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Abstract. In the paper the oscillatory proper solutions of nonlinear differential equations are
studied. There are given sufficient conditions for the existence of such solutions vanishing at
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Consider the differential equétion

0 YO = flt, s, B2 4
Let R = (-0, ©), R, = [0, ), n, be the entire part of n/2, D, = R, xR",
N=1{1,2..)

In all the paper we shall suppose that f: D, — R fulfils the local Carathéodory
conditions, there exists « € {0,1} such that

@ (=D f(t, %y, X)X, 20 in D,

holds and n + a is odd; n, is even.

Denote C*(I), I = R, the set of all continuous function which have continuous
derivatives up to the order k on I. L, (R.) is the set of all functions, defined on R, ,
integrable on every finite segment of R, . ’

By a solution of (1) defined on I = R, we shall mean a function y e C"~(I)
for which y™~1 is absolutely continuous on each segment of the interval I and y-
satisfies (1) for almost all # € 1. Let y be a solution of (1) defined on [7, ), 05 7.
y is called proper if for large ¢#: sup | y(s)| > 0 holds. y is called singular if theie

tSs<w
exists b € (7, oo) such that y = 0 on [b, o) and sup | p(s) | > O for t € [7, b). The
: tSs<b
proper (singular) solution y is called oscillatory if there exists an increasing sequence:
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of its zeros tending to oo (to b). In the other case y is called nonoscillatory. The
solution y = 0 on R, is called trivial.

In the two last decades a great effort is devoted to the study of proper solutions
of (1), (2). One of the important problems consists in the study of conditions
under which the proper solution of (1), (2) tends to zero for 7 » oo (see [3], [6],
[7], [9])- Our goal lies in studying this problem for oscillatory solutions.

The problem of vanishing: of a solution y for ¢ — o0 is very closely tied to the
validity of the condmon ’

©) ' 10) = f [Y*OT dt < oo

as it is shown in [3, 7]. Moreover, if I(y) = oo for an oscillatory proper solution y
and for £ being continuous on D,, then "~ is unbounded, and under the validity
of some assumptions on f, y is unbounded, too (see [3]).

First, let us state an inequality of Kolmogorov— Horny type:

" Lemma 1. Let —o0 <a<b < o, k22, yeC*![a,b], y* Y isabsolute con-

tinuous, v; = max | y(¢) | for i=0,1,....k—1, v, = | y®() | for almost all
astsbd ‘
te [a, b]. Let ¥ have a zero in [a,b] for i = 1,2,...,k — 1. Then

k+i—1) (k k—i)/k_ i/k
v 2 Ve s i=0,1,..

Kiguradze [6] proved this statement for y € C*[a, b] when proving his lemma 9.1.
In our case the proof is the same. '

. Now, we give two existence theorems for oscillatory proper solutions tending
to zero for ¢+ — oo which generalize some results in [4].

Theorem 1. Suppose that there exist positive numbers ¢, M and functionsa : R, —

- R,, g:[0,¢e] = R, such thataeLm(R+) g€ C[0, ¢], g(0) = 0, g(x) > Ofo}'
x > 0and

@ aglxD SISO x) | SME 5] on Ry X[

holds and let one of the following assumptions be valid

i | : a=1, a(t)=————-.t—;
; ‘ . : " 221 deq '
s . Ae[l, ), gx)=x% lim{ a(t) = 0o;
S Ty L tew
S0 LT P «a=0, a(t)=M;>0 forteR,.
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ON OSCILLATORY SOLUTIONS

Then there exists an oscillatory proper solution y of (1), defined in some neighbourhood
of o and y fulfils the conditions

) lim y?t) =0, i=0,1,...,n—1.

t— o
Proof. Let « = 1 and 4 = 1 in the case 1°. We can suppose, that g is non-
decreasing for 1° without loss of generality. Let us define functions f: D, = R
andg: R, - R,
X; = X; for | x;| < ¢
X; = esign x; for [ x;| > &, i=12,....,n
f(t’xlin._’x'l)=f(t"-x_l$"',xn) forl'xll 58,

