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Schwartz Spaces and Compact Holomorphic Mappings

MIKAEL LINDSTROM

Department of Mathematics, Abo Akademi,
Fanriksgatan 3, SF-20500 Abo, Finland

Let E be a locally convex space. We investigate under which condi-
tions on F it is true that every holomorphic mapping from FE into ¢y is
compact. We show that Schwartzity of F is a sufficient condition and
also a necessary condition if F is quasi-normable.

INTRODUCTION

In this paper we prove that the following statements are equi-
valent for a quasi-normable locally convex space E: (a) FE is
Schwartz (b) Every equicontinuous, weak*-null sequence in the
dual of E is also LgE-null convergent. (c) Every continuous linear
mapping from E into ¢g is compact (d) Every holomorphic map-
ping from F into cp is compact. The method of proof rests heavily
on results concerning characterizations of Schwartz spaces carried
out in [5, 10, 12]. Our result gives some insight into a question
posed by Aron and Schottenloher in [1] whether there are any
non-trivial Banach spaces E and F for which every holomorphic
mapping from E into F is compact. If E is a quasi-normable lo-
cally convex space (or a Banach space) and F = ¢g, then E is
Schwartz (or finite-dimensional) if and only if every holomorphic
mapping from F into F is compact. In [7] Freniche proved that if a
completely regular space X contains an infinite compact subset, E
is a separable Fréchet space and the space C;,(X, F) of continuous
functions from X into E endowed with the compact-open topology
is Grothendieck, then F is Montel. He asks if this result is true
without the separability assumption on E. From our result we
obtain that F is Schwartz if X is not pseudofinite, E is a quasi-
normable locally convex space and C.o(X, E) is a Grothendieck

space. This can be considered as a positive answer to the question
of Freniche.

139



MIKAEL LINDSTROM

We recall some notations and definitions. All vector spaces in
this paper are complex. Let E be a locally convex space (short
les) and F a Banach space. By H(E,F) we denote the vector
space of all holomorphic mappings on E with values in F'. In-
stead of H(E,C) we write H(E). When endowed with contin-
uous convergence [2] or with the associated equable convergence
[8] (local uniform convergence) it will be denoted by H.(FE) and
H.(E) respectively (cf. [5]). For alcs E, Ug will denote the sys-
tem of all closed balanced, convex zero-neighbourhoods U in E
and Ey the associated normed spaces. We denote by P.(™E, F)
and P,(™E,F) (m € N) the vector space of all continuous m-
homogeneous polynomials from E into F endowed with continu-
ous convergence and local uniform convergence respectively. In
[4] we have proved that P,(™E) can be represented in the form
indyeug Ps(™E) | U® and P.(™E) in the form indyeuz Ps(™ Ev),
where ind is the inductive limit in the category of convergence vec-
tor spaces and U° denotes the subset {p € P(™E) : |p(U)| < 1}
of P(™E). By P,(™E) and Pg(™E) we denote P(™E) endowed
with the topology of simple convergence and bounded convergence
respectively. For m = 1 we get the well-known representations
L.E = indyeugo(LE,E) | U° and L.E = indyeuz (LE)ye-. A lcs
E is called Schwartz if for every U € Ug there is a V € UE,
V C U, such that U° is compact in the Banach space (LE)ve
and quasi-normable, if for any U € Ug there exists a V € Ug,
V C U, such that on U° the topology induced by LgE coin-
cides with the norm topology induced by (LE)ve. The space E
is Schwartz if and only if it is quasi-normable and bounded sub-
sets of E are precompact. A lcs E is said to be Montel, if it is
barrelled and every bounded subsets of E are relatively compact.
If every null-sequence in o(LE, E) is equicontinuous, then E is
called co-barrelled.

1

In this section we prove the following

THEOREM. Let E be a quasi-normable lcs. The following state-
* ments are equivalent:

(a) E is Schwartz
(b) Every L.E-null sequence in LE is also L. E-null
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(c) Every continuous linear mapping g : E — cq is compact
(d) Every holomorphic mapping f : E — co is compact.

Since every normed Schwartz space is finite-dimensional, the
equivalence between (a) and (b) is formally a generalization of the
Josefson-Nissenzweig theorem [11] to lcs (cf. [12]). In [1] Aron
and Schottenloher ask if there are non finite-dimensional Banach
spaces E and F such that every holomorphic mapping from F into
F is compact. By a result of Pelczynski they obtained in a Note
Added in Proof that if X is a dispersed compact Hausdorff space
and F is a Banach space which does not contain ¢y, then every
holomorphic mapping from C(X) into F is compact. Let F = ¢
and let E be a quasi-normable lcs. If F is Schwartz, then every
holomorphic mapping from E into F is compact by the equivalence
between (a) and (d). From this equivalence follows also that there
always exists a non-compact holomorphic mapping from E into F,
when E is an infinite-dimensional Banach space.

Let E be a lcs and F a Banach space. As in [1] we call a
mapping f € H(E,F) compact if there for each z € E exists a
neighbourhood V; of = such that f(V,) is relatively compact in F.

