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Abstract: Representability of graphs by means of pro-
duct-Iike constructions from simpler ones is studied, An esti-
mate of dimension of the strong product of two graphs is pre-
sented.
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Classification: 05C99

The aim of this paper is to discuss some aspects of re-
presenting graphs as induced subgraphs of results of product-
like operations carried out with simpler graphs. There are
three such operations one usually encounters (for description
see 1.1): the (categorial) product, the weak product and the
strong product. (In fact, there are categorial reasons why ex-
actly these three kinds of products are of importance.) The
representation by means of the (categorial) product and the
resulting dimension characteristics have been studied recent-
ly in some intensity (e.g. [21,17),(8],0(61,[1], survey in [3]).
Here we shall be concerned mostly with the other two types of
products. In § 1 we will show that the weak product cannot be
used as a tool for generating graphs, not even the bipartite

graphs, from simpler ones. In §§ 2 and 3, the representation
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by r~eans of strong powers of the path of lergth two is inves-
tignted ano 3w 1 4 e close connection of this and the catego-
rial product repreasntation of bipartite graphs is shown. For
general gran’ s no ai1rilar cornections hold as follows from re-
marks in 3 9, the main aim of which, however, is to present an

estimate of dimensicic &7 sirong produc’.

O

cnventicns_acd notation: A graph is a finite undirected

i

graphh without loop3 with the set of vertices V(G) and the set
of edges E(G), Its cardinality, denoted by 1G\, is the cardi-
nalitv of Vi°!,

We say that G is (or cen be) embedded intc H if it is iso-
morphic to an induced subgraph of i. & particular isomorphism
of G with an induced subgraph of another graph is sometimes
referred to as a representation of G.

Vectors (x;,...,x ) will be often written as words X Xpeee

P the concatenation of words is denoted by Jjuxtaposition.

ry’
A natural number n is viewed as the setl of all smaller ones
(thus, e.g., 2 ={0,1%), but n-dimensional vectors are, as a
rule, indexed from 1 to n rather than frcm O to n-1.

The word obtained by repeating i n-times will be denoted

by
f(n) (or simply 1, if n is obvious).
The upper integral approximation of log, x is denoted by
+
log x.

Special graphs: Kn is the complete graph with n verti-
ces; K(G) is the complete graph with the same set of vertices
as G. D, is the n-point discrete graph. Pn is the path
(n+1,{¢4,i+14| i = 0,...,n-1}), C_ is the cycle (n,{{i,i+1}|

i=0,...,n-2}u{{0,n-'1}). In case of complex indices we
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write P(n) instead of P,.

t. Three products and representations using them

n m

1.1. Let G4, i = 1,...,n, be graphs. Graphs 4,151 Gy 1.’94 Gy
and ,;,E.&I,‘ Gi are defined as follows:
V(XG;) = V(OG;) = V(RG;) = X V(G;),
(X yeeesXp) s (Fyoeens¥py)be BIXGy) iff Vi {x;,y;3e E(G))
UxgyeoesXy)y (Froeee,yg)ie B(OG)) iff 3] ({xj,yj}eE(Gj)&

(4] = x; =y;))
{(x1,...,xn),(y?,...,yn)fe E(RG) iff A ({xj,yjieE(Gj))&
Vi (x3y; =>4 x5,y5)€
€ E(G;))

2 2
We write G,< G,, (G,0G,, G,®G,, resp.) for{Z{1 Gy (4.'940:1,
4‘,@1 G;, resp.) (one sees easily that >, O and R are associ-
ative - up to the "associativity" of cartesian product of sets -
and thit X Gy = GyxGyx...xG, ete.),
4:2(4 Gy is simply usually referred simply as product of the

~y
graphs G;, 4',94 G; as’ their weak (or cartesian) product, and

mv
£@1 Gi as their strong product.
m s
If Gi = G for all 1,.3(1(}1,1.,[:]101 and

v

i

4Gi are denoted

.
L2

(in this order) by
g", ¢n, &,

1.2. Information: Every graph G can be represented as an
induced subgraph of some Kﬁ, the minimum necessary n is called
dimension of G and denoted by

dim G (see e.g. [51,[21,[4])
Every bipartite graph G can be represented as an induced

subgraph of Pgl (see e.g. [91), the minimum such n is called

- 451 -



bipartite dimension of G and denoted by
bid G (see [8]1).

