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Pivot theorems in n-space

AvugusTINE O. KONNULLY

1. Introduction

If points are marked on the edges of a simplex in n-space, one on each, and a sphere
is drawn through each vertex and the points marked on those edges which meet
in it, then these spheres all meet in a point. This, known as Haskell’s pivot theorem
[1], is the first in a series of theorems to be called as pivot theorems in n-space. If
we are given a set of points in n-space with more points than is necessary to form
the vertices of a simplex in n-space, still we can mark points on the joins of these
points to each otherso as to have a sphere going through each point of the set and
the points marked on the joins of it to the other points, and it will be found that
these spheres all meet in a point in like manner. And this results in a chain of pivot
theorems, arising as we add one point after another to a set of points which form
the vertices of a simplex in n-space.

2. The first pivot theorem

The following will be a simple proof of the first pivot theorem in E,. Let €y, €,, ..., e,
be the vertlces of a simplex in E,. Let p;; (= p;i) be the point. marked on the edge
{(e;, e;; as a point on (e;, e;), p;; = gle; + g,e,, where g/, + g; =1 Let S; be the
sphere going through e; and the points p;, marked on the edges which meet in e;;

p; be its centre. Let p = Z x;e;, where Z‘ x; = 1, be the centre and r, the radius

i=0

of the common orthogonal sphere of the spheres S, S,, ieley gy

To prove that the spheres §; all meet in a point, it is enough to show that r = 0,
that is, the common orthogonal sphere is a point sphere.

Since the sphere §; with centre p; and radius [p; — e;| is cut orthogonally by the
common orthogonal sphere we have: r2 = (p — p;)* — (p; — €;)% That is,

2= _e? 4 2p;.e, — 2p;.p + P°. (1)
Also since p;; (j =0, 1, ..., n), are points on S;, we have
(Ppy — P)* = (pi — €)%, or, (p;—e).(py+e—2p)=0,
ie., gile; — €).(e; + e; + gi(e; — e;) — 2p;) = 0, which gives
2p;.e; =gile; — e, + e} — €} + 2p, . €.
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On substitution for 2p; . e; in (1), we get

1 = gi(e; — e)' — €] + 2p;.¢; — 2p; . p + p.
This being true for j = 0, 1, ..., n, we have

»
=X lgl(e; — e)* — €} + 2p,. €, — 2p; . p + p*]
,-
n X L)
= 2 zgile; — e — I z€f + p?,
I= i=
since }' #; = 1 and 3 z;e; = p. This is true for each ¢ = 0, 1, ..., 7n and so we get

= Eaf £ dimte— e — 5 et +
’-

i=0 |j=
] L] n
=3 3 zglaie; — e)? — 3 e} + p?.
i=0 j=0 =0
But this last expression is easily seen to vanish, since
" " 5
Z; .Z;) zighry(e; — €) = f"; zi(g; + g;) z(e; — e;)?
=0 j= ;

. n 2 n
= X e} — (._é; -“te‘) = ) ze} — p*.

j=0 j=o

It follows that r = 0.

8. Pivot theorem of n + 2 points

Theorem. Let a set of n + 2 points, €, ey, ..., €,,,, be given in E,, of which no set
of n + 1 lie in the same prime. Let a sphere S, going through e, meet the joins of e,
to the other points in points Pgy, Poas -+ -» Po.n+15 @ Sphere S,, going through e, and py,,
meet the joins of e, to e, €y, ..., €4,y 11 POINLS Pig, Pia, - - -, Prar1; @ Sphere S, going
through €5, Pos, Prs meet the joins of €y, to €y, €, ..., €4,y i1 POINLS Pag, Pass -- s Po.nr1s
and 80 on. Finally let the sphere S, going through €,, Pon; Pins - - > Pn-1,n Meet (€., €,.1)
"m Pa.ns1- Then

(i) there 13 a sphere Sy, going through e,., and the Points Po,usys Prons1s -+ > Pronsrs
and

(ii) the spheres Sy, Sy, ..., Susy all meet in a point.

In proving the theorem it will be useful to know the condition in order that, given
a set of » + 2 points, a,, @,, ..., a,,,, in E,, there is a sphere going through them
all. The vector @, can be expressed as

nt+1 n+1
a, = f‘:‘lg‘a“' where .‘Z‘lgl = 1. . (2)
= =

If the sphere, through the n + 1 points a,, a,, ..., &,,,, has r, ¢ for radius and centre
(@i —clP=1% ie, a} —2a;.¢c+c2—r2=0 (1=1,2,..,041)
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which means:

nt+l

Egi(a? —2a;.c+c2— 1) =0,
that is,

n+1

Zg‘a?——2ao.c+c”—f’=0,

i=1
n+1
since L g, = 1and 2 gia; = a,. Tlns sphere goes through a, also, that is, a§ — 2a, . ¢
+ et — r"- =0, if and only if Z gia} = a?. Thus the necessary and sufficient
condition in order that the pomts ao, ay, ..., @y, have a sphere going through them
all, is
n+1

- Zlyt“? =0. ()
i=
This condition may be expressed in a more convenient form. Let wuy, u,, ..., u,
be a set of linearly independent vectors. Then solving for gy, g, ..., guey from the
equations
nt1

= Zgiai'“k (k= 11 21 ~-~7n))
i=1

1=Zg(,

<1

and substituting in (3), the condition reduces to the vanishing of the determinant

a? a? @y

Q.U @ Uy .. Gy Uy
.............. = det (do, dy, - .., dps1),
GG .U, @ .u, @iy - U,

1 1 1

where d; = (a}, a; . uy, ..., a; . u,, 1), written as a column.

