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On Tight Immersions of Maximal Codimension

JouN A. LITTLE (Ann Arbor)* and WiLLiaM F. PouL (Minneapolis)* *

1. Introduction

Let f: M"— E™ be an immersion of a compact differentiable manifold
of dimension n into a Euclidean space of dimension m. The immersion f
is called tight if there exists no immersion of M" with smaller total
Lipschitz-Killing curvature [3] in any Euclidean space. The immersion f
is called substantial if f(M") is not contained in any hyperplane of E™
Kuiper [4] has shown that if /° is both tight and substantial, then
m<N=1in(n+3). In case m=N and n=2 (so that N=5), he has shown
that if f is tight and substantial then M? must be diffeomorphic to the
real projective plane and f must be an embedding onto a real algebraic
variety, in fact onto a Veronese surface. In this paper we prove the
corresponding result in higher dimensions.

Our hypothesis is, in fact, weaker. The immersion f is said to have
the two-piece property if every hyperplane divides it into at most two
pieces, or more exactly, if for every hyperplane H<E™, f~'(H,) and
f~'(H,) are both connected sets, where H, and H, are the two open
half-spaces which make up the complement of H in E™. A tight immersion
has the two-piece property, but not necessarily conversely (cf. [6,9]).
However, for the case of curves and surfaces the two properties are
equivalent.

Let A be a real vector space of dimension n+ 1 and consider the map
v—v®ufrom Ato A® A. Take a metric in 4 and restrict the map to the
unit sphere centered at the origin. Since (—v)®(—v)=0v®v, this map
takes each pair of antipodal points to the same point. Hence it induces
a map of the real projective n-space into A ® A. As we shall see, this last
map is an embedding, and the image V lies substantially in an affine sub-
space of dimension N=1n(n+3). We call any submanifold projectively
equivalent to V and lying in an affine or projective space a Veronese
n-manifold. Any Veronese manifold is tightly embedded [4]. We can
now state our main result.

* This author’s work was done during tenure of a Leverhulme Fellowship at the
University of Liverpool.
** This author’s work was supported by the N.S.F. under Grant GP-20871, and by
the Netherlands Organization for the Advancement of Pure Research (Z.W.0.).
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Theorem I. Let M" be compact, n>1, and f: M"— EN, N=1n(n+3),
an immersion which is differentiable of class C*, substantial, and which has
the two-piece property. Then M" is diffeomorphic to a real projective n-space,
[ is an embedding, and f(M") is a Veronese n-manifold.

Our proof of Theorem I depends on our main local result, Theorem 11,
the proof of which depends in turn on Theorem III. These last two
theorems, which we will state in due course, generalize theorems of
Segre characterizing the Veronese surface [10, 11]. A number of other
characterizations of Veronese manifolds follow from TheoremsII and
II1. For further information we refer the reader to [2] and [8].

We have tried to make the present paper essentially self-contained.
For further information on the rich literature on tight immersions,
most of it the work of Kuiper, we refer to [5] and [6]. The importance
of the two-piece property seems first to have been realized by Banchoff[1].

The results of this paper were discovered and proved by the first-
named author, who circulated a preprint “On smooth convex maps in
the top dimension”. Later, under the stimulation of Kuiper, both authors
working together discovered the more geometric proof of Theorem II
presented here. We now know a number of different proofs of these
theorems, which we discuss in § 7.

2. The Veronese Manifold and the Curvature Indicatrix

Let A be as in the last § and let g: 4— A® A4 be the mapping g(v)=
v®u. Let g’ denote the restriction of g to the unit sphere centered at the
origin, S". The image of the map g, and therefore the Veronese manifold V
defined by g, lies in the space of symmetric tensors in A® A. If we take
an orthonormal basis of 4, e, ..., e, ;,and let

¢;0e;=3(e;@¢;+¢;®e¢),

we can write the map g as

n+1
g(ine,-)=le,-2 e0e+2 Y x;x.e;06, 2.1

1€j<k=n+1

so that by taking the ;O ¢, as a basis for the space of symmetric tensors,
we can write down the parametrization of the Veronese manifold as

(R s ) =0 R v s KR g 2y Kiparons s 2y X DX X3 vy DX K, o)y (22)

where the x;’s are subject to the relation

x2 e pxl, =1, (23)
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showing that V' lies in a hyperplane in the space of symmetric tensors.
[t is useful to have a parametrization of a Veronese manifold in homo-
geneous coordinates. In fact, regarding x,,...,x,,, as homogeneous
coordinates in the real projective n-space P", we get such a parametriza-
tion from (2.2), in terms of the homogeneous coordinates of PN, N=
Sn(n+3), where now we ignore (2.3). (Note that N is one less than the
dimension of the space of symmetric tensors.) Call this map g'': P"— P

This homogeneous representation has several easy consequences.
First, since the quadratic monomials in (2.2) satisfy no linear relation,
the Veronese manifold lies substantially in P¥. Secondly, the Veronese
manifold must have the two-piece property. For, the intersection of this
Veronese manifold with a hyperplane in PV is, by (2.2), a hyperquadric
of P". But the complement of a hyperquadric in P" has at most two con-
nected components, as may be seen in the following way. Given three
points in the complement, pass a plane through them. This plane meets
the hyperquadric in a conic. Two of these points may certainly be
joined by a curve in this plane which does not meet the conic.

Another consequence of the homogeneous representation is that a
Veronese manifold is equivariantly embedded. We explain this as follows.
If R: A— A is a linear transformation, then there is an induced linear
transformation RQR: A® A— A® 4 such that RQ R(v@w)=R(0)® R(w).
g is equivariant with respect to these maps, which is to say that go R=
(R®R)eg. Since the linear transformations of 4 give the projective
transformations of P" this implies that given any projective transfor-
mation R’ of P", there is a projective transformation R of PV such that
g"oR'=R"0g" In particular R" takes the image of g" onto itself. Using
the equivariance it is easy to show that g" is an embedding. For suppose
g'(v)=4g'(w). We may assume that v=e,. Thenifw=1)" x; e, it follows that

e, ®e;=g'(1)=Ag' (W)=1) x;x;¢,Qe¢,,

from which we conclude that x;=0,i> 1, so that v=w. Hence g"’ is one-
to-one. Now by the equivariance, g’ must have constant rank, which
can only be n. The equivariant embedding property implies, finally, that
given points p,qeP" and a frame in the tangent space at either point,
there exists a projective transformation of PV taking the Veronese
manifold g”(P") onto itself, taking p to ¢, and taking the given frame at p
to the given frame at q.

The Veronese manifold enters into general differential-geometric
considerations in the following way. Let X: M"— E™, be any immersion

of class C? of a differentiable manifold. Let pe M”, and Uy, ..., u, local
coordinates valid in a neighborhood of p, with u,=---=u,=0 at p. Let
0X 02X

T ou Y 0ugdu;”
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the derivatives being evaluated at p. By the osculating space of X at p we
mean the linear space through p spanned by the X; and X;;. If the osculat-
ing space at p has dimension N =3 n(n+3), the maximum possible, we
say that X is non-degenerate at p. It is not hard to see that these notions
are independent of the choice of the local coordinates uy, ..., u,, and that
they are of a projective nature in the geometry of the ambient space.
Let T, and N, denote respectively the tangent and normal spaces of
X at p. For any vector V in E™ let V* denote the orthogonal projection
of Vinto N,. Now let x(t) be a curve on M" such that x(0)=p. Then the
orthogonal projection into N, of the second derivative of X(x(t)) at 0
depends only on the first derivative of X(x(t)) at 0, as is well known
(at least in the case of curves on surfaces in ordinary space, and as is
proved in the same way in higher dimensions). Thus we have a map
A1 T,— N, which assigns to each veT, the orthogonal projection in
N, of the second derivative vector of a curve on M" through p whose
tangent vector at p is v. To find an analytic expression for .4~ we consider

the curves A
u=x;t, 1Zisn.

