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Dominated classes and related questions

V. FICKER

This paper contains some generalized results concerning dominated sets
of measures, relation between the concepts of independent and of singular
measures and decomposition of a measure into an absolutely continuous part
and an independent part, respectively. These results have applications in
mathematical statistics (by study of sufficiency). Essentially in this paper
are generalized some results of [1] which generalization depends upon certain
ideas of [2].

Many problems which are based upon concept of absolute continuity of
measures can be formulated only by means of set theoretic concepts. We
reach a generalization of certain results in this way since they are not used
measure and the Radon-Nikodym theorem as was showed by Neubrunn [2].

Introduction

In terminology of set theory is here introduced a concept of class of null
sets of a measurable space (X, S), where throughout this paper S is a ¢-algebra
of sets. Classes of null sets will be denoted by M, N, L, etc. Then the concept
of collection of classes of null sets (insymbolsI, PM*, N, etc.) and two kinds
of absolute continuity of two collections of null sets It and N are introduced.
Using fundamental results of [2], properties of absolute continuity of collec-
tions of classes of null sets are studied here. Further, the concepts of inde-
pendence and singularity of two classes of null sets are introduced and the
relations between these concepts are studied. A decomposition of a class N
of null sets into an absolutely continuous part and a singular part with respect
to another class M of null sets or a decomposition into an absolutely continuous
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part and an independent part are studied, respectively. Finally, applications
of these results in measure theory are given.

In this paper are used some concepts, definitions of which are not given
here. These concepts are used in such sense as it is introduced in [3], with
a single difference that the complement of a subset 4 of X is denoted by AC
ie. AC=X—A4.

|

Definition 1,1. Let (X, S) be a measurable space. A non empty class M(M =S )
of sets in X is called a class of null sets if it satisfies the following properties.
(1) If EeM and FeS$, then ENF e M.

(i) If BncM, n=12..., thn UE,ecM.
1

Let I be a set of classes of null sets (M is called a collection of classes of
null sets). We correspond to MM two classes of sets M M and {J M. Then, it is
Mell MeMm
evidently that
N M is a class of null sets.
Me M

Definition 1,2. Let (X, S) be a measurable space. Let M and N be two collec-
tions of classes of null sets. We say that MM is absolutely continuous with respect
to M in the first sense, in symbols M < N, if

AN = N M.
NeRl MeM

We say that MM is absolutely continuous with respect to N in the second sense,
i symbols M K N, if
UN = N M.
Nelt MeM

If M is a one point set i.e. N = {N} and if M is any collection then the
concepts PM < N and M < N are equal. In this case we say that the collection M
18 dominated by N, or that N dominates over M and we denote it by M < N.

If M is dominated by N and if I is a one point set too (WM = {M}), we
say M is absolutely continuous with respect to N and we write M < N.

Two classes of null sets M and N for which both M <N and N < M are
called equivalent, in symbols M = N.

If for each pair M, M* e MM is M = M*, we say M is a homogeneous col-
lection.
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Let I and N be two collections of classes of null sets for which both M < N
and N <M, or M <N and N <M, respectively. Then, we say MM and N
are equivalent in the first sense or they are equivalenl in the second sense, re-

[}

spectively. We denote it by It = N or by WM = N.

We note, a necessary and sufficient condition for each pair M, N such that
MeMand N N, to be M <N 1s that M < N.

Proof. Let for each pair M,N such that M eI and N e be M KN
i,e. N = M. It follows UN = M and from it

Neh
UN = N M, then M < N.
Nelt Me
Conversely, let Mg eI, Ng e N be fixed. If M <N, then UN = N M.
Nelt MecIit
It holds Ng = UN = N M = My and hence we obtain Ny = Mg i.e. My < Np.
Nelt MeIR

It is easy to verify the next lemma.
Lemma 1,1. Let (X, S) be a measurable space and let M and N be two col-
lections of classes of null sets.

(i) If M <LN, then M < N.
I
(i) If M =N, then M = N.

Theorem 1,1. Let (X, S) be a measurable space and let N and N be two col-
lections of classes of null sets. If the condition
(UN—AN)=NM
Nell! Ne®t MeM

holds for the classes N belonging to N, then M <€ N if and only if M < N.

Proof. If M <N, then M < N follows from Lemma 1,1. If M < N,
then from condition (UN — N N) =N M for the classes of M and from
Nell Nelt MeM
equalities
UN == ( UN—- AN U ( UN A NAN)
Nen NeRl NeR Neh Neh
= (UN— NN) v AN
NeR® Ne®R NedR
follows that UN = NMie. MLKN.
NeRt MeM
The next statements, Theorem 1,2 and its Corollary published in [2] are
very useful for our further ideas.



Theorem 1,2. Let (X, S) be a measurable space and let N be a class of null
seis. Let each disjoint subclass of S — N be countable. Let P be a property of
measurable sels B  S. Let at least one set E € S — N have the property P. We assume
that for every disjoint sequence {E,}_, of measurable sets with property P the
union has also the property P. Then, there exists a set N €S —MN which is
a maximal set with property P in that sense, if E is a measurable set with pro-
perty P, B = NC, then E € N.

Corollary 1,2. Let (X, S) be a measurable space, let N be a class of null sets.
Let each disjoint subclass of S —N be countable. Let M, (M = S) be a class
of null sets such that M =N is not true. Then, there exisis a set N € S — N
such that N € M, N ¢ N and for every set Ec M, E = NC, E belongs to N.

Remark 1,1. Let (X, S) be a measurable space and let M, N be two classes
of null sets..We say a set Zp, (to M, N are corresponded indices m, n by Z,,,)
has the property pmn if it satisfies the following properties.

(i) Zimn € M.
(i) If EeM, E = Z,, then E eN.
(It is clear that E€ S, E = Zpn implies £ € M.)

As for the set N in Corollary 1,2 we denote it by Zma and we say, Zy, has
the property pmn.

Throughout this paper, when we shall deal with a measurable space (X, S)
and such a class N of null sets that S — N satisfies the following condition:
each disjoint subclass of S —N is countable we shall say, condition C is
fulfilled by S —N.

Lemma 1,2. Let (X, S) be a measurable space and let M, N be two classes of
null sets. Let condition C be fulfilled by S — N. Then. there exists a measurable
set Zimn which has the property Pmn -

Proof. If M is a subclass of N, then put Z,, = A, where 4 is any set
from M. It is easy to verify that 4 has the property pmn.

If M =N does not hold, then from Corollary 1,2 there exists a set Zn,
with the property pmn.

Lemma 1,3. Let (X, S) be a measurable space and let M,N be two classes
of null sets. Let condition C be fulfilled by S —N. Then, a set B S has the
property pma if and only if

Zmn ABeMNN.

Proof. The existence of a measurable set Z,, with property pmn. follows
from assumption of our Lemma and from Lemma 1,2.

Let BeS and let B have the property pms. Since

Zmn A\ B = (Zma N Be) U (BN Z:,),



then it follows from the properties pm,y for Z,,, and B that Z,,, A Be MNN.

Now, suppose that Be S and Zu, A Be MNN. To prove B have the
property pmn, at first we show according (i) in Remark 1,1 that B e M. It is
evidently that B N Z;,, € M. Then from inclusions

Bn J‘;nn C(ZMIAB)EM('\N =M
and from equality
B = (BN Zma) Y (BN Z,

mn )

it follows that B € M.

Further, we show according (ii) in Remark 1,1 that if £ e M, £ = BC,
then £ e N. It follows from inclusions
BN Zpn = (Zmn AB)e MNN =N,
from equalities
E =En B
=ENB NZu)V (ENBNZ,

and from the property pmn for Z,,. This completes the proof.

Corollary 1,3. Let (X, S) be a measurable space and let M, N be two classes
of null sets. Let condition C be fulfilled by S — N. Let B be a measurable set,
then Zyn U B has the property pmn if and only iof BN Z;, e MNN.

Proof. Let us form the set Z,, with property pm.. By Lemma 1,3 Z,,, U B
has the property pmn if and only if Zyn A (Zmn U B) € M N N or equivalently

Remark 1,2. Let (X, S) be a measurable space and L be a class of null sets.

If EAFel, for E, F €S we shall write
E=F [L].

Let (X, S) be a measurable space and let M,N be two classes of null sets
which satisfy the assumptions of Lemma 1,2. Then, a necessary and sufficient
condition for Zp,, and Z¥, to be two representations of sets with the property
Pmn is that

Zon N2}, e MNN.
In that sense, the set Z,,, is uniquely determined and we shall write according
Remarzrk 1,2

Zmz = Z%, [MNN].

Lemma 1,4. Let (X, S) be a measurable space and let M, M*, L be classes
of null sets. Let be M = M*. Let condition C be fulfilled by S — L. Then it holds

Zoy N Zm L.
Proof. Since M = M¥*, we have M = M*. From assumptions of Lemmas 1,2
and 1,4 follows, that there exist sets Zn, and Z,+ with the property pm:

7



and pme, respectively. Let us consider the set £ = Zy, N Z;+,. It is clear
that £ € M = M* and E = Z;.,. Then, it follows from property pm+« that
E e L. From the symmetry it is evidently that F = Z,., N Z;,, e L. Since
Zmy A\ Zpmsy =EUF, we have Zp, /\ Zm+, € L.

To show the condition Z;,, A Zp+, € L not to be sufficient for M = M*,

we give an example.

Example. Let (X, S) be a measurable space. Let M, M* L be classes
of null sets. Let M = L = S and let M* = S (M* be a proper subset of S).
It is clear that S — L fulfils the condition C. Then Z,, A Zn,+, € L because
Zmy I\ Zmr, €S = L. In spite of it M = M* does not hold since M* 5= M.

Lemma 1,5. Let (X,S) be a measurable space and let L, M, N be classes
of null sets. Let condition C be fulfilled by S — L. Let M <L and N <L,
then M < N if and only if Zn, N Z;,, € M.

Proof. Let us form sets Z,, and Z,,. Let Z,, N Z,, € M. We prove M <N.
If E eN, then from equality

E=ENZynZ,))VENZ,)VU (ENZn)
follows that E € M since the first term on the right belongs to M according
assumption Z,;, N Z;, € M. The second term on the right belongs to M because
E N Z;, = E €N and from the property pn, for Z,, it follows that E N Z;,, e L
and also £ NZ;, € M since M < L. The third term on the right belongs
to M evidently. We proved that N = M i.e. M <N.

Let be M €N. Since Zy, eN = M, Z,;, belongs to M and hence Z,, N
NZy, €M,

Remark 1,3. It always holds Z,, N Z;, e N. Then, the condition Z, N
N Z;, € M is equivalent to the condition Z,, N Z;, € M NN however this
is equivalent to Z,, € M N N as we see it from equality

Ziny = iy N Zmy) I (Zny N Zy,) -

Another condition which is equivalent to Z,, N Z{;, e M is Z,, N Z;,, € L.

If namely Z,, N Z;, €L, then from absolute continuity M with respect,
to L follows that Z,, N Z;, e M.

Conversely, let Z,, N Z;,, € M since Z,, N\ Z;,, = Z;,,, then from property
Dm, for Zy, follows that Z,, N Z;,, e L.

Lemma 1,6. Let (X, S) be a measurable space. Let M, N, L be classes of null
set:. Let condition C be fulfilled by S — L and S — M. Let N < M and M < L,
then ‘

Ziny =Znam I Zmy, [L].

Proof. It follows N < L from N <M and M < L. Let us form sets Znm,
Zm, and Zy, with property pam, pm, and pn,, respectively. We shall prove
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that Zym U Zn,, has the property pn,. From Remark 1,2 it follows that it is
sufficient to prove that
Zay \ ZamVZn)eNNL
and even it suffices to prove
Zpy A Zam I Zm,) €L,
since from N < L it followsN N L = L.
We have
Zny N Znm Y Zimy) = (Zny N Zy O Z:nl) U [(Zam U Zmy) O Zs, |-
The first term on the right belongs to N evidently, from property pum for Za,,
it also belongs to M but from property pm, for Z,, follows even it belongs to L.
To show, the second term on the right belongs to L we apply the property pu
for Zum and pm, for Z,, and absolute continuity N with respect to M. We have
Zinm \J Zm, belongs to N. From the property pn, for Z,, follows that the second

term on the right belongs to L. Hence, Z,; A (Zuym U Zm;) €L and this
completes the proof.

Theorem 1,3. Let (X, S) be a measurable space. Let M and N be two collections
of classes of null seis. Let the condition C be fulfilled by S — N for every N € N.
Let be M K N. Then M is homogeneous if and only if there exists a class N € N
that Zmn , Zimsn € M N M* whenever M, M* € IN.

Proof. Let M, M* be two classes of null sets from 9t and let N be a class
of null sets from N. Let be Zymn, Zmen € M N M*, By Remark 1,3 it is equivalent
to Zmn N Zy., € M* and Z,,., N Z;, € M (since from assumption MM <N
follows M <N and M* <N evidently) and by Lemma 1,5 we have M < M*
and M* < M i.e. M = M* whenever M. M* €9}, then It is a homogeneous
collection of classes of null sets.

