D
[-A elt

Werk

Titel: On AC-lattices in which the ideal of the finite elements is standard
Autor: Stern, M.

Jahr: 1976

PURL: https://resolver.sub.uni-goettingen.de/purl?301416052_0005 | log7

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

Beitrige zur Algebra und Geometrie
5 (1976), 1521

On AC-lattices in which the ideal of the finite elements is standard

MANFRED STERN

DEDICATED TO PROFESSOR O.-H. KELLER ON THE OCCASION OF
HIS 70 TH BIRTHDAY

§ 1. Introduction

Let L denote an AC-lattice and F(L) the ideal of the finite elements of L.

D. Sacas defined modulated matroid lattices and proved for a certain class of these
lattices that F(L) is & homomorphism kernel (cf. [6, Lemma 20]). In [4] there is a
remark that in a finite-modular AC-lattice F(L) is a p-ideal (cf. [4, Remark 35.8,
p. 162]). M. F. JaNnowrrz has proved more: In a finite-modular AC-lattice F(L) is
a standard ideal (cf. [3, Theorem 4.6]). Likewise in [3] the following question was
raised: Is F(L) a standard ideal where L is an arbitrary AC-lattice? The answer
turned out to be negative: In a non-modular affine matroid lattice L of infinite length
satisfying EucLID’s strong parallel axiom F(L) is not standard (cf. [7]). As M. F.
Janowrrz remarked, another counter-example is provided by a partition lattice
of infinite length: this is simple by a result of O. ORE in [5] and hence F(L) cannot be
standard.

All the above mentioned results naturally suggest to give conditions for F(L) to
be a standard ideal of an AC-lattice L of infinite length. A first step in this direction
was done by M. F. JaNowrrz who obtained necessary and sufficient conditions
for F(L) to be a p-ideal where L is an atomistic Wilcox lattice. This result, which
was not published, is cited in § 5.

In the present work we extend some of our results in [8]. However, the knowledge of
[8] is not necessary for reading this paper.

In § 2 we give some basic notions. In § 3 equivalent conditions are given for F(L) to
be a standard ideal. In §§4—5 applications are given to section-complemented
AC-lattices and to strongly planar AC-lattices.

Acknowledgements. We express our gratitude to M. F. JANowrTZ for-his numerous
suggestions and helpful remarks which have influenced the contents of this paper.

§ 2. Basic notions and theorems

In a lattice L we say that an element a € L covers the element b€ L and write b < a
ifb <aandb < z < aimpliesz = b or z = a. If 0 < p in a lattice with 0, then p is
called an atom. A lattice with 0 is called afomistic if every element = 0 is & join of
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atoms. In a lattice with 0, the following property is called covering property:
If pisan atomanda N\ p= 0, thena < a U p.

L is called an AC-lattice if it is an atomistic lattice with covering property. A matroid
lattice can be defined as an upper continuous AC-lattice.
In a lattice L we say that (a, b) is a modular pair and write (a, b))M when

c< b implies (cUa)Nb=cU (aN bd)
An element a € L is called modular when (x, a)M for every z € L. A lattice with 0 is
called weakly modular when in L

aNb=+0 implies (a,d)M.
A lattice L with 0 is called finite-modular if every finite element of L is modular (by a
finite element we mean either 0 or the join of a finite number of atoms).
Lemma 2.1 ([4, Theorem 9.5, p. 42]). An AC-lattice 18 finite-modular if and only f
2<zUyvmplieszNy < yin L.
Now we can define strongly planar AC-lattices.

Definition 2.2 [(4, Lemma 14.4, p.59]). An AC-lattice is called strongly planar
if the principal dual ideal [p) is finite-modular for every atom p of L.

In & lattice L with O perspectivity is defined as follows: We say that a, b€ L are
perspective and write a ~ b whena Uz =b Uz andaNz=>b 2= 0 for some
z€ L.

The following definition plays an important role in this paper.

Definition 2.3. Let L be a lattice with 0 and let a, b€ L (a <+ 0, b 3 0). We write
a <| b when

aNb=0 and b <alb.

According to G. GRATzER and E. T. ScamipT (cf. [1, P 30]) we call an ideal S of a
lattice L standard if

INBUK)=INSUUINK)

holds for any pair of ideals I, K of L. An ideal S of a lattice L with 0 is called a
p-ideal if S is closed under perspectivity. Without proof we state the following well-
known :

Lemma 2.4. In a lattice with 0 every standard ideal ©8 a p-ideal.

