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On the equivalence of isometric surfaces in E*

ALOIS SVEC

Two isometric surfaces in E* are globally non-equivalent even under suitable con-
ditions on the positiveness of the curvatures. To ensure the equivalence, we have to
add a further condition, this condition being automatically satisfied for surfaces
in K3,

lLet G = R? be a bounded domain and M :G — E4 a surface in the euclidean 4-space
74; let us write M = M(G), oM = M(20Q) being the boundary of M. On M, consider
a field of orthonormal frames {m; vy, vy, v, v4}; M € M ; vy, v, € Ty (M); v3,04€ Npp(M).
Here, T'(M) is the tangent and N (M) the normal bundle of M resp. Then we may write

dm = o'v; + w?v,,
1 2

dv, = wiv, + wivy + iy,

dv, = —olv, + odv, + olv,, (1)
dvy; = —wly, — wiv, + wjry,

dv, = —olv, — wiv, — wiv,

with the integrability conditions

dot = o’ A ol, dol = of A 0}, (2)
where _

0 =04t=0, ol + w; = 0. | (3)
From (3, ,), we get the existence of functions a,, ..., b3: G — R such that

o} = a,0! + ay0?, o} = bo! + bw?,

0} = a,o! + azo?, 0§ = byo! + byw?. (4)

The further differentiation yields the existence of functions «;, ..., 8,:G — R such
that

da, — 2a,0% — by} = a0 + a,0%,  db, — 2b,0? + a0} = fiw! + Byw?,
day + (a, — ag) 0] — by} dby + (b — b) 0} + ayw}

= ao! + agw?, = pro! + fy0®, (5)
dag + 2a,0% — byw} = agw! + a0,  dby + 2b,0% + azwi = Pyw! + faw?.
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The first fundamental form of M is given by

I = (dm, dm) = (')? + (). (6)
Form € M, introduce the mapping

II,:N,(M) X T(M) - R; 11, (ng, t) = — {tn, tn); (7)

here, t € Tp(M) and n: M — N(M) is a section (defined in a neighborhood of m)
such that n(m) = n,. Ohviously,

I (xvy + Yo, o'vy + 0?y)
= (way + yby) (@) 4 2Axay + yby) W' - (xag + yby) (022, (8)

For the unit normal vector n = xv; + yv, € N(M), let us introduce the Gauss and
mean curvature with respect to n by

K, = (xa; + yb,) (xag + yby) — (vay + yby)?, )
2, = x(ay -+ ag) + y(by + by). '

resp.
Be given another surface M*: "= E*; let us suppose that M and M* are isometric.
Then we may choose the orthonormal frames on M* in such a way that

dm* = oW} + whf,

dv} = (0} + ) 08 + (0} + ) o + (0} -+ 1) of,
dv} - —(of + ) etk (0f + 1)) of + (0f + 1) e, (10)
dvy = —(o} + )} — (0} + )0 + (0f + 1§) 2},
def = —(o} + 1) et — (of + e} — (0 + 8.

From the integrability conditions, we get
A1t =0, o'AN1} =0, (1
O'AN + w2 AT} =0, o' N1} + wr At =0, (12)
dii = —0} A1} — 1Al — B3N} — i AT — i A} —td AT,  (13)
di} = AN} + A0} + 1A — 0 Al — i Aoy — 18 A,

dij = —o0i A1 — A} — AT — o Atd — 3 Al — i A1,

dij =i ANt + Ao+ 2N+ 0l AT + A0l + B3NS, (14)

drij = —wiAti — iAol — 3 AT+ A1} + 3 A0} + 3 A,

dif = —oj At} — 1Al — AT} — AT — 3 A} — 3 AT
From (11),

2 =0, (15)
and (13) reduces to

BA+ AR+ IAG+0d A+ iAol + 1} At = 0. (16)
From (12), we get the existence of functions R, ..., S;:@ — R such that

¥ = Ri0! 4+ Ryl 13 = R,0! + Ry0d;

