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A Characterization of Linear Difference Equations Which are Solvable
by Elementary Operations

CHARLES H. FRANKE (South Orange, New Jersey, U.S.A.)

1. Introduction and Summary

The purpose of this note is to clarify the concept of the solvability of linear homo-
geneous difference equations by elementary operations, particularly as it differs from
the corresponding concept for differential equations.

In general the notation and terminology will be as in [1]. Some familiarity with
[2, pp. 491-499] will be assumed. A brief introduction to the subject is given in the
appendix to [7]. If L is a difference field then C_ is the subfield of L of constants.
C7} is the algebraic closure of Cj. C?%* does not have a difference field structure. Unless
explicit exception is made, all other fields will be inversive difference fields character-
istic zero. P, is the subfield of L of periodic elements and P? is the subfield of P, of
solutions to y,=y. If N is a difference overfield of L then Ly is the algebraic closure in
N of L(Cy). Throughout, f'is a linear homogeneous difference polynomial of effective
order n with coefficients in k. A solution field for fis a difference overfield of k of the
form M =k<{x> where a=(a,..., ™) is a fundamental system for f. « is called a
basis for M. G (N, L) is the transformal Galois group of N over Ly and Gy = G (N, k).
For a vector v=(v,..., v™), W (v) and W (v) are the nxn matrices (v’) and
(v$) for 1<i<n, 0< j<n.

For a positive integer g, L is a gLE of k, if there is a chain L of subfields of L,
and a set {? of elements of L, so that

k=IcIVc...e ¥ =L, [V =12V,

where either ¢ is algebraic over L or {” satisfies an equation over L” of one of the
forms y,=Ayory,—y=A.fis solvable by elementary operations in M over k if M is a
solution field for f and M is contained in a gLE of k. (In Theorem 2 this concept is
shown to be independent of the solution field M.) A group is solvable if it has a sub-
normal series whose factors are either finite or commutative.

With these definitions and the theorem of [4], Theorems 2.1 and 2.2 of [3] imply
the following.

THEOREM 1. f is solvable by elementary operations in M over k if and only if
Gy is solvable.

In the corresponding theory for differential equations [8], it is sufficient to consider

Received May 22, 1972



98 Charles H. Franke AEQ. MATH.

the case in which C,, = C, is algebraically closed. With this assumption, for differential
or difference algebra if G, is solvable then M is itselfa 1 LE of k. Further, some solution
to fin M satisfies an equation of the form y’=Ay(y,=A4y), Aek and f is linearly
reducible with a first order factor. [2, Th. 8; 6, Corollary to Th. 2.1; 8, Th. 1, p.35;
Th. p. 38.]

In Section 2 it is shown that solvability by elementary operations does not depend
on a particular fundamental system and that if f is solvable over k then f is solvable
over any difference overfield of k. (These proofs are not trivial because of the possibility
of incompatible extensions.)

If fis reducible at g to order r then there is an Fek'? { y} of order r, obtained in a
canonical way, so that each solution to f'is a solution to F [7, Introduction]. In Section
3 the relationship between solutions of f and of F is studied and it is shown that fis
solvable over k if and only if F is solvable over k2. fis reducible if there exists some
q and some r <n with f reducible at g to order r.

fis linearly irreducible if there does not exist a solution field M with f reducible
with respect to M, and f'is irreducible if fis not reducible. In Section 4 solution fields
for linear homogeneous difference equations which are solvable by elementary
operations, and which are linearly irreducible and irreducible are described in detail.

2. Independence of Solvability on M and k

If L is a gLE of k containing M and N is a generic solution field for fthen L and N
are compatible, and their compositum is L(Cy), a gLE of k. Therefore Theorem 2 is
trivial when NV is a generic solution field for fand one might expect an easy proof for
the theorem. Such a proof has not been found.

LEMMA 1. Assume C, < C, are ordinary algebraic fields and that G; is a multi-
Dplicative group of matrices with entries in C,. If G, is solvable, connected and dense in
G, then G, is solvable.

