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Note on the KOLMOGOROV Statistic for a
General Discontinuous Variable

By DONALD J. WHEELER ')

Summary: A simple demonstration of the conservative character of the KOLMOGOROV test in the case
of general discontinuous distributions is given.

Zusammenfassung : Ein einfacher Beweis des konservativen Charakters des KoLMOGOROFFschen Tests
bei allgemeinen unstetigen Verteilungen wird gebracht.

Let Z take on values {x,} with probabilities {p,} for « in some countable
indexing set A, and let the distribution function of Z, F(z), be continuous every-
where else on — o0 < z < 00. Denote the empirical distribution function for a
sample of size N from F(z) by Fy(z). The KOLMOGOROV statistic, Dy =
sup|Fy(z) — F(z)], is not distribution free, but Dy is invariant under the prob-

ability integral transformation. Denote the distribution of U = F(z) by G(u) and
let Gy (u) correspond to Fy(z). Also let Pr[Z < x,] = q,,_,and Pr[Z < x,] = q,,
The variable U is restricted to values in the set R = | J [¢20 9244+1] C [0,1] = L

acA

Let F(zo) = o €[22 924 1] for some a, then
Prlg;, <U=<uy]=Pr[x,<Z <zo]=Pr[Z <z,] - Pr[Z < x,] =y — 4y,
and
PV[U = an] = Pr[z = xa] = pa = q2a - q2a—l
while
Pr{gy,-1 <U<gqy,]=Pr[Z<x,]—Pr[Z<x,]=0

therefore G(u) increases according to a uniform distribution on the intervals in
R and is constant of the set I — R, with discontinuities occuring at the points
u = gq,, for every a € A.

Now let H(z) be continuous on —oo < z < oo such that H(x,) = F(x,) for
every ae A. The KOLMOGOROV statistic is D} = sup |Hy(z) — H(z)| Letting
U = H(z) we have U ~ Uniform [0,1] and D} = sup |G%(u) — G*(u)| where
G*(u) is the uniform distribution function. Now if we use a random sample
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uf,...,uf; from G*(u) to generate a random sample u,,...,uy from G(u) by setting
uf = u, if u¥ € R and uf = min [q,,|q,, > u}] if uf €I — R, we can see that on
R, Gy(u) = G¥%(u), and from above G(u) = G*(u) on R. Thus
|G¥() — G*()| = |Gy(u) — Gw)] on R
which impliés :
% = sup |G¥(u) — G*(u)| > sup|Gy(u) — G(u)| = Dy.
uel ueR

Therefore the cumulative distribution of Dy is not less than the cumulative
distribution of D} for every value of D > 0. Hence tests of hypotheses and con-
fidence regions based on D} are conservative when the population is discontinuous.
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