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ON THE SYMMETRIC ALGEBRA OF AN IDEAL !

Michael Kiihl

The symmetric algebra of an ideal I may be compared to the
Rees algebra via the canonical epimorphism a:Sym(I)+ R(I).
A necessary and sufficient criterion is given for a to be
an isomorphism,and sequential conditions on the symmetric
algebra are studied.Some applications are given to

Proj a:Proj R(I)— Proj Sym(I) and to the theory of
approximation complexes.

0. INTRODUCTION
Throughout this paper we will be dealing with a ring R

(commutative with identity) and a finitely generated ideal
I of R.Mostly some generating sequence P STRRRYS of I is
specified.

We think of the Koszul-complex K.(x;R) associated to the
sequence x in the following way:Fix some basis {e ,....en}
of R®;then the exterior product K_(x;R)=AP(R™) is free on
the basis {e; a...ne; l15i1<...<ip§n} ,and the differ-

ential 3 is defined by

3(e, neeeene, ) = JP o (m1)PTdix, te. aiiinB. ai.ine, .
i, i, j=1 i 1 i i,

Zp resp. Bp will stand for Ker(B:Kp—*Kp_1) resp.

Im(a.Kp+1—*KP).

In case R is (positively) graded and all x; are homogeneous

of degree 1, K.(;;R) becomes a graded complex if we let

Kp(;;R)d:= ] Rd-p°ei1 P

the coefficient to get the degree of an element of Kp.

! The material presented in this paper constitutes part

of the author's thesis submitted to Universitdt Essen

aveeonej Thus p adds to the degree of
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2 KUHL

Let S:=R[e1,....en]denote a polynomial ring in the same set
of symbols {e1,...,en}.Then Z,»B;,K, may be identified with
certain sets of linear forms in S.This being done, the
symmetric algebra Sym(I) of the R-ideal I is isomorphic to
S/Z48 .We will abbreviate a;:=e,+2,8.8ym(I) is a graded
R-algebra with Sym_(I)=R,Sym,(I)=I where a,+*x,,,and may be
*81%6..... via the
canonical epimorphism a:Sym(I) — R(I) induced by the

compared to the Rees-algebra R(I):=ROI6I

isomorphism a1:Sym1(I)=I mentioned above.This mapping has
been studied in several papers (among which the references)
and numerous criteria are known for o to be an isomorphism.
In the present paper we give another necessary and suffi-
cient condition in terms of the Koszul-complex ((1.2)).
From the viewpoint of Algebraic Geometry it would be inter-
esting to know when Proj a:Proj R(I) — Proj Sym(I) is
an isomorphism.Sporadic results in this direction are given
in (1.4),(2.4),(3.2).

In section 2,a relation is established between sequential
conditions in R and in Sym(I) ((2.2)) which is applicable
to Proj @ as well ((2.4)) and to the theory of approx-

imation complexes,which we briefly touch in section 3.
1 =R

As described in the introduction,g=a1....,an is the se-
quence of linear forms in the symmetric algebra Sym(I)
corresponding to a generating sequence X=XqpeeesX, of the
ideal I.

We begin with a lemma,that,however trivial,will be used on

several occasions:

51.12LEMMA. For ie{1,..,n} and f1,..,fieS arbitrary the

following statements are equivalent:

(1) fieq teoennt fiei € (e1,....ei)Z1S

(ii) f.](_g)e1 +....+fi(_§)ei € B1(a1....,ai:Sym(I))

In particular, H1(g;Sym(I))d=O for d>1.
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KUHL 3

Proof.(i)=>(ii):Let f1e1+....+fiei=g1e1+.....+giei,

gj€Z1S.Since €qseeerly is a regular sequence in S,there ex-
ists a skew-symmetric matrix (h_ )

it Y’u=1’...'i ,hvueS,such
that fv_gv + Zu h

iy (v=1,000,1
=> £ (a)=g (a) + Zu h\)U(é)aU= Zu hw(g)au =140 e5d)
=> f1(g)e1+....+fi(g)ei= Zv.u hvu(g)aueveB1(a1,.,ai;Sym(I))

(ii)=>(i):Let (hvu)v,u=1..-,i be a skew-symmetric matrix,

) o
h,, €S, for which f1(g)e1+.....+fi(g)ei— Zv.u=1 hvu(g)aue

v v

=> fv(g) = ZU h\)u(g)au (v=1,00.,1)

