napr.:
Hodge—Pedoe: Methods of algebraic geometry 11, §3, veta 1). Dalej je

lim h_p SHD(’I) = lim k‘p Snp(h) - SO-

h—+ oo h—>—oo
Tym je veta dokdzand.

Poznamka. Algebraicka varieta je rozlozitelna, ak existuji jej dve vlastné
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podvariety, ktorych je zjednotenim. Tak napr. dvojndsobne prebiehani
priamku povazujeme za varietu nerozlozitelni.

Veta 2. Vyroky
a) plati W) = ... = Wi=0 (16)
b) pre krivku Ryp je p = O
¢) mnozina &, je jednobodova

su ekvivalentné.

Dékaz. Nech je vyrok a) pravdivy. Podla (13) je vektor Sy(%) nulovy pre
vSetky komplexné ¢&isla A, pre ktoré ma vyraz na pravej strane (13) zmysel.
Preto je pravdivy aj vyrok b) a preto aj ¢). Nech je pravdivy vyrok c). Potom
rovnica Sy(k) == 0 plati pre nekone¢ne mnoho d&isiel ~, ¢o implikuje platnost
rovnic (16). Tym je ddkaz urobeny.

7. Pripad g = 0 bol dplne vyderpany vetou 2. V dalom, pokial nebude
vyslovne povedany opak, predpokladame stiale 1 < p :Z n. VySetrime teraz
nasobnost bodu Sp na krivke Ryp.

Priamka

m == axg + bxy + cxs = 0 (17)
ma p spoloénych bodov s krivkou Rynp. Nech priamka m prechadza Steinero-
vym stredom So(1, 0, 0). Potom v rovnici (17) bude a = 0. Prieseéniky priam-
ky m a krivky Ryp obdrzime, ked do rovnice priamky (17) dosadime para-
metrické vyjadrenie stradnic z; a xs krivky Rup zo (15). Ziskame tak rovnicu
stupna p — 1 pre parameter 4:

(bsh + cti)hp=1 - ...+ (bs® + ctB) = 0. (18)
Komplexnym korefiom Ay, ..., hp_; tejto rovnice odpovedd p — 1 komplex-
nych prieseénikov
Su(h1), ..., Sa(kp_1)
priamky m a krivky Rop. p-tym spoloénym bodom priamky m a krivky Rnp
je Steinerov stred So, ktory odpovedd parametru A = oo.
Veta 3. Ak su splnené rovnice

W, =Wi=..=W;'=0, 1=r=p, (19)
potom je bod So aspoii r-ndsobnym bodom krivky Ryp.

Dékaz. Nech st splnené rovnice (19). Stradnice z; a a; vo vzfahu (14)
st polynémy stupiia n — r; tie isté stradnice vo vztahu (15) si polynémy
stupfia # — r — ¢ = p — r. Rovnica (18) je teda tiez stupria p — r. Kazda
priamka m idica bodom Sy ma s krivkou Rnp spolodnych najviac p —r

bodov réznych od bodu So. Bod Sy je preto r ndsobnym prieseénikom, a preto
aj r nasobnym bodom krivky Rnp. To sme mali dokézaf.
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Nech je vektor W) nenulovy. V tomto pripade sa daju volit realne ¢&isla b, ¢
tak, aby koeficieat pri 2P—1 v rovnici (18) bol nulovy. Dostaneme tak &pecidlnu
priamku, ktord bude dotyénicou tej vetvy krivky Rup v bode Sp, ktord od-
povedé redlnym parametrom % z okolia hodnoty h = co.

Veta 4. Nech st splnené rovnice (19) a nech naviac vektory

WILOWERL WS r<s<p (20)
st kolinearne. Potom doty¢nica v bode Sy tej vetvy krivky Mnp, ktora pri-
slicha parametru 4 v okoli hodnoty 2 = oo ma bod Sp za aspon s + 1 nasobny
spoloény bod s krivkou Ruyp.

Dokaz. Vzhladom k predpokladu kolinearnosti vektorov (20) mézeme volit
realne &isla b, ¢ tak, ze rovnica (18) bude stuptia maximalne p — s —- 1.
Bod So musi nahradit aspori s + 1 prieseénikov priamky m a krivky Rnp.
Je teda ich spoloénym aspon s + 1 nasobnym bodom.

Désledok. K tomu, aby krivka Rn, bola p-nasobne prebiehanou priamkou,
je nutné a stadi, aby vektory WL, ..., WP holi kolinearne, nie vietky nulové.

Nutnost plynie zo vztahu (13).

8. Tento odsek je venovany nevlastnym bodom krivky‘ Rup -
Veta 5. Krivka Rp, ma p (nie nutne réznych a nie nutne redlnych) nevlast-
aych bodov Sp(h1), ..., Sn(kp), kde é&isla ki, ..., hp st korene rovnice
2mh? + rlhpl .. 4P =0

a rovnice
[tr®)+ B de=o. (21)
0

Doé6kaz. Do rovnice nevlastnej priamky xo = 0 dosadme zo vzfahu (15).
Kazdy koren tejto rovnice je podla (14) aj koreniom rovnice

2mhn + grhnl 4 .+ R =0,
ktora podla (11), (12) a (13) je ekvivalentnd s rovnicou (21).

Veta 6. Mnozina &, je ohranidena.

Dékaz. Maozina &, sa sklada z bodov Sy(k) pre realne h € (ho, o). Ak
vnutro oblasti, obmedzenej ovalom o(h) ozna¢ime into(k), potom zrejme
Sn(k) eint o(k). Odtial predovietkym plyaie, Ze mnozina &, neobsahuje
nevlastné body, a teda vektorova funkecia (13) je v intervale (ko, c0) spojita.
Nakolko podla vety 1 bod Sp(k) limituje (pre 2 idice do plus nekoneéna)
k bodu So, existuje &islo H > ho tak, Ze pre vietky h > H lezi bod Sy(h)
vnitri kruhu K so stredom v bode Sp a polomerom rovnym 1. Dalej je pre
h < H : Sy(h) e int o(k) = int o(H). Pre vietky & € (ho, ©) je

Sn(k) e K U int 0(H).
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PretoZe aj mnozina K, aj mnozina int o(H) sit ohranifené, je aj mnozina G,
ohranidend. '
Désledok. Bod Su(ko) je vidy vlastnym bodom.

9. Obrafme sa na vySetrovanie konkrétnych kriviek R, a Mep a mnozin
S a S;. Pre Rip méze byt p = 0 a p = 1. Podla vety 2 a vzfahov (11) je
p = 0 vtedy a iba vtedy, ked je &; jednobodové, &o je rovnocenaé s tvrdenim
W! = 0, &ize V; = O a toto podla (11) zasa s tvrdenfm

.

]R(t) r(t)dt = 0. (*)

Integral na lavej strane tejto rovnice udava sprievodié-vektor taziska ovala &
rovnica je ekvivalentnd s vyrokom: faZisko a Steinerov stred ovéalu sply-
ni. Koneéné zhrnutie dava

Veta 7. Bud o(k) =9, h > ho vrstva ovalov. Nasledujice vyroky su
ekvivalentné:

a) existuje ovdl o(k) e v, v ktorom splynie Steinerov stred a taZisko;
b) v kazdom ovéle o(k) € v splynie Steinerov stred a tazisko;
¢) pre krivku Rip je p = 0;
d) mnozina &; je jednobodovs;
e) plati rovnica (*).
Prejdime k pripadu p = 1. Podla (11), /12) a (13) mozno rovnica priamky
N1 zapisat v tvare

v
Sih) = ———, (22)
27h + L
kde L je dlzka zakladného ovélu ». Parametru h = ——E odpoveda ne-

27
vlastny bod priamky Ri;.