Now. suppose M = M* whenever M, M* ¢ It. Then there exists N € i
such that M <N and M* <N it follows from I < N. We have M <N,
M* <N and M = M*. By applying Lemma 1,5 it implies that Zy+«, N Z¢, € M
and Zmn O Z5., € M* and  equivalently Zmn, Zm.a € M N M*  according
Remark 1,3.

Corollary 1,3. Let (X, S) be a measurable space. Let I and N be two collections
of classes of null sets. Let Zpyn = () for each pair M, N where M € It and N € N.
Then M is a homogeneous collection of classes of null sets.

Proof. Since Z,,, = 0 for every M e It and N € N we have Z,,, € M N M*
and Zm+n € M N M* whenever M, M* eIt and N € i. Then IM is a homoge-
neous collection of classes of null set according to the Theorem 1,3.

Theorem 1,4. Let (X, S) be a measurable space and let M be a collection of
classes of null sets. Let L be a class of null sets which dominates over MM and let
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the condition C be fulfilled for S — L. Then M is a homogeneous collection if and
only if Zimy /\ Zm», € L whenever M, M* € 1.

Proof. It follows from Remark 1,3 and Theorem 1,3.

It is easy to verify that Theorems 1,5 — 1,8 are valid. These statements
can be directly proved. They are all based on Lemma 1,5 and therefore the
proofs are omitted.

Theorem 1,5. Let (X, S) be a measurable space. Let M, M*, N be collections
of classes of null sets. Let the condition C be fulfilled by S — N, for every N € N.
Let be M KN and M* < N. Let M and M* be homogeneous collections. Then
M L W* if and only if there exist M € M, M* e M* and N € N such that
Zm*n e M.

Theorem 1,6. Let (X, S) be a measurable space. Let M, IM*, N be collections
of classes of null sets. Let the condition C be fulfilled by S — N for every N € N.
Let M* <N, M KN and let M be homogeneous. Then M < M* if and only
if whenever M* € IN* and some M € M there exists M e N such that Zpysy € M.

Theorem 1,7. Let (X, S) be a measurable space. Let M, M*, N be collections
of classes of null sets. Let the condition C be fulfilled by S — N for every N € N.
Let M KN, M* <N and let M* be homogeneous. Then M < M* if and only
if for any M €M there exists some M* €M and N € N such that Zmsy € M.

Theorem 1,8. Let (X, S) be a measurable space. Let M, M*, N be collections
of classes of null sets. Let the condition C be fulfilled by S —N for every N € N.
Let M KN, M* K N and let M and M* be homogeneous. Then M = M* if and
only if Zmsn , Zmn € M N M* for at least one of three classes of null sets M, M*, N
where M € M, M* e M* and N € N.

Definition 1,4. Let (X, S) be a measurable space. Let M and N be classes
of null sets. We shall say that M and N are mutually independent, in symbols
(M, N), if for any class L of null sets such that L <M, L <N tmplies L = S,

Lemma 1,7. Let (X, S) be a measurable space and let M, N be two classes
of null sets such that (M, N) and M <N, then M = S.

Theorem 1,9. Let (X, S) be a measurable space. Let M, N be two classes of null
sets. Let the condition C be fulfilled by S — M and S — N. Then (M, N) if and
only iof Z;,, N Z;,, e M NN,

Proof. At first we prove Z:,, N Z:,, e M NN implies (M, N). Let L < M,
L <N for an arbitrary class of null sets L. Let £ be any measurable set.
We have .

E= (BN ZunNZpm) V(B NZy N Ziny) O (BN Zpn NZ;,) v
VEnz,nZ,)

Each of these terms on the right hand belongs either to M or to N. The first
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three terms are subsets of a set which belongs to M or to N, respectively.
The last term by the assumption. From L <€ M, L €N we have E € L. Hence
is (M, N).

Let be Z,, N Z;,, ¢ M. We shall prove that (M, N) does not hold. We denote
by L a class of sets

L={E:EcS,ENnZ,cM}.

Then we have:
1. L is a class of null sets for the measurable space (X, S).
If FeS, Ee€lL, then ENnF <cE, ENnFNZ, =«cENZ, €M, we have
EnNnFnNZ,Mand hence ENF e L.
IfExeLl, k=1,2,...ie. By €S, ExNZ,, M for k= 1,2,... hence

UEreS and U (Ex nZ;,) €M, then from equality

k=1 k=1

UErnZ, = U (ErnZ,) follows that U Ey € L.
k=1

¢ =1 ¢ =1

2. LM, LLN. :

Let E € M since £ NZ,, —E we have ENZ;, M and hence E el i.e.
L <M.

Let £ eN since £ N Z;,,, = Z;,, then from property pnm for Zy, follows that
E NZ, € M and from it we have £ € Lie. L <N.

Now, we shall prove that L = S does not hold. The set Z;,, belongs to S
but this set does not belong to L since Z{, N Z:, ¢ M. We have L < M,
L €N and L 7 S that means (M, N) is not valid.

We can prove similarly that if Z; , N Z;, ¢ N, then (M, N) does not hold.

Lemma 1,8. Let (X, S) be a measurable space and let Ny, ¢ = 1,2 and M be
classes of null sets. Let the condition C be fulfilled by S —N;, ¢ = 1,2 and S — M.
Let (N, M) for 1 = 1,2 then (N1 N Nz, M).

Proof. It is clear that N; N N3 is a class of null sets. From equality

S — (N1 NN2) = (S—N;) U (S—Ny)
follows that S — (N;j N Ny) fulfils the condition C. Let us form measurable
sets Zn, A nym and Zm,n, ~ n,- We shall prove that :
(a:) anm N anm — an N Ngsm [M N N1 N N2] &Ild
(b) Zmn, I Zimn, = Zm,nl N By [M N N; N Ng].

At first we shall prove (a). It suffices to show (see Remark 1,2) that Z, » N
N Zp,m has the property pn, ~ n,m. It is evidently that Zs m N Zp,m € N1 N N2
since Zn,m € N1 and Z,,» € N2. We shall prove that for every set £ € N1 N Ng
such that E = (Znm N Zn,m)°, E belongs to M. Let be E eNi NNz and
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E = (Zam N Zpm).. Put 1 =ENZ,, and By =E NZym N Z,,,, then
E=IK UEz, Ei eN; NN, EseNi NNy and E; = Z:,ms E, Cthm, then
from the property pnm for Zn m and pnm for Zn,m follows E1 € M, E; e M
and hence E = E; U E3 € M. We proved that Z, m N Z,,m has the property
Pnl N ngym - »

Further, we shall prove (b). It suffices to show that Zmn, I Zmn, has the
property Pm,n, N n, (86 Remark 1,2). It is clear that Zmn, U Zmns, € M. Now,
we shall prove that for every £ € M such that £ = (Zmn, Y Zmn,)®, E belongs
to N1 " Nz. Let be E € M, E = (Zmn, U Zpy,) it is evidently that B = Z7
and from the property pmn, for Zmy,, follows E € N;. Similarly £ belongs to N2
and hence E belongs to Ny N N2. We have proved that Zms, U Zmn, has the
- property Pmn, N n,-

Now, we shall prove (N; N Nz, M). By Theorem 1,9 follows that it suffices
to prove

(Zmnl v Zmn!)e N (anm N anm)e eMNN; NN,
From equality
(Zmﬂ1 U Zmn,)c N (anm N Z".'")c = (Z:rm‘ N ann. N Z;‘m) Y (Z:nnl N
N2, U Z;,)

we have, the first term on the right belongs to M N Ny since it is a subset
of Z3, NZ,,, € MNN; and (N1, M) holds (see Theorem 1,9). The first
term on the right belongs to N2 too, that follows from property pma, for Zna,.
The second term on the right similarly belongs to M N N; N N3. Hence we have
that both terms on the right belong to M N N; NN, and therefore (N1 N
N N2, M) ‘

Definition 1,5. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. We shall say that M. N are mutually singular, in symbols M | N
if there exists a measurable set A such that for every measurable set EA NE € M,
and Ac N E eN.

Lemma 1,9. Let (X, S) be a measurable space. Let M, N be two classes of null
sets and let M 1 N, then (M, N).

Proof. If M | N, then there exists sets 4, A¢ such that for every £ € S,
ENnAeM, and EN AceN. Let L be an arbitrary class of null sets such
that L < M, L <N. Let E be any measurable set, thenE N 4 eL, EN AcelL
and from equality

E=EnNA)U(ENA:)
follows E € L and hence L = S. This completes the proof.
Lemma 1,10. Let (X, S) be a measurable space. Let M, N be two classes of null
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sets. Let the condition C be fulfilled by S— M and S —N. Let (M, N), then
M 1 N.

Proof. Let (M, N) or equivalently Z;, N Z;, € M NN (see Theorem 1,9).
Put A =2,,nZ,, and Ac =1Z,, UV Z,,. Let E be any measurable set.

nm mn*

From ANE =« A = Z,,, € M follows E N A € M. From equalities

EnAc =EnN (Zym Y Z,,)

= (ENZwm) YV (ENZ,)
= (ENZim)VENZ,,NZpm)V ENZ,NZ,,)
follows that £ N Ac eN, since the first two terms on the right of the last
equality belong to N, they are subsets of Z,,, € N. The third term on the right
belongs to N because Z;, N Z;, e MNN = N.

Theorem 1,10. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. Let the condition C be fulfilled by S —- M and S — N. Then (M, N)
if and only if M L N.

Proof. The proof follows from Lemmas 1,9 and 1,10.

Theorem 1,11. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. Let the condition C be fulfilled by S —MN. Then there exist two
uniquely determined classes of null sets Ng and Ny such that N = N N Ny,
No < M and (N1, M).

Proof. Let us form Z,, with property pm.. We denote by

No={E:EeS, EnZ,, N} and

mn

N, ={E:E€S, ENZneN}.

Then evidently No and N; are classes of null sets of the measurable space
(X, S). We shall proveN = Ng " Ny. Let £ eN, hence E N Z;,,,, E N\ Zmy €N
and further £ e Ny and E € N;. Then we have £ € Ng N N;. We have showed

N =NoNN;j.
Now, let E e Ng NNy, then E N Z;,, eN and E N Zy, € N. From equality
(@) E=ENZn)VY (ENLZ

nm)
follows K cN. We have proved Ng "N; =N and hence N = NoNN;j.
Now, we shall prove No < M. Let E € M, since £ N Z;, =Z,,, then
from the property pmn for Zy, follows E N Z;,, e N and hence £ € No.
Further, we shall prove (N;, M). Let L be any class of null sets such that
L €M, L <€Nj. It is necessary to prove L = S. It is evidently L = S. Con-
versely, let £ € S, E is an arbitrary set. Since Zu, € M it follows E N Zpyy, € M
and L < M implies E N Zyy € L. The set £ N Z,, is a subset of Z; , which
belongs to N, then E N Z;, eN; and from L <N; follows E N Z;, € L.
From equality (a) follows E € L, therefore L = S.
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Finally to prove the uniqueness, suppose that Ng, N; and PTO, E are two
representations of the same class N which satisfy the preceding conclusions.

We shall prove Ng = ﬁ; and N; = il
At first we shall prove that £ N Z,,, € Noand £ N Z . € N; for an arbitrary

measurable set E . Z,,, belongs to M and from io < M follows Zy,, € ﬁ; . ﬁ(—)
is a class of null sets, hence we obtain for any £ € S, that £ N Z,,, belongs

to hTo.
We denote by L a class of sets
L={E:EeS, EnZ,cNj.

It is clear that L is a class of null sets. Now, we shall prove L < M, L < FIT,
then from (il , M) follows L = S and we obtain £ N Z{,, eN; for every K € S.

We prove L < M. Let £ € M, then Ng < M implies £ € Ny and also £ N
N Z;,, €N, since N = Fo r\ﬁ—l c—le we have ENZ, EN—] and hence
Eel.

To prove L <Ny, suppose K €N, then E N Z, € N; and hence % e L.

Now, we prove Ng = N;. Let EeNp ie. E NZ:, €N, since N =NgN
AN; =Ng we obtain E N Z¢,, Ny because it always holds E N Zmu, € No.
Then from equality (a) follows that £ €No. We have proved Ng = No. Con-
versely, let E € No, then £ N Z € No too. Since E N Z, € N, for every
E €S it follows that £ N Z;,, Eﬁo s li_l =N and hence £ N,. We have
proved No =N and summarizing we obtain Ny = No.

We prove N; =-h_l_1. Let £ eN,, then £ N Z,;, €N since N :FIO r\N_l =
= ﬁ;, we have £ N\ Zyy, eﬁl. We note £ N Z;,, eﬁl for every E € S, then
from equality (a) follows B €N;. We have showed Nj = Nj. Conversely,
let £ € b—l—l ,also B N\ Zpyy € I:l—l Since E N Zpyy € rTo, for every X € S, it follows
E N Zun E—N—o r\ﬁl =N and hence E eN. We have proved N; = ﬁ;, and
the proof of the theorem is complete.

