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DAS ITERATIONSVERFAHREN
FUR EINE PARTIELLE DIFFERENTIALGLEICHUNG
VIERTER ORDNUNG

Vira RaDpocHOVA

(Eingegangen am 17. April 1972)

Das Ableiten der partiellen Differentialgleichung der Lings- oder Torsions-
schwingungen von Staben fiihrt bei der Benutzung der energetischen Methode
und wenn wir dabei die Deformation des Querschnittes in seiner Ebene in Erwagung
ziehen, zu einer partiellen Differentiagleichung vierter Ordnung [1], die man in der
Form '

(1) Uggtt = A(t, T) gz + B(t, ) ws

schreiben kann.

Diese Differentialgleichung wurde fiir gewisse Nebendingungen gelost [3], [4],
wobei das Iterationsverfahren beniitzt wurde. In den folgenden Absitzen ist fiir
eine allgemeinere Form der partiellen Differentialgleichung vierter Ordnung unter
gewissen Nebenbedingungen ein Existenzsatz mittles des Iterationsverfahrens
bewiesen und die Eindeutigkeit der Losung bestimmt, wobei die Differential-
gleichung (1) ein Sonderfall dieser Differentialgleichung ist.

Satz 1. Der Existenzsatz.

Es sei die Differentialgleichung
(2) S Ugatt = f(t, x, U, Uz, Ust)
gegeben. Die Funktion f(t, x, u, v, w) sei in dem Gebiete D = {a < x < f; y <t < 8}
und fir beliebige w, v, w stetig und erfiille in jedem kompakten Teilgebiete Dy = D in
Bezug auf u, v, w die Lipschitz- Bedingung

If(t, x, Uz, V2, W) —f(t: x, w1, V1, wi) ' =

(3) S M(uz—w | 4+ |v2—v1 | + | w—w |).

Fener sei a < & < & < B, y <7 <4, und die Nebenbedingungen seien lings der
Charalkteristiken t = t, x = &, x = &, so vorgeschrieben, dass die partielle Differen-
tialgleichung

(4) Uzgtr = 0

genau eine Losung in dem Gebiete D hat, die diese Nebenbedingungen erfiillt, die der
Funktionenklasse C%D) gehért und die wir uo(t, x) bezeichnen. :
Dann existiert mindestens eine Lésung der partiellen Differentialgleichung (2),
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die den vorgeschriebenen Nebenbedingungen geniigt und man erhdlt diese Losung mattels
des Iterationsverfahrens von Picard als den Grenzwert der Folge

() un(t, ) = ue(t, ) + Fu_s(t, ),

wo die Bezeichnung
t otz oz

2 2
(8) Filt, z) = J f f J f(tz,wz,uk,r—qu—;, Eﬁsz_) dz; da, dt, dty
0x3 ot3
T 1 &6
beniitzt wurde.

Beweis. Als erste Annéherung wihlen wir die Funktion (¢, x), die den Voraus-
setzungen nach gegebene Nebenbedingungen erfiillt und der Funtionenklasse C2(D)
gehort.

Sei uy_i(t, ) die (»n — 1)-te Nédherungsfunktion der gesuchten Losung, die der
Klasse C?(D) gehort. Dann gehort wegen der Stetigkeit des Integranden auch
die n-te Naherungsfunktion

un(t, ©) = uo(t, ) + Fn_ilt, 2)
der Klase C%(D).

Beweisen wir, dass die Folge von Néaherungsfunktionen u,(t, ) in jedem kom-
pakten Teilgebiete Dy = D, wo Do ={ag S x < fo; po <t < o} ist und o <
< & = & = Bo, yo S T = 0o gilt, gleichmaéssig konvergiert.

Die Funktion f(t s . X

) ) b axz 3 atz
schrankt. Es sei | f| < 4; dann ist fiir » = 1:

) ist in D, stetig und damit auch be-

1
| onlt, 2) — uolt, 2) | = | Folt, ) | S 5 A |t —7Rle—bo| |o— &,
0? 0 1
T | = | Poselisa) | S g Al —1P,
02 o2 1
at“zl _h% = | Foult,2)| £ 5 A |a—b||z—&|,

wo die Bezeichnung

t ot -
2 2
Fl:zz(t, x) = fJ.f(t21 x, Ug, a Lo a o ) dtz dtl
T T .z

EER
(7)
o0 02
Fku(t, x) s fff (t) X2, Uk, Wg 3 a_::k) dx2~dxl
Eo el

beniitzt wurde.

Es sei entweder & = & wenn |z — & | = |z — & |,
oder § =& wenn |z — & | = |2 — & |
fir g < = < f.

Dann ist |z — & | |z — & | S |z — &2
Es sei ferner 2K = max {2, [(fo — @) + (0o — y0)]?}. Dann ist

(8) (|z—&| + |t—r7|? < 2K
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und gelten die Beziehungen
1
[t 2) —uolt, 2) | < o AK(|t— 7| + |2 — £ )2

, 6212 . _azuo
ox? ox?

Q < g AK(t—7|+ |z —E|p

| 0%u, 0%uo | e X

AK(t—7| + |z —§&|)?

e T e | =2
Wir beweisen nun, dass fiir beliebige natiirliche Zahl n folgende Beziehungen
unt,2) —waa(,2) | 50 O (6 —0) 4 15— g
(10) o — Tt s OO (v 2 g e
R . — ELE PR

gelten, wobei M die Lipschitz-Konstante ist.

Fiir n = 1 ist die Giiltigkeit der Beziehungen (10) wahr, da sie mit den Beziehungen
(9) tibereinstimmen.

Nehmen wir an, dass (10) fiir n = m gilt; dann ist fiir n = m + 1:

| Umi1 — Um | = | Flt, ®) — Fu_alt, z) |
t t, z 2 a
sl 55 ="
Tt & & 2 2
azum 82u _1‘
4 _atf—’“atmT }dxz dz, dt, dt,
A4 (3MEym s
= ‘(2—’ 3Mffff(|tz—t|+Ixz—§|)2md$zdxldt2dt1
T T 5051
A (BME)m+

= 3M (2m+2)' (lt—T|+|z_§l)zm+2

Ferner ist fiir die zweite partielle Ableitung nach x:

az 8 |
__;‘gﬂ.__ a:m \ = | Fza(t, ) — Fm_1,24(t, %) |
t ot
| O%um 0*um_1 {02y %um_y
S 3 [ [{1am— vt | oo — Tt 4| o — Pomt L
4 (BMK)m+
S 3 ((2m+)2)! (|t—7| + |z — & |)2m+2



Ahnlich erhalten wir fiir die zweite partielle Ableitung nach ¢:

P o2
Bt | = | Pt ) — Pyt )|
A (3MEK)m - e
= *37”*(—(2ﬁ“v3Mff(lt—T| 4 | @, — & |)?m da, dx,
& &
A (BMK)mti
S a3y —((E;Li)*ﬁ(“——fl + | ®—& [Py

Die Folge der Funktionen

un(ty I) = uO(tv :C) + [ul(tr 27) —uo(tf x)] + [uZ(tr 27) - ul(t’ 1‘)] + s + [un(t, (L’) =

- un—l(t: z)]

und die Folgen ihrer zweiten partiellen Ableitungen nach x und ¢ konvergieren also
fir m — oo gleichmissig in jedem kompakten Teilgebiete Dy — D gegen eine
Funktion u(t, x) und gegen ihre partielle Ableitungen ugs(t, ), wsl(t, ). Da D, ein
beliebiges Teilrechteck ist, ist die Funktion u(f, ) in dem ganzen Gebiete D vor-
handen und einschliesslich ihrer zweiten partiellen Ableitungen nach z und ¢
stetig.

Wenn wir in (5) zum Grenzwert fiir n — oo iibergehen, erhalten wir

1 1

x
.‘ f(tla X2, U, Ugz, Ugt) Aoz day db, dEy.
o1

™ — 3y

tt
(11) ult, z) = uolt, @) + J |

1

Wegen der Voraussetzungen iiber die Funktion f(t, x, u, v, w) existiert auch
die vierte partielle Ableitung uzzs, ist stetig und geniigt der Differentialgleichung
(2). Da die Funktion wu(t, z) die vorgeschriebenen Nebenbedingungen lings der
Charakteristiken t =17, * = &, x = & erfill, erfiillt sie auch die Funktion
u(t, z), wie aus der Beziehung (11) klar ist.

Satz 2. Unter den Voraussetzungen des Satzes 1. gibt es in dem Gebiete D genau
eine Losung der partiellen Differentialgleichung (2), die den vorgeschriebenen Neben-
bedingungen lings der Charakteristiken x = &, x = &, t = T geniigt.

Beweis. Wir nehmen an, dass die Differentialgleichung (2) zwei Losungen
u(t, ) und a(t, ) hat, die als Grenzwert der Folge der Naherungsfunktionen von
Picard (5) mit derselben Anfangsfunktion uo(t, z) geschaffen smd.

Es ist also

1 1

f(t2, @2, U, gz, uge) da, day df; dfy,

O iy
e

t
u(t, @) = uolt, @) + |
(12) '

1 1

f(tZ: z2, U, Uzz, 'au) dxz dxl dtz dtl.

N Ny

j

o

ne—

alt, 2) = uolt, ) + |

Wir werden beweisen, dass diese Losungen in jedem kompakten Teilrechteck
Dy < D, in dem die Charakteristiken ¢t = 7, x = o, = §; liegen, iibereinstimmen.
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Wegen der Lipschitz-Bedingung ist
(13) | f(t, z, u, ugz, uer) — f(t, @, B, Uzz, Bes) | £ M(u— @ | + | Ugz — B2z | +
+ lue— @)
Wir fithren die Funktion
(14) o, z) = (|u—=a|+ | e — Baz | + | v — Bse | ) 07

ein, wobei £ = K(|z—§&| + |t—7|) ist, & dieselbe Bedeutung wie in dem

) O em 1fs
Beweise des Satzes 1. hat, und K = ( S S— ist.
1+ em —Y2m
Wenn wir dieselbe Bezeichnung wie in dem Satze 1. beniitzen, wobei der Quer-
strich den Wert mit der Funktion a(f, ) bedeutet, gelten wegen (12) und (13)
die Beziehungen

w(t, x) = e E{ | F(t,x) — F(t, z) | + | Fzalt, 2) + Fzzlt, @) | +
+ | Fult, ) — Fy(t, x) | }

ttza
< Me E {_f j [} j e w(t;, x;) dz, dz, dt, dt, +
t1é 51
tt, z

+ § ] eBw(ty, x) dt, dty + [ | eEw(t, x;) dz, dz,}
TT 50 El
Wenn wir 4 = max o(t, ) bezeichnen, ist
(t,x) € D,
Ltz 2 t z z,
ot,x) S MeEu[[| [ eEde,dey dt,dt; + | | eF dtzdty + [ | oF da, dzy}
T & Tz &b
2 eE eE 1
S MeEy. (—K—2+~~K4—) =5 U
Weil w(t, z) < % u© in ganzem Gebiete D, gilt, iét auch max ow(t,r) =pu = —;-/‘.
(t,z) € Dy
Daraus folgt, dass 4 = 0, damit auch w(f,z) = 0 und in beliebigem kompaktem
Teilrechteck D, auch u(t, ) = a(t, z) gilt.
Nehmen wir nun an, dass die Funktion f auf der rechten Seite der Differential-
gleichung (2) nicht von % abhéngt. Dann gelten folgende zwei Satze, wobei wir
dieselbe Bezeichnungen wie in den vorangehenden Absétzen beniitzen.

Satz 3. Es sei die Differentialgleichung

(15) Ugzte = f(t, T, Uzz, Use)

gegeben. Die Funktion f(t, x, v, w) sei in dem Gebiete D und fiir beliebige v, w stetig
und erfille in jedem kompakten Teilgebiete Do = D 1in Bezug auf v, w
die Lipschitz-Bedingung

(16) [f(t x, vz, w2) —flE, 2,01, w1) | S M (|v2—v1 |+ |we—wi]).

Ferner seien die Voraussetzungen iiber die Losung uo(t, ) der Differentialgleichung (4)
des Satzes 1. erfiillt.



Dann existiert mindestens eine Losung der partiellen Differentialgleichung (15),
die den vorgeschriebenen Nebenbedingungen lings der Charakteristiken t = 1, x = &,
z = &, geniigt und die der Grenzwert der Folge von Niherungsfunktionen

ttzr ‘
1 1 02 _ 62 _
(17) uﬂhx):zmmx)4—jjjjf(h,zkfnﬁ%l,,,??i)dmd%dhdh
rréb 0x5 ot3

18t.
Der Beweis dieses Satzes ist durchaus derselbe, wie des Satzes 1., nur anstatt

der Beziehungen (10) beweisen wir, dass fiir die n-te Naherungsfunktion die
Beziehungen

A (2MEK)
| tnlt 1) — st )| S g (12— €1+ [t —7 o
CPun U 4 (2MEK)
(18) |_W— e é*M ”mﬁ“’”x—fl'*']t—'f”z"
0%u, 02up_, A (2MK)»
T ow | S aM ey (FTEIElE—T
gelten.

Weil wir fiir die Funktion f die Lipschitz-Bedingung nur in Bezug auf » und w
voraussetzen, gilt fiir die Eindeutigkeit der Losung folgender Satz:

Satz 4. Mittels der Anfangs- und Randbedingungen lings der Charakteristiken
t=1, =&, v =& seien die Werte u(t, ), ui(z, x), u(t, &), uz(t, &) in den Inter-
cvallen Iy ={a <z < f}, I, ={y <t <0} eindeutig gegeben und so, dass diese
Funktionen der Klasse C2(I,) und C*(1,) gehiren. Dann erfillt die Funktion wuolt, x),
die das Integral der Differentialgleichung (4) ist, das diesen Anfangs- und Rand-
bedingungen geniigt, die Voraussetzungen des Satzes 1.

" Bs seien ferner die Voraussetzungen des Satzes 3. iiber die Funktion f(, x, v, w)
erfillt. Dann hat die Differentialgleichung (15) genau eine Lésung, die als Grenzwert
der Funktionen un(t, x) in (17) fir n — oo gegeben ist und die den vorgeschriebenen
Anfangs- und Randbedingungen geniigt.

Beweis. Wie in dem Satze 2. nehmen wir an, dass die Differentialgleichung (15)

zwei Losungen
thz

ult, z) = uolt, @) + [ [ | | fit2, 22, s, ) doz oy dly s
(19) £
at, 7) = uelt, x) + § I; éf f(t2, 22, Ugz, W) d, dzl:”z dt;

hat, fiir welche wegen der Voraussetzungen iiber die Anfangs- und Randbedingungen
in dem Gebiete D gilt:

u(t, ) = a(t, x); (T, ®) = (T, x)

(20) u(ta 50) = a(t, 50); uz(t, 51) = nz("', 51)
Wir fiihren die Funktion
(21) o, z) =(lu—a|+ |Ugs —Qzz | + | Usp — Bgs | ) 67 E

6



ein, wobei £ = K(|x — &| + |t — 7| ), & dieselbe Bedeutung wie in dem Satze 1. hat
und K =2 Vﬂ ist.

Aus den Beziehungen (19), (21), und aus der Lipschitz-Bedingung (16) erhalten
wir fiir die Funktion w(f, ) die Beziehung

t iz &

ot,r) S Mo E{J ||| (|%pzr— Uz | + | wes — ez | ) Az, ey A, Aty +

TT &€
A

+ I (1 tae — Boz | + | wes— @ee | ) Atz Aty +

z @,

+§£ (| %w — Baz | + | et — 5z |) Az Ay

Mit Riicksicht auf (20) ist

Lt r x,
o(t,@) < MeE{[| wt, ) eEddly + [ | w(t, ;) oF da, dzy}
TT 50 el

Wenn wir 4 = max w(t, %) bezeichnen, erhalten wir, dass in dem ganzen kom-
(t, )€ D,
pakten Teilrechteck D, die Beziehung

2 1
w(t,r) £ Mu KoM
gilt. Wie in dem Satze 2. folgt daraus, dass w(t, ) = 0 in beliebigem kompaktem
Gebiete Do ist und damit auch (¢, ) = a(t, #) in dem ganzen Gebiete D gilt.

Satz 5. Es seien die Funktionen @o(z), @i(x) und wo(t), die der Klasse C*(I,) und
C(13) gehoren, und in dem Intervalle I, stetige Funktion wi(t) gegeben. Ferner sei
a<bo< & <P,y <t <0 und so, dass

@o(&o) = Po(2), @1(o) = po(7)

gilt, und die Funktion A(t, x) fiir x = &, in dem Intervalle I, stetig vst.
Dann gibt es in dem Gebiete D genaw eine Lisung uoft, x) der Differentialgleichung (4),
die lings der Charakteristiken t = 1, x = &, x = &, die Anfangsbedingungen

(22) w(T, ) = @o(2), uy(7, ) = @1(x)
und die Randbedingungen

(23) u(t, &o) = wo(t)

(24) Ugge(t, £1) — A(E, &1) ualt, &1) = pa(t)

erfullt. Diese Losung erfillt die Voraussetzungen des Satzes 1.
Ferner seien die itbrigen Voraussetzungen des Satzes 3. iiber die Funkiion

f(t: Z, Uzz, utt) = A(t9 IE) Uzz + B(t, x) Ut

erfillt. Dann gibt es in dem Gebiete D genau eine Losung der Differentialgleichung (1),
die die Anfangsbedingungen (22) und die Randbedingungen (23), (24) erfillt. Diese
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Lésung erhalten wir als Grenzwert der Folge der Ndherungsfunktionen (17), wo
die Funktion uo(t, ) in der Form

uo(t, ) = o(x) + wolt) — wo(r) + (t — 7) [@r(x) — @1(&0)] +

(25) + (& — &) [9(t) — @o(61)] — (x— &) (¢ —7) @y (£1)
gegeben ist, wobei die Funktion g(t) eine Losung der Differentialgleichung
26) g'(t) — A(t, &) g(t) = pa(t)

ist, welche den Anfangsbedingungen

(27) 9(r) = @o(&1),  g'(1) = @1(&)

geniigt. .

