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ACTA F. R. N. UNIV. COMEN. III-9, PHYSICA, 1959

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM. 111. FASC. IX. PHYSICA 1959

Equilibrium Concentrations of Ions at Multiple Thermal Ionization
of A Gas. A Further Increase of The Accuracy of The Saha Equation

8. VEIS

I. Introduction

In an earlier work [1], the Saha equation with increased accuracy was
derived for the equilibrium concentrations of ions at multiple thermal ioniza-
tion of a gas in the form

2 = 1 —'h
D1 pKO(T) exp ( - -é—(zz —Zi .+ 1)5;0—;,‘—{1 = [1 + %Y;f(?psz?) ”] })

enC

(1)
where
'L? ha “I:
< — In—a (2_7’) o
sz (T) - 2gn m (kT)i/‘e (2)
is the equilibrium constant; ¢, ¢,, ¢,, ... are the equilibrium concentrations

of the neutral, once, twice and many times ionized atoms, ¢ is the equilibrium
concentration for electrons, p the pressure, Z; positive or negative integers
determining the charge of the ion, e is the charge of the electron, m the mass
of the electron, & the Boltzmann constant, & the Planck constant, « a constant
~ 108 e¢m~-1, 7' temperature, g, —,, g, the statistical weights, I,, the ionization
energy of the n-th atom. 4

The Saha equation with an increased degree of accuracy [1] was derived
using the potential function for the interaction of ions in the form

Pab = %e—b(l — e—m) (3)

?s a boundary case of the more general-type for the definition of the potential
unction

€46 —ar
var =221 — A(r) 7] (4)
and of the binary distribution function in the first approximation
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The 1nterpreta,t10n of all the symbols used in this formula is given in [1, 2, 3, 4].

Using the potential functions for the interaction of ions in the form (3),
a certain simplification was performed, because, instead of the polynome A(r)
in equation (4) for the potential function, only its first member, 1. e. 1 has
been taken into consideration. Doing this, a certain error was introduced
computing the free energy of totally ionized gas, and, thus, the derived Saha
equation with an increased degree of accuracy (1) for the equilibrium con-
centrations of ions has to be considered merely as a certain degree of approxi-
ma’mon.

"The scope of this work was to determme the higher degree of accuracy of
the Saha equation obtained on substituting A4(r) = 1 + yr into (4), or on
using the potential function for the interaction of ions in the form

Fao="22[1 — (1 + 9] (6)

In this work, the influence of the linear member is cons1dered i.e.itis presumed
to hold for A(r) = 1 4 yr, v being a constant.

II. Free energy and chemical potential of a totally
ionized gas

Using the potential function for the interaction of ions in the form (6) and
the binary distribution function in the form (5), it is possible to write the free
energy of a totally ionized gas as the sum of free energy F, given by formula
(15) in work [1], and the free energy increment AF, corresponding to the
difference of the potential functions, namely

Apap = —yeqepe™" (7)

The constant y may be determined experimentally, or estimated by comparing
the equation for the potential functions of ions with the Coulombic interaction
omitted, with the member Ag;, for the potential function of interaction
between ions and polarized ions {5, 6, 7]. Thus, the constant ¥ may be com-
puted by comparison from the equation

Yy = ___:T_ (1+ é?ﬂear)

Obviously, the constant y is negative and has a value of about 108.

The free energy incrément AF, corresponding to the potential function
differences (7) is given by the relation

AF, = TJAUN ar (8)

where AUy is the mean potential energy increment for the interaction of ions
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a,b

where Agqp(r) is the difference of potential functions given by relation (7),
and Fgp(r) is the binary distribution function in the first approximation

[3, 4] given by equation (5). In this relation v = %, where V is the volume of

the system, N the total number of ions, n; = ! the concentration of particles

N
2
of the i-th kind, p2¢2 = % , P24 g% =a? and
d
= ’1 2e]/n
where r; is the Debye-Hiickel radius.

After having performed the substitution for Aggy(r) and Fgy(r), equation
(9) for the increment of the mean potential energy of the interaction between

ions, AUy, is transferred to the form

= (& Nzt (10)

77 2 %q® —q) (20 +p +¢q)
NTw =" N7 P (p—9)( _ 11
N2 T gt — g [pg + «(p + ¢) + a2 (n
The increment of free energy, AF,, is computed by substituting for AUy from
(11) into (8), namely

2
AF, = — VETT;“ Nzl (12)

The integral J in (12) is given by the relation

- .20
2 Vl Z\ar
( i T)

e [P T
yrlyr TV YT
where a = rg/|/T and ¢ = 1/aa.
After the computation of the integral J, we get for the increment of free

energy, AF,, the equation

. .
AF, =7° -zNiz2{ ( ¥ — oy Byt + y—81813/|)} (14)

J =

(13)

where y_l/l +w + 1.
a

Substituting into this equation for y, and for 2N¢Zf from eguation (10),

AF,, after a rearrangement, is transferred to



;ﬁ_@ 16 4 V
AF, = 1 +V ard 3ard + oc'rd 2r2

1 +V1 +Zr-d ] (15)

and the total free energy of interaction between ions may be written in the
definitive form

o 3kT 1 3
F=F»+4Fe=——15;{[1"(;a")V”a—m *]
3y 2 4
20‘[ (1 +V +a—m)—§@l/1+ | — 8lg 1+V1+

where, for F,, the rearranged equation (15) from [1] was used.
The chemical potential, u;, is determined from the relation

oF
o o 17
t (aNi)V,’I’ ‘ \L7

and, thus, the increment of the chemical potential is calculated by deriving
equation (15) with respect to N;, namely

[ ]/__,-- ]
Aptie ye;Z? {1 . 1 arg (18)

— 81g

== | 2 — 2ara 17—
[ l/1+-~ V1+-~+1
org

and the chemical potential of the totally ionized gas formed as a consequence
of the interaction between ions, is

Hi = fie + Apie (19)
where ug is defined by equation (17) in [1].
The total chemical potential u, of an n-times ionized gas is

Un = Unid -+ Une + A,une (20)

and, after performing the substitution, the equation for the chemical potential
is transferred to the final form

nk €k,
pn = kT1g pn — kT Ig {(2 h2) Zex p[——ﬁ]}—leg(kT)—
: 19_1
_%ezzﬁa{ [1 + 4‘31/“( p,zf)z] ‘2}+
4el/n

(Z piZdy’ ]% 1

3 1+
?; 1—[ 4el/n(2 de)%] %[2 71/7_' ZpiZ?) 1{1+46Vﬂ(2 Zg)%]7+ 1]
(21)
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- The equations derived for free energy (16) and the chemical potential (21)
of the totally ionized gas were determined by using the binary distribution
function in the first approximation. It would be possible to use the binary
distribution furrction in the second, or, eventually, in a higher approximation
for the determination of these quantities calculated by J. R. Juchnov-
skij [8].

Using the binary distribution function with an accuracy corresponding to
the second degree of approximation, the free energy as well as the chemical
potential of the totally ionized gas could be determined more precisely. The
calculations would be, however, very complex and not sufficiently clear. The
use of the binary distribution functions in a higher approximation would, as
it seems, have no substantial effect on free energy or the chemical potential.

IIT. Equilibrium concentrations of ions

For a gas with the thermodynamic equilibrium at a determined temperature
T, an equilibrium between the atoms of a gas with the n-th and the (» — 1)-th
degree of ionization will be established after some time. For the ca-e of the
thermodynamic equilibrium for the chemical potentials,  the wvalidity of
equation (22) is presumed, that is

Pn + B = pn— (22)

where pn—, and u, are the chemical potentials of (»n — 1) and n-times ionized
atoms, and y is the chemical potential of electrons.

Substituting the chemical potentials uy, wup—, and x determined from
‘equation (21), into equation (22), and proceeding in an analogous way as in
[1], a further increase of the accuracy of the Saha equation is obtained, namely

221 pR(T) exp ;%(zﬁ Z e {1—[1+‘“V"<2 iz2)%] %}ﬁ
+ 228 — 2t + o [1+ eV”(Z ) ] (“ITT ot

e}
[1+4QV"<2 pty |- 1
[1 +4eV” (= piz?)2]%+ 1

Equatlon (23) is transferred to the Saha equation (21) of [1], when the constant
7 is put equal to zero.

—2) - (23)

When the temperature 7' with predominantly (n — 1)-times ionized atoms
Is chosen, equation (23) can be simplified to the form
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_ “ 1 2
‘a1 _ pK(T) exp —-2—(z§—z3,,1+ 1)2—;,‘{1 =

CnuC
—[1+—"”‘4—l/"—’°(z2 P
kTl n "1

- Y 2 2 e?
+_2'(Zn_zn—1+l)kT

-1

4 2
1+[1+;kiT z:- 1+n~1)] -

’ 1
1o — l/"”(z,. +a -1 —1
kT . [ kT 1 ] . 2)] (24)

g 1
GV%(Zz_l +n—1) [ -+ _le/?_t;p (Z?l—l +n— 1)]2‘}‘ 1

The conditions of equilibrium for a once and a twice ionized gas are to be
discussed more in detail. The Saha equation for this case may be determined
from equation (24) provided that n = 2.

o g _ 2 e y— ‘%}

CoC
de —\3
. (1+—Vnp) — I
+ra 1+(1+—$}V77p) %w‘f L —2]t|
i ”p( =) p) +1
IT

To compare the increased degree of accuracy of the Saha equation derived
in this work with that of the Saha equations with a higher degree of accuracy
given in [1, 9, 10], the ionization degree for twice ionized oxygen atoms at
a temperature of 20 000 °C in dependence on pressure will be calculated as an

example.

The ionization degree for twice ionized oxygen atoms is given by the relation

2e 20

/9y 4 ~\1
g =2 :pKf’(T) exp | — < {1 — (1 +ak—2,l/np) 2} +

_ﬁe_vn— T
s o) [ T o
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Fig. 1.

Dependence of the ionization degree of twice ionized oxygen atoms on pressure for

a temperature of 20 000°C. 1 — from the Saha equation regardless of the interaction

etween ions; 2 — from the higher precision Saha equation derived by Timan; 3 — from

the Saha equation determined from equation (1); 4 and 5 — from the Saha equation
determined from equation (25), for y = —107 and — 108,

Figure 1 shows the dependence of the ionization degree a, on pressure
for twice ionized oxygen atoms for comparison. a, was calculated from the
Saha equations with different degrees of accuracy. Curve 1 shows the depen-
dence of «, on pressure resulting from the Saha equation regardless of the
influence of the interaction between ions. Curve 2 shows the dependence
of a, resulting from the higher-precision form of the Saha equation derived
by Timan which takes into consideration the Coulombic interaction
between ions. Curve 3 shows the dependence of resulting from equation (1).
Curves 4 and 5 illustrate the dependence of a, on pressure resulting from
equation (25) for y = —107 and —108. As can be seen from Fig. 1, curve 5
for y = —108 shows that the results for «, computed from the higher-precision
Saha equation (25) are higher than it would be expected from the higher-
precision form of the Saha equation derived by Timan. This fact is in
perfect agreement with the supposition of B. L. Timan that, for higher
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pressure, the interaction between ions has a still greater importance, that is
the twofold ionization degree «, has to be greater than would be expected
from the higher-precision form of the Saha equation derived by Tim an,
to which curve 2 is corresponding. From the facts mentioned it follows that
the constant y has to be greater than —5.107 what is also in accordance
with the value estimated for the constant y determined by us.

"IV. Conclusion

In this paper, a higher degree of accuracy for the Saha equation based on
the theory of N. N. Bogolyubov was reached by using the potential
function of interaction between ions in the form (6) as well as by using the
polynome A(r) for the potential function of interaction between ions in the
form A(r) = 1 4 yr. Provided that the polynome A(r) with higher powers
of » were used, it should be possible to obtain Saha equations with a still
higher degree of accuracy and still more truly illustrating the dependence of
oy ON pressure.

Finally, it has to be noted that the higher-precision form of the Saha
equation derived by Timan and based on the Debye — Hiickel
theory, provides no possibility for an additional increase of precision, while
the Saha equation, resulting from the theory of N. N. Bogolyuboyv,
makes, for the case of using the potential function of interaction between
ions in the form (4), an additional increase of the precision possible. This can
be proved also by the Saha equation with a higher degree of accuracy derived
in this paper.
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RovnovaZne koncentricie iénov pri viacnisohnej termickej ionizacii plynu.
: Dalsie spresnenie Sahovej rovnice

8. VEIS

Sthrn

V préci sa uvédza spresnend Sahova rovnica pre rovnovézne koncentrécie iénov pri
viacndsobnej termickej ionizécii p#ynu. Na rozdiel od [1] sme pouzili potenciglnu funkciu
vzédjomného podsobenia iénov vo tvare

e
Pav = g'ifb[l — (1 + pr)eor],
kde y je konstanta, ktort mo¥no uréit experimentélne. Rovnd sa priblizne — 108, Dalsie
spresnenie Sahovej rovnice mé tvar (23). Toto spresnenie vedie pri vysich tlakoch
napriklad k véésfm hodnotém pre stuperi dvojndsobnej ionizécie atémového kyslika,
ako plynie z Timanovho spresnenia. Vo svojej praci [10] B. L. Timan vyslovil predpoklad,
Ze vzdjomné pdsobenie iénov pri vysSich tlakoch bude hrat eSte vidsiu tlohu a jeho
vplyv bude efektivnejsi ako v pripade Coulombovho vzdjomného pbsobenia. Tento
predpoklad je v plnom sulade s nafm spresnenfm Sahovej rovnice.

PaBHOBecHbIE KOHIGHTpanud HOHOB B cilydae MHOI‘OR])&THOﬁ Tepmuqecuoﬁ
noHm3acuu rasa. [laibueiimee yrounenue cypasaenus Caxa.
M. Benc
(PeaowMme)
B noxnane npusopuTcs yTouHeHHOe ypaBHeHHe Caxa JUIA paBHOBECHBIX KOHI[eHTpaIHi
HOHOB B cJry4ae MHOTOKPAaTHOI TepMHYeCcKO# MOHM3anuy rada. B oTimyne ot [1] Myl npussn
NOTeHInaNbHY0 ¢yHKIMIO B3ANMO/IeHiCTBHA HOHOB B BH/e

€.€y
r

Pap —— [1 — (1 + yr)ear],

T/le y IOCTOsIHAA, KOTOPYIO MOMKHO ONpENeNTh SKCHPHMEHTAIHLHHIM METONOM; OHa nzp -
6ausntensno pasna — 10°. [anbHeiimee yTounenne ypapaenns Caxa npurmMaer Bug (23).
9T0 yTouHeHHe B ciyuae OuEHh BHICOKMX JABJCHMI IPHBONMT HANPHMEp K GOIBIIMM BHA-
HUCHUSM 1A CTENIeHM [IBYKPATHOI HOHU3ALMH aTOMAPHOTO KHCJIOPOAA, KAK CIeyeT U3 yrou-
Hennsa Tmmanma. B cBoeit paGore [10] B. JI. TuMaH BhCKa3as NpENOJIOMKEHHe, UTO B3AHMO-
NIeHCTBHe HOHOB B CJTyuae OueHh BHICOKUX JaBiIeHnii Gyer HrpaTh 60JbIIyIO POib, U BIHAHHE
B3anmoyeiicTBiA HOHOB Gyner eme Gonee 3QeKTHBHEIM, YeM B ciiyuae KyJIOHOBCKOrO B3a-

MMOJeHCTBHs. ITO IPEJIIOIOMKEHNe eCTh B MOJHOM COIMJIACHH C HAIMM YTOYHEHHEM ypaB-
Henus Caxa.
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A Simple Geometric Model of the Quantum Field Theory

M. PETRAS

In this work, a model of the quantum field theory in which the Green’s
functions have the significance of contravariant components of a metric tensor,
is suggested.. ,

Introduction

The purpose of this paper is to indicate the analogy between the equations
valid for the Green’s functions in the quantum field theory as well as between
the equations used for the computation of contravariant components of the
metric tensor from given covariant components. Based on this analogy, it
is possible to build a geometric model of the quantum field theory, for which
the Green’s functions have the significance of contravariant components of
the metric tensor. The most simple geometric model can be found in the case
of the so-called linear interaction. By ,,linear interaction’’, such an interaction
is understood which, for each elementary act, causes the annihilation of one
particle, and the creation of a new one. Though the examination of the linear
interaction is of no practical importance, because interactions of this kind
do not occur in nature, this examination has, at least, a heuristic significance,
because it permits us to draw certain conclusions concerning also cases of
more complex interactions, which are of practical importance.

