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HYPERBOLICITY OF THE COMPLEMENT OF PLANE CURVES

Hans Grauert and Ulrike Peternell

Dedicated to Karl Stein

In this paper it is proved that the complement in T,

of a holomorphic curve D of genus g22 is a hermitian
hyperbolic complex manifold provided that certain condi-
tions on the singularities of the dual D* of D are
satisfied and that every tangent at D* intersects D¥*
in at least two distinct points.

Introduction
1. We want to give a proof of the following theorem in
a somewhat more general form:

Theorem: Assume that Dc:IP2 is a curve of genus gz2

whose dual curve D*cﬁmi has only ordinary double points

and i cusps such that i+ x(D) <0 . Then any holomorphic

map f:¢C- IP2 ~D is constant.

In [CG] a differential geometric proof is given. This
proof has a gap. The error is produced by multiplying me-
trics which leads to zeros. Instead, we have to sum me-
trics.

2. We always denote by Eﬁ the 2-dimensional complex
projective plane and by PP* its dual. D is any irre-

2

ducible curve in T which may contain singularities.

2
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For every zOEID the analytic set D decomposes in z,

into irreducible components Ai, i=1,...,1 which are

analytic sets in a neighborhood of 2z, . We denote by m;

0
the minimal intersection number of Ai with a complex
line throuagh zg - We say that Ai has a singularity of
0 and that D has 1 irreducible

singularities of order m1-1,...,m

order mi-1 in z
1” 1 in zg - A sin-
gularity of order 0 1is a smooth point. The dual D* of
D has the tangents at D for points. The normalizations
of D and D* are isomorphic. Their joint genus is de-
noted by g . Furthermore we denote by d the degree of

D and by d* the degree of D*, by n,n* the number
of knots (with multiplicity) of D, D* respectively and
by c,c* the number of cusps (with multiplicity) of

D, D* respectively. In the classic case where the curves
D, D* have only ordinary singularities we have the Pliicker
formulas:

dax*

d(d-1) -2n - 3c, d=d*(d*-1) - 2n* - 3c*

c*=3d(éd-2) -6n-28c, c = 3d*(d* - 2) - 6n* - 8c*.

The second part of these formulas is superfluous since

D** =D ., For the genus we have the equality:

n-c¢ = - n*-c* .,

(d-1)(d-2) (d* - 1) (d* - 2)
2 2

g:

By (D) we denote the Euler number 2 -2g of the nor-
malization of D . If D is singularityfree we have

c* + x(D) =d(2d - 3) which is never negative. However, the
conjecture is that E} ND 1is hyperbolic in many of that

cases. So the condition of the theorem is very strong.

In the general case of curves we have not only to take
the cusps of D* (with higher multiplicities) into ac-
count but all irreducible singularities of D* . Let b*
be the number of all irreducible singularities of D¥*
counted with their orders m-1 .
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3. We assume that CGc¢ is a domain and that h 1is a
real nowhere negative function in G . We consider the
hermitian metric d52 =h dzdz in G . In the points
Z€G where h is C® and h(z) +0 the expression
K(h,z) = - 5% Alogh is the Gaussian curvature. We say
that the Caussian curvature of a general hermitian metric
d52 is smaller or equal -K and smaller 0 , if

2 hK<Alogh in the sense of distribution.

Now let X be a complex manifold and dsz=

L h,. dzidEj a semipositive definite continuous hermi-
i,3

tian metric on X . We say that d52 is hyperbolic, if
there is a constant K>0 such that for every holomorphic
map Y : G-»X the Gaussian curvature of ds2 * Y =h dzdz

is smaller or equal -K on G .

Definition: Xc:IE’rl is a hermitian hyperbolic complex

manifold, if there exists a positive definite continuous

byperbolic hermitian metric on X which is bigger than a

positive multiple of the Fubini-Study metric.

We shall prove in our paper

Theorem: Assume that for DcIF'2 of genus g22 the

inequality b* + x(D) <0 is valid. Moreover assume that

every tangent at D* intersects D* in at least two dis-

tinct points. Then X=1P,~D is a hermitian hyperbolic

complex manifold.

The additional condition that every tangent at D*
intersects in two distinct points, at least is true for
all classical curves of genus g22, since the greatest
intersection number of a line and D* in one point is 3
and d*2z24 .

Our proof will be differential geometry.

