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NOTE ON A FORMULA ON FACTORIALS

by ZLATKO MAMUZI¢, BEOGRAD

Consider s kinds of objects there being a; objects of the j-th kind,
1<j<s, s0thata,+ay+ ... +0a,=n, wherenis a natural. Then the number
of all permutations of these objects amounts to

x=(a1+a2+...+as)|= n!

ala!... a4l o lagl. .. ag!

If an arbitrary object of the j-th kind is denoted simply by j and if
we take the permutation :

Pa=1:0.02.0.230008 e foifeciSines

ay adg g o; o

as a first one in the lexicographic order of all permutations, then p; is the
permutation standing on the i-th place from left to right.

Obviously we have
px=s...s...j...i...3...32...21...1

———— Nt Nt Nt N pe? &

as a; a

Applying the general method of finding the index i, 1 i< x, of a
given permutation (s. for example [1], pp.16—27) a formula on factorials
can be derived by which the number x is decomposed in a sum in the
following manner.

It is evident that before the permutation
§1...12...23...3 ccijivefsseSesss

S . v s e gt e N —
o — 1

oy @, ag a;
there is

)_(a,+a,+... +a;—1)! —

(g + 0y + «oo +05y
o lag!. ..ol -

1
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permutations. Continuing this process we have: before the permutation
$8) 012,028 0:08 wnvfuaf ameiSasss

R e
a a, a aj; oy, —2

there is

)(a,+a,+...+a.-2)!

X, + (oy + +...40a_ “— =Xy + X
1+ (ot ey T gl (@ 1) T

permutations, and so on; before the permutation

Saos ¥l 24ei2350a8 v fowifous 8=~18=1...8=1
s a, a, Qg a; (o S

there is

a+0, + ... + o,_,)!
X1+Xz+---+Xas—1+(a1+a2+...+us_“,)( -2 s—1)! -
adag!l...a;,111
=X;+ X+ ... +x.,s_1 + Xag
permutations; before the permutation

Seesd88=11...12.,,28...3 .c.jeecfou,85—1.0.8=1

a, a, @ a aj a_, — 1

there is

o+ +... +a_, —1)! ‘
Xy +Xg+. . Xa + (A o+ ..+ Gs_z)( LB s—1 .)..=
alo!. . as_y!
=Xl+x2+.--+xas+X(ls+|

permutations, and so on; before the permutation

S.o.ss—1...5-11...12...233...3 ...j...j..
Nt N ———— ‘! e e [S——
o %, a,  a ag a;
there is
)(a,-l—uz + ... ta_y)! _
alayl. .. @yl 1!

=Xy +Xo+ ... +Xagta,_ 1 -{-Jr.,.sws_1

Xi+ X+ oo HXata, 1t (@t agt .+,

permutations and so on; before the permutation

S...8S—1...§—1...j...j...3...81...12...2

- N’ N Nt esea )

s Us—y ay g o, Oy
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there is
o, + a,)!
Xp+ Xyt oo+ Xagbag 4o toa—t (2 + %) (o +a)!_
a,!a,!
=X+ Xg+ oo FXatoa, 4. da—1 FXatag ol fa
permutations; at the and we have: before the permutation

SeeSS5—Teou§—Tuusjourj...3...32...21...1

[e——— et Nt e’

g s g G] (1, 0'2 Gl

there is

a
x, +X2+ “ e +xas+a3_],+,.._+u2_‘ “+ (11 . ——l—! =r:x1 +Xz+ oo +X¢S+as—1+"‘+a2
o

permutations.
But it is evident that
X =14+Xatag_ +...+ota t Xagtag_+. . .fogta-1t - FXg+ X+ X

and, in view of the preceding results, we obtain!

(1) (@bt ...+l o B (@G-l
alo,!. .. a! =1 ol (e — v+ 1)!

=% (o4 0y+ag—v)!

+(a‘+a’)_ 2 ( 1 2 3 )

= alayl (ag—v+1)!

+ (0, + ag+...+a ).v=zas (@ +ag+ ... +a;—v)!
R L A - S I " )

In the special case when a;=a,=...=0,=1 therefrom we obtain
the well-known formula (s. [2])

) Ml=141.-1142.214...+(1=1)-(a-1)!.

If we remark that using the gamma function I" the formula (2) can
be deduced by means of that function, it would be of some interest to see
how could be also obtained the formula (1) by means,either of the fun-
ction I or of the function beta B. Moreover, it is obvious that I'(n+1)=n!
so that I'(n+1) can be interpreted as an ordinal number according to the
interpretation given to the formulae (1) and (2) in this note. Thus we have

1 | dont know wether the formula (1) has been derived somewhere but, to the best
of my knowledge, in publications about the subject I found only the special case (2), although
(1) 1s a consequence of lexigraphic orderings of permutatuons in an analogous way as it is
the case with the formula (2) too.
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