Proof. G, is connected as a subset of nxn affine space over C5 [3, Lemma 1].
Therefore, there is a matrix 4 in C5 so that AG,;4~! consists of matrices in triangular
form. Since G, is dense in G,, AG,A4 ™! consists of matrices in triangular form and
G, is solvable.

LEMMA 2. Assume that M is a solution field over k, N is a difference overfield of
k compatible with M and Q = M{N). If Gy, is solvable then G*=G (Q, N) is solvable.
If M and N are linearly disjoint over k and G* is solvable then G, is solvable.
Proof. Define I to be the set of difference isomorphisms of M into Q leaving k,,
fixed. 7 is a connected algebraic matrix group containing G,, as a dense subgroup
[S, Proposition 3.1.] The mapping of G* which takes each automorphism to its
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restriction to M is an isomorphism of G* into I. If G, is solvable then [ is solvable by
Lemma 1 and G* is solvable.

If M and N are linearly disjoint over k then each element of I extends uniquely to
an element of G*. Therefore the restriction mapping is onto I, and I and G* are iso-
morphic. If G* is solvable then I and hence G, is solvable.

THEOREM 2. If M and N are solution fields for f, and f is solvable by elementary
operations in M then f is solvable by elementary operations in N.

Proof. Since there are solution fields compatible with both ¥ and M, it is sufficient
to consider the case in which N and M are compatible. If Q= M{N) then Q=M (Cy)
=N (Cp). Since Gy, is solvable Go=G(M (Cy), k(Cy)) is solvable. Since ky (Cy) and
N are linearly disjoint over ky and Go=G(N (Cy), ky (Cum)), Gy is solvable.

While Theorem 3 may appear trivial at first glance on reflection it is not obviously
true. For example, one might conjecture the existence of an equation fwith the follow-
ing property. Each gLE of k containing a solution field for fcontains a fixed periodic
element p algebraic over k and k{p ) is not compatible with some extension L of k.

THEOREM 3. Iffis solvable by elementary operations over k< L then f is solvable
by elementary operations over L.

Proof. If L{a) is a generic solution field for f over L then M =k<{a) is a solution
field for f which is linearly disjoint from L over k. By Theorem 2, Gy is solvable.
If 0 = M{L) then Q is a solution field for fover L and by Lemma 2 G (Q, L)issolvable.

3. Reducible Equations

The following theorem, which is of some independent interest, permits one to limit
the study of solvable equations to irreducible equations. Familiarity with the Intro-
duction of [7] is assumed.

THEOREM 4. Ifrord f= r, each solution to fis a solution to g(y)=3 =0 By
B® =1, BPek, « is a fundamental system for f with «*, ..., a" linearly independent
over periodic elements, and FekW{y} is defined by F (y)=1) -0 By ; then the following
hold.

1. o, ..., o is a fundamental system for F.

2. If p=(pD,..., p®) is a fundamental system for y,=y over k<oV, ..., o) then
{pPolP:1<i<t, 1< j<r} is a fundamental system for g.

3. Any solution to g in a difference overfield of k{a) is a linear combination of
a®, ..., a® with coefficients periodic of order t. A solution to g is a solution to F. A
solution to F in a difference overfield of k is a solution to g.

4. The following are equivalent.
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A. fis solvable by elementary operations over k.
B. g is solvable by elementary operations over k.
C. F is solvable by elementary operations over k.

Proof. 1. M®=(k<{a>)® is a difference overfield of k™ containing the a(".
o™, ..., a® are linearly independent over P%;= Cy,», and clearly satisfy F.

2. For any i and j, g(pPa?)=pPg(a{’)=0. If the c,; are constants with
> ¢;;pPa? =0, then the linear independence of o'V, ..., a” over periodic elements
gives Y ¢;;p'? =0. Then, the linear independence of the p'” over constants gives c;;=0.
Therefore, the pPa(? are rt solutions to g which are linearly independent over constants.

3. Assume that f is a solution to g in a difference overfield L of k{a). If p®, ..., p®
is a fundamental system for y,=y over L then there are constants c;; with B
=3 (ci;0 ).

B is a solution to F since fe L@ 2k@.

If y is a solution to F then y formally satisfies g. Therefore y is a solution to g if y is
contained in a difference overfield of k.