(For notations in the introduction see [GH].)
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§ 1. Preparations

1. We prove the 2hlfors Lemma for continuous hermitian
metrics.

Lemma 1: Assume that dsz==h dzdz is a continuous her-

mitian metric in the unit disk E=1{z: |zl <1}c¢ with

curvature K(h,z) £-K<0 . Then we have the inequality

1

4
U e L

Proof: We take an arbitrary number R with O0<R<1

_ . . _4 R?
and put ER-M.IU<R}cE and ﬂu)—KﬁFT?ay v
We only have to prove that h(z) £H(z) in ER for all
R .
Assume that this is not the case. We define M= {zEER:
h(z) >H(z)} . Then we have M#* ¢ . Since 1lim H(z) =

|z|-R
the set M 1is relatively compact contained in ER . The
functions h, E are positive in M . So 1logh, logH are
continuous in M . We have F :=logh -logH =0 on M
anéd F>0 in the interior of M . There is a point
ZOGZM where F takes its maximum. Moreover we have
2Kh £ Alogh and 2KH=AlogH and therefore
AF 22K(h-H) 20 in M (in the sense of distribution).
So F 1is subharmonic in M, hence constant in the con-
nected component M(zo) of M containing the point Zg.
This is a contradiction since F|aM=0.

2. We denote by S a connected compact Riemann surface
of genus g and by w=a(z) dzdz a continuous differen-
tial form on S of type (1,1). We say that ww has a zero
of order «o>0 1in a point XOGES , if there is a holomor-

phic coordinate system 2z in a neighborhood U of X

with z(‘xo) =0 and a continuous function b(z) #0 in
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U such that al(z) = lzlza b(z) in U . We say that w

is positive semidefinite, if af(z) 1is always real and

a(z) 20 . Of course such a (1,1)-form w represents a
(positive semi-definite) hermitian metric. We prove

Lemma 2: Assume that x1,...,x]_€s are distinct points

with rational multiplicities Oqreeer0y> 0 , such that

% o; <29 -2 . Then there is a positive semidefinite
i=1

differential form w on S which is different from 0 on

$~1{x;,...,xq} and which has in x; a zero of order a,,

such that the Gaussian curvature K(w) 1is smaller or

equal -1 everywhere.

Proof: We take a positive integer n such that na,
is integral for all i=1,...,1 and denote by L the
line bundle of the divisor - noy X, - ...--noxlxl . If K
is the canonical bundle of S the Chern class of

" @ " is positive: Hence this bundle is positive.
There is a positive integer m such that

n n nm nm . s
8 (K'e L) =K ®L is very ample. For each point
X €S there are global cross-sections S11 8, with

s1(x)¢ 0 and s, vanishing in x of order one. Since

an

considered as holomorphic cross sections in KB® where

belonas to a holomorphic divisor, Sqr S, may be

s1 vanishes in x of order nmo and s2 of order

nmai-+1 precisely, if X=X . If x 1is different from

all X0 the order of vanishinag is the old one.

We take a basis s1,...,sk€ I‘(S,Knm ® an) and put
X L
w=( T siEi)nm . We obtain a positive definite (1,1) -
i=1

form on S which vanishes in X of order oy and no-

where else. Vle still have to prove X(w) -1 , that means
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2a £ Aloga for each local coefficient a of w.

We put s; = fi(z) daz"™ , locally. Then we have

1
— k
oM ana Alog a =—l-Alog X Ifi(z)lz.

2
1£5(2) 1%) -

(

i

V]
1
™M=

i=1

We wish to prove that Aloga >0 . First we note that we

k
may divide z Ifi(z)l2 by a holomorphic function, since
i=1
Aloga 1is not changed by this. Thus we may assume that
(f1(z),...,fk(z)) # 0 . Moreover (f1(z),...,fk(z)) and

(f1'(z),...,fk'(z)) are linearly independent. So by [GR]

(p. 113,III) we obtain Aloga >0 . This is true in every
point of S . After having multiplied ®w by a small
positive factor we also have the inequality 2a<Aloga.
That completes the proof.

§ 2. Proof of the theorem

1. We denote by S the normalization of D* and by
{§1,...,ﬁl}czs the inverse image of the irreducible sin-

gularities X0 i=1,...,1 of D* under the normali-

zation. If mi-—1 are the orders of the irreducible sin-
gularities Xy respectively, the condition of the theorem

1
is that b*= I (HH'-1) <2g-2 . According to Lemma 2
i=1

there is a (1,1)-form w on S which has a zero in Xy

of order oy :=HH.-1 . We prove that ww leads to a posi-
tive definite, hyperbolic hermitian metric on X=IP2‘\D

with Gaussian curvature smaller or equal -1.

