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0. Let M™ be an m-dimensional submanifold of an n-dimensional Riemannian
manifold M".

In the present paper we study the infinitesimal affine deformations of sub-
manifolds of a Riemannian manifold.

In Theorem 1 and Theorem 3 we answer the following question: when an
infinitesimal affine deformation of a submanifold M™ is infinitesimal isometric
or infinitesimal volume preserving.

In Theorem 4 and Theorem 5, conditions have been found in which a hyper-
surface M™ does not allow non-trivial infinitesimal affine deformations.

All manifolds, tensors and maps are assumed to be C®.

All manifolds are assumed connected.

1. Let M" be an n-dimensional Riemannian manifold covered by a system of
coordinate neighbourhoods {U, x*}. Let means g, I'};, V,, R}, and R,;, the metric
tensor, the Christoffel symbols formed with g;;, the operator of covariant differentia-
tion with respect to I';;, the curvature tensor and the Ricci tensor of M respectively.
The indices i, j, k, ... assume the values 1, 2, ..., n.

Let M™ be an m-dimensional Riemannian manifold, covered by a system of
coordinate neighbourhoods {V, »°} and let by g4, I'ss, V,, R%s, and R,, the cor-
responding quantities of M™ be denoted. The indices «, f, 7, J, ... run over the
range 1,2, ..., m.

We suppose that the manifold M™ is isometrically immersed in M" by the
immersion r: M™ - M" and we identify r(M™) with M™.

We represent the immersion r by

(1.1) x* =P

* (Delivered at the Joint Czech-Polish-G.D.R. Conference on Differential Géometry and its
Applications, September 1980, Nové Mé&sto na Moravé, Czechoslovakia.)
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and denote
. axt
(1.2) Bi= 2,
ou”
B! are m linearly independent vectors of M™ tangent to M™.
Since the immersion is isometric, we have

(1.3) 8ap = guB::B;-
We denote by N? (A =m + 1,m + 2, ..., n) n — m mutually orthogonal unit

normals to M™, and by D: Ix M™ - M", I = (—¢, &) ¢ > 0 an arbitrary deforma-
tion of M™. Then the field z* of the deformation D can be represented as:

(1.4) 2 =B + N},

where {*(@ = 1,2,...,m) and {*(A = m + 1, ...,n) are tangential and normal
components of the field of deformation z*, respectively.

We call a deformation D of the submanifold M™ trivial, when the field of the
deformation z* is identically equal to zero. ‘

If the deformation vector z" is tangent to the submanifold, we say that the
deformation is tangential (i.e. {* = 0).

If the deformation vector z* is normal to the submanifold, we say that the
deformation is normal (i.e. {* = 0).

A deformation D of M™ is then and only then [2]

a) infinitesimal isometric, when the components {* and {* of the field of deforma-
‘tion z* satisfy the following system of equations:

(15) VaCﬂ + Vpc« - 2h¢lalcl =0,

where h; are the second fundamental tensors of M™ with respect to the normals N%;
hf;. = 8%%hy1s by = h3, = 8""«#4-
b) infinitesimal affine, when &* and &* satisfy the system of equations:

(16) V.’ VﬁCz + Rcyﬂag' = vy(hﬂnga) + vp(haych) - vc(hﬁy).cl)- -
¢) infinitesimal volume preserving, if {* and {* satisfy:
1.7) ' VoLt = b

2. Theorem 1. If an infinitesimal affine deformation of a submanifold M™ of
aRiemannian manifold M" is infinitesimal isometric at least at one point of M™,
then this affine deformation is isometric on the whole M™. -

Proof: From equation (1.6) and

(2-1) vy Van + Rlana = vr(hcﬂlcl) + vc(hyn.cl) - .Vﬂ(haﬂcl)
in view of —R,,;; = R,,.,s We obtain

2.2) V,(Vole + Valy = 2he0") = 0.
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If we denote

(2.3) Top = Vpla + Valp — 2hp:0%,

then

(2.4) V,T,3=0, Ty=T, and T = T,g%g"
We multiply (1.6) by T** .

2.5) TV, (Vple — hepal®) = 0.
From (2.4) and (2.5) we have

(2.6.) T* "(VpCf. - uzCA) = Cy,

where C, is a global constant, since M™ is connected.
Since T* = T**, we can write (2.6) in the form

2.7) T*T, = 2C,.

The rest of the proof follows easily from the assumptions.
From this theorem we obtain some corollaries.

Corollary 1. If {* = {*B* + [*N" is a deformation vector field of an mﬁmteszmal
affine deformation, then the tensor T, has a constant length.

Corollary 2. If 2" = {*B! + (*N! is a deformation vector field of an infinitesimal
affine deformation, then

@8) 5 (Taly + V) (VL + VL) 2 dhupu VL — 2hgi 2000

The equality is valid only if the deformation is infinitesimally isometric.