Theorem 1,12. Let (X, S) be a measurable space. Let M, N be two classes
of null sets. Let the condition C be fulfilled by S — M and S — N. Then, there
exist two uniquely determined classes of null sets Ng and Ny such that N = No N
NN, Ng <M and N; L M.

Proof. The proof follows from Theorems 1,10 and 1,11.

14
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The considerations of the preceding section can be applied to the formulations
of results concerning sets of measures defined on a measurable space (X, S).
\We note that for every measure x defined on S we can correspond a class
of null sets M, where M is the class of all those measurable sets £ whose measure
w(E) = 0. It is easily seen that g -€ u* if and only if M <€ M*,

In this way, we can study the dominated sets of measures by means of
dominated collections of classes of null sets.

Let (X, S) be a measurable space. Let IR be a set of measures on S. 4 set ¥
is M — null if it is measurable and of u-measure zero for each u € M.

Let I and N be two sets of measures on S. We say M is absolutely continuous
with respect to N in the first sense, in symbols M << N if any £ is M-null implies £
is also J-null.

We say M is absolutely continuous with respect to M in the second sense,
in symbols M < N if for each pair u, v is u <», where p €M, v e N.

Suppose that (X, S) is a measurable space and u is a o-finite measure (we
note once more X € S, see Introduction). It is well known that there does
not exist an uncountable disjoint class of positive measure sets and so we have
a measurable space (X, S) with such a class of null sets M that S — M fulfils
condition C.

Further, we show that there exists a weaker condition than o-finiteness
of measure u for the fulfilment of the condition C.

Definition 2,1. Let (X, S, u) be a measure space. Let {un}_ | be a sequence
of finite measures on S. We shall say u has the property o if

W) = T ()

n=1
for every measurable set E.
We note that o-finite measure x has the property o.

The next example shows, there exists a measure u with property o which
is not o-finite.

Example. Let (X, S, 4) be a measure space. Let X be the set of all natural
numbers and S be the class of all subsets of X. The measure y is defined as
w1(E) is the number of elements in E, if 1 ¢ E and
W)=+ oo0,if 1 € K.
It is clear u is not a o-finite measure. Further, we define finite measures
w(l)=1,iflek
=0,if1¢E.
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Let n be an arbitrary natural number n > 1 then we define
/n(E) = 0, if1¢E and n¢ E

=1 if1¢F and nel

=1,iflek and n ¢l

= 2,if 1€k and nek.

Then u(E) =:  ua(E), u has the property o.
n=1

It can be showed that the next Theorem is valid.

Theorem 2,1. Let (X, S, ) be a measure space. Then, 4 has the property o if
and only if S — M fulfils condition C, where M is the class of all y-measure
zero sets.

If we apply the preceding considerations and results we can give assertions
concerning measures which are immediate consequences of theorems of the
preceding section. In that sense, we can formulate without difficulties all
Theorems and Lemmas in part I.

Definition 2,2. Let (X, S) be a measurable space. Let u and v be signed measures
on S. We shall say that u and v are mutually independent, in symbols (u, v)
if for any signed measure A such that A L p, 2 < v implies 2 = 0.

Definition 2,3. Let (X, S) be a measurable space. Let u and v be signed mea-
sures on S. We shall say that u and v are mutually singular, in symbols u 1 v,
tf there exists a measurable set A, such that for any measurable set E is
(4 N B) = |y|(4° N E) = o.

Now, we give a measure theoretic formulation of Theorems 1,10—1,12.

Theorem 2,2. Let (X, S) be a measurable space. Let u and v be measures on S
and both have the property o. Then (u, v) if and only if u L ».

We note that a generalization in a certain sense, of Theorem 2,2 is valid,
if 4 and » are o-finite signed measures on S. 1t suffices to remark that equivalent
assertions concerning absolate coatinuity, independence and singularity
between o-finite signed measures u v and their total variations |u| and |4
(which are o-finite measures evidently) are valid.

Theorem 2,3. Let (X, S) be a measurable space. Let p and v be measures on S.
Let v have the property o. Then, there exist two uniquely determined measures
vo and vy whose sum 18 v such that vo < p and (v1, p).

Proof. Let us consider the set Zn,, belonging to the class

M= {E:EecS, ulfl) = 0} and to the class

N ={E:E €S, &)= 0} which are two classes of null sets.

Put vo(E) = v(E N Z;,,) and v (B) = v(E N Zpy) for every measurable set E.

It is clear that » = v + », v <pu and (v, w). It suffices to prove the
uniqueness of this decomposition. We denote

16



No = {E:E €S, v(E) = 0} and

N, = {E:EeS, w#h)--0j.

It is easily seen that N == Ng N N;. If v =y - 9 and » — 1:0 -+ 1’1 are
two decompositions of » then by Theorem 1,11 Ng = Ny and N, - N,.
Further, we have

n(Z;,,) == 0 and also ;zl(Zj’,,,,) == (0 equally as

0(Zmn) = 0 and also ;»(;(Z,,,,,) = 0,

Let £ be an arbitrary measurable set, then vi(K) =wnENZ,,) 4
+ (B N Zma) and hence v(E) = 1 (K N Zimn). We have also » () --
= 21(B O Zopn).

Further,

YE N Zma) = vo(E O Zwy) + vi(E O Zmn, = (K N Zwman)
WE O\ Zmn) = (B O Zonn) + (B O Zonn) = 91(E O Do)
and hence »(F) = ;11(]5) for every measurable set K.

Since m(E N Z,) = w(E N Z°

mn mn
Wl N Zyn) = vo(E N Zipn) -= 0 for every measurable set #. Then.
w(E) == vl O Zmn) -- w(E N Z,,) = w(E O Z5,,
and also w(E) = vo(E N Z° ).

mn

) = 0 and also

Our final result concerning the equality »y(E) - vo(lf]) for every KeS
follows from equalities
WENZ,) =wENZ,,) ' vwENZ,) - wknZ

mn mn “mn mn) :
Wb N Zy,) = wENZ,) +nENZ,) =wENZ,).

Theorem 2,4. Let (X, S) be « measurable space. Let u and v be measures on S
and both have the property o. Then there exist two uniquely determined measures
vo and vy whose sum is v such that vy < uwand vy L p.

Proof. The proof follows from Theorms 2,2 and 2,3.

We note that Theorem 2,4 treats the Lebesgue decomposition for
measures and can be extended also for o-finite signed measures.
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Dominované triedy a pribuzné problémy
V. FICKER
Zhrnutie

V préci je podané zovseobecnenie niektorych vysledkov tykajtcich sa dominovanych
systémov mier, vztahu medzi pojmami nezdvislé a singulérne miery a rozkladu miery »
na absolitne spojitii a nezdvisli resp. absolutne spojiti a singuldrnu mieru vzhladom
k danej miere p. Pritom sa o mierach predpokladé menej ako o-kone&nost mier. Zovse-
obecnenie sa dosahuje tym, Ze pojmy, ktoré spoéivaju na pojme absolitnej spojitosti
mier, sa formulujt iba pomocou pojmov tedrie mnozin. Tu sa nepracuje s pojmom miery
ani 8 Radon-Nikodymovou vetou.

JoMuHNpOBaHHEIE KIACCH M POACTBEHHBIE TIPOGIIEME

B. DU KKEP

Peswome

B crarhe HaxonuTcsa 0Go6uieHne KacaloIIeecHs HEKOTOPHIX Pe3yTIbTaToOB MOMHUHHUPOBAHHBIX
- TMPOCTPAHCTB Mep, OTHOLICHUA MMy TOHATUAMN He3ABUCHMBIX I CHHTYJIAPHBIX Mep M pasJio-
MMEHUA MepH ¥ HA YacT, OHA M3 KOTOPHX abCOJIIOTHO HempephiBHA a Apyras He3aBMCHMA
WJIM PA3JIOMKEHUA MEPH Ha YAacTH O[(HA M3 KOTOPHX aGCOMIOTHO HeNpephIBHA a JPYTad CHH-
IyJIApHA OTHOCUTEJIbHO HEKOTOpOl maHHON Mepnl u. O Mepax mpejmnoJsaraerca Gozee ciaboe
ycuaoBue dYeM o-KOHeYyHOCTh Mep. OGolleHHe TOCTUIAETCA TEM YTO TOHATHA 3aBUCHILNE
Ha a6CoMIOTHO! HempepHBHOCTY Mep GOPMYJIMPYIOTCH TOJBKO MOCPECTBOM MOHATH Teopnu
MHOKeCTB. 3/1eCh He UMeeTcA B BUY MOHATHE MepHl U TeopeMa Pamona—Hukoauma.
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM X., FASC. VII. »MATHEMATICA XIV. 1966

ZovSeobecnenie Steinerovho stredu ovalu

M. HEJNY

Prdca vznikla z popudu prof. Urbana, ktorému
autor vdaci za mnohé impulzy. Prof. Metelkov:
a doc. Palajovi dakwje autor za cennd konzul-
taciu.

1. Bud v euklidovej rovine dand ortonormalna béaza (P, J;, J2> kde bod P
je podiatok. Oznaéme
N(t) = Jicost + Jgsin t. (1)
Potom
N'(t) = — Jisint + Jg cos ¢, 2)
kde ¢iarkou znadime derivaciu podla parametru ¢.
Nech je dana funkcia p(t) s tymito vlastnostami:
I. funkeia p(t) je definovana pre v8etky redlne é&éisla t;
II. pre vsetky t plati p(t + 27) = p(t);
III. funkcia p(t) ma druht derivaciu spojiti;
IV. existuji kladné &isla m, M tak, Ze pre vietky ¢ je
m=pit) = M;
V. pre vietky t je p(t) 4+ p"(t) > 0.
Bud vektor
R(t) = p(t)N(t) + p'()N'() (3)
sprievodi¢ — vektorom krivky R(f) = P + R(t). Podla podmienky II. je R(f -+
+ 27) = R(¢). Podla IV. je krivka R(t) ohraniend, a preto aj uzavretd. Na-
kolko je N”"(t) = —N(t), je aj

R'(¢) = [2(t) + 2" (O)IN"(Y). (4)
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Z rovnic (2) a (4) vidief, Ze ku kazdému nenulovému vektoru A existujui
prave dve éfsla z intervalu [0; 2x), pre ktoré st vektory N'(¢,), N’(2) kolinedrne
8 vektorom A.

Uzavretd krivka R(f) dana sprievodié-vektorom R(f) ma v kazdom svojom
bode doty&nicu a pritom neexistuji tri rovnobeiné dotyé&nice. Krivka je
jednoduchd. Krivku dant sprievodi¢-vektorom (3), kde funkcia p(f) mé
vlastnosti I.—V., budeme nazyvat ovalom a znadit symbolom 0. Funkciou p(t)
budeme nazyvat tvoriacou funkciou ovalu 9. Kruznica, ako najjednoduchsi
oval, bude &asto vystupovat ako singuldrny pripad nasich uvah. Aby sme
nemuseli viade tento, inak trivialny pripad vyludovaf, vypustime kruznicu
z na8ich dvah tplne.

2. Jednoduchy vypocdet da takéto vysledky. Vektory N’() a Nif) s po rade
jednotkové vektory dotyénice a normaly ovalu v bode R(f). Polomer krivosti
ovalu o v bode R(¢) je &islo

r(t) = p(t) + p"(¢). (5)
Podla vlastnosti V. funkcie p(t), je polomer r(t) &islo kladné. Qdkial plynie,
Ze vnutro ovalu o je oblast konvexna. Nakoniec eSte oblikovy parameter

je dany integralom
t

s(t) = j r(t) dt. (6)
0
3. Bud & pevné ¢islo a p(t) tvoriaca funkcia ovalu 0. Funkcia

p(t, h) = p(t) + h (7)
mé zrejme vlastnosti I., II., III. Aby funkcia p(¢, h) spliiovala aj ostatné
dve podmienky, musf byt konstanta k ,,dostatotne velkd‘, &o presne znaéi
h > ho, kde hy je vidiie z éisiel,

— min p(f) a — miar(t),

prifom extrémy sa beru cez vietky redlne ¢. Ked je potom podmienka & > ho
splnend, je aj funkcia p(t, k) — ako funkcia jedinej premennej ¢ — tvoriacou
funkeciou istého ovalu. Tento budeme znagit o(k). Symbol o(h) je definovany
pre realne h vidésie ako hg; pritom je o0 = 0(0).