Every graph G can be represented as an induced subgraph
of P%n (this follows e.g. from [10; 4.6); it will be obvious
from the proof of 2,1(a) below). The minimum necessary n will
be denoted by

J(a).
(This, in essence, coincides with one of the dimension charac-
teristics of tolerance spaces introduced in [11]1.)

In contrast with these facts, the weak product is a very
weak tool for representing graphs. In fact, as we will show be-
low in 1.3, a system of graphs g, such that it generates all
graphs by means of weak products and induced subgraphs does it
without the products as well (i.e., for every G there is then
an H eQ} such that G is its induced subgraph). This follows
very easily from the behavior of triangles in weak products
(we are indebted to J. NeSet#il for this observation; meanwhi-
le, we have been informed that this author has proved analogous
results for various classes of graphs using Ramsey theory). The
problem naturally arose whether after avoiding triangles the
representation abilities improve. They do not, as will be seen
in 1.5: the statement on Qy above holds even if we wish to ge-

nierate just the bipartite graphs.

1.3. Proposition: For every graph G there is a graph H
such that

(1) G is an induced subgraph of H,

(2) (H! =1G| + 2, and

(3) if H is embeddable into Léi1Gi' it is embeddable in-

to some of the Gi'
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Proof. First, observe that if a triangle Ky is embed-
4%

ded into 4.194 Gi’ say 88 XyeeeXp, Yyeee¥py Zqese2, and if j
is the coordinate such that, for i#j, x

i = ¥3, then also z; =

!
»
"

4 =¥y for i%j. (Really, if zy + X for some k+Jj, we have
z5 = X5 and hence zj#yj and z, +Yy,, so that z is not joined
with y.)

Construct H as follows:
V(H) = V(G)u {a,bt where a,b¢ V(G), a$b,
E(G) = E(G)u{ia,bituiia,xilxevi@miviiv,x}lxevia).

If H is embedded into DGi, consider the images of the tri-

angles {x,a,bf.

1.4. Lemma. Let D = (1a,b,c,x,y}, {a,x{,{a,yt,{b,x3,ib,y},
m
{c,x},{x,y}t) (see Fig. ) be an induced subgraph of 15,64

Then there is an r such that a. = b, =c¢; = x. = ¥y for i#*r.

SN
Y

4
Fig.

Proof. The points x and y may differ either in two coor-

dinates or in one. In the first case we have necessarily ag =

=by =y =X Yy for i#r,s and for z any of a,b,c one has

either z_, = x_, and 2z =yg Or 2z

» . a =y, and zg = Xg. But these

s
are two possibilities and the vertices a,b,c are three. Thus,

r

x and y differ in one coordinate XpF Ypo Then X cannot be join-
ed with y, in G, (x with y is not in D). Consequently necessa-
rily z.¥ Xpy¥, for z = a,b,c which immediately yields Z; =X Sy

for z = a,b,c, isr,
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1.5. Proposition. For every bipartite graph G there is
a bipartite graph H such that

(1) G is an induced subgraph of H,

(2) (Hl =1G| + 4, and

(3) If H is embeddable into ;:5401, it is embeddable into
some of the C'i'

Proof. Consider a bipartition (P,Q) of G such that P con-
tains all the isolated points. Take four distinct points u,a,d,
ce PuQ and construct an H with bipartition (Puiu},Quia,b,c})
by putting
E(H) = E(G)ui{fu,x}Ixe Quia,b,cijuiix,zllxeP, z = a,b,ct.
Now observe that any point of V(H) lies in an induced subgraph
of H isomorphic to D from 1.4 and that the coordinate r in 1.4

is uniquely determined by any two vertices of D.