Theorem 2. If z* = (*B" + (*N" is a deformation vector of an infinitesimal affine,
deformation of a non-totally geodesic compact orientable submanifold M™ of an
orientable Riemannian manifold M", then

(29 § RogahS2C2AV 2 § hop L2 VP V.
Mn Mn

The equality is fulfilled only if the deformation is infinitesimally isometric.
Proof: By Green’s theorem and equality (2.4) it follows

(2.10) 0= [ V(T 4V = | T,V dv.
B Mm Mm
From this equality in view of (2.6) and (2,7) we have

@.11) [ 5 T T AV = | 2hyh000 = 20 V) d.
Mm Mm
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From (2.11) it follows that
§ 2hyg B3P0 AV 2 [ 2R,y 0t VP AV
Mm Mn

The theorem is proved.
If we take into consideration

(2.12) —%— Ty I = —;—(V,C, + Vo) (VL + VP(®) — dhyy, 02 VP + 2hg HEPLACY,

then from (2.11) we have

Corollary 1. If z* is deformation vector of an infinitesimal affine deformation of
a compact orientable submanifold M™ of an orientable Riemannian manifold M", then

(2.13) [ B2 VP dV 2 0.
Mn

Theorem 3. An infinitesimal affine deformation of a minimal compact orientable
submanifold M™ of an orientable Riemannian manifold M" is necessarily infinitesimal

volume preserving.

Proof: If a submanifold is minimal, then
(2.14) hy = by =O.

From equation (1.6) we can get the following equalities:
(2.15) VP Vpla + Reol? = 2 VP(hypi0*) — Vo),
(2.16) V. =hm{*+ C,

where C is;l global constant, since M™ is connected.
From (2.14) and (2.16) it follows

(2.17) ] v.(;* = C.
Since the submanifold M™ is compact and orientable, then

(2.18) f v dv =o.
Ml'l

From (2.17) and (2.18) we obtain that C = 0. ~

Theorem 4. Let M™ be a non-minimal compact orientable hypersurface of an
orientable Riemannian manifold M". If, the submanifold M™ satisfies the conditions
a) the second fundamental tensor h,g is parallel, i.e.
Vyh.’ = 0,

b) the quadratic form with the components R, of the Ricci tensor as coefficients
is negatively definite, then M™ does not allow non-trivial infinitesimal affine deforma-

180



tion for which the divergence of the tangential component of the deformation vector is
equal to zero and the deformation vector is tangent to M™ at least at one point of M™.

Proof: Let us suppose that M™ allows non-trivial infinitesimal affine deforma-
tions. Then £* and § do not vanish at the same time and satisfy the equation (1.6).
The equation (1.6) in view of condition V h,, = 0 becomes

(2.19) V, Vele + Reppal® = hse VU + by Vo — by, Vo
From (2.19) we can get the following equations:

(2.20) VAVul, + R =20V — hV Y,

(2.21) V.t*=hy + C,

where C is a global constant.
Since the divergence of the vector {* is equal to zero we have

2.22) V.(* = 0.
From (2.21) by virtue of (2.22) and V,h,; = 0 we obtain
(2.23) hVy = 0.

The hypersurface M™ is not minimal, i.e. & # 0. Then from (2.23) it follows
that ' ‘
(2.29) v =2C,
where C is a constant.

The equality (2.19) in view of (2.24) becomes
(2.25) Vi Vola + Reppal® = 0,
which shows that VC‘ is an affine Killing vector. Since M™ is compact and orientable,
{* is also a Killing vector:
(2.26) Valp + Vgl = 0.

For a compact orientable submanifold M™ the following integral formula is
valid

@27 [ {Raglt? + VP Vil — (VL AV =0,
M!Il

for any vector {* in M™ [3].
From (2.26), (2.22) and (2.27) we have

(2.28) | Rygl*Pdv = | VPV (, dV.
Mm™ Mm™

This equality, considering condition b) of the theorem, is fulfilled only if {*is
identically equal to zero. The theorem is proved.
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Corollary 1. If a hypersurface M™ satisfies the conditions of the theorem, then M™
does not allow non-trivial infinitesimal affine deformations for which the tangential
component of the deformation vector is a harmonic vector and the deformation vector
is tangent to M™ at least at one point. '

Corollary 2. A compact orientable hypersurface M™ of an orientable Riemannian
manifold M" does not allow non-trivial tangential infinitesimal affine deformation
if the Ricci form R,, is negatively definite.

Theorem 5. Let M™ be a non-minimal compact orientable hypersurface of an
orientable Riemannian manifold M" with negative (or equal to zero) constant scalar
curvature. If M™ has a parallel second fundamental tensor (V,h,, = 0), and the
quadratic form with coefficients hh}, — hh2,, is negatively definite, then M™ does
not allow non-trivial infinitesimal affine deformation for which the divergence of the
tangential component of the deformation vector is equal to zero and the deformation
vector is tangent to M™ at least at one point.

Proof: The Gauss equation of a submanifold of M" is:

(2.29) R“va = Ru”.B:BiB:B: + hm!).h;y = h’alhiv.

The curvature tensor of a manifold M" with constant scalar curvature K is:

K
(2.30) Ruu = ;(—n.—_l)- (8th81k - gikgjh)'
From (2.29), (2.30) and g,; = g;;B.B} we obtain
m(m — 1 .
(2.31) gy = -ng—n_—l-)lKg’y + hlh;y = h;lh:r

Further the proof is analogous to that of Theorem 4.
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