Veta 8. Nech je krivka R;, priamkou. Potom jej vektorovad rovnica je
dand vztahom (22). MnoZina &; je otvorend tsetka s koncovymi bodmi So
a Sy(ho).

Doékaz. Podla vety 1 a vety 6 je &; usedkou. Z monoténnosti funkcie (22)
v intervale (ho, o) plynie, Ze body Si(ho) a So = lim A~ §;(h) st koncové
—+4 oo
body tsetky &;.
10. Prejdime k vySetrovaniu krivky Rep. Podla (11), (12) a (13) je
Wih+W,  Vik+V

Sa(h) = ; 5 = :
' @h* + g:h + ¢; 27h? + 2L +-Q

(23)

kde @ = g;.
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Veta 9. Bud o(k), 2 > ho vrstva ovilov. Nasledujice vyroky si rovnocenné.
vektory Vi, Va2 st nulové; pre krivku Rep je p = 0; mnoZina &; je jedno-
bodové,
dalej si rovnocenné tieto vyroky:
vektory Vi, Va st kolinedrne, nie oba nulové; pre krivku Mgy je p = 1;
mnozina S, je usetkou,
konedne st rovnocenné tieto vyroky:
vektory Vi, Vs si linedrne nezavislé; krivka Rsp je elipsou a p = 2; mno-
Zina G, je eliptickym oblikom.

Doékaz. Prva skupina vyrokov je v podstate veta 2 pre n = 2. Druhd &ast
tvrdenia plynie z vety 3 a vety 4. Podla horeuvedeného a vztahu (23) je
zrejmé, Ze linedrna nezavislost vektorov Vi, V: je rovnocennd s podmienkou
p =2, a tidto s tvrdenim, Ze S je dastou regulirnej kuZelosetky. UkéZeme,
ze tato kuzelosetka je elipsou. Nech Si(h1) je nevlastny bod kuZelosedky Reo.

Podla vety 5 musi éislo A, vyhovovat rovnici
21

[trty + r12de = 0.
0

Funkcia 7(f) je nekonStantna (pozri posledni vetu odseku 1) a spojita. Preto
pre realne k bude horny integral vidy kladné é&islo.

Moézeme preto pisat by = a + @b, kde a,b # 0 s redlne. Po dosadeni
¢isla k1 do (14) obdrzime

Sa(h1) = (0; yzya + y5 + ibys; 20 + 25 + ibz;).

Bod S;(k1) je redlny prave vtedy, ked existuje komplexné éislo ¢ + id tak,
ze obe stradnice bodu (¢ 4+ id) Sy(k1) si redlne. Posledns podmienka vedie
na stistavu dvoch homogénnych rovnic pre dve nezname c, d:

c by, + dlay; + y3) = 0

cbzy + d(azi + 23) = 0.
Nutnéd podmienka pre rieSitelnost tejto sustavy je anulovaaie determinantu
stustavy; ak uvazime b # 0, dostdvame odtial ihned linedrnu zavislost vekto-
rov Vi a Vz, &o je spor s predpokladom. Nevlastné body kuzelose¢ky Rse
si preto neredlne, a kuZelosedka je preto elipsou.
~ Désledok. Ak st vektory Vi # 0, V3 linedrne zévislé, potom st priamky
R a Ru totoziné. Ak pre krivku Rep je p = 0, potom aj pre krivku Rip
je p = 0.

Poktisme sa trochu bliz8ie charakterizovat elipsu Rs2. Nech %, k st redlne

¢isla pre ktoré body Si(k), Sa(k) si diametrdlne body elipsy Rsz2. Potom,
ak ¢iarkou znadifme derivéciu podla parametru h, plati: vektory S,(k) a S,(k)
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su kolinedrne. Jednoduchym vypoétom prevedieme poslednii podmienku
na poziadavku linearnej zavislosti vektorov

Vi2h- — @) + Va(dh + 2L)

Vi(2k2 — Q) + Va(4k + 2I).
Vzhladom na linearnu nezavislost vektorov V; a Vz plynie z uvedeaého
| 2wkt —Q  dmh 4 2L| _
| 27ke — Q 4nk + 2L | ’
t.j.
4n(h — k)(2nhk + Lh + Lk + Q) = 0.
Pretoze h = k je trividlny pripad, je hladand podmienka
Omhk + L(h + k) + Q = 0. (24,
Veta 10. Nech je 9{22 elipsou'. Body Si(h), So(k) st diametralne prave, ked
parametre A, k vyhovuji podmienke (24), pricom pre parameter h = oo
(resp. k£ = c0) ma tato podmienka tvar

k=— _ZL;’ ('\resp. h=— ELy—z) (24"
Dokaz. Vztah (24) — nutnost aj posta¢ujicost — bol dokazany vysSie.
Stac¢i v8ak prejst vo (24) k limite pre o — oo (resp. £k — o0), a mame doka-
zany aj dodatok (24')
Veta 11. Nech je Rse elipsou. Sprievodié — vektor M jej stredu M je dany
vztahom

M — E:EV_Z (25)
2L% — 47Q

bod 52(— 2£) Je preto

TT.

27

2M=s2(_£).

Po dosadeni posledného do (23) a tprave, obdrzime vztah (25).

Adresa autora: Katedra geometrie PFUK, Bratislava, Smeralova 2.
Do redakeie prislo 15. aprila 1965.
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O600menne MOHATUS [EHTP KPUBH3HBL OBajla MITaiiHepa
M. TEI HBI
Peswome

OpanoM o OyJeM Ha3bBATh B3aMKHYTYI0 IUIOCKYI0 KPHUBYI0, BHYTPEHHHS 4acTb KOTOPOR
BHUIYKIA M BCAKAA TOYKA KOTOPOH OBIAfaeT CONMpPUKACAMEHCcs OKpYymHOCTbio. KEcmn
HATPY3UTb KQKAYI0 TOYKY OBajia © BECOM POBHBIM n—1 Off CTeleHH pajuyca KPMBHU3HHI,
TO I[EHTp TAKECTM MOJYYeHHOH KpUBOH 0003HAYMM Sp M HAB0BEM N-CTETEHHBIN UEHTP
KpUBUBHK oBajna mTaitHepa. OjHOMapaMeTpnyecKoe CEeMEHCTBO OBAJIOB, MAPATEIHHX
oBaily B 00603HAUNM D. MHO#ECTBO BCEX LEHTPOB Sy cemeiicTna v o6osnauum &y .

1. IllraiiHep IIOKA3AJT 4TO MHO3eCTBO Gy COCTOMTCA ¢ O[[HOM JIMII TOYKU — 3TO (IPOCTOk)
1eHTp oBaja mraitHepa. KyGoTa, IpOJOIIKAS 9T MBICIN JIOKA3aJ, YTO MHO:KeCTBO &) mpu-
HAJIJIeRUT OfHOU mpsAMoii. B crarhe HoKazaHo uTo Sp ABIAETCA 4YaCThI0 ANrabpamveckoi
kpusoit Mpn cremenn p <~ n. Kpusaa Mpn HEMPMBOAMMA U COJIEPHUT TOUKY So. Honeuno
AOKASEIBaeTCA, uTo0 Mop ABIAETCH HIUIAICOM U HalIeHBI KOOPIAMHATHL €ro IeHTPA.