Beweis. Durch direkte Integration der Differentialgleichung (4) erhalten wir, dass
die Funktion wu(t, ), die in der Form (25) gegeben ist, die einzige Losung dieser
Gleichung ist, die die Nebenbedingungen (22), (23), (24) erfiillt. Wegen der Voraus-
setzungen iiber die Funktionen @o(z), @1(z), wolt), y1(t), A(¢, &) ist diese Losung der
Funktionenklasse C?(D).

Da auch die iibrigen Voraussetzungen der Sétze 3. und 4. erfiillt sind, gibt es genau
eine Losung der Differentialgleichung (1), die den Nebenbedingungen (22), (23), (24)
geniigt und die wir als Grenzwert der Folge der Naherungsfunktionen (17) erhalten,
wobei fiir uo(t, ) die Funktion (25) gesetzt wird.
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SUR UNE CLASSE DE VARIETES
PSEUDO-ISOTROPES

R. Rosca, L. VANHECKE

(Présénté le 20 juin 1972)

INTRODUCTION

Une C®-variété immergée dans une variété lorentzienne V; a été définie dans
[9], [10], [11] comme étant pseudo-isotrope (notée Vp,) si la représentation sphérique
par rapport & un vecteur normal spatial est amétriqgue. Dans le travail actuel on
étudie des pareilles variétés de dimension ou codimension 2, immergées dans un
espace de Minkowski.#2+%. Dans le cas de I'immersion  : V2 —.#2+" on suppose
en plus que toutes les formes de connexion normales spatiales associées 4 x sont
identiquement nulles (une pareille connexion est dénommée une connexion normale
spatiale triviale). L'immersion z : V2, —.#2+" met alors en évidence une 1-forme
et un champ isotrope I dénommés respectivement forme caractéristique et champ
caractéristique associé & xz. Deux cas importants se présentent suivant que le

M -index V2, est 1 ou 0. Dans le second cas (#-index V2, = 0) la variété VZ, est
cylindrique et présente certaines analogies avec un type de variétés cylindriques
étudié dans I’espace E2+7 par K. Shiohama [13].

Dans le cas de l'immersion x: V2 — M2 on définit sur V2, une certaine
structure presque cosymplectique Cpo(RQ, x), cosymplectique C(82, ) si n = 2m + 1 ou
symplectique S(2) si n = 2m. Différentes propriétés afférentes & ces structures qui
font intervenir le champ I et la forme w sont mises en évidence.

1. V2 étant une C*-variété spatiale 2-dimensionnelle (la métrique de V2 est par
définition définie négative), soit z : V2 —>.42*" une immersion de V? dans un
espace de Minkowski .#2t» (de signature hyperbolique). Si F(V2?) et F(.#2*n)
sont respectivement les faisceaux des repéres orthonormés de V2 et .#2+%, soit
B < V2x F(V2) le fibré principal des repéres adaptés tels que les vecteurs e;
(¢, §, k = 1, 2) soient tangents & V2 et les vecteurs ess (¢*, j*, k* = 3,4, ..., n + 2)
soient normaux en z(p) (p € V2). Notons par ep» (r*,s*,t* =1,2,...,n + 1) les
vecteurs spatiaux d’un repére quelconque b€ B et par Tp(V?) le plan tangent en
P & V2. Si ! sont les formes duales de e;, induites par z, on peut écrire

1) dp = —f @ e
et V2 est alors structurée par la connexion
Vert = w;.ig ® é4,

@)

*
Veniz = —wl,, @ e,



ot wf =yEw(4,B,C=1,2,...,n+ 2) sont les formes de connexion induites
par z. Eu égard & (1) et (2) le premier et le second groupe des équations de structure
qui résultent de I'immersion = s’écrivent respectivement

(3) d \ ot = o A\ o,

d A\ o =04 A\ 0, (e = 1, Ep4 = —1)

‘4) d A o= ol \ o2

2. Une variété 2-dimensionnelle telle que la représentation sphérique par rapport
4 un vecteur normal genre espace soit améiriqgue (isotrope) a été définie dans [9]
comme étant une wvariété pseudo-isotrope. Il est manifeste que I'on peut considérer
différents types de pareilles variétés suivant que 1'on impose & un ou plusieurs
vecteurs normaux genre espace d’admettre un représentation sphérique amétrique.
Dans ce travail nous étudierons le cas olt pour tous les vecteursnormaux genre espace ey
(r,s,t=23,4,...,n+1)ona

(5) {Vey, Ve,> = 0.

Nous supposons de plus que les formes de connexion normales spatiales w?
associées & I'immersion z sont identiquement nulles. Nous dirons qu’une pareille
variété est alors & connmexion normale spatiale triviale. Une variété douée d’une
pareille connexion et qui satisfait & (5) sera notée par V2.

Eu égard & la connexion (2) la relation de définition (5) permet de po:or

®) il

] = wrcos gr, )= wrsing,, @ D(VE).

La différentiation extérieure des équations

(7) " =0,

8) =0

donne

9) ¢ or=9, o =to, tr #0€2(V2)
ol I'on a posé

(10) ® = ! cos ¢ + w?sin @.

Les relations (2), (6), (8), (9) et (10) permettent d’écrire

ay Ver = —tyo ® I )

ot I est un vecteur isbtrope (réel) défini par
(12) I = cos pe; + sin @e; — epya.

L’égalité (12) montre que I est la différence du champ tangentiel ¢ = cos pe; +
+ sin @e; € Tp(V2,) et du vecteur normal temporel. La forme w et le vecteur I
seront dénommés respectivement la forme caractéristique et le vecteur caractéristique
associés & 'immersion z : V2, — .42+,
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3. Comme on peut toujours diagonaliser I'une des secondes formes fondamentales
associées & I'immersion d’une variété dans un espace quelconque, nous supposons que
cette opération est effectuée pour la seconde forme fondamentale correspondant au
vecteur temporel. Dans ce cas on peut écrire

(13) 0tt? = dw!, 0}'?=pw?, Aue2(Vi)
et eu égard 4 (13) la différentiation extérieure de (6) donne:

(w? + dg) A © + (Aw! sin ¢ — pw? cos g) A\ .

(14) (dInt, — Aw! cos ¢ —uw? sinp) A w +d A w=0.

11 est facile de voir qu’en général on a

d A o= (0] + dp) A o,

15
(15) d A 0 = (0} + do) A\ o,

N

ou
£ = —o!sin ¢ + w? cos @

est la forme adjointe de @ par rapport & la métrique de V2. Ces équations montrent
aussitot:

(16) w}+dp=0x<40=0
et & l'aide de (14) il résulte
(17) A+ u=0.

Cette relation exprime que si (16) & lieu, alors la variété V2 est minimale dans la
direction du vecteur normal temporel, d’ou la

Proposition. Si la forme caractéristique d’une variété Vi, est harmonique, alors la
variété est plate et minimale dans la direction du vecteur normal temporel.

=mR;emarques 1. Considérons la structure symplectique S(V?2,, ) définie sur V,z,, par
la 2-forme 2 = w! A\ w? (élément d’aire) et les isomorphismes X e T(VZ,)—
X | Qe A'(V2) définis par = b _| Q et yo = ,h _| 2. Le crochet de Poisson
relativement & S(Vp,, ), étant comme on sait (le crochet de Poisson s’obtient en

transportant le crochet de Lie de 7'(V2,) dans A (V. 2))) défini par [3]

(18) (0, y0) = [h, 4h] _| 2
on tfouve aprés calculs '

(19 (0, g0) = —4(w? + dg).
De la il résulte

(20) (@, 40) = 0 <> 0} + dp = 0

et par conséquent le crochet de Poisson de la forme caractéristique et son adjointe
est nulle si et seulement si cette forme est harmonique.

11



2. Une forme o sur une variété différentiable compacte définit une transformation
infinitésimale conforme si le tenseur #(a) = 0 (voir Lichnerowicz [4]). Puisque
I'on a (sous forme invariante)

2
(21) o)y = Dy + Dioy + —g1s0a,
Oay
(22) Doy = o yhax,
en effectuant le calcul pour une V2 compacte et pour la forme w on trouve
(23) tw)yy = 0 <> w? + dp = 0.

On peut donc dire que w définit une transformation infinitésimale conforme si et
seulement si w est harmonique. ’

3. Si w?4+dep =0 et A =pu =0, alors on trouve aprés un calcul élémentaire
que I est un champ paralléle [15].

4. Etudions maintenant certaines propriétés de rigidité d’une variété VZ,. Eu
égard aux relations (1) et (2) les secondes formes fondamentales sont exprimées par

(24) Qr = —dp, Ver) = tyo @ ,
(25) @niz = —<dp, Vepi2) = —(o! @ 0! 4 pw? @ w?).

Ces expressions montrent que invariant arithmétique de Chern [2] est égal & deux
(w # 0) et que les secondes formes fondamentales qui correspondent aux vecteurs
spatiaux e, sont développables. L’espace #2+" étant plat et les courbures de Lip-
schitz—Killing correspondantes aux vecteurs e, étant nulles, on trouve que la
courbure intrinséque K;, de la variété en p a pour expression

(26) Kin = Z,u

Cette expression de K;, montre que si la variété V2, est minimale dans la direction
du vecteur normal temporel e,,, alors elle est anti-convere. Sil’on suppose que la
seconde forme fondamentale afférente & en,, est conforme & la métrique de V,?»,,
on trouve & l’aide de (13)

A = u—> A = const.

Dans ce cas la variété V2, est conveze.
Considérons maintenant le champ normal

@7) X = &ep + Evt2egy € THVZ).  °

En nous rapportant & la définition donnée dans [6] du .#-index d’une variété
immergée, on trouve dans le cas qui nous occupe

(28) M -index V2, = dim {&(y}) + En2(y}2)}
ou '
(29) Y Eryr 4 gnizgniz = 0,
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", Y2 traces des matrices (y};), (y7°2). On obtient aprés calculs

(30) Ety + En2(A 4+ p) = 0
ce qui donne les deux cas:
1)A+4 u #0:
> B e AT ' cosp cosgsing) 1 (1 0)]
(1) M-index V2, = dim é'tr{(cos il it s ) T (o s
2) A+ p=0:
(32) M -index V, = dim En+2 (3 2) :

11 résulte donc:
1) M-index Vi, = 1si Aou u # 0;
2) M-index Vi, =0<> 1 =pu = 0.

Nous énoncons la

Proposition. Soit V3, une variété spatiale, pseudo-isotrope par rapport & tous les
vecteurs normaux spatiaux et & connexion normale spatiale triviale. Alors:

(1) Uinvariant arithmétique de Chern associé a U'immersion est en général égal a deux;

(ii) les secondes formes fondamentales afférentes aux vecteurs normaux spatiaux sont
développables et conformes entre elles;

(iii) st la seconde forme fondamentale afférente au vecteur normal temporel est conforme
a la métrique de la variété, alors elle est nécessairement homothétique;

(iv) leM-index Vi, =1 pour A ou p # 0 et le M-index Vi, =0 pour A= p =0,

5. Soit t = cos @e; + sin ge; la composante tangentielle du vecteur caractéristique
I (voir n° 2). Si nous considérons la structure symplectique S(£2, V2,) on trouve que la
parenthése de Poisson pfaffienne de w ('ampplication p: A1(V2,) - T(V%,), w — p(w)
définie par p(w) _| 2 = —w [8]) est le champ

t = —sin ge; + cos e,

orthogonal & t. Le shape operator S7(t) des vecteurs ¢ et £ (Sz(f)) opérateur bilinéaire
auto-adjoint de Tp(V2,) dans T;t(V2)) étant défini par [5]

(33) ‘ 87(t) = yititlese
on trouve & l'aide de (6) et (13):
St(t) = (u — A) en+a.

Ainsi pour une V2, le shape operator Si(t) de la composante tangentielle du vecteur
caractéristique I et de son orthogonal est colinéaire au vecteur mormal temporel. En
particulier, si la variété est sphérique on a S7(t) = 0.

6. Soit 'application &/: p —p = p + fens2 (f€ D(VZ,). A laide de (1) et (2) on
trouve
(34) dd®@dé§=—(fA—1) 20! @ ! — (fu —1)0?> ® w? + df ® df —

: — 2280 ® .
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En posant X2 = 1 et en supposant que la seconde forme fondamentale afférente
au vecteur normal temporel est homothétique a la métrique de la variété, on trouve
a ’aide de (14) que w est un cobord. Dans ce cas on peut toujours choisir la fonction f
de maniére & avoir '

(35) df ® df = f*0 ® w.
Dans ce cas on déduit de ce qui précéde que ’application est conforme.

7. Dans le cas d’une variété V2, avec A -index V3, = 0 la relation (26) montre alors
que V2, est plate. Les courbes w = 0 sont des asymptotiques doubles et il est facile
de voir & l’aide de (1) et (2) que ce sont des droites. On conclut de tout ce qui vient
d’étre dit que dans le cas considéré et si en outre V32, est compléte alors elle peut
étre considérée comme une surface cylindrique.

En nous rapportant & ’application.&/ du numéro précédent on voit que dans ce
cas &/ est une isométrie, résultat qui pouvait étre prévisible géométriquement. On

a done la

Proposition. 8¢ la variété est compléte et de M -index V
cylindrique.

2, = 0, alors c’est une variété

8. Soit X = c(cos ge, + sin @e;) € Ty(V32,) un champ tangentiel homothétique au
champ ¢. Conformément a la définition donnée dans [1][12] [14] ce champ définit une
autotransformation infinitésimal équivalente si

(36) A(p, X) =0,

A étant le paramétre mixte de Beltrami relatif aux formes invariantes w!, w2.
A Yaide de la connexion (1), (2) et de (15) on trouve que la relation (36) devient

(37) (@} +de) A @ =0<dw =0
d’ou la
Proposition. La condition nécessaire et suffisante pour que tout champ homothétique

a la composante tangentielle du vecteur caractéristique I définisse une autotransforma-
tion infinitésimale équivalente de V32, est que la forme caractéristique soit cofermée.

9. Envisageons maintenant le cas d’une variété pseudo-isotrope de codimension 2.

Conformément aux notations du n° 1 les indices parcourent ici les valeurs suivantes:
- ls4j,ksn, n+1s*%k =n+2
L 1 Zr¥ 8% t* < n+1.

La variété V3, étant par hypothése pseudo-isotrope on devra écrire

(39) ' (Ven+1)2 = 0.
Eu égard & la connexion (2) cette relation permet de poser
(40) w;‘“ = Ao, > 112 = 1, ME Q(Vg,)

ol w = w}i? est I'unique forme de connexion normale (ou forme de torsion)
associée & I'immersion z. Mais V}, étant une variété intégrale du systéme linéaire

(41) WhH = @2 = 0,
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on déduit par différentiation extérieure de (41)
(42) o = pho!

ot y € 9(Vy,) est un facteur de proportionalité. Comme dans le cas d’une variété
bidimensionnelle nous supposerons (ce qui est toujours possible) que la seconde
forme fondamentale afférente au vecteur normal temporel est diagonale. On peut
donc écrire

(43) o}*? = pot, Ui € @(V;;,) (ne pas sommer!).

D’autre part, & I'aide des équations de structure (3) et (4), on déduit de (40) par
différentiation extérieure:

(44) Aid A o = (ol + wot —dh) A o.

Compte tenu de (40) on déduit de (44) par un calcul élémentaire
(45) d AN ow= Zh,ugwi N\ w.

En convenant d’appeler, comme au n° 2, o la forme caractéristique de V3,, la relation
(45) montre bien que cette forme est complétement intégrable. 11 est bon de signaler
qu’un résultat analogue a été obtenu dans I’étude des hypersurfaces pseudo-isotropes
immergées dans #7+2 [9].

10. Eu égard aux hypothéses faites au numéro précédent les deux secondes
formes fondamentales associées & I'immersion z sont

1
(46) Pn+1 = —(dp, deyt1) = 7 (w)?,

Pntz = —dp, dens2) = —Z ().

Comme dans le cas d’une surface VZ, on constate que la seconde forme fondamentale
afférente au vecteur normal spatial est développable. De plus, il est facilede voir que

i— y est la courbure moyenne en p qui correspond & ce vecteur. Le vecteur isotrope
caractéristique I s’écrit maintenant

(47) I= X Jes— eny2

et nous noterons la composante tangentielle de I aussi par ¢.

La différentiation extérieure de (43) démontre que si la seconde forme fondamen-
tale afférente au vecteur normal temporel est conforme & la métrique de la variété V7,,
alors cette forme est nécessairement homothétique et un calcul élémentaire montre
que dans ce cas la variété a une courbure sectionnelle constante. Il résulteaussi de
(42) et (45) que w est fermée si et seulement si V7, est ombilicale dans la direction
de €ny2.

Dans le cas ou la variété V;, est compacte, la courbure moyenne (ou le facteur de
proportionalité) est encore susceptible de l'interprétation de la formule intégrale
suivante. Notons par 7 1’élément de volume de la variété. Le carré scalaire global
de la forme caractéristique w est alors défini par
(48) (wwy=] (@07

Vpr
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ol
(49) : 0 A 0 = (0, w)7.
On a toujours (w, w) = 0. Mais puisque

«0 =2 (—1)Hlylol A w2 A ... A DFA L. A 0f,

il vient
(50) w0y = [ y2.
Vps
11. Considérons le champ normal N € Ti(V#,) défini par
(51) N = f(Shgens1 + Choenys),  f, g€ D(VL,).

L’immersion z est comme on le sait substantielle [15] §’il n’existe pas de vecteur
normal N tel que VN = 0. A l'aide de la connexion (2) on trouve pour tout N que
VN # 0si w # 0. D’autre part, on a

VN = (VN); + (VN)a

ol (VN); € Ty(Vy,) et (VN), € T5(V5,) et la condition nécessaire et suffisante pour
que N soit paralléle dans le farsceau normal est (VN), = 0 [16]. A laide de la
connexion (2) on trouve que

(62) (VN), =0<«df=0 et o+ dep=0.
On a doné la

Proposition. Etant donnée une variété V), pseudo-isotrope de codimension 2,
Uimmersion pseudo isotrope x : Vi, — M+ est toujours substantielle. En outre, la
condition ‘nécessaire et suffisante pour qu’il existe un champ normal paralléle dans le
faisceau normal est que le module de ce champ soit constant et que la forme caractéristique
de la variété soit un cobord.