=> fv = Zu hvueu €Z48 (v=1,...,1) ,and

freqteactfie= I (f - Zu hvueu)ev + Zv.u hvueuevl

| LA

i
€ (e1,...,ei)Z1S . 0
As for the last statement,it is clear that (for va(g)av=0)
fieqtee..tf e € (e1,...,en)Z1S if f1,...,fn are
homogeneous of degree d-1>1,and therefore
fi(a)eqt....tf (a)e e By(ay,...,2a ;Sym(I)) by what we have
shown. /17

(1.2)THEOREM.The canonical epimorphism a:Sym(I)—— R(I)

between the symmetric and the Rees-algebra of the ideal I
is an isomorphism if and only if Z,nI’K,=I* "B, for all k>1
In fact,as graded R-modules:

Ker o/Sym,(I)+Ker o = ® Z,aI* 'K /1¥"?B

k>2 L

Here it is understood that Z1,B1,K1 refer to the Koszul-
complex K.(x;R) of some finite generating sequence x of

the ideal I.The modules situated on the right-hand side are
easily seen to be independent of the choice of x.

Proof.Fix some generating sequence X=X gy eees X, for I.Since
a1:Sym1(I)—2+I is an isomorphism anyway,it will be suffi-
cient to show
k -
Ker ay,q/Symy(I)+Ker o = 21k, / 1¥"Tp, (k>1)
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4 KUHL

To establish this isomorphism,take any cycle zEZ1nIkK1,
which may be written z=Ajei+....+A e ,A;eI*,EA x,=0.Choose
f4s...,f €S homogeneous of degree k such that Ai=fi(£).
Then Zfi(g)ai is an element of Ker @, 4q»the residue class
of which we denote by ¢(z),thereby defining a mapping
¢:Z1nIkK1———* Ker ak+1/Sym1(I)-Ker @, .To see that ¢ is well
defined,let z=ZAiei=Zfi(g)ei=2gi(5)ei,where the fi,gi are
homogeneous polynomials of degree k.

=5 fi(5)=gi(5) for all i, i.e. fi(g)-gi(g) €Ker o,

=> if,(a)a; - Ig;(a)a; = Z(fi(g)-gi(g)]-aiESym1(I)~Ker .
It is immediately seen that ¢ is an epimorphism and that ¢
vanishes on Ik-1B1.To finish the proof,take any ze Z1nIkK1
with ¢(z)=0.Write z=IA e, Ai=fi(1),deg f,=k,and choose
gi(g)eKer oy such that Zfi(g)ai= Egi(g)ai (gieSk,gi(5)=O)

=3 Z(fi(ﬁ)'gi(ﬂ))°ai =0

=> Z(fi(g)-gi(g)]-ei €B1(g;Sym(I)) by virtue of (1.1)
and hence,upon applying a : z=Z fi(gc_)ei eIk'1B1. ged

(1.2) may be used to sharpen Lemma 3.3 of [ 2]:

As before,a:Sym(I)— R(I) denotes the canonical epi-
morphism between the symmetric and the Rees-algebra of the
finitely generated ideal I:

k-1

(1.3)COROLLARY. I *Ker ap = 0 for all k>1.

Proof.In view of the isomorphisms
" k, k-1,
Ker ak+1/Sym1(I)-Ker @ = Zynl K1/I B, s
it is enough to observe that these latter modules are an-
nihilated by I.In fact,

k k-1 N k .7k=1 ;
ZynI7K, /177 By = Im(H1(£;I ) — Hy(x;I"" ")) ,the morphism
involved being induced from the embedding ke, Ik' It is
well-known that any such homology-module is annihilated by

(x)=I. /1/

52



KUHL 5

As was pointed out in the introduction,a question of inter-
est for problems in Algebraic Geometry should rather be:
When is Proj o an isomorphism? instead of When is @ an
isomorphism? .

It turns out that these questions are not equivalent:
(1.4)EXAMPLE.We are going to produce a ring R and an ideal

I of R for which Proj a:Proj R(I) — Proj Sym(I)) is an
isomorphism,whilst a:Sym(I)— R(I) is not.

