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Finite order liftings in principal fibre bundles

DEMBTER KRUPKA

The concept of lifting, a covariant functor from a category of n-dimensional manifolds
to a category of certain bundles over n-dimensional manifolds, is known as an
important underlying notion for the theory of geometric objects. NIJENHUIS has
used it in his definition of “natural bundles” and described its fundamental pro-
perties. In particular, he pointed out that the r-th order natural bundles coincide
with fibre bundles associated to the bundles of holonomic r-frames [6]. Following
N1seNHUIS’ approach, SaLvioLr [7] has applied the notion of lifting to the definition
of the Lie derivative of a field of geometric objects. The concept of lifting has also
been used in the theory of generally invariant Lagrangian structures (4, 5].

The purpose of this note is to relate the finite order liftings in principal fibre bundles
to the natural liftings defined by the bundles of holonomic r-frames. In studying
these liftings we use the continuity condition due to CALaBI (6] allowing us to prove
that each principal fibre bundle obtained by a lifting of order r can be reduced to
the bundle of r-frames. We have shown that this reduction procedure provides us a
natural transformation of functors in the category of principal fibre bundles consi-
dered.

1. Liftings

All manifolds and maps considered in this work belong to the category C®. Our
manifolds are supposed to be real, finite dimensional, Hausdorff manifolds with
countably many components. If X is a manifold we denote by 2, the category
defined by all local diffeomorphisms of X. The category 2,, where n = 1 is an integer,
is defined by all n-dimensional manifolds and their diffeomorphisms.

If o/ is any category we write Ob & for the class of objeots, and Mor & for the class
of morphisms of &.

Let P be a set. We denote by idp the identity map of P. If Q is a subset of P and f
a map defined on P then f|o denotes the restriction of f to Q. The canonical injection
of Q into P, idp|q, will be denoted by ¢o. If P is a manifold and Q an open subset of
P, then ¢y € Mor Dp.

Let G be a Lie group, R* the real, n-dimensional euclidean space, and consider the
trivial principal G-bundle (R* X G, ngs, R*, G). The category defined by all local
automorphisms of (R* X G, ngs, R*, @) will be denoted by P%@gsxs. The category
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whose objects are principal G-bundles over n-dimensional manifolds, and whose
morphisms are G-isomorphisms of G-bundles, will be denoted by 2%, (G).

Definition 1. A covariant functor 7: 2, - #%,(G) assigning to each X ¢ Ob 2,
a principal fibre bundle X = (1,X, ny, X, @) € Ob #%,(@) and to each x € Mor 2,
a morphism & = (7, &, idg) € Mor 2&,(G) is called a lifting to the group G if
the following conditions hold: <

I. zR* = (R* X G, np», R*, G).
II. For every X € Ob 9, and every open subset U of X,

TOU = n:\'I(U)» Ty = nX't.U’ Toly = Lyu-

Let (¥, n, X, @) be a principal G-bundle, let (y, g) — y - g denote the right action
of G on Y. We shall say that a system of pairs ((U,, @), tb,), x € K, i8 a fibre atlas
on(Y,n X, G)if
1. the system (U.,, ¢.), » € K, is an atlas on X,
IL. for each x € K, &, is a diffeomorphism of z~}(U,) onto ¢,(U,) X @ such that for
every y € a7 Y(U,), g € G,
Du(y) = (), Pu(y)), Puly - g) = Buly) - g

Let 7: 2, - ##,(G) be a lifting to the group G. The following two propositions
are easy to prove.

Proposition 1. Let « € Mor 2,, « : X, — X,, and let U be an open subset of X,. Then
To(xly) = Tox|eur-

Proposition 2. Let X € Ob 2,, and let (U, ¢.), x € K, be an atlas on X. Then the
pairs (U, @), 1o®s), € K, form a fibre atlas on X = (v,X, iy, X, G). Moreover,
if (Vi,p), ¢ € 1, 18 an atlas on X, equivalent to the atlas (Uy, gx), x € K, then the fibre
atlases ((U., @), Tops), % € K, and ((V., y.), Toy.), ¢ € I, are equivalent.