§ 2. Estimates and values of J for some graphs

2.1. Proposition. (a) Jg(G) «laG],

(b) for each n there is a G with |G| = 2n and o (G) = n.
Proof. (a) Order the vertices into a sequence XyyeeesXy
and represent x. as xilxiZ"'xin' where

i
for j<i X5 = 1 if{xi,xjisE(G), X35 = 2 otherwise,
X34 = 0, and
for j>1i xij =1,

(b) Take G = (nx 2,{{(:'.1,12),(.)'1,.]'2)} | i,# j;t and denote
by v(i,,iz) the vector representing (i,,iz) in P2, For ien
there has to be an s = s(i) such that fvg(i,0) - vg(i,0)] = 2,
Since for j+i v(j,k) is connected with both v(i,0) and v(i,1),

we have to have vs(i)(j'k) =1, Thus m=n,
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2,2. Proposition. Let Ajyeee,bpc V(G) be discrete sub-
sets such that whenever ix,y! ¢ B(G), there is an i with x,ye
€ A;. Then .

J©@) < .3 log" | Al .

Proof. Put n; = log+ Ai and consider a one-to-one map-
ping v, :A; — 1 0,2}, For x&A; put, moreover, vi(x) = T(ni).
Now, we can embed G into Pun, where n = = n;, representing x

by vy (x)vo®...v (x).

2.3. Proposition. JK;) = o(D,) = log* n.

Proof. Obviously o'(K,) = log'n < J(D,). Now, consider
a discrete subset D of P k. For v ¢ D define v’ by replacing
the 1-coordinates by zeros. Obviously, |{v'lveD}l = D] so

that 1D]< 2K,

-

2.4. Lemma. Denote X, the set of vectors from Pgn having
at least one 1-coordinate. Let Dc X1 be a discrete subset. Then
| pl 2071,

Proof. Obviously we can assume that each element of D
has exactly one 1-coordinate (replacing all the 1-coordinates
but one in each x€ D by zeros to get x°, we obtain D" = {x'[xe
€ D} which is discrete and equally large as D).

Put M = '{0,2§n°1 and consider the bipartite graph given
by the partition (D,M) and the relation R where

Ugeeely Rvyeeevy . iff for i£n-1 either uy = vy or uy =
= 1. Put D, = {ueMu, = 1, D, = DND,;. Obviously,

ue D, = deg u = i.
Let uRv, wRv and ufw. Then u,wsD2 and lu.n - wn| = 2 (other-
wise Iui - wil <1 contradicting the discreteness). Consequent-

ly, for ve M, deg v£2 and if (u,v)e R and ue D1 then deg v =
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Thus, for p the number of edges meeting D2 we have
p = 2(IDl - ID'I)!-. 2(I1M1 - lD,I)
and hence |Dl<|M| = 2071,

2.5, Proposition. (a) I(P) = log+k,
+
(b) J(Czk) = log 2k,
+ +
(e) log 2k éd‘(CZkH)élog 2k + 1,
Proof, If Pk is embedded into Pgn so that the vertices
Oy1,...,k are represented by

WorWiseeeo, W,

we can embed P,y into Pgn” as
(1) woo,w10,...,wk_10,wkl,wk_'Z,...,w12,...,w'2,w°2,
C2k as
w°1,W'P,...,wk_'O,wki,wk_jz,...,w22,w12,
and, finally, Ck+l as
"o"'to""'wk-io"k"T(n)z‘
Consequently we see that

(2)  J(Pp) < log'k, I(Cyy )  Log™ks1, I(Cpyyy) % logtoksr,

Since all the neighbours of points from PP\ X, (see 2.4) are
Jjoined with each other, all the points representing points of
cycles of length > 3 and all the inner points of paths have
to be in Xl. Thus, considering the sets of points correspond-

ing to 1,3,5, etec. from P, resp. Ck we obtain by 2.4

+ +
log k é.d"(CZk) -1, log k _éd"(CZk“) -1

which, together with (2), yields immediately (b) and (c). For
the paths we obtain so far

(3) 1og'Tk/2] + 1 £ J(P) < log™k.

The inequality log+[k/23 + |<log+k holds only for k = 2 + 1,
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so that for finishing the proof of (a) it suffices to show
that we cannot embed P(27+1) into Pgn.
If we could, however, the representation from (1) would

n+1

yield an embedding of P(2 + 2) into P;Bn, which already

contradicts (3).

