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A Metric on the Manifold of Immersions
and Its Riemannian Curvature

By
Gerd Kainz, Wien
(Received 1 July 1983 in revised form 29 May 1984)

Abstract. E. BINZ [1] considered two canonical Riemannian metrics on the space
of embeddings of a closed (n — 1) dimensional manifold into R”, and computed the
geodesic sprays. Here we consider the space of immersions Imm (M, N) where M is
without boundary, and we compute the covariant derivative (in the form of its
connector) and the Riemannian curvature of one of these metrics, the non trivial one.

The setting is close to that used by P. MICHOR [2], and we refer the reader to this paper
for notation.

1. Some Formulas

1.1. We consider an m-dimensional smooth Riemannian manifold
M with metric g and covariant derivative V. We denote by V° an
arbitrary covariant derivative.

We define two 1, 2 tensors S°, Tor’and one 0,3 tensor V' g as usual
S%(u,v) =V, v =V,
Tor® (u,v) = V2 v — VO u — [u, ], (1.1.1)
Vi, w) =u(g(,w) —g(V)v,w) — gV, w).
The following formula is standard
g, S°(v,w)) = 1/2-{— (V) ) (v, w) + (V) &) (w,u) +
+ (V0 ) (u,v) — g(Tor’ (u,v), w) — (1.1.2)
— g(Tor® (v, w), u) + g (Tor® (w,u), v)} .
We define two 1,3 tensors R, R? and one 0,4 tensor V“Zg as usual.
R(u,v,w)=V,V,w -V, V,w -V, ,w,
RO(u,v,w) =VOVOw —VOVOw — Vi ,w,
(1.1.3.)
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(V&) w,x) = u (V) &) (w, x) — (V5,8 (w,x) —
—~ (V) )V, w,x) — (V) g)(w, V] x).
The following formula is standard
g(R(u,v,w) — R°(u,v,w),x) =
=g (5%, w),S° (v, x)) — g(S° (v, w), S° (u, x)) +
+ 1/2-{(VT, ) (w,x) — (VT, &) (w,x) + (1.1.4))
+ (Y, %) —(V), &) (,x) +
+ (VY &) (uw) — (V7 ) (v,w)} .
1.2. Let e denote an arbitrary immersion N — M. Every map
u:N — TM with nou = e could be written as
u=Teow(u) + o). (1.2.1.)

Here o (1) denotes the tangent part a vectorfield on N, and o (u)
denotes the normal part with

go(Te,o(m)=0. (1.2.2)
The following formulas are standard
gw,v) =g (ou,0v) + e*g(wu,wv), (1.2.3)

Vov=TeoV:w(v) + o(u,w(v)) —
—Teoo* (u,0(M) + V2 0 (v),
Ruv=Teo{Ruv—o*u,o(v,.)) +c*(v,o(u,.))} o +
+{V,o(v,.)—V,o6(u, )} o + Teo{V,6*(v,.) + V,06*(u,.)} 0 +
+ {R*uv —o(u,0*(v,.)) + o (v,0*(u,.))} 0, (1.2.5)
go(o(u,v),w) = e*g(v,0* (u, w)),
Vée*g=0,Vigt =0, Tor*=0.

(1.2.4)

(1.2.6.)

1.3. Let vol denote the volumdensity defined by g

&mA&AmAnmAnAmAm=w@ammp)
(1.3.1.

vol = \/g,,. (1.3.2)
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Recall the well known formulas
div (X)-vol = Lyvol,
div(X) =tr(VX),
g(grd (), X) = X (),
[f-div(X)-vol + [g(grd(f), X)-vol =0.

(1.3.3)

1.4. In the following we make use of natural mappings on higher
tangent bundles. Recall the following 6 mappings

ay.: TM—> M (a,b) > a

Oy M>TM a— (a,0)
‘wRxTM->TM A,(a,b) - (a, 2" b)

4+ TMXyTM—->TM (a,b),(a,b’) > (a,b + b’)
Vy:TMx yTM—>T*M (a,b),(a,d) - (a,b,0,d)
ap: TPM > T M (a,b,c,d) - (a,c,b,d).

We need these mappings together with their derivatives. The
following notation will be useful.

V’Eﬂ“ = T[Vu*M), (713 =T nrm)-
1.5. A covariant derivative may be written as
Voy=k%Tvou, (k°:T*M—>TM). (1.5.1.)

k° is called the connector of V°. k° is linear in both vector bundle
structures of T2 M (k%o (+ 2) = (+1)o(k%k")...). Note the follow-
ing formulas

ko Vi=p, TMxyTM->TM
SOO(n%,n%)=k——k0 T°"M—->TM

(1.5.2)
Toroo(ng,n%)=koox: —k° T°"M->TM

Dg=go(k®nd) + go(n3, k) +
+ Vgo(al,n},n3) T(TMx, TM) > R
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These formulas are easy consequences of V'fX =fV°X + X-Df
and (1.1.1.). Similarly we get the following

R (u,v,w) =VOVow —VOVIw — V) w=
=VO(k®oTwov) — VO (k®oTwou) — ke Twolu,v] =
=k% Tk®cT*woTvou —k®eTk®oT*woTuov —
— k% Tk T?*wo V! o(v,[u,v]) =
=k Tk T*woTvou — k% Tk T?woTuov —
— k%o Tk T*woTvou+ k%0 Tk®oT?*wox2oTuoy =
= (k°0Tk% %2 —k°eTk%oT?woTuov.
This implies
R (n?ond,n?on},n20n3) =k Tkox? — ke Tk®
T°M—>TM.