12. Dans ’hypothése oit » = 2m - 1 définissons sur V3, une structure presque

cosymplectique Cpo(£2, ) telle que
Q=w''Aw+ ... + 0?2 A\ on1,
(83)
a = w".

En vertu du lemme de Reeb il résulte immédiatement de (53) que le champ canonique
EE |12=0,FE _| «=1) associé & la structure Cp,(£2, &) est ey.
. Rappelons que I’application

LAY (V) = T(Va),  @—>Ug)

~

0y

ou
Up) | =0,
p) 1Q2=(E Jp)a—¢

définit la parenthése de Lagrange pfaffienne relativement & la structure Cpe(R2, o).
Dans le cas de la structure Cpe(£2, «) défini par (53) et pour ¢ = w, on trouve

(65) Uw) = p(—Ae1 + hea + ... — An_sen—z + An—2€n-1).

(64)
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Cherchons maintenant s’il existe un vecteur W € T'5(V*",) qui soit principal pour I(w)

dans le sens d’Otsuki. Conformément & la déﬁnitign (Ii‘:)nnée dans [7] on doit écrire
(56) VZ e Ty( V;;,) Sz = w), Z) W.

En faisant usage de (40), (43) et (55) on trouve que le champ W existe si et rien
que si u; = u; = p. Dans ces conditions on obtient

W = ‘lle«n+2.

Par ailleurs (HX); étant un champ horizontal quelconque par rapport & la structure
Cpe(f2, w™) et en plus orthogonal au champ ¢, on trouve & 1’aide des équations (40), (43)
que le shape operator Syx),(t) est colinéaire au vecteur normal temporel. On peut
donc énoncer la

Proposition. Soit x : Vi, — #*+" une immersion pseudo-isotrope et soit ¢ la com-
posante tangentielle du vecteur caractéristique (isotrope) associé & l'immersion x. On
peut définir sur Vi, une structure presque cosymplectique Cpe(2, o) de maniére que le
shape operator de tout champ orthogonal & t et horizontal relativement & Cpo(R, o)
soit colinéaire au vecteur normal temporel. En particulier, si la seconde forme fonda-
mentale afférente au vecteur temporel est conforme & la métrique de V., alors la
parenthése de Lagrange pfaffienne de la forme caractéristique associée a x est un
champ principal pour un vecteur bien déterminé, colinéaire au vecteur normal temporel.

13. En supposant maintenant que la structure C(2, w") est cosymplectique,
exprimons que le champ l(w) définit un automorphisme infinitésimal de cette
structure. On doit écrire

(87) ,?l(w).Q =0, Lrmw® = 0.

En faisant usage de (55) on trouve que la condition nécessaire et suffisante pour que
(57) soit satisfaite est que la forme semi-basique Bw définie par

(58) Bw = 0 — yizo"
soit fermée. Nous énoncons la

Proposition. Dans le cas o la structure C(Q, w™) du numéro 12 est cosymplectique,
la condition nécessaire et suffisante pour que la parenthése de Lagrange pfaffienne de la
forme caractéristique définisse un automorphisme de la struciure C(Q,w") est que la
forme semi-basique Bw = w — yAzw™ soit un cocycle.

14. Dans le cas ou n = 2m supposons que la forme
(59) v Q:wl/\wz_l_.“_i_wn—l/\wn

définit une structure symplectique S(2, V27) sur V2m. Cherchons dans quel cas la
parenthése de Poisson pfaffienne p(w) de la forme caractéristique définit un
automorphisme infinitésimal de la structure S(2, V27). On doit écrire

(60) Ly =0,

et & 'aide de (42) on trouve

(61) Ly =—d A o,
d’ou la
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Proposition. 8 la variété pseudo-isotrope est de dimension paire et symplectique,
alors la condition nécessaire et suffisante pour que la parenthése de Poisson pfaffienne de
la forme caractéristique définisse un automorphisme infinitésimal de la structure est que la
Jorme caractéristique soit un cocycle (ou que la variété soit ombilicale dans la direction
du vecteur normal temporel).
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1. In this paper the concept of a grammatical level is used to define subgrammars
of context-free grammars (CFG’s) and this approach is compared to that of

Maluszysriki. Moreover, some results concerning the number of subgrammars are
derived.

2. As far as CFG’s are concerned, we shall use throughout this paper Ginsburg’s
[1] notation and terminology except that we allow for a CFG to have a finite set of
initial symbols. .

By a context-free rule »p we mean an ordered pair p = (A4, o) where 4 is a symbol
and a is a word over a finite alphabet. Instead of p = (4, ®) we shall usually write
p in the form 4 — a and we shall denote Z(p) = 4, Z(p) = a.

If P is a finite set of context-free rules, then we define

¥ (P) to be the smallest alphabet such that P < ¥~ (P)yx ¥ (P)*

Z(P) ={%(p); pe P},
R(P) = {R(p); pe P},
2 (P) =v(P) — L(P).

On a set P of context-free rules the relations <, *< and = are defined as
follows:
p1 £ pz if either L(p1) = Z(p;) or the symbol #(p,) occurs in the word A(pr),
* < is the reflexive and transitive closure of the relation <,
= = *< N *<-1is an equivalence relation on P.

Let P = P|= be a quotient set of P relative to the relation = . For Py, P,e Plet
P, *< P, if there are p, < P, and p, e P, such that P1=*p;. *< is a qua-
siordering on P.

3. f PcPforaCFGG=<V,Z P, 8>, then we define
FLeP)=LP)NRP—P)USN vV (P').

Definition 1. Let ¢ = < V, X, P, S > be a CFG with S being a set of initial
symbols. For each P’ < P let 9(P') = (¥ (P'), Z(P'), P, Fo(P')). If P'e P, then
9(P’) is said to be a grammatical level of G. If M < P, thens’(M) — %( U m)issaid

meM
to be a quasisubgrammar of G. Let T'(®) and (@) be the sets of all grammatical levels
and quasisubgrammars of G.

If Gy =V, &y, Py, 81) eI(G) and G2 = (V3, ;, P, 8;) € [(@) for a CFG @G,
then we write G, *< G, if P, *< P,.
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In the class @(@) the operations \/ and A are defined as follows. If G, and G are
CFG’s defined as above, then

Gl V Gz=<'V(P1UP2), Z(PluPz), P1UP2, SG(P]UP2)>
G N\ Go =V (P1N Py), Z(P1N P;), PyN Py, Se(P1N P2))

k
Hence G, € Q(@) if, and only if Go = V G; for some G; e I'(G).
i=1

Proposition 1. The algebra (Q(G), V, A is a lattice.

Proof. The mapping 5 is a bijection-of the set 27 onto @(G) which maps set
union U in V and set intersection N in A . Thus# is the isomorphism of 27 onto
Q(G) and therefore (Q(G), V, A) is the lattice as well as the algebra (2P, U, N).

4. A subset A of a partially ordered set NV is said to be a final segment (antichain)
of Nif re A, ye N, z < y implies ye 4 (if xze 4, ye 4, v < y implies z = y).

If@ =<V, I, P, 8)isa CFG nad M is a final segment of P, then.’#’(M) is said to be
a subgrammar of @, Denote by @(G) the set of all subgrammars of G.

Since intersection and union of two final segments of P is again a final segment of
P, we have immediately

Proposition 2. The algebra <(O(GQ), \V, A) is the sublattice of the lattice
Q(&), V., N

Theorem 3. G = (Vo, Zo, Po, Sop is a subgrammar of a CFG G = (V, X%, P, S)
if, and only if Go = \V{G'; G' € p} where y is a final segment of T'(G).

Proof. M < P is a final segment of P if, and only if {¢(m); m € M} is a final
segment of I'(#). Hence, Gy is a subgrammar of G if, and only if there is a final
segment M of P such that G —H# M) =9 U m)= \{%@m);me M} and

meM

{%(m); me M} is a final segment of G. Hence the theorem.

Theorem 4. The number of subgrammars of a CFG G is equal to the number of
antichains of the set T'(G).

Proof. Let @ =(V, %, P,S>. If E < P (4 < P) is a final segment of P (an
antichain of P), then let »(Z) be the set of all minimal elements of £ (let u(4) be the
smallest final segment of P containing 4). Clearly uv and vu are identity mappings on
the sets of all final segments and antichains of P. Hence v is a bijection of the set of
all final segments of P onto the set of all antichains of P. Now the theorem follows
from the fact that there exists a bijection of the set of final segments of P onto the
set ©(@) and there is a bijection of the set of antichains of P onto the set of
antichains of I'(@). .

It is evident that the number of subgrammars does not depend on the set of initial
symbols. -

5. It was shown in Gruska [2] that for any = there is a context-free language
L, < {a, b}* such that any CFG generating L, has at least n grammatical levels.
From that and from Theorem 4 it folows immediately.

Theorem 5. For any integer n there is a context-free language Lyn < {a, b}* such
that any CFG generating Ly, has at least n subgrammars.

One can even prove a little more, namely, that for any n the language L, =
{akbak:b ... ak~bbaabkeabkna ... bka; 0 < kb < 0, t=1,2...., n} can be gen-
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erated by a CFG having n subgrammars but not by a CFG with less than n
subgrammars.

It was shown in Gruska [3] that it is undecidable for an arbitrary CFG G whether
or not the language L(G) can be generated by a CFG having exactly one grammatical
level. From that it follows.

Theorem 6. It is undecidable for an arbitrary CFG G and an arbitrary integer n
whether or not there is a CFG generating the language L(G) and having not more than
n subgrammars. ‘

6. In a slightly different way the concept of a grammatical level was defined by
Maluszynski [4]. He defines that a quadruple G' = (V’, &', P’, §") is a subgrammar of
a CFG G = (V, Z, P, 8) if the following conditions are satisfied.

L VeVandifAe VN (V—2X)and 4 - abyeP, beV,
then be V’ (i.e. V' is a “final segment”’ of symbols)

(2) =E2NnV

(3) PP={4A—>2z AeV',A—>zxecP}

4) S =8N V'U{a;ae V' and there exists-a rule A — zay € P — P'}

According to this definition it may happen that a subgrammar of a CFG
is not a context-free grammar since the set S’ may contain terminal symbols. If,
however, the condition (4) is modified to have the form

(4a) 8 =8N V' U{B;Be V'— X’ and there exists a rule 4 — xBy in P — P’}

then the two definitions are equivalent. (To be precise we should add the condition
V' =¥"(P’').) To show it we proceed as follows. If the conditions (1) to (3) and (4a)
are satisfied with ¥’ =¥"(P), then from (1) it follows that P’ is a final segment of p
and (4a) implies 8’ = F¢(P’) and therefore G is a subgrammar of G. If, on the other
hand, @ is a subgrammar, then P’ is a final segment of P and therefore the
conditions (1) to (3) hold and (4a) follows directly from the definition of F¢(P’).
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This paper is a continuation of the paper [1], in which a matrix representation of
homomorphic mappings in Boolean algebra has been given. It is obvious that
investigations of homomorphisms are essentially simplified by this representation.
As in paper [1] also here, I do not deal with an abstract Boolean algebra, but with
its isomorphic representation — the B-modul (see [2]).

LetIM,, be the m-dimensional B-modul, i. e. Boolean algebra with 2™ elements and
M, the n-dimensional B-modul, i. e. Boolean algebra with 27 elements. Let us denote
by @; the B-vectors from M;,, by y; the B-vectors from M, . We denote o the zero
vector in both B-moduls, since there is no danger of misunderstanding.

By the matrix representaion it is possible to solve the following problem:

Let there be given mapping of a subset of M;, into M, by relations:

@1 €M, wi €My, @i —> Pq 1=1,2, ..., k< 2m

() 0€Mn o0—>0eM,

We have to determine the homomorphic mappings « of M,, into M, which fulfil
the relations (S).

This problem is the so called problem of extension of mappings to homomorphisms.
We shall show bellow that this problem can have no, one or more solutions. Let the
relations (S) be prescribed; for the sake of brevity let us introduce the following
notation:

o= 9 .., fD), wi=@GP 99, ..., 9¥), 1i=12,...,k
Now there holds the following theorem:
Theorem 1. Let A be a B-matrix of the type m/n, representing a homomorphic

mapping o of My, into M, , this mapping fulfilling conditions (S).
If (f(pl)’ ;,2), cee g:)) # (g(ql), g(qZ) . g(qk))Y
then ap, = 0 (apq is an element of the matrix A in therow and g-th column).
Proof: Let the assumption of the theorem hold and ap, = 1. Then the p-th row of
B-matrix 4 is a B-vector
ap = (apl, vy Qp, g1, 1, Bp,q+1s +« apn);

for the p-th vector of the base of modul My, i.e. for e® holding a(e®) = a,. Of
course, by the definition 5 (see [1]), there holds u; = f{a; + ... + ,‘,‘_’,ap_l +
+fPay + ... + fPam.
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By the assumption, the g-th coordinate of the B-vector a; is equal to 1. But there
can be at most one unity in each column of the matrix 4 (see theorem 1 in [1]). Thus
the vector ap has a unity only in the q-th column. Then the g-th coordinate of the
vector y; is equal to fiI'. 1 = fiI' and from this g = fi?. Analogously for all i,

thus
( ;1)’ o, f;,k’ — (g;n, o g;k))
which is a contradiction.

This theorem implies a simple algorithm:

We shall construct a matrix with m rows and » columns where all m . n places are
still not filled in. Behind this matrix, we shall write vertically vectors @1, @2, ..., @&,
over this matrix, we shall write horizontally v, v, ..., y, see diagram:

0 q-th column

)
9q

)
9q

@
9q

e | 2 ) -th row
Ging WD f@Y ... | [ ] plaTO

mrows

n columns

Let us write the prescribed diagram and fill the coordinates of B-vectors @i, Y1
Now we compare the sequences of 0 and 1 in the vectors (in the first diagram in
frames). If these sequences are different, we fill 0 as an element in the crossing of this
row and column. In the opposite case we can fill 1 of course, in each column at
most one. By this way we receive all desired matrices. It is possible to fill 1 in all

places apq, where
i ®Y — (g1 )
(9 »oos FP) = (g5 ¢+ =5 03)-

The matix C derived in this way will be called the decomposition matriz. The set of
all matrices representing all desired homomorphic mappings form the decomposition
if this matrix C (see definition 4 in [1]). Thus number of all possible homomorphisms
is the number of matrices in the decomposition of the matrix C. It is the product
of the sums of unities in the non zero columns of the matrix C.

It can happen that the images of vestors ¢; derived from the matrix C (construct-
ed in usual way) are not y; as given by the prescription (S). In this case the
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homomorphic mapping with the desired property does not exist (as it is easy to
show).

This algorithm solves the problem of existence, number and construction of
homomorphic extension of the given mapping of a finite Boolean algebra into
another Boolean algebra.

Example 1. Find the homomorphic mappings of MsintoM, fulfilling the relations:
p1=01101)—>9p=(1011)
@2=01010)—>yp=(0010)

0=(00000)— 0o=(0000)

Then the prescribed diagram is:

pyi=|(1011) 1011
v2=|(0010) 991‘(])2 0010
0 0 Now we fill it by 0100 0| 0
1|1 the given 0010 1|1
1 0 algorithm: c=11001 1 0
0 1 0000 0 1
1 0 1001 1 0

s=2.1.1.2=4

Thus there are just 4 matrices representing 4 possible homomorphic mappings.
These matrices form the decomposition of the matrix C:

0100 [0 1 0 0] 0100
0010 0010 0010
A4,=110 0 1 4,=10 0 0 1 A;=11 0 0 0
0000 0000 0000
0000 |1 0 0 0 0001

[0 1 0 0]

0010

A4,=]10 0 0 0

0000

1 0 0 1] .

The image of each B-vector from M5 will be found by means of matrices 4;.

The mappings constructed. in example 1 are evidently mappings which map 1
onto 1, which is easy to prove. Now in the following example we shall show the form
of a matrix representing mapping without this property.

Example 2. Find homomorphisms of M5 into M, fulfilling relations:
¢1=(110000—=(0110) =1y,
(S1) @2=001001)—>(0010) =y,
0=(000000)—>(0000)=0
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Write directly the diagram:

0110
0010
[0 1 0 O 1 0
0100 1 0
0= 0000 0 1
1 001 0 0
1 001 0 0
0 0 0 0 0 1

From the decomposition of the matrix C we get 8 different matrices representing
the homomorphic mappings. The third column of each of these matrices is a zero
column, hence the mappings are necessarily of the type “into”, and the desired
homomorphic mapping fulfilling (S;) does not exist because vectors y:, y. have
not preimages in each possible homomorphisms.

It is easy to prove the theorem:

Theorem 2. The matrix A of type m/n which has in A columns only 0 (1 < & < n)
and in all remaining n — k columns just one unity and k; unities in the j-th
row represents the homomorphic mapping of My, into My . Let r; = max (L, ky) —1,

n

r =Y r;. Then there exist just 27 — 2n-2-r vectors in the M,,, which have not a
i=1

preimage in My, .

Tt is evident that by the matrix representation it is easy to determine whether the
given homomorphism is of the type “onto” or “into”. We can prove the theorem:

Theorem 3. Given the relations (S). If the decomposition matrix C has at most
one unity in cach row, then only one of the following three alternatives is holding:

1. There does not exist a homomorphic mapping of My, into M, fulfilling (8).

2. There exists a homomorphic mapping of My, into My fulfilling (S), but there
does not exist a homomorphic mapping of the type “onto” fulfilling (8).

3. There exists a homomorphic mapping My, onfo My, fulfilling (S), but there
does not exist a homomorphic mapping of the type “into* fullfilling (8)
which is not of the type ‘“‘onto‘‘.
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In dieser' Behandlung betrachten wir die goniometrischen Funktionen in engerem
Sinne des Wortes; d. h. wir behandeln nur die Funktionen cos t, sin ¢, weil die
iibrigen als die von jenen zusammegesetzten betrachtet werden kénnen.

Dieses Studium bietet unmittelbare Analogien der goniometrischen Funktionen
und zwar sowohl aus den analytischen als auch den metrischen Griinden.

Die ganze Behandlung besteht aus fiinf thematischen Absitzen, A bis E, deren
Inhalt immer im voraus angedeutet wird.