Fact 1. If E is a quasi-normable Ics, then (a) & (b).

Proof. According to [10] E is Schwartz if and only if L. E =
L.E. By Corollary 3 in [12] E is Schwartz, if every L.E-null
sequence is also LgE-null. Now the statement follows from the
definition of quasi-normability.

A sequence (p,)n in P(™E) converges to zero in P.(™E) if and
only if there exists a U € Ug such that p, € U° and p, converges
to zero in P,(™E). With this in mind, we shall now prove the
following

Fact 2. Let E be a lcs. If every P,(™E)-null sequence in P(™E)
is also P,(™E)-null, then every continuous m-homogeneous poly-
nomial p : E — ¢o is compact.

Proof. Take p € P(™E,cp) and let (u,)n be the standard ba-
sis in ;. Then u, converges to zero in o(ly,cp) and p(z) =
(un(p(z)))n for each z € E. It is clear that p, := u,opisa
P,(™E)-null sequence and that there exists a U € UEg such that
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Pn € U°. Hence p, converges to zero in P,(™E) and by the as-
sumption in P,(™E). Recall that for an m-homogeneous polyno-
mial p from a lcs E into a Banach space F, p* : LF — P(™E)
is defined by p*()c = lop(z) for | € LF and z € E, and
that p* is linear. Now it can be shown that the linear map-
ping p** : L. P,(™E) — ly is given by p**(s) = (.s(pn))N for
s € LP,(™E). Since P,(™FE) is a polar bornological vector space
[4], it follows that L.P.(™FE) is a lcs [3] and that the canonical
mapping“: P,(™E) — L.L.P.(™E) is an embedding [3]. Thus p,
converges to zero in L.L.P.(™E) and

lp*(s)ll = sup |fn(s)| for every s € LPe(™E).

Now p** : L P,(™E) — l is compact by Theorem 17.1.4 in [9].
Hence the restriction to E C L. P.(™E) — l is compact, but this
is just the mapping p: E — ¢o.

Fact 3. If E is a lcs, then (b) & (c).

Proof. (b) = (c) follows from Fact 2 for m = 1.
(c) = (b): This implication is well-known. Simply consider the
continuous linear mapping h : E — ¢g, = — (ln(a:))N, where [, is
a L.F-null sequence in LE.

Let us now consider statement (d). Let E be a lcs and F a
Banach space. Every f € H(E, F) has a Taylor series expansion
f(z) = X2_o(1/m!)d™ £(0)(z) at zero valid for all z € E, where
d™f(0)/m! € P(™E, F) for each m € N. Using this Taylor series
expansion of holomorphic mappings we have proved in [5] that E
is Schwartz if and only if H.(E) = H.(E).

Fact 4. If E is a lcs, then (a) = (d).

Proof. Take an arbitrary holomorphic mapping f : £ — c¢p.
In the case E is normed Proposition 3.4 in [1] tells us that f is
compact, if d™ f(0)/m! : E — ¢, is compact for each m € N. The
proof for a Ics E is similar so we omit it. Since H.(E) = H.(FE),
it follows that P,(™FE) = P,(™E) for each m € N. Thus Fact 2
yields that f : E — ¢¢ is compact.

Proof of the theorem. By Facts 1 and 3 (a) < (b) & (c). Since
(d) = (c) is trivial, Fact 4 completes the proof.
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2

In this section we shall apply our theorem on two results con-
cerning Grothendieck spaces.

We say that a lcs E is a Grothendieck space when every L E-
null sequence in LE is also o(LE,LLgE)-null. This definition of
a Grothendieck space was introduced by Freniche in [7]. There
he also noticed that Grothendieck spaces and lcs E in which the
o(LE, E)- and o(LE, LLgE)-sequential convergences coincide do
not coincide in general. For co-barrelled lcs they of course coincide.

Let F and F be lcs, and suppose that F' contains a subspace
topologically isomorphic to the normed subspace Hp of ¢y, whose
elements have only finitely many non-zero coordinates. Then we
have, by Theorem 2.1 in [6], that if the injective tensor product
E ®. F is a Grothendieck space, then the o(LE, E)- and LgE-
sequential convergences coincide in the equicontinuous subsets of
LE. Thus we may formulate:

COROLLARY 1. Let E and F be lcs. Suppose that F' contains
a subspace topologically isomorphic to Hy and that E ®. F is
Grothendieck. If E is quasi-normable, then every holomorphic
mapping from E into cq is compact.

It is not difficult to prove that E is Grothendieck, if every con-
tinuous linear mapping from F into ¢g is compact.

In [7] Freniche proved that the o(LE, E)-and LgE-sequential
convergences coincide in the equicontinuous subsets of LE, if
Cco(X, E) is a Grothendieck space and X contains an infinite com-
pact subset. Using this result our theorem yields:

CoROLLARY 2. If E is a quasi-normable, X is not pseudofinite
and Co(X, E) is a Grothendieck space, then E is Schwartz.
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