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Construction of families of curves from finite length
graded modules

Edoardo Ballico and Giorgio Bolondi

We construct particular families of projective space curves
starting from finite length graded modules, exhibiting several
phenomena of specializations. The main tool is the Rao construction via
a free resolution of the module.

0. Introduction and preliminaries

The main purpose of this paper is to show the power of liaison
techniques for producing examples of phenomena in the classification
of space projective curves. In particular, the starting points of all of
these three applications are just variations on the Rao construction of a
curve from a finite length graded k[x(,x1,Xp,x3]-module, where k is a
field.

Section 1 is related to the existence of specializations and special
families of space curves, concentrating on the variations of their
cohomology groups; the conducting philosophy is that "every
phenomenon allowed by semicontinuity is actually existing in some
Hilbert scheme, soon or later".

In particular, in the first part of section 1 we study the possible
configurations of specializations of families of space curves, and we
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concentrate for simplicity on the case of families with fixed speciality.
The main result is more or less the following: every graph of
submodules of a graded k[x(,x;,X5,x3]-module of finite length can be
realized (in a sense that will be made more precise) by a configuration
of families of curves, with fixed speciality, in an irreducible component
of a suitable Hilbert scheme, where the general element is an
arithmetically Cohen-Macaulay curve. For a result in the opposite
direction, see [2], section 3. In the second part of the section we
perform a "simultaneous" specialization of curves with the same
dimensions of the homogeneous components of the Hartshorne-Rao
modules, but with all possible graded module structures.

In section 2 we study the existence of curves defined over an
infinite field (non necessarily algebraically closed) Lck. The proof is
easy but the results are new, as far as we know, and this shows again
the power of these techniques.

We thank the referee for his helpful suggestions to the first
version of this paper.

Throughout this paper k will be an algebraically closed field of
characteristic zero, S=K[xq,x1,X2,X3], P3= Spec(S). A curve will be a

closed locally Cohen-Macaulay generically locally complete intersection
one-dimensional subscheme of Pi. To every curve C is associated its

deficiency module, also called Hartshorne-Rao module, which is the
graded S-module of finite length M(C)=?H1(Pi,]c(i)). It is known
(f10]) that two curves C and D are linked by liaison if and only if M(C)
and M(D) are isomorphic up to shifting degrees and possibly dualizing.
We say that C and D are in the same even liaison class if and only if
M(C) and M(D) are isomorphic up to shifting degrees.
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Moreover, given any S-module of finite length M, there exists an even
liaison class whose curves have Hartshorne-Rao modules isomorphic
(up to shifting) to M.

In [1] we defined an affine variety parametrizing all possible
structures of graded S-module of finite length which are compatible
with a given "graded" k-vector space structure. We recall here the
definition. Let M=?Mi be a graded S-module of finite length, and let
(myj,...,m,) be a t-ple of non-negative integers such that m;>0, m>0.
We say that M is of type (m;,...,m) if, up to shifting degrees, M;=0 if
i<0, i>t, and dimgM;=m;, if 1<i<t (note that every homogeneous
component of M has a structure of k-vector space). Let now V be the
vector space V=i6_51kmi=i€_élvi, let G={ge Sldeg(g)=1}uU{0}, and fix

the canonical basis of V.

Definition, V =‘VP3(m1,...,mt)=
-1
={£=(f},...f,.1)€ :G_BlHom(Vi®G,Vi+1)|V g.he G,Yoe V,,Vi, 1<i<t-2
fi41[fi(0®g)®h]=f; . [fi(x®h)®g] }
is called the variety of module structures of finite length over V of type

(ml,...,mt).

IfM=_€§1Mi is a graded S-module of type (my,...,my), and B;
=

is a basis for the k-vector space M;, then to M is associated an element
of ‘I/P3(m1,...,mo if we send each basis B, to the canonical basis of

V;, since the multiplication is completely known if we know the vector
space structure and the multiplication times element of G. Note that in

this way we don't identify isomorphic module structures; nevertheless,
every isomorphism class of structures is a locally closed irreducible
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subset of ’VP3(m1,...,mo. For other informations about the structure

and the properties of "VP3(m1,...,mt), see [1].

DEFINITION. A flat family p:Z—W of curves in P;’; (ZcWxP3, and

p induced by the projection) is said to have fixed speciality if for all
te Z and all ac W, be W the following equality is verified:

1(n-1 = hl(p-1
hi(p (a),Op_l(a)(t)) hi(p (b),Op_l(b)(t)).