Then X'(0)=) x; X;,and X"(0)*= Y x;x;X;;. Hence
i,j=1

i 1

H(T 5uX)= T %x,X5 2.4)

Now assume that X is non-degenerate at p. It follows that X, i<,

are linearly independent, and we may identify X;; with X; O X;. Thus .4
is identified with the map g such that g(v)=v®uv. Letting S, denote the
sphere of tangent vectors of unit length to X at p, we find that A7(S ) is a
Veronese (n— 1)-manifold, which we call the curvature indicatrix. It lies
in a hyperplane in N, (coming from the condition x?+---+x2=1), which
we call the indicatrix plane, I,. The mapping .4" is two-to-one (except at 0),
identifying v and —v, and the image 4"(T,) is a half cone consisting of
rays from the origin through the points of the curvature indicatrix. We
call this cone the curvature indicatrix cone. The indicatrix plane, I,, does
not contain the origin, so there is no immersed curve on M" with zero
curvature at p.Since [,=N,, I, and T, are in general position and their
linear span is all of EN.

A Veronese manifold is itself everywhere non-degenerate. To prove
this it suffices to check it at any point (x;=1,x,=---=x,,,=0 is con-
venient), since the Veronese manifold is equivariantly embedded and
non-degeneracy is a projective notion. But we can avoid calculation by
the following geometric argument.

Let U be a linear subspace of P" of dimension r; then its image under

¢" is a Veronese r-manifold, as can be seen from (2.2) by taking homo-
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geneous coordinates x;,...,x,,,; in P" such that U is defined by
X, ,="=x,,,=0.Let V=g"(P"). We call g"(U) a Veronese submanifold
of V. Now a Veronese manifold of dimension one is just a non-singular
conic. Since any two points of P" may be joined by a line, any two points
of a Veronese manifold may be joined by a conic lying in the Veronese
manifold. This implies that V is non-degenerate; for if the osculating
space at pe VV were contained in a hyperplane H, then H would contain
T, and .A7(T)), by (2.4), and hence the tangent and curvature vectors
at p of all curves on V through p, and hence the planes of the one-dimen-
sional Veronese submanifolds passing through p, and hence V itself. But
this contradicts the already proven fact that V lies substantially in P~

In terms of the Euclidean representation (2.2), (2.3), a Veronese
submanifold is defined in the following fashion. Take a linear subspace
through the origin of 4 and intersect with the unit sphere S". The image
of this intersection under the map g’ is a Veronese submanifold.

Let V"~ 'c V"< P" be an (n—1)-dimensional Veronese submanifold
of a Veronese n-manifold. We claim that there is a unique hyperplane J
of P¥ such that Jn V"= V""! and such that J is tangent to V" at each
point of V"1, which is to say that J contains the tangent space to V"
at each point of ¥"~!. To show this it suffices to take V"~ to be defined
by x,,,=0, using our usual homogeneous coordinates, since V" is
equivariantly embedded. Referring to (2.2) we see that V"~! then lies
in the hyperplane J of P defined by setting the (n+ 1)-st coordinate of
PN equal to zero, and any point of V" for which this coordinate is zero
must lie in ¥"~'. This coordinate is x7,,, on V", so that V" lies locally
on one side of J. This implies that J is tangent to V" along V"~!, as
required. This last determines J uniquely. For, referring to (2.1) for
purposes of notation, we see by differentiating that the tangent space to g
at e; is spanned by e;Oe,, ...,e;Oe, ;. Since J contains g"(e)), ..., g"(e,)
it must contain all e;0e;, 1<i<n,1<j<n+1.But these are sufficient to
span J. Our claim is now established. We call J an e.s. hyperplane of V"
(“e.s.” standing for “extremal support™).

Let us note here that J must contain the curvature vectors of all curves
on V"' (We assume that V< EN for a moment.) Since J contains the
tangent spaces to V" at the points of V"=, it must contain 4" (v) for every
v tangent to V"', where ¢ is the curvature indicatrix cone for V".

Consider now an r-dimensional Veronese manifold W which happens
to be contained in V™. We claim that W is a Veronese submanifold of V"
in the sense defined above. For, choose a point p on Wand let V"' be a
Veronese submanifold of V", passing through p, whose tangent space at p
contains the tangent space to W at p. Now V"~ ! is contained in an e.s.
hyperplane J. If we have any conic lying on W and passing through p
its tangent vector v and its curvature vector must be contained in J,
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since J contains T, and .4"(v). It follows that J contains the conic. And
since any point of W may be joined to p by such a conic, J o W. But since
JAV"=V""1 we must have W< V"', We can repeat this argument
until we have a sequence of Veronese submanifolds

V'CVr+1C-..CV"_1CV"

with W= V", which establishes the claim.

The other properties of Veronese manifolds which we need to prove
could be established at this point by algebraic arguments. But it is more
convenient to derive them as special cases of more general results which
we prove later.

3. Consequences of the Two-Piece Property

Throughout this § M" will denote a compact differentiable manifold
of dimension n, and f: M"— E™ a C? immersion having the two-piece
property. It is easy to see that this implies that M" is connected.

If X < E™ is some subset, we say that a hyperplane H = E™ is a hyper-
plane of support of X if X lies in one of the two closed half-spaces of E™
determined by H and if X n H=0. Note that if X is an immersed sub-
manifold then H must contain the tangent space of X at each point of
X nH. A hyperplane containing the tangent space at a point of an
immersed submanifold is said to be tangent at that point. A smooth
real-valued function F on M" is said to have a critical point at pe M™ if
dF =0 at p, and a critical point p of F is said to be non-degenerate if the
Hessian, d* F, is non-degenerate at p. (Let us not confuse this notion with
that of a non-degenerate immersion, defined in the last §.) If v is a vector
in E™, the inner product v-f: M"— R is called a height function on M".

Proposition 3.1. a) Let H be a hyperplane of E™, peM", and U a
neighborhood of p such that H supports f(U) and f(U)nH = f(p). Then
H supports f(M").

b) Any non-degenerate local maximum of a height function on M" is
a global maximum.

Proof. a) By making U smaller, if necessary, we can arrange that H
does not meet f(dU), where U is the boundary of U. Let ¢ denote the
distance in E™ from f(0U) to H. Since M", and hence 0U, are compact,
¢>0. If H were not a support hyperplane of f(M") we could move H
parallelly toward f(¢U) a distance of ¢ to obtain a hyperplane cutting
M" into at least three pieces, which would contradict the two-piece
property. Hence H must support f(M").

b) Letv - f bea height function with a non-degenerate local maximum
at pe M". Then, by Morse’s lemma, we can find local coordinates x,, ..., X,,,
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valid in a neighborhood U of p, such thatv-f=v - f(0)— x} —x3 — -+ — x?
in U. The hyperplane H through f(p) perpendicular to v supports f(U),
and f(U)n H=p. Hence by Part a) H is a support plane of f(M"), which
implies that v - fhas a global maximum at p. This completes the proof.
We call a point pe M" an extreme point of f if there exists a height
function with a non-degenerate local maximum at p (and hence a global
maximum at p).

Proposition 3.2. a) The set of extreme points of f is open and non-empty.

b) Every extreme point is simple; i.e. if p is an extreme point and
J(p)=f(q), then p=gq.

Proof.a)Letn: N — M"be the full normal bundleof f, and let g: N > E™
be the “Gauss map”, i.e. the map which takes each normal vector to
the same vector bound at the origin of E™. It is well known that the
critical points of a height function v -/ are just the points n(g~"(v)), and
that if v'eg~!(v) and p=n(v’), then v-f has a non-degenerate critical
point at p if and only if g¢ has maximal Jacobian rank at v’. Now by Sard’s
theorem, the image under g of the critical locus of g has measure zero
in E™. But for every vector v in E™ the height function v-f attains its
maximum value, since M" is compact. Consequentiy there must be an
abundance of height functions taking non-degenerate maxima, and
hence an abundance of extreme points.