1} = Sj0! + 8,02, 13 = Sho! + S;0; , (17)
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a further exterior differentiation yields the existence of functions R}, ..., 8}:G — R
such that

dR, — 2R,w} — bt} — S;(0w§ + 1d) = Rtw! + Riw?,

ARy + (Ry — R3) 0F — byt — Sy(wd + 18) = Riw! + Riw?,

ARy + 2Ry} — bytd — Sy(wd + 13) = Riw! -+ Riow?, (18)

A8y — 28,0} + @13 + Ri(wf + 1) = Ste! + Sfo?,

dS, + (8; — S3) 0 + a,13 -+ Ry(wf + 1d) = S + S§w?,

dSy + 28,03 + sty + Ry(wd + ) = Sl + Sjor,
The equation (16) takes the form

ayRy — 20,Ry + Ry 4 R \Ry — R2 -+ b3S, — 26,8, -+ 0,853 + S8,

— 83 = 0. (19)
;,("t- g € G, mg = M(g), mg == M*(g). Further, let I,:E* — E* be an isometry satis-
ving

I, 0 (AM*), = (dM),. (20)
The most general (so-called tangent) isometry is given by

L) = me, L) =v, L) =,

I (v3) = #(cos x .13 — sina . vy), Ij(v}) =sina.vy 4 cosx.vg;  (21)

£== 41,

Let m = m(s) be a curve on M; let s be its arc and let my = m(sy). Denote by
m* = m*(s) the corresponding curve on M*. Then

I, (dm;'iSo)) _ d";(;o)_ (22)
Further,
2% 1l
1, (d n(zisiso)) _ 12(7;;(280) + ({((1)1)2 + (w?)?) 1. fla) (d7;i8o)) (23)

with
L1, = (0o} + 02wd) (e cos x — 1) + (wlof + w20}) sin a
+ (07} + 0?1d) e cos & + (o't} + w?d) sin &} v,
+ {— (0'0} + v2w)) esin & + (0'ow! 4+ w?0l) (cos x — 1)
— (07} + 0d) esin & + (w't} + w?d) cos &) v4. (24)
Thus, for each tangent isometry I,, we get the quadratic mapping
1, T M) > Ny (M), (25)
its geometrical interpretation being given by (23).

Theorem. Let M, M*:G — E* be two isometric surfaces. Let there exist a section
n:M — N(M) such that, for each g € G, there is a tangent vsometry 1, satisfying

Z1(Tu(M))=nlg) on@ (26)
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and

L1 (Tup(M)) =0 onéG. (27)
Further, suppose

K,>0H,+=0 onM; H, +H7'_1(,,,:%;0 on M*, (28)

Then M and M* are equivalent.

Proof. The frames may be chosen in such a way that

n=uvy; L) =1, Il = o (29)
Then

L1, = (By(0)? 4+ 2R,0'0? + Ry(w?)?) vy + {S)(w!)? + 28,0'w? (30)

+ S3(w?)?} v,.

Our suppositions may be rewritten as follows:

Sl = Sg = Sa = 0 on G, (31)

Rl = .Rz = R3 — O on 60, (32)

a,a; — a3 >0, a, +a, +0, 2a, + 2a, + R, + R; =0 onQ.

(33)

Write (19) in the form

(2a5 + By) By — 2(2a; + R,) By + (2¢; + Ry) Ry = 0, (34)
from this,

R, = A\(R, — R;) + A,R,, Ry = A3(E, — Ry) + A,R,;

4,:= A(2a, + Ry, Ay: = 24(2a; + Ry), Ay: = —A(2a; + Ry),

4:= (2a; + 2a3 + R, + By)'. (35)