In an AC-lattice L, the set F(L) of the finite elements of L is always an ideal (cf.
[4, Lemma 8.8, p.37]); further every non-zero a € F(L) has & unique rank r(az) by
[4, Theorem 8.4, p. 36]. We define r(0) = 0 and r(a) = oo if a &€ F(L). Every interval
[a, b] of an AC-lattice is likewise an AC-lattice by [4, Lemma 8.18, p. 39]. By r{a, b]
we mean the rank of b in [a, b]. By r[a, b] < &) we mean that b has a finite rank in
[a, B].
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§ 3. Equivalent conditions for F(L) to be a standard ideal

In this paragraph we give necessary and sufficient conditions for F(L) to be a standard
ideal of an arbitrary AC-lattice L. To do this we need

Theorem 3.1 ([1, Theorem 2, p. 30]). An ideal S of a lattice L i3 standard if and only if
SUEI={sU=z|8€ES and 2z <z}

for every principal ideal (] of L.

Now we are able to prove

Theorem 3.2. Let L be an AC-lattice. Then the following two conditions are equivalent:
(i) F(L) is a standard vdeal of L;

(i) f [z, bUx] and [bN z, b] are transposed intervals of L and r[z,b U x] < R, then
r[b N =, b] < R,.

Proof. (i) = (ii): Let F(L) be a standard ideal of L and let [z, b | ] < 8. Since L

is atomistic, there is an a € L such that x < b Uz = a | = and r(a) < R,. Hence
a € F(L). Then b€ F(L) U (z]. By Theorem 3.1 there are elements

==z (1)
and
such that

b= Ua. @)
By (2) we have r(a;) < X, and hence

[z, 2 U @] = [z, b] < Xy 4)

By (1) and (3) we get ; < () b < b. From this it follows by (4) that [z N b, b] < R,
which was to be proved.

()= (i):Letb<xzUaand a€ F(L).Thenr[z,z Ja] < Ny.Sincez < zUb<zUa,
we get [z, z U b] < R,. Hence r[x N b, b] < R, by (ii) and there exists (since L is

atomistic) an a; € F(L) such that b= (z N b) U ay. By Theorem 3.1 it follows that
F(L) is standard.

Corollary 3.3. Let L be an AC-lattice. Then the following two conditions are equivalent:
(i) F(L) vs a standard ideal of L;

(l) 2 < 2z Uy implies r[z N ¥, y] < Ro.

Proof. (i) = (ii): This follows from Theorem 3.2.

(ii) = (i): By Theorem 3.2 it suffices to prove that

rfz,z Ub] < Xy implies #[b N x,b] < Ry, (6)
where [z, z J b] and [z N b, b] are two transposed intervals of L. To prove (5) let
rlz, 2 U bd] < X (8)

This means that there exists a finite maximal chain

zUb=mg > mg > oo >myg > myy > > Myg=2
2 Beitriige zur Algebra 5
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between x and z |J b (cf. [4, Remark 8.6, p. 36 and Remark 8.9, p. 37]). Let M denote
the number of the intervals [my, , m¢]. By (6) we get

M <N, (7)
Now consider the intervals of the form

b N m,q, b N mi) (8)
and denote by N the number of these intervals. Since

bNmyy=bNm 9
is possible, we get

NS M ¥ (10)

Now we ask: What can be said about the rank of an interval (8)? If (9) holds, then
r[b N my,q, b N my] = 0. Let now

bNmyy < b N my. (11)
Then
b N my £ myyy (12)

because if b N my < my,, then b N my < b () my, which contradicts (11). From (12)
we get

myyy < my=myy U (b N my). (13)
Hence by condition (ii) it follows that
rlb N muy, b N mg] = 7[b N ma () mayy, b N 4] <X (14)

Summarizing we have
r[b N z,b]= N - #[b N mi,y, b N m]
and from this by (10) und (14)
r[b Nz, 0] < Ry Ry = K.
Therefore implication (5) holds in L which proves the theorem.

The following lemma shows the connection between standard ideals, p-ideals and
the relation <| of Definition 2.3.

Lemma 3.4. Let L be an AC-lattice. Consider the following conditions:
(i) F(L) 18 a standard ideal of L;

(ii) F(L) 18 a p-ideal of L;

(ili) y <| 2 implies y€ F(L).

Then (i) = (ii) = (iii).

Proof. (i) = (ii): This follows from Lemma 2.4.

(ii) = (iii): Assume that there are elements y, 2€ L such that y <|z but y &€ F(L).
Take an atom p < y. Then p ~ y and hence F(L) is not a p-ideal which proves the
lemma.