1. Metriecs and Green’s functions

Let us examine the fictive particles 4 and B which are in linear interaction
leading to their mutual transmutation according to the scheme:
A=B

The geometric model of the interaction theory for the particles 4 and B will
be developed in the following way: Let us examine an n-dimensional metric
space R, with the metric tensor Gi%. The contravariant components of the
metric tensor are determined by the equation

GuGhs = (L1
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The indices ¢, k, 8, which rum from 1 to n, are divided now into two groups.
The indices running from 1 to n, will be indicated by the symbols «, £, ¥,
8, &, 4 and the indices running from n, + 1 to n by the symbols x, », ¢, 0, 7, 7.
Equation (1,1) may be written in the following way

@67 + @ G = o (1,2)

GG +@6,.6"=0 (1,3)

6,07 +@,67=0 (L4)

G, G+ G Gm =5y (1,5)
The system of equations (1,2) to (1,5) may be rewritten as

@2 = 07 | 00 Z;TG:-,? (1,6)

G = —yv@ G (1,7)

Guwr — ‘y-’“' + y,"»(‘ Z;OGU" (1:8)

Gre = _y."“GmIG"" (1,9)
where

%, = 6, (1,10

Zvo = Gn'ﬁy‘laGa(» (1’11)
and the tensors % and y"* are defined by the equations

G " = . (1,12)

@, = 8 (1,13)

Equations (1,6) and (1,8) have a form similar to Dyson’s equation for the
Green’s function G(z, y) of an electron

G, y) = S(x — y) + [ Se(x — 2') Z*@', y') Qy', y) d'dy’  (1,14)

By comparison, it will be found that the tensors G*’ and G** correspond to
a Green function G(z, y), whereas the tensors % and y*' correspond to the
function S¢(x — y), and the tensors Xgs; X*, to the function X*(z', y'). The
summation performed in equations (1,6) and (1,8) corresponds to the integra-
tion performed in the Dyson’s equation. In addition to this analogy, equations
(1,12) and (1,13) may be related to the equation for the causal function
Se(x — y), that is

—(ip + m) 8%z — y) = ¥z — y) (1,15)

whence it is obvious that the tensors G, and G, correspond to the operator

A\

—(¢p + m) and, finally, the function é(x — y) corresponds to the Kronecker
symbols 4} and 6( It is, however, necessary to note, that the solution of
equations (1,12) and (1,13) has one solution only, while to the solution of
equation (1,15), obviously, an arbitrary solution of a homogeneous equation
may be added. It is, therefore, necessary to add the corresponding boundary
conditions for equation (1,15). Then, the equation (1,15) plus boundary
conditions correspond to the equations (1,12) and (1,13). With respect to this
analogy, the tensor G'* will be called also Green’s tensor.
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¥

This correspondence leads to a geometrical interpretation .of the Green’s
functions for the particles 4 and B as covariant components of a metric tensor,
whereby we are transferring the quantum theory for particles 4 and B to the
theory of metric space. A fundamental task is the solution of the equation
(1,1), that is the calculation of the contravariant components G*s from the
known covariant components Gy. In the following the equation (1,1) will be
solved by means of the pertubation theory.

Let us assume that the mixed components G,, = G,, have the form G,, ==
= al4;, where a is a small coupling parameter,”and the components I}, are
of the same order as compared with the components G,; and G,,. Let us
expand G% and G“' into a power series of «. When we consider that X3, and
2 are proportional to a?, it can be easily found that both series contain only
terms with even powers, so that they have the form

G% = G?g) + G’;’;\ + G’g’f) + ...

G = G+ O + G + -
Substituting these series into equations (1,6) and (1,8), we get a system of
recurrent equations

) G = 07
B, o 5% girD 5 } (1,16)
(mn)y — Y ay (n—2) (n e )
G,tuv — AU
G!::Or? ne 37 (Jov } (1’17)
m =7 Zuu (n—2) (n = 2)
Solving these equations, we get
o= |
Q%) =y 2oy (118
Gz)‘f) = ydu 2;”775 E's‘lylﬂ
and so on.
G(lol; —— y.lu' |
Gy, = yre 20,y (1,19)
G&n; = ,y_ug 2:,(,7/01: 2:1 Ty
and so on.

From the equations (1,7) and (1,9), we determine the expansion of the
Green's tensors G*? and G’. Thus, we get the following recurrent equations

Gl = —y»@, G4 _, (n>1) - (1,20)
Gls = —y*@Q G _,, (n >1) (1,21)

hence

Gu,/? = —pwm @ B
tl/l.t?) ym Wy"d * el } (1122)
G = —y @,y Xy
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and so on.
1 —yla u
ar YeG,y

e — A o Y'* Loun } (1’23)
G( 3) P Ga:yczguy.

I

and so on.

The solutions (1,18), (1,19), (1,22) and (1,23) may be represented by means
of the Feynman diagrams. We are showing some Feynmars diagrams with
the corresponding tetms in the expansion of the Green’s tensors. For the
particles 4, the solld lines, whereas for the particles B, the dashed lines will
be used.

L ....ooiviii———— — — Transmutation of particle B to particle 4.

9 ——— — v.c..veeue... Transmutation of particle A to particle B.

3 ————........———— Diagram of the self-energy of particle 4.

Ao " Diagram of the self-energy of the particle B.

For the general Feynman diagram, the corresponding term of the series
can be constructed in such a way that to each dashed line, a tensor ', to
each solid line, a tensor y*?, and to each contact point the tensor -G, =

= —@G,, is associated.

2. Creation and annihilation operators

Let us define the operators ¢! and ¢ by means of commutation equations
[¢}; ¢ = GiF \
(@ ] =0 (2,1)
l¢i; ¢kl =0 l
By these operators, it is possible to construct the operators
Ik = gigp — #hos (2,2)
which satisfy the commutation rules * ‘
[Lik; [1s] = Qis[kl 4 Gki]is — QilTks _ QksJil (2,3)

We see that operators I‘* are infinitesimal rotation operators, and therefore
they generate a rotation group. This group may be extended after the intro-
duction of additional operators 'Kt*¥ using the equation

Ktk = gigh 4 kgl (2,4)

The commutation rules for these operators are obtained in the same way as
for the operators It*¥ using equations (2,1). We find that

[Kik; K18] = QKkJis | @ilJks 1 QksJil | Gis]kl (2,5)

-Firia.lly, the correctnes of the equation
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[Iik; Klis] = QkLKis | QksKU — QilKks — QisKlk (2,6)
is proved in an analogical way.

Equations (2,3), (2,5) and (2,6) define a certain group of transformations,
the subgroup of which are rotations. By a detailed analysis, it can be proved
that this group is isomorphic with a group of general linear homogeneous
transformations. From the point of view of the further analysis, it is important
to investigate the one-parameter subgroup created by the generator K =
= }KkG@. We shall look for such vectors @ which, when applying some of
the transformations taken from the subgroup considered, do not change their
directions. These vectors evidently satisfy the condition

K® = No L (2,7)

where N is the c-number, a charakteristic value for the operator K. For
solving the eigenvalue equation (2,7), it is substantial for the operator K to
comute with the operators of the infinitesimal rotations Ik, that is

[Iik; K] = 0 (2,8)

That means that, for a given charakteristic value N of the operator K, several
linearly independent vectors @ exist, which after having performed an infini-
tesimal rotation R = I + 1Iikey are transformed into themselves. Hence
we deduce that the characteristic vectors of equation (2,7) may be arranged
in the following sequence
These vectors may be determined in the following way. We suppose that
there is a vector @, defined by the equation
‘Pi@o =0 . (2:9)

The other vectors will be determined by means of @, in the following way

P = gid, - ]

Pik = gigkd, |

............ | b (2,10

..................

From equations (2,1) and (2,9) then it follows that the operators ¢! act on
the vectors @ in the following way 4 '

st — Gita,
gidks — Qikds | Gispk
............ (2,11)
@iDkr- -k — Qi@ K |

.o b QiR Ry
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For the normalization of the vectors @ a Hermitian matrix D (metric
matrix) is introduced, fqr which it holds

+
Dgi = ¢iD
AL (2,12)
¢.D = Dy,

where the symbol 4 indicates the Hermitian conjugation. Vector @, is nor-
malized by means of the equation

(Dgy Pp) = Dy DD, = 1 (2,13)

For the normalization of the remaining vectors @, we obtain from equation
(2,3) :

(D, D) = Gik

(Dik, Pls) = QKIQis | GRs@il (2,14)

It can be proved, moreover, that the following orthogonality conditions are
fulfilled

(Dhrertn, Phrvkim) = O (n % m) (2,15)

We may return now to equation (2,7). By means of equations (2,9) to (2,11),
it may be proved that the characteristic value N of the operator K may
acquire the values of 0, 1, 2, 3, ... The charakteristic vector belonging to the
characteristic value N is @#..¢x, The results derived entitle us to interprete
the operators ¢ and ¢! as creation and annihilitation operators, and the
operator K as an operator for the total number of particles. With regard to
the first equation of (2,1), with the tensor G%¥ on the right side, which is
analogical to the corresponding Green's function, the operators ¢i and ¢: are
not creation and annihilation operators of usual types. These rather belong
to the category of the so-called causal operators introduced by Novozhi-
loff [2], Golfand [3], and Goester [1]. In the following, we shall
call them, however, the creation and annihilation operators. For the compu-
tation of the vacuum values of products of these operators, it is possible to
use the equations (2,14) and (2,15).

The developed formalism allows us to introduce the Green’s tensors for an
arbitrary number of particles. The Green tensor for n-particles is defined by
the equation '

G vban = (D, gh. . . g2 By) (2,16)

where ¢t = ¢! + ¢i. We are going to deduce the equation for the generating

function Z(I;) of the Green's tensors. For this purpose, let us multiply equation
(2,16) with the tensor Gy, . Then we get

G{kG_ki“"h"_l — 6§1G‘.¢3...izn—1 + 6:}!Gilfﬂ...izn—l _+_ .
.+ 6:‘1:-—1051‘1'.--‘“2-—2 (2,17)

Multiplying the last equation with the product I;,Isy...Iss , (Where I
have the sense of external sources), it will be found to hold #3s—,;
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Gikailtl-)o‘Qn—lIilIt’ .. 'Iian—l —_ (2n — 1) Gil‘c...izn—‘zltllil. . 'Itiu—QI‘

Let us divide this equation by the number (22 — 1)! and sum up the equations
beginning from 2 to oo, and add the identity

GuG¥l; = I;

Thus, we get the equation
[ 2]

1
Gik 2(27_—1? Gki'ﬁ"'t?"—llil;ri,. % 'Ii‘ln»—~1 =

n=1

[° 2]

1

= I{1 + Z@iﬁ Qlitsentss I, T, . I )
n=1

which may be written in the form

0z '
Gika—lk— I;Z (2,18\)

where
[e o]
1
Z=1+ 2 (55)7 Giirion I; 1, . e ,
n=1

Equation (2,18) is the one required for the generating function Z. It should
be necessarily completed with the condition Z(0) = 1.

In Paragraph 1, it has been seen that the one-particle Green tensor G¢* has
the sense of the contravariant components of the metric tensor. It will be
shown that this generally holds for the tensor G:..-i», The tensor Gt was
related to the space with basic vectors @i. To interprete (..in as contra-
variant components of a metric tensor, the space has to be extended, and an
infinite number of additional, linearly independent vectors

xi}-..in = (pil. . .(pinQO (2,19)

has to be added. The mutal scalar products of these basic vectors give us the
metrics of the extended space '

Girein — (xil---ik’ xi}cﬂ.-.in) (2,20)‘

By a comparison with equation (2,16), it will be found that these scalar
products are identical with the Green tensors.

3. Matrix 8

. The mathematical formalism developed in the last Paragraph, may be used
In the theory of the linear interaction between the particles 4 and B. It is
sufficient to pass from Latin indices to Greek ones according to the method

given in Section 1. The equation for the generating function Z, for instance,
will be of the form
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0Z

Ga? aZ + Ga"v = IU.Z
ol o1, (3,1)
0Z 0Z ’
G;wﬁv + Ga‘u, a—la' = IaZ

The creation and annihilation operators ¢! and ¢! will be considered identical
with the creation and annihilation operators ¢* and ¢* for particles A, and
gt and g for particles B. In addition to these operators, it is possible to
introduce the operators %, %, ¢, ! using the following commutation rules
(only commutators differing from zero will be given)

[y3; 92l =y
[vy; wol =y ‘
where »*’ and y*" are given by the equations (1,12) and (1,13). Since y*’ and

y*' are the zero approximations of the Green’s tensors G** and @', the
operators y%, v, y2, y* must be interpreted as the creation and annihilation

operators of the bare particles 4 and B, in contrast to the operators ¢, @z,
¢, @i which are related to the physical (dressed) particles. With th= help of

the operators y, we may define the operators for the total number of bare
particles 4 and B, namely

K' = yiy,Ge: + viv,G,,

} (3.2)

The eigenvalue problem
: K'Y =N'¥Y (3,3)

will be solved in an analogical way as problem (2,7). It is found that N’ —
=0, 1, 2, ... The corresponding characteristic vectors are

¥
Yla; l:ll_)
y’l.ﬁ; Yja_u; Yy (3,4)

where
Qoo sOn flg,q, M — o/ on 1ty m
v TR il SRR Vol
The annihilation operators u*, yp* act on the vectors Wo..omu...m in the
Yar Ya
following way
1/)“?’"1,-~-'1'm“...l¢m = y'wx!{’a:...ﬂ».ul...um + ]
5 .
eee + y'ﬂ"'}'/“x 35,0n—1U1 . Uum
1/)'"?’“1'"“-/"-"‘“"‘ = ‘y-"’“lg}uln.ﬂn.‘lz-u!‘m+ } (3’5)
s .
R & y.ﬂ-umylal ce Oty L1

The normalization of the vebtor ¥ follows from the normalization of the
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vector corresponding to the vacuum (¥, ¥,) = 1. The orthogonality equa-
tions have the form

gf‘ i PR 7 n’ 3.6
Qo Ontlygeslim PleesInV1e0¥m’) — -
( ; ) =0, (3,6)
Let us introduce the matrix S by means of the equation

NER (3,7)

where -~
Y=y, + ¥; Y=y, + !