Since we are interested in the variations of the cohomology of
curves we fix some notations. Let F:{0,1,2}xZ—N be a function . If
(mj,...,my) is a t-ple of non-negative integers such that m;>0, m>0,
we say that F is of type (my,...,m) (in analogy with a previous
definition) if there exists n such that

F(1,n+)=m; Vi, I<i<t

F(1,v)=0 if v<n, v>n+t.

We denote

Hp={C curve | F(i,s)=hi(P3, Jc(s)), Vi,Vs},
and if Ce Hg, we say that F is the cohomology function of C. If L is
an even liaison class, we denote Hg =HpN L. It is known that this is
an irreducible locally closed subset of the Hilbert scheme ([4], 2.2 and
[1], 2.2).

DEFINITION, A cohomology function F of type (m;,...,m,) is good
if it satisfies the following condition: there exists a direct sum of line
bundles L on Pi and a vector bundle K over ‘V(ml,...,mt)xPi, with
rankK=rankL+1, with the following properties:

1) hi(P3,Ke(s))=hi(P3 K (s))

Vi, 0siS3, Vs Z, V& Le Vpa(my,..omy) Ke=K ) 05 )
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2) for every & there is a morphism ¢ g:L—Kg whose
dependency locus is a curve Yge Hg, and M(Y¢) is isomorphic to E,

In [2] it is proved that if F is good, then the irreducible
components of Hg are in one to one correspondence with those of

vV, ,(my,...,m;), that the Buchsbaum curves of Hg lie in the
P3 1 t

intersection of all irreducible components of Hg, and that every curve
Y e Hg specializes to a stick figure ([9]) through curves all in Hp.
Moreover, for every t-ple (mjp,...,m;) there exist infinite good
cohomologies of type (my,...,m) (this was done by performing a "Rao
construction with parameters").

1. Configurations of specializations

In an irreducible component of a Hilbert scheme we have a
general cohomology, that is to say, there exists an open dense subset
whose curve have the same cohomology. Besides these curves, one
has special families, and one may ask for the configurations that these
families may form. The natural answer is that the only obstruction to
deal with should be represented by some semicontinuity condition. On
this way, we show how to construct these configurations, starting from
graphs of modules and morphisms. More precisely, we construct
configurations of families with fixed speciality, and the graphs of
modules is reproduced by the deficiency modules of the families. The
exact statement is the following (a "path" is a composition of arrows,
and "without loops" means without oriented loops, that is to say
without oriented paths starting from a vertex and going back to the
same vertex)
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THEOREM 1.1,

Let G={G;,0x} ,1<i<m, be g finite connected oriented
commutative graph. without loops and with only one vertex where no
arrow grrives, where the vertexes are finite-length graded S-modules
and the arrows gre surjective morphisms of graded S-modules. Then
for infinitely many (d,g) there exists an irreducible component U of
a suitable Hilbert scheme HilbggP3  such that:

a) the general element of U _is an agrithmetically Cohen-Macaulay
curve

b) for every G there is an irreducible flat family V; of curves.
having Hartshorne-Rao module isomorphic to  G; (suitably shifted)
c) if there is a path from G; to Gj, then V; is contained in the
closure of V;

d) all curves of all families have the same speciality.

Proof,

Gj,
the vertexes from which no arrow starts. We can consider another
graph G obtained from G by adding the trivial module: we add to G

G(={0} and the maps G; —Go.

Let H be the vertex where no arrow arrives, and Gj P

Also G'is a finite connected oriented commutative graph,
without loops; note that Vi, 0<i<m, there is a surjective map H-G;; let
F; be the submodule of H, kernel of this map.

We can associate to G' in a natural way another graph
G'*=(Fj,Ac} of submodules of H; if there is an arrow ¢y:G;—G;j,
then Ay:F;—F; is the corresponding injection.

We consider now a set of generators (as graded S-module) of
F;, 1<i<m, and we extend it to a set of generators of H; we use these
sets of generators for constructing free resolutions of F; and H. In
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these resolutions, we consider the second syzygies modules 5F; and
oH. By sheafifying them, we get two locally free sheaves % and #,
and a morphism (by functoriality)
Yo F-o>H
(for more details, see also [1]).
These locally free sheaves have the property that ([10])
SH! (P}, Fi(1)=F;,
SHI(P, H(1)=H,
H2(P3, F(1)=0=H2(P},H(1) V1,
and that the map induced in cohomology
i: ®HI(P3, (1)~ OHI (P}, H(1))
by 7; is exactly the inclusion F;—H (hence its cokernel is isomorphic to
Gj), as in [2], prop.2.2.
Let us call
F=H® F1®....0 Fp>