A. Analytische Analogien und deren Prinzipien.

1] Definition. f(t) sei eine Funktion im Argument f, mit unbeschriinkter Anzahl
der Ableitungen im gewissen Intervall; n sei eine natiirl. Zahl.
Die Funktion mit der Ableitungsperiode » ist eine Funktion f(#), fir die gilt:

(1) Duf(t) = f(t),  Dif(t) &= f(t), k=12 ...,0—1

2] Vereinbarung. Die charakteristische Gleichung, die der dif. Gleichung (1)
entspricht, bezeichnen wir A” = 1. Die Wurzeln dieser Gleichung bezeichnen wir

Enk =€, k=0,1,...,n—1, wo (wie wohl bekannt ist) gilt:
(2) £ = Co8 2—,:b£+i.sin'—2k;1, k=0,1,....,n—1

3] Definition. Eine Spezialbasis der partikuliren Losungen der Gleichung (1),
die wir bezeichnen:

(3) In,1(2), t=0,1,...,n—1

besteht aus den Funktionen, die folgende Bedingungen erfiillen:

{ fr00) =1;  fa30) =0 j=12 ...,n—1
Dfn,5(8) = fn, 1.1(t), ji=0,1,...,n—1.

n—1
4] Vereinbarung. s, ; sei die Bezeichnung fiir die Summe Z (€n,3)*, k=0,1,2, ...

(4)

=)
also fiir die sogenannte k-te symmetrische Funktion, die den Wurzeln der Gleichung
A" = 1 entspricht. .
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5] Lemma. Es gilt:
(5) Spg =0 fiir k#C.n
=n fiir k=C.n
wo C eine ganze Zahl ist.

Beweis. Betrachten wir ein willkiirliches Polynom n-ten Grades: Pp(z) =
= a® 4 @@ + a@"2 + ... + ap_1 + apn . Spx sei die Bezeichnung fir die
k-te symmetrische Funktion der Wurzeln des Polynoms Ppu(x). Dann gilt folgende
Rekurenz: Spx -+ @1 .Spk_1+ @2 - Spp2+ ... + G- Sni + k.ax =0, siehe
z. B. [1], Seite 39. Daraus sieht man sofort, dass fiir das Polynom A* —1 =0 gilt:
1) spe=0fir k=1,2,...,n—1. 2) spr=n fir k = 0. Es gelte weiter £ =

' n—1 n—1
=n+h wo h=0,1,2,.... Dann gilt: spnpp= 3, €)= (e)*. (&) =

1=0 =0

n—1
=Y (e&)* = sn,n- W.z.bow.
=0

6] Vereinbarung. Mit dem Symbol V, bezeichnen wir jene Vandermonde’s
Determinante n-ten Grades, in deren j-ter Spalte einzelne Potenzen der Wurzeln
€y =28, j=0,1,...,n—1, der Gleichung A" =1 sind, siehe (6). Wegen der
Ubereinstimmung mit den Wurzeln g,,; wollen wir die Zeilen- und Spaltenindexen
bei ¥, von der Null anfangend bezeichnen.

1 1 R |
€o 31 ves Ep_1
2 2 2
(6) V,n = 30 €1 coe 8y
et et ... el

Ersetzen wir nun in der Determinante Vy ihre k-te Spalte durch die erste Spalte
der Einsermatrix E,: die heimit enstandene Determinante bezeichnen wir Vp;
k=0,1,...,n—1.

7] Lemma. Es sei gegeben das System von n linearen, nicht homogenen Gleichung-
gen mit » Unbekannten, in folgender Matrixform:

() Vau.z=];
V, ist die der Determinante V, zugehérige Matrix; z ist der Spaltenvektor von
den Unbekannten: z = (o, 21, ..., 2n_1), und j ist der Vektor aus der ersten

Spalte der Matrix E,; j = (1,0,0, ..., 0, 0).
Das eben angefiihrte System hat folgende Losung:

(8) = i=0,1,...,n—1

Beweis. Beachten wir zuerst, dass das System (7) gerade eine Losung hat: Vi ist
niamlich eine Vandermond’sche Determinante und keiner von ihren Faktoren,
d. h. (g — &), j # k, wird gleich der Null, da einzelne Wurzeln der Gleichung
a# = 1 voneinander verschieden sind. Der Wert der Determinante veréndert sich
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nicht, wenn wir zu den Elementen der k-ten Spalte die entsprechenden Elemente
von allen iibrigen Spalten addieren. Dann bekommen wir:

— k-te Spalte
Y
1 s TP |
& ...81 ... 8l
Vae= | € . Sn2 ... €2,
8’6‘1 cee Spum1 e 8::}

Aber nach dem Lemma 5. gilt: S =8n2= ... = 8,n_1 = 0. Wenn wir also
aus den Elementen der k-ten Spalte die Nummer n ausklammern, bekommen wir:
Va=n.Vpi; k=0,1,...,n—1. Wenn wir nun weiter, zwecks der Losung
des Systems (7), die Cramer’sche Regel anwenden, dann gilt:

1
=g Vn
Va,k n 1
== = =0,1,...,n—1
2k V” V” 7 k 0 n
8] Satz. Die Funktion f,(); i =0,1,..., n—1; kann man durch folgende
Formel ausdriicken:
: n—1 .
@ foi) =2 &b, ety i=0,1,...,n—1
n {2

Beweis. Die allgemeine Lésung der Gl. (1), wenn wir g; anstatt €, ; schreiben, ist:
Zo.€% 4z %l . 2y . @8t

wo z; die unbestimmten Koeffizitenten sind. Wenn wir nun von der allgemeinen zur
partikuliren Gleichung iibergehen, wobei die Bedingungen (4) zu erfiillen sind,
gelangen wir offenbar zu dem System (7), so dass, mit Hinsicht auf das Lemma 7,
die Gliitigkeit unseres Satzes ersichtlich wird.

9] Bemerkung. Die Formeln (9) fiir » = 2 sind die wohl bekannten Formeln
fiir den hyperbolischen Sinus und Cosinus.

10] Satz. Die Funktionen f,(t); i = 0,1, ...,n — 1; kann man als folgende
Potenzreihen ausdriicken; ¢ e (—o0, o0):

©  tnk
10 Il I:Z:OW
( ) v o t"k_j .
f"‘j(t)z,,g‘,—_(nk—j)! , j=12...,n—1
Beweis. Nach dem Satz 8. gilt:
ln—l_ 1 7=l © ¢ L) © # n—1 gj+i o
f”'j(t)=___zszee,.t=_z ZM____—__ t_ L. . T.M, wo
% % y=0i=0 ¥ it ;o n i-0 ¥ Ly

=0
nach 7. gilt: 1) sn,e,y =0 f0r &+ j £ n. b 2) snryy=n Fir ¢ +j=n .k wo
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© {nk—,

)
k=0,1,2, ..., so dass gilt: fn,4(!) = k;m____.

I dabei fiir j = 0 gilt: fn,0(0) =
= 1, siehe (4). W.z.b.w.

11] Satz. Es gilt folgende Formel fiir ¢ € (—o0, ):

n—1
(11) Z fn,i(t) = et
n—1n—1 1 n=l
Beweis. Nach 7. und 8. gilt: Z Ju4l8) = Z Z —s‘ etk = - Y, efet,
n—1 " 1 »= . n—1 . = | Lt-O 1 ; y k=0
5 = — etk - — 23 — — @B =
g‘o = Z: goa - kzoe Sn k= 0%t . g0 = .

12] Satz. Es gilt folgende Analogie des Moivre’schen Satzes:

n—1 n—1
(12) Z fn.t("t) = [z fn,t(t)]r
i=0 i=0
wo r eine beliebige reale Zahl ist; » = 1; t € (—o0, ).

n—1
Beweis. Nach 11. gilt fiir ein beliebiges reelle Argument z: Y. fn,1(2) = €?. Setzen
i=0

n—1
wir hier z = r . ¢ ein, so bekommen wir: Z fn,i(rt) = et
-0

Nun potenzieren wir die Gl. (11) zum 7- ten Grad; dann geht durch den Vergleich
mit der letzten Gleichung, unser Satz sofort hervor.

18] Satz. Zwischen den Funktionen fn, t(t), 1=0,1, ...,n—1, gelten folgende

Relationen, die mit den additiven Relationen der gomomemschen Funktionen analogisch
sind:

’ n—1
(13) fn:k(z = ?/) = Z:of'n,i(x) -fn.k—i(y)! k E{O’ l,...,n— 1}

wo man im Falle k — i < 0 den Index n + k — ¢ anstatt k — ¢ beniitzt.

Beweis. Unterscheiden wir hier zwei Arten der Faktoren:

n—1 n—1 n—1
1) Wenn p=gq ist, dann - gilt Z 2 & k—i LefrT  efr U — Z _71_2
i=0 p=0 T p-0
n—1 n—1
’ (Z AL LGSO ED) % .. gk BTV = fy (x + y)
=1 p=0
—1n—1n—1 ) . n-ln-1 1]
2) Wenn p # g ist, dann gilt: Z ¥y —.s;.g’;—',eﬂwﬂeq-y: y ¥ —.
1=0p=0 ¢g= [ p=04¢=0 n

n—1
€% T+eay g, Y 271 =0, weil &) . g5~ = €k . gyp_q) = €rq . €777; dabei p—q #
i=0
%+ 0. W.z.b.w.

14] Bemerkung. Aus den angefiihrten Formeln (13) entstehen auch weitere
Identititen, z. B. wenn wir y = —z setzen, mit Hinsicht auf (4).
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15] Lemma. Es sei € = €,,; eine beliebige Wurzel der Gl. A% = 1 und i sei ein
beliebiges Element der Menge {0, 1, ..., n — 1}. Dann gilt:

(14) In,4(&1 - 2) = €n_gg . fn,4(2)

Beweis. Durch den Einsatz ¢ — g;.2z bekommen wir nach (9): fn ¢(g2) =
f { 7 A
= ., Last . o . .
=— ) g . =g g .Y gientz Da es gilt: g .8 =¢l .ef =gitt =
7 0 . _ L =) .
= &j,;, und weiter: £ = g_y; = €, 4, kann man den obigen Ausdruck folgen-

: | . .
derweise umformen: fy (g .2) = &,_4 .71;208; +j - @2 Aber die Folge {ef,

&{.js ..., &4_y,;} bildet, mit Hinsicht auf die Identitét €}, = &}, eine zyklische
n—1

Permuation der Grundfolge {g, ¢, ..., &_,}. Demnach gilt: Y g}, . ez =
k=
n—-1 0
= €} . 6% %, s0 dass die zu beweisende Relation gilt.
£-0

16] Satz. (Der Satz iiber die Zerlegung der Formel (12) nach den Wurzeln der
Gleichung A* = 1).

Wenn 7 in der Gleichung (12) eine ganze Zahl bedeutet, dann zerfillt diese
Gleichung — nach der Substitution f — &, .z und nach der folgenden Durch-
fiihrung des angezeigten Potenzierens auf der rechten Seite — in 2 Teilgleichungen;
dabei wird die (» — k)-te Teilgleichung durch gerade alle jenen Glieder zusammen-
gesetzt, die den Faktor g enthalten. (k = 0, 1, ...,n—1). Die (n—k)-te Teil-
gleichung driickt hiemit die Funktion des r-fachen Argumentes, d. i. f, x(r2), durch
die zugehérigen Funktionen des einfachen Argumentes aus.

Beweis. In der Gleichung (13) setzen wir Y = (r—1) .z ein; dann nach der
n—1

Substitution ¢ = g, . 2z, siehe (14), bekommen wir: Enk o, k() = Y €n_i . fn,lt) -
i-0

- &nkyi - fap_i((r— 1) t), wo gilt: &4_s . &p gy = €5 . €n_i_kit = En_g, SO dass gilt:

n—1
(A4) Entk - fo.k(rt) = €nk . ) fu,i(t) . fu,k_s((r — 1) 8)
. i=0
Wenn wir dies schrittweise fiir &k = 0, 1, ...,n—1, durchfiihren, und alle

diesen Gleichungen summieren, so bekommen wir:

n—1 n—1n—1 ’
(B) 2 enk Su k() = Y 3 ek fa,ilt) - faks((r—1)¢)

k=0 k=0 i=0

Anderseits, wenn wir die G1. (12) fiir das Argument ;¢ statt ¢ schreiben, bekommen
wir nach (14): -

n—1 n—1
©) > Enk - fa k() = [ Y &ni. fit)]"
k=0 k=0

Nun stimmen die linken Seiten der Gleichungen (B), (C) iiberein und ausserdem
kann die rechte Seite von (B) (schrittweise) ausschliesslich durch die Funktionen
des einfachen Argumentes ausgedriickt werden. Daraus ist aber ersichtlich, dass die
rechten Seiten von (B), (C), nur zwei verschiedene Arten von demselben Ausdruck
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sind. Die Gl. (B) kann man aber in » Teilgleichungen der Art (A) zerlegen, d. h. alle
Glieder von einer und derselben Wurzel € bilden immer eine Teilgleichung.
W.z.b.w.

17] Beispiel. Applikation des Satzes 16. fir n = 3.

Z f3,4(22) = [Z f3,3(%)]% nachder Subst.z =gt f3,0(2t) + &2.f3,1(2t) + &1.f3,2 2t) =

[fs olt) + 82 f3 1) + &1 - f5,2012 = fLot) + & . f31(t) + & .f3,20) + €.
S3,00t) - f3,1(8) 4+ €1.2. f3,0(t) . f3,2() + 2. fs,1(t) . f3,2(t). Daraus, nach dem Ver-
gleich aller Glieder von derselben Wurzel g;:

a) f3,002t) = f30(t) + 2 . f3,1(t) - f3,2(t)
b) f3,1(2t) = f3,2(t) + 2. f3,0(t) - f3,1(t)
c) f3,2(2t) = f3,1(t) + 2 . f3,0(t) . f3,2(t)

Dies aber entspricht dem Satz 13. fiir n = 3, wenn wir = y = ¢ setzen.

B. Die geometrischen Analogien in einer Ebene mit dem System von n Halbachsen.
Prinzipielle Verhiltnisse.

18] Definition. Eine Ebene mit dem Koordinatensystem von » Halbachsen
benennen wir kurz ,,die Ebene a‘‘. Die Ebene der komplexen Zahlen (die Gauss’sche
Ebene) benennen wir kurz ,,die Ebene y*“.

Die Deckung zweier Koordinatenebenen bedeutet, dass diese beiden Ebenen
dicht aufeinanderliegen, wie zwei Nachbarseiten in einem Buch. Jede zwei Punkte,
die bei der Deckung im Kontakt sind, werden immer mit demselben Buchstaben
bezeichnet. Die Anfangspunkte der beiden Koordinatenebenen miissen wechselseitig
im Kontakt sein.

Bringen wir die Deckung der Ebene o mit y zustande: In der Ebene y seien
einzelne Wurzeln g; der G1.A#» = 1 jenach der Vereinbarung 2. bezeichnet. Ausserdem

seien hier auch die zugehérigen Radiusvektoren g = 0—87 bezeichnet; j = 0,1, ...

L,n—1.

Das Koordinatsystem von » Halbachsen in der Ebene a ist das System von x.
orientierten Halbgeraden X,, X, ..., X,_;, die aus dem gemeinsamen Anfangs.
punkt O in solcher Richtung fiihren, dass die Halbachse X; mit dem Radiusvektor
g €y zusammenfillt; j =0,1,...,n—1. Dabei haben X;, &, auch dieselbe
Orientierung.

Ein beliebiger Punkt P € a wird angegeben durch einen geordneten Satz von n
reellen, nicht negativen Zahlen (ao, a4, ..., as_1), so dass der entsprechende Punkt

P € vy als der Endpunkt des orientierten Vektorpolygons acgo A @181 A ... A @Gn_y.
. €41 fungiert, das in dem Anfangspunkt O beginnt. (g; || as&;).
Mit dem Symbol r bezeichnen wir den Radius OP (oder den Absolutwert des

—
Radiusvektors OP).

19] Bemerkung. Einem und demselben Punkt P € & kann man ersichtlich eine
unendliche Menge der n-gliedrigen Sétze von Koordinaten zuteilen, d. h. jeder von
diesen Satzen geniigt nach der Def. 18.. In dieser Menge existiert aber gerade ein
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Koordinatensatz, der einem willkiirlich gewihlten Parameterswert ¢ entspricht.
Dariiber im Absatz C. Einstweilen setzen wir einen willkiirlichen Koordinatensatz
des Punktes P voraus.

20] Definition. Es sei ein willkurlicher Punkt P € a, der durch einen beliebigen
Koordinatensatz (ao, @i, ..., @,_1) angegeben ist; » = 3. Die zusammenhingende
gebrochene Linie ea, die aus den obigen Koordinaten so gebildet wird, dass sie
sich bei der Deckung & mit y iiberall mit dem orientierten Vektorpolygon aggy A
A@€ A ... A @p_18n_1 deckt, bildet, zusammen mit dem Radius OP, ein (n + 1)-eck,
welches wir als ,,das Koordinaten-(n + 1)-eck des Punktes P € a‘‘ bezeichnen. Dabei
benennen wir die Seite OP ,,die Hypothenuse und die Seite a; ,,die j-te Kathete‘,
ji=01...,n—1.

21] Satz: Es sei ein Punkt Pea durch seinen beliebigen Koordinatensatz
(@0, @1, ..., an_1) gegeben; n = 3. Dann gilt
a) Firn=2k+1, k=123, ...
2k k 21tj
(15) 2= -+ g . Qjj.COS———
;o (7' 0 j=l) i 2k + 1

b) Firn =2k, k=2,3,4, ...

M=

2k—1

ko k=1 nj
(16) r2 = Z(Z+Z)ai.a¢+j.cosT,
=0 =1

i=0
wobei in den beiden Fallen gilt acs.; = a;, wo ¢ eine ganze Zahl ist.

Beweis. Bilden wir das Skalarprodukt OP . 51>’; wir bekommen:

n—1 n—1

7= (T o) (T af)

=0 j=0

Erwigen wir, wieviele verschiedene Paare entstehen auf der rechten Seite dieser

Gleichung. Es gilt offenbar: 1) Zwei Faktoren mit wechselseitig gleichen, bzw.

ungleichen Indexen, treffen immer gerade einmal, bzw. zweimal zusammen. 2) Es
2n . j

gilt: (ai&:) - (@1yg8149) = @i - By . COS— .

