D
[-A elt

Werk

Titel: Maximum principle for hypersurfaces.

Autor: Eschenburg, J.-H.

Jahr: 1989

PURL: https://resolver.sub.uni-goettingen.de/purl?365956996_0064 | logb

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

manuscripta math. 64, 55 - 75 (1989) manuscripta

mathematica
© Springer-Verlag 1989

MAXIMUM PRINCIPLE FOR HYPERSURFACES

J.-H. Eschenburg

We give an intrinsic proof and a generalization of the interior
and boundary maximum principle for hypersurfaces in Riemannian
and Lorentzian manifolds. Moreover, we show some new applications
to manifolds with lower Ricci curvature bounds. E.g. we prove a
local and a Lorentzian version of Cheng's maximal diameter
theorem and a non-existence result for closed minimal hyper-
sur faces.
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ESCHENBURG

0. Introduction.

The maximum principle of E. Hopf is a simple and powerful
analytic tool which is often used in the theory of minimal or
constant mean curvature hypersurfaces. E.g. it implies that two
different minimal hypersurfaces 1in a Riemannian manifold M
cannot touch each other from one side. However, it is difficult to
find a written proof for this fact (for M = R~ see e.g [Scl).
Using special coordinates, one can reduce the statement to the

maximum principle for functions (cf. [PW]l, [GT1).

The present paper has a triple purpose. First we want to
give a short proof of the interior and boundary maximum principle
for smooth hypersurfaces with suitable mean curvature bounds,
which 1is also valid for spacelike hypersurfaces in a Lorentzian
manifold and which uses intrinsic geometry in place of coordinates
(Ch.2). Second we give an extension to the case where one of the
hypersur faces satisfies the mean curvature inequality only in a
generalized sense, following Calabi [C] (Ch.4). Third we give some
new applications to Riemannian and Lorentzian manifolds with lower

Ricci curvature bounds (Ch. 3 and 4).

1. Preliminaries

Let (M, <, >) be a Riemannian or Lorentzian manifold of
dimension n+tl . For any v € TM we put

tvll = |<Kv,v> 7=
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Let S c M be a spacelike C=-hypersurface ("spacelike",
"timelike" are void conditions in the Riemannian case) with unit
normal vector field N . For any p € S, there exists an open
neighborhood M' of p in M and a diffeomorphism

e: (S N M'") x (-6,8) -> M' , el(q,t) = exp(th)
We call £ =pr=0e"* : M' -> (-6,6) the signed distance

function of S .

Let V = VEf be the gradient vector field of £ on M
Then g-VI{£=t} is the unit normal £field of the parallel
hypersur face Se = {f=t} where
1 in the Riemannian case,
=1 in the Lorentzian case.
From <V,V> = o we get va =0 , so the integral curves of v
are unit speed timelike geodesics. Let A = DV be the hessean
tensor of £ . Then A(V) =0 , and A|V+ is the second fundamen-
tal tensor of the parallel hypersurfaces S. . Moreover,
(1) DVA + AOA + Rv =0,
where Rv(X) = R(X,V)V . Since trace A = div V£ = Af , we get by
taking the trace of (1)
(2) Ov(Af) + (Af)=/n + ric(V) + IAcIZ =0 ,
where ric(V) = trace Rv is the Ricci curvature and Ao 1is the
trace free part of AIV+~ , i.e. Ao = A - (trace A)-I/n (cf. [E2]

for details).

To fix signs, 1let us call AI|TS the 277 fundamental tensor
(shape operator) of S , its eigenvalues the principle curvatures

and
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H = trace A|ITS = AfIS
the mean curvature of S . If H < b for some constant b , and
if ric(V) 2 -k for some positive constant k , then by (2)
av(Af) <k, A&fI{f=0} s Db,
and therefore by integration along the integral curves of V ,
(3) Af s b + k-£

on ({£20}

If S is the boundary of some domain W , we choose N
always to be the exterior normal vector £field. Hence, H< 0

means that the domain is concave "in the mean".