It will be proved by us that the Green’s tensors may be written, using matrix
8, in the form

o 1
G Oty utim — S_O (Fo, pu. . .pop, . pin SP) (3,8)
where
So = (WOr STO)

Prior to performing the actual proof of equation (3,8), we are going to derive
two auxiliary equations, that is

2. 81 = —yie@@ 4
['/’g ] ye@, v8 } (3.9)
[vy; 8] = —y™@, yo8 ’

We expand the matrix S in a power series according the powers of the coupling
parameter o

o o]
S=I+2%V"
n=1

where
V=—G,yy
From this, it follows that
[y V"] = —np?Gop V"™
Thus -

o]
1_ .,
[yl 81 =) 5195 V" = —G, p8

n=1

There-by, the first equation (3,9) is proved. It is possible to prove also the
second equation in an analogical way. We proceed to the proof of equation
(3,8). Using equation (3,9), we get

GﬁaGllal-..Mnﬂl...!l»m ...l.. Gﬁquﬂl...alﬂl..-llm =
= 6;;G¢s...an1t:...ui + ...+ 53:1Gala....un—xst1...rm
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This equation is, however, identical with equation (2,17) for the Green's
tensors introduced by equation (2,16). Thus, the Green's tensors defined by

equation (3,8) are identical with the Green’s tensors defined by equation
(2,16), what had to be proved.
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IIpocTas reomerpHueckas MoOJelXb KBAHTOBO TeopHH IMONA
M. Merpam .
(PeamomMe)
B paGoTe mpepiaraercss Mojel KBAHTOBOM TEOPUH HOJIA ¢ JHHEHHKM B3aHMOJeCTBHEM
B KoTOpoM QyHKIHEA ['PHHA HMEIOT 3HAYeHHe KOHTPABAPUAHTHEIX KOMIOHEHT METPHYECKOro

TeH3opa. BHIBoguTCA KOBapHAaHTHOE g’paBHeHHe I NpOM3BoOfAMEeH (yHKIMH (TeH30pOB
I'pura» 1 ycTaBaBIMBaeTCA MAaTPANA

Jednoduchy geometricky model kvantovej teérie pola

M. PETRAS

Sdhrn

V préci je navrhnuty geometricky model kvantovej tedrie pola s linedrnou interakeiou,
v ktorom Greenove funkcie maji vyznam kontravariantnych komponent metrického

tenzora. Je odvodend kovariantnd rovnica pre vytvérajicu funkeciu Greenovych tenzorov
a je udand matica S.
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ACTA F. R. N. UNIV. COMEN. III-9, PHYSICA, 1959

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
TOM. 11l. FASC. IX. PHYSICA 1959

BosHNKHOBeHNE 3KCHTOHA HEH3IyYalolied pexoMbUHALHeNR
eIeKTPOHA W JIBIPKH

J. TPUBHARKR

B pa6ore mccnenyerca BepoITHOCTh BO3HMKHOBEHHS BO30YIKIEHHOTO JKCH-
TOHA OAHO(POHOHOBON Hem3Iydalolleil peKoMOMHANWEH JJEKTPOHA M [BIPKHA
B IOJIAPHBIX KPHCTALJIAX. ’

BBegeunue

UccnepoBanua I' p o ¢ ¢ a[1] nokasasny, 4To B HONAPHEIX KPHUCTAJIAX MOT'YT
CYIECTBOBATL BO30YKIEHHBIE BKCHTOHBI, KOTOPHE B IEPBOM IIPUOIIMKEHWH
Xopomo onpefeasoTca Moaensio M o T 1 a [2]. CoriacHo 3Tl MOKEIN YKCUTOH
MOKHO TPEJCTaBIATh KaK KBAa3HBOJOPOJHBIH aTOM, COCTOALIMH M3 5JeKTPOHA
u ppipku. Taxoe HecBOGOTHOE COCTOAHME JINEKTPOHA M ABIPKE MOMKHO Xapak-
TePU30BATH KBAHTOBHIM YMCJIOM N. B KpueTasyie MOTYT BCTPeYaThCsd BKCATOHEI
B Das3IHYHBIX cOocTOgHMAX. HammunocTh Takux 3KcuToHOB B Cu,0 moprBep-
MAeTCsA cepUAMH BOJOPOJONOA00HEIX THHAN B cIeKTpe moriomenusa. Vasecr-
HO, 4TO SKCHTOHEI MOT'YT BOBHHKATH B IOJSPHOM KPHCTAJI/Ie B pe3yJibTaTe II0-
riomesnst GOTOHOB, PHEPTHsA KOTOPHIX MEHbIIE SHePTud, NOTPeOHON [IA BO3-
HUKHOBEHHSA CBOOOMHOrO BIIEKTPOHA WM HBIPKU WM Hem3Jjydaiomeid pexombu-
namueii ¢coGogHoro siextpona m Anipku. Hemocpepcrsennas nemsiryuaomasn
PeroMOMHATMA 5IeKTPOHA W IBIPKA MAJI0 BEPOATHA, IOTOMY 9TO IPH Hel 0K~
HO 65110 651 0OpasoBaThea ypesBhaitno muoro (100) (130}10}1013 OJHOBPEMEHHO.
3ror _BOIIPOC HCCJIe0BAI ITenepac [3], nokazaBmuii, 4TO TEOPeTHIECKH
TaKOH TIPOIEcC BO3MOKEH TOJIBKO IPU YCIOBHH YPe3BEHIYaHHO CUIBHOH CBA3R
MEIYy BIIEKTPOHOM M KojiebaHusiMH pemeTKu. Bompocom Hemamydamouied pe-
KOMOMHAIWK BIEKTPOHOB M [BIPOK 3aHMManuch Takxe O peHK e X b [4]
1Mo 1 1[2]. Onnaro Gomnee BepOATHO, 4TO PEKOMOMHAMA BIEKTPOHA W [BIPKA
COBepImaeTcd He MPSMO, & Yepe3 IMPOMEKYTOYHOE COCTOSAHNAE, B KOTOPOM BJIeK-
TPOH m fgeIpka obpasyior sxcuToH [1]. Ilokakem, YTO HKCHTOHHL C HOCTATOYHO
bombmmm n moryT BOBHHKHYTh M HEW3JIydalomei pexoMOmHALIMEH BIIEKTPOHA
M IBIpKA, IpH KoTopoii o6pasyerca ogue ¢oron. Hackonpko aBTopy m3BecTHO,
TaKOH MexaHm3M 00pa3oBaHMA IKCHTOHOB He OBUI [0 HACTOAIIETO BPEMEHH
KOJIM4eCTBEHHO HMCCJIEOBAH.
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B nocnennee Bpema Ounn paspaGoTansl KBAHTOBOMEXAHMYECKAE TEOPHH Off-
HOPOHOHOBOM PeKOMOMHAIMM BIIEKTPOHA HA IEHTPAX BO3MYIIEHHS KyJIOHOB-
CKOTO THNA, MpAYeM 3TH MEeHTPH pPacCMaTPMBAJIUCH KAaK HeNOABUMKHEIE. Boo-
popomonobHse cepun B cnextpe morsoutenns Cu0,, kak 3o o6Hapy i [poce,
COOTBETCTBYIOT T. HA3. HENOJAPM3YIONIMM BKCHTOHOM, KOTOPHIE COTJIACHO
Aunxmananilexapa [7] Bo3HAKAIOT B HOHOBHIX KPHCTAIIAX, Y KOTOPHIX
o¢dexTHBHAA Macca HIEKTPOHA MAJIO Pa3HUTCH OT 9QPEKTHBHOM MACCH ABIPKH.
Ha sTom ocHOBaHMY He MOkeM paccMaTpPABATH ILIPKY KAK HETOJBIKHY 10 B KPHC-
Tajljle a [BM’KeHHe NPANNCHBATHL TONBKO dMeKTpoHaM. B sTom mampasienun
Hama paGora sBnsiercs o6oGmennem uccienobanmit M. Tpan daii-a [6]
AJIA Cy4Yad, KOT[a IeHTP BO3MYILIeHHSA JBHIKYIUIAMCAH.

FaMuEabTOoOHMAaH CHCTeME

PaccmMaTprBaeM MpoBOAAIIAIl 57TEKTPOH M ALIPKY B NOJAPHOM KpHCTAIe,
KOTOPHIi OyjieM npencTaBiATh cefe KaK MUBIEKTPHYECKYIO CPeAy, XapaKTepH-
B0BAHHYI0 CTATHYECKOH MMITEKTPHUYECKOI IIOCTOAHHOM & H ONTHYECKOH IUDIIEK-
TPHYECKON NOCTOAHHOH g OMEKTPOH M ABIPKY OyjeM cumTaTh CBOOOXHBIMIT
9acTHIIAMU € ONpeJleIeHHBIMA 3QPeKTHBHEIMI MaceaMu m, 1 m,. B pesynsraTe
B3aMMOJIEHCTBHA C ONTHYECKAMH KOJIe0aHMAMA pPemleTKH 3TH YaCTHOBl 9acThb
CBOeHl 9HePrHM MOTYT OTNATh pPemeTKe M IepeiiTH W3 cBOGOJHOTO COCTOSHHA
B CBA3aHHOE. ['aMUIILTOHMAH CHCTEMH 3JI€KTPOH - ARPKA + KomeGamms pe-
ImMeTKA MOKeM HamnucaTh B gopme [8]:

H=—y Py S

=T 1o —ds— T 5 5 1
2m, 2m, eolrs — ;2*| (1)

SF —>—> - > .—>—>
+ ZA?(I'—’:{etk,rl_ e—ik.rg}__ by A;ai{e_”"’l _ etk.r,},
7 - Kk k
. . 1/27haC 1 1

A—’: = —-A;) = -—'ze‘l/’ﬁV ’ 0= ;;——8‘ . (2)

B aroM Bpamenun mHAEKC 1 OTHOCHTCA K BIIEKTPOHY, MHMIEKC 2 K JBIpKe,

—
k — BomnoBoii BexTop donoHa, hw sHeprus GoHona (BBUAY Maioi AmCHepCHH
ONTHYECKHX Kojie0aHmil mpeosaraeM, 9T0 OHM OTIIMIAIOTCH OHOM YaCTOTOM ).

+ o '
a—’:, (IJI;* npefcTaBIAIT c060ii~00TBETCTBEHHO OonepaToOpu YHHUYTOMEHHUA | 0O-

-
poskaenns GoHOHA C BOTHOBEIM BeKTOPOM k. 3Ha4enHme OTAeTLHEIX YJICHOB B Ta-
MusbTOHHAHe (1) cienyomue: MepBHil WieH IpefcTaBiasier coboit omepaTop
KHHETUYeCKOX DHEPIHH BJIeKTPOHA, BTOPOI 4ieH — ONepaTop KHHeTHYeCKOH
9HEPrAH [AHPKH, TPETHH YjIeH BHIPaKaeT KYJIOHOBCKOEe B3aMMOJeicTBHE dieK-
TPOHA M JAHIPKH B Cpeie ¢ AMIIEKTPUIECKOH IIOCTOAHHOM g;,, YeTBEPTHIA WieH
COOTBETCTBYeT SHePruu cBOOOXHOTO OHOHOBOIO MOJIA M HAKOHEI, IIOCJIEJHAE
ABa WiIeHAa BHIPAKAT B3aMMOJEHCTBHE SJIEKTPOHA M AHPKH ¢ KojeGaHHAMH
pemIeTKH.
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VYno6Ho mepeliTH K KOODPIWHATHOI CHCTEMe, ¢ HAYAJIOM KOOPJHHAT B ImeHTpe
TAMECTH CHCTeMbl dMEeKTPOH -+ fwipka. HoBmie KooppumaTh ompemendnoTcH
COOTHOIIEHAAMH

—)_-) My —>. ___’___ml___—)
rl_R—i—ml_'_mzr, re =R m1+m2r, (3)

- -
rue R BEKTOD MOJIOKEeHN A HeHTPa TAMEeCTH N r — BEKTOP MOJIOKEeHNA JIEKTPOHA

10 OTHOIIEHHIO K AbipKe. B HOBHIX Koopamnartax Oymer ramMmiapTOHHMAH Hamiei
CHCTeMBI CJIeMYIOUHiA:

H B s B € sheatas + (4)
== A3 ——A>— wa7a
2M™E 24" r eor+_, kR
%
R (k. T RS- S Ly g
+ZA7a7 e e M oM Tl + zAgage R MET _
— -
k k
my—>—>
i-7k.
—eM* Ty
3nech
mym.
M:m Mg, = 178 5
1+ 2 .u m1+m2 ()

B npencrasnennn, B KotopoM oflee KOIMYECTBO ABHAKEHUA CHCTEMBI C-IHC-
7I0M a B cuCTeMe KOODAMHAT, OTHOCHTEIHEHO KOTOPOM IEHTP THKECTH CHCTEMEI
JIEKTPOH + JBIPKA HeIOABMKeH, FaMHJIbTOHHAaH uMeer gopmy [8]:

H=H,+ Hy+ V() + H; + —(Ehbaba p - (6)
= H, 1 (r) + Hi + 537 S 2a.
3necn
-2 .
B _ ta: Vo= 2.
He = 2[‘ = 2[1, A—: 5 Hf = E hwa—l:ak 5 V(r) = et H
k
m,—>—> n,—>—> —>—> my—>—>
Hi =X A {ase'5t k" — 0 et kT } = EA—»{a-»e_imﬁ"" — a> et Tk}
ST V% k , S5%% k
[ k

Hocnenmmm wnenom B rammnsronmane (6) mpeneGperaem, HOCKOJIbKY B Jajb-
Heiimem GyfieM IpeAmoaraTh CyMeCTBOBAHME TONLKO TAKMX ¢oHOHOB, y KO-
TOPHX k ~ 0. VMenno ¢ Takmmu oHOHAMH Meny dIEKTPOHOM RGO JEHPKOMK
BO3HHKaeT MaKcHMasbHOE B3amMoyieiicTsre. [Ipm 9TOM yCJIOBEE HAID FaMUIBTO-
Huan Gyger GopManbHO TOMAECTBEHHEN ¢ raMmIsToRMaHOM [1] B pabore (6).
Pamunpronman (6) (B panbHeiimem Oynmem Bcerpma moppasyMesars nog (6) Berpa-
#enne (6) Ges mociepiHero uiena) BHpakaeT ABMKeHHE SIEKTPOHA B 0JIe ABIP-
KA. Biuanue (BHKeHAS NHPKH 3aIATAHO B TOM, YTO BMECTO MACCHI 5JIeKTPOHA
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BEICTYTIa€T. B HeM NpUBeJleHHasa Macca y. Hak slIeKTpoH, Tak M ABIpPKa B3auMo-
JIeCTBYIOT € ONTHYECKUMH KOJIe0aHMAMM PEIIeTKH, YTO BBIPaskeHo uienoM H;.
B pesynnraTe sT0r0 B3aMMOMEHCTBHA HEPEilyT BIEKTPOH M ABIPKA B TOJIAPO-
HOBOe cocTOAHMe. 'aMMTIbTOHMAH, BHIPAsKAWINHIT OTHOCHTENLHOE JIBHIKEHHe
9THX JIBYX NONAPOHOB, Oyaer umers gopmy:

—
Pz g2
Hp=_——— 7
1 1 1 .
npudeM — = — — — , Tjie mi — dddexTuBHAA Macca OTPUIATENHLHOTO T10JIA-
M mi1  Mmg
poHa M m3 — 3PPeKTHBHAA Macca IOJOKHTEIBHOTO TOIAPOHA. DTO Tpej-

CTaBjieHMe TOATBEPAMM TeM, YTO TaMWJILTOHMAH HANICl CHCTEMBI IIpejcTaBUM
B (opme

~

H = Hp + Hy + H;, (8)

o

rie Hp npepcrasieno seipaskennem (7), Hy coorBerctByer cBoGOmHoMy dono-
HOBOMY moii0 m H; mpefcrasiser B3anMoJeiicTBHEe IOJAPOHOB ¢ (OHOHOBBIM
10J1eM. JTOTO TOCTUTHEM CJAeAyIoleil yHuTapuoit Tpancdopmaumeii (M. nanp.
[61:
= %
= exp [—iS/k] P exp [¢S/h]

—_—
= exp [—iS/h] R exp [iS/h] (9)

ax = exp [—i8/h] oy exp [iS/h]

~:¢~3¢

FamunpTOHMaN B HOBEIX KOOpAMHaTax Oyjer umers Gopmy
H = exp [—iS/h] A exp [iS/h] =
— exp [—iS/h] [4e + Ay + A + V(B)] exp [iS/h] =
= Ao+ Ap + V(R) — ifh[S, Ao + A7 + A; — (10)

— o5 8, 18,4 + A7) — S 18, 4] — S8, V(RY + ...

rpe A — raMwibTOHHAH, KOTOPHIT moJy4nM, eciu B (6) Haummem BMecTO
> >
CTAPHIX TePEeMEeHHBIX HOBHIE P,R,a-’: u 10106H0e 3HaueHne nuMeioT Ag,As, ;.