To this end,let k be field.A:=k[B1B2,C] a polynomial ring
(which is not considered to be graduated) an put

R := A[X.,X,] 2
1772 /(B1X1,B2X2,B1X2 B,X 1,
= A[x1,x2]
(x-loxz).R (=> R/I:A).
Attach a graduation to R by deg x1=deg x2'=1,so that R be-

-CX2,B1X2+CX1)

comes graduated with R, I (in particular ng(R) ~R).
We con31der o SymR/I(I/I ) — gry (R)=R,where obviously
SymR/I(I/I )= SymA(I/I )
=Sym, (A X,8A-X,/{B4X;,B,X,,B,X -CX,,B,X
~A[X.,,X
(x4 2%/(B1X

1+ Bl BoT =0k B1X2+CX1) :
We thus see that Ker E=(B1X§,B2X$)'SymR/I(I/I )#0,whence o
cannot be an isomorphism ([ 5],Theorem 1.3). However

5+CX,2)

X,°ByX5 = X5+ (X;B,)

X,+B X3 = xg-(B1x2+cx1)+x1x2-(Bzx1-cx2)-xf-(Bzxz)
X,+ByX5 = X5+ (B X X,-CX,)+X X, * (B4X,+0X,)-X5+ (B X,)
xz-Bzxf = 2 « (BX 2) ,

and hence Sym+(I/I )*Ker a=0,i.e. Ker a =0 for d>3.By an
argument similar to Theorem 3.1 of [ 2] we conclude

Ker 0.,=0 for d>>0,that is,Proj o is an isomorphism. ///

d
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6 KUHL

2.SEQUENTIAL CONDITIONS ON THE SYMMETRIC ALGEBRA

Let X=XqpeeesX) be a sequence in the ring R generating the
ideal I.

(2.1)DEFINITION. ([ 2],[ 4] et al.)

[(x1,...,xi):xi+1]rwl = (xqs.00sx3) for i=0,....,n-1
(where (x45++05%;)=0 for i=0 by convention)

xi+1-H1(x1,...,xi;R)=O for 3215 i vopi=1 ,

Remarks.

1) Some authors require that x should,in addition,
generate the ideal I minimally.

2) In [ 2] x is called proper if
xi+1-Hp(x1,...,xi;R)=0 for i=1,...,n-1 and all p>1.
It is by no means trivial to see that these notions
of "proper" coincide;see (2.3).

3) The following general implications hold true:
X regular sequence => x d-sequence => X proper sequence
(proof straightforward)

The setup for the following theorem is that of the intro-
duction,i.e. a=aq,...,a,  is the sequence of linear forms
in the symmetric algebra Sym(I) corresponding to a gener-
ating sequence x=x;,...,x, of the ideal I via Sym1(1)zI.

(2.2 )THEOREM.The fcllowing conditions are equivalent:

( i) x is a proper sequence (in R)

( ii) xi+1°Hp(x1,...,xi;R)=0 for &ll i=1,...,n-1,p>1.
(iii) =a is a proper sequence (in Sym(I))

(iv) a is a d-sequence (in Sym(I))

Proof.As the implication (ii)=>(i) is trivial and
(iv)=>(iii) is generally true (see remark above),we will

successively show (i)=>(iv), (iii)=>(iv), (iv)=>(ii).
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KUHL 7

Note that the isomorphisms Symo(I)=R and Sym1(I)=I,ai**xi,

give rise to natural identifications:
Kp(x1,....x.;R) = Kp(a1,....ai;Sym(I))

- I'Kp(x1,.,x.;R) = Kp(a1,...,ai;Sym(I))p+1
Zp(x1....,x.;H) > Zp(a1,...,ai;Sym(I))
Bp(x1,...,xi;R) = Bp(a1,...,ai;Sym(I))p+1

for all i=1,...,n and p>1.

(i)=>(iv): By virtue of (1.1) and (%)

ei+1-Z1(x1,...,xi;R) S(e1,...,ei)Z1S
<=> ai+1-Z1(a1.....ai:Sym£f))15=B1(a1,....ai;Sym(I))2
<=> xi+1'Z1(x1,....xi;R) = B1(x1,....,xi;R) .

He B

(=

This last statement holds true by assumption.

We claim next

(Z1Sr\(e1,...,ei)s]d = ((e.],...,ei)Z.IS]d for all d>2 and
1=T 500 500 9Mis

Proof by induction on d (and all i).Given an arbitrary
element z E[Z1Sr1(e1,....,ei)S)d , let

t := min{je{i,ees.,n}]| ze(e1,...,ej)Z1S} .We need t=i, so
suppose we had t>i.Write z=e1z1+....+etzt with
Zireeerdy e(245) 41

=> e,z € (e1,...,et_1)S

=> z4 € (e1,....,et_1)S

= 2, ¢ (Z1Sr\(e1,...,et_1)S]d_1.

In case d=2,this last formula reads zt£Z1(x1,...,xt_1;R),

so that e(e1,...,et_1)Z1S by what we have just seen.