Generalisation of the Steiner’s centrum of curvature of the oval
M. HEJNY
Resume

By oval o we mean the plane closed curve with convex interior, which has the osculat-
ing circle in each of its points. A centre of gravity of the oval », whose every point is
weighed upon by a mass equal to n — 1 power of the radius of curvature of the oval o
in this point, we shall call n-power Steiner’s centrum Sp of ». By v we denote a one-
parametric family of ovals o(h) parallel with the oval o. The set of all centrums Sn
of ovals from v we denote by &p.

J. Steiner showed that the set S consists only of one point — the Steiner’s centrum
of curvature of ». Kubota showed that the &) is part of a straight line. We prooved
that &p is part of the algebraic curve Rpp of p << n degree. This curve is irreducible
and contains the Steiner’s centrum Sg. The set Sy is bounded. Than we give some
analytic conditions for number p in Rpp. At least it is shown, that Rgs is an ellipse and
its centrum is found.
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM. X., FASC. VII MATHEMATICA XIV. 1966

0 asociativnych operaciach na uréitych triedach svizov

J. BADIDA

V tejto praci, ako v pracach [2] a [3], zaoberame sa problémom o existencii
asociativnych a komutativnych operacii na uréitych triedach svidzov, priéom
tieto operacie st rézne v porovnani s operaciami priameho a volného sifiéinu.
Tento problém pre grupy bol polozeny A. (i. KuroSom v [4] a pre svizy
sformulovany v [2].

Pojmy a oznadenia pouZivame ako v pracach [2], [3] a &iastodne ako
v knihe [1]. Pripomefime hlavne nasledujtcu definiciu:

Nech {C,} (v € M) je mnozina svizov. Nech kazdy zo svizov C, obsahuje
najmensi prvok O,. Diskrétnym priamym stéinom svézov Cy budeme rozumiet
mnozinu C v8etkych zobrazeni f mnoziny M do U C,, pre ktoré plati:

a) pre kazdé » € M je flv) € Uy,

b) ak f[O] je mnozina v8etkych v € M, pre ktoré f(») = O,, potom mnozina
M — f[O] je kone¢na.

V mnozine C st definované svizové operacie po zlozkach: ak f, g € C potom
fN g je ten prvok k € C, ktory pre kazdé » € M splia rovnicu f(») N g(y) =
= h(v); podobne sa definuje fU g.

V dalSom texte diskrétny priamy sadéin (svizov Cy(» € M)) budeme ozna-
covaft IIC,(v € M), volny stin II*Cy(v € M).

§ 1. Operacia E na triede Q

Nech je trieda v8etkych svizov, ktoré obsahuji najva¢si prvok. Tento
prvok budeme oznadovat symbolom 1, pripadne indexami vyjadrujicimi,
do ktorého svizu prislusny prvok patri.
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Symbolom € budeme oznadovat operdciu na triede Q, ktora, je definovana
dudlne k operacii §, o ktorej sme hovorili v praci [2]. Ak T = {4,} (v € M),
pridom A, st navzidjom disjunktné svizy z triedy , potom sviz, ktory je
priradeny operaciou § mnozine I', budeme oznadovat symbolom g(T').

Z toho, %e operacie §, { st navzijom duilne, vyplyva, Ze pre opericiu g
st splnené vlastnosti a), b), ¢), ktoré st vyslovené v tivode uz spomenutej
prace [2].

V tomto paragrafe dalej budeme definovat uréita triedu svizov Si, potom
na tejto triede zavedieme opericiu, ktorti oznadime f a dokazeme, Ze pre
operaciu ~§ st splnené vlastnosti @), b), c), ktoré si definované v tvode [2].

Definicia 1,1. Budeme hovorit, Ze svéiz L patri do triedy S~2, ked plati:

sviz L sa da prave jednym spdésobom vyjadrit vo tvare L = X U Y,
kde X, Y st neprdzdne podsvizy v L tak, ze

1) ak xe X, ye Y, potom 2 <y v L,

2) sviz X obsahuje najvédsi a svdz Y obsahuje najmensi prvok,

3) mnozinovy prienik svizov X, Y je jednoprvkova mnozZina.

Poznamka 1. Retazec, obsahujtci viac ako jeden prvok, nepatri do
triedy EZ, lebo takyto retazec sa da viacerymi spésobmi rozlozit na dva pod-
svizy, spliiujice podmienky 1), 2), 3.)

Definicia 1,2. Nech svdz L patri do triedy Q. Nech X , Y maja rovnaky
vyznam ako v definicii 1,1. Potom svdz L budeme oznacovat symbolom
(1) XOoVY.

Sviza X budeme hovorit dolnd a svizu Y horna ¢ast svizu L. Prvok, ktory
stidasne patri do X aj do Y, budeme oznadovat symbolom e (pripadne in-
dexami, vyjadrujicimi, do ktorého svizu prisluSny prvok patri).

Poznidmka 2. Velmi Iahko sa mézZeme presvedéit, Ze ak vo vyjadreni (1)
je dolnd (horna) dast svizu L jednoprvkova mnozZina, potom svéiz L patri

do triedy Q(R). Pritom Q je trieda vSetkych svizov, ktoré obsahuja naj-
men&i prvok (porov. [2], § 3).

Definicia 1,3. Nech L, = X, O Y,(v € M) st Iubovolné, navzajom disjunktné

svizy z triedy Q. Nech T = {Ly}. Symbolom E(f‘) budeme oznadovat sviz,
ktorého prvky tvoria mnozinu

Iy Uy,

priéom najvidsi prvok svizu E(i‘) a najmensi prvok svizu {(I') povazujeme
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za totoiny; pre kazdé x € §(T), y e §(T') (kde ' = {X,}, T = {¥,} (v € M))
kladieme z < y a ¢iastoéné usporiadanie v § I‘), ¢(T') sa zachovava. (Pre
svéaz §(T') pozri [2], §3.)

Lahko sa mézeme presvedédit o tom, Ze pre vyjadrenie

(2) g(T) = &T) U §(T)

svézu E(f'), pri¢om E(f), €(T') maji rovnaky vyznam ako v predchadzajicom,
st splnené podmienky 1), 2) a 3), ktoré st vyslovené v definicii 1,1.

Lemma 1,1. Nech &(i‘ XY, pricom X, Y si podsmzy svdzu §I‘)

tak, %e su tieZ splnené podmienky 1),2), 3) definicie 1,1. Ak X < g(T), X + g(T),
potom plati Y = E(T'), Y +# §(T') a obrdtene.

Doékaz. Podla predpokladu vyjadrenia svizu Ef‘) v tvare (2) a C:f) =

= X U Y, pridom g( I), §(I), X a Y su podsvazy svézu C(I‘), splnu]u pod—
mienky 1), 2), 3) definicie 1,1. Nech X = !;(I‘ X £ C I‘) Oznaéme C(I‘
nC(I‘):{e} XNY={}. Je zrejmé, zeX_{z]z<e} Y = {zlz>

> e} (g ) ={lz<¢. §T ) = {z|z>e}). Kedie X <¢I), X £¢T)
a e eX potom e e C(I‘), pricom e’ < e. Nech z € §(T), potom z2>e a teda
z > ¢', z toho vyplyva, Ze z € Y, takie ¥ = {(T'). KedZe e’ + e. potom zrejme
Y £ ¢(I'), ¢im je prvé tvrdenie dokazané.

Drubé tvrdenie, t.j. obratené k predchadzajicemu, sa dokaze analogicky.