and let us consider the morphisms

v;  =(0,0,..,%j.....0): F> H
VYm  =(0,0,......... Ym): F— A
It is possible to find a direct sum of line bundles P and
morphisms G, O1,..., Opy» Om41, SUch that
En+l =Yme1®Omep: Fo H'
& =yo®oy: FoH
&  =y1®o;: FoH'
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F;i =\|Ii@0i: F- H'
Em= Vm®Om: FoH'
(where H =H®P) are injective morphisms of vector bundles. The
maps induced in cohomology are yet the trivial map, the projection on
H and the inclusions F;—H, 1<i<m.
Thanks to [2], lemma 2.1, there exists another direct sum of
line bundle X and morphisms Tg, T1,..., Tm»> Tm+1> SUch that

Hm+l =(§m+1s1m+l): f@x'—) j‘[l
o =g FOK—> H'
TR (SR Y FOK—-> H'
B =Epm): FOK— H'
Hm =(§mstm): FOoK— H'

are morphisms whose dependency loci are curves Y, 1,Y0, Y15000s Y-
Note that their Hartshorne-Rao modules are, respectively,
M(Yn4+1)=H, M(Y)={0}, M(Yi)=H/FiEGi if 1<i<m (this follows
easily from the exact sequences
0> FOK->H' > -7Yi(5) —0).
Let us consider Hom(F® X ,# ): there is an open dense

subset of morphisms having a two-codimensional dependency locus.
Now we are finally ready to define the families V;. Let F; be

fixed, and let Fjy»-sFj, be the vertexes of G'* for which there is a
path Fjr — F;; we define V; as the linear subspace of Hom(F® X, HY
spanned by ujl,...,ujp and W;. Then there is an open dense subset of

V; consisting of morphisms having a two-codimensional dependency
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locus, hence a curve; let us call W; the family of these curves. If [ is
general in this open set, then the map induced in cohomology

GtBHl(Pa, FOK(D))— ?Hl(Pi,.‘H' ()=H
has F; as image (the injections Fj — H factorizes through Fy); hence its

cokernel is isomorphic to G;. V;cW; will be the open subset consisting
of curves having Hartshorne-Rao module isomorphic to G;. It is clear
that if there is a path from F; to Fj, then W; is contained in Wj, and
hence V; is contained in the closure of V;.

Corresponding to the subspace spanned by Wg,...,u and
Hm+1 there is an open subset consisting of arithmetically Cohen-
Macaulay curves, with fixed cohomology and hence contained in one
irreducible component of a suitable Hilbert scheme. All families F;'s
are contained in its closure.

Note that since H2(Pi,9-[ (1))=0 Vt, then all curves of all
families have the same speciality.

In order to get infinite (d,g), it is enough to change the degrees
of the line bundles appearing in Pand X.

It is clear that there is no restriction in assuming that the graph is
without oriented loops. We can consider also graphs with many
vertexes where no arrow arrives with the following

OROLLARY 1.2
Let G={G;,¢x} ,1<i<m, be g finite connected oriented
graded S-modules and the arrows are surjective morphisms of graded

S-modules. Then for infinitely many (d,g) there exists an irreducible
component U of a suitable Hilbert scheme HilbqgP3  such that:
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a) the general element of U _is an arithmetically Cohen-Macaulay
curve
b) for every G; there is a (possibly reducible) family V; of curves.

having Hartshorne-Rao module isomorphic to  G; (suitably shifted)
c) if there is a path from G; te Gj, then the closure of every
irreducible component of V; contains an irreducible component of V;
d) gll curves of all families have the same speciality.

Proof.

Let Hy, ...,Hg be the vertexes where no arrow arrives, and for
each one let G; be the graph composed of all paths starting from Hj,
and G; "* be the associated graph of submodules of H;. Asin 1.1, we
get locally free sheaves 4], ?'11, Flgs oo 9'1[(1), H,, Fop Fag s
T2t(2),..., H, Tsl’fsz”"’?st(s)‘ Note that for every i there can be
more than one sheaf having the first cohmology module isomorphic to
F; (in fact, the number of locally free sheaves having first cohmology
module isomorphic to F; is equal to the number of Hj's for which there
is a path from H; to F;).