IToxa meonmpenenennsiit onepatop S BeGepeM Tak, 4ToOH

—5 8,40+ 40+ A = 0,. ()
Torpa supamenne (10) npuobperer gopmy
H =4+ A+ VR) — 5 (8,40 — 4 [8, VR + ... (12)
VYpasuennio (11) ynosnersopsier oneparop

]
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A

+
s T A—>m—>

k| ho _m 2m1 o k _2m1

+

A—> mi , A—>a—)

; k —i—=k.R E R k &k
-{—zkE . . h2k2a—>e M 4+ e'a1 -~ _*_ﬁi: _I_;+h2k2 (13)

o +m my 2m

HommyTaTopst B (12) npm aT0oM ciIefyome

. -
— 37 18,4l = —ophoo — -

E Sl W 1
7% 2m, wh® = oy (14)
1 e2C — o hw 1 e2C —azhw 0.
et 1 —exp I 20 +~2~_—17 1 — exp T 0 + O(PY);
2 R 2 R
Ce? |/2m ko ) __ Ce? V2mzhw
“Z%he h o " %e h e

Rommyrarop —i/k [S, V(R)] onpemenmm pasnoskenmeM S 10 CTeHeHAM

=
Pn OpraHnvYuUMCs 4YjleHaMHi, B KOTOPBIX IIOKa3aTelIb P me IIpeBpIIaCT €JUHUAIY

s
ITpn srom 3amenum oneparop P Bripaskennem — A V.
Tar monyunm:

A
. yh2 — my> >,
—’l;/k [S, V( )] - _:'T 2(—’;&2]‘:2216 : gra’d V(_-R){d.—l:eijuk'R_l_.
hw )

e A5 my
Fe M oc—>}—|—m2 —*h—ﬁlﬂ)zk gradV(R){a—»e PUAREE

(16)

Jlna ciyuas smagarensuux R, 1. e. upn
1 eC 1 eC )
B> s et 227 apo 1n

TIONyYnM i1 TaMHAJIbTOHMaHa ciaenyloliee BbhipajKeHue
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! e? +
= —ohew — ahe + 4% R + = hwa—k>oc7‘> —

: A
ih? > MER L TR
_m_lz T b grad V(B) (ape itk R o GiE Ryt (1)
% (kw +2m1)

) A ;
1h? o IR n
+%22———;W k. grad V(R) {a—e i3 k-RB Lo iMIc.ROC*_;:}
* (hw + 2m2)
rue

2 1 =
(LTS U6 T R WY U W A

* ., Ld y
M1 mg myi my; m 6 Mg My 6

Ynenst — ohw, — axhw TPENCTABIAIOT B FaMUIBTOHHAHE ATHBHYIO IIOCTO-
AHHYIO M NPH BHYUCIEHAM BEPOATHOCTH Nepexofa MOJAPOHA M3 ¢BOoBGOMHOTO
COCTOAHMA B CBA3aHHOE He urpaior pond. Ynen -

P2 e?

IpeficTaBsAeT ONepaTop BHEPIHH OTPUIATEIHHOr0 MOJISAPOHA B IOJe TOJI0MKH-
TeIPHOTO NOJIAPOHA, NPHYeM BIMAHME [BHKOHHs IOJOKHTEIHHOTO TOJIAPOHA
YUTEHO B TOM, 4TO BMeCTO 3QPeKTHBHOH MaCCH OTPHIIATEIHHOTO NOJIAPOHA BHI-
CTyIaeT B HeM NpuBeleHHasa Macca u*. Ymen

~

+
Hy =_2)kwoc—k>oc—k> (21)
k

COOTBeTCTBYeT cBOGOIHOMY (JOHOHOBOMY TIOJTIO ¥ HAKOHEI]

79 A-—) s 5 ——> —>—>
H = — :nilz ﬁﬁ k . grad V(R){m—k»ei%k'R + e_i%k'Rai;c»}+ (22)
- |ho + —
[ ( 2m1) ‘
in? 4y - Ly SNy %
+— ——y Ic.gradV(R){a—’:e Mt etm” “—k’}
k

2mq

-

- mpepcTaBiisier B3auMofieicTBHe 060MX MONAPOHOB C OHOHOBHEIM TOJIEM.

Cirywait qBuKeHMS 57IEKTPOHA B IOJIe HEMONBUKHOTO KyJIOHOBCKOTO IEHTPR
NOJIyYuM NoJsIaras m, = m, my = oo. Torga

pz e? 1 1 1
H _———— ; — = — —— 2
P=om* eR’m* m (1 6) .
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, zh2 A—k> — —_ —>—> 4
B ) aeeety k.grad V(R) {asetk-R 4 etk -Ro }, (24)

h2k2\ 2
T (’"" + m)
YTO TOKIECTBEHHO ¢ BhIpaskeHuamu (2, 3) u (2, 4) B pabore M. Tpindas.

ConextTp sumepruit sxcumrona B Cu0

Ecan npuMem B pacueT B3amMOJeHCTBHE dJIEKTPOHA M [IBIPKH, KOTOPHE CO-
BMECTHO 00pa3yIoT 9KCUTOH, ¢ KoleOaHUAMHE PelIeTKH, TOTAa 3Ta CUCTeMa HMeeT
COTJIaCHO MpeJBIAYLeMYy CIefyIOUnil TaMAJIbTOHHAH :

R €2 1 e2C |/ 2m k> )]

1 e2C [ |/ 2mehew
———=11—exp| —+—2—R]}|.
YR P 3
Cornacuo mabmopgenuam ['pocca u 3axapuens,[9], KoTopsie HccaeNOBATIM II0-
BeJleHre JINHAA B CHEKTpe HOI‘J'IOH.[EHHHI C?l20 COOTBQTCTByIOIIIHX 9KCHATOHOM
B MaruuTHOM II0JI€, BRITE€KaeT, 4TO 3(bq)eKTﬂBHaﬂ Macca 3JIEKTpOHa BeChbMa 6”“31(8.

sppexTnBHON Macce Appku. Torpga B cayuae Cu,0 MokeM TraMmIIbLTOHHAH,
BEIpQ)KAIOMMA BHyTPeHHEee COCTOSIHNEe BKCUTOHA HAUmMcaTh B opme:

h? e? -
He.t:‘—%d—;ﬁ[r‘i'?e_ﬂ 1, ' (26)
THe
y—=e0 & f= Mg%‘—h‘i’ @)

IIpn 6onpmux 3navennax R, (SR >> 1), noTeHnualbHasA S9HePTHA B3aEMONEHCT-
BHS 3JIEKTPOHA M AKPKH KYJIOHOBCKOI'O TUIIA & CIeJ0BATeNIbHO, CIEKTD 3HEepPran
BOROPOROMOMOOHEIA. ITO BHAYMT, YTO [JIA JOCTATOYHO 0OIBMUX 7 HOTyIaeM

p*el -
262R2n2
Ecin 3HAYeHHUA 3HEPIruM COOTBETCTBYIOLIME dKCHTOHOBBIM COCTOAHHAM, CUYH-

TaeM OT {Ha 30HBI IPOBOJAMMOCTH, TOT/Ia, coraacHo onntaM I'pocca B Cu,0 xopo-
mo ynosaersopdaer gopmyna (npu T — 1,3 -K)

0,0879
———a—g
n

By = (28)

B, = y, o (29)
A n > 5.
CpasamBas Brpaxenns (28) u (29) momyunm, ans ¢ = 9,
w* = 0,52m,

OTKyJa m; = m, = 1,04 me.
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Jlna MeHbIIHX 3HAYEHHH 7 ¢ yOHIBAIOIUM 7 BO3PACTAIOT OTKJIOHEHAA OT BHI-
pasxenusa (29) u 6omee Toro, 6suM 06Hapy;KeHH fanbHeiimue nuHnn. Kax Tons-
e2 .
KO BO3BMEM B Pacter WIeH — — y exp (—pBR) upnpgeM K TydymeMmy coriacoBa-
€
HMIO C BKCIIEPUMEHTOM.

Ecan npenebperars B3anmopeiicTBHeM 3JIEKTPOHA U JRIPKA ¢ KoreDaHHAME
pemeTKH, To coraacHo MoTTy il MOTeHNMAAbHON 9HEPTUH JJIeKTPOHA B TOJIe
ARPKH TOJb3yeMCs BhIPaKeHneM

VoB) = — & (30)
. 0T T g R
H O 3Hepl‘mrl IlOJIy‘laeM
R
Bn = — 5, i3 (31)

C rakoil gopmysnoii cpaBHMBAI cBOM pe3yibTaThl M I'pocc, u TaK OLpeenI
sdPeKTHBHYI0 Maccy sKcuToHa. JPPeKTHBHAA Macca BKCHTOHA TAKHM 0Opa3om
2
onpefielleHHAsA ABIAETCA B (%) pa3 MeHbINEH HEKeJINM HaMH OIpefielleHHas
adexTnBHAA Macca sKcuToHA. VI B TOM ke camoM oTHOmeEHHH OyAyT MeHb-
muMe ¥ 3QPeKTHBHEIe MAcCH 37eKTpoHa ¥ AeIpKu. CorylacHO HAIDHM BBEIYHC-
nennaM BeipaskeHne (30) mpescraBisger NpeelbHBIN CIydail TOTEHIMATBHOR
BHePruH, BHCTynaloueil B Berpakennu (26) misa SR - 0 u He ropuTcs gi1s1 60715-
mux 3HaveHnit n. IToaromy sddekTnBHYIO Maccy SKCHTOHA, COIJIAaCHO aBTODY,
HY;KHO OIIefelnTh cpaBHeHHWeM coorTHomeHuit (28) u (29) a me (31) m (29).
Ecnu npuMem, nmomo6ro I'poccy, ansa cpenuero 3uavenus 3¢QeKTUBHOR MaCCH
ABIPKHE My == M MONYy4nM m, = 1,08m, B To Bpema Kak ['pocc momyumsa 3ua-
geHne m, = 0,4m,. OgHaKO MarHATHEE OCOOEHHOCTH SKCHTOHA TPebyIOT ycio-
BHE M, == M, OTKY/A VI 3HAYMTENBHBIX 7 JIyddmie oTBedaer BeIpa;keHue (28)

gyem (31).
Horennmnanenyio sueprauio B (26)

V(R) = — S5 (14 peR) (32)

MOjKeM HallucaTb B JopMme

. e?

V(R) = — 7R’ (33)
i (¢)

P €

1+ yexp (—fR)’

BuauM, 9T0 eg_,q = &} ER—» = €.. CIIEIOBATENBHO ¢ HENPEPHBHO H3MEHsETCs
OT BHAYEHHHA &y [0 &. [|1a onpelelieHHA XapaKTePHCTHIECKOTO 3HAYEHHA dHEp-
run 6au10 681 HY)HO pemuts ypasrenne Illpenuurepa

(34)

430



2 :
[ — 'L*A 4 V(R)] ¥ — B, (35)
1

rae V(R) nano coornorennem (33). Tak kak ¢ynkuus & upencrasiager coboi
MEJIVIEHHO M3MEeHAIONIyIocs QyHKnuio R, [onycTnM, 9T0 A KasKIOT0 CTAIMO-
HapHOTO COCTOSIHMSA ee MOKHO 3aMEeHHTH OllpefieJieHHOll 3 heKTHBHO [NaTeKT-
PUYECKOH TOCTOAHHOR oy COOTBETCTBYIOUIME BOMHOBHE (YHKIMN yAOBIETBO-
pAIOT TOT'Ja yPaBHEHHIO

[ h? €2
—5 54— —— | ¥Yum = E, 7, 36

2/4* £nefR nlm n L nim, ( )
YTO ABJAETCHA yPABHEHUEM JIBVUKEHASA YaCTUIHL B KYJIOHOBCKOM TIOJIe, pemeHnsd
KOTOPOTO M3BECTHEI. 3Hadvenne >PQexTHBHON AMIIEKTPHYECKOH IOCTOAHHOI,
COOTBETCTBYIOLUEH CTAaMOHAPHOMY COCTOAHMIO ¢ TJIABHBIM KBAHTOBEIM YHCJIOM
n, OUPeNie/lnM TaK, YTo0bl cpe/fHee 3HAUYCHIE YHEPTHH PACCMATPHBAEMO CHCTe-
Mbl, TaMMIIBTOHHAH KOTOPOHl JaH BeIpakenmeM (26), B cccTOSHMH Y, n-1,m
paBHAIOCH OBl 3HaYeHnio By. IT0 BHIPa3UTCA yCA0BHEM

o e To h? A e? —3R ) d
E'n = _%=I n;n—],m(“m B S—R(l +y€ ) Tn’n_l’m T

3nech

Enefn*h?

an =
u*e?

(37)

Tak monyunm
€

—2n
1y (1 +%6)

Jlna kouerant B BRIpamenun (38) BospMem CJIely IIINe 3HaYeHNSA, SKCIePAMEH -
TaJIbHO Hal/IeHHbIe DAa3HBIMU aBTOPAMH

gy = 6,25; e=09; ho = 4,8 . 1014 erg.

Enef =

(38)

Besmuaunst m u p* Gpuin Berancientt Reme. V3 9THX BeMUMH BHITEKAIOT clle-
2

h
Ayiomme 3HaYeHUA 1A y, f, #__*ez H

2
y = 0,44; B = 9,07.108 cm—l;’u—’:‘e—2 = 10-8%cm.

Honcrasnaa o Benunnm B BeIpaskeHme (38) momyynm:
&1 = 1,2; € of = 8,6; £30r = 8,9; e%r = 9.

3HAYeHHA BHEPIMH BHIYMCIEHHHIE COTIACHO aMnupuieckoit gopmyite (29) u sna-
"ICHIA BRYUCIIEHUBIE COrTIACHO BBIPAKEHMIO

u*et

E, = — 26%,0n2h2

(*)
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M HAKOHeNl 3HAYeHNA BHEPrAM TNONydYeHHEe SKCIEPUMEHTANBNO, TPHBEJEHE
B Tabanme 1.