(6) =a(t)lxl llSignxl +f(t:f1’-°~’fn) fOI' lel > &,

g(x) = g(x) for 1°, g(x) = x* for 2°.
From these definitions and from (4) we have in both cases 1° and 2° in D,
M a®glx D=1 x5 x) | S al0)| x| + Mne £ M, | x,|* + Mne,

where Ml is a suitable constant. Thus, with respect to [8, Th. 1.1, 1.3] and
[7, Lemma 1.5] there exists a non-trivial solution y of the differential equation

(8) y =Jft,y, ..., ")
defined on R, and satisfying (3); such solution fulfils
) lim y(t) =0

. t=ow

in case 2°. As according to (4) singular solutions do not exist, yis proper. Further,
with respect to (7) the equation (8) has only oscillatory proper:solutions (see so
called Property A, [6, Consequence of Th. 14.1]) and the relation (9) follows
the case 1° from Theorem 4 of [3] (this theorem is proved only for fe C°(D,), but
if f fulfils the local Carathéodory conditions, the proof is similar). Thus (9) is
valid in both cases and y is oscillatory proper. It is clear from (7), (8), (9); that y™
is bounded for almost all z on R, and according to Lemma 1 (5) holds. It is clear
that with respect to (6) y is a solution of (1), too. For & = 0 the proof is similar.
We must use Property B (see [6]) instead of Property A and [2] instead of [3].
The theorem is proved. ‘ ' .

Theorem 2. Let there exist a number ¢.> 0 and functionsa: R, - R, ,d: R, »
—-R,, g:R, > R,, h:R?*' > R,, such that a,de L, (R;), geCR,),
g is nondecreasing, g(x) > 0 for x > 0, h(., xy, ..., X,)) € Ly, (R,) for arbitrary
Xys..es Xp € Ry, h is nondecreasing with respect to the last n, variables. Further,
let at least one of the cases 1°,2° from Theorem I be valid and
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1) xee,x)|SAOT Inl on Rex[-sel,

a@) g(l x ) = 1/t xq50o0s %) | S B I X0 |5 enns | X )X

i=np+1

an x[1+ Z |x:{"] onJ

2n — 2ny — 1

_ _ s+ 1 n—s—1 = ——
hold where J = R, x[—¢, ef'*' xR » Vi 2i —2ny—1-

and s =nyg — 2
(s = ny — 1) in.the case 1° (2°). Then there exists an oscillatory proper solution y
of (1) defined in some neighbourhood of oo such that
(12 lim y?(t) =0, i=0,1,...,s
t=
holds. If J = D,, then this solution is defined on R, .
Proof is similar to that one of Theorem 1, only we use

f(t’ xl;-",xn) = f(t,fl,...,fs+1,x,+2,. 1xn) forlxll é &
= a(t)lxl IlSignxl +f(t’xls""xs+1, Xs+25 - ,X) for |x1| > &

instead of (6). If J = D,, we use directly f instead of 7.

Remark. If the inequality (10) is omited from the assumptions of Theorem 2,
then there exists a solution of (1) with the property (12) which is either oscillatory
proper or oscillatory singular. This conclusion follows from the proof and from
the fact that nonoscillatory singular solutions do not exist (see Kiguradze’s lemma
[6, lemmas 14.1, 14.2]).

In the rest of the paper we shall study the differential equations of the fourth
order,n =4, a = 1.