To show that the set of extreme points is open, suppose that p is an
extreme point and let v be a vector such that v -f has a non-degenerate
maximum at p. Then, regarding v as lying in N,, ¢ must have maximal
rank at v, and hence must have maximal rank in some connected neighbor-
hood U of vin N. The determinant of the Hessian matrix of ¢’ - f cannot
vanish at n(v') for v’e U ; hence for each v in U v' - f has a non-degenerate
maximum at 7n(v'). Hence n(U) is a neighborhood of p consisting of
extreme points.

b) Suppose pe M" is an extreme point of f and that f(p)=f(q),
p=+q. Let v be a vector such that v - f has a non-degenerate maximum at
p.and let H be the hyperplane of M" through f(p) and perpendicular to v.
By Morse’s lemma, we can find a closed neighborhood U of p in M" such
that H supports f(U) and f ~'(H)n U =p. Let ¢ denote the distance, in
E™ from H to f(0U). Let H' be a hyperplane parallel to H at a distance
$¢ toward f(0U). Then H' divides M" into at least three components,
one containing p, one containing ¢, and one containing dU. Hence the
assumption that p=+q is false, which completes the proof.

Proposition 3.3. Let pe M" be an extreme point and let H be a hyper-
plane in E™ tangent to f at p. Then H supports f(M") if and only if .A"(S,)
lies in one of the closed half-spaces determined by H.
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Proof. Let v be a vector perpendicular to H. Then v is normal to f
at p, so that the function v-f has a critical point at p. Let x(t) be an
immersed curve on M" such that x(0)=p and let w denote the tangent
vector to x at 0. Then

d*v-(fox) d*(fox)
%(O)=U.T(O):u-,,4f(w]. (3.1)

Now if A7(S,) lies on both sides of H, then (3.1) will be positive for some
curves on M" through p and negative for others. Hence v - f will have a
non-degenerate local minimum along some curves at p and a local
maximum along others. Hence H is not a support hyperplane of f(M™),
and the Proposition is proved in one direction. Note that we have not
yet used the two-piece property.

If H does not meet A(S,), which implies that A7(S,) lies on one side
of H, since .A7(S,) is connected, (3.1) will have the same sign, no matter
what curve x(t) we take. Hence the Hessian of v- f is definite. Assume
that v points into the half space determined by H and not containing
A(S,). Then v-f takes a non-degenerate local maximum at p. Hence
by Proposition 3.1b) it takes a global maximum at p, which implies that
H supports f(M").

Finally, suppose H meets and supports .4°(S,). We may assume that
v points into the half-space not containing .47(S ). Since p is an extreme
point there exists a vector v’ such that v"-f has a non-degenerate local
maximum at p, and hence a global maximum at p. Hence the hyperplane
H' through f(p) and perpendicular to v’ supports f(M"). Now H’ cannot
cut A7(S,), by the first paragraph of this proof. Hence .47(S,) lies in the
intersection of two closed half-spaces, one determined by H and the
other by H'. Now turn H' about H' n H till it reaches H, so that all the
intermediate hyperplanes do not meet .4°(S,). By the last paragraph,
these all support f(M"). Hence so does the limiting and final one, namely
H. (To understand these last arguments, project everything ortho-
gonally into the plane spanned by v and v".) This concludes the proof.

Corollary 3.4. Assume that f is differentiable of class C>. Then any
hyperplane which supports f(M") to the second-order supports f(M")
to the third order. By this we mean that if H is a hyperplane in E™ tangent
to f at p which supports A(T,), and if X(t)= f(x(t)) is any curve on M"
such that x(0)=p and X" (0) lies in H, then X'"(0) lies in H.

Proof. Suppose there is such a curve with X"(0) not in H. Expand
X(t) as a finite Taylor’s series:

X(O)=XO)+tX'(0)+3¢* X"(0)+% (X" (0)+ ¢ R(r)),
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where R(t) is continuous in t. If v is a non-zero vector in E” normal to H,
h
L o (X(O0=XO0)=Le(v- X (0)+1v- R(1),

which takes both positive and negative values near zero, so that H does
not support f(M"). But this contradicts Proposition 3.3. Hence the
corollary.

Proposition 3.5. Let pe M" be an extreme point. Then f(M") is con-
tained in the osculating space to f at p.

Proof. If the osculating space to [ at p is all of E™, there is nothing
to prove. Suppose then that the osculating space to f at p is a linear
space J of dimension ¥ < m. Since p is an extreme point, there is a vector v
in E™ such that v- f has a non-degenerate maximum at p; let H be the
hyperplane through f(p) perpendicular to v. Now H does not meet
A'(S,); otherwise there would be a curve on M" through p such that the
second derivative of v - f along it would be zero, as we see from (3.1);
but this contradicts the fact that the Hessian of v-f at p is negative
definite. Since J contains .47(S,) by (24), it follows that H does not
contain J, so that H nJ is a linear subspace of dimension r—1; call it K.
Since .4°(S,) is connected and does not meet K, it must lie in one if the
half-spaces of J determined by K, call it J*. Hence any hyperplane of E™
containing K but not J supports .4°(T,), and hence, by Proposition 3.3,
supports f(M"). It follows that f(M") lies in the intersection of all closed
halfspaces containing J* determined by hyperplanes cutting J in K.
But this intersection is just J *. It follows that f(M") lies in J.

Corollary 3.6. If f: M"— E™ is substantial, then m< N =% n(n+3).
Proof. The osculating space at p has dimension = N.

Corollary 3.7. If f: M"— E" is substantial, then f is non-degenerate
at every extreme point.

Proposition 3.8. Let f: M"— EN. Then every non-degenerate point
is an extreme point.

Proof. Let f be non-degenerate at p and let H be a hyperplane con-
taining the tangent plane 7, and parallel to the indicatrix plane I,,. Let v
be a non-zero vector perpendicular to H and pointing into the half-
space determined by H and not containing I,. Then v-f has a non-
degenerate maximum at p, as we see from (3.1).

4. The Dual Manifold

The results of this § are of a local nature. Let M" be an arbitrary
connected differentiable manifold of dimension n, and let f: M"— E",
N =1n(n+3), be an immersion which is differentiable of class C*, non-
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degenerate, and which has the property that any hyperplane which
supports f(M") to the second order supports f(M") to the third order.
By this we mean, as we said before, that if H is any hyperplane tangent
to f at p which supports .4'(T,), and if x(t) is any curve on M" such that
x(0)=p and X"(0) lies in H, then X"”(0) lies in H. By Corollary 3.4, f
has this property if it has the two-piece property. Veronese n-manifolds
must therefore have this property, since they have the two-piece property.
We now state the main local result of this paper. The first part of the
proof will be given in this § and the completion in § 6.

Theorem I1. Let n=2 and suppose f: M"— EX is differentiable of
class C*, non-degenerate, and has the property that any hyperplane which
supports f(M") to the second order supports f(M) to the third order. Then
f(M") is contained in a Veronese n-manifold.

Remarks. The condition that any hyperplane which supports to the
second order supports to the third is equivalent to the condition that
“the characteristic curves are degenerate™ [7]. Later on, following
Proposition 4.9, we will put this condition in another form. Theorem II
was proved by Segre [10, 11] for n=2, and from it follow many of the
classical characterizations of the Veronese surface.