Remark: The formula for d(P,) has been proved by anot-

her method (and in a slightly different context) in [11],

2.6. Proposition. ILet G be a forest. Then
J(G) < 410g"1G1.

Proof. Choose a vertex in each of the components, let
o _o o
X{sXpyeee, Xy
(s

be the chosen points, Order the points having the distance from

some of the xg exactly i into a sequence
i i A
X aXpp e ey Xy o
1 s
Finally, denote by 9i(j) the unique index k such that x3 is
joined with x;-t.
Consider a sequence

WoaWypeee, W,

of points of Pgn representing the path P, with r the maximum
possible distance of an x€ G from some xg, and a system

UgsUgyeee, (k = mgx ki)

of distinct elements of {0,2’18 where s = log+k.

par+33

Now, we can embed G into representing the vertices

as follows

o 5 wu. i
i Woli Y,

~
X: —> "qu(i)ui'

HeN) He—s p

X: —> '21uq(i)ui
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3 ~
xXj w3uitu?(i)
4 T
Xi — "4“9(1)“1
etc.

2.7. Proposition. J(Kmx Kn)é m.log+n + n.log"m.
Proof follows immediately from 2.2,

2.8. Notation. Let us denote by A(n) the smallest even
k such that
()= 0.
We have obviously
A(n) 2 21og+n.
(In fact A(n) does not exceed the closest even number after

log*n + log+log+n o)

2.9. Proposition. d‘(l(m_nlg,l)él(m).log+n.
(Consequent1y, d“(KmD K )< 210g+m. log+n.)

Proof. Take a one-one mapping cy:m—>{o,n“““) such that
each @(i) has equally many 1- and O-coordinates, For Jd=0,t
put u(i,j) = @(i) + ::T. Obviously
(1) if i =4i"0or j= j we have lu (i,5) - u (i, i) <1 for
all r. For je n choose distinet words Jl‘ja""jk in -{0,l§k where
k = log"n. Now, for (i,j) e mxn put

vii,j) = u(i,.)'1)u(i,ja)...u(i,.jk).
I£4=4%0r §=j° v(i,j) is joined with v(i%,§°) in PPMm).k
b (1). Let i%i” and j+j°. Then (after possible exchange of
(i,3) and (i°,j°) there is an T with j = 0 and Jp = 1. By the
definition of ¢ there is an s such that g¢,(i) = 0 ana

Fs(i”) = 1. Thus, Ug(i,p) = 0 and u (i%,°) = 2,
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§ 3. J and operations with graphs

3.1. Notation: The symbols < , O and ® have been ex-
plained in 1.1. The symbols G + H and -61%4 Gi are used for u-
sual (weak) sum of G and H (resp. of GI""’Gk)’ The strong
(Zykov) sum of G and H will be denoted by G&® H.

Finally, let V(G) = V(H). Then, we denote by GNH the
graph with the same set of vertices and with the set of edges
E(G)n E(H).

3.2. Obviously we have

Proposition: J(GRB H) <d(G) + J(H).

3.3. Proposition: o' (GnH) £d(G) + J(H).
Proof: Let G (resp. H) be embedded representing the ver-
tices x by words u(x) (resp. v(x)). We can represent the ver-

tices of GNH by u(x)v(x).

3.4. Proposition: J°(G & H) < o(G) + J(H).

Proof: Let G (resp. H) be embedded into F}" (resp. F3")
representing the vertices x by u(x) (resp. v(x)). ¥e can embed
G®H into P:""'n representing the x< V(G) by u(x)T(n) and ye V(H)
by T(m)v(x).

3.5. Propositiom. oG + H)# max(dlG),d(H)) + 1. More
gensrally, JC.E; 0;)< max d16;) + log'k.

Proof. Represent the vertices x of Gy in P!‘,n, where n =
= mgx d(G;), by v;(x). Choose k separated- vectors u;,...,u in

Pgm, where m = log+k (see 2.3). Now, we can embed 2101 into
P;n'"' representing x e G; by '1(‘)“1’

3.6. Propositiom.
S GxH) & 4(0) + J(H) + 16l-10g" |H| +!1H 20" 101,

Proof. Obviously, GxH = (G @ H) n (K(G)x K(H)). Thus,
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the inequality follows from 3.2, 3.3 and 2.7.