: Lemma 2. Let n=4, a = 1 and let y be an oscillatory proper solution of ¢))
‘or which (3) holds. Then lim y(t) = 0, i = 1, 2. If, moreover, there exist ¢ > 0

t— o0

and a continuous function g : R, — R, such that g(x) > 0 for x > 0 and

g5 D) S 1 £ 1, 32, %3, %0 | on Ry x[ 5, 6]
hold, then lim y9X(t) = 0,j = 0, 1,2 s va[id
- Proof. D:ﬁne z(t) = —y'(t) ¥(t) * 2.[[y "]*dt, te R, . Then (see (1), (2)
2O ==y’ Oy + YO 20 = =y ¥ + YOy @),
z2"(t) = =yP@) y(t) + "]} 20  foralmostall e R, .
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ON OSCILLATORY SOLUTIONS
In [3] it was proved for fe C°(D,) that | z” | are nonincreasing

(13) limz?@) =0, i=1,2, limy' (=0, [t|y*?®y@t)|dt <o
0

t— t= o
hold. This statement can be proved for f fulfilling the local Carathéodory condi- -
tions similarly.

It was proved in [1] that there exist sequences {fi}, k€ N, i =0,1,2,3 and
re{—1, 1} such that 0 < 1) <t} <13 <t} <td;y, limtk = o0, yP(t) =0,
k=
(=D)'y®(t) <0 on [2,1), i=1,23, (1Y pP(t) >0 on (i, tg+1), j=
=0,1,2, ty"(f) <0 on [t3, t0+,] hold. Thus | y"(¢)| is over the tangent (under
the tangent) on [0, 7] ([#2, te+ 1]

14) | y"® 1 (y"(t)]) is nonincreasing on [#3, t,fﬂ] ([, 3], keN.
Put
4, =t} —ty, Ay =ty — 1, Ay = 17 — 1, A = t7 — 12,
L, = [t t3], L = [t &), I = [1, ti].

First, we prove that the sequence of the absolute values of local extremes of
" = {| ¥"()) |} is non-increasing. If 4;, > 4,5, then by use of (14) we have

(15) LY@E-D 121y @)= [1y"®1dez [1y"@) | de =y (@)

Iz Iks

If 4,, £ 43, then by use of (14) we have
Lyl = F1yO1de < 1y'(t) | s,

I

’ ’ ’ ” " A
YD1z YD1 - 1YED] = [1y®1de 21y @)1 52
S k3

and thus

" \ g ” res A "
IY(E-01 2 )1 2 Y| Z5-2 176 -

From this and from (15), in both cases, the sequence {| y”(i,?) [}{ is non-increasing.
We prove by the indirect proof that lim y"(¢) = 0. Thus, with respect to the last

t—
result we can suppose, that there exists a constant M > 0 such that

(16) 1yt =M, keN
holds. By virtue of (3), (14) and (16) we have ‘

0
®  tk+1

w>Y [ [YOFdz i{; [y"«:) o ]zdt +
k=1 3,2( k=1 lx3 k3

ol BN z.d > - 1 e3N12 (50 2
+J 1y (‘k)———A — tp2 Y T[)’ )] (teg = 1),
) K1 k3 :
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a”n kilAm< 0.
As
(18) M=y @)l =ka3 |y"@®1dt S 1Y) | A S 1Y) | Aua s
then according to (17)
(19) :Ln:’ |y"(t) | = oo

Thus, by use of (14)

2

Iy"'(tf)IAz—" = I |y"(tD 1 — 1 dt < j' [y'(®)]dt =
(20) o v Iy(tk)l+ly(tk)l—'0

lim 4, = 0. From' this and from (17) M = -2—max (2., — 1) < 0. By use of

ko

Levin’s lemma [6 Lemma 4. 7] and (3) we have
TAORT ék}; j (@) dt < z M? jl(y”(t))z dr <
ey | < M? j(y"(t)2 dt < .
]

As the function z is nondecreasing, it is clear that z(c0) < oo and (see (13) and (2))

© o0

Ly t= y( tdtdt = z"(t)dtdtdt < 0.
02 ”()2d 20 "()ded 20’ III()ddd
: t ¢ t
If we use this result and Carlson’s inequality [5], we get
© © © ‘ T
of YO < alf [y OF dt [ 2D OF di < oo.