—En(eV) | —En(eV) | —Ey(eV)
" (29) (*) aKcIep.
1t 0,0879 0,1376 0,1387
2 0,0219 0,0240 0,0242
3 0,0097 0,0100 0,0108
4 0,0055 0,0055 0,0062
5. 0,0035 0,0035 0,0038
6 0,0024 0,0024 0,0025
7 0,0018 0,0018 0,0018

Al

Io gopmyne (29) nna cocrosmmsa n = 1 monyuaem E, = 0,0879 ¢V uro
BHAYATENLHO OTIANYAETCA OT BEJIMIMHEL NIOJTyYeHHOH dKcIepuMenTaibHo. ['poce
9TO OTKJIOHeHHe O0TLACHAET TeM, YTO PajiMyCc JKCHTOHA B COCTOSHHE ¢ n — 1
y##e HaCTOIBKO MaJI, YTO KPHCTAILL HeJIb3sl PACCMATPHBATH KaK CPey ¢ Ommpe-
HelIeHHOM [U3JIeKTPAYECKOM MOCTOAHHON. VI3 HamMX BHIYHCIICHMIT OJHAKO
BHJIHO, 4TO €CJIM IPHMEM B Pacyer B3aMMOJIeliCTBIE dJIeKTPOHA | ABIPKH C OIITH-
9eCKAMH KOJIe0aHMAMH DemeTHd, TaK UPHAEM K pe3yibTaTy, XOPOMO COrJa-
cywumeMyca M [JIA 9HEPIHH OCHOBHOTO COCTOAHHMA SKcuToHA. Ilpm sToM Ha
OIlpe/iesieHne XapaKTePHCTHIECKUX 3HAYeHH dHepruu B ypaBHeHHH (35) MEI
TN0JIL30BANIACH CTeNUATbHEIM 00pa3omM BEHOpPaHHHM HNPHOIMKEHHeM. JTO TIpH-
Onusxenne ofHAaKO QE3MIECKH 0GOCHOBAHO @ ero IPHMeHeHHe ONPaBIbIBACTCH
corjacueM IOJydeHHBIX Pe3yIbTaTOB C OLMEITOM.

EooexTuBnOe cevenme Nusa peKOMOUHAN MY DIeKTPOHA I AHPKH

Ynen H' B ramunpronmane (18) Gynmem paccmatpmpath Kak BO3MYIIeHne,
IO/l BIAAHAEM KOTOPOTO MOKeT HacTaTh HEePexOf M3 COCTOAHMS

s 0
Vo B)| ...k, ...) (36)
HeBO3MymeHHOﬁ CHACTEMEI B COCTOﬁHHe
Z,(R) | O A (37)
HEeBO3MYIIEHHOH cuctemsl. IIpu aTom Y’E(E) €CTh pelIeHNeM ypaBHeHHusA

E il ] Wi(R) = E-¥(R 38

ous ok TKEB) = Ex¥o(R) (38)
i —>

OTBedaiomee CIIOMHOMY cHeKTpy u Wyu(R) ecTh pemenmeM TOro ke ypaBHeHHSA

COOTBeTCTBYIOIee sHeprum K, m3 AuCKpeTHOro cmexrtpa. Umcio nl;‘» oho3Ha-

¥
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-
YyaeT KOJIMNYECTBO (pOHOHOB C BOJTHOBBEIM BE€KTODPOM k. CJIBJIOBaTeJIBHO BCTpeya-
eMCA C IIepexOoACM eJIEKTPOHA M3 CBO6OJlHOl"O COCTOAHUA B CBA3AHHOE, conpo-

—
BOK/laeMoe aMHucCHeH OTHOTO OHOHA ¢ BOJIHOBEIM BEKTOpPOM k.
BeposaTE02TE, YTO 3a efUHHALY BpeMeHH TOJIAPOH NepeidieT N3 COCTOAHMA IPE_

B cocrosinme ¥, (M TeM BOBHHKHET DKCHTOH C KBAHTOBBHIM UHCJIOM 1), TPHYEM

-
BRIleNIfieTCA (OHOH ¢ dHeprmeil hw B TellecHbli yroa df, B Hanpasienuu k,
BEIPABUTCSA

27 ’ 2 1
’w—k> s, = 3 |H Kn|? e o(Ek) on: (39)

riie o(Eg) — motHOCTH cOCTOAHMIT cBOGOAHOrO TONAPOHA ¢ sneprueit Kg. [lna
snemeHTa MaTpuOsl Hx, MOKeM HalnCcaTh:

r h? e3V2:lzth ]/n?,—i— 1 j. ;E ( '_m2—> —)) -
Hlsn——%l 8]/7 PR\ 2 Yn i3 exp —l-ﬁkR TEdR—*-
2m,

L B2 el2mhaC  ng 41
My &l/V h2k?

k. R > 2 =
)2 J.!Pn s O (zﬂlk . R) Y’E dR (40)

[Tpm aTOM ROMIKEH YNOBIETBOPATHCA 3aKOH COXpaHeHnud dHepruu
Ex = ho(1 — 4)

E
rae A =|h—”|. Ilna mocratouno Gonpmmx n, 4 <l U B Takux clIy4asax
W

COrJIacHO aHAJNOTHYBEIM pacderam Toifozasa [10] MoeM BMecTO TOYHOTO
PeMeHnsa ypaBHeHUA (28) ANA CIVIONHOTO CHEKTpPa B3ATH IVIOCKYI0 BOJHY.
CirepoBaTenbHo, eciim OrpaHMYMMCA OCTATOYHO GOMBIEMI 7 H R, Tak MoKeM
3a gyHKROHUIO Y’E B3ATh

—> 1 — > h2 K2
= KR _——
Pg(R) = et ® Hrp= 5 (42)

a uA pucKperHoro S — cocToAHMA Bo3bmeM [11]:

ran (@) o reen ()

'

rne
2R eh?

= ) 0T w2t
na, u*e

0
B nmurerpanax, sakmovaommxca B BHpaXKeHHH (40) samenmM wuieHH

€xp (— z%) %.Ru exp (i % %. ﬁ) efuHuNed. IT0 mpuOIMKeHHe onpas-
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AaHO, TNOCKOJNbKY HaWmCUWiIbHelimee B3aWMMOJEHCTBHE NOJAPOHOB BO3HHKAET
¢ gomonamu ¢ k~ O m B pesynsrare unena exp —(R/na,) B Qynrmmm ¥,
A7 3HAYEHMA MHTErDAJIOB CyIlecTBeHHA 06/1acTh MaJIBIX 3HAYeHuiT R (HeMHOTO
GonmpImuX YeM nay).

Haa k ~ 0 MosxeM HanmmcaTh

H'gp = — (_l__i) h*eaVWVW{(i)a 1 }% (_2_>n—l.

my  my) gV (hw)? VE na,) (2n)! na,
R —l; . YZ —>—> '
. J‘Rﬂ—l € e L pE elK.RqdR, (44)

. —>
BBseniem nmosApnEe KOOPAMHATH ¢ MOMAPHOI OCHIO B HATIPABICHAMN BekTOpa K.

or e ]
OGosnaumm yrom mesxny Bextopom ku K, 9,. Ock x BBIOepeM TaK, YTOOE BEKTOPH
-> —

k, K nexann B miockoctn x . Torja HHTerpas B BHIpasKeHnn (44) nerxo BerumC-
JIUM W TOTydYnM

n! (nag)n=2

2a,2K? + 11"

Rn-te— o —— e dR ="

I;) ﬁ iE.E
R ‘
j nay kRs _K2 (45)

47 cos &, i
2 s__ 4 5

151 (8KP — =5 (n — 3) (n — 4) (na,K)® +

6

1

Hopcranoskoit BMecto o(Eg) npmobperer Bripaskenue (39) dopmy

_ p*KV
Wt = s

CymMMapHyI0 BePOATHOCTh BO3HMKHOBEHHS SKCHTOHA B COCTOSHUUM 7 OTHO-
(OHOHOBOH peKOMOMHAIMEIT HIIeKTPOHA M ABIPKH TONYYMM NOJCTABIAA B BbI-
paxenue (36) BMecro H'g, COOTBETCTBYIOIIEE 3HAYEHNAE T OPOHHTETPUPYEM IIO

+ o (n— 3) (1 — 4) (1 — 5) (n — 6) (nagK)" — }

|H' kal® d o (4n)

BCEM HanpaBneHnﬂMz Tax nomyuum
8n (1 1)2 et 1(1 1) 22y In !
W=—p*|l———) — — [ —— A
1 4 my  Mma] (hw) aged \ey &/ (2n)!n(n%a2K?)?
. hK(ng 4 1)
[nPa,2K? 4 1]2n—2

{2 ok — 20— 3) (1 — 8) (nak)s +

2
+7£!(n—3)(n—4)(n—5)(n—6)(moK)7-—...} - (47)

IpderTuBHOE Cevenue pexomGuranmm 06Go3HaAYMM o,

Sl AP (L__l_)z_e.“__ 1 (_L_l)
a7 etk my  my) (hw)®aye2\ey ¢/ )
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221y 19 (770 + 1)
" (2n)In(na K)t " [n2a 2K? + 1]2n—2°

A2 ok — 2 n = 3) (0 — 4) (nagkr® +

3!
6 2
—I—7—l(n — 3)(n — 4) (n — 5)(n — 6) (nayK)? — } 5
Coornomenns (47) i (48) OblIn BHBE/IEHE! IPH AOMYIEHAAX :
ki~ 0; R>L, N s (45)
’ "K' Shoa,”
(Bropoe u3 aTHX YCJIOBHI BRITeKaeT U3 Beipaskenus (17) u Tpetbe n3 TpeGoBanmsa
| Zin|
ho
M3 3axona coxpaHeHUs SHEPTHM BBEITEKAET:
n2a2K? = % — 1. (50)

ITpuBenem umciIoBBe 3HAYEHUs, BEITEKaomye U3 cooTHomenni (47) m (48)
B ciydae Cu,0. 3navenns sHeprun K, A CBABAHHOIO COCTOAHMSA BO3LMEM
M3 CHEKTPOCKONMYECKHX BeJIMYMH onpefeleHHux ['poccom [1] mia skemroit

1 1
cepuu SKCHTOHA npu Temueparype 4,2°K. J[ns (— — — ) Bo3bMeM 3HaueHme
my Mo
10=2m; 11 a5 OCTANBHEIX KOHCTAHT BO3LMEM T€ e CAMBIC 3HAYECHHS , KAK B IIpe-
Abirymem. Muoskurens (n, 4 1) ipu nuskux remueparypax (k7 < ho | mputim-
3UTeILHO paBeH euHuIe. Pe3ysibTaTsl NpUBeIeHB! B Cley0mIel Tabauie.

n --E(EV) An n2a2K? o [cm?] wV sec
|

2 0,0242 0,81 " 0,23 2,4.10-17 | 14.10-10 |
3 0,0108 0,36 1,77 3,7.10-18 | 39 10-11

4 0,0062 0,21 3,76 3,5.10-20 | 42 . 10-13

5 0,0038 0,13 6,7 5,5.10-2¢ | 7.0.10-17

6 0,0025 0,08 11,5 2,3.10-2¢ | 32, 10-17
7 0,0018 0,06 15,6 2,1.10-28 | 2,9, 10-20

Kax Buguo n3 raGuunsl, spdextnBHOe cedenme Tem Gonbme, gem Oiamxe
4 ¥ enuHuIe, T. €. YeM MeHbIIe 3HEPTHSA CBOBOTHOTO 3JIEKTPOHA OTHOCHTEIHHO
neipkn. U B ToM ciyvae, ecsim GRuTo GBI 3KeTaTeNILHO A COCTOSHMH ¢ MAJIBIM 7
BRIYACIATE ¢ Oollee TOYHEIME BOJTHOBEIME )y HKIIMAMM, HOJIaTaeM, 9T0 [AJIf OMeH-
K paccmMaTpuBaeMoro addexra Hame HPuGimKeHne JOCTATOYHO M OAHOPOHO-
HoOBast HeM3Jyvaomas PeKOMOMHALNA HIEKTPOHA M LIPKM HECOMHEHHO MTpaeT
POJIB MO MeHbIIEH Mepe mJIA 9KCUTOHOB B COCTOAHAAX n = 2 U n = 3,
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3aKIw9YeHnne

OnuodoroHoBasA Hem3nyyalomas PeKOMONHANMA HIEKTPOHA U IBIPKH MOJKET
ATPaTh Baj)KHYI0 PONb 0co0EHHO B HEYCTOWYMBEIX COCTOSHHAX KpHUCTama,
BO3HUKAIOIMX HalpEMep NpPH ero o6iryuenny, riaasHbeiM 00pasoM B KpmeTasiax
¢ 60mIbImoil AMBNIEKTPAYECKOI IOCTOAHHOM M IPK HUBKKUX Temneparypax. IToma-
raeM, 4TO HeM3Jydaliolleil peKoMOMHaIMell BIIEKTPOHA W JABIPKH MOKHO 00BsaC-
HHTb He TOJIbKO OJJHO M3 BO3MOKHEIX BO3HHKHOBEHMH SKCHTOHOB, HO U JIIOMH-
HACHEHIHI0 HeKOTOPHX KPMCTAJIJIOB (HalpuMep, TalonioB cepebpa) upm Hus-
knx Temneparypax. IIpm obmydennmn kpucramna ¢goroHamn ¢ sHeprumeil Hezua-
4nTeNIBHO 0B Imel YeM MuPUHA 3aIPeIeHHOM 30H5, BOSHNKHYBIIAA Tapa dileK-
TPOH — JBIPKA B pe3yJjbTaTe B3aMMOJeHCTBHA ¢ pemeTKOH INepeiifer cHavamna
10 BO30YIKIEHHOTO PKCHTOHOBOTO COCTOSHMA A 3aTeM HACTAHET M3Jydaiolas
pexombunanna. Ilo cymecTBy mmeem jel0 ¢ ABYXCTeIeHHBIM Tipolleccom, 06-
paTHEIM TOMY, KOTOpeIM Motr u I'eprnm [12] 06bacuanT ocBOGOMIEeHNe 2MIeK-
TPOHOB M3 F — -IeHTPOB.
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Vznik exciténu neiiaﬁvou rekombinéciou elektrénu a diery

L. HRIVNAK

Sthrn

Je vySetrovany mechanizmus vzniku vzbudeného exciténu v iénovom krystéli jedno-
fonénovou nefiarivou rekombinédciou elektrénu a diery. St néjdené vyrazy pre pravde-
podobnost za jednotku éasu a uéinny prierez tohto procesu. V préci je tiez ukdzané, e
ak pouZijeme pre excitén model Motta a vezmeme do tivahy interakeiu elektrénu a diery
8 :émick}’rmi kmitmi mrieZky, mé¥eme vypoéitat hladiny energie exciténu, ktoré, v pri-
pade Cu,0, st v dobrom sihlase s experimentélnymi hodnotami.
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Creation of an exciton by radiationless recombination of an electron and a hole
L. HRIVNAK

Summary

The mechanism of one-phonon radiationless recombination of an electron and a hole
in ionic crystals which leads to the creation of an exciton in excited state is investigated.
The expressions are found for the probability per unit time and effective cross section
of this progess. It is also shown that if we use for exciton the model of Mott and take
into account the interaction of electron and hole with optical vibration of lattice, we
can compute the energy levels of the exciton which, in the case of Cu,0, are in good
agreement with experimental values.
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Electron Resonanece in The Gaseous Discharge Plasma

J. DURCEK

Electron resonance was observed in the gaseous discharge plasma in the
3 cm wave band. The elementar theory of this phenomenon which is in quali-
tative accordance with experimental results, is given. Possibilities for the
utilization of the electron resonance in the field of examination of the plasma
are studied.