3.7. Eroposition. J(GaH)< o(G) + o°(H) + 21eg*lG1,
.log+IH|.

Proof. Obviously GOH = (@ ® H)~ (K(G) a K(H)). Thus,
the inequality follows from 3.3 and 2.9.

§ 4. O and bipartite dimension

4.1. Recall the definition of bid G in 1.2, One sees ea-
sily that it is the minimum n such that the vertices x can be
replaced by vectors XyoooXy in 0,1,1,3 such that x is Joined
with y iff Vilxi - yil=1.

4.2, Proposition. For a bipartite graph G we have

dg'(G)< 3bia G,
Moreover, if G is connected,
J(@)< 2vig a,

Proof. Denote by F, the connected component of Pg con-

taining 00...0. Since all the components are isomorphic, we
have to prove that /d'(Pg)é 3n and o"(Fn)é 2n,
For x¢ P; consider Xe Pg:m defined by

4

X; = max (x; - 1,0), ,;h+i = min (x;,2), (i =1,...,n)

Xon+i = 285(x) (4 =1,,,,,n-1)

where a(x)e {0,13" satisfies 8,(x) = 0 and is situated in the
same compone‘nt as x,

If Ix; - yi| =1 for all i then obviously IEJ. -’ijlél
for all j. Let, on the other hand, |'i'J- - ’s"jiél for all j.
Then first, according to the last n-1 coordinates x and y are

in the same component. Consequently, as one easily sees,
AL .
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(x) X; = yj are either all even or all odd.

We cannot have lxi = yi\ = 2 (if the numbers were O and 2,
|§n+i_ Ypei! = 2, if they were 1 and 3 , I%; - §;! = 2). Thus,
Ix; = y;1£1 for all i, which, according to (%) yields for
every x+y that \xi - yi\ = 1 for all fi.

Representing just the vertices of Fn, the coordinates

Xon+i SN be left out.

4.3. Proposition. For a bipartite graph G we have
bid G<£2G).
Proof. Consider a bipartition (Vr,Vz) of an induced sub-
graph G of Pg For xe Vl define
_ 0 if xi =0 0 if xi =2

X < ?m»i:
~, if x;%0 N2 ir x; %2

(i =1,...,n),
and for ye V2 we define

~ /1 if yi+2 _ /1 if y;40

" \3 if gy =2 i Y ify, =0

(1 =1,...,n).
Thus, if x and y are both in V;, we have never \’x'i; - ii\ =1,
and for xe V, and yeV, always X;+¥;. Let xeV,, ye V, and
lii - iilét for all i, This excludes the possibility
\"x'i - ijl = 3 and since the difference cannot be even, we are
left with \'fJ- - yj\ = 1 for all j.

On the other hand, for all j, \'x‘J- - FJ\ = 1, Thus, either
Ej = Oandi.j =1, orEJ- =2 and?a- =3, or f'.’mall,yi‘i =2
and ij = 1, Consider j£n. In the first case X3 = 0 and y.i< 2,

in the second one xj>0 and y; = 2; in the third case we get

.
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xj>0 and yj<2 so far. But if x5 = 2 and ¥; = O, one has

Xp4j = 0 and §n+j = 3. Thus, in any case lxi - y;l<«1, for
all i.
Obviously X4y if x+y.

§ 5. Dimension of G® H. Remarks

5.1. Since dim D, = 2, dim K; =1 and dim(p, = K,) =
= log+n - 1 (see e.g. L2]) we cannot have an upper estimate
of dim(G ® H) im terms of dim G and dim H only. We are going
to present an upper estimate involving also the chromatic num-

bers and cardinalities of independent sets.

5.2. dim G (result 1,2) is the minimum n such that the-
re exists a one-one u:V(G) —> N® ( W is the set of natural
numbers) such that ix,y} e E(G) iff Vi ui(x)*ui(y). Leaving
out the requirement of one-one, we can under circumstances do
with one coordinate less; such a minimum will be denoted by
d,G. As in 3.3, realizing, moreover, that the vertices will
be distinguished already by the first dim G coordinates, we

immediately obtain

Lemma. dim (GNH)< dim G + a.H.