Lemma 1,2. Nech f = {L,,} veM), L,=X,UY,, je system na.zdjom

disjunkinych svizov z triedy Q. Nech T = { Y,} (veM), T = {X,} (v € M).
Nech aspoti jeden zo svizov Y,(X,) neobsahuje najvicsi (najmensi) prvok.
Potom sviz §(T') (§(T')) neobsahuje najvicsi (najmensi) prvok.

Dékaz. Nech si splnené predpoklady vyslovené v lemme. Potom z vlast-
nosti 2) definicie 1,1 vyplyva, Ze svizy Y, obsahuji najmensi prvok. Utvorme
sviazy C(I'), I1Y, (v € M), pricom IIY, v e M) je diskrétny priamy sGéin
sviazov Y,. KedZe podla predpokladu aspon jeden zo svédzov Y, neobsahuje
najvicsi prvok, potom z lemmy 6,1 v [2] vyplyva, Ze sviz IIY, (v € M) tiez
neobsahuje najvac¢si prvok. Nech § mé vyznam ako v definicii 3,2 v [2].
Kedze sviaz I1Y, (» € M) je homomorfnym obrazom svizu §(T') = II*Y,(v € M),
potom IIY,(» € M) je tiez homomorfnym obrazom volného svizu 8. Homo
morfizmus svézu S na svaz IIY,(v € M) urduje istd kongruenciu, ktord oznad-
me K. Nech W; mé rovnaky vyznam ako v definicii 3,1 b) v [2]. Podla kon-

Strukcie svizu §(I') je W: (pozri definiciu 1,4 v [2]) najmensia kongruencia
na svize §, v ktorej su vSetky prvky O,, Os navzdjom kongruentné (pre
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kazdé «, f € M). Z definicie diskrétneho priameho stéinu (pozri dvod) vy-
plyva. Ze v kongruencii K st vletky prvky Oq, Op tiez navzajom kongruentné.

Takze ‘I.’; =< K, z &oho vyplyva, zZe sviz I1Y,(» € M) je homomorfnym obra-
zom svazu §(T'). Kedze sviz IIY,(v € M) neobsahuje najvidsi prvok, potom
z predchadzajiceho vyplyva, zZe ani sviz {(I') neobsahuje najvidsi prvok.

Druh4 &dast tvrdenia lemmy 1,2 sa dokaze obdobnym spoésobom. (Pri dokaze
treba si uvedomit, Ze operacia § je dudlna k operacii § a tiez, Ze v diskrétnom
priamom suédine IIX, (¥ € M) na miesto najmensich prvkov berieme najvaésie
prvky svézov X,.)

Lemma 1,3. Nech z(f‘) = g(I') v (I, f‘, T a T maji vijznam ako v pred-

chddzajicom. Nech C(T'), C(I') obsahuji viac ako jeden priok. Potom podsviz

C(T'), respektive podsviiz E(f), svazu i(f‘) sa nedd vyjadrit v tvare mnoZinového
suétu dvoch svojich podsvizov tak, Ze st splnené podmienky 1),2), 3) definicie 1,1,
rricom dolnd Cfast svizu G(T'), respektive hornd East svizu f’ﬂ, ma viac ako
jeden prvok.

Dékaz. Nech st splnené predpoklady vyslovené v lemme. Vyberme vo sviize
L(T') tie prvky z (prvky svézu (T') s zrejme triedy), ktoré obsahuji (ako
svoj prvok) prvok x €;Y,, priSom x prebieha celd mnozinu Y,. Mnozinu
takto vybratych prvkov 2 oznaéme Y,. Je zname (pozri [2]), Ze Y, je pod-
svizom'.v ¢(T), pritom U Y, (v € M) je mnozina generatorov pre sviz ¢(T)
a pre kazdé v € M je
(2" Y. 27,.

Predpokladajme teraz, Ze sviz §(I') sa d4 vyjadrit v tvare {(I') = 4 U B,
pricom A, B st podsvizy v §(T') tak, Ze st splnené podmienky 1), 2), 3) defi-
nicie 1,1 a mnozZina A obsahuje viac ako jeden prvok. Potom 4 N B je jedno-
prvkova mnozina, ktorej prvok oznaéme e’. Je zrejmé, ze e’ > e (e je najmensi
prvok v E(T')), lebo A podla predpokladu obsahuje viac ako jeden prvok.
Tiez je zrejmé, Ze s prvkom e’ € {(I') neexistuji neporovnatelné prvky.

Predpokladajme, 7e ¢’ je najva&$im prvkom v ¢(I'). Potom vyjadrenie
(') = 4 U B je také, Ze B je jednoprvkovd mnozina, t. j. B = {¢'} (zrejme
tiez e’ € 4). Kedze podla predpokladu g(I') obsahuje viac ako jeden prvok,
potom z konstrukcie svidzu §(I') (pozri [2], § 3) vyplyva, Ze aspon pre jedno
v € M existuje sviz Y, taky, Ze obsahuje viac ako jeden prvok. Kedze Y,

je hornou ¢&astou svizu L,, patriaceho do triedy S~2, potom Y, nemoéze obsa-
hovaf najvidsf prvok. Potom podla lemmy 1,2 aj sviaz §(I') neobsahuje naj-
viadsi prvok, ¢o je spor s predpokladom. Teda e’ nie je najvid8im prvkom
sviazu L(T).
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Kedze e’ nie je najvaésim prvkom v §(T'), potom v §(I') musia existovat
prvky vidsie ako e’. Z konstrukcie svizu §(TI') je zrejmé, Ze najmensie prvky
svizov Y, si navzajom kongruentné a si obsiahnuté v najmensom prvku
e € §(T'). Podla predpokladu dolnéa éast A svizu {(I') obsahuje viac ako jeden
prvok, pridom e’ je najvi¢s a e najmensi prvok sviizu A4, ¢’ > e. Dalej
U Y,(v € M) je mnoZina generitorov pre sviz §(T'). Z toho potom vyplyva,
ze musi existovat aspoii jedno v € M tak, ze ¥, — {(T') obsahuje viac ako
jeden prvok a popri tom ohsahuje aj také prvky, ktoré su vidsie ako e’
a spolu s prvkom e’ (zrejme aj s niektorymi prvkami ostatnych svizov Y,)
vytvaraju hornu dast svdzu §(T'), t. j. podsvéz B. Pretoze prvok e’ nie je naj-
mensim a ani najva¢sim prvkom svdzu {(T') a dalej vo svize E(I') neexistuji
s ¢’ neporovnatelné prvky, potom z toho a z predchadzajiceho vyplyva, Ze
sviz Y, by sa dal vyjadrit v tvare ¥, = C U D, kde C, D st podsvizy
(nie vSak jednoprvkové) v Y, také, Ze st splnené podmienky z definicie 1,1;
pri¢om prvky sviazu C(D) st zlozky prvkov svidzu 4(B). Potom odpovedajici
sviz ¥, k svizu Y, , pri izomorfizme (2'), by sa dal vyjadrit ako mnozinovy
sucet dvoch (nie jednoprvkovych) svojich podsvizov tak, Ze by boli splnené
podmienky definicie 1,1, ¢o je spor, lebo svdz L, , ktorého Y, je hornou

tastou, je z triedy Q. Z toho potom vyplyva aj spor s predpokladom vyslo-
venym na zadiatku dékazu lemmy 1,3.

Druhé tvrdenie lemmy 1,3 sa dokaZe obdobnym sposobom.

