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BCAKHMHA [pyroii MOAGOp &, ¥ MOKET BECTH K MeHee BHIOJHOMY pe3ylbTaTy.
Ecam momonBuTelsHO NPeANONIOKETH CYIIeCTBOBaHMe OrpammueHHOM M"(v)
B HEKOTOPO# OKpectHoctH @, TO Iydmmm sBiIgercs MOmbop & =1, y =4,
paromuit E[(z, — 0)%] = O(n~3); ecim B HEKOTOpO OKpecrHOcTE O PyHKIEA
M(x) — amanuTmYecKas I cAMMeTpPHYHAs OTHocHTensHO O, To E[(z, — ©)%] =
=0(n %9 ma x =1, y=}e u qua mpomssoasHOro & > 0. Ilpm momommm-

TeIbHOM ycioBaH, U0 oX(z) = [ (y — M(%))? d.H(y[x) HeIlPepPEIBHA ¥ IOJIOKHA-

TeIbHA B HEKOTOPOH OKpecTHOCTH @), W IpHW OTPAHWYCHWH 3HAYCHME o, y [0-
Ka3aHO, 4TO ciydaitEeie BeimumEm n3* %" (x, — @) acmMmroTHYECKE HOP-
MAaTIBHEL

B BapmanTe, paccmatpuBaemMoM B § 2-oM, Ha QyEKumE pacupenenenus H (y|x)
HAJIO3KeHHl TONBKO J(BAa YCJOBHA, & MMEHHO (2.2) m BHIIOIHEHMEe HepaBeHCTBA
Koz — 6] < |M'(z)| £ K,Jx — O] gns Beex z e (— o0, + 00). C HeGombmmmMa
W3MEHEHASAME B JONOJHATENBHEX IPENNOJIOKEeHAAX COPAaBeANHBH M B 3TOM
ciIydae Bce BHIIE YIOMSHYTHE TEOPEMEL.

§ 1-51it apnseTca pedepEpyommmM.

IMpumeganme. B cratee C. DERMAN, An application of Chung’s lemma
to the Kiefer-Wolfowitz stochastic approximation procedure, Annals Math.
Stat. 27 (1956), 532—536 moKasaHK [Be TEOPeMHl, MOXOKHEe ,HA TEOPeMH 5
m 7 (cwywait 3°) mame# cTaThH.

Summary

ON THE KIEFER-WOLFOWITZ APPROXIMATION METHOD

VACLAV DUPAQ, Praha.
(Received January 20, 1956.)

Asymptoticproperties are established for the Kierer-WoLrowrTz [9] procedure
of finding the value z = @, for which the regression function M(z) = [ y dH(y|x)

achieves its maximum. The original assumptions are modified in such a way
that it is possible to use the mathematical tools due to Cmuxe [7]. Two
different cases are treated. In the case considered in Sec. 3, all assumptions
from [9] are accepted, some of them being strengthened: instead of (2.8)
— from [9] — it is supposed that the inequality

Kle—O| X | M@)| LK, |jx—0|, K,>0, K; >0
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holds in some neighbourhood of ©; instead of (2.2) it is assumed, that a finite

interval (4, B), containing 6, is known, together with some lower estimates
M(z)+C
of M(4), M(B), and that [ dH(y|z) =1 holds for all z e (4, B) (C being
M(z)-C
a constant).

The sequences {a,}, {¢,}, occuring in the approximation scheme, are supposed
a c :
to be of the type a, = el “dwon: then the choice x = 1, y = } (c being

positive and @ greater than a specific constant) is proved to be optimal. This
choice ensures that E[(z, — ©)%] = O(n~%) — every other choice can actually
lead to a worse result. If in addition the existence of bounded M" () is supposed
in some neighbourhood of @, then the best choice is o« = 1, y = %, giving
E[z, — 0)?] = O(n-3); if in some neighbourhood of © the function M(z) is
analytical and symmetrical about @, then for an arbitrary ¢ > 0 we can reach
that E[(z, — 0)2] = O(n~*~*) by a suitable choice of «, y. Under the additio-

nal hypothesis that o2(z) = f y — M(x))? dH y[x) is continuous and posi-

tive in a neighbourhood of @ and with a restriction on the range of «, y, the
asymptotic normality of the random variables 13~ *)(z, — ©) is proved.

In the case considered in Sec. 2, only two conditions are set upon the distri-
bution functions H(y|z), namely, the (2.2) and the inequality Koz — 0| <
< |M'(z)| £ Ky|z — O), holding for all z € (— o0, + o). With some changes
in additional conditions, all the theorems mentioned in the above case hold.

The Sec. 1 is an expository one.

Added in proof. C. DERMAN, An application of Chung’s lemma to the
Kiefer-Wolfowitz stochastic approximation procedure, AMS 27 (1956), pp.
532—536, has proved two theorems, which are similar to our Theorem 5
and Theorem 7 (case 3°).
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