Sprievodié vektor ovalu o(k) je podla (3) a (7)

Rit, h) = R(¢) + AN(¢).
Oblik s(t, ) a polomer krivosti r(t, ) v bode R(t) ovalu o(k) st dané vztahmi,
ktoré plynt bezprostredne zo vztabov (5), (6) a (7):
st h) =s(t) +t.h; ri, h)=1r(t)+ k. (©)

Mnozinu vietkych ovalov o(k), kde & > hy nazveme vrstvou ovalov, tvo-

renou ovélom o a znadime ¥(0), & jednoduchsie iba tr. Kazdy z ovilov
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vrstvy t moze byt vzaty ako jej tvoriaci oval. Zmenou tvoriaceho ovalu
zmeni sa iba é&islo ho. Vhodnou volbou mézeme docielif, aby éfslo Ay bolo
Tubovolne blizke nule. (Cislo ko je vzdy zaporné.)

4. Bud dand spojita nezdporna funkecia m(t), definovana pre vietky redlne
¢isla t. Nech pre vSetky ¢ plati m(t + 27) = m!t). Uvazujme oval ako mnozinu
hmotnych bodov, pritom hmota bodu R(f) je udand hodnotou m(t). Budeme
hovorit o ovéle zatazenom hmotou m(t); funkciu m(t) budeme nazyvat funk-
ciou hmoty. Ak je funkcia hmoty m(t) konStantnd, alebo ak je priamo vy
jadritelna iba z tvaru ovélu o, potom zrejme faZzisko zatazeného ovélu je geo-
metrickym invariantom ovalu 0. Dva takéto pripady boli v literatiire podrobne
rozobrané. Prvy pripad: m(t) = konst. — faZiskom zatazeného ovalu je
(oby&ajné) tazisko ovalu. Druhy pripad: m(t) = k(t), kde k(t) je krivost ovalu o
v bode R(t). Tazisko takto zatazeného ovalu je zndmy Steinerov stred krivosti
ovalu.

Uz Steinerovi bolo zname, Ze vSetky ovaly vrstvy ¢ maja jediny spoloény
Steinerov stred krivosti. Tento budeme nazyvat Steinerovym stredom vrst-
vy t. Prof. Kubota dokazal (Tohoku Math. Journal, rok 1918, str. 20 a nasl.),
%e mnoZina (obyéajnych fazisk jednotlivych ovalov o(k) vrstvy t vyplni
tast priamky, na ktorej lezi Steinerov stred vrstvy. Prof. Kubota nasiel
dalej podmienku pre to, aby dana priamka degenerovala na bod.

V préci rozoberieme obecnejsi pripad, ked totiz je
m(t) = rd, h)n-1,

kde » je prirodzené é&islo, alebo n = 0.

5. Tazisko ovalu o(k) zatazeného hmotou r(t, #)»1 oznadime S, a na-
zveme ho n-moceny Steinerov stred ovalu o(k). Podla znameho vzorca je sprie-
vodié-vektor tohto bodu

L(k)
— | R B, B s,

f [r(t, )] ds

0

Sn(k)

kde L(k) je dizka ovélu o(k) a ds je diferencidl obliku dany vztahom (9).
Pretoze je ds = r(t, h)dt, mozno pisat

e RO + B N@ ) + Ao (10)

[tr®) + ppnar
0

Mnozinu vsetkych bodov Su(k) pre h > hy oznaéime &,. Podla faktov
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uvedenych v odseku 4. vieme, 7e & je jediny bod Sy — je to Steinerov stred
vrstvy. Dalej mnozina &, je dastou priamky. Zavedme nasledujice oznadenie

27 . 2n
k
it = (i) frora v [Nopeora
" f ! ay

2n
Vi = f RO[F(E)kde WK — (’;) Vi + (k ”: 1) Us,
0

 kde pokladdme (:) =0, ak je k > n.

Potrebujeme este niekolko pomocnych vysledkov. Je predovietkym podla
(11)

4o = 2n; ¢t =nL, (11)
kde L = L(0) je dfzka ovilu o = 0(0).
Dalej pouzijeme rovnicu N(t) = —N"(t) a integraciu per partes. Obdrzime

2n 2n 2n
[ NOp© &t = — IN‘@pen + [N de
0 o 0
2n 2n
[ N©p ) de = (NOp' O] — [ NG 0) de.

0 0

Rovnice spotitame a pouzijeme vztahy (11), (5), (1), (2) a podmienku II.
Dostaneme postupne

2n

27 2n
Us = [N re) dt = [N@IpE) + 2" dt = [Nep') — N'0p(0)]
0 0

0
teda

U, =0
a tiez

2n 2n on
Uo = [Ny dt = — [N"(t) dt = —[N'()] = O.
0 0 0

Bez ujmy na obecunosti mézeme volit podiatok sustavy stiradnej v bode So.
Bude potom vektor So nulovy a podla (10) a (11) bude aj
Vo= O aj Wj;= O pre vietky prirodzené n.
Zhriime vysledky! Plati ‘
g =2n, ql=nL
(12)
U=U;=V=Wy=0
pre vietky prirodzené n. :
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Na pravej strane vo vztahu (10) prevedme naznadené mocnenie a pouZime
oznadenie zavedené v (11) spolu so vztahmi (12). Bude

S W hnk

Su(h) = St——, (13)
Z qikl " h!l-k
k=0

6. Prejdime k homogénnym stradniciam. Volme bdazu
O(1,0,0), 11(0,1,0), 150,0,]1).
Podla (13) si homogénne suradnice n-mocného Steinerovho stredu
Si(h) = (@ahn 4 Sqkhn; SyShn; Sehek) (14
K=1 K=1 K=1
pritom ¢&isla y* a 2k sii udané rovnicon
WE = y53; + 2K,

K tomu, aby formdlny bod S;(k) bol aritmetickym bodom, je nutné
(a staéi), aby aspon jedna jeho stiradnica bola rézna od nuly. Nech Ay, ..., kq
st vSetky také komplexné ¢isla, ktoré dosadené do S,(k) anuluji vietky
tri jeho suradnice. Je istotne ¢ < n. Potom v8etky tri stiradnice, uvazované

ako polynomy, si delitelné polynomom (h — k) ... (kR — hq). Po vydeleni
obdrzime aritmetického zastupcu

p P »
Snp(h) = (27hP 4 Srk ho-k;  Sskhpk; Stk hp-k) (15)
k=1 k=1 k=1

pricom p = n — q. Plati 0 < p < n a v pripade p = 0 je
Sno(k) =+ (27; 0; 0)

aritmeticky zastupca Steinerovho stredu S,. Formalny bod Spp(h) je aritme-
tickym bodom uZ pre vSetky komplexné éisla k. Je to vSeobecny bod istej
algebraickej krivky stuptia p. Pritom bod povazujeme za algebraickt krivku
stupnia 0.

Veta 1. Mnozina &, je c¢astou algebraickej krivky Rn, stupna p = n:
krivka Rnp je nerozlozitelnd a je incidentnd so Steinerovym stredom So.
Bod Sy je bodom uzaveru mnoziny &n. Je So = Rno-

Dokaz. Algebraicka varieta so vS8eobecnym bodom je nerozloziteIna (napr.:
Hodge— Pedoe: Methods of algebraic geometry 11, §3, veta 1). Dalej je

llm h_p Snp(}l) = lim h_p Snp(h) — SO .

h—+ oo h——oo
Tym je veta dokazana.

Poznamka. Algebraicka varieta je rozlozitelna, ak existuji jej dve vlastné

23



podvariety, ktorych je zjednotenim. Tak napr. dvoinisobne prebiehani
priamku povaZujeme za varietu nerozlozitelna.

Veta 2. Vyroky
a) platif W) = ... =W, =0 (16)
b) pre krivku Ry, je p = O
c¢) mnozina G, je jednobodova

su ekvivalentné.

Dékaz. Nech je vyrok a) pravdivy. Podla (13) je vektor Sp(k) nulovy pre
vietky komplexné &fsla k. pre ktoré ma vyraz na pravej strane (13) zmysel.
Preto je pravdivy aj vyrok b) a preto aj ¢). Nech je pravdivy vyrok c). Potom
rovnica Sy(k) == 0 plati pre nekoneéne mnoho ¢isiel k, ¢o implikuje platnost
rovnic (16). Tym je dékaz urobeny.

7. Pripad p = 0 bol tdplne vyéerpany vetou 2. V dalSom, pokial nebude
vvslovne povedany opak, predpokladdme stile 1 = p := ». VySetrime teraz
nasobnost bodu So na krivke Ryp.

Priamka

m: are+ bx; + cxs = 0 (17)
ma p spoloénych bodov s krivkou Ryp. Nech priamka m prechadza Steinero-
vym stredom So(1, 0, 0). Potom v rovnici (17) bude @ == 0. Priese¢niky priam-
ky m a krivky Rnp obdrzime, ked do rovnice priamky (17) dosadime para-
metrické vyjadrenie stiradnic x; a #» krivky Rap zo (15). Ziskame tak rovnicu
stupna p — 1 pre parameter h:

(3] + ctl)hp-1 | ... - (bsE + eth) = 0. (18)
Komplexnym koreniom ki, ..., hp_1 tejto rovnice odpoveda p — 1 komplex-
nych prieseénikov
Sa(h1), ..., Sn(hp-1)

priamky m a krivky Rpp. p-tym spoloénym bodom priamky m a krivky Rn,
je Steinerov stred So, ktory odpoveda parametru h = co.

Veta 3. Ak st splnené rovnice

W=W:= ... =W'=0, 1=r=<p, (19)
potom je bod Sq aspori r-nésobnym bodom krivky Runp.

Dékaz. Nech st splnené rovnice (19). Siradnice x; a a2 vo vztahu (14)
si polynémy stupifia » — r; tie isté stiradnice vo vzfahu (15) si polynémy
stupfia n —r — q = p — r. Rovnica (18) je teda tiez stupha p — r. Kazd4
priamka m idica bodom Sy mé s krivkou Ry, spoloénych najviac p—r
bodov réznych od bodu So. Bod S je preto r nasobnym prieseénikom, a preto
aj r nasobnym bodom krivky Ryp. To sme mali dokazat.
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Nech je vektor W) nenulovy. V tomto pripade sa daji volit redlne &sla b, ¢
tak, aby koeficient pri AP~1 v rovnici (18) bol nulovy. Dostaneme tak &pecialnu
priamku, ktora bude dotyénicou tej vetvy krivky Rnp, v bode Sy, ktora od-
povedéd realnym parametrom k z okolia hodnoty A = 0.

Veta 4. Nech st splnené rovnice (19) a nech naviac vektory

WL, W LW r<s<p (20)
st kolinearne. Potom doty¢nica v bode So tej vetvy krivky Ryp, ktord pri-
slicha parametru A v okoli hodnoty A = oo mé bod Sy za asporni s + 1 ndsobny
spoloény bod s krivkou Rnp.

Dokaz. Vzhladom k predpokladu kolinearnosti vektorov (20) mézeme volift
realne ¢isla b, ¢ tak, Ze rovnica (18) bude stupria maximélne p — s —- 1.
Bod Sp musi nahradit aspon s + 1 prieseénikov priamky m a krivky Ryp.
Je teda ich spoloénym aspoil s + 1 ndsobnym bodom.

Désledok. K tomu, aby krivka Rn, bola p-ndsobne prebiehanou priamkou,
je nutné a staéi, aby vektorv W, .... W" boli kolinearne, nie vetky nulové.

Nutnost plynie zo vzfahu (13).

8. Tento odsek je venovany nevlastnym bodom krivky Rpp.

Veta 5. Krivka Ry, ma p (nie nutne réznych a nie nutne reidlnych) nevlast-
aych bodov Sp(ki1), ..., Sn(hp), kde &isla hy, ..., kp s korene rovnice

2P + a1l 4 L 4 =0

a rovnice
f [r(t) + h]n dt = 0. (21)
0

Dékaz. Do rovnice nevlastnej priamky wo = 0 dosadme zo vztahu (15).
Kazdy koren tejto rovnice je podla (14) aj korefiom rovnice

2ahn 4 gihnl L. 4 g0 =0,
ktord podla (11), (12) a (13) je ekvivalentna s rovnicou (21).

Veta 6. Mnozina ©, je ohranidend.

Doékaz. Maozina &, sa skladd z bodov Sp(k) pre redlne h € (ho, ). Ak
vnitro oblasti, obmedzenej ovalom o(h) oznadime into(k), potom zrejme
Sa(h) eint o(k). Odtial predovietkym plyaie, Ze mnozina &, neobsahuje
nevlastné body, a teda vektorova funkeia (13) je v intervale (ho, 00) spojité.
Nakolko podla vety 1 bod Sp(k) limituje (pre % idiice do plus nekoneéna)
k bodu Sy, existuje ¢islo H > ho tak, Ze pre vSetky h > H lezi bod Sy(k)
vnitri kruhu K so stredom v bode Sp a polomerom rovnym 1. Dalej je pre
h < H : Sy(h) € int o(h) = into(H). Pre vetky h € (ho, ) je

Sn(k) e K U int o(H).