2. The magimum principle

THEOREM 1. Let W+ and W- be disjoint open domains with
spacelike connected C=-boundaries having a point in common. If the
mean curvatures H+ of OW. and H- of OW- satisfy

H- ¢ -a , H+ € a

for some real number a , then OW- = 3dW. , and H+ = -H- = a

PROQF. Let S = OW-~ and let f be the signed distance function
of ®W. . Then £ 2 0 on S and (£f=0} N S is non-empty. It
suffices to show that S < {£=0} . Suppose not. Then {£>0} n S
is a non-empty open subset of S . Let p' € {£=0} N S and choose
an open coordinate ball Ur around p' in S with some radius

r . Then U n {£>50)} contains a coordinate ball B . Making B

r/2
larger and larger inside Ur , 1its boundary will finally hit the
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boundary of S n {(£>0} , i.e. we still have B < {£>0} but there
exists a point p € 9B with £(p) =0 . Now we construct a

smooth function h on a neighborhood S' of p in S with

(a) h(p) =0 ,
(b) h > 0 outside B U {(p} .,
(c) Iv*htt s 1 ,
(d) A'h s -x < 0
for some positive constant X , where v and A denote

gradient and Laplacian on S with its induced metric. This |is
done as follows: Let B' ¢ B be a coordinate ball with p € OB!'
and OB' \ {(p} « B and let s be the signed distance function
of O9B' in S . Then

B:s

h =a(l -e )

has the desired properties if « 1is small and B large enough.

For small d >0 1let B(8) € S' be the metric ball of
radius & centered at p . The function
g=f+e¢€¢:h:S'" ->R
is positive on ©O9B(8) and 0 at p , since €£|S 2 0 and
OB(8) = {£>0} v {(h>0} ,
for sufficiently small € > 0 (depending on & ). So it takes a
nonpositive minimum at some point q in the interior of B(S§)
In particular, A'g(g) 2 0 . We will obtain a contradiction by

showing that in fact A'g(q) ¢ 0 if &6 and € are small enough.

Recall that along S we have
(4) A'Ef = Af - H-.df(N) + o-DAf(N,N)) ,

where N 1is the normal vector field and H- the mean curvature
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of S =0W- . In fact, if n 1is the mean curvature vector, i.e.
the normal part of &£ De‘e‘ for any orthonormal frame €1,...,8n
of TS , then

Af = A'f - df(n) + o.DA£(N,N)
On the other hand, if £f- denotes the signed distance function of
S, then N =0.VE- along S and n = (n,VE->:N = -Af_.N which

shows (4).

Note that VE 1is a timelike unit vector whose tangent part
V'E (with respect to S ) is e-small at g since V'g(q) = 0
and therefore
IV'E£(q)l = €. UV'h(g)ll s ¢
Thus its normal part (VE£)+ = o.<VE,N>.N = o.df(N)-N has a norm

which is ¢€=-close to 1 . But df(N)(p)

-1 and df(N) has no

zero near p , therefore df(N)(qg) is €=-close to -1

Moreover, since V€ 1is in the kernel of the hessean form
Ddf and VE+ = VEf - V'f , we have

DA£(N,N)

df(N)~=.DA£(VE+,VE+)

dE(N)~=.DAE(V'E,V'E)

which is ¢€=®-close to 0 at q .

Finally, by (3) we have
Af s a + k- £
on (£20} if -k 1is a lower bound of ric(VE) near p . Since
f(gq) 2 0 and (f+eh)(g) s 0 , we get
0 s £(gq) s e-lh(g)| s €6
by property (c) since dist(p,q) s 8§ . Therefore,

Af(g) € a + k-€:6
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Plugging in all these estimates, we get from (4)
A'g(q) = (Af - H-.df(N) - o.DAf(N,N)) + €-A'h)(q)
¢ a + k-€:6 —-a+ k'€= - €.
= €:-(k:6 + k'€ - \)
where k' 1is another constant. If &6 and € are sufficiently

small, this is negative and the proof is finished.

