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TORSION POINTS ON ELLIPTIC CURVES OVER FIELDS
OF LOW DEGREE

S. Kamienny’

In [7] and [8] we proved, for certain small primes p, the non-
existence of elliptic curves with rational p-torsion defined over any
quadratic field. In this note we give various extensions of this result.

1. Modular Curves

Let p be a prime > 5. If K is any number field we let
Yo(p) /Q denote the affine curve whose K-rational points classify
isomorphism classes of pairs (E,C) /K where E is an elliptic curve over
K, and C isa K-rational subgroup of E of order p. Welet X,(p) /Q
denote the complete curve obtained by adjoining the cusps 0 and oo to
Y,(p) /Q° Similarly, we let Y,(p) /Q be the curve whose K-rational
points classify isomorphism classes of pairs (E,P) /K where E /K is an
elliptic curve, and P is a K-rational p-torsion point of E. Finally, we
let  X,(p) /Q denote the complete curve obtained from Y,(p) /Q by
adjoining the p-1 cusps.
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The curve Y,(p) /Q is naturally a cyclic cover of Y(p) /Q of
degree p—é—l The covering map Y,;(p) — Y,(p) is given by mapping an
elliptic curve and a point to the elliptic curve and the subgroup generated
by that point. The covering map extends to a map II:X,(p) — X,(p)
that is unramified at the cusps. It is known [9] that the cusps of X,(p)

are not Weierstrass points.

We let J,(p) denote the jacobian of Xg(p) /Q. The abelian
variety Jo(p) has good reduction at all primes | # p. If we embed
Xo(p) into Jo(p), sending the cusp oo to zero, then the class of (0 -
o0) generates a Q-rational subgroup C of Jy(p) of order num (pl;l)
For p = 23, 29, 31, 41, 47, 59 and 71 Mazur [10] has shown that C is the
entire Mordell-Weil group Jo(p)(Q). In general, Mazur has shown that
C is the torsion subgroup of Jo(p)(Q).

The Atkin-Lehner involution w acts on Xy(p) /Q 2 follows:
w(0) = oo
w(E,C) = (E/C,C') where C' = E[p]/C.

This induces an involution (which we again denote by w) of J(p).

2. Elliptic Curves and Rational p-torsion

We write g for the genus of Xy(p). In this section K denotes a
field of degree d < g. The table below gives the value of g for some

small values of p.

41
47
59
71

v Ov WA W m

Table 2.1
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The object of this section is to prove the following:

THEOREM 2.2: Let K be a galois extension of Q of degree d
< g. Then no elliptic curve over K can possess a K-rational point of

order p (where p and g are given in Table 2.1).

PROOF: We suppose that there exists a pair (E,P) /K consisting
of an elliptic curve and a K-rational p-torsion point. The point (E,P)
gives us a K-rational point y € X,(p), and by projection, a point x =
I(y) € Xo(p)(K). If o € Gal(K/Q) then x? also is a point in

Xo(p)(K). Moreover, the class of ( Z x7 - doo) isa Q-
c€Gal(K/Q)
rational point on Jy(p). For p = 47, 59, or 71 we let p denote a

prime of K above 2. For p =41 welet p denote a prime of K above

3. Let f denote the residue class degree of p.

LEMMA 2.3: The point x° reduces modulo p to the cusp
00 /0
PROOF: We prove the lemma when g has residue characteristic
2. When the residue characteristic is 3 the proof works mutatis
mutandis. The curve E must have bad reduction at p. Otherwise, E /P

is an elliptic curve over F f having a rational point of order

However, an elliptic curve over F f can have at most (1 + \|— )
rational points. Since f < d and P> (1 + J_ ) we see that the

reduction of E cannot be an elliptic curve.

If E has additive reduction at g then (E /p)o is an additive
group, and the index of (E /p)o in E /e is < 4. Thus, P? must
specialize to (E /p)o. But the additive group in characteristic 2 is killed
by multiplication by 2, and so P’ must also be killed by 2, which is
clearly impossible. Then E must have multiplicative reduction at .
To see that x7p = 00 /o we need only check that P? does not specialize

to (E /‘O)0 (see [1]). Assume, to the contrary, that P? does specialize to
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(E /p)o. Over a quadratic extension k of F , there is an isomorphism
2

(Ep)° = Om

(22f - 1). This is impossible with our choices of p and d.

Then p must divide the cardinality of k* which is

Thus, (Zx7 - doo) 1= }3x7p -d . oo lp = 0. However,

reduction modulo p is injective on J,(p)(Q), and so (Ex? - doo) must
already be 0 in J,(p)(Q). Then there is a function g on Xg(p) whose
divisor is Xx7 - doo, i.e., oo is a Weierstrass point of Xg(p). This

contradiction proves Theorem 2.2.