Ihtroduction

Goldstein and others [1], [2] observed a strong resonance for micro-
waves passing through a gaseous discharge plasma under the influence of
a strong magnetic field, for frequencies equal to the gyrofrequencies of free
electrons. In 1955, Ingram and Tapley reported about the electron
resonance observed in discharge [3]. A technique generally applied for para-
magnetic resonance was used by Ingram, and the discharge took place in
the region of maximum microwave magnetic field strengths. Based on the
extremely strong absorption intensities experienced, he concluded that the
major part of the absorption was due not to the spin, but to the cyclotron
resonances of free electrons. Our observations confirm the correctness of the
hypothesis mentioned, and are, moreover, in good accordance with theory.

I. Macroscopic theory of the electron resonance
phenomenon

The macroscopic behaviour of the plasma in the presence of both a variable
electrical and a constant magnetic fields has been studied in [4], [5], [6] and
[7]. In [6], it was shown by the authors that the conductivity of the plasma
in the presence of a magnetic field, applied in the direction of the Z axis, and
for an arbitrary orientation of the electric field, has tensor characteristics and
may be written in the form

c,030
llo]] = [—02010} (1)
0 o;
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The diagonal components of the tensor ||o|| represent the equation for con-
ductivity along three co-ordinate axes, o; being the conductivity in the
direction of the magnetic field. The non-diagonal members correspond to
Hall’s phenomenon.

Provided that the so-called first-order relaxation frequency occurring in
the development of the velocity distribution function is independent on
velocity, the following equations were derived for the individual conductivity

matrix elements: /
O S Ty )
o )
oy = NTS: . 41_ - (20)

where N is the concentration of electrons, e the charge, m the mass of the
electron, Q2 = e;n_I_Ié is the cyclotron frequency of electrons in a magnetic field

with the strengths H; », is the first-order relaxation frequency which, for the
case of impenetrable molecules, not acting to a distance, is equal to their
collision frequency. '

A section of the discharge column placed in a cavity resonator acts as
a shunting admittance. When suitable experimental conditions are chosen,
just the component o, is going to act. The real part is responsible for the
absorption, whereas the imaginary part, on the other hand, is responsible
for the frequency shift. The real part of equation (2a) has the form

_Ne? nn?— (@2 — 09 + 207)

R="m [712 — (02 — 22)]2 4 4% (3)
If we introduce :
Ne? 1 )
T TR T @
we get )
' OR 14 a4 o’ (5)

o'_o=(1—{—ot:f——ot.z)*’-{—401.2 §

This function was discussed in paper [8]. The experimental treatment is
usually such that the magnetic field is changed, that is o, is the variable
quantity. For the resonance value o s, We get from equation (5)

deres = — (1 + a?) + 2a)/1 + o3 (6)

For the case a > 1, that is w > »,, we get o es = a, that is Q,es = w. For
small values of «, the resonance occurs at lower values. For example, for
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a = 1, the shift is about 10! of the total value, while, for « = 3, it is less
than 7. 10-3, amounting to about 21 @ for a field strength of 3000 G.
When « >> 1, the ones in equation (5) may be neglected, and, using og res =
= a, we get, for the resonance value og(es)
OR(ros) 1

= =g (7)

For the resonance, the real part of the conductivity amounts t6 half the
value as compared to the direct current conductivity.

The ratio of the radiofrequency conductivity for resonance to the radio-
frequency conductivity for zero magnetic field, if o, >> 1, is

2
OR(res) ®e
~ % . 8)

2
OR|H=0|

The line width is determined by the values of «., for which the function
or(x;) has a half maximum value. These values are

o, = V—3cx2 — 14 4ocVoc2 + 1k 2av4a2 + 3 — 4:11/0(2 +1 (9a)

=V 8211+ dof/a? + 1 — 2f/da® + 3 —daffa® +1  (9b)
Thus, the line width will be

dog=Vo{—1 = 802 + VT F o® (42— V1 1 922 8T+ «?)} (10)
For « > 1, the approximate equation
Ao = 2 (11)

may be used. The error due to the use of this equation is, for « = 2, less
than 10 percent, and, for « = 10, less than 1 per cent.
For examining the absorption quantity, it is appropriate to investigate the
quality size @ of the absorption line. If only the action of the electric field
2

eBaver

is considered, the energy density is » Where Eaye; is the average field value

for the volume of the specimen. Losses of energy occurring during time —Z

2
for resonance are aREaTm' . Thus, for Q, it holds that

Ew mew
Q

T i A e 12
8nor 4nNe2r (12)

The quantity é is a measure of the actual absorption.

The validity of all relations shown is determined by the validity of the
Plasma theory for the experimental conditions given. An examination of
}lp-[to-da.te theories and the determination of their validity has been performed
in [7].
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II. Quantum theory of the cyclotron resonance
for electrons

The theory of cyclotron-resonance absorption for a free particle has been
developed by Lorentz. The phenomenon- of cyclotron resonance in solids was
predicted by Dorfman [9] and Dingle [10]. It was shown by Dingle
that the occurrence of resonance absorption of the electromagnetic radiation
incident upon a free electron system in a magnetic field may be expected.
The maximum absorption occurs, when the freqency of incident radiation
is equal to the circular frequency in the magnetic field. The states which may
occur, are determined by the two quantum numbers n, I. Further, it was
shown by Dingle that the characteristic energy values are given by the relation

ehH 1

and, thus, that for the absorption, only transitions involving a change of »
are of importance. From the dipole moments corresponding to transitions
between the states (n, I) and (n’, I’) there are only two other than zero, namely

D, m4+1,1—1) = {%ﬂ)}? (14a)
| f .
D, l; n, 1 — 1) = {‘M:HLZ)}z (14b)

From these, only the moment (14a) leads to a transition with an energetical
change state contributing to absorption.

The theory is valid only for a sufficiently large system. For the examination
of the magnitude of a system, the maximum electron orbit radius Tmax 1S the
main factor. If the radius of the system R >> rn.x, all electrons can finish
their ways without coming to the surface.of the system. 7. may be deter-
my

mined from the relation gf_l = , where, for gases, the average velocity

"max

of electrons is substituted for ».

The absorption on the volume unit is determined by means of the absorption
coefficient. In order to determine this coefficient, the degree of occupation
of the individual levels determined by using appropriate statistical methods,
has to be known. For the case of electrons in the gaseous discharge plasma,
Fermi’s characteristic energy ¢, results to be very small, so that the Fermi-
Dirac distribution is transferred to the Maxwell distribution [11]. Introducing
the Maxwell-Boltzmann distribution for the energetical states [12], it is
possible to determine the absorption coefficient for plane-polarized radiation
with a frequency », from Lorentz’s theory:

E;
. B (gnzvNez)i'. %‘{ || 2vesf(vig, v) ez -
*=\"2he ) 2kT Sl
-
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where

/ 1 l[ Ay A4y ]
) = Loy =97 F @ Gy 9 + @

1 1., .. :
and 4dv = ——, where — s the collision frequency »,, e?|xy|2 is the square

2nt
of the dipole moment for the transition from state ¢ to 7, and vy = 2—”%—%)

Using the dipole-moment square as well as the characteristic value for
energy determined by Dingle, we get for the absorption coefficient

© h v
2 (n+1)e g7 ™Y
__8a*yN h ehc = )

n
= —— (v, ¥ CI
2hc 2kT nH ef (ve, ¥) . X egaip (™D

n=0

where »; is the cyclotron frequency. After performing a summation and
a rearrangement, we get

_4mvN e " )%_f
kT H'YV) _ e
For the microwave range, it always holds that 2—7’:%07, < 1, and the equation

for » may be rearranged to give

__47wNe_h A )2_:7rk£1
=% BV g

Substituting H by means of »., we get, after a rearrangement

47e2N v
X = —ma“‘z f(vc, 'V)
The forming factor f(v, ») may be, by introducing of 4%, = o andzvv = q,

brought to the form

2 2
\ e a)=2rﬁ[ %2+oc +1 ]
%ebL(1 4+ op — a?)2 4 4a?2
For %, we get thus the equation
2 2 2 2 -
L e N2r(£) [ %2-{-0: +1 ] (16)
me o (1 -+ o — a?)2 4 42

For a > 1, it holds, for the case of resonance, that « = «,, and the part in
barentheses has a value of approximately 4. Then, for x, it holds that

47e2 N
me

N (17)
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For the quality of the line, we should get an equation equivalent to (12). The
form of the line has been changed, however, by the introduction of the factor

2
(%) . Its influence decreases with the increase of «, that is, in the case
of relatively narrow lines. For « >> 1, it is possible for the second member

in parentheses f(v, ») to be neglected, and so can bevl = 1. For the half
(4

width, we get the equation
Ave = 24» (18)

what is in accordance with equation (11).

According to Dingle’s theory, transitions caused by quadrupole interaction
also contribute to the absorption. The quadrupole interaction with the field
is 2n-times greater (A4 being the wave length of the incident radiation); by
centering, it may be shown, however, that the resulting absorption is approxi-

2
mately equal to the (%) -multiple of the dipole-interaction caused absorp-
tion, R being the radius of the system. In the experimental arrangement in

the 3 cm band, the factor % is already so small that its contribution to the

absorption may be neglected.

IIT. Experimental results

The cyclotron resonance was observed in the 3 em band. The discharge
usually occurred in a thin-walled quartz-glass tube passing through a rectan-
gular cavity resonator at the point of maximum microwave electric field
strength. The cavity was tunible by a non-contact piston in the mode TE,;.
The function of the apparatus can be seen from the block diagram given on
Figure 1.

Figure 1.

Block diagram of the apparatus: 1 — stabilized source for clystron, 2 — reflex clystron

2K 25, 3 — fixed damping, 4 — coaxial wavemeter, 5 — variable damping, 6 — magic

»T% 7 — adapted load, 8 — cavity resonator with a discharge tube, 9 — crystal holder,
10 — regulation resistances, 11 — direct-current source. ’
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The axis of the discharge tube was parallel to the direction of the magnetic
field, and perpendicular to the direction of the microwave electric field. The
necessary vacuum was effected by means of a rotary oil vacuum pump, and
measured with a Pirani gauge. Measurements were performed at constant high
frequency outputs. For the determination of the frequency, an RFT WM 1
type coaxial wavemeter (with an' accuracy of 10-3) was used. The magnetic
field H was induced by.an electromagnet calibrated against current by means
of the proton resonance. The precision of the calibration was better than 1 per
cent. Absorption curves were taken by gradually tuning the resonator to the
resonance, and the curve was plotted, point by point, from the data of the
galvanometer readings.

The results of the preliminary measurements performed with air, are given
in Tables I and II, and on Figures 2 and 3. In Table I, the widths of the
absorption curves for pressures in the range between 10°—10-!mm Hg, at
a current of 20 uA, as well as collision frequencies computed from equation
(11), are given.

Table I

Pressure (mm Hg) I 1,0 x 109 [ 8,0 x 10-1| 5,2 x 10-1| 4,3 x 10-1| 2.6 x 10-1

Width () 466 250 180 160 300

Collision frequency | 6,5 x 108 | 3,5 x 108 | 2,5 x 108 2,2 x 108 4,2 x 108

The dependence of the collision frequency on the pressure is linear, and, from
the first four values, we get, for the collision frequency, », = 6,2 x 108
(sec mm Hg)-1. The fifth value differs considerably from the other ones.
The reason for this will be explained in the further course of this paper.

In Table II, data on the line widths for constant pressure and increasing
current are given. In addition to the increasing absorption intensity caused
by the increasing electron concentration at a current rise, also an increase
of the line width, and, thus of the collision frequency is observed. This phe-
nomenon has not been reported for pressures in the millimeter range [13] [14].
With the decrease of pressure, the réle of electron-ion-type collisions for col-
lisions in general becomes more important [14], whereby the effective collision
frequency is raised. .

Table II
Current 20 40 60 80 . 100
Width @ 166 166 300 500 566

Collision frequency | 2,3 x 10% | 2,3 x 10® | 4,2 x 108 | 7,0 x 108 | 9,4 X 108

In Table II, data obtained by measurements performed at a pressure of
4,6 X 10~ mm Hg, are given. It is evident that, for the case of going beyond
a certain limit, a considerable increase in collision frequency is observed.
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The conditions are more truly illustrated by the absorption maximum
dependence on current and pressure, respectively. Provided that the collision
frequency is kept constant, and the concentration is linearly related to the
current, according to (17), a linear dependence had to be expected. This
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Figure 2.

Maximum absorption value dependence on current at constant pressure

actually holds until a certain value of the current is reached, the magnitude
of which depends, in turn, on the pressure. Considering the changes of the
line widths in dependence on the current, the discontinuity of the linear
maximum-absorption dependence on current is caused chiefly by the increase
of the effective collision frequency. The linear part indicated the limits for
the values of currents at which the absorption line widths determine the
electron-molecule collision frequency. Conditions are analogous also on Figure
3, where the dependence of ‘the maximum absorbed power value is plotted
against pressure at constant current. The slope of the linear portion is de-
pendent on the collision frequency corresponding to pressure unit, and will,
thus, depend only on the kind of the gas. For a given current, there is a pres-

sure, below which also the electron-ion-type collisions begin to show their
influences.

The experimental results show a good qualitative accordance with theory.
It will be possible to evaluate the accuracy of the quantitative results only
after performing measurements in pure gases. It appears that the electron-
resonance phenomenon offers a source of abundant experimental material.
Its treatment depends, to a considerable extent, on the theory of plasma,
the requirements of which are, however, often contradictory to experimental
requirements. As compared to the existing high-frequency methods used for
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Maximum absorption value dependence on pressure at constant current

the measurement of the collision frequency and the electron concentration,
it must be emphasized that the advantages obtained with utilizing the cyclo-
tron-resonance phenomenon, are indisputable (see equation [8].*
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Elektronova rezonancia v plazme plynového vyboja

J DURCEK
Suhrn

Bol pozorovany jav elektrénovej rezonancie v plazme plynového vyboja v pédsme
3 cm. Na zdklade vysledkov préce [6] je podané makroskopické teéria javu elektrénovej
rezonancie. Odvodené su vztahy viaZice Sfrku ¢iary so zraZkovou frekvenciou a kvalitu
diary s koncentrdciou elektrénov. Kvantové teéria vychddzajuca z préce [10] ddva vy-
sledky zhodné s teériou makroskopickou. Na zéklade odvodenych vztahov su vyhodno-
tené vysledky merani prevedené na vyboji vo vzduchu. V tabulke I. si1 uvedené Sfrky
absorpénych ¢giar pre tlaky medzi 10°— 10— mm Hg pri prade 20 uA a zrézkové frekven-
cie vypoéitané zo vztahu (11). Udaje v tabulke II. boli zfskané meraniami pri tlaku
4,6 . 10-1 mm Hg pre prady 20—100 4A vo vybojovej trubici. Na obr. 2 je vynesens
zévislost maxima absorpcie na prade pri konStantnom tlaku a na obr. 3 zdvislost maxi-
maélneho absorbovaného vykonu na tlaku pri konstantnom prude. Z vysledkov vidno,
%e pri nizkych tlakoch a vysSSich hodnotdch pridov prichéddza k poruSeniu linedrnej
zévislosti maximélnej absorpcie od pridu, ¢o je pravdepodobne zapridinené zvySenim
efektfvne zrdZkovej frekvencie. Jav cyklotrénovej rezonancie elektrénov poskytuje nové
moZ%nosti na vySetrovanie plazmy.
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ONeKTPOHHBI Pe30HAHC B ra3opaspAgHoil m1asme.