Let us consider a non-degenerate immersion g: M"— E¥, without
assuming any other special properties. Let peM", and let H' be an ¢.s.
hyperplane of #°(S,) in the indicatrix plane i,. Since I, and T, are in
general position, H' and T, together span a hyperplane H, which we
callan e.s. hyperplane of g at p. We claim that this agrees with the previous
definition in case g is a Veronese manifold, at least for n>1. For if
V< EN is a Veronese manifold and H an e.s. hyperplane of V in the
sense of § 2, with pe Vn H, then H supports V locally and hence globally,
since V' is connected. Therefore, by Proposition 3.3, H supports .A4"(T,).
Now V"~'=Vn~H is a Veronese submanifold and hence H contains
the curvature vectors of all curves on V"1 Since H contains T, it must
therefore contain .4°(S;), where S/, S, is the set of unit vectors at p
tangent to V"~!. It follows that Hn1, supports .4°(S,) and contains
the Veronese submanifold .4°(S,), so that H 1, is an e.s. hyperplane of
A(S,) in I,, from which it follows that H is an e.s. hyperplane in the
sense of this §. On the other hand, if H is an e.s. hyperplane of V at p
in the sense of this §, it must contain T, and the Veronese submanifold
A°(S},), for some great (n—2)-sphere S, of S,. If V"~ is a Veronese

submpanifold of V through p whose tangent space contains S/, then H
must contain the tangent and curvature vectors at p of all curves on V" !
through p, in particular those of the conics on V*~! through p. Hence H
contains all such conics, and since each point of ¥"~! may be joined

to p by such a conic, H contains ¥"~'. Since H supports V, by Propo-
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sition 3.3 (applicable in this case because V has the two-piece property)
H must be an e.s. hyperplane of V in the sense of § 2. This establishes the
claim.

An e.s. hyperplane at pe M" is determined by giving a Veronese
submanifold of dimension n—2 of .4"(S,). Such a Veronese submanifold
is determined by giving a great (n—2)-sphere of S,. This in turn may be
determined by giving an (n— 1)-plane through the origin of T,. Note that
an e.s. hyperplane H supports .47(S,) and contains g(p), from which it
follows that H supports the curvature cone .4°(T,). If his an (n— 1)-plane
through the origin of T, such that A"(hnS,)=.4"(S,)n H, then H must
be tangent to .47(T)) along .A"(h).

Lemma 4.1. Let pe M", U a neighborhood of p in M", and H a hyper-
plane of EN such that g="(H)nU is an embedded submanifold of co-
dimension one. Suppose that H contains T,, and that H supports A(T,)
or that H supports g(M"); then H is an e.s. hyperplane of g at p.

Proof. If H supports g(M"), H must support .4#°(T,), as can be seen
from the proof of Proposition 3.3. Hence it suffices to assume that H
supports A47(T,). Now H must contain all curvature vectors of curves
on g !(H)nU. It follows that H contains the Veronese submanifold
A"(h,), where h,= T, is the tangent space to ¢ ' (H)n U. Hence Hnl,
is an e.s. hyperplane of .4°(S,) containing .4"(h,NnS,), from which the
lemma follows.

These preliminaries out of the way, let us consider the map f again.
The next considerations will lead to the definition of the dual manifold.
Let peM", and h<=T, an (n— 1)-dimensional linear subspace. Let H' be
the e.s. hyperplane, in I, of .4°(S,) which contains A" (hnS,). Let ¢ (h)
be thee.s. hyperplane of f at p spanned by T, and H'. Then ¢ is a mapping
whose domain is the bundle of linear subspaces of dimension n—1 of
the tangent spaces of M". We denote this bundle by n: G,_, T(M") — M".
The range of ¢ is the space of hyperplanes of EV. It is convenient to add
the hyperplane at infinity to this space, obtaining thereby the dual
projective space PV*. Thus ¢: G,_, T(M")— P"*. The mapping ¢ may
also be defined in purely projective terms. In fact, ¢(h) is the unique
hyperplane which supports f to the second order at pe M" and which
contains the osculating planes at p to all curves lying on M" tangent to
hat p.

Proposition 4.2. ¢ has everywhere Jacobian rank n. The restriction of
¢ toany fibre G,_, T, is one-to-one and has rank n—1, i.e. is an embedding.

Proof. We assume n= 2. The assertion that ¢ restricted to G,_; T, is
one-to-one is essentially the assertion that each e.s. hyperplane of the
Veronese manifold .4°(S,) meets .4#7(S,) in an unique Veronese (n—2)-
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dimensional submanifold. But this we know already. From this, and
the equivariant embedding property of A"(S ), it follows that ¢ restricted
to G,_, T, has constant rank n—1. We proceed, then, to show that ¢
has rank n, and we accomplish this by representing ¢ (h) as an exterior
N-vector, differentiating ¢ in 2n — 1 independent directions, and showing
that the resulting N-vectors, together with ¢(h), span a space of di-
mension n+ 1.

Let heG,_, T(M") be arbitrary and let p=n(h)e M". Introduce local
coordinatesu, , ..., u, on M"in a neighborhood of p such that k is spanned
by d/duy, ..., 0/0u,_,. Let h;(t) denote the linear span of

0 0 0 0 0

s A = IR T s

PR
u, ou;_, Ou;  du

and let us compute ¢ (h;(t)). We use the notation of § 2, so we will consider
f: M"— E" as a position-vector function, which we write as X : M" — EV.
Now

0
N (ijﬂ—)=2xkij,fj, 4.1)
du,
so that
oN
o, =23 %,X;;. (4.2)

Hence the tangent space to the whole curvature cone A" at d/0x, is
spanned by X, 1 <k<n, and the tangent space to .4 at /du;+1t7/du,
isspanned by X+t X, 1<k=<n.Hence ¢ (h;(t) must contain X, ..., X,,
X (k. (G, k)%, n), G, i), (n,n), X;+tX,,, and X,;+tX,,. These
vectors are linearly independent, since f is non-degenerate, and they are
sufficient in number to span ¢ (h;(t)).

In order to represent ¢(h,(1)) as a multivector, we introduce homo-
geneous coordinatesin EV,say &, ..., &y, such that y;j=¢;/¢, are ordinary
coordinates in EV. In these coordinates we may represent f by the vector
function

Y=(Lysof ... ynef),

and hence we may represent ¢ (h,(1)) as

PO =Y A Y, A A, A T] VA (Gt t Y A (YY),
<k

is
Gk # (im). (i, ). ()
where
Y aY Y 0%Y
7 ou;” T owou,
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It is easy now to differentiate with respect to . The derivative of ¢ (h;(1))
at t=0, we call ¢,.

dooh;
pi=— 1 O=YAY,A AT, I:[ijk/\ Yint,=1Q

n —"“in>

(k)£ G ), (1), (n,n)

where by Q;, we understand the product of Y, Y, Y., IS, m<n,I<m,
in some order with only Y}, left out. Clearly p(h)=9Q,,,¢;, 1Si<n—1,
are linearly independent. The ¢, are directional derivatives of ¢ along
a maximal independent set of fibre directions of G,_, T(M"), which
shows again that ¢ restricted to G, _, IS has constant rank n—1.

To differentiate ¢ along the base directions, we write

ph=+YAY A AY, A [] V=10,

Jsk
(j.k)£(n,n)
Hence
op
Pu= o2 =Y A YA AY,A T 4 Vg []
du; I<m j<k
({.m)#* (n.n) (j.k)=*(n.n)
(J.k)+,m)
for i<n, and

0
Pu = (=LY AV A A Y, A YA 11 Y

Jj=
(. k) * (n.nm)

tYAY A AY A().

Clearly ¢(h), ¢,,...,¢,_,, ¢, are linearly independent. We claim that
¢,, is a linear combination of ¢ (h), @,, ..., @,_;, for all i<n.

To prove this claim we recall the elementary fact that any homo-
geneous cubic polynomial of several variables is a linear combination
of cubes of homogeneous linear polynomials. From this it follows that
any homogeneous linear differential operator of order three is a linear
combination of cubes of linear differential operators of order one with
constant coefficients. This implies that Y;,,, (p), where i, I, m<n, is a linear
combination of third derivatives of Y along curves on M" through p
tangent to h. But all such third derivatives must lie in ¢ (h), by the hypo-
thesis that a hyperplane supporting to the second order must support
to the third order. Hence Y, (p), i,I,m<n is a linear combination of
Y Y.,.... Y, Y. (j.k)#(n,n). Substituting these linear combinations
into the expressions ¢, , we find that, for i <n, ¢, is a linear combination
of Q;,,j=1,..., n,and hence of ¢ (h) and ¢;, i<n. This shows that all the
directional derivatives of ¢ at h are linear combinations of ¢(h) and n
such directional derivatives. Hence the rank of ¢ is n, which is what was
to be proved.