4. A— B. If k= k{a) =L where L is a gLE of k choose a fundamental system p for
y:— y over L. Then L{p), a qtLE of k, contains a solution field for g.

B— A. Choose a generic solution field M=k{a> for f and a generic solution
field N=M{p) for y,—y over M. Choose L*, a gLE of k containing
N*=k{p,a®, ..., a”>. Since N is a purely transcendental extension of N*, L* and N
are compatible. Since a® is a solution to g, «* is a linear combination of the pPua(?,
J <r, with constant coefficients. Therefore L=L*{N ) can be obtained from L* by
adjoining constants, and L is a gLE of k containing M.

A— C. If Nis a gLE of k containing k {a> then N® is a difference overfield of k®
containing & (o, ..., ™). Therefore it is sufficient to prove the following lemma.

LEMMA 3. If N is a qLE of k then N is a qLE of k©.

Proof. If (,=A{ then {(,,=AA,... A ,-,{. If (,=(+A then {a=C+
+(A+A,+---+A,,_y)). Therefore achain k=L, = L,<=---= L ;= N proving that N is
a gLE of k corresponds to a chain k@ =LP<cLP=---= LP=N® proving that N®
is a gLE of k®.

C — B. The proof will use two lemmas.

LEMMA 4. Assume L,,..., L, are solution fields over k which are compatible and
G;=G_, is solvable. If N is a compositum of the L; then Gy is solvable.

Proof. Define M;=L,(Cy) and G=G,,,. By Lemma 2, G} is solvable. Gy is
naturally isomorphic to a subgroup of the direct product of the G, so Gy is solvable.

LEMMA 5. If M=k{a) and L=k"{a) is a solution field over k® with G(L, k)
solvable then G(M®, k) is solvable.
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Proof. In view of Lemma 4 it is sufficient to show that if M j=k(‘)<a ;> and
G;=G(M;,, k™) then M is a solution field over K and G is solvable. If L is a solu-
tion field for 3 By, over k® then M is a solution field for ) By, over k.

If 7 is the transform of k<{«> then ¥ -1/t~ 7 is an isomorphism between G
and G9, so GV is solvable.

Proof C— B. Choose a fundamental system p=(1, p‘®, ..., p”) for y,=y over k
and set ky=k<{p>. Then M=k, (o™, ..., a®™> is a solution field for g over k,. Any
gLE of k, is a qtLE of k, so it is sufficient to prove that G(M, k,.) is solvable. Since
Fis solvable over k@, Fis solvable over k{’ by Theorem 3. If L=k$<{a", ..., 2> then
G(L, k) is solvable. Therefore G(M @, k) is solvable by Lemma 5 and its subgroup
G(M, k) is solvable.

4. Characterization of Solvable Equations
The following example illustrates all the points of the main theorem.

EXAMPLE 1. Assume k= C(x)where C is the complex numbers with the identity
transform and x is transcendental over C with x;=x+1. Define f(¥)=y,—y; —
—x2?(x—2)y, A as the difference ideal in k{y} generated by f, and M=k<{a, B>
where (o, B) is a fundamental system for f. The unique difference polynomial, of
the form y"— (F™y, + Gy), in 4 has, by induction, F™ and G polynomials in x
with positive integral initial coefficients. Therefore F#0 and f is not reducible
[7, Introduction].

Since £ (B)=0, B, # (2—x)B. 1f = (o, + (x—2)a)/(B + (x—2)B) then j, = j but jy # j.
(By direct computation j=(x, —Pa)/(B,— PB) where P=(x—2)(x—1)(x+1) and
iy = (0, — 02)/(B, — OB) where @ = (x —2)(x— 1)x). Ifj; = j then (P — @)(e28 — xB,)=0
and («/B)e Py, contradicts f not being reducible.) If {=a—jB, n=o—j,B then {,= P,
n,=0nso M=k{{, n,j>is a 2LE of k.