PretoZze aj mnozina K, aj mnoZina int o(H) st ohranidené, je aj mnozina &,
ohranidené.
Désledok. Bod Sn(ho) je vidy vlastnym bodom.

9. Obrdfme sa na vySetrovanie konkrétnych kriviek R, a Rz, a mnozin
S: a ©;. Pre Rip mdZe byt p = 0 a p = 1. Podla vety 2 a vztahov (11) je
» = 0 vtedy a iba vtedy, ked je €; jednobodova, &o je rovnocen.é s tvrdenim
Wi = O, &ize V; = O a toto podla (11) zasa s tvrdenfm

]Rmrmdh=0. (*)
0

Integril na Iavej strane tejto rovnice udava sprievodié-vektor taziska ovala 9
rovnica je ekvivalentnd s vyrokom: faZisko a Steinerov stred ovalu sply-
ni. Koneéné zhrnutie dava

Veta 7. Bud o(k) =v, k> hy vrstva ovalov. Nasledujice vyroky st
ekvivalentné:

a) existuje ovél o(%) e v, v ktorom splynie Steinerov stred a fazisko:
b) v kazdom ovile o(h) € v splynie Steinerov stred a taZisko:

c) pre krivku R, je p = 0;

d) mnozina &; je jednobodovi;
e) platf rovnica (*).

Prejdime k pripadu p = 1. Podla (11), 12) a (13) mo#no rovnica priamky
Ri1 zapisat v tvare

A
Sifh) = —_, (22)
2nh + L
kde L je dlzka zékladného ovalu o. Parametru h — — E odpoveda ne-

27
vlastny bod priamky Ri;.

Veta 8. Nech je krivka R, priamkou. Potom jej vektorova rovnica je
dana vztahom (22). Mnozina &; je otvorena usetka s koncovymi bodmi S,
a Sl(ho)

Dékaz. Podla vety 1 a vety 6 je ©; tise¢kou. Z monoténnosti funkcie (22)
v intervale (ho, 0) plynie, Ze body Si(ho) a So = lim h—1 S;(k) si koncové
—+ oo
body tdsetky &;.
10. Prejdime k vySetrovaniu krivky Rep. Podla (11), (12) a (13) je

sz(h) = 0 1 » = y
9:h* + goh + g 2nh2 4 2Lk +Q

(23)
kde Q = gZ.
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Veta 9. Bud o(), 2 > ho vrstva ovilov. Nasledujice vyroky st rovnocenné.
vektory Vi, Va2 si nulové; pre krivku Rz, je p = 0; mnozZina S; je jedno-
bodova,
dalej st rovnocenné tieto vyroky:
vektory Vi, V2 si kolinedrne, nie oba nulové: pre krivku Rgp je p = 1;
mnozina S, je usedkou,
koneéne su rovnocenné tieto vyroky:
vektory Vi, Vz st linedrne nezavislé; krivka Rsp, je elipsou a p = 2; mno-
Zina, G, je eliptickym oblikom.

Dokaz. Prva skupina vyrokov je v podstate veta 2 pre n = 2. Druhd &ast
tvrdenia plynie z vety 3 a vety 4. Podla horeuvedeného a vztahu (23) je
zrejmé, Ze linedrna nezavislost vektorov Vi, Vs je rovnocennd s podmienkou
p = 2, a tdto s tvrdenim, Ze & je ¢astou reguldrnej kuzelosetky. UkédzZeme,
ze tato kuzelosedka je elipsou. Nech Sp(k1) je nevlastny bod kuZelosedky Res.
Podla vety 5 musi é&islo A, vyhovovat rovnici

9.

][r(t) - h2dt=0.
0

Funkcia r(t) je nekonStantna (pozri posledni vetu odseku 1) a spojitéa. Preto
pre realne h ‘bude horny integral vidy kladné &islo.
Moézeme preto pisat hy = a + ib, kde a,b 4 0 st redlne. Po dosadeni
¢isla hy do (14) obdrzime
Ss(h1) = (0; yaja + y3 + ibys; zsa + 25 + ibzl).
Bod S;(k1) je redlny prave vtedy, ked existuje komplexné &fslo ¢ + id tak,

ze obe stradnice bodu (¢ + id) Sy(k1) si redlne. Posledna podmienka vedie
na stistavu dvoch homogénnych rovnic pre dve nezndme ¢, d:

cby, + d(ay; + y3) = 0

cbzy + d(az} - 23) = 0.
Nutnd podmienka pre rieSitelnost tejto siustavy je anulovaaie determinantu
sustavy; ak uvazime b # 0, dostdvame odtial ihned linedrnu zévislost vekto-
rov Vi a V3, &o je spor s predpokladom. Nevlastné body kuzelosetky s
su preto nerealne, a kuzelosedka je preto elipsou.

Dosledok. Ak si vektory Vi # 0, V3 linedrne zavislé, potom si priamky
R a R totozné. Ak pre krivku Ryp je p = 0, potom aj pre krivku R,
je p=0.

Poktsme sa trochu bliz8ie charakterizovat elipsu Raz. Nech kb, k sd redlne
¢isla pre ktoré body Si(k), Sa(k) st diametrdlne body elipsy Rse. Potom,
ak tiarkou znadime deriviciu podla parametru k, plati: vektory S,(h) a S,(k)
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su kolinedrne. Jednoduchym vypoétom prevedieme poslednii  podmienku
na poziadavku linedrnej zavislosti vektorov
Vi2h- — @) + Va(4h + 2L)
a
Vi(2k — Q) + Va(4k + 2L).
Vzhladom na linedrnu nezévislost vektorov Vi a V; plynie z uvedeuého
| 27h? — Q 4nh - 2L | _ o
| 2nk2 — Q dnk + 2L | ’
t. .
dn(h — k)(2rnhk + Lh + Lk + Q) = 0.
PretoZe h = k je trividlny pripad, je hladand podmienka
: 2nhk + L(h + k) - Q = 0. (24,
Veta 10. Nech je R, elipsou. Body Sa(h), S2(k) st diametrdlne prave, ked
parametre h, k vyhovuji podmienke (24), pridom pre parameter A = oo
(resp. k == 00) mé tdto podmienka tvar
k=— -2%, ('\resp. h=— zLj—z) (24')
Dékaz. Vzfah (24) — nutnost aj postadujicost — bol dokdzany vyssie.
Staéf viak prejst vo (24) k limite pre & — oo (resp. k — o0), a mame doké-
zany aj dodatok (24')
Veta 11. Nech je s elipsou. Sprievodié — vektor M jej stredu M je dany
vztahom
ViL — 2V,

M = i
2L2 — 47Q

(25)

Dékaz. Podla predoslej vety je k hodu Sy = S, (c0) diametralne protilahly
bod Sz(——- £) Je preto

2n

M — sz(_ :’1).
27

Po dosadeni posledného do (23) a uprave, obdrzime vztah (25).

Adresa autora: Katedra geometrie PFUK, Bratislava, Smeralova 2.
Do redakeie prislo 15. aprila 1965.
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OGoOmenne MOHATUA LEHTP KPMBHM3HBI OBaJa wWTaitHepa
M. TENIH bI
PeswoMme

Ovajiom o GyjeM HA3BIBATL 3AMKHYTYI0 IUIOCKYI0 KPHBYIO, BHYTPCHUHH 4aCTh KOTOPOH
BBIIYKJIA M BCAKAH TOMKA KOTOPOit OBJAM@ET COMpPHUKACAIOUICHCA OKpY#HOCTbIO. Ecan
HArpysnTh KOKAYI0 TOUKY OBAJA O BECOM DOBUBLIM n—1 ofi cTemenu pajuyca KpuBH3HH,
TO LEHTp TAMKECTH MOJY4YeHHOW KpuBOW ofGo3HAUMM Sy 1 HABOBEM n-cTemeHnwil 1leHTp
KPUBH3HBL OBaya wTaHepa. OpHOMapaMeTpUueCKoe CeMCHCTBO OBAIOR, NAPAICILIHKX
osasry 0 0ho3HaYNM B. MHOKeCTBO BCex LeHTpos Sy cemeiicTna » oGosnaunm Sy, .

1. llrainep moKasai 4TO MHOMCCTBO G COCTOMTCH ¢ OJHOL SN TOUKH —— HTO (IPOCTOI)
lenTp oBana wraiiHepa. Ky0oTa, mpojomskan sTi MBICJIM I0KA3AJI, YTO MIO#ecTBO &) mpu-
HAJUIeHKUT OJIHON mpsMoii. B cratbe okaszano uto Sp ABIACTCH 4aCThbI0 adarabpanyeckoi
kpuBoit Rpn crenenn p =~ n. Kpusaa Rpn uenpuBoguma i copepmut rouky So. Koneuno
foKaseBacTest, 1To Mg HBIHICTCH DITMIICOM 11 HANCHBI KOOPIMHATH €T0 LeHTPA.

Generalisation of the Steiner’s centrum of curvature of the oval
M. HEJNY
Resume

By oval p we mean the plane closed curve with convex interior, which has the osculat-
ing circle in each of its points. A centre of gravity of the oval 8, whose every point is
weighed upon by a mass equal to n — 1 power of the radius of curvature of the oval o
in this point, we shall call n-power Steiner’s centrum Sy of 0. By v we denote a one-
parametric family of ovals o(k) parallel with the oval o. The set of all centrums S,
of ovals from » we denote by &j.

J. Steiner showed that the set & consists only of one point —- the Steiner’s centrum
of curvature of ». Kubota showed that the &; is part of a straight line. We prooved
that ©n is part of the algebraic curve Ryp of p =< n degree. This curve is irreducible
and contains the Steiner’s centrum Sg. The set &, is bounded. Than we give some
analytic conditions for number p in Ryp. At least it is shown, that Res is an ellipse and
its centrum is found.
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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM. X., FASC. VIl MATHEMATICA XIV. ) 1966

0 asociativnych operaciach na uréitych triedach svizov

J. BADIDA

V tejto praci, ako v pracach [2] a [3], zaoberame sa problémom o existencii
asociativnych a komutativnych operacii na urditych triedach svézov, pritom
tieto operacie s rézne v porovnani s operaciami priameho a volného siiéinu.
Tento problém pre grupy bol poloZzeny A. (. Kurofom v [4] a pre svizy
sformulovany v [2].

Pojmy a oznadenia pouzZivame ako v pracach [2], [3] a &iastoéne ako
v knihe [1]. Pripomenme hlavne nasledujicu definiciu:

Nech {C,} (v € M) je mnozina svézov. Nech kazdy zo svizov C, obsahuje
najmensi prvok O, . Diskrétnym priamym siéinom svizov C, budeme rozumiet
mnozinu C v8etkych zobrazeni f mnoziny M do U C,, pre ktoré plati:

a) pre kazdé v € M je f(v) € )y,

b) ak f[O] je mnozina vSetkych v € M, pre ktoré f(») = O,, potom mnozZina
M — f[O] je koneéna.

V mnozine C si definované svidzové operacie po zlozkach. ak f, g € C potom
f N g je ten prvok & € C, ktory pre kazdé » € M splia rovnicu f(») N g(») =
= h(»); podobne sa definuje fU g.

V dalSom texte diskrétny priamy saéin (svézov Cy(» € M)) budeme ozna-
Govat IIC,(v € M), volny suéin II*C,(» € M).

§ 1. Operacia E na triede Q

Nech @ je trieda v8etkych svizov, ktoré obsahuji najvicsi prvok. Tento
prvok budeme oznadovat symbolom I, pripadne indexami vyjadrujdicimi,
do ktorého svizu prislusny prvok patri.
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Symbolom § budeme oznadovat operéciu na triede €. ktors je definovana
dudlne k operacii g, o ktorej sme hovorili v prici [2]. Ak T = {4,) (v € M),
priéom A, st navza]om dlﬂ]unktne svazy z triedy £, potom sviz, ktory je
priradeny operaciou § mnozine T, budeme oznadovaf, symbolom §(I‘)

Z toho, %e opericie l; € si navzdjom dudlne, vyplyva, ze pre opericiu 2;
sd splnené vlastnosti o), b), ¢), ktoré si vyslovené v tvode uz spomenutej
prace [2].

V tomto paragrafe dalej budeme definovat uréitd triedu svizov . potom
na tejto triede zavedieme operdciu, ktori oznadime f a dokazeme, Ze pre
operaciu ~C st splnené vlastnosti a), b). ¢), ktoré su definované v tvode [2].

Definicia 1,1. Budeme hovorit, ze sviz L patri do triedy Q, ked plati:
sviz L sa da priave jednym spésobom vyjadrit vo tvare L — X U Y,
kde X, Y st neprdzdne podsvizy v L tak, ze

1) ak xe X, ye Y, potom x <y v L,

2) sviz X obsahuje najvadsi a sviz Y obsahuje najmensi prvok,

3) mnoZinovy prienik sviizov X, Y je jednoprvkovéd mnozina.
Poznamka 1. Retazec, obsahujici viac ako jeden prvok, nepatri do

triedy SZ lebo takyto retazec sa da viacerymi spésobmi rozlozit na dva pod-
svizy, spliiujice podmienky 1), 2), 3.)