Let us write
0} = c,o! + co?, 3 = ro! + yol. (36)
From (18,-),

(ag + Ry) x — (a, + R,) y = By — ¢, Ry,

(37
(a3 + By) x — (a3 + Ry) y = By — ¢y Ry, )

x = By(R, — R;) + B,R,, y = By(R, — R;) + ByR,;
B,:= —B (c;(a; + Rp) 4y + ¢\(a; + R;) 45},
By:= B {(a; + Ry) (¢; — c24,) + (a3 + Ry) (¢ — ¢, 4y)}, (38)
By:= —B {c3(az + By) A, + c1(ay + R,) 4;), 4
By:= B {(ay + R,) (c; — ¢, 43) + (a3 + R3) (¢; — c24,)},
B:= (a,as — a3)1.
From (18), it follows
d(R, — Ry) — 4Ry} — (b — by) 73 = (BY — R3) o' 4 (R} — RY) 0?,
dR; + (R, — Bs) 0} — byt = Riw' + Rjw?. (39)
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On M, choose isothermic coordinates (u, v) such that
I = r¥du® + dr?), r=r(uv)>0

and the vector fields v,, v, are chosen in such a way that
o' = rdu, w? = rdv.

From do! = —w? A 0}, do? = 0! A 0}, we get

. cr or
wi = rt (V;al— du + Pu dv).

From (39),
(R, — Ry)
_(_'&_u__"_ == (R} — R3) 7 + C\(B, — R3) + C;R,,
R, — R
La_v__") = (B} — By)r + C3(R, — Ry) + C\R,,
oR
_éf = RYr + C4(R, — R;) + CgR,,
oR
6_1)2 = R3r + C:(Ry, — R;) CgRy;
or
01:= Bl(bl — bs) r, 02:: B2(bl — ba) r — 4r-1 51;-,
or
Cs:: Bﬂ(bl —_ b:)) r, 04:: B‘(bl ] ba) r + 47'—1 ‘a;u—,
o
05::: Blbzr + T %, 08:= szgr,
o L or
= Babzr — 7T .67-’ 08:‘: B4b2T.

The differentiation of (34) yields
azRt — 2a,R? + a,RY = — (bse; + 3 + byx + R3) R,
+ 2(byey + ap + byx + R3) R,
— (biey + & + bz + RY) Ry
— (aghy — 2a5b, + a,by) @,
a3Ry — 2a,R} + a, R} = — (bse; + x4 + byy + RY) B,
+ 2(bocy + a3 + byy + R3) R,
— (bics + &2 + byy + B2) By
— (ashy — 2asb, + a,b;) y.
Taking regard of (35) and (38), (44) may be written in the form
a3R} — 2a,R3 + a,Rf = Dy(Ry — Ry) + DyR,,
azR} — 2a,R3 -+ a; R} = Dy(Ry — R3) + D,R,.

11
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From (43) and (45),

d(R, — R oR, ~ R,
as ‘—(-'l—au_a) — 2a, —ai‘ + (@) + ag) 3_‘02
= (rDy + ay(C, + C;) — 20,05 + a,C) (By — Ry)

4 {rDy + ay(Cy + Cg) — 2a,Cq + a,Cq) Ry,

(R, — Ry) ok, | R,

— T 1»* (IIl +— lls) '—a-;t— == 2(12 —5;-

(rDy + ayC; — 2a,C; + ay(Cy — Cy)} (R, — Ry)

+ {rDy + ayCy — 2a,C5 + a,(Cg — Cy)} R,. (46)

Let us recall a well known theorem from the theory of elliptic systems of partial
differential equations: Let the functions f, g: G — R satisfy the system

of of o eq
LT u + dyy v + by i + b ) = enf + g,
47
o o S
Qg Tu + ay, T + by T + by ™ = ¢ f + eaf;

Ay, == Ay (Uy V), o.ny Cop == Cop(u, v); let the form
D = (a19hye — gabyy) u* — (A byy — b1y + tyabyy — tgybyy) v
+ (anby — ayby) v (48)

be definite on G and f = ¢ = 0 on ¢(; then f = g = 0 on G. Now, (46) is of the form
(47), the associated form (48) being

D = (a; + aj) (ayu? + 2auv + agr®); (49)

it is definite because of (33). From (32), B, — R; = R, = 0 in G. Thus, (31) implies
¥ =13 =0, (35) implies 7} = 7} = 0, and, finally, (36,) and (38) imply 7§ = 0.
QED.

Manuskripteingang: 10. 1. 1977

VERFASSER:
Avors Svec, Mathematisches Institut der Universitit Olomouc, CSSR
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