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INTRODUCTION

Let C be a non empty set of real functions defined on a set M. The set M will
be interpreted as a topological space with weakest topology t¢ in which all functions
from C are continuous.

It is known ([7]) that the set C is called the differential structure on M iff the
set C is closed with respect to the lokalization (C = C,) and C is closed with
respect to the superpositions with the smooth functions on R".

It is easy to show that if C is the set of real functions on M closed with respect
to the superposition with the smooth functions on R" then C is a linear ring over R
containing all constant functions and that topological space (M, 1) is a C-regular
-

The pair (M, C), where C is a differential structure on M is called the differential
space.

Similarly as in theory of differential manifolds we define a tangent vector to the
differential space (M, C) at the point p € M as well as the smooth tangent vector
field on (M, C) ([7).

The set M, of all tangent vectors to differential space (M, C) at the point pe M
has a natural structure of linear space over R and the set X(M) of all smooth
tangent vector fields on (M, C) has a natural structure of C-module.

In this paper by € we shall denote the sheaf of all smooth real functions on (M, C)
and by X we shall denote the sheaf of all smooth tangent vector fields on (M, C).

A sheaf 9N over differential space (M, C) is called the sheaf of €-modules ([2])
if

(i) NR) is C(U)-module for every open U € 1,

(ii) ey &) = dl V. oy(¢) for ae €(U) and ¢ € NU),
where ¥V < U and @Y : R(U) —» N(V) is restricting homomorphxsm in the sheaf N.

* (Delivered at the Joint Czech-Polish-G.D R. Confere_nce on Differential Geometry and its
Applications, September 1980, Nové Mésto na Moravé, Czechoslovakia.)
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2. THE SHEAVES OF €C-MODULES OVER
A DIFFERENTIAL SPACE

Let N be an arbitrary sheaf of €-modules over a differential space (M, C).
It is not difficult to prove.

Lemma 1. If U e tc and n € R(U) then for any point p € U there exists an open
neighbourhood B € p and #j € W(M) such

es(m) = es'(m), -

or equivalently, as we will write usually
n|B=1|B.

Now let Ry, ..., Ry, R, 11, k € N be any sheaves of €-modules over a differential
space (M, C).
We introduce the following definition

Definition 1. Any map
[ R U)x... xR(U) = Ry (V)
satisfying the condition:

(LF) ifn | V=nlV, 1, n; € R(U), i=12 ..,k VU
and Ve 7 then
Sy, o)1V =flny, cm) | W,

will be called the LF-mapping of &(U)-modules RN,(U), N,(V), ..., R (V) into
C(U)-module R, (V). '

The set of all LF-mappings of €(U)-modules R,(V), ..., R,(U)into €(U)-module
RN, . (V) will be denoted by LE(R,(V), ..., R(U); Ny, ,(U)).

Evidently this set can be equipped with the structure of €(U)-module.

Now we shall give some examples of LF-mappings important in the theory of
differential space. .

1. A smooth tangent vector field on differential space definedasamap X : C - C
satisfying well known condition is of course LF-mapping.

2. For any smooth tangent vector fields X, ¥, Xo Y is an LF-mapping, too.

3. One can easy show that the operator of exterior derivative is also an LF-map-
ping. .

4. Likely a linear connection D in a module R, treated as a map D : R(U) —»
AN (E(U), R(V)) satisfying the condition

D(a¢) = da . & + aD¢,
for any a € €(U) and & € R(U), is an LF-mapping, too.
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We shall prove.

Lemma 2. If f; : R, (U) x ... x R (U) » R, ,.,(V), i = 1, 2 are the LF-mappings
satisfyin7] condition

(1) fl(ﬂl | Uy ees ﬂtl U) =f2(ﬂ1 | U, -“’ﬂkl U)’

for all (7,, ..;, ) € Ry (V) x ... x W (V), where Uc V, U, Ve then f, = f,.

Proof. Let (9, ..., M) € N (U) x ... x N (U) and let there be an open covering
of U such that for any Be B there exists (£2, ..., &) € N(V) x ... x N(V) such
that

n|B= fi"B,
foranyi=1,2,..., k. Henceif f;, i = 1, 2 are LF-mappings then
@ im0 m) | B = (&1 U, ..., & V)| B,
and .
®) £, ) | B= L,ETN U, ..., & | U)| B.
From (1), (2) and (3) we get
) filnys o) | B = fo(ny, s m) | B,

for all Be B. From (4) and definition of sheaf we obtain

fl('ll; cees "k) =f2('71’ ) "k)!
for any (17,, ..., M) € N, (V) x... x R(U) or equivalently

fi =1

Lemma 3. For any LF-mapping f: R, (U) % ... x R (U) = N, .. ,(U) and for any
open set V < U there exists one and only one LF-mapping

fr i R (D) x . xR (V) = Ry iy (V),

such that \
LV, eoml V) =fnys ccomd | W,

forall (ny, ..., ) € N (U) % ... x R (V).
Proof: Let (¢, ..., &) e N,(V) x... x N (V) and B be an open covering of V
such that for any Be B there exists (7}, ..., f) € R, (V) x ... x (V) such that

fori=1,2,..,k.
Now, let f: R,(U) x ... x R(U) - Ny, 1(U) be an LF-mapping. Let us consider
a family . .
(5) (‘?IBI(I ('—'gs eeey ﬁ:)))leﬂ ’
of an elements of €(B)-modules RN, ,,(B) for Be B.
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Of course the elements of family (5) depend upon the choice of (¢,, ..., ) €
eN,(V)x...xR(V).