We perform the same construction as in 1.1, but starting with
morphisms
Wij:}[i@..}[sQfl1@..,’;‘1«1)@le@...fzt@)@fsl@..fs[(s)—)

S>H®..0H,
where ‘l’ij restricted to 4, ki, is the injection and restricted to #; and

to :Tlm, (1,m)#(i,j) is the zero map, and restricted to _’fij is the map

given by functoriality by the Rao construction. Then the proof follows
asin 1.1.

10
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REMARK 1.3.

Proposition 3.1 of [2] gives a result in the opposite direction.

REMARK 1.4.
If we consider vector bundles with Hl(Pi, Fi(1))=0 Vt, and

€tBH2(Pi, F(1))=F;, one can perform a similar construction for families

with fixed postulation. In a special case this was done in [6].

The next proposition shows how to specialize all liaison classes

corresponding to a certain type (that is to say, corresponding to all
modules of a fixed variety 'VP3(ni+1,...,ni+h) ) to liaison classes of

another type, say in the variety "VP3(m1,...,mt), at the same time. That

is to say, we can find a Hilbert scheme where there are curves for every
structure of ’VP3(ni,...,ni+h), and every such curve specializes to a

curve whose Hartshorne-Rao module is in ’VP3(m1,...,mt).

To prove this, first we need a lemma:

LEMMA 1.5,
Let my,..m; be non-negative integers, m;>0<m,. Then
there exists a locally free sheaf K on P3x¥Vpy(my,...m) such

that V&e Vpy(my,....my), the graded module ©H(P} K¢ () is

isomorphicto & (Ke=K(g)xp3), and the cohomology dimensions
hi(P}.Ke(s) don't dependon &, forevery iand s.

Proof.
The proof is contained in [1], proof of 3.1.

11
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PROPOSITION 1.6,

Let (my,...m,) be g t-ple of non negative integers and
(nj415---0i4n) bea h-ple of non-negative integers, with m;>0<m,
and n;,1>0<n;,, asusual. and ng<mg, Vs. Then there exists a
Hilbert scheme where there is g family T of curves, with fixed
cohomology. such that:

a) for every (e Vp3(niy1,...nivn), there exists a family Tt
contained in T whose curves have Hartshorne-Rao module
isomorphicto §

b) for every curve YeT, there exists an irreducible flat family to
which Y belongs which contains a curve Zy, with Hartshorne Rao
module Ee ‘VP3(m1,...,mt).

Proof.
Let X=Pix ‘VP3(m1 ,...,mt)x ‘VP3(ni+ 1 ,‘..,ni+h), and let

p:X—)'VP3(m1,...,mt)x’VP3(ni+1,...,ni+h)

q:X—-)Pix’VP3(m1,...,mt)

r:X—-)Pix ’VP3(ni+1,...,ni+h)

be the projections. If F, and G, are the locally free sheaves on
Pix’l/P3(m1,...,mt) and Pixqu3(“i+1»---,ni+h) respectively, whose

existence is given in 1.4, we denote by F=q*(Fy,,), G=1*(G).

We consider the relative Hom -sheaf ([3])
.X=:7-[am0x(p;F,G);

for every y=(§,0)e ’VP3(m1,...,mt)x‘VP3(ni+1,...,ni+h), an element of
:7‘[07'nox(p;F,G)y is a morphism ¢:Fm§——>Gnc. We consider the open

subset X, of the variety associated to X corresponding to surjective
morphisms. Note that for every (e ‘VP3(ni+1,...,ni+h) it is always

12
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possible to find a &e ’VP3(m1,...,mt) for which there is a surjective
morphism Fmé-eGnc: simply, let E={@®r, where

1=k 1Ok™@.. Ok Mi+1 M+, @k Mith M@K Mivht 1@, OK™,
with the trivial multiplicative structure. Then the natural surjection on

the modules gives a surjection on the sheaves (by functoriality of the
construction of Rao); more explicitely, note that Fmg is nothing but

Gn€®B, where B is a direct sum of twists of the cotangent sheaf and

of line bundles ([5], 2.8)
Then we have the family X=({K ¢ ). ¢,,¢)) Of the kernels
of these morphisms; i.e. we have a family of exact sequences on Pi
0->Keon— Fmg‘* G“C—) 0

where the maps are j¢ ¢ )and ¢.

Following the proof of [2],2.2, the map induced in cohomology
by j&....0) has { as cokernel, and there exist two direct sums of line
bundles A and B (that we can suppose that are not depending on &,{
and ¢, since all the parameter spaces we are dealing with are bounded)

and morphisms TE L0 OE,L,0)» T0,E,L.0) C0,EL.0) such that
Tet.0 = (TE L0 JEL0®0EL0 ) Ket0®A = Fr @B
Joe.t.00= (To,&L.0r 0800,EL.0) ) Kt 0PA = Frn @B
are morphisms which drop rank in codimension two.