5 i

Uberlegen wir nun wieviele Paare a;.a;.;.cos A—gj—— existieren fiir einzelne
Indexe j: ordnen wir dem Indexensatz (0,1,2,...,n—1) seine j-te zyklische
Permutation zu; hiemit bekommen wir:

m—j+1,1), ..., (n—1,j—1)

Betrachten wir nun zwei Falle: a) n =2k + 1, £k =1,2,3, ...: Dann geht die
Folge (17), schrittweise fiir j = 1,2, ..., k, in die zugehérige Folge iiber, die in
jedem Fall aus (2k 4 1) verschiedenen Paaren besteht. b) n = 2k, k = 2, 3, 4, .. .:
Dann geht (17) in die zugehorige Folge iiber, die bei den Fillen j 5 k immer aus 2k
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verschiedenen Paaren besteht. In dem Fall j = k erscheint jedoch jedes Paar
gerade zweimal, so dass summarisch gilt:

4 2% 5 ; 2%k k 21;]'

il 3 r2=YYa2+2. ag. Q.4 .COS ~————

) i;) i i;) i; $ = Stird 2k +1
2k—1 2k—1 k-1 7] 2k=1

ad b) r2 = za§+2, Z Za,.a¢+,.cos-~——za¢-at+k
i=0 i=0 j=1 k =0

Daraus bekommen wir, nach kurzer Umformung, die obigen Formeln.
Die Beziehung acn.; = a;, Wo ¢ eine ganze Zahl ist, geht daraus hervor, dass
immer a; als Koeffizient beim Vektor g; fungiert.

22| Definition. In einem Koordinaten-(n -+ 1)-eck, der einem beliebigen Punkt
Pe a, gehort, fungieren folgende metrischen Funktionen:
(18) ony=-L; j=01,..,n—1

Mit Worten: @pn,; ist das Verhiltnis der j-ten Kathete ( j=0,1,...,n—1) zur

Hypothenuse, in einem Koordinaten-(n + 1)-eck eines beliebigen Punktes Pea,
P +£0.

23] Bemerkung. Eine so definierte Funktion @y,,; dndert sich im allgemein mit
der Anderung der Lage der zusténdigen Gipfelpunkte des Koordinaten-(n + 1)-eckes;
also nicht nur mit der Anderung der Lage des Punktes P.

24] Satz. Zwischen den metrischen Funktionen @g,¢, @ =0, 1, ..., n—1, die
einem Koordinaten-(n 4+ 1)-eck gehéren, gelten folgende Relationen:

a)Firn=2k+1,k=123,...

19 1 * & & -

(19) —i;)(j;)+j§) ‘Pn,t.(Pn.brj.cosm_l

b) Furn=2k, k=2’3,4’ .

(20) 1= 3% (X + Z)¢n,¢-¢n,¢+;.cosT
i=0 j=0 i=1

Beweis. Wenn wir die Gleichung (15), bzw. (16), durch die Grosse 72 dividieren,
dann bekommen wir nach kurzer Umformung und nach dem Einsatz von (18)
sofort die zu beweisenden Relationen.

C. Die Verbindung der gefundenen Relationen, d. h. der analytischen mit den
metrischen.

25] Satz.
a) Firn=2k+1,k=1,2,3, ..., und fiir t€(—o0, ©), gilt folgende Identitét.
2 o ot 2k k k 21
1) S ) (5 4 T fandl®) Sl - co8
i=0 j=0 j=1 2k +1
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b) Fiir n = 2k, k= 2,3,4, ..., und fiir t (—o0, o), gilt folgende Identitét:

CO8 — 2k-1 k
(22) ez( B Z;’ Zo+ Z ) fa, () - f,105(2) . 008—
=0 j=

j=1

Beweis ad a) g bedéutet hier die i-te Wurzel der Gleichung A2¥+1 = 1. Weiter
bezeichnen wir £, 5 = ¢_;. Dann gilt, nach (9) und nach (2):

2k
) el ] .
S Pt anco-engir=E ko o, Foo)
l 1
(2k P °e't) 2t =y Zoz srmr. (3, + ;1) o
o 1 . k
(&5 + g_',) ;;') €/"* = | mit Hinsicht auf (5) | = 5 BT + 1 Z e(®: + et ( ,;, + E)
. 1 1
- &3(85 + €_5) = | zerlgen wir | = {3 Tt e(®o et ( 7;0 + Ig £0(e7 — €_5)} +
1 1 &
+z

PR WL (Z + Z ) (&0 + 239) (& + £.9);

Die Ausdriicke in den geschweiften Klammern werden wir nun nacheinander
umformen:

1) ; 2k{F I 2t ( ];) + Z ) (& + &) = 2 "% :_-1 e . [2g0 + 2(¢; + €_1) +
+2(e2+€2) + ... + 2 + £4)] = 2,{_?_'1 et ‘i & = 0, siehe (5).
2) % 2Ic:- 1 i offst 8-at (Z + ]Z) [(e2*! + e23) + (2! + &25)] = %
' 2,0: i Z e“”*"'”” [2 Zo egtl 42 ”Z:O €27!] = | mit Hinsicht auf (5) | = %
' g:_ e® el 22k 1 1) — o 2(cos 21.-+1)‘.

Beweis ad b) g bedeutet hier die j-te Wurzel der Gleichung A%* = 1. Weiter
bezeichnen wir €2x_; = €£_;. Dann gilt, nach (9) und nach (2):

] 1
5 (Z+Z)fzkt(t) fat,is®) - cos Z="F (Z+Z ( Zs‘e"") (“,;‘
|-0 j- k =0 j=0 j= r=0 2
it 1 1 1 2k—12k—1 P k-1
: Ze 7e‘-‘~)-?(s,+g_,)= 2 @kp - ) 2 electe

€5(€7 + &_5).
T° Sl
. Z 8'+' | mit Hinsicht &Uf (5) I -

—1
=0 2 2k Z Rt ealt (Z Z)sfs(eﬁ-u)—

2k—1 & k—1

7=0j=1
(1 1 1 1
= | zerlegen wir | = { c @@t et + €. (& + &_ )} { T
| zerleg | =545 172 . Z) 0. (& + &4 RREA:
Ce@rtent (Z % z) e - (¢ + S_j)} {_ Z e€rten)t (Y 4 Z) (e5e +
j=1 2 2% j=0  j=1
+ &_5) (& + 8-1)}-
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Die Ausdriicke in den geschweiften Klammern werden wir nun nacheinander
umformen:

1 1 1
1) - 5 ok 0% {280 + 2(€ + €_1) + 2(e2 + €2) + . .. + 2(€k_1 + €k 1) + 21} = %
2k—1
%, Y g =0, siehe (5).
8=0

1 1
2) 3 o o2 . {280 — 2(g1 + €.1) + 2(€2 + €2) & . . . + (1)1 . 2(gxy +

11 2%t 1
+oEan) + (—IF 20} = e 2L Y (AP g = 0¥ {(—).
2% Z 2
2k—1 k—1
. Z g+ 2. Z €25} = 0 nach (5), denn Y ¢, die Summe aller Wurzeln der Glei-
=0 . =0
chung NC = 1 1st
1 k-1 l
3) 5 2Ic Z (s +8-5)! (2 + ) [e2! etl) + (2! 4 &) =

j=0 j=1
1 k-1 7 7

Ty Z e(e,,+e_,)t 2[(gp+1 + 8p+] 4+ gp3l 4 £p+1 4oepsl 4 | z;+1 1 £%+1
+ sm—l) _|_ (sp—l + I_;p—l + sp 1 4 ...+ 87’ + ££+l + 8{'1)] — _27 Cele eyt
2.2k =2 F)

26] Definition. Mit dem Symbol g, 4(t); 7 = 0,1, ...,n—1; n = 3, bezeichnen
wir folgende Funktionen:

2
(23) Gn, 1) = fa,s(0) . © (s )

WO fn,4(t) nach (9) bestimmt werden.

27] Satz. Zwischen den Funktionen g ;(t); j =0,1, ...,n—1; n = 3, existieren
folgende Relationen:

a) Firn =2k 4+ 1,k =1,2,3, ... und fiir alle reellen Zahlen ¢, gilt:

2rj
(24) 1= zo (3 + z)gn ((®) - gn, ,5(t) - cos
1=0 j=0 j=1
. b) Firn =2k, k=2,3,4 ... und fiir alle reellen Zahlen ¢, gllt
2k=1  k 2nj
(25) 1=3% (X + Z ) g, 1(0) - g, 11(8) - cOs -

i=0 j=0 j=1
Beweis. Multiplizieren wir die Gleichung (21), bzw. (22), mit dem Faktor
exp—2 (cos —2%!—) .t}. Dann bekommen wir, nach kurzer Umformung mit Hin-
sicht auf (23), sofort die Relation (24), bzw. (25).
Beachten wir nun die Ubereinstimmung der Form der Gleichungen (19), (24),
bzw. (20), (25). Auf Grund dieser Ubereinstimmung finden wir einen reellen
Zusammenhang zwischen den Werten der analytischen Funktionen gy i(f) und den

Werten der entsprechenden metrischen Funktionen @u¢, ¢ = 0,1, ..., — 1. Dies
kann man folgenderweise ausdriicken:
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28] Korolar. Es sei n = 3. Einem reaien Radius r > 0 und einem realen Argument t
kann man gerade einen Punkt P € a, OP = r, zuordnen, u.z. mit jenem Koordinatensatz
dieses Punktes, fiir den es gilt:

(26) A =7.Qni="7.Gn,il); 1=0,1,...,n—1

29] Vereinbarung. Fiir die Grossen aus dem Korolar 4 fithren wir die Bezeichnung
P(ag, ay, ...,an_1), bzw. P(r,t) ein, und benenen wir sie ,,der metrische-*, bzw.
,,der polare Koordinatensatz des Punktes P € a'‘.

30] Korolar. Es set Index n = 3. Jedem metrischen Koordinatensatz P(ao, @y, . . .
..., Gn_1), der einem bestimmten Punkt P € o gehort, konnen wir gerade einen polaren
Koordinatensatz P(r, t) zuordnen, und wmgekehrt.

Beweis. Den Radius 7 ordnen wir nach (15) oder (16) zu. Dann gilt es nach (26),
(23) und (11):

cosiﬂ—)‘t n—1
n

n— n— = —cos—21 .t
Zlad:'r.zlg,,,i(t):r.e ( .an,i(t)zr.e(1 ")

i=0 i=0 i=0

Daraus, fiir jedes », bekommen wir einen reellen Wert . Das riickwertige
Verfahren fithrt man nach Korolar 28.

31] Satz. Fiir die Funktionen g¢,,(f), ¢ = 0,1, ..., n— 1, gilt eine Analogie des
Moivre-schen Satzes: ’

n—1 n—1
(27) 3. gnilrt) = [ 3 gn. )]

i=0
wo 7, t, beliebige reelle Zahlen sind.

Beweis.  Multiplizieren wir die Gleichung (12) mit dem Faktor
exp {—— (cos 27") . rt} . Nach kleiner Umformung mit Hinsicht auf (23), bekommen
wir sofort die zu beweisende Relation.

32] Satz. Wenn r in der Gl. (27) eine ganze Zahl ist, dann zerfillt — nach der
Substitution ¢ = &; .2 und nach der folgenden Durchfithrung der angezeigten
Operationen auf der rechten Seite. — diese Gleichung in n Teilgleichungen, von
denen die (n — k)-te aus allen Gliedern der summarischen Gleichung besteht, die
den Faktor ¢z enthalten; k. = 0,1, ..., n—1.

Beweis. Von dem Satz 16 ausgehend, vefahren wir ebenso wie beim Beweis
des Satzes 31.

~

33] Satz. Es sei » = 3 und ke{0,1,...,n— 1} sei ein fest gewahlter Index.
Dann gelten fiir die Funktionen g, 4(f), j =0,1, ..., n— 1, folgende Analogien
der additiven Relationen bei den goniometrischen Funktionen:

n—1
(28) gn,k(® + ¥) + Zoyn,j(x) - gn, k1Y)

i=
wo z, y, beliebige reelle Zahlen sind und wo wir im Falle ¥ —j < 0 den Index
n + k — j anstatt £ —j einsetzen.
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Beweis. Multiplizieren ~wir die Gleichnug (13) mit dem Faktor
exp {— (cos ?ét—) (x + y)} . Nach kleiner Umformung bekommen wir, mit Hinsicht

auf (23), die zu beweisende Relation.

D. Die Ubertragung der Relationen aus dem Koordinatensystem von 2n Halbachsen
auf dasjenige von n Achsen.

Setzen wir voraus, dass wir eine Ebene a mit 2n Halbachsen haben; n = 2.
Wir wollen nun immer die zwei Halbachsen vereinigen, die in derselber Gerade
liegen, d.h. wir wollen zugleich auch die entsprechenden Paare der Koordinaten
vereinigen.

34] Bemerkung. Erst nach den analytischen, bzw. metrischen Reduktionen, die
dieser Vereinigung entsprechen, erreichen wir die engsten Analogien der gomiometri-
schen Funktionen, wdihrend die bisherigen als die Analogien der hyperbolischen
Funktionen betrachtet werden miissen: vergleiche z. B. (10) mit (34) und siehe auch die
Bemerkung 9.

35] Definition. Eine Ebene mit dem Koordinatensystem von n Achsen, be-
zeichnen wir Knappheitshalber ,,die Ebene B*. .

In der Ebene v, siche Def. 18, seien bezeichnet einzelne Wurzeln g = &2,¢
der Gleichung A?" = 1, gemiss der Vereinbarung 2. Ausserdem seien hier auch die

zugehorigen Radiusvektoren ; =T):¢ bezeichnet. Fiihren wir die Deckung der
Ebene B mit y durch:

Das Koordinatensystem von n Achsen in der Ebene f ist das System der n orientier-
ten Geraden Xo, Xi, ..., Xn_1, die aus einem gemeinsamen Anfangspunkt 0 in
solcher Richtung fithren, dass die Achse X; € p mit der Gerade €&x ¢ €y zZusammen-
fallt; dabei haben X;, & auch dieselbe Orientierung.

Ein beliebiger Punkt Pep wird durch einen Koordinatensatz (bo, b1, - .., bp_1)
so bestimmt, dass der durch die Deckung entsprechende Punkt P € y den Endpunkt
des orientierten Vektorpolygons bggo A bi€1 A ... Abn_1€s_1 bedeutet, das in dem
Anfangspunkt 0 beginnt.

Mit dem Symbol r bezeichnen wir (auch hier) den Radius OP.

36] Bemerkung. Nach der eben angefiihrten Definition, ist die positiv orientierte
Achse X4 zugleich auch die negativ orientirete Achse X;. Aus denselben Griinden
gilt: by = —b;;1=0,1,...,n—1.

37] Lemma. Es sei ein beliebiger Punkt P € « durch seinen beliebigen Koordinaten-
satz (o, @1, .. .» @2n_1) gegeben; dann wird derselbe Punkt Pefp durch den
Koordinatensatz (bo, by, . .., bp_;) bestimmt, wobei gilt:

(29) by = a1 — an,4; 1=0,1,...,n—1

Beweis — ist ersichtlich aus den Definitionen 18 und 35.

38] Vereinbarung. In der Ebene B werden wir (wieder) das Koordinaten-(n + 1)-eck
beniitzen, das einem Punkt P € p angehort. Seine Seiten sind: 7, bo, by, ..., bp_1-

Den Radius » = OP, bzw. die Seite b; bezeichnen wir (wieder) als Hypothenuse,
bzw. die ¢-te Kathete.
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30] Satz. Es sei ein Punkt P € B gegeben, durch seinen beliebigen Koordinatensazt
(b0, b1, ..., by_1); dann gilt:

n—1 n—1 n—1

(30) A="S (T +'3) b0 bug.cos

i=0 j=0 j=1

Beweis. Die Formel (16), in der wir hier n anstatt k schrieben, kann man
folgenderweise umformen:

’ 2n—1 n—1 21tj !Zn—l 3
(31) 2 =12 . Z Z“‘-“Hi-cos'g’n" —{—LZ (a‘.—ag.at,r,,)}
i=0

i-0 j=1
Als Folgerung der Vereiningung der 2n Halbachsen zu n Achsen, entstehen in
dieser Formel folgende Reduktionen:

In dem: Ausdruck in den ersten geschweiften Klammern vereinigen sich immer
vier Glieder zu einem neuen:

n . T . T .
2a4a4, 5 cos —n—] + 2ap,4ap 4.5 cos 7‘7 + 2a4ap 4,4 cos (1: + —n—]) +
T . T .
+ 2an 4044 cos (n + ) =2.|cos e (@315 + Oni1@n 1y — UAn iy —

T, T .
— Gnyiiyg) = 2 (008 7]) (@1 — @n4) @iy — Onyeyg) = 2 (COS 7.7) - bibiyg.

Ebenso in dem Ausdruck in den zweiten geschweiften Klammern: a? — 2aa;.., +
+ a?,n = (a; — a;,n)? = b2. (Das Glied a4a;, , wird hier zweimal enthalten, siche )
fiir n = 2k, j = k).

Aus dieser Analyse geht hervor, dass die Gl. (31) nach den angefiihrten
Reduktionen lautet:

n—1n—1

n—1
=2, Z Z b¢b¢+jcos%j+ z b?
1=0

i=0j=1
Diese Gleichung wird aber leicht in die Gl. (30) umgeformt.

40] Definition. Es gelte: n = 2; 1 =0,1,2, ... . Die Funktion Fp(t) wird
folgendermassen definiert: -
(32) Fn,i(t) == fz'n,i(t) ‘—on,i+n(t)

wo die Funktionen f,4,5(f) nach (9) definiert werden.
41] Satz. Fiir Fp4(t), ¢ = 0,1, ..., n—1; n = 2, gilt:

1l
(33) Fa,t) = . Y Ehpyy - €Ot € = E24,j
A =)

: . 1 221 .
Beweis. Nach (9) gilt: fan,1(t) — fon, t1a(f) o = Y (e —&it™) . eont;
k=0

1=0,1,..., n—1. Dabei betrachten wir zwei Fille:

1) k=25, §=0,1,2, .... Dann gilt: &}, —ei}" = &}, (1 —&3,) = €, [1 —
— (es)"] = €b, (1 —1) = 0.