Every point x€X is a line 1(x) cIP2* « IE
yiE 1(x) ND* , the intersection number of 1(x) and the
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local irreducible component Ai of D* containing Yy

is m, . If y€l(x) NnD* 1is a smooth point of D* , the
intersection in y 1is transversal. Now if we count the
intersections of a line 1(x) and D* with multiplicity,

we have always 1(x) nD* ={y1,...,yd*}. The set
{y1,...,yd*} is the image of a unique set {§1""’§d*}

of the normalization S . Hence we have a continuous map

F :X-»Sd* , where Sd* denotes the d*-th symmetric power
of S which is a d*-dimensional complex manifold. Out-
side the thin set R consisting of the points x€X for
which 1(x) contains an irreducible singularity of D¥*

is F Cm—regular. There are d* projections

Ty :S x ... xS »S of the d*-fold Cartesian product on
S. We lift w to w;,...,0y4 Dby this maps and define

i 9
the sum @ = I X Wy o. This hermitian metric is invari-

ant against permutation, hence it comes from a hermitian
form @ on Sd* . The pullback Q =woF on X is out-
side the set R a C”-reqgular hermitian metric. Since w
vanishes in the points xiEZS of order mi-1 , our met-
ric Q 1is completable to a continuous hermitian metric on
X .

2. We shall prove now that § 1is a continuous, posi-
tive definite, hyperbolic hermitian metric on X with
Gaussian curvature smaller or equal -1, which is bigger
than a positive multiple of the Fubini-Study metric on

Pz . We take a point X0 €X and a point yo(El(xo) n D*

and decompose D* in Yo into irreducible components:

D*N Uly,) = A jU...UA .

We assume that A1 has a singularity of order m-1 in

Yo - The intersection number of l(xo) and A1 is m .

There is a line P(yo) through Xy s such that all lines
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1(x) , x€P pass through Yo - We denote by T a singu-
larity-free local curve through Xq which intersects P
transversally. Then the points t€T, z€1l(t) are holo-
morphic coordinates in a neighborhood v(yo)c:U(yO) . The
intersection of the curve A1l1V with 1(t) can be given

by an equation

z = £(WVE) ,

where f(w)==a1w-+a2w2-+... is holomorphic. The metric
w is of the form

w= (W™ (b..+b, w+b, . Ww+b w2 + Db, w2+

00 10 10 20 20
+ b11ww-+ ..) dwdw
b b, .b
with b,,>0, Bl [ —19—19> 0 and therefore b,.,>0.
00 00 2 bOO 11

According to paragraph 1 we have to consider the pullback

on T . We have

J__1 2 -2m
aw= + % 4t and dwaw = —15 el ™ awat .
i m
1

For one branch of tm it is
1 b 2 2 2
¥ = _l m o  *=m m = = m
©'T (Byg +Dygt™ + bygt™ + Dyt + byt + by, ltl

+...) dtdt .

We have to take the medium over the different values of
1

t™ and obtain a (1,1)-form

2 4 6
- _ 1 m m m
w' = m2 (b00+b11 It +b22|tl +b33lt| + s
2 4
m m
+ bm0t+bm+1,1tlt| +bm+2,2tlt| R
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2 4
= Tan Tt = =il
+ bmot-+bm+1’1t|tl + bm+2,2tltl ¥ o
2
2 2 m
* bom,0t tPomeq BRI L
2
= -2 = =2 m o
+ b2m’0t +b2m+1'1t Pl * a0 )ydtdt
:=d dtdt , which is continuous. It is by, >0 . We
get 2 4 2
m m m(m=1)
log d=d,+d,ItlT+d It + ...+ d -q1tl e P
+dmt+dHtHﬂ +dmtﬁ| +“'+dhm4thl
B ses
DO - - S Gt
td ot vdq tltlT+d  Eitd +...+d1'm_1tltl
o
ve . t2+e, tE+8,,E2 ¢
11 12 11 .
with d1>0, if mz22, and e12>0, if m=1. We
consider the distribution Alogd . It is
v v 2 V_y v
AL ™= 4 5% 2 (@wH"=a X @™, aed =
ot m
y Ny _q v
m m m

and A(t (t8)™) similar, in the
2

sense of distribution. The leading term is A(d1(t€)m)=
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37 PO N— which converges to « for t-0 . This

m 2(1=-=)
It m

means that also in t =0 the Gaussian curvature of o'
is smaller equal -1 .