%3¢
In case d>2,the statement being true for d-1,we conclude
zZy E(e1,...,et_1)Z1S and certainly e,z, e(e1,...,et_1)Z1S.

Anyway, z e(e1,....et_1)Z1S.contradicting the minimal choice
of t.Therefore t=i,and we have shown our claim to which we
now apply (1.1) to conclude: H1(a1,..,ai:Sym(I))d=O for d>2
and i=1,...,n.But this is just another way to express

[(a1,...,ai):ai+1]nSym+(I) = (a1,...,ai) (i=0, ¢ eeepn=-1).
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8 KUHL

Siii)=>§iv2:It is well-known that there are exact sequences

of Koszul-homology a

i+
...+H1(a1,...ai:Sym(I))-——l—l*H1(a1,..,ai;Sym(I)

H1(a1,...ai+1;Sym(I))*..
where the first mapping is multiplication with 8541 (and
hence the zero-mapping by assumption).Thus
H1(a1,..,ai;Sym(I))‘—* H1(a1,...,ai+1:Sym(I)) (i=1,.,n-1)
These inclusions,for all i,taken together with
H1(a1,..,an;Sym(I))d=O for all d>2 (ef.(1.1)),yield
H1(a1,...ai:Sym(I))d=0 for all d>2,i=1,...,n as well.
(iv)=>(ii):The d-sequence a=aq,...,a, satisfies
ai+1-Hp(a1,..,ai;Sym(I))=0 (i=1,...,n-1 ,all p>1)

(this is due to Fiorentini [1]).

The identification (*) above then yields
xi+1-Hp(x1,...,xi;R)=0 (i=1,o--'n'1 !p2,1) Q._Qd

(2.3)COROLLARY 1.A sequence X=X.,...,X_ in any ring R is
Fis X=Xq n &8 any ring o 18

proper (i.e. xi+1-H1(x1,...,xi;R}=0 for i=1,...,n-1)
iff xi+1-Hp(x1,...,xi;R)=O for all i=1,...,n-1 ,p>1.
Hence definition (2.1) coincides with the original

definition of proper segquence as given in [ 2].

(2.4)COROL;ARY 2.Suppose the ideal I of the noetherian ring

R is generated by a proper seguence.Then the canonical

epimorphism a:Sym(I)— R(I) is an isomorphism if and only
if Proj a:Proj R(I) — Proj Sym(I) is.

Proof.If I is generated by a proper sequence.Sym+(I) is

generated by a d-sequence a;,...,a  according to (2.2).In

particular (O:a;)aSym,(I)=0,s0 (because Ker a eSym, (I)):

Proj o is an isomorphism <=> Sym+(I)d'Ker a =0 (d>>0)
<=> Ker o =0

<=> o is an isomorphism /17
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KYHL 9

APP MATIO E

We begin with a brief outline on the construction of the
approximation complexes Z, and M, .For details and back-
ground information the reader is referred to [ 2] and [ 3].

Again we are dealing with the Koszul-complex K.(x;R)
(differentiation denoted by 8) of a sequence X=XqpeeerX
generating the ideal I of R.

S = R[e1,..,en] denotes a polynomial ring.We agree to write
down the Koszul-complex (. of the (regular) sequence

e_=€4s5+..5e in § in the following form:

n

£, 3=0 K ®.S(-n)—2_ 3' .k 9!
20— K @pS(-n)2—...... 2k @ps(-1) —2 ok @5 — 0

(note the shift in the degree to make L. a graded complex)
where 3' is the usual (homogeneous) differentiation

3'(ei A...Aeigf) = Zj£1 (-1)9 1ei1A..aéijA..Aeip@eij-f .
The differentiation 3 of K.(x3R) induces a homogeneous
mapping 801:KPQS(-p)——+ Kp_1¢S(-p+1) of degree -1 which
is denoted by 3 as well.It turns out that 3 and 3' com-
mute,i.e. there are commutative diagramms

al
K 8S(-p)g —————> K _;08(-p+1),

(t+) d [ l d

al
Kp_1os(-p+1 VT Kp_z@S(-p+2)d_1

and hence L. induces complexes

! 1 1
z.:=0— 7 @8(-n) 2~ z__@s(-n+1)2—..... 257 @5 —— 0

)

M:=0— H_@(-n) £ 1__es(-n+1)25.... 20n oS + 0
The homologies of these complexes are independent of the
generating sequence x for I.Note that H_(Z.)xSym(I). o is
an isomorphism if H1(ﬂ.)=O.Herzog-Simis-Vasconcelos showed
([ 3]) that m. is acyclic (i.e. Hp(/'l.)=0 for p>1) if and
only if I can be generated by a d-sequence (provided R is
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10 KUHL

noetherian,local,with infinite residue class field).
Moreover,Z. is acyclic if I is generated by a proper
sequence.We are now going to show that the converse holds:

(3.1)COROLLARY 3. (to Theorem (2.2))
Suppose R is a noetherian local ring with infinite residue

class field and I is an ideal in R such that the Z.-complex

(for some generating set of I) is acyclic.
Then I is generated by a proper sequence.