N Dopuex
(Peawowme.)

Habmopgasics 2/1IeKTPOHHEIA Pe30HAHC B ra30pa3pAfHOI Iyasme B gHamazome 3 cM. Ha
OCHOBaHHHM pe3yanTaToB paboTsl [6] mpemyaraercs MAKPOCKONMYECKAA TEOPUA ABICHHSA DIICK-
TPOHHOI'0 Pe30HAHCA. Y CTaHOBJIEHE! COOTHONIEHH I CBA3KBAIONME IHPHHY JUHAH ¢ 4aCTOTOM
coyfiapeHuii ¥ J0GpPOTHOCTS JMHMI C KOHNEHTpamuell BIeKTPOHOB. HBAHTOBas TeOpHA BHI-
xozuBIas 13 pabore [10] faeT pesysLTATH TOMIECTBEHHLIE ¢ MAKPOCKOUMYECKOi TeopHEH.
Ha ocHOBaHMU H3BiIe4eHHBIX COOTHOMERMIT 06paGoTaHl pesyJbTaTHl M3MEPEHHH MpOM3Be-
JIeHHBIX B Bo3ayxe. B rabamue I. moxasaHsl MupuHE a6COpPONMOHARIX JINHMI I7Is NABICHANR
Mexay 10°—10~1 mm pm. em. npu Toke 20 MKa M YaCTOTH COY/APEHHUH BRIYHCIIEHEI H3 COOT-
nomenud (11). [lannse B Tabiune I1. mosydeHsl B3 H3MepeHMI nzpn nasieEuy 4,6.10-1 MM pm.
cm. 1 Tokox 20—100 mMxa B rasopaspajgHoil TpyGkre. Ha puc. 2 moka3piBaeTcs 3aBHCEMOCTH
MaxcuMyMa abcop6nmm OT TOKa NPH KOHCTTAHTHOM AaBICHHH A HA PHC. 3 3aBHCHMOCTH MaK-
CHMasIbHOM a6cop60BaHHOH MOIIHOCTH HA JAB/ICHUA IPH KOHCTT3AHTHOM Toke. V3 peaynnTaToB
BH[IHO 9TO NPH HUBKAX JABJEHHAX ¥ OOJBLIIMX TOKOX IPHXOAMT K HApYIUEHHIO JHHEHHON
3aBHCHMOCTH MAKCHMAJITHO# abcopOnum Ha TOKe, 4TO KajKeTcA 3alPHYMHEHO JIOBHIIICHHEM
a(pexTHBHOE YACTOTH coynapeHuil. flpeHue MUKIOTPOHHOrO Pe3OHAHCA AJIEKTPOHOB 1aeT
HOBHIE BO3MOKHOCTH HCCJIE[0BAaHMs IJIA3MBL.
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A Note to the ,,Classical‘“ Theory of Neutrino
M. BLAZEK

It is shown in this paper that some further laws, in addition to the well-
known laws of conservation, are valid within the so-called ,,classical theory
of neutrino which result from the invariance of action over the conformal
group of transformations.

1. According to the (first) N oet h e r’s theorem [1] a determinant number
of conservation laws results for the system considered from the invariance
of its action over a certain group of transformations. The invariant conformity
of the action of the electromagnetic field was shown by E. Bessel —
Hagen [2]. The corresponding 15 conservation laws being also derived by
him. In the further course of this paper, it will be shown that similar laws of
conservation, 15 in number, may be derived for a neutrino field (in vacuo).

2. Considering & group of transformations with the coordinates transformed
according to the relation

z—>a = Ax (1)
and with the volume element transformed according to the relation
d(z) - d(z') = Ad(z) (2)
the lagrangian is transformed in such a way that -
L->L =LA (3)
3. For the case of the neutrino field the Iahgrangian may be of the form

where p+ = ip*y,, p* is the complex con]ugated function to the wave function
¥, ¥, are the Dirac’s matrices (in the folloving these are not to be transformed,
as it is obviously) and #, are the space-time coordinates (x, = ict). Summation
is according to the twice repeating Greek indices from 1 to 4.

The canonical energy-impulse tensor has. for this cace the form
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can
T[w = =

oL oy 01p+ oL 1 L, Oy Oyt
S0 3, Ow, oyt T 2 he ( "oz,  ox ”””’)
6x ox,

‘The symmetrifying member of this tensor is represented by its antisymmetring
part (with the opposite sign). Therefore, as it is well known, the metrical
-energy-impulse tensor T‘;‘f‘ is equal to the symmetric part of the canonical
tensor

Tmet — l(Tcan + Tca.n)

w7t

For the case under discussion the Noether’s theorem may be expressed in
the following form

, ,
oz, {Tgomdw, — the(yty,op — dypty,y)} =0 (5)

where dz, and dy, dypt are the infinitesimal increments of the coordinates and
of the functions v, p* respectively.

4. The wave functions are not transformed in the case of translations. In
a simple way (e. g. likewise as in [3]) the conservation law for the total
—

momentum P (with the components Py, k = 1, 2, 3) and for the total energy
H may be derived, namely

1
P= j Teandy — - j Tt 4V — jP;;leth — const.
and

H=— j Tg}“d7= — jTﬁeth= meeth = const.

(dV being the volume element). It can be shown on the base of Noether's
theorem that the condition for the lagrangian to be invariant over the trans-
lations is equivalent to the condition that the divergence of the canonical
‘tensor should be zero.

For the case of rotation the transformation (1) may be written in the
-well-known infinitesimal form ,
= (auv + e,uv) Z, (6)

(&4» being the antlsymmetrlc infinitesimal parameters). Tt is sufficient to
transform the wave functions in the following way [4]:

'P =9 + i‘()’u%’ - '}’v'y,u) EnY
p' =9t — Ty — V)

for the lagrangian to be invariant over (6). For this case, it holds on the base
of Noether’s theorem that since the lagrangian (4) is invariant over (6), the
.divergence of the expression .

M i = vaﬂlle.t _ Tmet

12
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is zero. This expression represents the density tensor of the total angular
momentum. It can be than shown that the metrical energy-impulse tensor
is symmetric and its divergence equals zero. For this case however the total

angular momentum M (consisting of the orbital and the spin parts) is con-
served. For example, its z-component M, is

M, = j(’ X Pmet) av = — %j M, AV (and cyel.)

and moreover the uniform rectilinear motion of the center of mass is also
conserved, since it holds

— — -—
Tmet = v 4 7
where
t—-)
Tt =y | Helray = Y et Lt 5O
H JmmetdV o? H

(with the integration constants included in 70)

5. In the case of dilatations, the infinitesimal transformatlons expressed in
the form

=14 ¢z

(¢ being the infinitesimal parameter) are considered. The wave functions are
transformed according to the relations

w':(l_is)W, 1/)‘*" (1—"38)1/)-'_

The conservation law (5) may be written in the form
[Pean YV = Ht + k, (7)

where Pean has the components A T"”In and the integration constant

is included in %, (on the left side of relation (7) a scalar product is given;
whereas the vector product will be indicated by the symbol ,,x ).

For the ,,inversions*“ the infinitesimal transformation of coordinates in the
form

w,;c = Ly + (x}.xla;w - 217,,,?3,,) &
is written (e, representing the 4 infinitesimal parameters). Further it holds
d(z') = (1 — 8z,¢,) d(z) o (8a)
and
= (B + 2Bpit)) 5 sb
» ax“ uy Vi A z, ( )
where

R,m'). = _xu(svl s xvalu + .xﬂ.auv
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For this case the transformed wave functions are expected in the form
V" =9y + prx/l.evw (Qa,)
v =yt + ¢t Tz, (9b)

where T,,, T'., are independent on the coordinates and have to be determined.
Substituting (8) into the first member (and analogically for the second member)
of the lagrangian (4), we get

] . 0
'P+7M£— = 9*(y, + 2By + v T e, + Tay,@.8) % + vuT a1y (10a)
m "

However, according to the (3) there must hold with respect to (8a)

oy oy
+, —_— + ol o8
Y 5z, pHy,.(1 4 8z,¢,)] Fr (10b)

From the relations (10) we get the two following conditions
y,uT[w = 0
= 2R,uv).y,u + va;d.xy + T;_ly@ x,u. == sz)’v
from which the first will be fulfilled in the following way

Tuv = k(')’r?’u + 26;11')

where k is a constant. Substituting this value into the second condition, we
get the relation

2(1— k) (6”16110 - 6,1w619) + [2(1 + k) 6/:.9 + k)’g)’u + T;—Q] évl = 86/1,1_:61'1
which for £ = +1 will be simplified to the form
46;w + yvyp, + T;—ﬂ' == Sélw
Hence, in this case we have

T,wv = ‘}’p)’u + 26/“1
and

T:” = V,uyv + 26;“:
Thus the corresponding conservation laws (5) may be written in the form

J (P x7) x 7 + (Pean 7)r}dV = o2 2P + 2try + (11a)

—-> >

- h —> -
+r 4+ J‘w+y47 [(r.a)e — 7] pdV

and
Jmeany2dV = t2H + 2tky + k, (11Db)
(the integration constants being included in_;o,_;l, ko, k,) where oy = 1y,y; and
1 1 .
measn — E_chan e, =z 4:11_
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The quantities occuring in the relation (11a) have the dimension of the
action density moment and the members on the left side of the relation (11b)
represent the total moment of inertia (related to the origin of the coordinate
system).

6. The last mentioned conservation laws (7) and (11) are getting more
importance for uniformly accelerated motions. Their exact physical inter-

pretation however has not yet been given (nor for the case of the electro-
magnetic field).
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Die Hoéhfrequenzentladung in Edelgasen im Ubergangsgebiet
zwisehen der diffusions- und der elektronenbeweglichkeitsgeregelten
Entladung

E. ARENDASOVA,J GRIACG 8§ VEIS

Einleitung

Bei der Hochfrequenz-Gasentladung werden bestimmte Ziindungscharakte-
ristikanomalien im Vergleich zu der Ziindungscharakteristik bei der Gleich-
stromentladung beobachtet. Bestimmte Anomalien treten im Ubergangsgebiet
der Hochfrequenz-Gasentladung zwischen der Entladung, die durch die Diffu-
sion der Elektronen und durch die Beweglichkeit der Elektronen geregelt
ist, auf. Dieses Gebiet entspricht einem bestimmten Druck-, Frequenz- und
Dimensionsintervall der Entladungsréhre, in dem sich der durch die Beweg-
lichkeit verursachte Elektronenverlust dem durch die Diffusion verursachten
Elektronenverlust nihert. Die Giiltigkeit der Diffusionstheorie ist also auf ein
bestimmtes Frequenz-, Druck- und Dimensionsgebiet der Entladungsrihre
beschrinkt. Der iiberwiegende Teil der theoretischen und praktischen Arbeiten
ist der Untersuchung der diffusionsgeregelten Hochfrequenz-Gasentladungen
gewidmet, jedoch nur in den Gebieten sehr hoher Frequenzen, wo die Giiltig-
keit der Diffusionstheorie zweifelsfrei feststeht. Sehr wenig Aufmerksamkeit
wurde bisher dem Gebiete gewidmet, wo die Giiltigkeit der Diffusionstheorie
fiir die Hochfrequenzentladungen aufhort und die elektronenbeweglichkeits-
geregelte Entladung sich auszuwirken beginnt, d. h. in dem Gebiet, in dem
die erwihnten Anomalien sich durch einen Sprung auf der Zindungscharakte-
ristik bemerkbar machen.

E. W. Gill und R. H. Donaldson [1] erklirten schon im Jahre
1931 zutreffend die Ursachen dieses Sprunges, die nach ihnen auf der Elektro-
nenoszillationsamplitudenéinderung bei einer Anderung des Druckes p und der
Frequenz f, was zu einer Anderung des Entladungsmechanismus fiihrt, beruhen.
Auf Grund dieser Vorstellung bestimmten sie die Grenze zwischen den er-

wahnten Hochfrequenzentladungsmechanismen. Diese Grenze ist durch die
leichung ‘
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2E d
' Mvz—if—=? (1)

gegeben, wo u die Elektronenbeweglichkeit, £ der Effektivwert der elektrischen
Feldstirke, f die Frequenz und d die Entfernung der Elektroden bezeichnet.
Die Gleichung (1) gilt fiir einen bestimmten Druck p, der implicite in der
Gleichung enthalten ist.

Eine bestimmte Prizisierung dieser Giiltigkeitsgrenze fiir die Diffusions-
theorie fiihrte in seinen Arbeiten S. M. Levitskij [2] durch, der ausgehend
von der Nichtiibereinstimmung der experimentellen mit den sich aus der
Gleichung (1) ergebenden Werten eine Korrektion fiir die Entfernung der
Elektroden d einfiihrte und zu der folgenden Bedingung fiir die Ziindspannung

der Hochfrequenzentladung
2 9, 2

w2 ;zfd &
‘kam, wo U den Effektivwert der Ziindspannung, v die Driftgeschwindigkeit

der Elektronen und & (E) den Hochfrequenzionisationskoeffizient bezeich-

net. Die auf Grund der durch Gleichung (2) gegebenen Ziindungscharakteristik
bestimmte Giiltigkeitsgrenze der Diffusionstheorie stimmt mit den experimen-
tellen Ergebnissen fiir Wasserstoff ziemlich gut iiberein.

Die vorliegende Arbeit soll einen experimentellen Beitrag zur besseren
Kenntnis des Ubergangsgebietes zwischen der diffusionsgeregelten und der
elektronenbeweglichkeitsgeregelten Hochfrequenzentladung mit besonderer
Beriicksichtigung der Edelgase darstellen. Es kann vorausgesetzt werden, dass
die Lage und die Grosse des Sprunges auf der Ziindungscharakteristik von der
Art des Gases abhéngig sein wird.

Das Durchschlagskriterium nach der Diffusions-
theorie und ihre Giltigkeitsgrenzen

Ein Durchschlag in einem Gase findet dann statt, wenn die Zahl der im
Entladungsraum entstandenen Elektronen grosser oder im Grenzfall gleich
dem Elektronenverlust ist. Die Bedingung fiir den Durchschlag nach Brown

(3] :

=— (3)

die sich aus der Diffusionstheorie ergibt, gilt unter der Voraussetzung, dass
der Elektronenverlust hauptsichlich eine Folge der Diffusion darstellt, wobei
der Einfluss der Beweglichkeit, Rekombination sowie anderer Faktoren, auf
_den Elektronenverlust vernachlissigt werden kann. Von dieser Bedingung
ausgehend kann man auch die Bedingung fiir die Ziindspannung in der Form
(2) ableiten, wenn man eine Korrektion fiir die Entfernung der Elektroden
einfiihrt.

Die Giiltigkeitsgrenzen der Diffusionstheorie, die B r o wn [4] angibt, kann
man in drei Punkten zusammenfassen, namlich:
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1. Das elektrische Feld zwischen den Elektroden muss homogen sein. Wir
werden es fiir geniigend homogen ansehen, solange im Elektrodenzwischen-
raum nicht mehr als eine Halbwelle entsteht, d. h.

|
& =d (4)

2. Die mittlere freie Weglinge der Elektronen muss kleiner sein als die
Dimensionen der Entladungsrohre
L
e

l< (®)

3. Die Elei{tronenoszillationsamplitude xpy, muss kleiner (hochstens gleich)
sein als die halbe Entfernung der Elektroden, d. h.