If 6eGy, o(x)=aa+bp, o(B)=ca+dp for a,b,c,deCy then the equation
o(j)=j is ¢*+(d—a)j—b=0, or [c(j+ j,)+d—a]j—[b+cjj;]=0. Therefore
each o0e Gy, has a matrix of form

(- amcGri)

o 5 . a,ceC.
—cjji a—c(j+Jj1)
Since Cy(,=C and t.d. (k{{>, k)=2, [2, Lemma 2, p. 511], t.d. (M, kp)=2. There-
fore t.d. (M, ky)=dimG, =2, and G, is the set of all non-singular matrices as
above. Since («, ) was an arbitrary fundamental system and G,, is not in reduced
form, f is linearly irreducible. [6, Th 2.1] Further, o({)=(a—¢j) {, a(n)=(a—cj;)n
and the mapping ¢ — a—cj is an isomorphism of G,, into the multiplicative subgroup
of Py,.
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By iteration f determines ged where g(¥)=y,—x(x+1)2x+3)y,+(x—2)
(x—1)x?(x+1)?y. Since f'is not reducible g is uniquely determined. With the notation
G(y)H(y)=G(H(»)), g admits the factorizations

g() =Dy —x*(x+ 1) y]o[y2 — Py]
=x(x+ 1) [y2 — Pylo[(»2/(x — 2) (x — 1)) — x¥],

g =[:—x(x+1)*ylo[y. — Qy]
=x(x+1) [y = O¥lo[(¥2/(x=2) (x—1)) = (x + 1) ¥] .

If £ is linearly reducible or reducible then the solvability of f by elementary opera-
tions can be studied by replacing f by an equation of order lower than that of f. There-
fore it is sufficient to describe solvable equations which are linearly irreducible and
irreducible.

THEOREM 5. Assume that fis solvable by elementary operations in M over k, that
£ is linearly irreducible, and that f is not reducible. Then there is a vector p=(p‘*),...,
p'™) with components in a difference overfield of M, so that if k*=k{p>, M*=M{p>,
K=kjye and {P=Y pPaP, 0<i<n then the following hold.

1. p? is algebraic over Cy, p' € Pjy., the least common multiple of the periods
of the p? is n and there exist BPe K with {?=BMO{D,

2. M* is an nLE of k with a chain of 2n steps, n with equations y,= Yy adjoining
the p?’ and n with equations y,= B®y adjoining the {".

3. Gy is isomorphic to a multiplicative subgroup of Py. and G, is commutative.

4. Forr=1,..., nthere exist FP?eK{y} of the form F"(y)=Y"124 b "y, so that
Sfor any iM*=k{FD(a?D),..., F™(«?)> and (FO(«)),=BOF® ().

5. The unique difference polynomial g(y)=37-0 P y,; in the ideal generated by
f(») has 2n factorizations in the forms g(y)=g’(y)e(y,—BPy) and g(y)=D"
(yu—By)o (F®(y)) for some gPeK{y}, DVekK.

Proof. Ifaisany basis for M then there exist periodic elements r(” so that if f=3
rPa then for each o € Gy, the unique extension o’ of o to M’ = M{r) witho'(r )= r®
is such that there is a A€ P, with ¢’(8)=AB[3, proof of Th 2.1]. Choose the smallest ¢
so that for some basis a there is a p=(p™,..., p®) so that if (=) pPa? then, with
the notation as in the statement of the theorem, each o€ G, extends to a 6*e€G,,. for
which there is a ge Py with 6*({)=¢4({.

If 0€ Gy, and a(at?)=3 ¢, 0'” then

M-.

t n
Per® = gl = (D) =¥ pPos @) = ¥ pP 3 ca®.
i=1 i=1

i=1 .

Therefore
t 14
gp®= Y c,;p? if i<t and Y ¢;p’ =0 if i>z¢.
i=1 i=1
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If the p” were linearly dependent over C,, with p® =Y"%_1 ¢® p® then {=Yi_] p*¥
(2?4 ¢P0) would contradict the minimality of z. Therefore the p” are linearly
independent over Cy, and c¢;;=0 for j=1,..., ¢, i>t. Therefore each o€ G), maps the
vector space generated by a*),..., ) onto itself. Since f is not linearly reducible
with respect to M, t =n.

