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STABILITY OF EINSTEIN - HERMITIAN VECTOR BUNDLES

Martin Liibke

Einstein - Hermitian vector bundles are defined by a
certain curvature condition. We prove that over a compact
Kéhler manifold a bundle satisfying this condition is
semistable in the sense of Mumford - Takemoto and a direct
sum of stable Einstein - Hermitian subbundles.

1.Introduction

In his paper [6] Kobayashi introduced the notion of an
Einstein - Hermitian vector bundle, i.e. a bundle satis-
fying a certain curvature condition (Einstein condition).
This condition is (over a compact complex manifold)
sufficient for the bundle to be semistable in the sense of
Bogomolov [1], as Kobayashi proved in [6]. In his recent
paper [4] Kobayashi announces the following

THEOREM. An Einstein -Hermitian vector bundle over a

compact Kéhler manifold is semistable in the sense of

Mumford - Takemoto and a direct sum of stable Einstein -

Hermitian subbundles.
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2 LUBKE

The purpose of this note is to give a proof of this
Theorem *). Therefore we at first recall the definition
and some properties of Einstein - Hermitian bundles and
state a result on the first Chern forms of an Einstein -
Hermitian bundle and a subbundle (Proposition 1), which is
proved by purely differential geometric methods.

Next we define a differential geometric version of the
(semi-)stability in the sense of Mumford - Takemoto and
prove the first part of the Theorem: An Einstein - Hermitian
vector bundle is semistable (Proposition 2). The main tool
of the proof is a vanishing theorem of Kobayashi for
sections in Einstein - Hermitian bundles.

If an Einstein - Hermitian bundle E is not stable, we get
by Proposition 1 a splitting of E outside an analytic
subset of the base manifold, which we extend to a global
splitting by sheaf theoretic arguments. This leads to a
splitting of E into stable subbundles (Proposition 4).

Although stable bundles and Einstein - Hermitian bundles
share many common properties, it is not known until now
if every stable bundle satisfies the Einstein condition.

2.Einstein - Hermitian vector bundles

We start with some general facts on Einstein - Hermitian
bundles; details can be found in Kobayashi's papers [4],
[51,(6] or in [7],[8].

*¥) I communicated this proof to Prof.Kobayashi, and he
wrote me that his proof is in essential parts different
from mine. He kindly suggested a publication of my proof
because his will not be published "probably for another
year ‘or so"

246



LYBKE 3

Let M always be a n -dimensional complex manifold with
Kidhler metric g and associated 2 - form w.

Let B denote the sheaf of differentiable functions and
A the sheaf of differentiable (1,1) - forms on M. Then
we define a morphism

:81'1—_>E

as follows:
With respect to local coordinates ZireeerZ s @ (1,1) - form
0 is given by
n -
o=:0. .dz,Adz. ,
i, =1 3+ 3

the metric g determines a matrix (gij) , and we set

(g1d) = (gij)“1.

We define

3 (o) -Zgjl

i,3
With
=-j2'-2 dz Adz
J
one gets
(2.1) kon-1=—2; T

Now let E be a holomorphic vector bundle of rank r over M
and h a Hermitian metric in E with associated curvature
Ooperator D2. With respect to a local frame, D2 is given by
a matrix Q= (QGB) of (1,1) - forms.
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4 LUBKE

DEFINITION. The triple (E,h,g) is called an Einstein -

Hermitian vector bundle (h is then called an Einstein -

Hermitian metric) with factor ¢, if

(2.2)  g(Q) = oI (Einstein condition)

with a differentiable real function ¢, where I

denotes the rxr unit matrix.

By definition, every line bundle is an Einstein - Hermitian
bundle.

If h is an Einstein metric with factor ¢ and f a positive

function on M, then fh is an Einstein metric with factor
¢'=¢p-Alog £ ,

which becomes a constant by a suitable choice of f if M is
compact. So we always can assume that the factor of an
Einstein - Hermitian bundle over a compact K&hler manifold
is a constant.