2) k=2s+1,8=0,1,2, ... Dann gilt: gf —ei" = ei(l —e}), wo £} =
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= B0 — g g — g2 g = 1.8, = —1, so dass gilt: & —ef*" =
= gi[1—(—1)] = 2¢}. Es gilt also summarisch:

1 271 . 1 n—1 t
i __ pitn Cr.t — efak+r - p—
on kfb (e —&'") - e = kZO &t - € = E2n,J
42] Satz. Die Funktionen Fy i(t); + =0, 1, , n—1; n = 2, kann man in der

Form folgender Potenzreihen ausdriicken, die ers1chthch iiberall konvergieren:

Fan,ot) = ZO (—1) .-

(n&)!
(34) e i —1 ns—] 1.9 y
{) — 1) =12 ...,n—
nil) = Y (1 j
1 =1 | n—1 . 1)
Beweis. Nach (33) gilt: Fp 5(t) = — Z €hp,yy - €Brn-l = —l— Y e, (ﬁz—&:’—-)— =
7 k=0i-0 v
it n=
T Z i1, .— . Dabei gilt: Z & =& +e + ...+, = (eh+ €]+

JP “Ms

+ + + £2n l) (80 o 82 1= 84 + ot 82(,, 1)) = S, r—(£ -+ 8%' = S .‘+

+ &2 ) = Sun,r — Sn,2r, siehe das Lemma 5. Also gilt: Fp 4(f) = Z —zT

1 =0
o (S2m, 144 — Sn,2(1+5)- Hier aber gilt nach 5.: '

1
=7(2n~—n):lfﬁrr=n.2p; p=0,1,2,...

1
~ anar — Snar) = =%(O—n)=—1fﬁrr=n(2p+1); p=0,12,...

= 0 fiir die iibrigen natiirlichen Zahlen r.

Summarisch: Die von der Null verschiedenen Koefﬁzienten, d. h. 41, —I1,
erscheinen nur fir r=14+j=mn.s (8=0,1,2,...)=1=ns—j; dabei ent-
sprlcht einem ungeraden (geraden) s das Zeichen minus (plus). (Hier gilt ¢ =0,
wie aus der Gl. ¢ = ns — j ersichtlich ist, so dass die untere Grenze fiir s erst von
der Einser an genommen wird, wenn j > 0 ist. Dabei gilt nach (32) und (4):
Fp,00) = 1, so dass fiir j = 0 eine selbstindige Formel eingefiihrt werden muss).

43] Lemma. Firj=0,1,...,n—1; n = 2, gilt:
(35) Fp ong(t) = —Fp 4(t).
Beweis. Nach (32) gilt: Fy p4(t) = fz,. n44(t) — fon, z1|+j(t) WObel nach .(9) gilt:
2n—1

1 1
fzn am4g(t) = _277. zo £2n+7 e8s-t — _2_ z 33" 37 et — v2_ Z c’ @8-t —on, ®),

8= =0
8o dass gllt Fﬂ, n+j t) —fzn" n+g t) —fz” j(t) = —Fn j(t)

44] Satz. Zwischen den Funktionen Fp ¢(t);1=0,1,...,n—1; n = 2, gilt fol-
gende Relation:

=\, n=1 n—
(36) 02(cos ”) ‘ = ¥ z + Z Fou,4(t) « Fn,1,4(t) - cos —3
i=0 j=0 j=1
wo immer Fy p,s(t) = —Fn,s(t); s=0,1,...,n— 1.
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Beweis. In der Relation (22), in der wir 7 anstatt k schreiben, kann man, nach (32)
und (35), immer vier Glieder zu einem einzigen vereinigen. Vor allem formen wir die
G (22) folgenderweise um:

cos =) 2n—1n-1 2n—1
en SR B T oSt -cos k4 (5 (2= )

Wo fi = fan,(t), usw. Das weitere Verfahren ist ganz analogisch mit der Umformung
der Gleichung (31), d. h. wir erreichen folgende Umformung der Gl. (37):

2(cos =).¢ n—1n—1 T . n—1
e (c n) =23 Y Fpult). Fn,ay(t) . cos —j + > F2.)
i=0 j=1 n i-0

Diese Gleichung wird aber leicht in die Gl. (36) umgeformt.

45] Definition. Mit dem Symbol G, 4(t);5 = 0,1, ..., n—1;n = 2, wird folgende
Funktion bezeichnet:

(38) Gin, i(t) = Fn,u(t) . o om3)
wo die Funktionen Fj ¢(f) nach (33) festgesetzt werden.

46] Satz. Zwischen den Funktionen G i(t); 1 =0,1,...,n—1; n = 2, gilt
folgende Relation:

n—1 n—1 n—1
(39) 1= (Y + Y)Gnilt) . Gn,sss(t) - cos =
i=0 j=0  j=1 n

wo gilt: Gp,n,s(t) = — Gy, s(t), s=0,1,...,n—1.

Beweis. Wenn wir die Gl. (36) mit dem Faktor exp{—2 (cos% ¢t; multi-

plizieren, erhalten wir, nach kurzer Umformung mit Hinsicht auf (38), sofort die
Relation (39).

47] Definition. Es sei ein Punkt P € B durch seinen beliebigen Koordinatensatz
(bo, b1, ..., bn_1) gegeben; n = 2, OP = r # 0.

Wir definieren in dem zugehérigen Koordinaten-(n + 1)-eck folgende metrische
Funktionen:
(40) d%;:%; 1=0,1,...,n—1

Mit Worten: Die metrische Funktion @, ; ist das Verhiltnis der i-ten Kathete

zur Hypothenuse, in einem beliebigen Koordinaten-(n 4 1)-eck eihes beliebegen
Punktes PefB, P #0; n = 2.

48] Satz. Zwischen den metrischen Funktionen Dy, ;, die einem Punkt Pefp im
Sinn der Def. 47 gehéren, gilt folgende Relation:

n—1 n-1 n—1
(41) 1= (Y + Z)@n,;.¢n,¢+,.cos—71:—j
i<0 j=0 j=1

wo gilt: @y p,s = —Dp,, s=0,1, ..., 0 —1.
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Beweis. Dividieren wir die Gl. (30) durch 72; dann bekommen wir, nach kleiner
Umformung mit Hinsicht auf (40), gofort die zu beweisende Relation.

Beachten wir nun die Ubereinstimmung der Form der Gleichungen (39) und (41).
Auf Grund dieser Ubereinstimmung finden wir einen reellen Zusammenhang zwischen
den Werten der analytischen Funktion Gy,(t) und den Werten der entsprechenden
metrischen Funktion @, ¢; man kann es folgenderweise ausdriicken:

49] Korolar. Es sei n = 2. Einem reellen Radiusr > 0 und einem reellen Argument
t, kann man gerade einen Punkt P € B, OP = r, zuordnen, u. z. mit jenem Koordinaten-
satz dieses Punktes, fir den es gilt:

(42) bi=1.Dp,i=1.Gn); i=0,1,...,n—1.

50] Vereinbarung. Fiir die Grossen aus dem Korolar 49. fithren wir die Bezeich-
nung P(bo, b1, ..., bu_1), bzw. P(r, t) ein, und benennen wir sie ,,der metrische —
bzw. ,,der polare Koordinatensatz des Punktes P e p.«

51] Satz. Es gilt die Identitat fiir n = 3, t € (— 0, 0):

) nk . W
(43) kgo (cos T) . Gy, k(t) = cos [(sm 7) . t]

Beweis. Multiplizieren wir die Funktion Fy, k(t) mit der Einheitswurzel a) €24, %>

b) €2n,2n—% und filhren wir dann die Summation fiir ¥ =0,1, ...,n—1 durch.
Mit Hinsicht auf die Gleichungen: 1) (—1) . €21,k = €2n,n4k> 2) €20,k = €2n,k42n8 =
= (20, 1)F*2"8, 3 = 0,1, 2, ..., bekommen wir nach (34):
) k 0 k
ad &) Z (_tﬂi — eLan.l’ ad b) Z _(tiri’zn__l)_ — el %, an-1, Durch Summa-
=0 k! e k!
n—1
tion dieser zwei Gleichungen bekommen wir: 2 (€2n,k + €2n,20-k) - Fu, k() =
k=0

n—1 %\ N it
— et-®ma1 | gf-Bamam- | und weiter, nach (2): z 2. (cos —%) L Fp k(t) = ez cos — .
£=0

1 —tes>
.2 . cos (t . sin —:— Multiplizieren wir diese Gleichung mit - e “*", 80 bekom-

men wir nach (38) sofort die zu beweisende Gleichung.

m
52] Lemma. Die Gleichung # = ), @; bedeute eine willkiirliche Zerlegung eines
i=1
Vektors # in m Komponenten, m = 2. Es sei 8 eine willkiirliche Richtung. Dann gilt:
Der Absolutwert der Summe der lotrechten Projektionen der Komponenten
a;, i=1,2,...,m, in die Richtung 3, ist minder oder hochstens gleich dem
Absolutwert | 7 |.
Die Giiltigkeit des Lemmas ist elementar bekannt.

53] Folgerung. Fiir einen beliebigen Koordinaten (n + 1)-eck aus der Ebene f,
n = 3, wenn wir die lotrechte Projektion seiner Katheten b; in die Achse X,
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n—1

voraussetzen, gilt die Ungleichung: —r < Y b co:slnli < r, wo r die Hypothe-
k=0

nuse ist; d. h. es gilt auch

_—
Zbk.cos"—kgl
n

1 1
(44) -1 = —-
r k=0

64] Vereinbarung. Wenn ein Argument einer Funktion (38) aus dem Intervall
-1
O, n (sin %) ist, dann und nur dann bezeichnen wir es mit einem Streifen;

also z. B. { anstatt ¢.

55] Korolar. Es set n = 3. Jedem metrischen Koordinatensatz P(bo, by, ..., bp_y),
der einem bestimmten Punkt P € f gehort, konnen wir gerade einen polaren Koordinaten-
satz P(r, t) zuordnen, und wmgekehrt.

Beweis. Den Radius r ordnen wir nach (30) zu. Dann gilt es nach (43) und (42):
A n=1 nk Com\-! 1 =n-l

t = (sm —;) . arccos L%’l (cos 7) A G,,,k(t)] = (sm 7) . arccos [_r_ . k;) .

. { cos —nn— .bx |, wobei fiir den Ausdruck in den eckigen Klammern die Ungleich-

heit (44) gilt. Das riickwertige Verfahren fiihren wir nach dem Korolar 49. durch.

56] Satz. Essein > 3und ke {0, 1, ..., » — 1) sei ein fest gewihlter Index. Dann
gelten fiir die Funktionen Gnx(x), k=0,1,...,n—1, folgende Analogien der ad-
ditiven Relationen bei den goniometrischen Funktionen:

n—1
(45) Ga k(@ + y) = ) Gny(®) . Go,_y(y)
=0
wo z, y, beliebige reellen Zahlen sind und wo wir im Falle, dass k —j < 0 ist,
den Index n 4 k — j anstatt k¥ — j, zugleich mit dem negativen Vorzechen fiir das
zugehorige Glied einsetzen. ’

’ 2n—1
Beweis. Nach (13) gilt a) fon,k(x + y) = z Jan, 5(2) - Jan,k-5(y), b) Jan,kin (2 +
=0
2n—1
+ 9) = ) fan,5(®) . fan,kins(y). Bilden wir nun die Differenz b) — a), so gilt es
=0

2n—1 n—1
nach (32) und (35): Fn,&(z + y) = Zo fon,1(®) - Fn,xg(y) = _Zo[fzn.;(x) »Fan,e4(y) +
j= I=

n—1 n—1
+ fangin(®) . Fnkgn(y)] = _Z;) [fan,3(2) — fon14n(2)] - Fa,k_s(y) = Z;J Fn,s(@) .
r=- -

7
. Fp k_j(y). Wenn wir nun diese Gleichung mit dem Faktor exp {— (cos %) (2 +

+ y)} multiplizieren, so bekommen wir, nach kleiner Umformung mit Hinsicht auf

(38), die zu beweisende Gleichung. Die Regel fiir das Vorzeichen ist direkte Fol-
gerung von (35).
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57] Satz. Es sei » = 3 und r, , seien reelle Zahlen. Dann gilt folgende Analogie
des Moivre-schen Satzes:

n—1 n—1
(46) Z &2n,k - Gn,k(rx) = [z &2,k - Gn,lc(x)]r
k=0 k=0
Beweis. Beniitzen wir die Gleichung ad a), aus dem Beweis des Satzes 51:
n—1
(47) Y, €2n,k - Fa,k(t) = e8!
k=0
Potenzieren wir diese Gleichung zum r-ten Grad und legen wir = anstatt ¢:
n—1
(48) [Y ek - Fa,p@)]" = [6%m1-7]
k=0
Durch die Subst. ¢ = 7z bekommen wir aus (47):
n—1
(49) Z &,k - Fn,k(rz) = €% 77
£=0

Da die rechten Seiten von (48), (49) iibereinstimmen, wird hiemit die Gleichung,
die aus den zugehérigen linken Seiten besteht, erwiesen. Multiplizeiren wir nun diese

Gl. mit exp {— (cos —Tni) .r:r}, so bekommen wir, mit Hinsicht auf (38), den zu

beweisenden Satz.

58] Satz. Wenn r ia der Gleichung (46) eine natiirliche Zahl ist, dann zerféllt
diese Gleichung in = Teilgleichungen, von denen die k-te Gleichung aus allen
Gliedern der summarischen Gl. besteht, die den Faktor &35,z enthalten; k = 0, 1,

.,n—1.

Beweis. Setzen wir in die Gl. (45) y = (r — 1) .2z ein und multiplizieren wir
zugleich diese Gl. mit der Wurzel &4, 5. Dann, durch die Summation solcher Gleichun-
gen, von k = 0 bis » — 1, bekommen wir:

n—1n—1

n—1
Z'ﬁzn,k . Fon,k(rz) = z Z &2n,k - Fn,1(®) « Fn,x_4((r—1) . 2)
¥=0 ¥=0 j=0

Eine Seite von dieser Gl. und von der Gl., die zwischen den liknen Seiten der
Gleichungen (48), (49) existiert, stimmt also iiberein. Die weiteren Erwigungen sind
dann ganz analogisch mit jenen im Beweis des Satzes 16. Der nachfolgende Uber-
trag, d. h. mit Hinsicht auf (38), wurde schon oben gezeigt.

59] Die Funktionskurven y = Gy, i(z), t =0,1, ..., n—1, n = 2.

Diese Kurven wurden griindlich in den Rechenmaschinenlaboratorien der
FS-VUT in Brno untersucht: diese Arbeit vollzog Ing. Ivan Direr. Diese Rech-
nungen bestitigen die engsten analogischen Eigenshaften mit den Kurven y =
= cos z = G,0(z), y = —sinzx = G, 1(2):

Wenn der Absolutwert des Argumentes & wichst, nahert sich der Verlauf dieser
Funktionen folgenden Kurven: :

(60) y = Hp, i(x) = Ay .8in(By . x + Cn,t),
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wo Ap, By, bzw. Cy,; fir einen festen Index =, bzw. feseten Indexenpaar
(n, 7), bestimmte Konstanten sind.

Die Naherung der Kurve G, (x) zur Hy 4(z), + = 0,1, ..., n — 1, verlduft sehr
progressiv. Die Kurve y = Hjp ¢(x) verzogert sich gegeniiber der y = Hy, i31(%).

1
Die Phasenverzogerung macht o der Wellenlédnge aus.

60] Die Angaben iiber die Funktionskurven G, j(z) fiir n = 3,4, ..., 7. Zusam-
mengestellt mittels (34), (38). Die Periode, d. h. die Wellenldnge, und die Amplitiide
dieser Kurven, bei z € (10, 30):

n Periode } Amplitiide
3 7,254 ‘ 0,667
4 8,464 e 00l | _2
5 10,688 { = 2r.cosec— | 040l =<, (Vermuiung
6 12,851 # | 0,333 von Ing. Direr)
7 14,374 [ 0,286
|

E. Die Transformationen der Koordinaten eines allgemeinen Punktes einer Ebene
mit Bezug auf ihre beiden Koordinatensysteme.

61] Verabredung. Man vihle in der Ebene den Punkt 0 als den (gemeinsamen)
Anfangspunkt. Man fithre durch denselben

a) zwei gegeneinander senkrechte Achsen eines Cartesischen Systems; man bezei-
chne sie als Y, Z; ihre Orientierung wahlt man so, dass die Halbachse +Y durch

die Drehung um % um den Anfangspunkt im positiven Sinn in die Lage -+ Z iibergehe.

b) die Achsen Xy, X;, ..., X4-1 des Koordinatensystems B, fiir » > 2, nach der
Definition 35. ’

Dabei mdgen die Achsen Xy, ¥ den Winkel « einschliessen, den wir im positiven
Sinn von + Y zu -+ X, messen.

62] Lemma. Es sei a + bi = cos2na + ¢.sin 2na eine komplexe Zahl, wo
n = 2 eine natiirliche Zahl und o ein beliebig gewahlter Winkel ist. Dann gilt die
Gleichung: N

n—1 2 n—1 2
(63) Zcos(2a+—£j)=28in (2a+lj)=0
i=0 " 1=0 n
Beweis. Es gilt fiir die Wurzeln €,,5; j=0,1, ..., —1, der binomischen
n—1

Gleichung A" =a + bi: ) €n,7 =0, siehe die symmetrischen Funktionen der

=0
Waurzeln, so dass sowohl die reellen als auch die imaginaren Komponenten dieser
Wurzeln ebenso die Summe Null ergeben.
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63] Lemma. Fir den Index n = 2 und fiir den beliebigen Winkel « gilt die
Gleichung:

n—1 .
(54) 2. cos? (U 3¢ —M-) Z sin2 (a + ——) —
j=0 n j=0 2
n—1 nj n—1 ]
Beweis. Es gilt nach der bekannten Formel: z cos? (a + ~n*) = Z - [1 +
7=0 j=0
n—1
+ cos (2a S )] —— 4L -l— Z cos (2:1 4 2*9) = %, siehe (53). Analog

beweist man den ubrlgblelbenden Teil des Lemmas.