3. More on Torsion Points

In this section K will denote a galois extension of Q of degree
< d. Welet G be the galois group Gal(K/Q). As usual, (E,P)/K is a
pair consisting of an elliptic curve E and a K-rational p-torsion point

P. The relation between p and d is given in Table 3.1.

p
479 or 491

383 or 419
223, 229, 233, 239, or 241
Table 3.1

N W | A

As before, the pair (E,P) gives rise to a K-rational point x on
Xo(p). Applying the Atkin-Lehner involution w to x we obtain another
K-rational point x% € Xy(p). Weset J_ = (1 - w)J. For the values of
p in Table 3.1 Mazur [10] has shown that J_(Q) is finite.

The purpose of this section is to prove the following.

THEOREM 3.2: Let K be a galois extension of Q of degree <

d. Then no elliptic curve over K can possess a K-rational point of
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order p (where d and p are given in Table 3.1).

PROOF: Assume, to the contrary, that there is a pair (E,P)
defined over K. Let x denote the corresponding point on X,(p)(K).
The class of z = ( Z x? - (x")7 +d(0 - oo)) is Q-rational and lies in
J_. For p # 233 %ﬁGMI we let p denote a prime of K above 2. For
p =233 or 241 welet p denote a prime of K above 3. Then Lemma
2.3 is still valid, so x‘/’p = oo/p and (xw)7‘o = 0/p. Thus, z/p = 0.
However, reduction modulo p is injective on J_(Q), and so z must be
0. Then there is a function g on Xg(p) of degree 2d. We use a trick of
Ogg’s (see [11]) to see that this is impossible. If X,(p) has a function of
degree 2d then Xg(p) /F, is a degree 2d-cover of P!(F,). Thus, the
number of F ,-rational points on Xy(p) is < 2d - (5) = 10d. However,
Ogg has found at least % + 2 rational points on Xy(p) IFe 2 1% +2
< 10d, which is impossible with our choices of p and d. This

contradiction proves Theorem 3.2.

4. p-torsion Over Quadratic Extensions of Q({p)

In this section we assume that p is a prime = 1 (mod 4), and
p > 17. A minor generalization of the descent argument given in [6] (this
will appear in [3]) shows that there is a quotient J of J;(p) with finite
Mordell-Weil group over K = Q({p). We prove the following.

THEOREM 4.1: Let p > 17 be a prime = 1 (mod 4). There
are only finitely many elliptic curves with rational p-torsion defined over

the totality of quadratic extensions of Q({p).

PROOF: We use a minor abstraction of an idea of Frey [2] (see
also [5]). Assume that there are infinitely many such curves. Each curve
gives us a point x on X,(p). Let F be a quadratic extension of K for
which there is a pair (E,P) consisting of an elliptic curve with an F-
rational  p-torsion point. Let z  denote the point on  X;(p)

corresponding to (E,P), and let Z denote the conjugate of z by the
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non-trivial element of Gal(F/K).

Let X(z) denote the symmetric product of X,(p) with itself.
Our assumption that there are infinitely many curves with rational p-
torsion implies that X(z)(K) is infinite. Define a map
f:X(z) — Ji(p) by f(x,y) = (x +y-2z-2%). The map f is injective as
long as X,(p) is not hyperelliptic (which is the case when p > 17). We
may, therefore, identify X : with its image under f. As above, we let J
be a factor of J,(p) with finite Mordell-Weil group over K, and we let

h denote the composition of f with the natural projection II onto J:

LI AR S

h

Since J(K) is finite we see that X(z)(K) N Ker IT is infinte. Thus,
) @)

oy o s . 2
Zariski closure contains infinitely many points). Moreover, X( ) N Ker II

(2)

2 . . . .
J. Thus, X( ) N Ker I is of dimension 1, and so must contain a curve

N Ker II is a subvariety of X whose dimension is < 1 (since its

cannot be 2 dimensional since the image of X in J must generate
C whose genus is < 1. This curve has a function f of degree < 2. We
lift C toacurve C in X;(p) x X;(p). Then C is a degree 2 cover of
C, and so must have a function f of degree < 4. Without loss of
generality, we may assume C projects onto the first factor of X;(p) X
X;(p). Then the norm Nf of f from C to the first factor is a function
on X,(p) of degree < 4. If this is the case then Xl(p)/F2 is a cover of
P!(F,) of degree < 4. Then the cardinality of Xl(p)/n_-2 is <4-3=
12. However, X,(p) has p—é-l rational cusps, and so I%l <12 or p
< 25, contrary to hypothesis. Thus, Ogg’s trick once again proves our

theorem.
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