Now for every (£,(,0) we consider the family of morphisms

Ace .o =teL.o+ -0JoeL0p

with t belonging to a Zariski-open subset of k and A ¢ ¢) dropping
rank in codimension two, hence along a curve Yy ¢ ¢)0 We getbya
standard computation on long exact sequences that Yo ¢ ) belongs
to the liaison class corresponding to the deficiency module &, and that
for t#0 Yy ¢ ¢) belongs to the liaison class corresponding to C.

13
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Note that all curves Yy, ¢ ¢) have the same speciality, and even
the same cohomology if t=0.

REMARK 1.7. One may also try to patch together the constructions of
1.1 and 1.6, studying "graphs" of varieties of module structures.

2. Curves over a subfield of k.

In the sequel, we will suppose that Lck is an infinite field, and
we will assume for simplicity that the algebraic closure of L is k. Of
course, all statements will be true for every algebraically closed field k'
containing k. Let T=L[x,...,x3].

THEOREM 2.1,

Let M bea T-module offinite length and let M be the
even ligison class of curves of P3, with Hartshorne-Rao module
isomorphic to M®K (possibly shifted), Let Ye M. Then there
exists XeM defined over L suchthat Fx=Fy.

Proof.

Let us suppose that M is of type (mj,...,m,), and let us consider

the beginning of a free reﬁ)%ution ofa sxtitable shift of M over L:
....... } J,G=92ij(-J) - i?l hT(-)>M—0

0
(F are the second syzygies).
By flatness, .

t+ t
....... - ®k;S(j) = @ h;S(-i)»> M®k — 0
/ j=2 J i=1
G
Ve

14
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is a free resolution of M®Kk over k, and G=F®Xk.

By sheafifying one gets a vector bundle ¥ over Spec(T) and a
vector bundle % over Spec(S)=P§.

Let now Ye M; there exists a direct sum of line bundles

GrB O_3(-a;,) and a morphism of vector bundles
m=1 Py

T S
m6=91 OP?( (-am)— n@_?l OP?‘ (-bn)® Fx
whose cokernel is Jy(3), for some 8. Since
T S
Hom( meg.l OP?‘ (-am), n€=91 OP?( (-b)®F)=
T S
=Hom( m% OPi (-ap), n?l OPi (-bp)® FHRK,

we have
. 4 -
dimy[Hom( & Ops Cam), €0, (-b®F)]=

T S
~dimy [Hom( ®, Op3 Cam), & Op3 (-b®)].

In fact, k is algebraic over L, and hence it is limit of finite
extensions. At every step one can apply a base change theorem ([8],
p.255), and one can pass to the limit since everything is finitely
presented ([7], 8).

Now,

- T 5
Hom( m§1 OP% (-ap), n§1 Opi -b)®FH)=
T S
=Hom( ©, 0, (m). & Ops (OOF)

and since in the second group there is an open dense subset of
morphisms dropping rank in codimension 2, one can find a curve X
which is the dependency locus of some morphism

15
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T s
e Hom( meglopi Cam), © OPi (-b)® ).

Note moreover that Fx=Fy.

COROLLARY 2.2,

With the hypothesis of 2.1, every curve YeM hasa
specialization (with fixed cohomology) to a curve Xe M defined over
L.

Proof.
This is an easy consequence of 2.1 and of the irreducibility of
HF M-

LEMMA 2.3.
Let F bea good cohomology . Then every curve Ye Hg
specializes (with fixed cohomology) to a curve defined over L.

Proof.

Let F be of type (my,...,m). Let B be the Buchsbaum liaison
class Ly, m, (i.e., the corresponding Hartshorne-Rao module is
nothing but the graded sum of vector spaces k™1®..®k™t with
trivial multiplication). We can apply proposition 2.1 to the graded
module L™1&®... L™t (where the multiplication is trivial too) in order
to find a curve Xe Bdefined over L. But now we know that X is in the
intersection of all the irreducible components of Hg, and hence the

lemma follows.

16
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COROLLARY 24,
In every ligison class there are curves which specialize (with
fixed cohomology) to a curve defined over L.

Proof.

This is a consequence of lemma 2.3 and of the fact that good
cohomologies exist (see [1], prop.3.1). A usual, from the existence of
an infinite number of good cohomologies one gets infinite pairs (d,g)
for which the thesis holds.
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