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Necht P, H ¢ E(X). Necht
1° R(P)c X,

R(E — PH) > X,

N(E — PH) n X = {0}.

Potom E — PH, uvafovdn jako operdtor na X, md inversni operdtor W e E(X ).
Oznalme V = WP, takée V e E(X). Potom operdtory E — PH a E — HP maji
inversni a plati

(# —PH*=FE+VH, (F—HP)'=E + HV.

Jestlie ddle P* = P a X = R(P), md také operdtor E — PHP inversni operdtor
a plati
(B —PHP)*=E +VHP=E +V —P.

Mé-li se tedy Yesit nap¥iklad (E — PH)z = y, najdeme bod #e X tak, Ze
(B — PH) % = PHy a polozime z = y + &. Podobné, vztah (E — HP) z, =
=y je ekvivalentni vztahu x, = y'+ Hz,, kde 2,e X, (E — PH)z, = Py.
Jestlize dile P2 = P a X = R(P), vztah (B — PHP) %y = y je ekvivalentni
vztahu 23 = y — Py + 2,.

Tyto vysledky tvoii algebraickou basi dal§ich vysetrovam Necht nyni P je
projekce na koneéné dimensionalni podprostor X. Dé se odekavati, Ze, bude-li
X vhodng volen, operitor  — PHP bude aprox1movat1 operdtor B — H.,
Studium F — PH na X se potom redukuje na studium koneéné matice. Dejme
tomu, Ze tato matice je reguldrni; mame potom existenci inversniho operétoru
(B — PHP)™. Stupeil aproximace z&visi na ,,vzdalenostl H od X« kters je
defmovana jako

o(H, X) = sup inf [Hx — x[
lz|=1 z:X )
Ziejmé o(H, X) < |H — PH|. Je-li toto sislo dos’oateéné malé, miZeme dokd-
zati existenci inversniho operdtoru k E— H. Reseni rovnice (B — H ) x=1y
miZe byti potom aproximovéno ¥efenim (¥ — PHP) & = y a muze byt podan
odhad pro |z — &|.
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ON APPROXIMATE SOLUTIONS
- OF LINEAR EQUATIONS IN BANACH SPACES
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In the present paper, we attempt to use methods of Functional Analysis to
the study of approximate solutions of Linear Equations in Banach space. The
main idea is the use of projections on finite dimensional subspaces.
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Let X be a Banach (i. e. a complete normed) space. Let X be a closed sub-
space of X. The Banach algebra of all bounded linear operators on X will be
denoted by E(X). The range and kernel of an operator 4 ¢ E(X) will be denoted
by R(4) and N(A).

We prove the following theorem:

Let P, H € E(X). Suppose that the following inclusions are fulfilled:

1° R(P)cX,
2° R(E—PH)> X,
3° N(E —PH)n X = {0}.

Then E — PH considered as an operator on X, has an inverse operator W e E(X).
Let us denote by V the product WP, so that V e E(X). The operators E — PH and
E — HP have inverses (on the whole of X ) and we have

(F —PH'=E+VH, (E— HP)'=E + HV .
If further, P2 = P and X = R(P), the operator E — PHP has an inverse as
well and
(B — PHP)'=E +VHP=E +V —P. .

Thus, e. g., if (£ — PH) z = y is to be solved, we find a point Z ¢ X such
that (E — PH)% = PHy and put z = y + &#. Similarly, the relation (£ —
— HP) z, = y is equivalent to 2, = y + Hz,, where z,¢ X, (E—PH)z;=
= Py. I, further, P2 = P and X = R(P), the relation (£ — PHP) z; =y is
equivalent to z, =y — Py + z,.

These results form the algebraic basis of the further considerations. Let us
choose now P as a projection on a finite dimensional subspace X. It is to be
expected that, if X and P are suitably chosen, the operator £ — PHP will
approximate the operator E — H. The study of £ — PH on X reduces to the
study of a finite matrix. Suppose that the regularity of this matrix is assured.
We have, then, the existence of an inverse to E — PHP. The degree of the
approximation is measured by the “‘distance of H from X’ defined as

o(H, X) = sup inf |Hz — &|.
) |21 ZeX
Clearly o(H, X) < |H — PH|. If this number is small enough, we can prove
the existence of an inverse to E — H. The solution of (£ — H) z = y may then

by approximated by that of (£ — PHP) # = y and an estimate of the diffe-
rence |x — &| may be given.
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