64]) Lemma. Fiir den Index » > 2 und fiir beliebige Winkel a, B, gelten die
Gleichungen:

) T . T . n
(55) ]ZOCOS(O!‘}‘?J)-COS(G-F/?—!—?J)——2—.003
n—1
(%) 2, cos (d + %J) sin (a + 8+ ——J) _sin B
-0
n—1 n n n—1 %
Beweis ad (55). Z cos (a -+ —n—J) . coS (a + B+ —-3) = z cos (a + __J) .
j=0 i-0

. [cos(a+1j) . cos f§ — sin (a-i—%j) smﬂ] =cos . nzl cos? (a—}———g)

j=0
—1
—-—;— sin . Z sin (2a + 2— ) = % . cos f3, siehe (54) und (53). Analog beweist
man die Glelchung (56).

65] Verabredung. Wir bezeichnen die Koordinaten eines allgemeinen Punktes P
in Bezug auf das Koordinatensystem @, bzw. B, (n >2), P(y,2), bzw.
P(xo, &1y 5 oo x,,_l).

66] Satz. Es mogen die Verabredungen 61. und 65. gelten. Zur Festsetzung des
Satzes P(xo, %y, ..., ¥y_1) durch den gegebenen (bekannten) Satz P(y, z) beniitzt
man das folgende Gleichungssystem mit einer symmetrischen Systemsdeterminante:

o .%o + 1 .% +az. %2 4 ... dpy Tu1=0bo.y +co.z
(57) @ . % +ap.2 +a;. %+ ... a2 Xy 1=b.y H+c .z
.%o +a;.21 +ap.2 + ... +ap3.2p1=0bb.y +c2.2

An1%o+ n2%i + 3%+ ... + 8 . Xp_1=bu_1.Y+Cn1.2
woak=cos(—:—k), bk=cos(a+—:—k), ck——-sin(u—}——:t—k).

Beweis. Die k-te Gleichung dieses Systems, (k=0,1,...,n—1), driickt

(mit Riicksicht auf die Achsenorientierung nach der Def. 35.) die Gleichheit zwischen

‘"den ortogonalen Projektionen beider Polygonalen des Punktes P, d. h.
(o A 81 A ... A Zn_1), (F A 2), auf die Achse X aus.
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67] Lemma. Die Determinante des Systems (57) ist gleich Null.

Beweis. Nach der Def. 35. hat der Anfangspunkt 0 ersichtlich auch Nicht-Null
Koordinatensitze in Bezug auf das P,-System; er hat dabei aber bloss einen
Null-Koordinatensatz in Bezug auf das System P, d. h. ¥y = z = 0. Projizieren wir
also die dem Nicht-Nullsatz des Anfanges 0 zugehérige Polygonale, so wird das
Gleichungssystem (57) ein homogenes und es wird eine Nicht-Null-Lésung haben.
Nach einem bekannten Satz muss also seine Systemsdeterminante gleich Null sein.

Nach der Def. 35 ist aber diese Determinante immer dieselbe fiir einen jeden
Punkt P e f,.

68] Satz. Das Gleichungssystem (57) hat (im Einklang mit dem Lemma 67)
unendlich viele Losungen folgender Form:

-2 { ; . .
(58) x;=—;-[y.cos(a—l-—:%j)+z.s1n(a+%j)]; j=0,1...,n—1

Jeder Grosse des Winkels o entspricht also gerade ein Satz P(zi, 2, ..., Zp_1).

Beweis. Mit Riicksicht darauf, dass der Cosinus eine gerade Funktion ist, kann
man die k-te Gleichung des Systems (57), k =0, 1, ..., » — 1, so scheriben:

=X nk . nk : nk
(59) ,goxj . cos (——77 + 7‘7) =y .cos (a =+ *nﬁ) + z.sin (a + 7&—)

Durch das Einsetzen der vorausgesetzten Losung (58) in die linke Seite dieser
n—1

Gleichung bekommt man: > ™y [y . cos (a + % j) + z.sin (a -+ —:— ])] .
=0 :
T T . 2 T . n T . 2
. cos (——710—1— 7‘7) ==y Eocos (a—l——;y).cos(——?k-i—?y) +7. z.
”fsin a-l—-l' cos —lk—}—l’ = | siehe 64 | = y . cos a—}-ik + z
- n?) n nl) = = n '
. 8in (a + % k) ; dies ist aber identisch gleich der rechten Seite von (59).

69] Satz. Fiir die Bestimmung des Satzes P(y, z) mittels des gegebenen (bekann-

ten) Satzes P(xo, i, ..., Zp_1) beniitzen wir die Formel:
n—1 T n—1 n
(60) a)y:Zx,.cos(a—i——j), b) z=2:z:,.sin(a+—j)
=0 n i=0 n

Beweis. Nach der Verabredung 61 stellt die erste, bzw. dic; zweite dieser
Gleichungen ersichtlich die senkrechte Projektion der Polygonale (o A #1 A ...
... N\ Zp_y) in die Y- bzw. Z-Achse dar.

70] Bemerkung. Aus den Gleichungen (58) kann man die Gleichungen (60-a, -b)
folgendermassen ableiten:

ad a) Man multipliziere die Gl. (58) mit dem Faktor cos (a + 7’;— NE

Durch die Summierung solcher Gleichungen vom Index j = 0 bisn — 1 bekommt
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man mit Riicksicht auf (54) und (53): Z Zj . oS (a + — J) = -2— Y. Z cos? ( o+
=0 =0
-1

1
+ —J) +—.z. Z sin <2a + —2—3) = y, was die Gleichung (60-a) ist.
=0 \

ad b) Wir multiplizieren die Gl. (58) mit dem Faktor sin (a + e j) :

Durch die Summierung solcher Gleichungen vom Index j = 0 bis » — 1 bekom-
men wir analog (60-b).

71] Bemerkung. Den Zusammenhang gegenseitig rez proker Transforma,tlonen (568)
und (60) kann man folgendermassen veranschaulichen:

' Zo 3% s @ Tn_1

2

(61) Yy Qo vee Qu_q l 7
z bo bl i ¥ b”_l

T . . T .
WO a4y = COS(OH-?J), by —S{n(a+7]).
Es gilt dabei: Stellt man (nach dem Schema) die Gleichung in der vertikalen

Richtung zusammen, so multipliziert man ihre rechte Seite mit dem Koeffizienten
2

n

72] Verabredung. Den Winkel des Radiusvektors r = OP mit der Halbachse
+7Y, im positiven Sinne von + Y gemessen, bezeichnen wir .

73] Satz. Es sei der Index » = 2. Fiir die metrischen Funktionen Dy, ;, siehe (40),
gilt die Beziehung:

2 n . .
(62) ¢,,,=7.cos((o—a——7—b—]); ji=01...,n—1

Beweis. Dividieren wir die Gleichung (58) durch die Zahl » = OP, (P == 0);
wir bekommen:

_i’.=_2_-[l.cos(aﬁ--’—‘-j)+—z—-5in(d+lj)]
r n r n

r n

oder nach 47, 61, 72 und nach der bekannten Formel:

Dy, = —2— [cosm.cos (a+—“—j) + sinm.sin(a+—”—j)] =—2-.cos (m—a—
n n n n

—1_7) , w.z.b.w.

74] Bemerkung. Durch den Satz 73 wird — mit Riicksicht auf Korolar
49 — analytisch die Vermutung iiber die genaue Amplitudengrésse der Funktionen
G, i(t), (_7 =0,1, ..., n— 1), bestétigt, siehe 60.

Wir wissen ]edoch aus den nummerischen Untersuchungen, dass es in emem klei-

nen Intervall um den Punkt ¢ = 0 die Ungleichung 1 = | Gy, s(f) | > 7 gilt. Wir

sollten also diese Erscheinung im Hinblick auf den Satz 73 auskléaren:
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Nach 35. gehort einem Punkt auf der X,-Achse auch der Koordinatensatz
P(a, 0,0, ...,0), a # 0. Die entsprechende Koordinatenpolygonale reduziert sich
hier auf die einzige Komponente #,. Diese Reduktion betrifft also auch das System
(57), so dass der fiir eine n-gliedrige Polygonale abgeleitete Satz 73. fiir diesen Fall
nicht gilt.

75] Bemerkung. Durch den Satz 73. wird weiter die im Absatz 60. angefiihrte
nummerische Feststellung bestitigt, dass die Phasenverspitung der Funktion

Ghn,j(t) gegeniiber der Funktion Gy, j..(f) ein ~2177 — tel der Wellenlinge betrigt.

76] Bemerkung. Die iibrigbleibende, aus der nummerischen Untersuchung
folgende Vermutung, dass niamlich die Wellenlinge bei den Funktionen Gn,j(t) zur

Grosse 2m . cosec%,konvergiert, sollte im Zusammenhang mit 51., 54. und 55.
untersucht werden.

77] Folgerung. Uberlegen wir nun die Moglichkeit die analytische Geometrie
(weiter A@) ind der Ebene B fiir den Index n = 3 zu entwickeln. Uberlegen wir, dass
hier eine (1,1)-Korrespondenz zwischen den metrischen und polaren Koordinaten-
satzen existiert. Dies bedeutet also, dass es hier moglich wire, zwei Arten der
Gleichungen parallel zu entwickeln: die allgemeinen und die parametrischen.

Als eine Illustration dieser Idee fiihre ich eine Kurve an, die in der Ebene B
fiir n = 3 durch folgende parametrischen Gleichungen definiert wird:

(51) Xo=a. G30(t), xr, = b 5 G31(t), Xy =2C0C. G32(t),
wo a, b, ¢ reelle Konstanten sind.

Setzen wir diese Gleichungen in die Gleichung (39) fiir » = 3 ein, so bekommen wir
die entsprechende allgemeine Gleichung:

(52) R T T N T
a? b2 c? a.b a.c b.c

Es handelt sich wahrscheinlich um eine Analogie einer Ellipse aus der Karte-
sischen 4. G.

Man kann also voraussetzen, dass die 4. @. in der Ebene f fiir n > 2 die einfachen
Gleichungen fiir verschiedene Kurven bieten wiirde, die zu ihren Vorbildern aus der
kartesischen 4. G. analog sind. ‘

"Dies gilt insbesondere fiir jene Kurven, die man als die Analogien der gonio-
metrisch definierbaren Kurven einfiihren kann.
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R. Duda put the problem (Coll. Math. XXIII, 2 (1971), Problem 749) whether
any lattice can be realized as a sublattice of the lattice of all topologies (or even of
all T-topologies) on a certain set. We even prove that for any lattice L there exists
a set £ and an embedding i of L in the lattice of all topologies on E such that ya
is a completely Hausdorff topology for every x € L. This embedding we get in two
steps. Firstly, there exists a set £ and a sublattice L’ of the lattice of all topologies
on E isomorphic to L, which follows from the well-known Whitman'’s result that any
lattice is isomorphie to a sublattice of the lattice of all partitions on a certain set.
Secondly, we construct a completely Hausdorff topology T on E such that y,(S) =
= G v I for S e L’ defines an embedding of L’ in the lattice of all topologies on E
finer then .

This construction is given in §3. In § 3. it is also shown that there exists alattice L
for which no embedding y of L in the lattice of all topologies on a set exists such that
yz is a metrizible topology for every z € L. In addition we give in §2. another but
far simpler proof that any lattice can be embedded in the lattice of all I;-topologies
on some set.

The author expresses his deep gratitude to M. Sekanina for his encouragement and
advice during the preparation of this paper.

§1. BASIC NOTIONS

Definitions concerning lattices can be found in [12]. We recall some of them.
A mapping ¢ from a lattice L into a lattice L’ is defined to be a V -homomorphism
if p(aVvb) = ga Vv ¢b for every a, b € L. Dually we define a A -homomorphism. An
embedding is an injective homomorphism. A lattice L is called simple if any homo-
morphism of L onto a lattice L’ is either an isomorphism or L’ consists of a single
element. Let L be a lattice. We put [a) = {x € Lz 2 a}, (a] ={z€ L[z < a}. The
set-theoretic union (intersection) will be denoted by U(N), a lattice join (meet)
by V(A). All necessary topological definitions are given in [4]. We identify a topology
with the system of its open sets. The closure of a set X in a topology ¥, we denote by
Clg(X). A topology T on E is called completely Hausdorff if for any two distinct
points a, b € E there exists a continuous function f from T to the real line with
fa # fb. Any completely Hausdorff topology is Hausdorff. :

We shall give some results concerning lattices of topologies. Let Q(E) be. the
system of all topologies on a set E ordered by the set-inclusion. Z(E) is a complete
lattice. The least element is the indiscrete topology { &, E} and the greatest element
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is the discrete topology exp E. Meets coincide with set intersections and the join
of two topologies T;, I; is the topology with the basis {(VNW|Vel, Wel,).
Z%(E) is atomic and any topology is a join of atoms. Atoms are precisely topologies
{2, X, E}, where & # X & E (see Vaidyanathaswamy [13]). Z(E) is dually atomic
and any topology is a meet of dual atoms. Dual atoms are precisely topologies G U
U exp (E — {a}), where a € E and ® is an ultrafilter on E different from the principal
ultrafilter generated by a (see Frohlich [1] or Sekanina [10]). Leto¢ (E) be the lattice
of all T;-topologies on E.X (E) is a complete sublattice of Z(E). The least element
in ¥ (E) is the cofinite topology R(E) ={X < E/E — X is finite} U { @ }. Tt holds
(E) = [R(E)). Hence )" (E) is dually atomic. The dual atoms of % (E) are free
ultraspaces, i.e. ultraspaces for which ® is a free ultrafilter. A topology is called
principal if the union of an arbitrary family of its closed sets is closed. Principal
topologies form a sublattice of the lattice of topologies (Steiner [11]). More detailed
information on lattices of topologies can be found in Larson, Zimmerman [6].

§2. ONE CONSTRUCTION OF EMBEDDINGS
OF LATTICES IN THE LATTICE OF I,-TOPOLOGIES

It was already mentioned that the starting point of our investigation is the
following well-known Whitman’s result. .

2.1 Theorem. (see [14]): Any lattice is isomorphic to a sublattice of the lattice of all
partitions on a certain set.

The lattice of all partitions on a set £ will be denoted by #(E). We recall that
R, = R, for Ry, R, eP(E) iff for every X € R, there exists ¥ € R, such that X < Y.

From this Whitman'’s result it follows that any lattice can be embedded in the
lattice of topologies. A topology is called a partition topology if every its open set
is closed. Let #°(E) be the system of all partition topologies on E.

2.2. Theorem (see [13]): P°(E) is a sublattice of % (E).

Proof: Evidently the intersection of two partition topologies is a partition
topology. Let T,, T, eP°(E). It is easy to show that V N W is open-closed in I, v I,
for every VeI, and W € I,. Any partition topology is a principal topology. Thus
3, v I, is a principal topology for principal topologies form a sublattice of Z(E).
1V T, has a basis {VNW/V € Ty, W e T,} composed of open-closed sets and there-
fore it is a principal topology.

But #°(E) is not a complete sublattice of Z(E) as it is stated in [13]. Even the
following theorem holds.

2.3. Theorem: Let E be an infinite set. Then the smallest complete sublattice of B(E)
containing P°(E) is B(E) itself. ~

Proof: Let .# be the smallest complete sublattice of Z(E) containing °(E). At
first we prove that any Z1-topology belongs to .#. It is sufficient to show that any
free ultratopology belongs to &. Let T — G U exp (B — {a}) be afree ultratopology.
6 U {E — X/X € G} is a base of T composed of open-closed sets. Hence T — V{z,

Xe®

X,E — X,E} and {9 ,X,E — X,E} eP°(E) for every X € &. Therefore T € #.

Now we prove that any atom of #(E) belongsto.# . Let @ # X ¢ E. If B — X
is finite, then{ &, X, B} ={ o, X, E— X, B}N K(E)e L. If X and E— X areinfinite,
then {2, X, E}={o,X, E—X, E}N (K(E) v{2,X,E})e# becauseK(E) v { & X, E}
is a I;-topology. Let X be finite. There exist infinite sets X,, X, € E such that
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E— X,, E— X, are infinite and X = X; N X;, £ = X, U X,. Thus{g, X, X,
Xz_.E}={Q',X1,E} V{Q,X;,E}Eg.ﬂence{z ,X,E}={g ,X,Xl,Xz,E} A (R(E) \%
vi{o,X,E} e”Z.

Since any topology is a join of atoms, ¥ = %(E) holds.

2.4. Theorem (see [9]): The lattice Z°(E) of all partition topologies on E 1is isomor-
phic to the dual of the lattice P(E) of all partitions on E. This isomorphism o is defined
by this way: aR = {|J Xi/X; € R} for every R eP(E).

2.5. Corollary (see [6]): Any lattice is isomorphic to a sublattice of the lattice of all
topologies on a certain set.

Proof follows from 2.1., 2.2. and 2.4.

2.6. Lemma: Let E, F be sets, R a partition on F, &: E— R an injective mapping.
Let £x(T) = { U &)/ X € T} for every T € B(E). Then the mapping &x: B(E) — B(F)

zeX

18 an embedding.

Proof is evident.

Let E be a set and m an infinite cardinal number. Put K(E, m) = {X < E/card
(E—X) <m}u{z} It is K(E, m)eZ(E). It holds K(&, m) = K(E, n) form <n.
It is K(E, No) = K(£). Larson in [5] proved that {(#, m) and the indiscrete topology
are exactly topologies which are the least or the greatest element with respect to
some topological property.

2.7. Lemma: Let E, F be sets, card E = m and card F = n. Let n be regular, n = No,
n > 2" Let R be a partition on E such that card R = n and card X = n for every
XeR. Let &: E —> R be an injective mapping. Let pT = Ex(T)—K(F, n) for every
T ecHB(E). Then y: B(E) — [K(F, n)) is an embedding.

Proof: It follows from 2.6. that y is a Vv -homomorphism. For verifying that y
is @ homormophism it is sufficient to show that T A pT2 < p(T1 A T;) forevery
T, I, €H(E). At first we prove some property of a topology »T.

