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Teopema 1. Bcaxuii kaacc 3. aazebp obaadaem ceosicmeamu (N) m (A’).

Teopema 2. Bcaryio wacmuunyio asze6py kaacca 3, aszebp U moxcno nozpy-
aumb 6 anzebpy kaacca U. '

Caexcreme; Ana mo6Oro KapAMHAILHONO YHCIA & CYIIECTBYeT B Kiacce U
anre6pa S, kKapAEHAIBHOE YUCIIO KOTOPOH > «.

Habpocox noxasatembcTBa Teopems 1. B kimacce a. anre6p 9 BrGepem
anre6py S, B KOTOpPOi# HAXOAATCA 1O KpaiiHeil Mepe TpH aiementa. Ilycts S’ —
MHOKECTBO BceX (QyHKOmE A(n), KOTOpHE Opme/eieHH HA MHOMecTBe N =
={0,1,2,..., —1, —2, ...} u JyHKnuoHaIbHEE 3HAYCHHS KOTODHIX IIpH-
napnekat 8. Ha §” ompepenum onepanuu f, ¢ A ypaBrenmem

fihay ooy Bw)(m) = fi(hy(n + 1), ..., hp(n + 1)) .

Torpa 8’ ects anreGpa wmacca U. Ilyers hy € S’. BossmeMm mpomaBombHOe
9uCI0 Ng € N m maiiiem hy, kg e S’ Tak, urobnr 1. smementst hy(n,), i = 1, 2, 3
Obuln B3aHMHO DA3NMHYHEIMA, 2. WA 7 < ny hy(n) = hy(n) = hy(n). Oua h,
k' € 8" monomum h R, &' (h R, ') Torga u TonbKo Toraa, ecan 1. musg n < n,
Oynmer h(n) = h'(n), 2. anements h(n,), h'(n,) 1160 paBHH MeKAY c06OIL, TAGO
OfMH B3 HAX paBeH hy(ny) (hy(n,)), a BTOpOH — hy(nm,). OueBmmuno, R;, R, ab-
NA0TCA OTHOINEHMSIMA KOHTPYIHTHOCTH HAa S’, M BHIOJHAETCA YCIOBHE, BEI-
cxazannoe B cBoiictBe (N). [lna moxasaresbcTBa TOro0, 94TO MMEET MECTO CBOI-
¢TBO (A), AOCTATOYHO PACCMOTPETh OTHOIIGHWE KOHIPYaHTHOCTH R,;, B KOTOpOM
h By b’ Torma m TompKo TOTZA, ecim muA n << m, h(n) = h'(n), W cpaBHATH
ero ¢ OTHONeHWEeM KOHTpYysHTHOCTH R;.

Teopema 1. asnaerca o6o6mennem pesyasrara I'. Tpesucana [7], Kotopsri
pemma 9acrmano npobiemy Buprrodda ([1], mpobaema 31). ITocTpoennme,
OPAMEHEHHO® B JIOKA3aTeJIbCTBE TEOPeMHl 1 OCHOBATeNbHO HPONIe W KOpode
noctpoenusa Tpeeumcama. Uro Kacaercss ToepeMH 2, TO XOf JTOKA3aTeabCTBA
3lech COBIIAJIAET C XOJ0M JI0KA3aTeNbecTBa TeopeMsl 1 B paGore [9].

Haronenm, ma mpocTEIX HpmMepax NoOKasaHa HECHPAaBeIJIEBOCTB OJIHOTO
yreepxaenns I'. Bupkrodda o6 orHOmeHmAX KOHrpysHTHOCTH Ha ajre6pax
¢ opmuapusiMua onepanusamu ([1], crp. 131, ympaskuenume 3).

Summary

ON THE EXISTENCE ALGEBRAS

JAN JAKUBIK, Kosice.
(Received January 29, 1955.)

The concepts algebra, congruence relation on an algebra, primitive class of
algebras, operation, and polynomial are used in the sense of [1] and [2].
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Let U be the class of all algebras with the following properties:

1. in each algebra S of the class U the fundamental operations f;(z,, ...
.. X,), f; € A are defined; for different 1+ the numbers » need not be equal,
n = n(s), the set of all n(7) is bounded and there exists f; e A such that n(i,) >
=2

2. there is given a set of polynomials g,(z, 2y, ..., 2,), g; €« B constructed
by means of the fundamental operations f; e A such that for g ¢ B each algebra S
of the class 2 and every finite sequences ;, ..., ,,, ¢ S there exists a uni-
quely determined element = ¢ S which satisfies the equation g(x, #,, ..., z,) =
= Z,,,.- We say that U is a class of existence algebras.

Let U be a class of existence algebras. If on the set S for some (not
necessarily all) finite sequences z,, ..., %, ¢ S the operations f,(x,, ..., Z,),
f: € A are defined such that the equation g,(z, #,, ..., x,) = %,,, has (for fixed
Zy, ..., 4y € S) Not more than one solution z € S, S is a partial algebra of the
class 2.

A class of algebras % has the property (N) (strong non-permutability) if
there exists an algebra S in U such that for each z ¢ § there exist congruence
relations B, R’ on § and an infinity of pairs of elements y, z ¢ § for which
x Ry R’z and there does not exist u ¢ S with the property x R’ uw Ry.

A class of algebras U has the property (A), if congruence relations R on
each algebra S of the class ¥ are uniquely determined by each class of S/R.
A class U has the property (A’), if it has not the property (A).

Theorem 1. Every class of existence algebras has the properties (N) and (A’).

Theorem 2. Each partial algebra of the class U of existence algebras can be
tmbedded in an algebra of the class U.

Corollary: if « is a cardinal number and U a class of existence algebras,
there exists in U an algebra S the cardial number of which is > «.

Sketch of proof of theorem 1. Let U be a class of existence algebras.
Let S be an algebra with more than two elements which is contained in 2.
Let S’ be the set of all functions h(n), where n = 0,1, 2, ..., —1, —2, —3, ...
and h(n) € S. For f, e A, h; ¢ ' we define f;(h,, ..., kb,,) (n) = fi(hy(n + 1), ...,

< hm(n + 1). Then, 8’ is an algebra of the class U. Let h, be a fixed (but
arbitrary) element of ', n, a fixed (but arbitrary) integer. We find h,, hy € S’
such that 1. no two of the elements &,(n,), hy(n,), hs(m,) are equal, 2. n < ny =
= hy(ng) = hy(n,) = hy(n,). For b, b’ € 8’ weputh R, b’ (b R, h’)if 1. the elements
h(n,), h'(n,) are equal or one of them is equal to k,(n,) (hy(n,)) and the second
is equal to hy(ng) 2. n << my, = h(n) = h’(n). Clearly, R,, R, are congruence
relations on 8" and R,, R, are not permutable. This proves the property (N).
To prove the property (A’) it is sufficient to consider the congruence relation
R, on 8" in which A Ry 2’ if and only if n < n, = h(n) = '(n) and to relate
it with the congruence relation R,.
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Theorem 1 is a generalization of a theorem of G. TREVISIAN ([7]) solving
a problem of G. BIRKHOFF ([1], problem 31), his construction being rather
complicated. The proof of theorem 2 does not differ from the method used in [9].

Finally, it is proved by simple examples that a statement contained in [1]
(p. 87, exercise 3) on algebras with unary operations is not true.
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