192 J.A.Little and W.F.Pohl:

It follows from this proposition that the image of ¢ is an immersed
submanifold of dimension n in P¥*. More precisely, let us say that
x,y€G, _, T(M") are equivalent if there is a curve C joing x and y in
G,_, T(M") such that ¢(C)=¢(x). The equivalence classes form a dif-
ferentiable manifold M* and ¢ induces an immersion ¢': M*— PV*,
We call ¢’, or M* itself, the dual manifold of f: M"— E™. Clearly the image
of a fibre under ¢, ¢(G,_, T,). is an algebraic variety; hence the dual
manifold contains a family of algebraic varieties. We shall see later that
these are in fact Veronese manifolds. But our immediate aim is to show
that the dual manifold contains a family of conics.

Lemma 4.3. Let P* and P® be linear subspaces of P**"*! which are in
general position, i.e. which do not meet, and let S*~' be a one-parameter
family of hyperplanes of P* which form a non-singular conic in the dual
space P**. For each t, let S¢*" be the linear span of S*~" and PP. Then the
Jamily of hyperplanes S{*" forms a non-singular conic in P*+*+'*_[If Q
is the hyperquadric of P* enveloped by S*~' and Q' the hyperquadric of
PP+ enveloped by Se*°, then Q' consists of linear spaces of dimension
b+ 1, each of which is spanned by P” and a point of Q, and every such linear
space lies in Q.

Proof. Choose homogeneous coordinates xq, ..., X, ,,, in PoTb+!
such that P* is defined by x,,,=-=x,,,,.,=0, P’ is defined by
xo==x,=0, and S¢~! consists of hyperplanes

%o Xg+ -+ 0, x,=0
such that —oag+af+a3=0 and ay=---=0,=0. Then the family S+"
consists of hyperplanes
Ao Xo+ 0y 1 Xey by =0
such that —«d+of +a3=0 and ay=---=a,,, ,=0. But this is clearly

a non-singular conic in P***** which proves the first assertion of the
lemma.
Now the equations of Q in P**b+1 are

N e .
—Xg+xi+x3=0, x4 = =X,,5,;=0.

The equation of Q' is just —xg+x?+x%=0, so that Q' consists exactly
of the linear spans of P? and points of Q. This completes the proof of the
lemma.

Lemma 4.4. a) Let V"< P" be a Veronese manifold and V"~>c V" a
Veronese submanifold of codimension 2. Then the set of all e.s. hyperplanes
of V" which contain V"=2 is a one-parameter family S, which forms a non-
singular conic in the dual space PY*. The hyperquadric enveloped by S,
contains V"
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b) Suppose n=2 and g: M"— E¥ a non-degenerate C?* immersion (we
assume no other special properties). Let peM", | a linear subspace of
dimension n—2 through the origin of T,, and h, the family of hyperplanes
of T, containing 1. Let H, denote the family of e.s. hyperplanes of g con-
taining the A"(h,). Then H, forms a non-singular conic in PY*. H, envelops
a hyperquadric which contains all tangent and curvature vectors at p to
curves on M" through p.

Proof. a) We prove this by induction on n. For n=1, V" is a non-
singular conic and S, is just the family of its tangent lines. The truth of
Part a)isclear. Let usassume Part a)forn— 1> 1. Choose a point pe V"~ 2,
and let m denote the tangent space to V"2 at p. Then S, consists of the
linear spans of the tangent space to V"~ ! at p, T,, with the e.s. hyper-
planes S; of .4'(S,) containing .#"(mn S ). By the induction hypothesis,
S forms a non-singular conic in the dual space of the indicatrix plane /i
Hence by Lemma 4.3 S, forms a non-singular conic in PN*. Again by
Lemma 4.3 the hyperquadric Q' enveloped by S, contains the linear
spans of 7, and the points of the hyperquadric Q' of I, enveloped by ;.
Q'>.4(S,), by the induction hypothesis. Hence Q contains all tangent
and curvature vectors at p of curves on V" through p. It follows that Q
contains all conics on V" passing through p. Since any point of V" may
be joined to p by such a conic, Q must contain V". This proves Part a).

The proof of Part b) is very simple. H, consists of the linear spans of
T, and the e.s. hyperplanes of 47(S,) containing 4°(InS,). These last
form a non-singular conic in the dual space of I,, by Parta). Hence by
Lemma 4.3 H, forms a non-singular conic in PY*. H, envelops a hyper-
quadric which contains the linear spans of T, with points of . ¥(S,). This
completes the proof.

Let us suppose n=2 and consider again the dual manifold ¢’
M*— PN*_If Heg'(M*) and H=¢(h), where heG, _, T,, then choose
an (n—2)-dimensional linear subspace h’'< h through the origin of T,,. By
construction ¢'(M*) contains the linear spans of T, and the e.s. hyper-
planes, in I,, of 47(S,) which contain A"(h'nS,). But by Lemma 4.4b)
these hyperplanes form a non-singular conic in P¥*. Hence given any
point xe M*, there exists a closed embedded curve C on M* passing
through x such that ¢'(C) is a non-singular conic in PV*. Such a curve
we call an s-curve on M*. Given xe M*, we call the set of all points of
M* which can be joined to x by an s-curve the wedge of x, W.. We have
Just seen that W, contains points of M* other than x, for every x.

Proposition 4.5. Let n>2. For every xe M* there is an (n— 1)-parameter
Jamily of s-curves passing through x. W, —{x} is open in M*. The tangent
lines at x to the s-curves through x fill out an open set in T,.
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We first prove the converse of Lemma 4.1 under the assumption that
every hyperplane which supports to the second order supports to the
third order.

Lemma 4.6. If HeP™*, then n(p~'(H)) is an embedded submanifold
of codimension one in M". If ¢(h)=H, (h)=p, then n(o~'(H)) is tangent
to h at p.

Proof. Since ¢ has rank n, ¢ ='(H) is an embedded submanifold of
G,_ T(M") of dimension n— 1. ¢ ~!(H) cannot have a tangent vector in
common with any fibre of G, _, T(M"), since ¢ restricted to any fibre has
rank n—1. And ¢ ~'(H) cannot meet any fibre in more than one point,
since ¢ maps each fibre in a one-to-one fashion. It follows that n(p~'(H))
is an embedded submanifold of dimension n— 1 of M". If pen(p~'(H)),
then H contains the curvature vectors to all curves on n(¢~'(H)) through
p at p. since H>mn(p~'(H)). It follows that H>.4"(h), where h is the
tangent space to n(¢~'(H)) at p. Hence H=¢(h). This completes the
proof.

Proof of Proposition4.5. Let xeM*, H=¢'(x). Let B denote the
restriction of the bundle G,_, T(M") to n(p~'(H)); that is to say, let
B=n"'(n(o~'(H))). Then by definition @' (W)= (B). To show that
W, —{x} is open in M* it suffices therefore to show that ¢ has rank n
on B— ¢~ 1(H).