Assume that p®, ..., p® is a maximal subset of the p'” linearly independent
over Cy.. If p*0=Y%_, d,;p?, d,;€Cy. one obtains {=);i_, p'?B? where ¥
=D+ 3125 d;;0U 9. As above, s<n yields the contradiction that f is linearly re-
ducible with respect to k{fY, ..., B, at*V) _  «™> Therefore s=n and p is linearly
independent with respect to Cpys.

Since Y1, ¢;;p’ =gp‘?, the n vectors p,=(pS", ..., p{”), 0<a<n, are eigenvectors
(c:;) with eigenvalues g,. Since det W(p)#0 the row rank of W(p) is n and the p,
are linearly independent over C,.. Therefore g, ..., g,_, are all of the eigenvalues of
(cij)- Then the characteristic equation, F(¢) of the nxn matrix (c;;) has the form
[(t—q)...(t—q;—,)]™ where j is the period of g. Therefore j divides n for each g and
o*(¢,./0)={,/¢ for each € G,,. As in the proof of Lemma 2, Gy, is dense in Gy and
{./eK. Further

" (©) = % pP0 (a) = ¥ pesa® = T (T epl”) o = 3 aipf%a® = q£.
s J s

As above /(P e K. This completes the proof of 1 and 2 is now obvious.

The mapping of G,, into P}, defined by o — g is the isomorphism of 3.

Since det W(p)#0 the equations {7 =3 p” o' can be solved in the form o/’
=Y QN where Q" P eph. and (Q ) is non-singular. To prove that Q> ?#0
it is sufficient to show that any n—1 xn—1 submatrix of W (p) is non-singular. If a
column of such a submatrix W'is (p?,..., p2,, pR4,...,p$2,) and s=n—t—1 then
the s’th transform of W’ has columns of the form (p{,..., p$2,, p?,..., p22)).
W’ is non-singular since any n—1 of the p'” are linearly independent over Cj..

Choose B®PeK with (P=B®¢®. Then off’=) B®QW"I(M where B*?
=B® ... B{}_,,. Define D™V =5(s, t){®. Then W™ (a)=W™({)Q=BDQ. There-
fore (M) ... (@ detQ det B=det W™ («). Since f is not reducible, W («) is non-
singular [7, Prop. 2.2], and B is non-singular. Define F"(y)=det (B’)/det B where
B’ is like B except that the r’th column of B’ is (¥, ¥p>---s Ynn—1))- Then F® (')
=Q" I FMeK{y}, and F®(x')satisfies y,= B™ y. Further M* = K{{) =K{F®
@?), ..., F™(¥)> for any j. This completes the proof of 4.

The existence of g follows from the n+1 equations y,,=Y7_3 A%y, A"Yek,
t=0,..., n which are determined by f. g is unique since f is not reducible. If r%,
..., r™ are periodic elements of period » which are linearly independent over con-
stants then (r®¢@,...,r™{®) is a fundamental system for y,=B®y. Since
g(rW¢")=0, g admits a factorization g(y)=g?(y ) (y,— B?Py). If b is the leading
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coefficient of F and h(y)=[F"(y,)—B"”F"(y)] then the unicity of g gives h=g
and g(y)=1/b(y,— B y)- F"(y).

Remark 1. If f(y)=y,+ Ay, + By is solvable by elementary operations and is
linearly irreducible and not reducible then by 5 the uniquely determined equation
g(y)=y4+Cy,+ Dy can be factored in (y,+ Ey)o(y,+ Fy). In this case the exis-
tence of such a factorization is also clearly sufficient for the solvability of f.

Remark 2. In Example 2.3 of [6] an example is given of a difference field K and an
equation f'so that there exist solution fields L and M for fwith La 1LEof Kand M a
proper subset of L. It does not appear that M is itself a gLE of K. There is no apparent
test to determine if M is itself a gLE or even a 1LE of K.

Remark. 3. In Example 1 of [3] an example is given where a solution field M is a
2LFE but not a 1LE of K. It does not appear that M is contained in a 1LE of K, but
again there is no obvious approach to a proof of this conjecture.
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