Definicia 1,2. Nech sviz L patri do triedy Q. Nech X, Y maja rovnaky
vyznam ako v definfcii 1,1. Potom sviz L budeme oznatovat symbolom
(1) X O0Y.

Svédza X budeme hovorit dolné a svizu Y horna &ast svizu L. Prvok, ktory
sudasne patri do X aj do Y, budeme oznadovat symbolom e (pripadne in-
dexami, vyjadrujicimi, do ktorého sviizu prislusny prvok patri).

Pozndmka 2. Velmi Iahko sa mézeme presvedéit, Ze ak vo vyjadreni (1)
je dolng (horna) dast sviizu L jednoprvkovd mnozina, potom sviz L patri

do triedy Q(). Pritom Q je trieda vSetkych svizov, ktoré obsahuju naj-
mendi prvok (porov. (2], §3).

Definicia 1,3. Nech L, = X, O Y,(» € M) sii lubovolné, navzijom disjunktné

svazy z triedy Q. Nech T — {Ly}. Symbolom C(l‘ budeme oznadovat sviiz,
ktorého prvky tvoria mnozinu

g(T) U gT)

pri¢om najvadsf prvok svizu E(f‘) a najmensi prvok svizu §(I') povaZzujeme
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za totozny; pre kazdé » e 4(T), y e {(T) (kde T = {X,}, T = {Y,} (v € M))
kladieme x < y a ¢&iastoéné usporiadanie v E(I'), §(I') sa zachovava. (Pre
sviz §(T') pozri [2], § 3.)

Lahko sa méZeme presvedéit o tom, Ze pre vyjadrenie
(2) g(T) = ¢(I) U §(T)
svizu i(f‘), pri¢om I;(I‘) ¢(T') maju rovnaky vyznam ako v predchéadzajiicom,
st splnené podmienky 1), 2) a 3), ktoré si vyslovené v definicii 1,1.

Lemma 1,1. Nech E(i‘) = XU Y, pricom X, Y si podsvizy svizu i(i‘)

tak, %e s tief splnené podmienky 1), 2), 3) definicie 1,1. Ak X = §(T), X # §(T),
potom plati ¥ = §(T'), ¥ +# §(T') a obrdtene.

Dékaz. Podla predpokladu vyjadrenia svizu i(f‘) v tvare (2) a f(f) =
= X U Y, priéom i(f), C(I'), X a Y s podsvizy svizu §~(I~‘), sphiuji pod-
mienky 1), 2), 3) definicie 1,1. Nech X = §(T'), X + §(T'). Oznaéme §(T') N
NET)=1{e}, XNY ={}. Je zrejmé, 7e X = {z|z< e}, ¥V = {z]| 2>

>e} GT)=1{z|z=¢. §T) = {z]|2>¢}). Kedze X =§(I'), X # 4T
a ¢’ € X, potom e’ € §(I'), pricom e’ << e. Nech z e §(T'), potom z> e a teda
z > ¢', z toho vyplyva, Ze z € ¥, takie ¥ = {(T). KedZe e’ # e. potom zrejme
Y # §(T'), ¢im je prvé tvrdenie dokizané.

Druhé tvrdenie, t. j. obratené k predchadzajicemu, sa dokdze analogicky.

Lemma 1,2. Nech D {Ly} we M), L, =X, U Y,, je systém na.zdjom

disjunktnych svizov z triedy Q. Nech T — Yy weM), T = {X,} veM).
Nech aspoti jeden zo svizov Y,(X,) neobsahuje najviési (najmensi) prvok.

Potom svdz G(T') (§(T')) neobsahuje najvacsi (najmensi) prvok.

Dékaz. Nech sa splnené predpoklady vyslovené v lemme. Potom z vlast-
nosti 2) definicie 1,1 vyplyva, Ze sviizy Y, obsahuji najmensi prvok. Utvorme
svazy §T), IIY, (ve M), pricom ILY, (v € M) je diskrétny priamy sGéin
svazov Y,. Kedze podla predpokladu aspon jeden zo svizov Y, neobsahuje
najvadsi prvok, potom z lemmy 6,1 v [2] vyplyva, Ze sviz IIY, (v € M) tiez
neobsahuje najvacsi prvok. Nech § mé vyznam ako v definicii 3,2 v [2].
KedZe sviz I1Y, (v € M) je homomorfnym obrazom svizu §(T) = II*Y,(v € M),
potom IIY,(» € M) je tiez homomorfnym obrazom volného svizu S. Homo
morfizmus svizu § na sviz IIY,(v € M) uréuje ist kongruenciu, ktord oznad-
me K. Nech ¥; ma rovnaky vyznam ako v definicii 3,1 b) v [2]. Podla kon-

Strukcie svizu E(I') je W: (pozri definiciu 1,4 v [2]) najmensia kongruencia
na svize S, v ktorej su vietky prvky O., Op navzdjom kongruentné (pre
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kazdé «, f € M). Z definfcie diskrétneho priameho siinu (pozri tvod) vy-
plyva. Ze v kongruencii K si vietky prvky O,, O tiex navzdjom kongruentné.

Takze ‘I:’; = K, z %oho vyplyva, Ze sviz IIY,(v € M) je homomorfnym obra-
zom svizu §(T'). Kedze sviz I1Y,(v € M) neobsahuje najvi®si prvok, potom
z predchddzajiceho vyplyva, Ze ani sviz g(T') neobsahuje najvi&si prvok.

Druhé &ast tvrdenia lemmy 1,2 sa dokaze obdobnym spésobom. (Pri d6kaze
treba si uvedomit, e operacia § je dualna k operéicii § a tiez, Ze v diskrétnom
priamom stéine IIX,(» € M) na miesto najmensich prvkov berieme najvéaésie
prvky svézov X, .)

Lemma 1,3. Nech i(f‘) = E(f) v g, f‘,i‘ a T' maji vijznam ako v pred-
chdadzajicom. Nech §(T), §(T') obsahuji viac ako Jeden priok. Potom podsviiz

§(T), respektive podsviz E(f), svazu i(f‘) sa nedd vyjadrit v tvare mnofinového
sutu dvoch svojich podsvizov tak, Ze st splnené podmienky 1),2), 3) definicie 1,1,
rriom dolnd Cast svizu §(T), respektive hornd ast svizu E f), ma viac ako
jeden prvok.

Dokaz. Nech sii splnené predpoklady vyslovené v lemme. Vyberme vo sviize
t(T') tie prvky z (prvky svédzu §(T') st zrejme triedy), ktoré obsahaji (ako
svoj prvok) prvok z €;Y,, priom z prebieha celd mnozinu ¥,. Mnozinu
takto vybratych prvkov » oznadme Y ,- Je zname (pozri [2]), Ze Y, je pod-
svizom v §(T'), pritom U Y, (v € M) je mnozina generstorov pre svaz g(T)
a pre kazdé » € M je
(2') Y, «¥,.

Predpokladajme teraz, Ze sviz §(T') sa d4 vyjadrit v tvare ry=A4Avu B,
pritom A4, B st podsvizy v §(T') tak, Ze st splnené podmienky 1), 2), 3) defi-
nicie 1,1 a mnozina A obsahuje viac ako jeden prvok. Potom 4 N B je jedno-
prvkové mnozina, ktorej prvok oznadme e’. Je zrejmé, Ze ¢’ > e (e je najmensi
prvok v E(T)), lebo A podla predpokladu obsahuje viac ako jeden prvok.
TieZ je zrejmé, Ze s prvkom e’ € §(T) neexistuji neporovnatelné prvky.

Predpokladajme, Ze e’ je najvad¥fm prvkom v ¢(T'). Potom vyjadrenie
E(T) = 4 U B je také, %e B je jednoprvkovs mnozina, t. j- B = {¢'} (zrejme
tieZ ¢’ € 4). Kedze podla predpokladu (T obsahuje viac ako jeden prvok,
potom z konstrukcie svizu &(T') (pozri [2], § 3) vyplyva, Ze aspoii pre jedno
v € M existuje sviz Y, taky, ze obsahuje viac ako jeden prvok. Kedze Y,

je hornou &astou svizu L,, patriaceho do triedy Si, potom Y, nemdze obsa-
hovat najvidsf prvok. Potom podla lemmy 1,2 aj sviz &(T') neobsahuje naj-

vt prvok, ¢o je spor s predpokladom. Teda e’ nie je najvadsim prvkom
svizu ().
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KedZe e’ nie je najva¢sim prvkom v g(T), potom v C(T') musia existovat
prvky vidsie ako e'. Z konstrukeie sviizu g(T') je zrejmé, ze najmensie prvky
svizov Y, sdi navzajom kongruentné a si obsiahnuté v najmensom prvku
e € §(T'). Podla predpokladu dolnd dast A svizu §(T) obsahuje viac ako jeden
prvok, pridom e’ je najvidsi a e najmendi prvok svizu A4, e > e. Dalej
U Y,(v € M) je mnoZina generitorov pre sviz (T'). Z toho potom vyplyva,
ze musi existovat asponl jedno vy € M tak, ze Y, = ¥(T) obsahuje viac ako
jeden prvok a popri tom obsahuje aj také prvky, ktoré si vidsie ako e’
a spolu s prvkom e’ (zrejme aj s niektorymi prvkami ostatnych svizov Y,)
vytvaraju horni &ast svizu §(T), t. j. podsviz B. Pretoze prvok e’ nie je naj-
mens§im a ani najva¢sim prvkom svizu g(I') a dalej vo svize E(T') neexistuju
s e’ neporovnatelné prvky, potom z toho a z predchadzajiceho vyplyva, ze
sviz Y, by sa dal vyjadrit v tvare Y, =CuUD, kde C, D su podsvizy
(nie vSak jednoprvkové) v Y, také, ze st splnené podmienky z definicie 1,1;
pri¢om prvky svizu C(D) st zlozky prvkov svizu A(B). Potom odpovedajici
sviz ¥, k svizu Y, , pri izomorfizme (2), by sa dal vyjadrit ako mnozinovy
sadet dvoch (nie jednoprvkovych) svojich podsvizov tak, 7e by boli splnené
podmienky definicie 1,1, & je spor, lebo sviiz L,,, ktorého Y, je hornou

¢astou, je z triedy Q. Z toho potom vyplyva aj spor s predpokladom vyslo-
venym na zadiatku dokazu lemmy 1,3.

Druhé tvrdenie lemmy 1,3 sa dokaze obdobnym spésobom.

Veta 1,1. Nech r— {Ls} (v € M) je systém navzdjom disjunktngjch svizov,
z ktorych kaZdy patri do triedy Q. Potom sviz E(IN‘) patri tieZ do triedy S~2, pricom
Z(F) Jje dolnd a §(T') hornd éast svizu f(f‘)

Doékaz. Nech f(f‘), t(f‘_), g, i", TarTl maji vyznam ako v predoSlom.
Ak svizy g(T), §(T') obsahujt iba po jednom prvku, potom tvrdenie vety je

zrejmé. Ak g(T) obsahuje iba jeden prvok a g(T') viac ako jeden prvok, alebo
obritene, potom tvrdenie vety vyplyva z lemmy 1,3. V dal§om teda pred-

pokladajme, ze podsvizy E(IT), ¢(T) svizu i(f‘) obsahuju viac ako jeden prvok.
Dalej predpokladajme. Ze sviiz E(f‘) za tychto podmienok nepatri do triedy Q.
Teda existuje vyjadrenie §~(l~‘) = X U Y, rozne od vyjadrenia (2), priSom
X, Y st podsvizy v §~(I‘~) také, Ze st splnené podmienky 1), 2), 3) definicie 1 1.
V tomto pripade mé%u nastat tri moznosti.

1. Predpokladajme najprv Ze Y = §(I') Y  §(T). Podla lemmy 1,1 je
potom X = E(F) X #£ E(F) Oznaéme §(I') — ¥ = E. Kedze X U Y = §~(I~")
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t'(‘f) v = E(f) a obe tieto vyjadrenia spliiuji podmienky definicie 1,1,
potom z toho vyplyva, Ze {(I') N X = E a teda E je podsvizom v §(T') (zrejme
tiez podsvédzom v E(i‘)). Z toho dalej vyplyva, Ze sviz §(T') sa d4 vyjadrit
v tvare §(I') = E U Y, priom s splnené podmienky 1), 2), 3) definicie 1,1,
&o je spor s prvym tvrdenim lemmy 1,3 a teda aj s predpokladom, ze ¥ = §(T),

Y # §(T). Teda musi byt ¥ = §(T') (zrejme tiez X = §(T)).

2. Teraz predpokladajme, ze ¥ = {(I'), ¥ 3 §(T'). Potom podla lemmy 1,1
stadf urobif analogickd dvahu, ako v predchédzajicom, pre X = ¢(T), X #
+ §(T) a pouzit druhé tvrdenie lemmy 1,3.