Proof.Let X=X qpeeesXy be a sequence generating I for which
the Z.-complex is acyclic,i.e. the following sequence of
S=R[e1,...,en] -modules is exact:

00— ZnQS(-n)—* .......—*Z1®S(-1)———* ZdGS — Sym(I)— 0

£=€q5.e040) being a regular sequence of the polynomial-ring
S,all the Hq(g;Zp@S(-p)) vanish (p=0,...,n ,q>1).
Standard homological arguments then yield isomorphisms
(where Cp stands for Im(a':Zp+1®S(-p-1)-—» Zp@S(-p)):
Hov (g;Sym(I))EHpH (esSym(I))

=Ker(Ho(g;cp)—> Ho(g:zp@s(-p))

=Ho(g:Cp)
=Zp+1 (annihilated by Sym+(I))
=> Hp(g;Sym(I))@Sym(I)Sym(I)[e1,...,en] =Zp0RR[e1,...,en].

that is to say,the M.-complex for the sequence 284500058,
of Sym(I) is isomorphic to the Z.-complex for the sequence
X=XqpeeesXy of R,which is acyclic by assumption.Using the
result of Herzog-Simis-Vasconcelos mentioned above,we find
that Sym+(I) is generated by a d-sequence of linear
forms,which gives rise to a proper sequence in R generating
I according to (2.2).(Note:Although Sym(I) is not local,the
proof given in [loc.cit.] extends to rings of this type)///
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KUHL 11

In order to study the projective schemes associated with
the graded rings Sym(I) and R(I),one could introduce
"sheafified" versions of approximation complexes.To be more
precise,for R noeth;f%an,l=(§)=(x1,...,xn) »S=R[eq,...,e ]
denote P:=Proj S =PR .Then

= — —— o
Z.,= 0—— ZnQS(-n)——* oo soinie™F Z1®S(-1)~—4 ZOGS — 0
and

Ml.= 0— H @ (-n)— ......— H;®(-1)— H @ — 0
are complexes of C@—modules.lt is clear that,for instance,
Proj @ is an isomorphism if H1(ﬁ:)=0 etc..

However:

(3.2)PROPOSITION. a) 7Z. acyclic <=> Z. acyclic

b) 7. acyclic <=> M. acyclic

For (3.2) we will need a standard homological lemma that we

give without proof:

(3.3)LEMMA.Let R be a noetherian ring,I an ideal of R,
— ceeee.> F—> M — 0 be a complex of

0— F

k
finitely generated R-modules (k>1) such that there exists

n>k with depth{(F;)>n for i=1,...,k.

Then depthI(M)3n+1-k.

Proof of (3.2).We will only deal with b),as the proof of a)
is very similar.To be definite,write I=(£)=(x1,....,xn).

We know H_(M.)=0 for all p>1,hence Sf—Hp(ﬂ.)=O for d>>0.
To show O=Hp(ﬂ.) for p=1,...,n ,we argue by backward in-

duction on p.
p=n: H_(M.) €H ®S(-n),s0 depths+(Hn(/’7.)31 .From S$.H_(M.)=0
(d>>0) we derive Hn(ﬂ.)=0.
1£p<n:Suppose O=Hn(ﬂ.)=........=Hp+1(M.) .
The exact sequence
00— HHBS(-n) P heecens *Hp+1®S(-p-1)-——+ Im ab+1-—+ 0
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12 KUHL
yields,together with (3.3),an estimate
depthS+Im 3p41 2 (n+1)-(n-p)=p+122
As Ker BééHp®S(-p),we find depthS+Ker 31'3 > 1
These modules can be inserted into the exact sequence
0 — In 3l 4
which shows depthg H (m.)>1.
+ P -

— Ker 8}') —_— Hp(/’?.)——* o,

By consequence,Sg'HP(ﬂ.)=O (d>>0) forces Hp(ﬂ.)=0. ///
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