Veta 1,1. Neck T — {Ly} (v € M) je systém na'vzdjom disjunktny’ch svdzov,
2 ktorych kaZdy patri do triedy Q. Potom sviz C(I‘) patri tieZ do triedy SZ pricom
C( ) je dolnd a §(T') hornd East svizu C I‘)

Doékaz. Nech Z;(I') § I‘) gr I‘ Tarl maji vyznam ako v predoslom.
Ak svizy C I‘) g(T') obsahuju 1ba po jednom prvku, potom tvrdenie vety je

zrejmé. Ak I;(I') obsahuje iba jeden prvok a g(T') viac ako jeden prvok, alebo
obritene, potom tvrdenie vety vyplyva z lemmy 1,3. V dalom teda pred-

pokladajme, Ze podsvizy E(I_‘), ¢(T) svizu i(f‘) obsahuju viac ako jeden prvok.
Dalej predpokladajme, ze sviz i(f) za tychto podmienok nepatri do triedy Q.
Teda existuje vyjadrenie f(f‘) = X U Y, rozne od vyjadrenia (2), pri¢om
X, Y st podsvéizy v §~(I~‘) také, Ze st splnené podmienky 1), 2), 3) definicie 1 1.
V tomto pripade mézu nastat tri moZnosti.

1. Predpokladajme najprv Ze Y = g(I') Y 3 ¢(T'). Podla lemmy 1,1 je
potom X o i(F) X # E(ﬁ Oznadme (') — Y = E. Kedze X U Y = f(f‘)
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t_(f) Vg = E(f‘) a obe tieto vyjadrenia spliiuji podmienky definicie 1,1,
potom z toho vyplyva, Zze {(I') N X = F a teda E je podsvizom v §(T') (zrejme
tiez podsvdzom v !E(f‘)). Z toho dalej vyplyva, Ze sviz {(I') sa d4 vyjadrit
v tvare {(I') = F U Y, pridom sG splnené podmienky 1), 2), 3) definicie 1,1,
%o je spor s prvym tvrdenim lemmy 1,3 a teda aj s predpokladom, Ze ¥ = ¢(T'),
Y # §(T'). Teda musi byt ¥ = §(T') (zrejme tiez X = E(IT))

2. Teraz predpokladajme, ze ¥ = §(I'), ¥ 5 §(T'). Potom podla lemmy 1,1
sta®i urobif analogicku tvahu, ako v predchadzajicom, pre X <= oI, X +#
+ ¢(T) a pouzit druhé tvrdenie lemmy 1,3.

3. Nakoniec predpokladajme, Ze Y || L(T'). Potom zrejme ¢’ || e (kde e, e
maji vyznam ako v dokaze lemmy 1,1) a teda e’ ¢ G(T), ¢’ ¢§_(IT), z ¢oho

vyplyva, zZe e’ ¢ zf(f‘), ¢o je spor.

Tym sme teda dokazali, Ze sviz §~(IT) sa da prave jednym spdsobom vy-
jadrit v tvare (2), kde E(F), g(T') si podsvizy v §~(I‘~) tak, Ze su splnené pod-
mienky definicie 1,1 a teda patri do triedy Q. Podla definicie 1,2 teda

o) =g oym,
pridom E(T') je dolna a IT) je horna cast svizu E(T).

Veta 1,2. Pre operdciu §~, definovani na triede SS, st splnené viastnosti a) a b),
ktoré si vyslovené v dvode [2].

Dékaz. Nech sviiz Ly (pre kazdé v e M) je z triedy @, Ly = X, O ¥,.
Nech X’,, respektive Y’,, st podsvizy svizu E(T'), respektive sviizu g(T'),
také, ze kazdy prvok x € X,, respektive kazdy prvok y e Y,, obsahuje
prvok x € X,, respektive prvok y € Y,, pricom z, respektive y prebieha celd
mnozinu X,, respektive Y,. Je zname, ze U X,, respektive U ¥, je mnozina
generatorov pre sviz §(I'), respektive pre sviz §(I'), pricom pre kazdé v € M je

XX, YV,
Nech L, je mnoZinovy sidet svizov X,, ¥,. Je zrejmé, Ze X, Y, je sviz,
ktory je izomorfny so svizom L, = X, O Y,. Podla predchadzajiceho
a konstrukcie svizu E(i") je teda U L', mnozina generatorov pre sviz §~(f‘),
&m je tvrdenie dokazané.

Veta 1,3. Nech mnoZina indexov M = U M, kde i € N a pre lubovolné
J, k € N nech je M\j N\ My = 0; Ty = {L,} (v € M,). Operdcia fje asociativna,
t.j.
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G R EETY) (e ).
Dékaz. Kedze
g(T) = §T) o g(T)

EEE) = CETN) 0 LET) (e,

potom dokaz tejto vety vyplyva z vety 1,1 a z asociativnosti operdcie fa €.

2. Operéacia dg na triede Qg

V tomto odseku symbolom ® budeme oznadéovat triedu vSetkych svizov.

Definicia 2,1. Nech {C,}, kde » prebieha nejakd (neprdzdna) mnoZinu
indexov M, je mnozina navzajom disjunktnych svdzov. Nech C je mnozZina
vietkych takych funkeii f, ktoré zobrazuji mnozinu M do mnoziny U C,,
pridom pre kazdé v e M je f(») e Cy. Ak f,g e C, poloime fU g = h, kde
h e C, ked pre kazdé » € M je splnend rovnica f(») U g(») = h(»); podobne
sa definuje f N g. Budeme hovorit, Zze C je priamym sGéinom svézov C,,
¢o budeme zapisovat C = IIxC,. Ak M = {1, 2, ..., n}, potom piSeme tiez
C=0C1 X0y X ..x Ch

Je zname, Zze mnozina C, v ktorej st vyssie popisanym spésobom definované
svizové operacie, je sviz.

Definicia 2,2. Nech C je Iubovolny sviz. Nech z,3 =C, pridom z < y.
Symbolom r(x, y) budeme oznadovat Iubovolny retazec, v ktorom z je naj-
mensim a y najvaésim prvkom.

Definicia 2,3. Nech § je nekonedné kardindlne &slo. Nech S je lubovolny
svéz, nech
(a) S=A46® B,
kde A, B st podsvdzy svidza S. Budeme hovorit, Ze ordinalny rozklad (a)
mé vlastnost (f), ked plati:

ak z,y € A, * <y, potom kazdy retazec r(x, y) ma dlzku mensiu ako 8.

Poznamka 3. V rozklade (a) v dalSom budeme pripustat, Ze mnozina B
moze byt aj prazdna.

Velmi lahko sa dé presvedéit, Ze v danom pripade platia analogické lemmy
k lemmam 2,1, 2,2, ktoré st vyslovené a dokdzané v [3], odsek 2.

Definicia 2,4. Symbolom @z ozna¥me triedu vietkych svizov S, ktoré sa
daji vyjadrit v tvare ordindlneho siétu (a), majiceho vlastnost ().

Podla lemmy 2,2 v [3] mbéZzeme kazdému svizu S z triedy @g priradit
svizy, ktoré oznaéme S(B) m tak, Ze

(b) ~ 8 = 8(8) @ S(B).

37



Rozklad (b) svdzu S chiapeme v tom zmysle, Ze je ,najviésim‘ rozkladom
typu (B) a Ze pre kazdy iny rozklad S = 4 @ B typu (p) je

A= 8(B), B=S8(p).

Definicia 2,5. Nech {S,} (v €M), kde S, = 8,(8) D S,(8) st lubovolné
navzdjom disjunktné svizy z triedy ®s Nech I = {S,}. Potom symbolom
84(I") budeme oznadovat sviz

IIx8,(8) @ I*S,(8)

(* znamena volny sdéin).