3. Nakoniec predpokladajme, Ze Y || {(T'). Potom zrejme e’ || e (kde ¢’, e
maji vyznam ako v dokaze lemmy 1,1) a teda e’ ¢ E(T'), ¢’ ¢ (T'), z ¢oho .
vyplyva, %e e’ ¢ i(f‘), ¢o je spor.

Tym sme teda dokézali, Ze sviz ?Z(l:) sa d& prave jednym spdsobom vy-
jadrit v tvare (2), kde E(f), g(T') st podsvizy v §~(f) tak, Ze st splnené pod-
mienky definficie 1,1 a teda patri do triedy Q. Podla definicie 1,2 teda

gI) = g(I) O Y(I),
pri¢om E(I—‘-) je dolnd a TIT) je horna dast svizu §(T).

Veta 1,2. Pre operdciu §~, definovani na triede Si, st splnené vlastnosti a) a b),
ktoré si vyslovené v dvode [2].

Doékaz. Nech svidz L, (pre kazdé » € M) je z triedy Si, L, =X,0Y%,.
Nech X’,, respektive Y’,, st podsvizy svizu (T, respektive svizu g(T'),
také, Ze kaidy prvok x € X,, respektive kaidy prvok y e Y,, obsahuje

prvok x € X, respektive prvok y € Y,, pridom z, respektive y prebieha celt
mnozZinu X,, respektive ¥,. Je zname, ze U X,, respektive U Y, je mnozina

generatorov pre sviz E(I_‘), respektivé pre sviz §(I'), priom pre kazdé » € M je
X, X, YV,

Nech L, je mnozinovy sidet svizov X,, ¥,. Je zrejmé, ze X, Y, je sviz,
ktory je izomorfny so svidzom L, = X, O Y,. Podla predchidzajiceho
a konStrukcie svazu E(f‘) je teda U L'y, mnozina generatorov pre sviz f(f‘),
¢m je tvrdenie dokdzané.'

Veta 1,3. Nech mnofina indexov M = U My, kde i€ N a pre Tubovolné
J, k€N nech je My My = 0; Ty = {L,} (v € My). Operdcia §~je asociativna,
t.j.
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YT) R EGTY) (e N).
Doékaz. Kedze
g(T) = g(T) o g(T) -
LUET)}) = SGT}) © L{ETY}) (i< N).

potom dokaz tejto vety vyplyva z vety 1,1 a z asociativnosti operdcie ia. L.

2. Operacia dg na triede Og

V tomto odseku symbolom @ budeme oznadovat triedu v8etkych svizov.

Definicia 2,1. Nech {C,}, kde » prebieha nejakd (neprdzdna) mnoZinu
indexov M, je mnozina navzajom disjunktnych svidzov. Nech C je mnozina
vSetkych takych funkcii f, ktoré zobrazuji mnozinu M do mnoziny U C,,
priom pre kazdé ve M je f(v) eC,. Ak f,g € C, polozme fU g = h, kde
k€ 0, ked pre kazdé v € M je splnena rovnica f(») U g(v) = h(»); podobne
sa definuje f N g. Budeme hovorit, Ze C' je priamym stéinom svizov C,
¢o budeme zapisovat C = IIxC,. Ak M = {1, 2, ..., n}, potom piSeme tiez
C =01 X Cy X .. Ch

Je zndme, %Ze mnozina C, v ktorej s vy33ie popisanym spésobom definované
svizové operacie, je sviz. ‘

Definicia 2,2. Nech C je lubovolny sviz. Nech z,y C, pricom z < y.
Symbolom r(z, y) budeme oznatovat Iubovolny retazec, v ktorom x je naj-
mensim a y najvaésim prvkom.

Definicia 2,3. Nech 8 je nekone&né kardindlne &islo. Nech S je Tubovolny
sviz, nech
(a) S=A® B,
kde A, B st podsvizy svidza S. Budeme hovorit, Ze ordindlny rozklad (a)
m4a vlastnost (3), ked plati:

ak x,y € 4, x < y, potom kazdy refazec r(z, y) ma dlzku mensiu ako 8.

Poznamka 3. V rozklade (@) v daliom budeme pripistat, Ze mnozina B
moéze byt aj prazdna.

Velmi lahko sa d4 presvedéit, ze v danom pripade platia analogické lemmy
k lemmam 2,1, 2,2, ktoré st vyslovené a dokazané v [3], odsek 2.

Definicia 2,4. Symbolom @ oznadme triedu vSetkych svizov S, ktoré sa
daji vyjadrit v tvare ordindlneho sGétu (a), majiceho vlastnost (8).

Podla lemmy 2,2 v [3] mdzeme kaidému svizu S z triedy ®g priradit
svizy, ktoré oznaéme S(f) m tak, Ze

() 8 =88 ® S(B).
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Rozklad (b) svdzu S chapeme v tom zmysle, Ze je ,najvaésim* rozkladom
typu (B) a Ze pre kazdy iny rozklad § = 4 @ B typu (B) je
A= 8(), B=S8(@).

Definicia 2,5. Nech {S,} (v€ M), kde S, = S,(8) @ &,(8) st Iubovolné
navzéjom disjunktné svizy z triedy ®s Nech I' = {S,}. Potom symbolom
85(T") budeme oznadovat sviz

II*S,(8) © TI*S,(8)
(* znamena voIny siéin).

VolIny stéin IT*Sy(B) v definicii 2,56 chapeme v tom zmysle, Ze ak pre niektoré
veM st S,(B) =0, potom II*S,(B) = II*S,(p), pricom ve M, pe M\ M,
kde M je mnozina vietkych tych v € M, pre ktoré S,(8) = 0.

Lemma 2,1. Nech f je nekoneéné kardindlne éislo. Nech {Cy}, kde v prebieha
koneéni mnoZinu indexov M, je systém navzdjom disjunkiniyjch svizov. Nech
kaZdy zo svizov Cy splivuje podmienku:

(A) ka¥dy retazec spojujici dva Tubovolné prvky x,y € C, (x < y) md diZku
mensiu ako f.

Potom sviz C = IIxC, tiez splivuje podmienku (A).

Doékaz. Nech f,g € C st dva IubovoIné prvky, pritom f = g. Podla de-
finfcie 2,1 pre kazdé ve M je f(») ==y, g(») = yy, kde z», y» € C,. Nech
P (f, g) je Tubovolny retazec spojujici prvky f,g. Pre pevné v € M nech R,
je mnozina v8etkych prvkov tvaru h(v), kde & prebieha vetky prvky re-
tazca r(f, g). Je zrejmé, ze R, je retazec spojujlci prvky x,, y,. Podla pred-
pokladu dlzka kazdého z retazcov R, je menSia ako nekoneéné kardinilne
¢islo B. Nech E je mnozina vSetkych &’ € C, pre ktoré plati:

f=h=g
h’(v) e R, pre ve€ M. Kedie pre kazdé ve M je kard R, < f a mnozZina
indexov M je mohutnosti mensej ako § , z toho potom vyplyva, Ze mnozina £
je tiezZ mohutnosti mensej ako nekoneéné kardinalne ¢&islo g, t. j. kard £ < g.
Kedze kaidy prvok & er(f,g), potom je tiez h € B a teda kard r(f, g) < B,
¢im je tvrdenie lemmy dokézané.

Lemma 2,2. Neck B je nekoneéné kardindlne Cislo. Nech T = {S,} (v e .M,
kard M < W,). Potom rozklad svizu 84(T) v ordindlny sidet

85(T) = II*S,(8) @ II*S,(B)
md viastnost (B).
Dékaz vyplyva z lemmy 2,1 a z definfcie 2,3.
Lemma 2,3. Rozklad svizu 84(T) v ordindlny sidet
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84(T) = TIxS8,(g) © TI*Sy(8)
(veM, kard M < §,) je najviésim rozkladom typu (B).
Dokaz. Z lemmy 2,2 vyplyva, e sviz 85(T) = IIxS,(5) @ IT*S,(f) patri
do triedy ©gp,teda IIxS,(f) + 0. Predpokladajme teraz, ze existuje rozklad
svizu 84(T") v ordindlny sacdet

(C) 83(1‘) =A®B
majuici vlastnost (8), puéom A = 1Ix8,(B), A + IIxS,(B). Potom B — H*S,(ﬁi).
1. Nech najprv =0. Ak II*S,,(/S’) = (, potom 4 = IIxS,(f). Nech

II*8,(B) + 0. Potom A = IIxS,(B) U H*S,,(ﬂ). Z predchadza,]uCICh uvah
je zrejmé, Ze pre kaidé ve M je S, = S,(8) @ S,.(ﬁ) najviaésim rozkladom

svazu S, typu (f). Pre Tubovolné a € S,(8), y €S, (/3) ex15tu|e aspoil jeden
taky retazec r(x, y), ze d(r(x, ¥)) = B. Kedze sviz =S, (/3) je volnym stiéinom
svizov 8,(8 (ﬂ), potom pre prvky a, y €84(T) (xr =y), ktoré zodpovedaji
prvkom z, y (t. j. x € z, Y€ 1/ porov. zafiatok dokazu vety 1,2 v § 1), existuje
tym skor aspoii jeden retazec r(x, y) (ktory sa da obdobne skonstruovat,
ako sme to urobili v [2], lemma 5, :2), spojujuci prvky z, y 683(1‘) tak, ze
d(r(z, 1)) = ﬂ. (Je zre]me ze ak ’I/EH"S (8), potom d(r(a, y)</9 podla
lemmy 2,1.) Kedze z,y € 4 a d(r(x, y)) = B, potom z toho vyplyva, Ze musi
byt II*S,(8) = 0, a teda A = IIxS,(f).

2. Predpokladajme teraz, ze B # 0. Potom H*Sv(ﬂ) # 0, lebo B = II*:S'_,,(B)
Pre sviiz IT*S,(B) za tychto predpokladov (pozri [3], lemma 2,4) je splneny
vztah:

5,5) = (4 TG © (B 0 45,6
Podla lemmy 2,5 v [3] je A N H*SV(E) = ( alebo BN l'I*:S',,(ﬁ) =0. Ak Bn
N II*_S':(B) = (), potom B =@, ¢éo je spor. Kedze B +# ), potom tiez B N
N H*m # 0 a teda podla lemmy 2,5 v [3], musi byt 4 N II*E@ = 0.
Z toho vyplyva, zZe l'I*:S':(E) = B. Kedze B = II*S,(8) a podla predpokladu
Bc<= H*m, potom musi byt B = II*S,(8), z ¢oho dalej vyplyva, 7e 4 =
= IIx8,(f). Tym sme teda dokazali, Ze rozklad {c) sviizu 84(T) je totozny s roz-
kladom 84(T') = IIxS,(8) @ H*E,(_ﬁ_j, ¢im je tvrdenie lemmy 2,3 dokdzané.

Lemma 24. Nech 8 = 84(T'). Potom S(B) = IIxS,(B), S(ﬂ) II*S ﬁ)
(veM, kard M < N,)-

Dékaz vyplyva z lemmy 2,2 a z lemmy 2,3.
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Veta 2,1. Pre operdciu 84, definovand na koneénom systéme svizov = triedy O,
81 splnené viastnosti a), b) a c), vyslovené v wrode price [2].

Dékaz. Vlastnost a) a b) (pri vlastnosti b) treba brat do tvahy, ze kard
M < §,) vyplyva bezprostredne z konitrukcie svizu 83(T") a vlastnost c)
z asociatfvnosti operdcie priameho a volného sti&inu.

Literatura

[1]1 G. Birkhoff: Teorija struktur, Moskva 1952.

[2] J. Badida: Asociativne operscie na niektorych triedach svizov, Acta Fac. Rer. Nat.
Univ. Comenianae 7 (1963), 609 — 621.

[3]1J. Badida: O asociativnej operécii na urditej triede svizov, Acta Fac. Rer. Nat.
Univ. Comenianae 9 (1964), 71— 74.

[4] A. G. Kuros: Teorija grupp, 1944 r.

Adresa autora: Katedra matematiky a deskriptivnej geometrie BF VST, Kosice, Sver-
mova 3.

Do redakcie doslo 25. februdra 1965.

06 ACCOIMATUBHBIX onepamnuAax Ha onpenenéHme HRJIaCCaxX CTPYKTYP
A . BAOUIA
Penome
Hacrosauman paGora sanumarcsa npo6iemMoit CyImecTBOBAaHMA ACCOMMATHBHBIX M KOMMY-
TATABHLIX ONEPalMii HA OMPeeIEHHBIX KIACCAX CTPYKTYP, MPHUEM DTH ONPEAI(ili ABISAIOTCA

HE OMHAKOBHMU B CPABHEHHM C ONEPALMAMH TIPAMOTO M CBOGOLHOrO MPOM3BEIEHMA (CM.
Tome [2], [3]). :

B §1 (§2) onucmbaerca omepauns ¢ (85, rae B moGoe GeckoHeuloe KapauHalIbioe

YHCII0), KOTOpAH OMpeesIAeTCA HAa Kiacce $2 (©@p), mpuuéM K (Op) sB.IsICTCA KIACCOM
BCEX CTBPYKTYP BRINOJNHAIONUX ONpeIeNEHHbe yCA0BUA (cM. ompeit. 1,1, pecn. ompex. 2,4).