Denote by tpe the restriction of T to the subcategory Dpa of D,. By definition, g~ is a
covariant functor from Dpa to PBgnxg. Writing, for U € Ob @, and x € Mor 2,,,

TpaU = (voU, iy, U, G), tpex = (9%, &, idy)
we 3see that the functor Ty obeys the following conditions:
I. tpaR* = (R* X @, 7gs, R*, Q).
II. For every U € Ob D,
20U = ag:(U), 7y = Apaleys  Toly = by

The next assertion gives us a method of constructing the liftings. One can prove it
either using some general arguments [1, 3] or directly with the aid of transition
functions [2].

Proposition 3. Every covariant functor tge: Dgn — PBpaye, U — (roU, ay, U, G),
o — (Tox, «, idg), such that
I TRIR' = (R' X G, TtRn, R., G). .
II. for every U € Ob Dga,
ToU = nE}(U), Ry = anI'.g, Toly = PRI
can be extended to a lifting v : D, - P%,(G).
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2. Homogeneous liftings

Let @ be a Lie group, e its identity element, 7 : 2, - #%,(Q) a lifting to the group G.
If x € Mor Dga, & : U — R*, then 14 is of the form

Tox(2, g) = (“(x)s ?“(“(x)) . g)’ (1)

where (z,9) € U X G, and Tx: «(U) — @ is a map. If «,, a3 € Mor 9, are such that
&) i8 defined then it is easily seen that

70‘10‘2(0‘10‘2(3’)) = 70‘1(0‘10‘2(-"3)) . 70‘:(0‘2(3’)) (2)
for every x from the domain of «,. Obviously,
T ian(I) = €. (3)

Let x, € R*. Denote by &/,, the class of all x € Mor 2 s defined at x, and such that
o(xy) = xo, and by G,, the set of all ¢ € G which can be expressed as Ta(z,), for some
x € S4,. The set G, is a subgroup of G since for every g, g, € G, g1 = T;(%),
gs = Tay(%y), the relation g, . g, = Tx,x,y(2y) holds independently of the represen-
tatives «,, &, of g, g, respectively.

Let now z,, , € R". Each § € Mor s such that f(z,) = 2, defines an isomorphism
of the groups G,,, G;,. This is constructed as follows. Let « € &,,. Then the composed
map faf~! belongs to .. Since Thaf 1(xy) = TH(,) . Tax(xy) . TH Uz,y), T Uzy)
= (TB(x2)) 2, we get

TBap M xy) = Th(x2) - Ta(zy) - (Thlay)) " 4)
The required isomorphism is given by
Gz, 3 g > Th(xs) . g . (TA(xy)) ! € G, (6)

Proposition 4. The following conditions are equivalent:
1. To every z,, x, € R" there exists f € Mor Dpn sending z, to z, such that

Toﬂ(x:» e) = (372, e)
or, which 18 the same, such that Tf(x;) = e.

I1I. There exists a subgroup G, of G such that G, = G, for every x € R*, and for every
o« € Mor D s, T maps the domain of x to G,.

Proof. Choose z,, z, and § satisfying the first condition. Then, by (1), Tf(zs) = ¢,
and the map (5) becomes the identity map. This proves that G, = G,,. Let
o € Mor Dpm, x(z;) = 2. Then f-lx € &,, which shows that T8 'x(z,) € G,,. But,
according to (2) and (3),

Thla(z)) = THHy) . Tar(ay) = (TP(2)) " - Tix(2p) = Tx(s)

which shows that the second condition must hold. Conversely, let us assume that IT
is satisfied. Choose z,, 2, € R* and y € Mor Dy» sending z, to 23. We have, by (2),
Tf(x;) = e which proves that the map g satisfies the first condition. This proves
Proposition 4.