Now we pose the question: For which AC-lattices can one prove that (iii) implies (i)
in the preceding lemma? In the following paragraphs we give an answer to this
question for some classes of AC-lattices.
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§ 4. Applications to section-complemented AC-lattices

We apply Corollary 3.3 to section-complemented AC-lattices (an AC-lattice is
section-complemented if every interval of the form [0, a] is complemented). Since a
matroid lattice is relatively complemented and hence section-complemented, the
following corollary holds for matroid lattices as well.

Corollary 4.1. Let L be a section-complemented AC-lattice. Then the following two
conditions are equivalent:

(i) F(L) 18 a standard vdeal of L;

(i) ¥y <|z vmplies yE F(L).

Proof. (i) = (ii): This follows from Lemma 3.4.

(ii) = (i): By Corollary 3.3 it suffices to show that the implication

z<zUy implies r[zNy,y] <X (15)
holds in L. To prove (15) let _
z<zUy. (16)

Let § be a complement of 2y in[0,y]. Thenz Uy=2zU N2 UF=2U4F.
Hence from (16) we get

z2<zU¥y. (17)
Since § < y, we have
zNg=zNyNF=0. (18)

(17) and (18) mean that 7 <| z. Hence it follows from conditions (ii) that € F(L).
From this we get

MyNzyl=rlyNz@N2UF <X
which proves the implication (15) and thereby the corollary.

§ 6. Applications to strongly planar AC-lattices

We give equivalent conditions for F(L) to be a standard ideal of a strongly planar
AC-lattice, of a weakly modular AC-lattice and apply the results to finite-modular
AC-lattices.

Corollary 5.1 ([8, Theorem 7]). Let L be a strongly planar AC-lattice. Then the
following two conditions are equivalent: .

(i) F(L) 78 a standard ideal of L;

(i) y <|z implies yE F(L).

Proof. (i) = (ii): This follows from Lemma 3.4.

(i) = (i): We show that the implication

z<2zUy implies rfzNy,y] <X (19)
holds in L. Then the assertion follows from Corollary 3.3. To prove (19) let
z2<zUy. (20)

2¢
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If 2 y > 0 then there exists an atom p < z () y such that [p) is a finite-modular
AC-lattice (cf. Definition 2.2). Then z N ¥, 2, ¥,z U ¥ € [p). Since [p) is finite-modular,
we get by Lemma 2.1 that r{z N y, y] = 1 which proves (19).

Let now

zNy=0. (21)

Then by (20) and (21) we have y <| z. Applying condition (ii) it follows that y € F(L)
and hence

rlz Ny, y]= 1[0, y] <X,.
This proves (19) and thereby the corollary.

Corollary 5.2. Let L be a weakly modular AC-lattice (specially: an atomistic Wilcox
lattice). Then the conditions (i) and (ii) of Corollary 5.1 are equivalent.
Proof. A weakly modular AC-lattice is strongly planar and an atomistic Wilcox

lattice is a weakly modular AC-lattice (cf. [4, Remark 20.1, p. 91]). Hence one can
apply Corollary 5.1.

We remark at this place that M. F. JANowITz obtained the following result:

Theorem.l) Let L = A — 8 be an atomistic Wilcox lattice. Then the following con-
ditions are equivalent:

(i) F(L) 78 a p-ideal of L;

(ii) a || b implies a€ F(L);

(iii) 8 S F(A).

By [4, Lemma 21.7, p. 97] y <| 2 holds in an atomistic Wilcox lattice for some z if and
only if y |z holds for some z. Hence the equivalence of conditions (i) and (ii) of
JaNowrrz’s Theorem can be deduced with the aid of Corollary 5.2. The whole
Theorem, of course, cannot be deduced with the aid of Corcllary 5.2. On the other
hand we are able to strengthen the Theorem of JaNowiTz by adding “F(L) is a
standard ideal’’ as a further equivalent condition. In case L is relatively complemented
(e.g. if L is an affine matroid lattice) this follows already from [2, Theorem 4.2].

We conclude this paragraph by

)
Corollary 5.3. ([3, Theorem 4.6]). Let L be a finite-modular AC-lattice. Then F(L
18 a standard ideal of L.

Proof. Since a finite-modular AC-lattice is strongly planar we have only to check
condition (ii) of Corollary 5.1: Let y <|z in L. Then by Lemma 2.1 it follows that
0=2zy <y, ie. yisan atom and hence y€ F(L). This proves the corollary.
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