To show this, let yeW,, y#x, be arbitrary, L=¢'(y). Then there is
anleBsuch that ¢ (I)=L. Let p=n(l), and let h= T, be the tangent space
to n(@~'(H)) at p. Then h=I, since ¢ (h)=H by Lemma 4.6 and x+y.
Hence h and [ intersect transversally. Choose local coordinates Uy, ...yl
on M" in a neighborhood of p such that 7(¢~'(H)) is defined in that
neighborhood by u, _, =0, (so that & is spanned by 6/0uy, ...,0/0u, _,,
/0u,), and such that [ is spanned by 0/du,, ..., d/0u,_,. Let h,(t) denote
the linear span of
il Gl 0 é 0 d

T s

s s

~ 9. A ~ ~ » > A ]
ou, Oou;_, " Ou, ou,  Ou;,, ou, _,

the derivatives being evaluated at p. To show that ¢ hasrank non B at y
it suffices to show that

dpoh, n1 O

o, =G O, =t 0, 52

are linearly independent. But these were computed and shown to be

linearly independent in the course of the proof of Proposition 4.2. Hence

W, —{x} is open as asserted.
In order to show that the tangent lines to the s-curves through x fill
out an open subset of T, we observe first that an s-curve through x is

dgpoh
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constructed by choosing an (n—2)-plane A’ through the origin of T,
for some point pen(¢p~'(H)), with h'< h, where h is such that ¢ (h)=H,
and then taking the image under ¢ of all ho W, he B. Let us call the set
of all such /', B'. So given such an h’, we compute the tangent line at 4’
of the corresponding s-curve, call it 7, differentiate the resulting expression
along n—1 independent directions in B’, and show that t and these
derivatives are linearly independent.

Let h’ be arbitrarily chosen as above, ' T,, hoh' so that ¢(h)=H.
Choose local coordinates x,, ..., x, on M" in a neighborhood of p, so
that n(¢~'(H)) is defined in that neighborhood by x,=0 (so that h is
spanned by d/0x,, ..., 6/0x,_,, by Lemma 4.6), and so that h’ is spanned
by 6/0x,, ..., 0/0x,_,. Now let h;(r) denote the linear span of

0 & 0 ? 0
x0T o,y

r yeens 3
0x; 0X,_4 0x,_,
and let h;(r, t) denote the linear span of

¢l
0x,_, ox,

n n

hi(r) and

Note that A;(r)eB’, and for fixed r, h;(r, t) is an s-curve through x with
@(h;(r,0))=H. This s-curve corresponds to hi(r). We call the curve
@(h;(r, 1), for fixed r, C,,. The tangent vector to C,, at H, t;,, is spanned
by ¢(h;(r, 0)) and d/dt ¢(h,(r,0)), which we proceed to compute.

From (4.1), (4.2), and using the notation of the proof of Proposi-
tion 4.2, we find that ¢(h,(r, t)) must contain

},’Yp"')}lna ij7 (j*i’n—l’n)’

and
Yii +rYin—]’ Yin-1 +tYin’
b AEPYS 2 b APPSR ) AT
Y;”- +r Y,”._l, Y;,n—l +tYnn'

These vectors are linearly dependent. However, with allowance made for
the symmetry X;, =X, ;, if we leave out Y, _,;+rY,_,, ,, the remaining
are linearly independent for r, =0, and hence certainly for small values
of r,t. These vectors, with the indicated one left out, are sufficient in
number to span @ (h;(r, t). If we multiply them together and calculate
the derivative of the resulting expression, we obtain

dooh,
dt

(rs 0)= iQn—Ini_rQin‘

We also find that
H= (P(hi(ra 0)): ignn‘
14 Inventiones math., Vol. 13



196 J.A.Little and W.F. Pohl:
The tangent line of C,, at t=0, 7,,, is represented by the wedge product
of these last two expressions in A2(AYRV+1):

Tir= ianA Qn—lniranAQin'
Hence

dr.
L= (0)=+Q,, A Q,.
dr

Also, if T denotes the tangent to the s-curve determined by K, we have

b= i!2nn/\g2n—1

n*

Hence
ot
) :i[Y/\YlA'"AYn/\(“')]AQn—ln
(xn—l
TQuA[YAY A AY,  AY,_ AT] Y,
Jsk
+Y/\Y]/\/\Y"/\()] G k)+Fm—1.n
Hence 7,7, ...,1,_,, 01/dx,_, are linearly independent, which shows

that the tangent lines to s-curves at x fill out an open set in T,. This
completes the proof of the proposition.

Proposition 4.7. ¢': M* — PN* is non-degenerate.
The proof depends on the following lemma and proposition.

Lemma4.8. Let X: M"— P" be a non-degenerate immersion of class
C?. Then there is no open set U = M" such that the tangent projective spaces
to X at all points of U have a common point.

Proof. Suppose there is such an open set U. Let P be a point common
to the tangent projective spaces at the points of U. Choose as hyperplane
at infinity in PY some hyperplane not containing P, and take P to be
the origin of EY = PY. X(U) is not contained in the hyperplane at infinity,
since X is non-degenerate. Hence there is an open set U'< U such that
X:U'— E", and the tangent spaces to X at the points of U’ pass through
the origin.

Let U" < U’ be the domain of some local coordinate system x,, ..., x, .
There must exist smooth functions «,, ..., , such that
cX

X=o, X+ +o,X, inU", X=—-ru.
0x;

Differentiating this with respect to x;, we obtain

0
X et

O
i~ ox (7x'f Xotoy Xy i+ 4o, X,
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Butsince X is non-degenerate, the X, and X ;,, j<k, are linearly independ-
ent. Hence », =0 for j#i. But thisis true for any i; hence o,=0for allj. But
this implies that X =0in U", a contradiction.

Proposition4.9. Let X: M"— P" be a non-degenerate immersion of
class C?. Then

a) the e.s. hyperplanes of X have no common point in P¥;
b) if peM", the intersection of the e.s. hyperplanes of X at p is 15

Proof. We proceed by induction. If n=1, we are concerned with a
non-degenerate plane curve; the e.s. hyperplanes are just the tangent
lines. In this case the proposition is well-known. Now assume the pro-
position for dimensions lower than n. Since the proposition is of a local
and projective nature, we may assume X:M"— E" and apply our
metric constructions. Consider the e.s. hyperplanes at p. Their inter-
section certainly contains T,. If it is larger than T, it meets the indicatrix
plane I, and hence the e.s. hyperplanes of .4°(S,) have a common point.
But this is impossible by the induction hypothesis. This proves Part b).

To prove Part a) we observe that, by Part b), if all the e.s. hyperplanes
of X have a common point, then all the tangent spaces of X have a
common point. But this is impossible, by Lemma 4.8. This concludes the
proof.

By Proposition4.9b), the condition that any hyperplane which
supports to the second order supports to the third order may be put
in the following form: if pe M", x(t) a curve on M" through p with unit
tangent vector v at p such that x(0)=p, then X" (0) lies in the linear span
of T, and the tangent space to 4" at v, where X ()= f(x(1)).

Proof of Proposition4.7. Suppose ¢’ is degenerate at xe M*. Then
there is a hyperplane J = P¥* containing all first and second derivatives
of curves on M* at x. J must then contain the images of all s-curves
through x. Hence, by Proposition4.5, J contains the image under ¢
of an open subset U of G, _, T(M"). Assume U is the largest such open
set. Now if U meets a fibre F, it meets F in an open set of F, and hence
Fc U, since ¢ restricted to F is real algebraic. It follows that all the e.s.
hyperplanes of f at the points of n(U), when viewed in PV* lie in J.
Dually, this says that all the e.s. hyperplanes of f at the points of (U)
have a common point in EV. But this is impossible by Proposition 4.9a).
This completes the proof.

5. Submanifolds of E¥ Containing Many Plane Curves
In this § we prove the following.

Theorem II1. Let M be a connected differentiable manifold of dimension
n>1 and f:M —E", N=}n(n+3), a non-degenerate immersion dif-
14*
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ferentiable of class C. Suppose M contains a Jamily of C? curves, which
we call s-curves, such that each s-curve is mapped b y f onto a plane curve
in EN. For each xeM let W, denote the set of points of M which can be
Joined to x by s-curves. Suppose that W, — {x} is non-empty and open for
each x and that the tangent lines to the s-curves at x fill out an open subset
of the tangent space at x. Then f(M) is contained in a Veronese n-manifold
in P".

Before beginning the proof, we make a few remarks. By Proposition4.5
the dual manifold of the last § satisfies the hypotheses of the theorem.
Let us note that the hypotheses imply that if ye W,, then xe W,; and W,
has the property that if U is any neighborhood of x in M , then U n W,
has a non-empty interior.