Thus, by virtue of (18) and (20)
" M & f
22) 00>2:1_“)’(‘)|dt —2—_2
Let N, = N be the set of indexes k such that 4, = 4;,. Then it follows from (22)
that ) 4, < . If 4, < 4y, by use of (17) we have

keNs
Z Ak § Z Akl < -00.
keN—N; ' keN—Ny

Thus S
Y 4, < o, Y4+ 4y <o
keN keN -
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ON OSCILLATORY SOLUTIONS

which contradicts the fact that lim ¢ = co. This contradiction proves that
t—= o

lim y"(t) = 0.

t— 00

Now we prove by indirect proof that lim y(t) = 0. Thus suppose without loss

t—

of generality that y(t}) = M, > 0, ke N. Let s be an arbitrary number, s < ¢,

s < M,. Define numbers t), 72 in the following way: 10 < 7h < 77 < t},

|yl | = % |y(3)| =s, keN, J, = [t},1}]. Then there exists an index
ko, € N such that (see (13): lim z"(z) = 0)

t—
@3) s22lynlss, DOOI<s, i=1,23 tel, kzk
holds. Moreover, ©2 — 75 = 1/2 because

2 =iy@) | = y@)| =,I | Y(®)|dt £ s(zg — ).
From this and from (23), (13) we have

o> [ty 00 1az 3 [elyODI01d 2

[\

s @
— Y@ -nw)=0, c= mn g).
2
k=0 s/25xSs )

This contradiction proves the theorem.

Remark. It follows from the proof of the lemma 2 that the sequences of the
absolute values of local extremes of ¥’ and y" — {| y(¢D) |}, {| ¥"(¢t2) |}, k € Nare
nonincreasing.

By use of Lemma 2 the existence Theorem 2 can be generalized.

Theorem 3. Let n = 4, a = 1, there exist number ¢ > 0 and functions g : R> -
<Ry, d: Ry >Ry, b R% — R, such that g € Co(R2%), g is nondecreasing with
respect to the first argument, g(x,, x,) > 0 for x; > 0, de L,,.(R,), h(., x;, X;) €
€ L,,(R,) for arbitrary x,, x, € R, -and h is nondecreasing with respect to the last
two variables. Further, let (10) be valid and »

1 ) o
@) sl %D £ 1S xy, %2, %3, %) | on Ry xJ x[—e, €],
| f(t %y, X3, X3, %) | S h(t, | x|, 16D (1 + 1 x31° + | x4 1) on Ry xJy xR

where J = [e,€]?, J, = [ —¢, €]°. Then there exists an oscillatory proper solution y
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of (1), defined in some neighbourhood of o such that

(25) lim y(t) = 0, i=0,1,2

t—

holds. If J = R? and J, = R®, then this solution is defined on R,
Proof. The statement of the theorem can be proved similarly to Theorem 2,
where WCY put f(t’ X1 -?Cz, X35 .X4) = f(t’ fl ’ XZs -7?39 .X4), g(xl ’ xz) = g(x_l_ ’ fz)Z xi

are given by (6). Thus 7 _|1_

lg(l Xy |’|x2 |) é If(t,xl,xz,x3,x4)|0nR+XR3X

x[—e, e]. Then the existence of the solution y of (8), defined on R, , is guar-
anteed. We must consider two facts, only. First, we can see that the assumptions
of Lemma 2 are fulfilled and thus (25) is valid if y is oscillatory proper. The
second fact consists in the conclusion that the proper solution y must be oscil-
latory. Let us prove this fact. According to Kiguradze’s lemma every nonoscil-
latory proper solution with the property (3) must fulfil the conditions

(26) Y@y £0 i=0,1,23, | (¢) | is increasing,
| »’(¢) | is decieasing in some neighbourhood of oo,

limyP1) =0, j=2,3.

t—w

Suppose, that for y (26) holds. Then we have for a sufficiently large 7 o0 >

@

" o) l B , %) 1
>1y" @1 = [1y90 | & 2 [ =811 1YO DA 2 K| — dt = 0, K=

1
= min g(t,s) >0, where &, = max |y'(¢)|. This contradiction shows that
0Ssse; t<t<w

every proper solution is oscillatory. The theorem is proved.
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