If E is an Einstein - Hermitian bundle with factor ¢, then
the dual bundle E* is an Einstein - Hermitian bundle with
factor -¢; the symmetric powers SkE and the exterior
powers AkE are Einstein - Hermitian bundles with factor k¢
(with the induced metrics). If E' is another bundle satis-
fying the Einstein condition with factor ¢', then Ee®E' is
an Einstein - Hermitian bundle with factotr ¢+ ¢'.

3.First Chern form and stability
Let ¥ be a coherent sheaf of rank r over M. Then

detF= (ATF) **
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LUBKE 5
is a line bundle. The first Chern form of ¥ is defined by
= =i
c, (F) = <, (det¥) = T Q,
where Q@ is the curvature form of a Hermitian metric h in

det%. The cohomology class of c1($') in HZ(M,G:) is indepen-
dent of the choice of the metric h.

If E is a holomorphic vector bundle of rank r with Hermi-
tian metric h, then one has

=4
<4 (E) = o trace(Q) ,
where @ is the matrix of the curvature operator associated

to h with respect to a local frame. A simple calculation
shows

Pwy _[Xx-1
(3.1) c1(A E) _(p-1)c1 (E)
for 1g<pxgr.

DEFINITION. Let ¥ b

a coherent sheaf over M.

i) We define
a(F) =c, M a".

ii) If M is compact we define

deg (F) = [ d(F)
M
and

_deg (%)
uF) rk (%) °

Both deg (%) and u(¥%) depend on the choice of g, but not
on the choice of the metric in det¥.
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6 LYBKE

If M is compact and (E,h,g) an Einstein - Hermitian vector
bundle with constant factor ¢, then one has

(3.2)  ©=551rmy M (E)

(see [4] 3.3), where vol(M) =[".
M
Our first result is
PROPOSITION 1. Let (E,h,g) be an Einstein - Hermitian

vector bundle of rank r with constant factor ¢ over M
and

(*) O—>F—E—G—0

an exact sequence of vector bundles.

i) One has

d(F) _ d(E) .
Tk (F) STk (B)

if equality holds, the sequence (*) splits and F and G
are (equipped with the induced metrics) Einstein -
Hermitian bundles with factor ¢.

ii) If M is compact one has

u(F) g u(E)

with the same consequences as in i) for the case of

equality.

Proof.

We have only- to prove i), because ii) then follows by
integration.

Since 0" is a positive 2n - form it suffices to show
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LUBKE 7

215 (c, (F) € 22 G (e, (E)
(see (2.1)) with s=rk(F).

For this we choose a unitary local frame €qrecerey for E
such that €qreeerlg is a local frame for F. Let Q==(Qu8),

QF, QG be the matrices representing the curvature operators
in E, F, G, and A==(aus) the matrix of the second fundamen-
tal form of F in E with respect to this frame. Then one has
- QF+AAt_ *

* C+taan

(3.3) Q

({31 p.78, [8] proof of Lemma 1.6) and

aa’

r
-z-ilc1 E) =5 8
a=1

Loy =ui;1 840 - > gaae"aus :

a=1
The Einstein condition (2.2) gives

g, )=o

and therefore

2W ~ _
i—rg(c1(E)) =¢ ,

21 ~ 18- &8 & -
Ts9(cq(F) =0~ Eg g g(a,ghayg) -

From the fact that A is a matrix of (1,0) - forms ([3] p.78)
one gets by a simple calculation
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8 LUBKE

g(aus"aas) 20,

which proves the desired inequality. Equality occurs if and
only if A=0 , but in this case the sequence (*) splits
([2] p.422, [8] Corollar 1.5), and from (3.3) it is easily
seen that F and G satisfy the Einstein condition with
factor ¢. Thus the proof is complete.

DEFINITION. Let M be compact. A vector bundle E over M
is called stable (semistable), if for every coherent
subsheaf ¥ of E with O<rk(%) <rk(E) one has

u(F) <u(E) (W(F) <u(E)).