. Definition 2. A lifting v: 9, - P#,(Q) satisfying the equivalent conditions of
Proposition 4, is called a homogeneous lifting.
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8. Finite order liftings

Many liftings which have been used in geometry and the calculus of variations in
tensor bundles are, in a sense, of finite order. We define these liftings similarly as
NwennU1s [6], our underlying spaces being, however, the principal fibre bundles.
The r-jet of a map f at a point z will be denoted by 75f. The composition of jets
will be denoted by .

Let G be a Lie group, 7: 2, - #%,(Q) a lifting to the group @, assigning to
X € Ob 2, a principal fibre bundle (z, X, 7y, X, G) € Ob #4,(@), and to each
a € Mor 9, a morphism (ryx, «, idg) € Mor 2#,(G). For a point z € X, denote

Tox | = To|azi(e)-

Definition3. v is said to be of order r, where r =0 is an integer, if for
every X € Ob 9,, every z € X, and every «,, a3 € Mor @, defined at z, the condi-
tion

Toxils = Todsle
holds if and only if jfa; = fLa,.
Let L} be the Lie group of all r-jets of local diffeomorphisms of R* with source and
target O € R®, the group operation being the composition of jets. Let X € Ob 2,
and denote by #F'X = (#7X, ny,, X, L},) the principal fibre bundle of holonomic
r-frames on X. If « € Mor 9,, « : X; — X,, then there is defined an isomorphism
Fra= (Fia, «, id;) of F7X, to F'X, by

Foolfel) = foxf = Jox * Jof - (6)
The correspondence X — #F*X, x — F'« is a lifting to the group Lf which is obviously
homogeneous, and of order 7.

Definition 4. Let X,, X; € Ob 9,, z, € X,, 2; € X;. A map o : 72 (z,) > nx\(22)
is r-admissble if there exists o« € Mor 92, such that

0 = Togi|g,.
Let ¢, be the translation of R* sending z € R* to the origin 0 € R", let I be the iden-
tity map of R". Obviously, ,

t‘x*'l = t-h“n (7)

and for each zy € R, L t; = (Zg. 2 — 2o, 1, 0, ..., 0).
Let z,, z; € R*. Denote by #'(x,, z,;) the set of all #'-admissible maps from 7z ,(z;)
to Aphe(zs). If 0 € Fr(y, 25), 0 = f{,al,i:,(,‘), then we are given, by (8), the r-jet

of « at z,, jT,«, and a r-admissible map 7 : 7gk(z;) — ngr(z3) by

'7 = ‘roa";'

If v(2,, z;) denotes the set of all z-admissible maps of 7z:(z,) to nzh(x,) then we have
constructed a map of F(x,, z;) to v(z;, ;) which is obviously a bijection. The
relation

Fin(xy, &) = (73, ),

where & € L], denotes the identity, defines a one-to-one correspondence between
F'(z), ;) and L}, and similarly the relation

(2, €) = (23, Ta(za)),
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where e € @ is the identity, defines an injection of t(x,, ;) to G. Combining these
two maps we obtain an injection

Ly 3 5of = va2i5f) = Ttz fts,) (%) € G.
Since

Fils,—s5(71, &) = (25, €) = FY idll'(xi’ €)

we have

Va,54(€) = V2,5,(8) = €
i.e., by (3) and (7),

T(leyl-z,) (%g) = Ths_z,(%a) = €. (8)

This relation together with (4) shows that the map v, ., is independent of the choice
of z;, ;. We denote

V= le.ll' (9)
v i8 an injective homomorphism of groups.
Proposition 5. Each lifting of order r is homogeneous.

Proof. Our assertion follows from (8).

4. Differentiability condition

Let v : Dy — PRB,(G) be a lifting of order 7. Using the same notation as before we
define:

Definition 5. 7 is said to satisfy the differentiability condition if for every X € Ob 2,,
and every differentiable map J X U 3 (¢, ) — «(¢, ) € X, where J is an open inter-
val and U is an open subset of X, such that for each ¢ € J the map «;, defined by
x¢(%) = «(t, ), belongs to Mor 2y, the map

J X ToU 3 (tv y) - foo‘t(?/) € TOX
is differentiable.