4. Proof of the theorem

Being a point on (e;, e,), Pi; (= Pyji) may be expressed as py; = gle; + 'e,, where
2 -{-g’_ 1(6,7=01,...,n+ 1;¢ 3F9). Settmgg,— 12fork=0,1,...,n + 1,
we may occasionally represent e; as p;; = gie; + gie;.

The condition for a sphere to be going through e; (= py) and the points p;o, Py, .. .»
Pi.n+1 On the joins of e; to the other points, is that

det (d:), d'i, ceey d:-{»l) = 0’
where
di = (P} Pig - W, - Py - Uy 1).

This determinant is easily seen to be, but for a non-zero factor, equal todet (d},
ds ), where

EEET )

dj = (e} — gile; — ), 5. wy, ..., ;. u,, 1);
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for, while d¢ = di, we have
p} = gile} — gile, — €)?] + gie?
so that df = gid} + gid].
And with the vector e,,, expressed as
n n
e =2y, JYy=1,
j=0 j=0

and the values of y,, ¥, ..., ¥, obtained from the equations
"
, iz,;y,e,.uk:e,,ﬂ.u,, (k=1,..,n)

n
and Y y; = 1, we find that det (d}, d}, ..., d} ,,) is equal to the expression
=0

€ — 01 e — enn) — X yilef — gile; — €))]
’-

multiplied by the non-vanishing determinant

€ .U, €, .U
eo “n €,.u,
1 1

Hence
det (d}, di, ..., d},,) = 0 & det (d}, d}, ..., di,,) =0
©e, —gl'le — e,
— Y ye} + 3 glye; — € = 0.
j=0 j=0
This last relation, using the identity
L] n
€1 — _-Z; yie; = (e — e,,)? —_Z; yile. — €;)?,
i= i=
takes the form
s ' hod s
Ini1(€i — €414)% — 2% giyie; — €;)* = 0; (4)
’s
which thus expresses the necessary — also sufficient — condition for a sphere to
be going through the n + 2 points p;o, Pirs - - -» Pi.ne1-
Now, it is given that a sphere passes through the n + 2 points p;o, Pis, ---, Pui

=€), ..., Pig+1s for1 =0, 1, ..., n. Thus (4) is true for each ¢t =0, 1, ..., n; where-
from at once we obtain

Ll . . .
‘z“) Yi [g:nl(ei - en+l)’ - Z; g;'yi(ei - ei)z] = Os
= ,-
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ie.,

" L
‘Z; Yigh,1(€ny — €)2 — X _2:;.'/!9;’3/!(8! — ) =0.
= ’=

Since
L ]

—y

ij=

)

" 5 - ’
ygiyilei — )t = 3 yile; — €)* y; =’Zoy,e} B (,Zoy,e,) ’
(8] = -

Ll‘q a
°

this means

e, — iz.joyf[e,? — gh1(€ns — €)*] = 0. (5)
And as above,

det (d2'1,dp'Y, ..., d0 ) =0

& det (d2'1,d}', ..., d3 ) =0
n .
< e?nl - %y;[e‘; - g;nl(enﬂ - el)2] =0.
'::

It follows that (5) implies det (d§*?, d}*!, ..., dR}1) = O, that is, there exists a sphere
Sm—l 801118 thl‘ough the POintS po.nﬂ» Pinsts <o o Paners €ne1-

5. The proof completed

It remains to prove that the spheres Sy, S, ..., S, all pass through a common
point.
By the first pivot theorem, the theorem of n + 1 points, the spheres Sy, Sy, ..., S,
n n
all meet in a point. Let p = J ze;, 3 ; = 1, be the point in which they all meet.
i=0 =0

Then, for each ¢+ =0, 1, ...,n, there being a sphere §; going through the points
D Pios -+ Pii (= €)), ..., Pin, we havedet (d, di, ..., di) = 0, whered = (p%, p . u,, ...,
P . u,, 1). With df, d} denoting the same as before, it means det (d, dj, ..., di) = 0;
which, with z,, z,, ..., z, given by the equations

L ] n
Yae,.upy=p.wp (k=12,..,n), and Y z;=1
i=o

i=0

reduces to
p:— .Eoz,[ef — gl;.(e‘ — €] =0. ®
j=

And this being true for each ¢ =0, 1, ..., 2, we obtain
n

s [pz _ié; €] +’,§; g€ — e,)’] =10,

=0
that is,
PP — Y+ Y [.2 giyile — ei)z] = 0.
j=0 j=0 =0

11 Beitriige zur Algebra 10
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Since by (4)
)"0 giyie, — )t =gl \(e; -- e,,,)?, foreachj=0,1,...,n,
i
this means
P = Sl + 3zl 10— eni)? = 0. )