5.3. Lemma. dim (Kpsl Dn)ép.log"'n.

Proof.  This is a fact known in another formulation (see
[11). Kpﬂ D, is a sum of n copies of l(p. It is easily seen by
induction: We will show that din(l% -] Dzn) = din(KP B D)+
+ (Kpn D)) &dim (Kpn Dn) + p. let us have (x,i)erﬂ ,
represented as u(x,i). Represent the elements of the first sum-
mand in Kpn o, + Kpﬂ D, as u(x,i) % (P), those of the second
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summand as u(x,i)x (x+1)...(x+p-1) (addition mod p).

5.4. Theorem, Denote by z the chromatic number and by
o¢ the maximum cardinality of independent set. We have
dim(G@H) £ dim G.dim H + dim G. yH.log*« G + dim H. 5G.log"ecH.

Proof. Choose colorations ¢:G6 —> K7LG' ¢":H — K;(,H' We
see easily that GRH = Gy 0 92 f\@3 where V(G,) = V(G)x V(H)
and
{(x,y),(x",y e E(G,) iff fx,x'}e E(G) or {y,y?e E(H),
{x,y),(x",y e E(G,) iff {x,xt € B(G) or x = x* and

¢’ (y) = ¢'(y"),

{(x,5),(x",y e E(G3) iff {y,y}e EM) or y = y° and

. @(x) = ¢(x’).
Obviously dim Gq1%dim G. dim H (let u(x) = (“i(X))iﬁdim G’
vix) = (vi (X)):L‘.dim g be reprecentations of G resp. H, let
f: N> N —> N  be one-one; it suffices to put wij(x,y) =
= f(ui(x),vj(y)). Since the definitions of G, and 9«3 are ana-
logous, it suffices to prove (see 5.2) that dOQ»J:’-dim H-. xG.
-oH. By 5.3 there is a w:K;o@ Dy —> N X with k = x G.1log"ecH
such that

(1) if y+y’, there is, for any y, y°, an r such that

u(x,y) = u (x",y"),

(2) if x+x", then always w(x,y) = u (x’,y).

According to a well-known fact on dimension (see e.g. [5],[4])
there is a system Chreoey ‘gdim g °f disjoint decompositions

of V(H), € = {Ai,...,Aigi} such that Ai,j are independent

and whenever {y,y} ¢ E(H), there is an Ajj with 1y,y}c Ay e
Put pi(y) = jfor ye Aij and choose mappings ¥;3V(H) — «H

such that all Vi“i j are one-one. Choose a number a¢ larger
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than all the numbers occurring among the w.(x,y). Now, for
(x,y)eV(93), i£dim H and r<& k put
Wip(X,¥) = w (@ (x), ¥;(yN+ 2. “; ).

Let {(x,y),(x ",y N e E(Gs). If {y,y 't € E(H) we have always

¢ (7)# @5 (y°) so that win(X,y)4w, (x°,y°) according to
the choice of 2 . If y =y’ and @(x) = @ (x’), win(x,y) =
=wi (x",y") by (2). Let {(x,y),(x",y )} & E(G3). Then either
y =y and g(x) = ¢(x’) and then trivially w;,.(x,y) =
=w, . (x",y"), or y+y° and {y,y} € E(H). Then we have an i
such that y,y’e Aij for some j, and hence there is an r such

that w, (x,y) = wir(x',y') by (1).

Remark. The product dim G, dim H in the upper estimate
of dim (G H) is essential: Consider the example of G = K, +
+ K,, H=I%+KI. Here we have dim G = m, dim H = n and

dim Ga HZ m.n.

5.5. For connected bipartite graphs one has dim G<bid G+
+ 1. Thus, by 4.3 we have in this case dim G<2 J(G) + 1. For
general G, however, no very satisfactory upper estimate of
dim G in terms of J(G) can be expected. We have by [2, Prep.
3.4] dim (Pgn)z - 1, 8o that such estimate would have to be
exponential in J(G) and hence not substantially better than
the trivial

din < 39(®

obtained from dim G <) G| and logy | gl £07a).,

5.6. A lower estimate of dim G in terms of o(G) only is
obviously impossible according to the inequality of 1033 la\l €
£ d(6). >
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