B nanbueitmem nokaswiaercsa, uto paa onepauun § (8s) BulmosHeHbl cBoiicTra a), 6) u y),
BLICKA3aHHBIe B Bellennu B patory [2].
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Uber assoziative Operationen an gewissen Verbandklassen

J. BADIDA
Zusammenfassung

In der vorgelegten Arbeit befassen wir uns mit dem Problem des Vorhundenseins
assoziativer und kommutativer Operationen an gewissen Verbandklassen, wobei diese
Operationen sich von den Operationen des direkten und freien Produktes unterscheiden
(siehe auch [2], [3]).

Im §1 (§2) wird eine Operation f beschrieben, (85, wo B eine beliebige unendliche

Kardinalzahl ist), die an der Klasse € (©p) definiert wird, wobei Q (6p) die Klasse
aller Verbiande vorstellt, die gewisse Bedingungen erfiillen (s. Def. 1,1, bzw. Def. 2,4).

Ferner wird bewissen, dass die Operation E (8s) die im Vorwort dieser Arbeit ausge-
sprochene Bedingungen a), b) und c¢) erfiillt.






ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM. X., FASC. VII. MATHEMATICA XIV. 1966

O struktuie prostoru L.

J SMITAL

V préaci [1] je kromé jiného zkouména struktura prostoru I pouzitim
metody kategorii. V tomto é&ldnku podobné prozkouméme strukturu pro
storu L® a ukazeme, ze v L plati analogicky vysledek k vé&té 3.1 z prace [1].

Necht L®, p > 1, znadi, jako obvykle, Hilbertéiv prostor funkei, definova-
nych na intervale (a, b) a Lebesgueovsky integrovatelnych s p-tou mocninou.
Necht p’ > 1, ; + ’)17 = 1. Je znam tento vysledek (viz [2], str. 20): Kdyz

b
f(x) ¢ L"), potom existuje g(x). L» tak, 7e integral J.f(r)g‘(rc)dx neexistuje.

Pro nékteré g(x). L® ziejmé ten integral existuje, nap¥. pro g(x) = 0. Vznika
otdzka, jak vypadé z hlediska Baireovych kategorii mnozina viech téch funkef,
pro které integral existuje. Odpovéd na tuto otdzku dava nasledujici véta:

Véta: BudiZ f(x) méfitelnd, skoro vSude konmeénd redlnd fumkce, definovand
na intervale {a, b>. f(x), L"), Oznaéme

An =[x:2.<a.b), (f(x)|<n], onlg) = ff(x)g(x)dx
An
pron =12 ...

Tvrzeni: Pro vSechny g(x). L® s vijjimkou bodi mmo¥iny proni kategorie
(v L®) plati:

lim sup op(g) = + oo. liminfa,lg) = — oo. (1)

n— oo n—>co

Abychom mohli dokézat uvedenou vétu, dokizeme napred 3 pomocné
véty.
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Lemma 1. Existuje go(x) . LD tak, Ze plati
lim sup oa(go) = + o0, liminfan(ge) = — . (2)

n—» oo n— oo

b
Dikaz: Budiz g(x) . L® zvolené tak, ze ff(x)g(x)dx neexistuje. Takové g(x)

existuje na zéklad® vzpominaného vysledku z [2], str. 20. Oznad&ime-li f+(z) =
= max (f(z), 0), f(r) = max (—f(x), 0), a podobné definujeme g*(z). g-(x),
potom aspoti jeden z integrali

b b b b
[F@r@iz [rored  [Feoeed, [

. b
mé nevlastni hodnotu. Necht napiiklad ff*(x)gﬂx)dx = + oo (v ostatnich

a
piipadech bychom postupovali analogicky). Ozna¢me
A, =[z:2.<a, by, 0<f(x)<n],
kde n je pkirozené &fslo. Zfejmé plati A, = A, =... = A, =.... Poloime
jesté
g'(@) =g*x) pro =z U 4,

n=1

g'(x) =0 pro =z <{a,b)— U 4,.

n=1
Ztejmé g'(x). L®. Definujme funkcie {g,(x)}, =, takto:
91() = g'(x) pro =z 4,
g1(x) =0 pro =z <{a b)) — A4,.
Je-li n > 1, potom
gn(z) = ¢'(x) pro =z A, — 4, ,,
gn(®) =0 pro =z <a,b>— (4, — 4, ,).

Ztejmé gn(x). L® pron = 1,2, ..., > ga(x) = ¢'(x). Potom
n=1

" ; b n
o) = [fle)' @)z = [flelg@iz = [Fw) 3 gleda < + oo
An A a b=

a {aa(g’)}>-, je neklesajici posloupnosti realnych &isel,
lim Op = + Q0.

71— oo

Definujme indukef posloupnost ptirozenych &isel ny < ns < ... < mg < ...
a funkei go(z) takto:
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golx) =0 pro =z <a,b)—uU A4,.

n=1
Kdyz n, je prvni pfirozené ¢&islo takové, Ze o, (9°) > 1, klademe

go(@) = g'(x) pro z A,
Tedy oa,(g0) = o (9'). BudiZ ne prvni ptirozené é&islo, no > n; takové, ze

In,(g') > 204,(9') + 2, (3)
potom klademe

go(x) = —g'(x) pro z (4,,—4,,).

Méame
anlgo) = [f@g@)de = — [f@)g' @z + [f)' @dr =
1;;., (An;——Am) Any
= — (on,\@') — ony(9")) + on,(9') = — on\9’) + 204,(9")

a odtud pouzitim vztahu (3) o,,(g0) < — 2.
Predpokladejme, Ze jsme uz definovali ¢&isla ny < mg < ... < ngy a ze
funkce go(x) je uz definovana pro z.<a, by — U 4,,,. Je-li k liché éislo,

i=nk-1
najdéme nejmensi ng (ny > nx-1) tak, aby

Un;.-(gl) > O, 1(g’) — Op, 1(.(/0) = k (4)
a polozime

go(x) = g'(x) pro =z A'n,.
Potom ziejmé

Unk(go) = (O'nk(g()) — Ony, .1(90)) +- On; 1(.(10) = Gnk'\gl) — Opy 1(9’) + On, 1(90) >k
podle (4).

Je-li k sudé ¢&islo, najdéme nejmensi ng (nx > nx-1) tak, aby

on (') > ong_(9) + onp (g0) + K (5)
a polozme
go(x) = —g'(x) pro a_ A,.
Ztejmé
Uﬂk(go) = (071/.-(90) - O'n,\._l(go)) =+ Um...!(g()) === (Unk(g’) — Ony. 1(91)) -+

+ on,_ (%) > —k
podle vztahu (5).

Tak jsme sestrojili funkei go(x), definovanou na intervale (a, b, kters je

b b
integrovatelnd s p-tou mocninou. Zfejmé totiz f |go(x)|P do = ~"lg’(ar:)!?" dx <
a a

< |lg*(x)|Pdz < + oo. Déle pro kazdé prirozené &islo K existuji indexy m, n

8=
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tak, Ze on(go) > K a om(go) < — K. Posloupnost {on(go)} -, tedy osciluje
mezi — o0 & + 00. Tim je ditkaz lemmy skonden.

Lemma 2: Oznatme C = [g(z):g(z). L®, lim 8up on(g9) = + o0]

n— oo

= [g(x) : g(x). L®, lim inf g,(g) = — oo].

n—>o0

Tvrzeni: Mnofiny C, C' jsou mnofinami typu Gs v L®.
Dikaz: Oznaéme pro K ptirozené C(K) mnozinu viech téch g(x) L,

pro které existuje pfirozené n takové, Ze o,(g) > K. Z¥ejmé C = n C(K )

Staéi tedy ukazat, ze C(K) jsou oteviené pro K =: 1, 2,
Budiz ho(x). C(K). Existuje takové ng, ¢ > 0, Ze Gno(ho) > K + &. Najdéme
0>0 tak,'aby é(flf(x)|9' dx),‘:' < e. (Takové 6 ziejmé existuje.) Budiz

An,
b 1
nyni A(x). S(ho(x), d), tedy (f]ho(x)—h(x)ll’ dx)p < 0. Potom plati (s po-

uzitim Holderovy nerovnosti) oy o h) = o, (ko) — ano(ho) + on (k) = on,(ho) —

— 0n,(ho—h) > o2, (ho) — ( [if@) dx) ( [1ho(z h(x)|1’dx) > ay, (o) —
Ano Ano

— &> K, tedy S(ko(x), ) = C(K), C(K) je oteviena. Tim je tvrzeni lemmy
dokézéno pro C, pro €' je ditkaz podobny.

Lemma 3: Mno%ina C N C’ je hustd v L@,

Dikez: Budiz h(x) e L® a 6 > 0. Podle lemmy 1 existuje go(x). L™ tak,
Ze on(go) osciluje mezi — o0 a + c0. Protore A; = A, — ... Ay =...
a mnoZina {a, b» — lim 4, m4 mira 0, existuje vzhledem na absolutni spojitost

n— co

b b
integrala f |g0()|? dz, f]h(x)ll’ dz, N tak, Ze

. 1 1
( [l dx))z s ( [1m@ie dx) » o (6)

[a,b]—An <3, [a, b]— Ax <z
Definujme nyni funkei g(z) takto:

g(x) = h(x) pro =z_An,
9(x) = go(x) pro z.<a,b) — An.
Funkce g(x) patif do -okoli'bodu k(z), protoze plati (s pouzitim Minkovského
nerovnosti a vztahu (6))

L 1
(flk(x)—g(x)lpdx) (f @) —g@irde + [ | z\—go(x)!rdw);——-

[a, b] — AN
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- ( f Ih(z) — go(z)|? dz)),‘-, < ( f |h(z)|? dw)% +

[a, b] — AN [a, b] — AN

+ ( J- |go(z)|? dx),l,T s + 0 _ 5 a soudasnd posloupnost  {aa(9)}n-
2 2
[a, b]— AN

ziejmé osciluje mezi — o0 a + oo. Tim je lemma 3 dokdzdna.
Dikaz véty: Ozna¢me
Ly = [giz) : g(z). L®, lim sup on(g9) = + oo, liminfa,(g) = — oc].

n—> oo n— o0

Jak bylo ukédzéno vyse, L je mnozina typu Go, husta v L® . Polozme Ls =

= L® — L. L» je mnozina typu Fs v L®, tedy Ly = U Fp, Fy, jsou uzaviené

m=1

mnoziny, m = 1,2.... (v L®) Mame IL; =L® — L, = L® — UF, =

m=1

(L® — Fp). Ly je hustd v L®, tedy i kazda z mnozin L® — Fp, =

N
n =1
L® —F,, je hustd v L@, to ale znamena, ze Fy je iidka v L&, tedy

oo

L> = U F,, je mnozina prvni kategorie. Tim je véta dokazana.
m =1
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O CTPYKTYp€ NpPOCTPaHCTBA L», N
A. CMUTAUJ
BruBogn

I';71aBHBIM JOCTMKEHUMEM B 3TOl cTaThbe AniAeTcs ciepyouas Teopema: Ilycrs f(x) uame-
pMMas BemieCTBeHHasA (YHKLIMA, ONpeje]eHHAsds Ha orpeske <a, b). Ilycre f(x) nmourm
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BCIOy KoHeyHa HA <a,b), f(x) ¢ L(»)) L(») oGosHaYaer, KaK BCerja, NPOCTPAHCTBO
T'nan6epra). O6osHAUNM

Ay = [x: 7 <a, b>, |f(@)] < n], onlg) = f fla)g(x)da
An

mAan=12,....
1,1
Torpa gaa Bcex g(z) L@ (;—}-;:-— i) 3a HCKJIOYeHNeM MHOKeCTBa IepBOi

kareropuu Bepa (B L®) cnpaBenaunso:

lim sup 6a(g) = + oc, lim inf ox(g) = — oo.

On structure of space L.
J. SMITAL
Summary

The main result of this paper is this theorem:

Let f(z) be measurable real-valued function, defined throughout interval <a, b> and
assume f(z) to be finit in <a, b) with possible exception of a set of measure zero. Let
(x)¢ L (L") denotes Hilbert space in usual sense).

Let us denote

Ap = [x:2¢<a, 0, |f(®)] <n],  onlg) = ff(w)y(x)dx
4n

for n=12,....
Then

lim sup oa(9) = + oo, lim inf op(g) = — oo
7n— oo n—oo

for every g(x). L® (;7 + :,—, = 1) with possible exception of a set of a first category

(in sense of Baire) in L(»),

48
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