This gives: det (d,dg'!, d}'!,...,d? ) = 0, or equivalently,

det (d, d2:L, dY .o Y =10
(since det (d3'!, d}'", ...,d"'}) = 0 as by (5)).
Now to have S,,; going through p, it is enough that p and the points e, ., p, .y, - -,
Pa.av1 O Sy, have a sphere going through them all. And a sphere goes through
them all iff

det (d,dr'},dp'Y, ..., d0' Yy =0

n 1
& det (d,d"; ), dr,...,d"'Y) = 0.
It follows that S,.; goes through p as each S; (: =0, 1, ..., n) does.

6. Pivot theorem of k + 1 points, k >n + 1

Theorem of » + 3 points. Let a set of n 4+ 3 points, €y, e, ..., €,,,, be given,
no n + 1 of whick lie in the same prime. Let spheres Sy, Sy, ..., Spsy be drawn, in
order, through e, ey, ..., €,,,; S, going through e, and meeting the joins of e, to e, e,, ...,
€,.3 1N POIBLS Py, Pozs -+ > Po.nses S1 going through e, and po;, and meeting the joins
of e, to e, €;,...,€4q5 N Pra, Pras -+ Proaras @nd S0 on; finally S,., going through
€,y and the points Po iy, Proasts -+ Pravy — @ Sphere goes through them all as by the
theorem of n + 2 potnts — and meeling (€,.y, €pi2) tn POINt Pyyy nia. Then

(1) there exists a sphere S,., going through e,., and the potnts P niz; Prnsas -+ +»
Pas1.ns2s and v

(ii) the spheres Sy, 8, ..., Spia have a common point through which they all go.

For the proof, we consider the set of points obtained on dropping from the given set
one point other than e,,,;. On dropping e,, for the set of n + 2 points that are left,
we have, as for the theorem of » + 2 points, spheres drawn through them; S, going
through e, and meeting the joins of e, to €;, €;, ..., €,,, in points Py, Py, -, Pr.ns2s
S, going through e, and p,; and meeting (e;, ) inpy; (1 = 3,4, ..., 7 + 2);...; 8py
going through e,,, and p; .., (j = 1,2, ...,n) and meeting the join of e,,, to e,,,
N Pysy n+g- Therefore by the theorem of n 4 2 points, there is a sphere S;,, going
through e,,; and the points Py pia, Po.ns2s - - +» Pre1,ave ON the joins of €,,,to €;, €, ...,
€,.1; and further the spheres 8,,8;, ..., Spi1, Sy, have a common point in which
they all meet. Similarly, on dropping e,,,, for the points left, at e, ey, ..., e,, there
are spheres S,, S,, ..., S, drawn through them in like manner; and by the theorem
of n + 2 points again, there is a sphere S , going through e,,; and the points
Po.nsgs -+ +» Pu,nra, 80d the spheres Sy, S,, ..., S,, Sy, all meet in a point.

The points e,.s, P, asg) Po,ns2s « -+ Pa.asz determine a unique sphere going through
them all. If S,,; is this sphere, then as a sphere through all these n + 1 points S,

n+2

.coincides with it. So also S}, coincides with it. Hence p, ,.s lying on S7,,, and
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Prsraie lying on S, ,, along with the above points, are of S,,,. Thus S,,; isa
sphere going equally through all the points Pg uig, Pr.aeas - o> Puetonea-

So also the point in which the spheres S,, Sy, ..., Sy, Spie meet and the point in
which 8y, Sy, ..., S,, Sp:2 meet must be identical, identical with the point in which
Sy, Sy ..., Sy, Spee meet.

Further extensions. The way to further extensions is now clear. Having proved
the theorem for sets with up to k points, ¥ > n 4 1, we can prove the same for a
set with k + 1 points in a similar manner, that is, by dropping in turn one point
from a pair picked up from the set of £ + 1 points and applying the theorem already
proved to the set of k points that will be left, as it was done above for the proof
of the theorem of » + 3 points.

Thus adding one point after another to the set of points for which the theorem has
been proved, we get a chain of theorems corresponding to the sequence of integers
greater than n. In this we will have also the theorem for the general case of a set
with an indefinite number of points.

7. The general case

As for-the general case, considering the given set of points as the vertices and their
joins to each other as the edges of a polyhedron in n-space, the theorem may be
seen to come to the following propositions:

(1) Given a polyhedron in n-space, points may be marked directly on its edges
— with as many as n(n + 1)/2 chosen arbitrary — so as to have a sphere
go through each vertex and the points marked on the edges which meet in it.

(ii) If points are marked on the edges of a polyhedron in n-space, one on each
edge, so that a sphere can be drawn through each vertex and the points marked
on those edges which meet in it, then all the spheres that may be so drawn, one
at each vertex, will have a common point in which they all meet.
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