Proof of Theorem III. Let xe M and let Jj be a linear subspace of
dimension n—2 of T.. By Lemma 4.4b) the e.s. hyperplanes of f at x
which contain .47(j) envelop a hyperquadric Q which contains the
tangent and curvature vectors of all curves at x, in particular the s-curves
through x. But the plane of an s-curve is spanned by the tangent and
curvature vector at any point, because f is non-degenerate and therefore
contains no curves with curvature vanishing anywhere. It follows that
Q contains all s-curves on M through x and hence Q> W,. In order to
prove the theorem we will show that any point of M has a neighborhood
whose image under f lies in a number of such hyperquadrics, which
can be chosen in such a way that their intersection is a Veronese surface.

Let yeM be an arbitrary point. We work in a neighborhood of y
which is embedded by f. We claim that there is some point y,e W, such
that I,NnT, is a linear space of dimension <n—1 in E¥. For if not, let
n: EN —»N'v denote orthogonal projection into the normal space at y.
Then the rank of © on f(W,) must be <1, so that nof(W,) is a curve,
possibly with singularities. Now if C is any s-curve on M through
Y, nf(C) is a segment of a generating ray of the curvature cone A4/ ( T,).
Hence if gen f(W,), then the line segment joining g to y must also lie
in 7 f(W,). Hence since 7 f(W,) is a curve, it must lie in a line. But this
implies that f(W,) lies in the linear span of that line with T,, contradict-
ing the non-degeneracy of f. Let us note here that (W)= A (T,).

So let us choose y,e W, such that T, T, has dimension less than
n—1. Next we choose y,e W,n W, , y,#y, in such a way that T,nT,
has dimension <n—1 and such that y,¢T, and y,¢ T, . This is possible
since W, "W, has a non-empty interior containing points arbitrarily
close to y. We now choose y,, ..., y,, €M, by a recursive process. We
assume that y,,...,y,, i<n+1, have been chosen in such a way that

L)y o yieW,na W, e a W, f(v)+1(), all j<i;
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2;) if m; denotes the projection into the normal space of f at y;, then
there ex1st z”, ...»2;;€ T, which are in general position in T, and such
that A'(z;)=m; fyk for ‘all k<i; '

3) T - mT has dimension <n—i.

(Let us note that for i=2, the set {y,, y,} already chosen satis-
fies conditions 1;), 2,), 3,)) Let us now consider the interior, U, of
w,nW, n- m W,,. If every point x of U has the property that
T, :T m then the assumed non-degeneracy and Lemma 4.8
give a contradlctlon Hence there is some open set U' < U with the prop-
erty that if xeU’, then T T, n---n T, has dimension <n—i—1. Now
let h; denote the linear span, in T! ofz;,, ..., z;;. Let P denote the linear
span of T, and A '(h;n S, ) Since A '(h;n S, ) lies in a linear space of
dlmensmn 2(z—-2)(1+1) P must have dlmensmn <N. Hence, by the
non-degeneracy, F, can comam no open set of M. It follows that U" =
U'—() P is non- empty, and so we choose y;,,eU". Conditions 1;, ),
2;,1), and 3;,,) are now easily verified, with the exception of 2, ,) for
the case j=i+1.

But suppose z; . 11»---, 24141 are so chosen that A'(z; .y, )=m; .1 f(V)-
If these z’s are not in general position, then one of them lies in the linear
span of the others, say z;_,, lies in the linear span of z;, 5, ..., Zi 14 1-

Call this linear span Q. Let Q' denote the linear span of T,  and
A(QnS,, . ). Then Q' contains f(y,), ..., f(y;,,) But Q' cannot contain
an open set of M. And everything established so far remains true if we
vary y, slightly. So vary y, slightly, to get it outside of Q". And repeat
this argument until z,_,, ...,z ,;,, are in general position. This
completes our account of the construction of y,,...,y,,,. Note that
T,n---nT,  isempty.

Suppose we have an e.s. hyperplane H of f at y; and suppose H
contains f(y,). We claim that H is also an e.s. hyperplane of f at y,. To
show this, we observe first of all that since H supports A4"(T, ) it supports
any s-curve through y;, and hence it supports W,,. Hence it supports
A(T,,) and contains T, . Let C be an s-curve _|01n1ng y;jand y,. n; f(C)
is a segment lying on the curvature cone .4°(T; ), and this segment is
contained in 4" (I), where [ is the tangent line to Cat y;- Since H contains
T, and f(y,), H contains f(C) and hence it contains this segment. Now
by hypothesxs the tangent lines to the s-curves through y; fill out an
opensetin T, . Since H n.A(S, J)lS by definition, a Veronese submamfold
of dlmenswrf (n—2) of A(S, ) H must contain an (n—2)-parameter
family of s-curves contammg C. This family sweeps out an (n—1)-
dimensional submanifold of M containing y,, and hence, by Lemma 4.1,
H is an e.s. hyperplane at y,, which establishes the claim.

Let i<n+1, and pick j<n+1,j+i. Let h;; denote the linear span of

z Let H; be the e.s. hyperplane at y; con-

NI EREER ji—-l’zji+1"" jn+l
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taining .A4"(h;). Note that H, contains f(y,) for all k+i and is an e.s.
hyperplane at each of them. Now for each Lj<n+1,i%j, choose k+i,j,
k<n+1,and let h,,; denote the linear span of {2r1s =<3 2 e 1} —F 2000 23}
Consider the set 11;; of e.s. hyperplanes at y, containing hy;;. By property
2, +1) above, and Lemma 4.4, I1;; forms a non-singular conic in P¥* and
envelops a hyperquadric containing W,.. and hence a neighborhood
of y. The hyperplanes of I1;; are e.s. hyperplanes at each Yo k=i,j. I
and [T, have H; in common.

Now let k<n+1 and consider the intersection of all hyperplanes
of the families 7, such that i, j+k. We claim that this intersection is
just T, . This follows from the fact that if w,, ..., w, are n points, lying
on a Veronese manifold ¥"~!, which are not contained in a proper
Veronese submanifold, and if IT;; denotes the family of e.s. hyperplanes
of ¥"=! which contain {w,, - Wap —{w;, w;}, then the intersection of
all the hyperplanes of the families IT;; is void. This, in turn, is proved
by induction on n— 1, usingan argument similar to that of Proposition 4.9.
The essential step in the induction is the observation that if V' is a
Veronese manifold of dimension i and Xi,...,X;,, are points on V!
not lying in a proper Veronese submanifold, then the tangent spaces to
Viat x,,...,x,,, have no common point. This, in turn, follows from the
calculation near the end of §2. Finally, since T,n--nT, =0, there
1s no point common to all the hyperplanes of the families 17,].

Now draw the tangents to the conic II;; at H; and H;. They meet in
a point H;;, and the linear span of all the points H;, H; is the same as
thelinear span of all the conics IT;;. Thishasdimension <n+in(n+1)=N.
If it is strictly less than N, then all the II;; lie in a hyperplane of PV*,
which says that all the hyperplanes of the families IT;; have a common
point. Since this is impossible, the dimension above must be N. which
says that the set of points H,, H,;, i<j, is in general position.

Let us introduce homogeneous coordinates in P¥* such that the
coordinates of H, or H,; are all zero, but for one. For convenience
we call these coordinates ¢FCho 1Sisn+1, 1Zj<k<n+1, and we
require that

H; is the point &} =9, &5=0, all j k;
Hj, is the point &% =6, 6,,. &*=0, all i.

In these coordinates IT;; has equations

aiji:k é;‘-’_b” ?;'2:07 f;k=0’ I#laj, é:{pzoa (ma p):*:(i’,)'
where i<j and a;; and b;; are non-zero. We still have the freedom to
normalize the coordinates, so we may incorporate the constants a;j, by;

in £%. The first equation becomes then

fd 2_ _
g ¢ EF—&82=0, ¢;=+1.
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If &;, &, are the homogeneous coordinates in PY dual to the (¥, CH» then
the hyperquadric enveloped by IT;; has equation

£ lLe2
By b ly—a8=0.