Now we shall show that the elements of the family (5), are agreeable on the
intersections of sets of the covering. Indeed, let B, B'€ 8 and B n B’ # 0. Then
evidently

&IBAB =n?|BAB =1¥|BA B,
foranyi=12, ..., k.
As the map f is the LF-mapping then

(f("l’~-:;l:))anB' (f('ll" Sﬂk))anB
=(f@rf, ... )| B)|BAB = (f(7, ..., )| B)| Bn B

From here and from definition of the sheaf follows that there exists one and only
one element fy(¢,, ..., &) € N, (V) such that

Jolys s &) B =S, ... m) | B,
for any B e B.
Now, let us put

6 Sy -es 8 2= f&ys -oes &),

for an arbitrary (£, ..., &) € N (V) x ... x N (V).

We shall show next that the definition (6) does not depend on the choice of the
covering B of the set V.

To this end let us take other open covering 2 of ¥ such that for any A € U there
exists point (74, ..., Af) € N,(U) x ... x M (V) such that

{ilA = ’-’.iAI A’
fori=12,..,k.
By definition (6) we have
(7) - jﬂ‘(fl" sck)'A /(”l!'-!;ik‘)lAp

for any 4 € .

Now, let AVB ={4nB:AecUAABeB}. Of course AV B is an open
covering of V, refinement of a covering A and B. From (6) and (7) as well as
definition of LF-mapping it follows

Julls, o 8 ANB =G ..., i)|AnB=
=f03, ... | AN B = fg(&, ..., E) | An B,

forall Ae A and Be B such that 4 n B # 0.
From here and definition of the sheaf we obtain

] fﬁ(tla sy ék) =fﬂ(€l’ seey fk):
for any (&4, ..., &) e R, (V) x ... x ..M (P).
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The verification that f, is LF-mapping satisfying the condition

K Vol V) =flag, ond |V,
for all (n,, ..., n) € N,(U) x... x N (V) is not difficult.
Lemma 4. Let B be an open covering of U and
{fa : Ny (B) x ... xRy(B) — Ry 4 1(B)}pems
Sfamily of LF-mappings such that
fBIBAB =f¥|Bn B,
forall B, B € B suchthat B " B' # 9. Then there exists one and only one LF-mapping

f:R(0) x... x R(U) = Ry (U),
such that

f|B=fB9
for any Be B.

Proof: Let (f®)5.5 be a family of LF-mappings of the form

F2 i R(B)x ...+ N(B) = N1 ((B),
satisfying the condition
®) fPIBAB =f¥|BnB,

forall B,B'e®B,Bn B #0. Let (n,, ..., m) € R, (U) x... xR, (U) and let us take
under consideration the family

{fn("l l B, ..., ’7kl B)}B(ﬂ’

of the elements of €(B)-module N, ,(B).
From our assumption (8) it follows that

fﬂ(’“ I Ba seey nk'B) I Bn B =fa'('11 I B” vees Mg | Bl) l Bn B',
for any B, B'e B, B n B’ # 0. Now, from here and from the fact that R, ., is
a sheaf it follows that there exists an element f(,, ..., 1) € M4+ (U) such that
SOy ) | B =f%ny | B, ..., ne | B,

for any Be®B and (i, ..., 1) € Ry (U) x ... x R (V).
Hence there exists one and anly one LF-mapping

fe LFR(U), ..., N(U); R,, (D)),
such that

: f|B=fB’
for any Be 8.
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Let M|, ..., N, N,.1, k€ N be an arbitrary sheaves of €(U)-modules over
a differential space (M, C). Let us denote by LE(R,, ..., N,; N, .,) the category
whose objects are €(U)-modules LF (RN, (V), ..., R(V); N, ;4(V)), Uerc, of
the LF-mappings.

The above proved lemmas imply the theorem

Theorem 1. The three-triple (LF(R,, ..., N,; Ryy 1), F, 1c) is a sheaf over
a differential space, where F is a contravariant functor from the category tc into
category LF(R,, ..., B,; Ry )

For the arbitrary sheaves RN, ..., N, N, over a differential space we shall
denote by LF(R,, ..., N,; N,.,) the sheaf (LFN,, ..., Ry; R sy), F, 10). This
sheaf will be called the sheaf of LF-mappings.

Now we shall give some examples of the most important sheaves of LF-mappings
over a differential spaces. .

Of course, one of the fundamental sheaf of LF-mappings over a differential
space is a sheaf of the tangent vector fields on a differential space which we denote
by X.

Now, let R,, ..., N,, N1, k € N be the sheaves of €(U)-modules over a dif-
ferential space (M, C) and

o : N, (V) x “ee xR (U) » 1 (D),

U € 1¢c, €(U)-k-linear map. It is not difficult to show that @ is an LF-mapping.
Consequently the triple

(Lu(ml s oes Wis My 1), F, 10)s

is a sheaf of LF-mappings on a differential space, where F is a contravariant
~functor from the category Lg(N,, ..., Ny; Wy 4,) of €(U)-modules L) (N, (V), ...
vees R (U); Ry, 1(U)) of €(U)-k-linear mappings into the category tc. This sheaf
is also denoted by ‘
LMy, .oos Ry Niesy)s

and called the sheaf of smooth tensor fields over a differential space.
Evidently in the particular case when i, = R, = ... = N, = X we have a sheaf
LE(%, M, ;) of C-k-forms on the differential space with a value in the €-module

N+ 1. The sheaf of all exterior form on differential space is denoted usually by
AXZE, ©).
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