Volny stdin IT*S»(B) v definicii 2,6 chapeme v tom zmysle, Ze ak pre niektoré
veM st Sy(f) =0, potom H*S—,.@S = II*S,(B), pridom » e M, peM\ M,
kde M je mnozina véetkych tych v € M, pre ktoré S,(8) = 0.

Lemma 2,1. Nech 8 je nekonetné kardindlne ¢islo. Neck {Cy}, kde v prebieha

konetni. mnozinu indexov M, je systém navzdjom disjunktnych svizov. Nech
kaZdy zo svizov Cy splituje podmienku:

(A) kaZdy retazec spojujici dva lubovolné proky z,y € Cy (x < y) md diZku
mensiu ako f.

Potom sviz C = IIxC, tieZ splivuje podmienku (A).

Doékaz. Nech f,g e C su dva Iubovolné prvky, pritcom f = g. Podla de-
finfcie 2,1 pre kazdé ve M je f(») = 2y, g(v) = y», kde a,, y» € C,. Nech
p(f, 9) je lubovolny retazec spojujuci prvky f,g. Pre pevné » € M nech R,
je mnozina vSetkych prvkov tvaru h(v), kde A prebieha vietky prvky re-
tazca r(f, g). Je zrejmé, Ze R, je retazec spojujici prvky xy, y». Podla pred-
pokladu dizka kazdého z retazcov R, je mensia ako nekonené kardinalne
¢islo B. Nech E je mnozina v8etkych A’ € C, pre ktoré plati:

fFEW <y,
h'(v) e R, pre ve M. Kedze pre kazdé » e M je kard R, < f a mnoZina
indexov M je mohutnosti mensej ako N, z toho potom vyplyva, Ze mnozina B
je tiez mohutnosti mensej ako nekoneéné kardinalne ¢&islo g, t. j. kard E < B.
Kedze kazdy prvok k €r(f,g), potom je tiez h € E a teda kard r(f, g) < B,
¢im je tvrdenie lemmy dokazané.

Lemma 2,2. Neck f je nekoneiné kardindlne &islo. Nech T = {8,} (v € M,
kard M < §,). Potom rozklad svizu 8s(T) v ordindlny siclet

85(T) = IIxS,(8) © II*8,(B)
md vilastnost (8).
Dékaz vyplyva z lemmy 2,1 a z definicie 2,3.
Lemma 2,3. Rozklad svizu 85(T) v ordindlny sudet
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835(T) = IIxS,(p) D II*S,(P)
(veM, kard M < §,) je najvicsim rozkladom typu (B).
Doékaz. Z lemmy 2,2 vyplyva, Ze sviz §4(I") = IIxS,(5) ® IT*S,(B) patri
do triedy @g,teda IIxS,(8) # @. Predpokladajme teraz, Ze existuje rozklad
sviazu 8p(I') v ordinalny sidet

() 55T') =A DB
majtci vlastnost (), pritom 4 = IIxS,(8), 4 # IIxS,(B). Potom B = II*8,(B).

1. Nech najprv B= 0. Ak II*S,(f) =0, potom A4 = IIxS,(8). Nech
II*S,(B) = 0. Potom A4 = IIxS,(p) U II*S,(B). Z predchadzajicich tvah
je zrejmé, ze pre kazdé v e M je S, = Sy(f) @ S»(f) najvidsim rozkladom
svizu S, typu (8). Pre Iubovolné a € Sy(f), y € S»(f) existuje asponn jeden
taky retazec r(x, v), ze d(r(z, v)) = f. Kedze sviz H*m je volnym siéinom
SVAzZov Sv(ﬂ~), potom pre prvky x, yj € 84(T) (.; = y~), ktoré zodpovedaji
prvkom . y (t.j. x € x, Y e;: porov. zadiatok dokazu vety 1,2 v § 1), existuje

tym skor aspon jeden refazec r(w, §) (ktory sa d& obdobne skon$truovat,
ako sme to urobili v [2], lemma 5,2), spojujlici prvky E,§ € 85(T) tak, ze
d(r(z,3)) = B. (Je zrejmé, ze ak geHXS,(ﬂ), potom d(;(z,:;)) < B podla
lemmy 2,1.) KedzZe 5,5 €A a d(r(_yg, ;)) = B, potom z toho vyplyva, Zze musi
byt II*SQ,(B) = 0, a’ teda 4 = IIxS,(B).

2. Predpokladajme teraz, ze B = (). Potom H*m # 0, lebo B = H*m
Pre sviz l'I*S_v(B za tychto predpokladov (pozri [3], lemma 2,4) je splneny
vztah:

I*S,(8) = (A NTI*S,(8) @ (B N II*S,(B)).

Podla lemmy 2,5 v [3] je A N II*S,(8) = 0 alebo B N II*S,(8) = 0. Ak B N
N H*S,@) =@, potom B =@, &o je spor. Kedze B # (), potom tiez B N
N H*E,(,T}) # @ a teda podla lemmy 2,5 v [3], musi byt 4 N II*S,(B) = 0.
Z toho vyplyva, ze II*S,(8) = B. Kedze B = IT*S,(8) a podla predpokladu
Bc Il*m, potom musi byt B = II*S,(8), z éoho dalej vyplyva, ze 4 =
= IIxS,(8). Tym sme teda dokazali, Ze rozklad (c) svizu 84(T') je totozny s roz-

kladom &4(T) = xS, (f) @ II*S,(B), ¢im je tvrdenie lemmy 2,3 dokazané.

Lemma 24. Nech S = 84T). Potom S(8) = IIxS,(8), S(B) = II*S,(B)
(veM, kard M < §,).

Dokaz vyplyva z lemmy 2,2 a z lemmy 2,3.
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Veta 2,1. Pre operdciu 8g, definovanid na konecnom systéme svizov z triedy Ga,
su splnené vlastnosti a), b) a c), vyslovené v vrode prdce [2].

Dokaz. Vlastnost a) a b) (pri vlastnosti b) treba brat do ivahy, ze kard
M < §,) vyplyva bezprostredne z konstrukcie svizu 8§4(I') a vlastnost c)
z asociativnosti operdcie priameho a voIného stéinu.
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06 ACCOMATUBHBIX OIIepanuAaAX Ha OHpe,I];eJIéHHI)IX KJaccax CTPYKRTYp
A. BAOUITA
Pesome

Hacrosimasi paGota saHmMaTcs npoGIeMOil CYLecTBOBAHUS ACCOIMATHBHBIX H KOMMY-
TATUBHBIX ONEpalnii HAa ONPeNesEHHBIX KJIACCaX CTPYKTYP, NMPUUEM HTH OIpealiui ABIAOTCA
He OMHAKOBHIMM B CPABHEHMM C OIEPALMAMU NPAMOTO M CBOGOJHOIO MpOH3BEXEeHUA (CM.
Toxe [2], [3]).

B §1 (§2) omucesaerca onepauusa § (8s, rae f — moloe GeckoHeUIIo¢ KapANHAILHOE

4MCII0), KOTOpasA ompejensieTci Ha Kiacce £ (Op), npunuém Q (Op) ABIAeTCA KIACCOM
BCEX CTBPYKTYP BHIOJIHAIONINX OIpeieséHHbe ycnomm (cM. ompen. 1,1, pecn. ompen. 2,4).