Now each of these hyperquadrics, and hence the intersection of all
of them, contains a neighborhood of y in M. In this neighborhood
there must be a point whose first n+1 coordinates, &,,..., ¢, ,, are
all different from zero. For otherwise this neighborhood would be con-
tained in a finite union of hyperplanes, contradicting the non-degeneracy
of f. By reversing the signs of the &, if necessary, we can arrange that

&, ... &y are all positive atssome point in this neighborhood. We
must then have all ¢;;= 1. Our equations thus become
5E—48=0.

In order to solve these equations, we set x;=|&,[*. Then &7=4|&,| ¢}, so
&=+x}, &= £2xx;

This is a parametric representation of the various pieces of the inter-
section of our hyperquadrics, for various choices of the signs. But
given any of these pieces, we can reverse the signs of {;; and ¢, as necessary
to get it into the form

&=xi,  &=2x Xj

But this we recognize as our parametrization of a Veronese manifold.
Hence there is some neighborhood U of y in M such that f(U) lies in a
Veronese manifold.

Now yeM is an arbitrary point. Since M is connected, by analytic
continuation we conclude that f(M) lies on a Veronese n-manifold.
This concludes the proof of Theorem III.

6. Proof of Theorems I and 11

We prove Theorem 11 as follows. Let f: M"— EN be a non-degenerate
immersion of class C* which has the property that any hyperplane which
supports to the second order supports to the third. We may construct
the dual manifold ¢': M* — P¥* which is differentiable of class C* and
which, by Propositions 4.5 and 4.7, satisfies the hypotheses of Theo-
rem I1I. Hence, by Theorem III, ¢'(M*) is contained in a Veronese n-
manifold V*.

Now let V' be a Veronese manifold of dimension n lying in PV,
Since it has the two-piece property, by Corollary 3.4 it has the property
that any hyperplane which supports to the second order supports to the
third. Also V' is non-degenerate. Hence by the last paragraph its dual
manifold ¥'* — PN* lies on a Veronese manifold. This last map is one-
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to-one by §2. And it is onto the Veronese manifold, because V' is com-
pact and any Veronese manifold is connected. Now apply a projective
transformation of PV* which brings V'* to V*. Since the @-mapping
for V" may be constructed in a projectively invariant fashion, the adjoint
projective transformation of P¥ brings V' to a Veronese manifold V whose
dual manifold is V*.

Consider a point p of M" or V, and consider the e.s. hyperplanes at p,
®(G,_; T,). We claim that they form a Veronese (n—1)-manifold in PN*,

For if we take homogeneous coordinates 15 ooosényy in PV such that
T, is defined by §n+2.=...=§N+l=0 and I, the indicatrix plane, by
&=--={,,,=0, then if Vot
Z %;&;=0
i=n+42

isan e.s. hyperplane of 4~ (S,), the o; must satisfy some system of equations
defining a Veronese (n— 1)-manifold, since by the last paragraph the e.s.
hyperplanes of the Veronese manifold .4~ (S,) form a Veronese (n—1)-
manifold. Now the e.s. hyperplanes ®(G,_, T,) are just the linear spans
of T, and the e.s. hyperplanes of 4/ (S »)- Hence these are hyperplanes

N+1

Z a; £;=0,

i=1

such that o;=---=a,, ,=0, and o, ,, ..., oy, satisfy the equations
mentioned above. But these together are the equations of a Veronese
(n—1)-manifold lying in PV*, which proves the claim.

Now to each point pe M" we can assign the Veronese (n— 1)-manifold
@, (P)=0(G,_, T,), and to each point ge V the Veronese (n — 1)-manifold
Py (9)=¢(G,_, T). The range space of ®,, and &, is the set of all Veronese
(n—1)-submanifolds of V*, which may be identified with a projective
space of dimension n, P". Now &, must be onto and have constant rank,
because V is equivariantly embedded and the mapping ¢ is projectively
invariant. It follows that @, is also one-to-one, since ¥ and P" are homeo-
morphic and the fundamental group is Z, .

Consider now the mapping @, @y M"— V. 1t is differentiable, by
construction. If &;' @, (p)=gq, then by Proposition 4.9 T,= T,. If we
represent /2 M — E" as a position vector function X, and V by a position
vector function Y, then we can write

Yo '@y =X+, X, + - +o,X,,

where x,,...,x, are local coordinates on M" and X,=0/0x;X. Dif-
ferentiating, we obtain

oo
(Y°¢V—1¢M)i=Xi+ZTxXj+zaiXij'



On Tight Immersions of Maximal Codimension 203

But since T,=T,, and X,;, X, are linearly independent, we must have
«;=0, 1 <j<n. But this implies that f(M")< V. This completes the proof
of Theorem II.

Finally we prove Theorem I. Let M" be compact and let f: M"— E¥
be a C* immersion which is substantial and which has the two-piece
property. It is trivial to show that M" must be connected. Consider the
set of extreme points of f. By Proposition 3.2 this set is non-empty and
open. Let M, be one of its connected components. Then by Corollaries 3.7
and 3.4, f restricted to M, is non-degenerate and has the property that
any hyperplane which supports to the second order supports to the third
order. Hence, by Theorem II, f(M,) lies on a Veronese n-manifold
V=P Now if M, had a boundary point p, then f would be degenerate
at p, by Proposition 3.8. By continuity, pe V and V would be degenerate
at p. But thisis impossible. Hence M, has no boundary points,so M, = M",
and f(M")=V. Finally, f must be an embedding, by Proposition 3.2.
This completes the proof.

7. Alternative Proofs

We think it might be worthwhile to indicate some other proofs of
Theorem I.

1) The original proof of Little is essentially that of the present
paper, up to Corollary 3.4. The chief difference between his paper and the
present one lies in the proof of Theorem II, which he carried out by
using the given conditions on the third derivatives to introduce local
coordinates on the submanifold in which the second derivatives of the
immersion map vanish identically. This proof is in some sense more
straightforward than that presented here, but the calculations involved
are very complicated. The deduction of Theorem I from Theorem II
is essentially that given in the present paper.

2) A simplified proof of Theorem I, but one which does not yield
Theorem II, may be given as follows. Proposition 3.3 may be inter-
preted as saying that if we project f(M") orthogonally into the normal
space at an extreme point p, then the image will lie inside the convex
hull of A47(T,). On the other hand, using the map ¢, it may be seen that
each e.s. hyperplane at p meets M" in a submanifold of codimension
one through p, and it can be shown that these submanifolds fill up a
neighborhood of p. But when an e.s. of f at p is projected into the normal
space at p, it goes onto an e.s. hyperplane of A7(S,). It follows that the
orthogonal projection of some neighborhood of p must lie on A(T)).
We can now modify the argument of § 5 to prove that some neighborhood
of p is a Veronese manifold, and then use the concluding arguments of
§6 to obtain Theorem I. This approach avoids considering the dual
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manifolds as such, and moreover requires only C? differentiability for f:
But because of other applications of Theorem II we have gone the
present route.

3) Kuiper’s proof [4] of Theorem I for surfaces uses Morse theory
to show that a tight surface in ES carries a two-parameter family of
ellipses. It then appeals, in effect, to what we have proved here as Theo-
rem II1, which was proved for surfaces by Segre [10,11].

4) An heuristic proof of Theorem I for surfaces may be given in the
following way. By an argument essentially due to Banchoff [ 1], any e.s.
hyperplane at an extreme point p of an immersed surface in E> having
the two-piece property must meet the surface in more than one point.
Let us accept that it is a curve. This curve is a top set in the sense of
Kuiper [4]. so it must be a plane convex curve. Accepting that such
curves fill out a neighborhood of p, it follows that orthogonal projection
into the normal space at p sends this neighborhood into A(T,). We now
proceed as in § 5.
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