3. If the local curve T does not intersect P trans-
versally, we can approximate T by a sequence of curves
Tv which intersect P transversally. On Tv’ T we have

a ;'==dv dtdt , d dtdt respectively with continuous
non-negative functions dv' d . The sequence (dv) con-
verges uniformly to d . Since always 2dv éAlog<{J we

get 2d<£Alogd 1in the sense of distributions. The same
procedure is possible, if T is not smooth. So the

Gaussian curvature of w' 1is smaller or equal -1 .
Now our hermitian metric § 1is obtained as a mean

value of some Q' , which are Cz—regular outside the set
R . Here the formula for summing of metrics [GR] is valid.
Thus the Gaussian curvature of { 1is smaller or equal -1.
4, Every line 1(x), xEIPz‘\D intersects D* twice at
least. Otherwise we would have 1l(x) NnD*={y} and the
intersection number in y would be equal d* . Since
1(x) 1is not a tangent at D* there would be a line
through y of higher intersection number. This is a con-
tradiction.
If XGIPZ\D runs on a smooth local curve T, there
is at most one line P, for which every corresponding
line 1l(p) , p€P passes through a fixed singularity

X of D*, that is a tangent at T in t=0 . So at

0
least one of the intersection points of 1(t) and D*
changes with nonzero differential. Thus our metric @
is positive definite even on R because of the order of

vanishing of ds? in the points §1,...,§1 .
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Now suppose that x=x(t) runs on a smooth local
curve T which intersects D in just one point x0=x(0).
The tangent at D in X is a point Yo € D* . We denote
the minimal intersection number of a line with D* in
Yo by p21 and the intersection number of D* with its

tangent in Yo by g>p . The lines l(t)ciPz* corre-

sponding to T tend to l(xo) for t-0 . There are g
intersection points x1(t),...,xq(t) of 1(t) and D*

which converge to Yo for t-0 with orders

s1,...,sq:>0 . If the intersection number n of T with
the tangent Yo is smaller than % , at least one of the

orders S; is smaller than 1 . This implies that @
grows to « on T by approaching t =0 . In particular
this is the case for every curve T that intersects D

transversally. If n2 % , it is possible that the metric

2 tends to 0 on all branches x1,...,xq for t-0 .
But we have the condition that every tangent of D¥*
intersects in at least two distinct points. In the second

point ¥4 either (if l(xo) is also a tangent of D*

in y1) case 1 is valid or the intersection points of

1(t) and D* running to Y1 change with a nonzero
differential such that { remains positive definite
bounded away from zero by approaching t=0 . The boundary
depends only on Xq and not on the curve T . So we get:
There is a constant & >0 , which depends on D only,
such that Q2 GQF , where @ denotes the Fubini-Study

metric in Pz.

F

5. The existence of Q implies that the Kobayashi
pseudometric is a metric, since the Kobayashi distance is
maximal in the set of distance decreasing pseudo-distances
on X . For every point XOEID there is a neighborhood U

and a holomorphic map f:U-E:={z€¢: 1zl <1} such
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that £f|D=0 . The pullback of the metric

d52 = 1 by f 1is a pseudometric on U of

1212 (loglz]2) 2

Gaussian curvature -1 which converges to « on every
sequence (xv)czx that converges to the boundary of X.

The existence of § implies furthermore that the family
F of the holomorphic maps of the disk E into X is
equicontinuous with respect to the metric § . Since

Q2 6QF , this family of maps considered as maps of E
into TP

2
Fubini-Study metric. Thus F is even ([R], p. 133).

is also equicontinuous with respect to the

Therefore there exists an €& >0 and a neighborhood
U'cU of X,
f(Ee)c:U , where Es denotes the disk of radius ¢,

such that for every f€F we have

whenever f(0) €U' . With the infinitesimal form of the

Kobayashi metric Fx(x,E) = inf % , where the infimum is
taken of the set of all positive real numbers for which
there is a holomorphic map ¢ :Ep-X with ¢(0) =x and
$'(0) =& , we have on U' the inequality

2
> >
FX=E FU_—C ds

This implies that X is complete with respect to the

Kobayashi metric.

The authors thank the Sonderforschungsbereich 170 for

supporting their work.
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