B nanbpHeitniemM gokasmiBaercsA, 4YTO AJIA omepanui C (8p) BBUTOMHEHH cBoiicTBA a), 6) U y),
BhICKA3aHHBIE B BefleHuM B pabory [2].
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Uber assoziative Operationen an gewissen Verbandklassen

J. BADIDA
Zusammenfassung

In der vorgelegten Arbeit befassen wir uns mit dem Problem des Vorhandenseins
assoziativer und kommutativer Operationen an gewissen Verbandklassen, wobei diese
Operationen sich von den Operationen des direkten und freien Produktes unterscheiden
(siehe auch [2], [3]).

Im §1 (§2) wird eine Operation Ebeschrieben, (8, wo B eine beliebige unendliche

Kardinalzahl ist), die an der Klasse Q (©p) definiert wird, wobei e (©p) die Klasse
aller Verbiande vorstellt, die gewisse Bedingungen erfiillen (s. Def. 1,1, bzw. Def. 2,4).

Ferner wird bewissen, dass die Operation E(S,s) die im Vorwort dieser Arbeit ausge-
sprochene Bedingungen a), b) und c) erfiillt.






ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM. X., FASC. VII MATHEMATICA XIV. 1966

0 struktuie prostoru L.

J SMITAL

V praci [1] je kromé jiného zkoumana struktura prostoru I pouzitim
nmetody kategorii. V tomto élanku podobné prozkoumame strukturu pro
storu L® a ukizeme, ze v L plati analogicky vysledek k vété 3.1 z prace [1].

Necht L®, p > 1, znaéi, jako obvykle, Hilberttv prostor funkef, definova-
nych na intervale {a, b) a Lebesgueovsky integrovatelnych s p-tou mocninou.
Necht p" > 1, ; + z% = 1. Je znam tento vysledek (viz [2], str. 20): Kdyz

b
f(x) ¢ LW, potom existuje g(x). L® tak, Ze integral ff(rr)g(:c)dz neexistuje.

Pro nékteré g(x). L ziejmé ten integral existuje, nap¥. pro g(x) = 0. Vznika
otézka, jak vypada z hlediska Baireovych kategorii mnozina viech téch funkei,
pro které integral existuje. Odpovéd na tuto otdzku dava nisledujici véta:

Véta: BudiZ f(x) méritelnd, skoro vSude konelnd redlnd funkce, definovand
na intervale {a, b, f(x); L®). Oznaéme

An=[w:2 @by, [f@]<nl oulg) = [f@)g@)ix

An

pron=1,2,....

Tvrzeni: Pro vSechny g(x). L® s vijjimkou bodic mnoZiny proni kategorie
(v L®) plati: s

lim sup o4(9) = + oo, liminfeau(g) = — 0. (1)

n—> o0 n— oo

Abychom mohli dokédzat uvedenou vétu, dokdZeme napfed 3 pomocné
véty.
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Lemma 1. Existuje go(x) . L® tak, Ze plati
lim sup oa(go) = + oo, lim infou(ge) = — 0. 2)

n—> oo n—> o0

b
Dikaz: Budiz g(x) . L® zvolené tak, ze f f(x)g(x)dx neexistuje. Takové g(z)
a

existuje na zakladé vzpominaného vysledku z [2], str. 20. Oznaéime-li f+(x) =
= max (f(z), 0), f(r) = max (—f(x), 0), a podobné definujeme g*(x). g-(z),
potom aspoti jeden z integralt

b b b b
[frog@de,  [fer@ds,  [fog@ds,  [fogrde

b
mé nevlastni hodnotu. Necht naptiklad f fr(@)gt(@)dx = + oc (v ostatnich
a

piipadech bychom postupovali analogicky). Oznaéme
4, =[x 2 {a, by, 0<f(z)<mn],
kde n je ptirozené &fslo. Ziejmé plati A, = 4, =... = A, =.... Polozme
jesté
g'(@) =g+@x) pro xz U 4,

n=1

g'(x)=0 pro z <{a,b)—uUA4,.

n=1
Ziejmé g'(x). L®. Definujme funkecie {gn(x)}, =, takto:
gl(x) = g’(z) pro x. A’l ’
g1(x) = 0 pro = <a, b)) — 4.
Je-li n > 1, potom :
gn() = g'(x) pro =z A, — A4, 4,
gn(®) =0 pro = <a,b>— (4,— 4,_,).

Ziejmé gp(x). L pron = 1,2, ..., > ga(r) = ¢'(z). Potom
n=1

b n
oug) = [fle)g @)z = [fap@ide = [f@) 3 g@rda < + o
An A'n a L

a {oa(g’')}»-1 je neklesajici posloupnosti realnych &isel,
lim op = 4 c0.

7l —> oo

Definujme indukei posloupnost pfirozenych disel n; < me <... < m < ...
a funkei go(z) takto:
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gol@) =0 pro =z <{a,b)—UA,.
n=1
Kdyz n; je prvnf pfirozené dslo takové, Ze an (g') > 1, klademe
go(@) = ¢'(w) pro =z A,,.
Tedy on,(go) = 0on,(9'). BudiZ ns prvni prirozené &islo, na > my takové, Ze
on,(9') > 20a,(9") + 2, (3)
potom klademe
go(x) = _g’(x) pro . (Anz - Anl) .
Mame
onige) = [Flawo(@lde = — [f@)g@)de + [f@)g @)z =
Jina (Ang— Any) An,
= — (on,\9") — om(9")) + on,(9') = — an\g’) + 20,,(9")
a odtud pouzitim vztahu (3) os,(g0) < — 2.
Predpoklidejme, Ze jsme uz definovali &isla ny < ne < ... < g1 a Ze
funkce go(x) je uz definovéna pro z.<a, by — VU A4;,,. Jeli k liché ¢&islo,

i=nk—1
najdéme nejmensi ng (ng > nx-1) tak, aby

U‘nk(g,) > GﬂkA1(g') - Uﬂ;;"q(go) + k (4)
a polozime

go(x) = ¢'(x) pro z. A'w.
Potom zfejmé

on(go) = (omy(go) — Ony,—1(90)) + ony_4(90) = Gnk-\g,)_o"'lc—l(g’) + Om_1(g0) >k
podle (4).

Je-li k sudé &slo, najdéme nejmensi ny (nx > nyi-1) tak, aby

O'nk(g,) > O'nk_l(g’) + gﬂk_l(gﬂ) + k (5)
a polozme
go@) = —g'(x) pro Ay
Ztejmeé
Uﬂk(go) =5 (Gﬂk(gﬂ) S O'nk~1(90)) + Unk_l(go) = — (Unk(g') S O'nk_l(g,)) +

+ ony_y(90) > —k
podle vztahu (5).

Tak jsme sestrojili funkei go(z), definovanou na intervale <a, b>, ktera je

b b
integrovatelnd s p-tou mocninou. Ziejmé totiz flgo(x)lp de = flg’(a:)!lJ de <
a a

b
< J-]g’f(x)lpdx < + 0. Déle pro kazdé ptirozené ¢islo K existuji indexy m, n
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tak, Ze an(go) > K a om(go) < — K. Posloupnost {on(go)};, tedy osciluje
mezi — o0 a + co. Tim je dikaz lemmy skondéen.

Lemma 2: Oznatme C = [g(x): g(x). L™, lim sup o,(9) = + o]

n—> o0

C' = [g(z) : g(x). L®, lim inf g,(9) = — oo].
Tvrzeni: MnoZiny C, C' jsou mnoZinams typ:z.’g,; v L),
Diitkaz: Oznadme pro K ptirozené C(K) mnozinu vSech téch g(x). L®,
pro které existuje prirozené n takové, zZe o,(9) > K. Ziejmé C = ;; C(K).
Staéi tedy ukazat, ze C(K) jsou oteviené pro K = 1,2, ... . !