Remarks

i) From some arguments in [9] Chapter II, §1 it follows,
that for the (semi-)stability condition of a vector bundle
one has to consider only reflexive subsheaves (a coherent
sheaf % is called reflexive, if the canonical morphism
F—>F** is an isomorphism).

ii) If M is projective algebraic and g induced by an ample
divisor H, then our (semi-)stability coincides with the
H-(semi-)stability of Mumford - Takemoto.

4 .Proof of the Theorem

Now let M always be compact.

The second part of Proposition 1 means in particular, that
an Einstein - Hermitian vector bundle over M satisfies the
semistability condition with respect to subbundles. We
strengthen now. this statement and prove the first part of
the Theorem.
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PROPOSITION 2. If (E,h,g) is an Einstein - Hermitian
vector bundle with constant factor ¢ over M, then E
is semistable.

For the proof we need

PROPOSITION 3 (Kobayashi [6]). Let E be as in Proposi-
tion 2. If <O , then E has no nontrivial global
holomorphic sections. If ¢ =0 , then every global
holomorphic section is parallel.

(see also [8] satz 3.3)

Proof of Proposition 2

Let ¥ be a reflexive subsheaf of E with

O0<s=rk(¥) <r=rk(E) .
The inclusion

®: F «— 9 E
induces a morphism

By wk ™ £S

det®: det¥ —— (ATE) = A"E
which is a monomorphism of sheaves because ¥ is torsion-
free. By tensoring with (det% )* one gets a nontrivial
global holomorphic section

f : (9M e ASEo (det F)*.

From (3.2) we know

mn

(D=GBTTET u(E),
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10 LUBKE

and det% (as a line bundle) admits an Einstein - Hermitian
metric with factor

__mn __ __mns _
V=Soran M(deth) =oyany v (B

The bundle ASEe (det F)* then is Einstein - Hermitian with

factor s¢-y, and from the existence of the section f
one gets by Proposition 3

se-y30
or equivalently
H(F) s u(E)

as asserted.

Now let ¥ be as in the proof above with p (%) =p(E). Then
one has

sp-¢y=0,

and by Proposition 3 the section f is parallel, in particu-
lar has no zeroes, i.e. det® is a monomorphism of bundles.
Thus @ must be a monomorphism of bundles outside the singu-
larity set S of ¥ (S is the set of points where ¥ is not
locally free), and over ¥ =M~S one gets an exact sequence
of vector bundles

(*) 0> FM SEM 5% M —o0

with QA=EAF . By (3.1) and Proposition 1 , the equality
pu(F) =u(E) implies
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LUYBKE 11

a(x|M _ d(E|M)
S r

and therefore (again by Proposition 1) the sequence (*)
splits.

Now ® and E are normal sheaves ([9] Chapter II Lemmal.1.12;
a sheaf ¥ is called normal, if for every open subset UcM
and every analytic subset AcU with codimA 3> 2 the restric-
tion map %(U) — F(U~A) is an isomorphism), and because
% is reflexive we have codimS >3 ([9] Chapter II Lemma
1.1.10) . Therefore the splitting of (*) implies the global
splitting of the sequence

00— % —E —>4%—0,
because the morphism

Y : E|M — F|M
with

Yoo |M= 1dg
extends canonically to a morphism

Yy : E —F
with

Yo = idF .

As an immediate consequence we have the second part of
the Theorem:
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12 LUBKE

PROPOSITION 4. Let (E,h,g) be an Einstein - Hermitian
vector bundle with constant factor ¢ over M. Then E is

a direct sum of stable Einstein - Hermitian subbundles

with factor ¢.

Proof
If E is not stable, there exists a reflexive subsheaf *
of E with u(%) =u(E). As we have seen, the sequence

00— % —E —4 —O0

splits; in particular, ® and % are bundles and % is a
subbundle of E. From u (%) =u(E) one gets by Proposition 1,
that ¥ and 4§ satisfy the Einstein condition with factor o,
and a simple induction on the rank of E completes the proof.
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