We may easily extend this argument to get a maximum principle

in a manifold with boundary:

THEOREM la. Let M be a manifold with boundary OM and W. and
W. disjoint open domains with spacelike connected C#®-boundaries
intersecting OM transversally. Suppose that there exists a point
in OW. N OW- n oM where OW. and OW. have common tangent
hyperplanes. If the mean curvatures H. of OW. and H. of OW..
satisfy

H.. ¢ -a , H+« < a

for some real number a , then OW. = OW. and H+ = -H-. = a

e

PROOF. We continue the proof of Theorem 1. Note that now S = OW-
is a manifold with boundary ©S = S n oM . Let S® =S \ d5 . 1If
{£=0)} n S= # ¢ , we find a coordinate ball B with closure in S~
such that £ > 0 on B but £(p) =0 for some p € dB , and we
can proceed as before. Hence we may assume that £ > 0 on S=

By assumption, there exists p € 35S with £(p) =0 and Vf(p) =

0 . Let B be a coordinate ball in S which touches oS at
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p . Now we may proceed as before. However, B(6) now is the metric
half ball in S with radius 6 and center p . By the choice of
h , the function g = £ + eh 1is positive on ©9B(8) N S and on
(B(&6) n @S) \ {p} , and Vg(p) 1is a nonzero vector pointing into
the interior, since VE(p) =0 . Thus g takes a minimum on

B(6)\3S and we get the same contradiction as before.

REMARK. To illustrate the last theorem, we recall the argument of
Alexandrov [A]: Let W c B~ a relatively compact open subset
with connected boundary of constant mean curvature H=a in
euclidean n-space. Fix any unit vector v € B . The corresponding
hight function h.(x) = <x,v> takes a minimum to on OW . Let
My, be the half space ({(h. 2 t} and «. be the reflection at the
hyperplane (h. =t} . For t 2 to put We+ = My \ Clos(W) , We-
= Mo N 2e(W) . Then We— N Wes N dMy, = ¢ for all t , and for t
close to to we have We— N We+ = & while We- < We+~ for large
t . Let u be the supremum of all t such that We- N Wes = ¢

Then oWL- touches OW.. from the interior. If this contact
takes place inside M. , we get OW.- = OW.+ from Theorem 1. If
the contact point lies on oM. , then OMu. intersects dW.-+ and
oWu- orthogonally at this point and we may apply Theorem 1la to
get the same conclusion. Hence OW is invariant under «u . The
isometries of R™ which leave the compact subset OW invariant
form a compact subgroup G which has a common fixed point, say
0 . We have shown that any linear hyperplane reflection occurs as
the linear part of such an isometry, so G = 0(n) and OW 1is a
sphere centered at 0 . (The same argument also works if oW is a

compact constant mean curvature hypersurface in hyperbolic space
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or in an open half sphere.)

3. BApplication to spaces of positive Ricci curvature

In this chapter, we examine a Riemannian or Lorentzian
manifold M = M"** with
(R) ric(v) 2 n
for any timelike unit vector v € TM . The standard spaces with
this condition are
Qe = {x € R"*= ; (x,x> = 0}

where we use the scalar product

(o]