1.6. The derivative of the mapping, which maps every metric to its
volumdensity was computed by P. MicHOR [2]. We are interested in
vol: Imm(N,M) - I't (A"T*N ® Or(TN)), the mapping which
maps every immersion to the volumdensity of e* g.

Lemma: D vol (u) = {div’(w (©)) — g (v (e), u)} - vol (e)
(mou =e)
Proof: e*g = go(Te,Te), (v(e) =tr(e*g '0)).
D(gxo(T,T)) = Dgxo(xjsxoT,x}x0T) =
=gxo(nixon|xoT,kxoxlxoT) + gxo(kxox|xoT,nlxox)x0T) =
=gxo(Ton|x,kxoT) + gxo(kxoT,Ton|x). (1.6.2.)
Now use (1.3.1.), (1.3.2.), and

(D /det(4,B) = 1/2-tr (4" B)- /det (4)).

(1.5.3)

(1.6.1)

Then
Dvol(u) =tr(e*g ' (go(Te,Vu) + go(Vu, Te))) vol(e)/2 =
={tr(V'o) —tr(e*g " go(u,o(koT?e))} - vol(e) =
= {div’(w () — g (v(e), u)} - vol(e).
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Lemma: D?vol(w) — Dvol(kow) =
={-tr(@V,y,u) +tr((e*g) ""gro(@(Vu),o(Vv) + (1.6.3)
+tr(w(R(v, Te,u)) + tr(wVu) tr(wVv)}-vol(e)

W N->T’M,i2w=un2w=v,zlou=nlov=e)

Proof:
D*(gxo(T, 7)) = D(gxo(kxoT, T on}x) + gxo(Ton!x,kxoT)) =
= Dgxo(ThksoxlsoT, xl x0T onls) +
+ Dgxo(xlxoTon?x, ThkxoxksxoT) =
= guo(keo ThsondaoT, alaoxlao Tonds) +
+ puolZao TheosduoTofaonl xo T onde) &
+ gxo(kxox|xoTonx, n3xoTkxoxixoT) +
+ gxo(ndxonlxoTonlx, kxoTkxoxlsoT) =
=gxo(kxoToks, Tonlxonls) + gxo(Ton}xondx,kxoTokx) +
+ gxo(Rxo (nlx, Tonm|xo n3x, n}x), Tom|xo n3x) +
+ gxo (TonlxonZs, Reo(nls, Ton!xonls, n2)) + (1.6.4.)
+ gxo(kxoTon?x,kxoTonlx) + gxo (kxoTonjx, kxoTon?x).

Now use

D? /det (4,B,C,D) = {tr(4~' D)2 —tr(4'-C- 4" B)/2
+tr(A~" Bytr(4~"- C)/4} /det(4),

D?vol(w) = {tr(e*g "' (go(Vu, Vv) + go(Vv,Vu) +
+go(V(kow), Te) + go(Te,V(kow)) +
+ go(Ro(v,Te,u),Te) + go(Te,Ro(v, Te,u)))/2 —
—tr(e*g "' (go(Vu,Te) + go(Te,Vu))-
e*g - (go(Vv,Te) + go(Te,Vv)))/2 +
+tr(e*g ' (go(Te,Vw))tr(e*g ' -(go(Te, Vv))}-vol(e).
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2. The Metric G
2.1. For u,ve I.(e* T M) we define

G (u,v) = [go(u,v)-vol(e).

G is a positive definite symmetric two form on the space of immersions
Imm (N, M) (N without boundary). G is invariant under the action of
Diff (N) by composition from the right. G is not complete on
Imm (N, M) since there are curves which leave Imm (N, M) in a finite
time. G is C¢ since every mapping contained in it is C¥ .

Define VOby VOV =kxoTYoX (k°=ky)

Lemma: Tor’ =0, (V4 G)(Y,Z) = [go(Y,Z) Dvolo X

and (2.1.1.)
(V¥ G)(Z,U) = [go(Y,2)- VY, vol.

2.2. Theorem: The connection of G exists, and
SO(v,w) = 1/2- {v-div (0 (W)) + w-div(w (v)) + Teogrd(go (v, w)) —
—v-go(v(e),w) —w-go(v(e),v) +v(e)-go(v,w)}. (2.2.1)
(mov=mnow=c¢)
Proof: (1.1.2.), (2.1.1.) imply
G (u,S°(v,w)) = 1/2- [{— go(v,w) - Dvol(u) + go(w,u) - Dvol(v)
+ go(u,v)- Dvol (w)}.
(1.6.1.) implies
G(u, S (v, w)) = 1/2- [ {go (v, W) (go (¥ (e), u) — div (w (w))) +
+go(w,u) (div(w(v)) — go(v(e),v) +
+ go(u,v) (div(w (W) — go(v(e), w))} - vol(e).
(1.3.3.) implies
Gu,S°(v,w)) = 1/2-jgo(u, {v(e)-go(v,w) + Teogrd(go(v,w))
+ w-div(w(v)) —w-go((e),v) +
+ v-div (o (W)) — v-go(w(e),w)}) vol(e).
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2.3. Theorem: The Riemannian curvature of G satisfies
G(R(u,v,w) — Ro(u,v,w),x) =
=g(S°(u, w), S° (v, x)) — G(S° (v, w), S°(u, x)) +
+ 1/2- [{go(v,x)- V¥ vol — go(u,x) V", vol +
+ go(u,w)- V¥ vol — go(v,w)- V¥ vol}.

(2.3.1.)

Proof: From (1.1.4.), (2.1.2.) and

ROO(JI% ong,nf on%,n%ong)* = k*OTk*Ox%* - k*OTk* =

= (koTkox? —koTk)x = (Ro(n}on3,nion3,nlon3}))x

we obtain
R° = Ry
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