] d
m=t o (6)

wo e die Elektronenladung, m die Elektronenmasse, w die Kreisfrequenz des
verwendeten Hochfrequenzfeldes und » die Stosshiufigkeit der Elektronen
mit neutralen Gasteilchen bezeichnet. Wenn die Oszillationsamplitude des
Elektrons grosser ist als die halbe Entfernung der Elektroden, kann nicht von
einer Elektronendiffusion gesprochen werden. Die Oszillationsamplitude z,
kann man in der Form (6) nur dann ausdriicken, wenn die Kreisfrequenz o
viel kleiner ist als die Stosshiufigkeit ».

Experimenteller Teilund Auswertung der Resultate

Um ein getreueres Bild von den Ziindungscharakteristikanomalien bei
Hochfrequenzentladungen zu gewinnen, bestimmten wir die Ziindungscha-
rakteristiken von Edelgasen und Wasserstoff, da bei diesen der Sprung auf der
Zindungseharakteristik mehr oder weniger ausgeprigt ist.

Die Messungen fiihrten wir mit einer Entladungsrohre mit Innenelektroden
durch. Der Elektrodendurchmesser betrug 3 cm und ihre Entfernung 1,1 cm.
Die Entladungsrohre wurde an eine Vakuumapparatur, die eine kontinuier-
liche Gasdruckregulierung in der Entladungsrohre ermaoglichte, angeschmolzen.
Die verwendeten Gase waren spektralrein. Reinen Wasserstoff gewannen wir
durch Leitung von technischem Wasserstoff iiber ein Palladiumventil. Um
eine Verunreinigung des Gases in der Entladungsrohre durch Quecksilber- oder
andere Dampfe auszuschalten, verwendeten wir zu deren Beseitigung eine
Ausfrierfalle mit fliissiger Luft. Nur im Falle des Xenons verwendeten wir
keine Ausfrierfalle, da der Gefrierpunkt des Xenons —112 °C, welche Tempe-
ratur iiber der der fliissigen Luft liegt, betrigt.

Als Hochfrequenzspannungsquelle verwendeten wir einen aus einem Hart-
leyschen Oszillator und einem push-pull-Verstirker in Gegentaktschaltung
be§tehenden Hochfrequenzhochspannungsgenerator. Die Messungen wurden
bei einer Frequenz von 3,1 MHz durchgefiihrt. Die Spannung wurde mit
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Abb. 1.
Blockschaltbild des verwendeten elektrischen Geriites.

VF GEN

einem Hochfrequenzrohrenvoltmeter gemessen. Das Blockschaltbild der ver-
wendeten Vorrichtung ist auf Abb. 1 angefiihrt.

Mit Hilfe der regulierbaren Kapazitit stimmen wir den durch die Induktion
L, die Kapazititen C,, C,, C,, die Eingangskapazitit des Rohrenvoltmeters,
die Kapazitit der Entladungsrohre sowie die Ausgangsimpedanz des Hoch-
frequenzhochspannungsgenerators gebildeten Resonanzkreis so ab, dass die
Eigenfrequenz dieses Resonanzkreises der Frequenz der dem Generator ent-
nommenen Hochfrequenzspannung gleich ist. Die Kapazitiaten C,, C, dienen
gleichzeitig als Hochfrequenzspannungsteiler. '

Auf den Abbildungen 2—7 sind die experimentell festgestellten Ziindungs-
charakteristiken fiir Wasserstoff und die Edelgase He, Ar, Ne, Kr und Xe
angefiihrt. Bei diesen Gasen beobachten wir im Ubergangsgebiet zwischen der
elektronendiffusions- und der elektronenbeweglichkeitsgeregelten Entladung
auf der Zindungscharakteristik einen Sprung. Die Ziindungscharakteristiken
der Luft sowie des Stickstoffs wiesen den erwihnten Sprung in diesem Druck-
gebiet nicht auf, was hochst interessant ist und die Vermutung bestatigt,
dass diese Anomalien wahrscheinlich eine charakteristische Besonderheit haupt-
siichlich der Edelgase und des Wasserstoffs darstellen.

Der Hochfrequenzentladungs-Diffusionsmechanismus kommt bei einem
grosseren pd als der pd-Grenzwert zur Geltung. Bei einem kleineren pd als
der pd-Grenzwert (wobei nur ein sehr enges Gebiet in Betracht gezogen wird)
wird die Entladung hauptsichlich durch die Elektronenbeweglichkeit ge-
regelt. In dem Druckgebiet, in welchem wir die Giiltigkeit der Diffusions-
theorie fiir die Hochfrequenzentladung voraussetzen, sind tatséchlich alle dres
Bedingungen fiir die Giiltigzeit dieser Theorie erfiillt.

Auf den Abbildungen 2, 3 ung 4 sind neben den experimentell ermittelten
Kurven auch die aut Grund der Durchschlagsbedingung (3) errechneten
Ziindungscharakteristiken veranschaulicht. Die Werte des Hochfrequenzio-

nisationskoeffizientzn ¢ (_) fiir Wasserstoff sind in [5], fiir Helium in [6]

p
und fiir Argon in [7] angegeben. Auf diesen Abbildungen wird auch in die
Giltigkeitsgrenze der Diffusionstheorie angegeben. Diese aus den Gleichun-
~gen (3) und (6) errechnete Grenze ist auf den Abb. 2 und 3 durch den Pfeil @
bezeichnet.!Bei der Berechnung der Giiltigkeitsgrenzen verwendeten wir die
Stosshdufigkeit des Wasserstoffs aus [8] sowie des Heliums aus [9].

Gill und Donaldson bestimmten die Bedingung (1) fiir die Giiltigkeitsgrenze
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Ziundungscharakteristik fiir Wasserstoff.
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Abb. 3.
Ziindungscharakteristik fiir Helium.
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Abb. 4.
Ziundungscharakteristik fiir Argon.
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Abb. 5.
Ziindungscharakteristik fiir Neon.
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der Diffusionstheorie. Diese Bedingung ist mit der Gleichung (6) unter der
Voraussetzung, dass o < » ist, was im Falle des untersuchten Ubergangs-
gebiets der Hochfrequenzentladung erfiillt ist, identisch. Unter dieser Vor-
aussetzung kann man tatsichlich mittels der Gleichung ’

r= s (7)
die Elektronenbeweglichkeit ausdriicken, was auch aus einem Vergleich der
Gleichungen (6) und (1) hervorgeht. Wenn wir die "Elektronenbeweglichkeit
mit Hilfe der Driftgeschwindigkeit und der elektrischen Feldstirke (wie z. B.
Levitskij [2]) ausdriicken, erhalten wir die Gleichung

vl/2

nf =d (8)
Die Giiltigkeitsgrenze der Diffusionstheorie kann man durch die Losung der
Gleichungen (3) und (8) bestimmen. Wenn wir bei der Berechnung die Drift-
geschwindigkeiten aus [10] verwenden, so erhalten wir die mit dem Pfeil b
auf Abb. 2 bezeichnete Grenze fiir Wasserstoff und auf Abb. 3 fiir Helium.
Mit dem Pfeil ¢ ist die auf die gleiche Art errechnete Grenze fiir die Drift-
geschwindigkeitswerte aus [11] bezeichnet. Wie aus den Abb. 2, 3 und 4
hervorgeht, ist die Differenz zwischen der experimentell ermittelten Giiltig-
keitsgrenze fiir die Diffusionstheorie und den errechneten Grenzen ziemlich
gross. Dies kann man dadurch erkliren, dass die Bedingung (1) und (6) unter
sehr vereinfachenden Voraussetzungen abgeleitet wurde, sowie auch dadurch,
dass man im Grenzgebiet den Elektronenverlust infolge der Elektronen-
beweglichkeit im Vergleich mit dem durch Diffusion verursachten Elektronen-
verlust vernachlassigen kann. Die Differenz zwischen den errechneten Grenz-
werten a, b, ¢ ist eine Folge der Uneinheitlichkeiten der bei der Berechnung
verwendeten experimentellen Daten.

Einen Masstab fiir die Ausgeprigtheit des Sprunges auf der Ziindungs-
charakteristik kann die durch die Gleichung

2 l'Uc
3 pf
definierte mittlere Elektronendiffusionslinge in einer Periode darstellen. In
Gleichung (9) bezeichnet 7' die Hochfrequenzfeldperiode, I die mittlere freie
Elektronenweglinge im gegebenen Gas bei einem Druck von 1 mm Hg, », den
Geschwindigkeitsmittelwert bei der chaotischen Elektronenbewegung. Die
Ausgepragtheit des Sprunges wird besser durch die relative Diffusionslinge
charakterisiert. Es ist jedoch zu bemerken, dass die relative Diffusionslinge
nur dann einen richtigen Masstab fiir die Ausgeprigtheit des Sprunges dar-
stellt, wenn die Druckabhingigkeit des Elektronendiffusionskoeffizienten fiir

6 =2DT = (9)

alle Gase gleich wire. Die relative Diffusionslinge 73 fiir experimentell be-

stimmte Grenzwerte pd, die aus den Werten fiir die Geschwindigkeit der
chaotischen Bewegung aus [11] und den Werten der mittleren Weglingen
aus [12] errechnet wurde, betrigt fiir Wasserstoff 0,17, fiir Helium 0,30 und
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fiir Argon 0,38. Aus den Abbildungen 2, 3 und 4, resp. aus Abb. 8 ist ersichtlich,
dass der Sprung umso ausgeprigter ist, je kleiner die relative Diffusionslinge
ist. Wenn die relative Diffusionslinge grosser ist, findet der Ubergang zwischen
den beiden erwihnten Mechanismen nicht plétzlich, sondern allméahlich statt.
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Abb. 8.
Zindungscharakteristik fiir H,, He, Ar, Kr, Xe.

Von den experimentell ermittelten Ziindungscharakteristiken auf Abb. 8
kann man noch weitere Abhéingigkeiten, und zwar die zwischen der Lage des
SprungesTund der Gasart, sowie auch die zwischen der Grosse des Sprunges
und der Gasart, ableiten. Unter der Grosse des Sprunges verstehen wir die
Differenz zwischen der maximalen und der minimalen Ziindspannung im

bergangsgebiet vom Diffusionsmechanismus zu der elektronenbeweglich- .
keitsgeregelten Entladung. In Tabelle 1 wird die Abhingigkeit der Lage und
der Grosse des Sprunges von der Molekiilmasse angegeben.

Molekiil-

Gas PIBEES p (mm Hg) U (V)
Wasserstoff 2,016 29 155
Helium 4,003 23 70
Neon . 20,183 63,5 85
Argon 39,944 7,3 26
Krypton 83,7 5,4 18
Xenon 131,3 4,5 12

Aus Tab. 1 geht klar hervor, dass die Grosse des Sprunges mit wachsender
MOIekﬁlqlasse abnimmt; mit wachsender Molekiilmasse verschiebt sich dieser
Sprung in der Richtung zu niedrigeren Driicken. Eine Ausnahme hiervom
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bildet das Neon, das zwar, wie aus Abb. 5 ersichtlich ist, durch einen grossen
Sprung auf der Ziindungscharakteristik gekennzeichnet ist, welches aber die
von uns angegebene Abhéngigkeitsbedingung nicht erfiillt; deswegen fiihrten
wir auf Abb. 8 die Ziindungscharakteristik des Neons nicht an. Diese Ausnahme
ist nicht iiberraschend, da das Verhalten des Neons von dem der iibrigen
Edelgase differiert ([11], S. 269).

Schlussbemerkungen

1. Die experimentell ermittelten Ziindungscharakteristiken der Hoch-
frequenzentladung in Edelgasen und in Wasserstoff sowie die Berechnung
der Giiltigkeitsgrenze der Diffusionstheorie fiir Wasserstoff und einige Edel-
gase zeigen, dass die Bedingung (1) beziehungsweise (6) die Grenze zwischen
der diffusions- und der elektronenbeweglichkeitsgeregelten Entladung nicht
geniigend genau angibt.

2. Aus den experimentell ermittelten Resultaten ergeben sich einige Eigen-
schaften der Hochfrequenzentladung in Wasserstoff und den Edelgasen im
Ubergangsgebiet, u. zw.:

a) der Sprung auf der Ziindungscharakteristik ist umso ausgeprigter, je
kleiner die relative Diffusionslidnge ist,

b) die Grosse des Sprunges auf der Ziindungscharakteristik vermindert sich
mit dem Anwachsen der Molekiilmasse.,

c) mit dem Anwachsen der Molekiilmasse verschiebt sich der Sprung auf
der Ziindungscharakteristik in der Richtung zu niedrigeren Driicken.
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Vysokofrekven&ny vyboj v inertnych plynoch v prechodnej oblasti medzi
vybojom riadenym difiziou a pohyblivostou elektrénov

E. ARENDASOVA, J. GRIAG 8. VEIS

Sthrn

V tejto préci sa experimentdlne vySetruje chovanie vysokofrekvenéného vyboja
v inertnych plynoch v tej oblasti frekvencif, tlakov a vzdialenostf elektréd, v ktorej
ubytok elektrénov v désledku pohyblivosti stdva sa zrovnatelny s ibytkom élektrénov
v dosledku difazie. Vo vySetrovanej oblasti na zapalovacej charakteristike pre inertné
plyny a vodik pozorujeme skok. Mierou vyraznosti tohto skoku je relativna diftizna
vzdialenost elektrénov. U inertnych plynov a u vodika vo vySetrovanej prechodnej
oblasti boli pozorované tieto zdvislosti:

a) skok je vac¢si u plynov s menSou molekulovou hmotou, )

b) s klesajicou molekulovou hmotou plynu skok sa postva smerom k vysSim tlakom

BbicokowacTOTHBI paspA; B MHEPTHBIX razax B MEPEXOHOIl 001acTH MesRmy
paspAnoM ynpasaseMbiM qudysueii 1 NOABMKHOCTLIO DIEKTPOHOB

E. Apengamona, I0. Tpumawu, IIl. Bemnc

(Pesome) '

D sroii pabore mccieqyercs SKCIepHMEHTANIBLHO IOBEeHME BEICOKOYACTOTHOIO paspsja
B MHCPTHHEIX Ta3ax B To# o6iacTé 4acTOT, JABJIEHHH M PAcCTOsIHHI 3IeKTPOJOB, B KOTOPOIl
YBOJI 57IeKTPOHOB 3a CYeT IOABMIKHOCTH CTAHOBHTCSI CPABHHTEJILHHIM C YBOLOM 3JIEKTPCHOB
3a cuer nudPysnu.

Ha xapakrepucTHKe 3aKMraHMs B 3Toif 00JacTH IOABIIseTCs CKAYOK, KOTOPHIHE Habmio-
Jlajicl y MHePTHHIX TadoB H y Bojopoza. PasnHyHYIo CTeleHb BEHIPa’KeHHOCTH 3TOI0 CKAYKA
MO)XHO XapaKTepH30BaTh OTHOCHTEILHEIM paccTossEneM Au(Qy3nu 31eKTpOHOB. Y HHePTHRIX
razoB M y BOIOPOJia B epexoiHoi 06racTn HAGII0NaINCh 9TH COOTHONCHM S

‘a) CKAYOK sIBJIsieTCs1 OOABINNM y ra30B ¢ MEHBIIMM MOJIEKYJIiPHEIM BECOM,

b) rassl ¢ MEHBIIMM MOJIEKYJIAPHEIM BECOM HMEIOT CKAYOK HA XaPAKTePUCTHKE 32U aHAs
npu 6oJIBIIOM /1 BJICHHH,
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