(x,y> = 21 X3Y¥s +t 0(Xne1¥n+1 + Xna+rz¥nez)
=

on Rr*2 . For o = +1 (riemannian case), this 1is the unit
(n+l)-sphere. For o = -1 we get the Lorentzian analogue called
anti-de Sitter space time (cf. [(HE]) which is diffeomorphic to
S* x R . Its curvature tensor satisfies Rv =1 on v+ for any
timelike unit vector v , and v+ 1is a tangent space of a totally
geodesic spacelike hypersurface which is isometric to hyperbolic

n-space of curvature -1

A timelike geodesic §y : I -> M 1is called locally extremal
if there exists a neighborhood M' of y(I) such that § 1is the
shortest (in the Riemannian case) or the longest (in the Lorentz-
ian case) among all timelike curves in M' connecting any two
points of § . Due to (R), no geodesic of length > =« can be

locally extremal since there are conjugate points at distance < =
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(cf. (E), Prop. 2.4). If M 1is Lorentzian and globally hyperbolic
(cf [HE]), then there exists a longest timelike geodesic between

any two points which are timelike seperated, and so we get the

OBSERVATION. If M is Lorentzian and globally hyperbolic and
satisfies (R), then no timelike curve in M can have length

>n

Next we discuss the equality case.

THEOREM 2. Let M be any Riemannian or Lorentzian manifold
satisfying (R) . If there exists a timelike unit speed geodesic
§ of length w which is locally extremal, then a neighborhood of

¥((0,m)) 1is isometric to an open subset of Qo

PROOF. Let p- = §(0) , p+ = y(n) , and put
v— = ((n/2)+s8):§"'(0) , v+ = =((n/2)=-8):5"(w)
for any s € (-w/2, w/2) . Since p := ¥((n/2)+s) is not
conjugate to p- nor to p+ , there exist neighborhoods V. of
vse in TP:" where e. := exppt are diffeomorphisms. Let
B:x = {v € V2. ; o:.llvll < 0:((x/2)Fs)}
Since ¥ 1is locally extremal, there exists an open neighborhood
U of p such that
We = U N ex(B:)
are disjoint open subsets of M with connected boundaries having
the point p in common. The comparison theorem for the mean
curvature of distance spheres (cf. [E2], 4.2) shows

H: ¢ t tan(s)



ESCHENBURG

where H: are the mean curvatures of OW: . Thus by Theorem 1,
W- and W+ have common boundary with H+ = -H- = o.tan(s) . So
the geodesics from p- and p+ to any point g € dW. = OW- join
up to an unbroken geodesic of length =n . Hence there is an open
neighborhood V of §'(0) 1in the unit tangent space SP—M such
that n-V lies in the domain of e- and is mapped to P+
Moreover, if we consider Eduation (2) for S = oW- with s =0 ,
we have Af = -tan(f) and therefore ric(V) = n and HIAcl =0
Hence by (1), Rv =1 on V+ . This finishes the proof.

In a completely analogous way we may prove:

THEOREM 23 Let M be any Riemannian or Lorentzian manifold
satisfying (R) and S ¢ M a hypersurface with H =0 . If there
exists a timelike unit speed geodesic § of length n/2 from
p EM to po € S which has extremal length among all timelike
curves from p to S close to ¥ , then there exists a
neighborhood S' of pe in S which is totally geodesic and a
neighborhood M of $((0,n/2)) being isometric to an open

subset of Q. with S' c oM’

COROLLARY 1. (Cheng [Ch, Sh]) Let M be a complete connected
Riemannian manifold with diameter = which satisfies (R). Then M

is isometric to the unit sphere Q-

PROOF ., Let p-, p+ € M be points of distance =w . The subset

V ={(v e SP_M ; exp (w.v) = p.}

p
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of S_M is closed and non-empty by assumption and open by

p_
Theorem 2, thus V = Sp M . 1In particular, the geodesics with
initial wvector v € V are minimal from p- to p+~ , and hence
expp_ is a diffeomorphism on the open disk of radius ®x . By

Theorem 2 again, M is locally isometric and hence isometric to

Q-O-

COROLLARY 2. Let M be a time oriented Lorentzian manifold which
satisfies (R). Let p-, p+- € M be connected by a future directed
timelike geodesic y of length w which has maximal length in
its homotopy class. Suppose that the domain of expp_ contains
all timelike future directed vectors of length < n . Then all
future directed timelike geodesics of length = starting from p-
join at p+ and cover a domain which is isometric to