Budiz ho(x). C(K). Existuje takové ng, ¢ > 0, Ze oy, (ho) > K + &. Najdéme
d > 0 tak, aby 6-( flf(x)|9' dx);:' < &. (Takové ¢ ziejmé existuje.) Budiz

Any
b

1
nyni h(z). S(ho(x), ), tedy ( f |ho(x) — h(x)|? dx) < 6. Potom plati (s po-

uzitim Hoélderovy nerovnosti) on (k) = oy,(ho) — on (ko) + ony(h) = ony(ho) —

— G, (ho— k) > on (o) — (f[f (@)’ dx) (f]k,, ) — )|pdx) > o, (ho) —
Ano Ano
— &> K, tedy S(ho(x), ) = C(K), C(K) je oteviend. Tim je tvrzeni lemmy
dokazano pro C, pro C' je dikaz podobny.
Lemma 3: MnoZina C N C' je hustd v L®),
Dikaz: Budiz h(x) e L® a é > 0. Podle lemmy 1 existuje go(x). L® tak,

Ze on(go) osciluje mezi — o a + oo. Protoze 41 =4y =... =4, =...
a mnozina <a, b) — lim 4, ma mira 0, existuje vzhledem na absolutni spojitost
n— oo =

b b
integrali f Igo()|? da, f lh(x)? dz, N tak, e

1 1
( [tgofee)1e dx)); ] ( [ @)1 dx); , (6)
[@, b]—Ax <3, [a, b]— Ax <z

Definujme nyni funkei g(») takto:

g(.’l') = h(x) pro x. AN:
9(x) = go(x) pro 2 <a,b) — Ax.
Funkece g(x) patii do d-okoli bodu %(z), protoze plati (s pouzitim Minkovského
nerovnosti a vztahu (6))

(fblh(x) — g(x)|? dx) (f [h(x) — g(x)|? dz + f h(z) — go()!? dx),, =

[a, b]— AN
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:( [ !h(x)—go(x)lpdx))%<:( | |h(x>|rdx)%+

[a, b] — AN [a,b] — AN~

+ ( f |go(x)|? dx);l,; < 9 -+ 0 _ 5 a soudasnd posloupnost  {oa(g)} n
2 2
[a, b)— Ax

zfejmé osciluje mezi — o0 a + . Tim je lemma 3 dokdzéna.
Ditkaz véty: Oznaéme

Ly = [glx) : g(@). L®, lim sup on(9) = + o, lim infe,(g) = — oc].

N —> o0 n— oo

Jak bylo ukdzéno vySe, L; je mnozina typu G5, hustd v L® . Polozme L. =

= L® — L;. Ly je mnozina typu Fs v L®, tedy Lo = U F,, Fy, jsou uzaviené
m =1

mnoziny, m = 1,2,... (v L®), Mame L; =L® — Ly = L® —UF, =

m=1

=N (LW — F,). Ly je hustd v L®, tedy i kazda z mnozin L® — F,, =

m=1

= L® — Fp, je hustd v L®, to ale znamena, ze Fy je tidka v L®, tedy

oo

L, = U F), je mnozina prvni kategorie. Tim je véta dokazana.
W= 1
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O crpykrype npocrpaHcTBa L®.
A. CMUTAI
Brisoms

TJ1aBHBIM TOCTHMKEHMEM B 3TOIi cTaThe ABIfAETCH ciaepyoias Teopema: Ilycrs f(x) uame-
pMMasA BellecTBeHHasA (yHKUIA, onpejeieHHaas Ha oTpeske <a, b). Ilycre f(x) mout:
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BCloly KoHeyHa Ha <a, b, f(x) ¢ L®") L(p) oGosnayaer, Kak Bcerja, NMPOCTPaHCTBO
T'uns6epra). OGo3HaUNM

An = [x:2:<a, b}, |f(x)] < n], on(9) =

[ f@g(@)dz
An
A n=12....

1,1
Torma pmua Bcex g(z)cL® (5—!-’7: 1) 3a NCKIIOYEHMEeM MHOKecTBa IepBoi

kareropun Bepa (B L®) cipaBeniuBo:

lim sup oa(9) = + o<, lim inf oy(g) = — oo.

n—> oo 7 —> 0o

On structure of space L.
J. SMITAL
Summary

The main result of this paper is this theorem:

Let f(x) be measurable real-valued function, defined throughout interval <a, b> and
assume f(x) to be finit in <(a, b) with possible exception of a set of measure zero. Let
(x)g L2 (L") denotes Hilbert space in usual sense).

Let us denote

An = [@:7e (@, b, |fl@)] <nl,  onlg) = [f@)gla)da
A'l
for n=1,2,....

Then
lim sup oa(9) = + oo, lim inf 0,(g) = — oo

n— oo n—> oo
for every g(x) L®» (% +;? = l) with possible exception of a set of a first category

(in sense of Baire) in L(»),
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

s fekultny sbornik uréeny na publikovan = vedeckych prédc inertnych a externych
uditelov nasej fakulty, internych a externych $pirantov a nasich Studentov. Absolventi
nasej fakulty mézu publikovat préce, v ktorych spracovdvaju materidl ziskany podas
pobytu na nasej fakulte. Redakéné rada si vyhradzuje prévo z tohto pravidla urobit
vynimku.

Préce musi cdporucat katedra. Prdce Studentov musi odportéat Studentskd vedeckd
spolo¢nost a prisluind katedra

Publikovat mozno v jazyku slovenskom alebo 8eskom, pripadne v ruskom alebo
anglickom, francizskom alebo nemeckom. Prédce dodané na publikovanie maji byt
pisané strojom na jednej strane papiera, s riadkovou medzerou tak, aby v jednom
riadku bolo 60 uderov a na strdanku pripadlo 30 riadkov. Rukopis treba podat dvojmo
a upravit tak, aby bolo ¢o najmenej chyb a preklepov. Nadmerny podet chyb zdrazuje
tla¢ a ide na autorov udéet.

Rukopis upravte tak, Ze najprv napiite ndzov préce, pod to meno autora. Pracovisko,
pokial je na nasej fakulte, sa neuvddza. Iba tam, kde je viac spolupracovnikov a nie-
ktory z nich je z mimofakultného pracoviska, sa uvddzaja vietky pracoviskd. TieZz tam,
kde préca bola vypracovand na dvoch pracoviskéch, treba obidve uviest.

Fotografie treba dat na Siernom lesklom papieri a uviest meno autora, zmensenie
a text pod obrézok. Kresby treba urobit tuSom na priehladnom papieri (pauzék) alebo
na rysovacom papieri a taktieZ uviest meno autora, zmensenie a text pod obrézok.

Kazdé préca musi mat resumé v ruskom a niektorom zdpadnom jazyku. K précam,
publikovanym v cudzom jazyku, treba pripojit resumé v slovenskom (Zeskom) jazyku
a v jazyku zépadnom v pripade publikédcie v ruskom jazyku, alebo v ruskom jazyku
v pripade publikécie v jazyku zépadnom. Nezabudnite pri resumé uviest vidy ndzov prdce
a meno autora v rovnakom poradi ako v zdkladnom texte. Za sprévnost prekladu zodpoveds
autor.

Autori dostévajt stipcové a strénkové korektury, ktoré treba do 3 dnf vrétif. Roz-
siahlejSie zmeny podas korektiry idd na tarchu autorského honoréra. Kazdy autor
dostane popri prislusnom honoréri aj 50 separétov.
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