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Ecau G e ®,, mo das kamcdod ozpanunennoti Henpepwisnod wa H(G)
Pyrryuu | cywecmeyem mouro 0dro ozpanunentoe pewerue F 3adavu HJupuxae,
umeen F = D(f). -

IIycmy ¢ — usomempuneckoe omobpancerue npocmparcmea E,, ¢ E,,. Eciu
G € G (coome. G € By), mo u (@) € & (cooms. p(QF) e &,).

Ecau G, e Gy, G, ¢ @, G, c G,, mo G, e §,.

IIpednonooncum, umo U e @™ u ymo 0us écarozo be H(U) cywecmsyem 2unep-
naockocms R u samkrymas cepa K c yenmpom 6 R mar, umo b € R n K u umo
RoKn G@=9. Toedba U X E; e +1. Ecau, dasee, U e G, A = E,, —
—U*) Ge®m1, G n (A X0, ©) =9 mo Ge @+

Teopema 37 mMeeT cIeqyIONWH HATIATHBIA CMBICI:

IIpednonoscum, ymo G € & uumo f e D(Q). ycme K — 6oavwas omrpumas
cgpepa; nycmv g — Henpepvisnas Pynryus va H(K n @), komopas pagna Hy. 0
na H(K) u npubausumeavro pasma f na H(Q). Toeda gynryus D(K n @G, g)
npubausumeavro pasna D(@, f) na mromcecmee K o G.

Teopema 39 yTBep:xpmaer, aro 3aBucEmocth D(f) o f HenmpepHIBHA: ~

Eciu GeG®, f, fo f ...« D) u ecan }o(z) > fol@), @) = (@)
(m=1,2,...) Oaa ecarxoeo xz e H(G@), mo D(f,, x) - D(f,, x) 0Oaa ecaroeo
zeG.

Orpen 40 comepsuT onpenenenne cucTemsl I, 37IeMEHTEI KOTOPOR — QyHKIHM
na MEOxecTBe G (G ¢ @), obnanarmeit cieyomuy cBoitcTBOM: [us Kaowcdoeo

f € D(G) cywecmeyem mouno 0dwo pewenue s3adauu Hupuzae F maxoe, umo
F e M; umeenF = D(f).

Summary

THE DIRICHLET PROBLEM

JAN MARIK, Praha.
(Received May 23, 1956.)

Let G be an open subset of the m-dimensional Euclidean space E,,, 8 = G =+
+ E,,; let fbe a (finite real) continuous function on H(@). (H(@) is the bound-
ary, G is the closure of G.) If a function F is continuous on @, harmonic on
G and equal to f on H(®), we say that F is a solution of the Dirichlet problem
corresponding to the function f and the set Q. If G is bounded, then there

*) Ecam, mamp., m = 2 u ecin A — cermesr, 10 MuOxectB0 U = E, — A yAOBIEeTBOPAET
BCeM NIPeAIONOKEHIAM .
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exists at most one such function F. Let g be the system of all non-empty bound-
ed open sets @ c E,, such that for each continuous function on H(G) there
exists a solution of the Dirichlet problem; further, let " = & be the system
of all G c E,, (G + E,,) such that G n K e g for each sufficiently large open
sphere K with center 0. If G ¢ &, let D(G) be the family of all functions f which
are continuous on H(@) and which have the following property: There exists’
a non-negative function F, which is continuous on @, harmonic on @ and which
fulfils the relation F(z) = |f(z)| for each x ¢ H(G). The following assertion is
an easy consequence of Theorem 13:

For each non-negative function fe D(F) (G e @) there exists a smallest non-
negative solution of the Dirichlet problem.

We denote this solution by D(@G, f) and for an arbitrary f ¢ D(G) put D(@, f)=
= D(f) = D(f.) — D(f), where f.(z) = max (f(z), 0), /_(z) = max (— f(z), 0).
The function D(f) is evidently a solution of the corresponding Dirichlet
problem; the values of D(f) will be denoted by D(f, ). — Theorem 23 asserts:

Let G be open in E,,, 0 + G + E,,. Suppose that there exists, for each b ¢ H(G),
a hyperplane R and a closed sphere K with center in R such thatbe R n K, R n
NnKnG=0. Then GeG.

Now let B = &,; be the system of all Ge & such that D(G,1,z) =1
(z € G); further put 87 = G, = B — &,. In accordance with Exercise 12 we
have &} = (?2; each bounded set @ ¢ G™ (m arbitrary) evidently belongs to
GY. If m > 2, then, according to Theorem 35, each set @ ¢ &™ with bounded
complement belongs to &7. — According to Sections 17—19 and 24—31,
the following theorems hold:

If G € B, then inf D(f, x) = 0 for each non-negative function fe D(G).

zeG

If G e &, then there exists, for each bounded continuous function f on H(G),
a unique bounded solution F of the corresponding Dirichlet problem, namely
F = D(f). .

Let ¢ be an isometrical mapping of E,, into E,. If G ¢ @ (resp. G € &), then
P(@) e @ (resp. ¢(@) e G,). :

If G e Gy, Gye G, Gy c Gy, then Gye G,.

Suppose that U ¢ @™ and that there exists, for each b e H(U), a hyperplane
R and a closed sphere K with center in R such thatbe Rn K, Rn K n U = 0.
Then U X E, e &1, If, moreover, U e &, 4 = E, — U,*) Ge @™, Gn
n (A X <0, 00)) = 0, then G « BT **.

Theorem 37 has the following intuitive sense:

Suppose that G € & and that f e D(G). Let K be a large open sphere; let g be a
continuous function on H(K n @), which vanishes on H(K) and approximately

*) If, for example, m = 2 and if 4 is a segment, then the set U = E, — 4 fulfils
all the conditions.
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equals f on H(R). Then the function D(K n @, g) is approximately equal to
D(@, f) on the set K  G.

Theorem 39 asserts that D(f) depends continuously on f:

It GG, [, fo frr ...« D(Q) and if fa(@) > fof@), Ifa@)| < f(@) (n =1, 2, ...
for each x ¢ H(@®), then D(f,, ) — D(f,, z) for each z < G.

Section 40 contains the definition of a system 9N, the elements of which are
functions on @ (@ € ®) and which has the following property: For each feD(@)

there exists o unique solution F of the corresponding Dirichlet problem such that
FeM, namely F = D(f).
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