Q-' = {x € Q- ; -1 ¢ Xhez ¢ 1, Xn+1r > 0}

PROOF . Let S‘p_H be the set of future directed timelike unit
vectors and consider the closed nonempty subset
V=(v e s*p_u R expp_(u~v) = p+1}

By Theorem 2, V 1is also open and hence V = S‘,_M . All geo-
desics with initial vector v € V join p- to p+ with maximal
length in the homotopy class of §![0,x] . So they have no
conjugate points and cannot meat each other within the parameter
interval (0,n) . Hence expp_ is a diffeomorphism on the open

set B = {(r.v ; v € S‘p_H , 0<r <=m} , and expp_(B) is locally

and therefore globally isometric to Q-' , by Theorem 2 again.
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Last we give an example showing that similar arguments are
applicable also in the case where

(Ro) ric(v) 2 0
for all timelike v € TM . Two spacelike hypersurfaces S, S' in
M are called strongly parallel if they bound a domain w
diffeomorphic to S x [0,L] with metric g = ge + o0-.4dt= where
gs 1is the induced metric on S . 1In particular, S and S' are
totally geodesic. The following theorem is well known in the

Riemannian case (cf. [(I],[K]1,[GR]).

THEOREM 3. Let M satisfy (Ro) and let S, S be disjoint
spacelike C#-hypersurfaces with zero mean curvature. If there
exists a timelike geodesic g : [0,L] -> M which realizes the
distance between these two hypersurfaces, then S and S' are

strongly parallel near §

PROOF . Let £, £' be the signed distance functions of s, St

for the normals §'(0), -y'(L) . Since § realizes distance, ¢£
and f' are defined in a neighborhood M. of y([(0,L]) . For t €
(0,L) put

W.. = (f ¢t} , W.={({f")> L-t}
oOW.. and OW.. are smooth on M. and touch each other at s(t)
from outside. By (2), they have both mean curvature ¢ 0 . So by
Theorem 1 they must agree on Mo , and from (2) and (1) we get
A =0, R = 0 between S and S' where V = Vf . This shows

the statement.
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4. Generaljzed mean curvature inequalities

As in the case of convexity, a mean curvature inequality can
be generalized to non-smooth boundaries. To avoid technical
complications, we assume from now on that M 1is a Riemannian
manifold. However, most of the discussion can be transferred to
the Lorentzian case (cf. [E3],[(G]). Let W e M be an arbitrary

open domain with topological boundary oW . Let b € R

DEFINITION. oW has generalized mean curvature < b if for any
p € ®W there are open domains W,y , J =1,2,..., called support
domains, whose boundaries are C®-hypersurfaces near p with shape
operator A,,; and mean curvature Hy,, at the point p , with
the following properties:

(a) We,1 e W,z ...c W,

(b) p € W, .,

(c) there is a locally uniform upper bound for A,. .,

(d) Hs,; S b + €, for some sequence €5 -> 0

Note that (a) yields Ag,: 2 Ag,= 2 ... so that (c) also gives an
upper bound for A,,; . If OW 1is itself a C2-hypersurface, then
clearly Agp,, 2 A, from (a) , and ©OW has mean curvature H < b

by (d).

Let £ : M\ W -> R. be the exterior distance of oW , i.e.
£(g) = d(q,oW) = d(q,Clos(W))
On the other hand, for any p € daW let £, be the signed

distance functions of @Ws,; , defined on an open neighborhood
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Mz,s of p . Then

feo,s(g) = d(qg, Clos(Wg, 4))
on Mo,s \ Wo,s ., and since Wp,y, «c W, we have £,,, 2 £ on
Mo,s \ Wo,s . On the other hand, there is a neighborhood M' of
Clos(W) such that for any q € M'\W there is a closest point p
on OW . So f£(g) = d(p,q) 2 f.,5(q) , and hence £, is a
smooth upper support function of £ at q , which means £ = £,,,
at q and f ¢ f.,; near p . If we assume Ric 2 -k on M'\W ,
by (3) we get for this upper support function