Theorem 1. The follounng two conditions are equivaleni:
I. = satisfies the differentiability condition.
II. The map (9) 8 continuous.

Proof. Assume that 7 satisfies the differentiability condition, and choose on open
interval J containing 0 € B! and a point 8 € L}, 8 = 5f. Let J >t —>y(t) € L}
be any differentiable curve such that (0) = 8. There exist a neighbourhood U of
0 € R* and a differentiable map J x U > (¢, ) — «(¢, z) € R* such that for every
t € J, the map a; belongs to Mor Dps, a;(0) = 0, and y(t) = j5x;. The map & may
easily be constructed by means of polynomials. Now, by (9), »p() = T«,(0), and our
assumption ensures that the curve ¢ — 7a,(0) is differentiable. Thus we see that
for any differentiable curve ¢ — y(t) passing through S, the curve ¢ — »yp(t) in G
is differentiable. This means that » is differentiable at S, hence continuous.
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Conversely, let us assume that » is continuous. Then » is differentiable ([8], Chap. 5,
Beoc. 3). Consider a differentiable map J x U 3 (¢, z) > «(f, ) = «((x) € R® such
that «, € Mor @p.. Then by (1)

o2, g) = (x(2), Tai(x((2)) . g), (10)

where for each ¢t € J the map T« : «,(U) — @ is differentiable. Let z € U. Since
the map J 3 ¢t — fj(ta,(nxet—,) € L}, is differentiable the composed map

I3 t > (it ioit-s)) = Tafo()) € G

must be differentiable. Formula (10) now shows that the map (¢, (2, g)) — zox((2, 9)
is differentiable. Consequently, v satisfies the differentiability condition. This com-
pletes the proof.

If v satisfies the differentiability condition then the pair (v, L) is a Lie subgroup
of G. This leads to the following result.

Theorem 2. Let 1 : D, — PB,(G) be a lifting of order r satisfying the differentiability
condition. Then there exists a natural transformation N : F* — v of functors such that
for each X € Ob @, Nx : F'X — 1X 13 a reduction of the principal fibre bundle tX
to the principal fibre bundle F7X.

Proof. Let X € Ob 2, let (U, ¢,), « € I, be an atlas on X. Denote by ((U,, 9,),
totp,), t€1,and ((U,, ?.)s .9"(}).), ¢ € I, the corresponding fibre atlases on rX and #'X,
respectively. For each ¢ € I there is defined a map Ny,,: 23 (U,) - 2x'(U,) by

Ny, = (top)to (id,‘(u,) X v) o Flo,. . (11)
It is directly proved that on every =3, (U, n U.)

Nx,,=Nxue (12)
Denote by N'®' the map of F3X to 7,X uniquely determined by the condition

N@laz wo = Nx..

for every ¢ € I. It is easily seen that N'Q satisfies locally, and consequently globally,
the condition

NPGo * fop) = NRGES) - v(7p) (13)
for every j5f € n¥(U,) and every fip € L}. Hence the triple Ny = (N'Q, idy, ») is
a homomorphism of principal fibre bundles. Formula (11) shows that it is an iso-
morphism, which means that Ny is a reduction of X to #7X.

To prove that the family Ny, X € Ob 9,, defines a natural transformation of func-
tors, we are to show that for every « € Mor 2,, «: X, — X,,

120 Ny, = Ny, 0 F'x. (14)
Let (U, @) be a chart on X,, (¥, y) a chart on X, such that «(U) — V. Obviously,
Tox O NX;':}“(U) =Ny, oF Sala}‘h,(v)
if and only if

7oy © To% © Ny lx2 ) © (Top) ™ = 7oy © Nix, 0 Fialazt ) © (o)~
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The last condition is equivalent to saying that
Topap~! o (idyy) X ¥) 0 Flgay™ = idyy) X .

It follows from (12) that this condition is satisfied which proves (14). This completes
the proof of Theorem 2.
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