(3") Afo,5(qQ) S b + €5 + k-£(q)

EXAMPLE 1. Let M be complete, connected and C e M a closed
subset. For fixed r > 0 1let
W= Br(C) ={x eM; d(x,C) <r}

For any p € dW there exists a shortest geodesic y with 5(0) =
p and y(r) =qe€eC . Let r, ->r, 0<ry; <r , and put

Wo,s = Brd(a(ra))
Then OWo, s is smooth near p since p = y(0) is outside the
cut 1locus of y(ry) , and (a),(b),(c) are satisfied; note that
for small r. , an upper curvature bound near p yields (c)
Moreover, if Ric 2 -k on W for some k € R, then it is well
known (e.g. cf [E2]) that

He.s 2 ctw(ry)
where ctw = cw/s«. and (sw«,cw.) 1is the solution of
Sk' = Ck , Cw' =k:Sk , sk(0) =0, cu(0) =1

Thus OW has generalized mean curvature < ctw(r)
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EXAMPLE 2. Let M be complete, connected and non-compact. Then
there exists a ray 5 : R > M (i.e. ¥ 1is shortest on any
finite segment). For any r,t € R with r+t > 0 let
Be,r = Br(s(r+t))

By triangle inequality, we have Bs,r» © Be,r 1f r' < r . Then

By = v Be,r
is called a horo-ball of §y , for any t € R . In other words,

Be = (bc 2 t}
where bv is the Busemann function of § , i.e.

b‘(p) = }ET_(r - d(p,s(r)))

The exterior distance £. of B on M \ B, satisfies

fe =t -b_ .,

L)
in particular fe+u = f6 + u on M \ Be+u. for u > O

Put W =Bs . For any p € oW 1let y- be the asymptotic ray
for ¥ » i.e. there exists a sequence s, -> o and shortest
geodesics §p,y from p to y(s;) which converge to y- . For
any sequence rjy -> e put

Wo,y = BrJ(cp(rd))
Then Wo,s < W by triangle inequality (e.g. cf£. [El]) and
(a),(b),(c) are satisfied as above. If moreover Ric 2 -k on W
for some k 2 0 , then
Ho,s S ctu(ry) -> k7=,

and so OW has generalized mean curvature < k7=
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THEOREM 1b. Let W. and W- be disjoint open domains with

connected boundaries having a point in common. Suppose that S :=

oW- is a C®-hypersurface with mean curvature H- € -a and that
ow. has generalized mean curvature < a . Then OW- = OW. and
H- = -a

PROOF . We modify the proof of Theorem 1, keeping the notation,
where now £ 1is the exterior distance of 0W. . Note however that
the functions £ and g =£f + eh on S' are only continuous.
Therefore, we pass to the support functions: Let p' be a point
of OW. which is closest to the point gq € S' where g attains
its minimum, and 1let £, = £5.,, be the corresponding upper
support functions of £ at q . Then also g, := £, + ¢h takes a
minimum at g . Using (c) and a lower curvature bound near p ,
we get an upper bound for the Hessean Ddf;(q) for all i .
independent of q . On the other hand, since gq 1is a minimum of
gs , we have
(*) D'd(£,1S)(q) 2 -e-D'dh(q)

where D' denotes the induced connection on T*S . Since

DAf,|ITS = D'A(£,18) - <«,N><N,VE,>
where a is the second fundamental form and N the unit normal
field of S, (*) gives a uniform lower bound for Ddf,(q)quS
Replacing £ and g with £, and g, , we get as in the proof
of Theorem 1

A'g,(qg) s €-(ké + k'e - \) + €,
If we choose 6 and € small enough, the first term is negative.
Then we may choose Jj large enough to make the right hand side

negative which is a contradiction since q was a minimum of g,

71



ESCHENBURG

REMARK. The proof remains correct if the assumption for W. is

slightly weaker, namely W. = g W, for open domains W, ¢«
W=z c W < ... where W, has generalized mean curvature < a+€,
for some €y -> 0 . This was essentially shown by Galloway

[G, 2.4] in the Lorentzian case. Further, a similar theorem is
true if both 23W. and dW- have only generalized mean curvature
s xta , cf. [E3] . However, the proof is different since we can no

longer restrict everything to OW-

Theorem 1b has several applications for open manifolds of
nonnegative Ricci curvature. The next theorem generalizes the fact
that complements of horo-balls are totally convex in manifolds of

nonnegative sectional curvature [CG2]:

THEOREM 4. Let M be a complete non-compact manifold with
Ric 2 0 and W c M a horo-ball. Then M\W has the following
convexity property: Any compact minimal hypersurface S with

boundary 0S < M\W is contained in M\W

PROOF . Otherwise, the Busemann function b of the corresponding

ray takes a maximum t on S®= =S NW , say at p € S . Thus
S= bounds an open domain W- = W where b < t . Put W. = B, =
{b >t} € W . Then W. and W- satisfy the assumptions of

Theorem 1b with a =0 and M replaced with W . Thus S= = OW.

which is impossible since dW. 1is closed in M and S is not.
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REMARK. The preceding theorem was proved in [AR, §2] in the case
that S 1is absolutely minimizing. A corresponding statement for
Lorentzian manifolds was proved by Galloway (G, Lemma 2.4]; our
proof is an adaptation of his ideas to the Riemannian case. Our
last theorem was proved by Anderson [An] for minimal hypersurfaces

which are area minimizing in their homology class.

THEOREM 5. Let M be a complete connected non-compact manifold
with Ric 2 0 which contains a compact connected two-sided

minimal hypersurface S (without boundary). Then S is totally
geodesic and bounds a domain W isometric to S x (0,») , and

M\W is compact unless M 1is isometric to S x R

PROOF . Since M is non-compact, it contains a ray § . Let b

2]

be the corresponding Busemann function. There is a point p €

where b|S takes a maximum, say t . Thus b|S € t . Put W
{b > t} . Choose open p-neighborhoods S' ¢ S and M' c M such
that M'\S' has two connected components M'., M'.. . At least one

of these, say M'., contains a connected component W of

Wn M, Put W. = M'. . Now Theorem lb shows OW. = oW. = S' . It
follows that S N W is open (and closed) in S . Hence S 1is a
connected component of OW , and in particular, S 1is embedded.

Let N be a unit normal field on S which points into W . Put

e : S x (0,0) => M, e(p,t) = exp(tNy)
Since for any p € S ¢ OW the asymptotic ray g realizes the
distance to 0OW (cf. Example 2), it must agree to the normal
geodesic t -> e(p,t) . So e is an embedding and its range is

contained in W . Since S 1is compact, the range of e is open
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and closed in W and therefore, e is a diffeomorphism onto W
By an argument of [EH], e 1is an isometry. Namely, if £ =
pr= 0 e™* and ¢ = Af o §, for fixed p € S, we get from (2)
the inequality ¢' + ¢=/n < 0 . Put y(t) = i ¢(s)ds . Then e¢
is a concave positive function on [0,«) with initial derivative
0 , hence e¢ =1 and ¢ = 0 . Now from (2), A = Ddf = 0 , hence
e : S x (0,0) -> W is an isometry.

Suppose that M\W is not compact. Then it contains at least
one end. Since also W has an end, we can construct a line B
(i.e. a complete shortest geodesic) connecting these ends. Then
B+ =B NW is a ray in W , hence B. = e({qg} x (0,o)) for some
q € S . Now using the Cheeger-Gromoll splitting theorem (([CG1l],

[EH]), we see that M =S x R .nm
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