Let IeB(E), o # XeypI. It is X = | Vin Wi, where J # Vi€ &p(T),

el
g # WieK(F,n) for every i € I and further V; # V; for ¢ # j. Itholds W; = F —
— X, where card X; < n for every i€ I. Hence X = |J (Vi— X;). Since V; # V;
el
for ¢ # jand card E =m, it is card I < card £p(T) = card T £ 2™ < n. Hence card

U X: < n for n is regular. From U Vi— UXicsXc | Vit follows
el 1€l el
that there exists Ve ég(T) and Y = F Wlth card Y < 1 such that X =V —Y
Let T, T, eHB(E), X € yTi N pI,. There exist Ve Iy, Y < F with card Yk<n
for k=1, 2 such that X =V, — Y, = V,— Y,. Since the symmetric difference
Vy = V,is contained in Y; U Y,, it holds card (Vi — V,) < n. Itis Ve = U &),

2eUy

where Uy € Ty for k = 1, 2. Hence V,; = V, because card &(x) = n for every x € E.
Thus V= V,e€T1AT; and from X = V;— Y, it follows that X € (T A To).

It remains to prove that y is injective. Let I;, T, H(H), pT1 = ypT;. Let
X e3,;. Then U &(x) € Ep(T1) < 9T = pT,. There exists Ve pp(T)and ¥ = F

with card Y < n such that |J &) =V — Y. Further V—Y = U E(x) —

zreX
for a certain U € T,. Since card &(x) = n for every x € E, it holds X = U Therefore
T, © T,. Analogously we can prove I, < I;.

2.8. Theorem: Let n be an infinite cardinal number. Any lattice can be embedded
in the lattice [R(F, n)) for a certain set F.
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Proof: Let L be a lattice. According to 2.5. there exists a set E such that L can
be embedded in Z(E). Let m = card E, p = max {n, 2"}. Let p* be the successor
of p. Since p* is regular, it follows from 2.7. that there exists an embedding y:
B(E)— [R(F, p*)), where F is a set of cardinality p+. Since [R(F, pt)) is a sublattice
of [R(F, n)), the proof is accomplished.

2.9. Corollary: Any lattice is isomorphic to a sublattice of the lattice of all T,-topo-
logies on a certain set.

The constructed embedding y maps elements of a lattice L to topologies structure
of which is to be easily clearyfied. For instance they are locally connected and
disconnected I,-topologies.

§3. REPRESENTATIONS OF LATTICES BY MORE .
SPECIAL TOPOLOGIES

Let R be a partition on a set £, «R the partition topology from 2.4. LetZy(E) =
=2°(E) N (aR]. Evidently Py (E) is a sublattice of Z(E).

3.1. Lemma: Let E, F be sets and R a partition on F with card E = card R. Then
the latticesP°[E) and Py(F) are isomorphic.

Proof: There exists a bijective mapping & : E — R. Let & : B(E) —B(F) be the
embedding from 2.6. Evidently &x(%#(E)) = («R] holds. Since &g(T) is a partition
topology iff T is, &p/P°(E) : P°(E) -Px(F) is an isomorphism.

3.2. Lemma: Let E be a set, S €#(E) and ReP(E) with card R > 1. Let ¢ :
:Pw(E) >B(E), 9 =G VI for every TePy(E), be a homomorphism. Then ¢
s injective iff aR & S.

Proof: Supposing aR = S, ¢T = S holds for every T eZy(E). Since card
R > 1, @ is not injective.

Assume that aR & S.Then ¢p{ @, E} = G # SV aR = p(eR)and{ @, E}, aRe
€PH(E). Ore proved in [7] that the lattice of all partitions on a set is simple. Hence
it follows from 2.4. and 3.1. that the lattice Z(E) is simple. Thus @ is injective.

3.3. Definition: Let E be a set, S € #(E), ReP(E).

Let M € aR. Let Ry, R, €P(M), RIM < RiA R, R VR, = {M}. Let B(S, R, M,

Ri, R) = {{ZWx e, {Z3} x> /{Z5}xem,, {Z3}xem, = S, Yel&) (Zk N X) =

= YE:JR (Z% N X)} be a set of pairs of subsystems of &. Let 7 = ({Z%}xen,,
{Z x> € B(S, R, M, Ry, R,). Put Ay(n) — U @knX= U (zinX),

1 Xen,
A = U ZvU U 22, A@n) = Ai(n) U (Aa(n) — M). Let A(S. R, M) —
XeR, XeR,: %

— {A@)[Ry, Ro eP(M), RIM < Ry A Ry, Ry vV Ry = (M), e B(S, R, M, Ry, Ra))-

Let AS, R) = U AS, R, M).
MeaR

3.4. Definition: Let £ be a set, T #(E) and ReP(E). Put T = I. Suppose
that the topologies Tf, are defined for every ordinal £ < «. For an isolated o let T
be the topology generated by the system T ' U A(Tx ", R). For a limit o let T5 =

=YV Ig;. We have constructed the transfinite sequence I = ... < 15;5 ... of
§<a
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topologies on E. Evidently there exists an ordinal y such that Ty = Th for any
&> y. Let ’I;; = flm

Let & = & v Ty, for every & e (E). We get a mapping ¢ = p(T. R) :P(E) -
—>B(B).

3.5. Lemma: Let E be a set, T€H(E) and ReP(E). The mapping ¢(IT, R) :
:Py(E) —B(E) is a homomorphism.

Proof: We shall prove that for every ordinal f and for every X, I, eZy(E)
it holds (T, vIH) N (T vIR) < (Tun ) v IH

Let B be an ordinal and I;, ¥, e.?m(E) Let Ve (T, vIHN (zzvzm) From
2.4.it follows that there exist partitions R,, R, on E such that R, , ‘.Rz 2Rand I; =
=aR; for i=1, 2. Evidently V = U (Zx N X) = U (Z% N X), where

Xe}R, XeR,
ZXezR for every X e R;, i = 1,2. Let M € R, vR,. It is M € aR. Let R, —9{./1”
R, = ‘.RZ/M be partitions induced by R;, R, on M. Tt holds R/IM < R, AR: and
R, VR, = {M}. Further U;n ZxNnX)=VNnM= an (Z% N X). Hence mpy =
XeR, €z
= {Z ) xen,, {235} xeny € BT, R, M, Ry, Ry). Thus A(ma) € AT, R) = T4
It holds A(mwp) N M = Ay(7ear) N M = VN M.Therefore V= |J (dA(zwm) N M).
MeR,\/R;

Since TN T, = a(Ry v sn,), it holds Ve (TN T) v L.

Since Im =Ih =3k ! for a certain ordinal ¥, it holds T 1NeT, = (T1 Vv Im) N

N vIR) S (@1 ) Vv ‘Im = qJ(ll N I;). Therefore ¢ is a homomorphism
because according to the definition ¢ is a Vv -homomorphism.

3.6. Lemma: Let E be a set, T € B (E) and R a partition on E such that every element
of R is dense in T. Let M € aR and A(n) e (I, R, M). Let VeI, TeR and V N
NA#R)NT = . Then VN Az(n) = @ holds.

Proof: Let TN M = @. Then VN Ay(n)NT = VAAR)NT = & because

Ay(m) < M. Since T is dense in T and VﬂAz(n)ez it holds VN A4,(n) = &.

Let TN M # . Then T < M. It is n = <{Zx}xsm., {Zx}xsx,> € BI, N, M,
R, R,) for suitable Ry, R, eP(M) with R/M < R, AR, and R, v R; = {M}. There
exist X;€R;, X, €N, such that T < X; N Xz

Let X € R; U R;. According to the construction of joins in the lattice #(E) there
exist Tiye R URfori =1, ..., nsuchthat 7y = X, Tp=X and TN Ti,, # &
fori =1, ..,n—1. ItholdsQ—VﬁA(n)ﬁTDVﬁAl(:n:)hTDVﬁ(Z'
r\T,)nT_ VN ZL NT. Since T is dense in T and VN Zl eI, it holds Vr\
NZL = o. Suppose "that ¥V N Z%, = @, where k < n, Tke‘R,,s = 1,2.LetT" =
=TeNTry. It is Z5, NT = U Z5NnX)NT' = U ZnX)NT =

* XeR,
= Z%,,, N T, where re{l, 2}, T,,+1em, Hence o = VNZy, NThe 2 VN ZY N
NT =VN2Zy, NT'. Since T" is dense in I, it holds Vn ZTt+l = & .It can be
concluded that ¥V N Z% = @, where X € R;.
Therefore V N A,(n) = ® and the proof is accomplished.

3.7. Lemma: Let E be a set, T HB(E) and ReP(E). Let every element of R be
dense in I. Then every element of R is dense in Ty.

Proof: We shall use the transfinite induction. Suppose that every element of R
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is dense in T§; for every ordinal £ < B. If B is limit, every element of R is evidently
dense in T5. Let B be isolated. The system of all finite intersections of elements of

IETUAEE T, R) forms a basis of T5. Let ¥ be such an intersection. We shall
show that ¥ # @ implies YN T # @ for every T € R. Thereby the proof will be
accomplished.

n
TtisY =W N () A(m), where W e Ty “and A(m) e W(Tg ', R) fori=1,...,n
i=1
There exist M; € aR such that A(m;) € Q[(‘Iﬁ_l R, M t) for ¢ =1, ..., n. Suppose that
TeR exists with YNT = . There exist X,GZ;R with Xt NT = A(m) NT
foreveryt =1, ...,n.Itisg =YNT=Wn n A(m)ﬂT—(WﬂﬂX;

i=

’ n— u—l
N A(m,) N T. Since WN n X,ei , it follows from 3.6. that V N ﬂ XinN
=1 =1
N Axmn) = 3. Suppose that W N n X:N n Ay(m)) = @. Then g = WnN
i=n—k+1
n—k—1

N n Az(ﬂti N n XiNnT = (W('\ n Az(ﬂi)f\ n Xi)NAme k)N T. 3.6.

i=n—k+ i=n—%k

n—k—l n
implies W N n XiN ) Azm)= &.Wecan conclude that W N n Ay(my) =
t=n—k =1

Since A(7;) C Az(m) for every i, it holds ¥ = .

Let m be a cardinal number. A topology T is called m-resolvable if it contains m
pairwise disjoint dense sets. A 2-resolvable topology is called briefly resolvable.
The concept of resolvable topologies was introduced by Hewitt ([3]). He proved
that every metrizible topology devoid of isolated points is resolvable.

3.8. Lemma: There exists an m-resolvable completely Hausdorff topology for any
cardinal number m.
Proof: Let I be a set, card I = m. Let Q be the set of all rational numbers and &

the usual topology of Q. Put E = H Q, T= l_[ S, where @; =@ and S; =S
el
for every i€ I. Evidently T is completely H&ushorﬁ Since & is resolvable, there

exist sets A;, B; = Qs — A; dense in S; for every 1€ 1. Let B = {H X/ X; =

or X; = B;}. Every element of 8B is dense in T and elements of B a,lreé pairwise dis-
joint. Since card B = 2™, the topology T is 2™-resolvable and therefore it is m-
resolvable.

3.9. Theorem: For every lattice L there exists a set E and an embedding ¢ : L — 2 (E)
such that yx is a completely Hausdorff topology for every x € L. .

Proof: Let L be a lattice. According to 2.1 and 2.4. L can be embedded in the
lattice of all partition: topologies on some set F. According to 3.8. there exists a
card F-resolvable completely Hausdorff topology T. Let £ be the underlying set of T.
There exists a partition R on E every element of which is dense in T and card R =
card F. From 3.1. it follows that L can be embedded in Zy(E). Let ¢ = ¢(T, R) :
:PR(E) —AB(E) be the mapping from 3.4. According to 3.5. ¢ is a homomorphism.
3.7. implies that every element of R is dense in Tx. It follows from 3.2. that ¢ is
injective. Since pP(E) = [Tx) < [I), every topology from ¢ZPg(E) is completely
Hausdorff. The proof is ready.
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Since the topology of the rationals numbers is O-dimensional, every topology
yz is totally disconnected. Even in the same way as the previous theorem we can
prove the following one.

3.10. Theorem: Let € be a class of topologies with the properties: 1°T € € N B(F),
TeHBF),IcT =>Te¥
2° & contains an m-resolvable topology for any cardinal number m.

Then for any lattice L there exists a set B and an embedding v : L — %(E) such that

Lc¥.
Y Analogously as in 3.8. we can show that % fulfils 2° whenever it is closed under
products and contains a resolvable topology.

A question arises whether any lattice can be represented by topologies more
special than completely Hausdorff. We shall show that for metrizible topologies it is
not true.

3.11. Lemma: Let E be a set and ¥ a sublattice of B(E). Let A = Ewith E—A€X
for every T € L. Then a mapping pa: L —RB(A), paX =T[4 is the relative topology
for every T € L, is a homomorphism.

Proof: Evidently w4 is isotone. Hence y4T;V 9432 S pa(Ti Vo) holds for
every T;,3,€ L. Let T1, T, € ¥ and X € pa(T1 V I,). There exist Vie Ty, W:eIs
forie Isuchthat X = |J (Vin W) N A. Hence X = |J [(Vin A)N (Win A) e
e '/)A(IIV'PAQZ- el el

Tt holds p4(T1 N T2) < paTi N paTz. Let Ty, el X epaTiN Y43, . There
exists VeI, and WeT, with X=VNA=WnNA. It is (E—A) U Ve,
and (E—A)U WeZ,. Since (E—A)VV=(E—-A)V(VNA)=(E—A4)V
U(WNA)=(E—A)U W, it holds X € pa(T1N Tz).

Let m be an infinite cardinal number. A topology T on a set E is called m-generated
if it has the following property: X € T iff X N A € T/A for every A < E with card 4 <
< m (see Herrlich [2]). ,

3.12. Theorem: Let m be an infinite cardinal number and L be a simple lattice
with the least element a. Let there exist a set E and an embedding vy : L —Z%(E) such
that ya is an m-generated Hausdorff topology. Then card L < 22", where n = 22".

Proof: In the case card L = 1 the theorem holds. Let card L > 1. Then there
exists b € L with @ < b. Thus ya — yb. There exists X < E with X € yb and X ¢ ya.
Since wa is m-generated, there exists B = E with card B < m such that X N B¢
¢ ya/B. Tt is card (B — X) < mand Cl,p(B — X) & Clyo(B — X).Let C = Clyo(B—
— X). Since ya is Hausdorff, every filter on E has at most one limit point in ya.
It implies card C < 22" = n. Since E — C € ya < yx for every xz € L, it follows
from 3.11. that y¢ : L —%B(C), wcIT = T/C for every T € L, is a homomorphism.
Since Clp(B— X) ¢ C, it holds ycyb # yoya. Since L is simple, the mapping
wey is injective. Therefore card L < card J(C). Pospigil proved in [8] that card
B(0) = 22°"*“ whenever C is infinite. We have obtained that card L < 22"

3.13. Corollary: There exists a lattice L for which no set E exists such that there
exists an embedding v : L —J8(E) having the property that yx is a metrizible topology
for every z € L.

Proof: Evidently any metrizible topology is ¥o-generated. The result follows
from 3.12. and from the existence of simple lattices of an arbitrary cardinality
(e.g. the lattice of partitions is always simple).

There is a problem whether for any lattice L there exists a set & and an embedding
v : L —>%(E) such that yz is a (completely) regular T;-topology.
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Stirling’s number of the second kind (which is usually noted as S(n, k)) gives the
number of ways in which it is possible to carry out the partition of a set of n mutually
different elements into £ nonempty sets. To compare with the results that will follow,
let us return to the recurrent formula, see [1], p. 168:

1) S(n, k) =k.S(n—1,k) + Sm—1,k—1)

with the following boundary conditions:

(2) Sn,k)=1forn =%k k=0,1,2, ..
=0fork=0,n=1,2,3, ...
=0forn <k

This formula was the base for the deduction of a generating function, see [1],
p- 170:

®3) ye(@) =[] =———, k=123, ..

whose expansion into a power series runs as follows:
@) ve(@) = S(k, k) + Stk + 1, k) . @ + S(k + 2, k) . 2% + ...

Definition 1. A finite set will be called pair (odd) if it contains a pair (odd) number
of elements. A pair (odd) partition on a finite set is a partition whose every set con-
tains a pair (odd) number of elements.

Convention 1. We are going to use the following symbols: N = {x,, 2, ..., Za}
is a finite set, containing n = 2y mutually different elements, where » is a natural
number. L ¢ N; L = {21, 23, ..., Zn_2}. Let p = ¢ be natural numbers. By the symbol
82(2p, q), resp. S2[2p, q] we shall denote the numbers, resp. the family of all pair
partitions of the set of 2p different elements into ¢ nonempty sets.

Theorem 1. For the numbers S,(n, k) the recurrent formula holds good:

(5) Sa(n, k) = k2. 8(n —2,k) + (2k—1).8(n—2,k—1)
with boundary conditions:
(2K
(6) Sz(n,k)—m forn=2k, k:O, 1, 2, ces
=0fork=0,n=24,6, ..
=0 forn < 2k
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Proof. Let R(X, s), resp. R(X, s) denote a pair, resp. non-pair partition of the set X
into s nonempty sets. Let us choose a certain partition R(L, k). If we let the elements.
Zn_1, Zn belong to the sets of this partition (there are %2 ways of doing so0), two cases
may occur: '

The elements z,_;, z, belong: 1) both to the same set of the partition, 2) each to a
different set of the partition.

In the first case the resulting partition is pair. In the second case it is possible
to form a (1,1) correspondence between the resulting and its respective pair partition,
through the following transformation:

Let xy_1€ My, xzn€ My, so that M;, My (the sets of the resulting partition R(N, k))
are odd. Let x,, be the element with the lowest index in the set M i1V M;. Then if xp € M;,
resp. xy, € My, we shall class this element into the set M 7, resp. M.

As all the partitions R(L, k) form the group Si[n — 2, k], we shall derive from
this group by means of the mentioned proceeding (i.e. either directly or by means of
the transformation) on the whole k2. S,(n — 2, k) mutually different partitions
R(N, k).

Let us consider further that none of the partitions R(N, k) we have formed doesn’t
turn through the transformation to a partition R(N, k) having the following quality:
one of its odd sets is formed by the element z,_; or zy, itself. Besides none from the
partitions R(N, k) we have formed as yet contains {z,_1, %y} as an independent set of
the partition. That’s why to form the remaining partitions R(N, k) € Sz[n, k] we
shall take into consideration individual partitions R(L, k — HeSn—2 k—1]:

a) To each of these partitions we shall add one of the elements Tn_1, Tpn as a k-th
independent set of the partition, while the other of these elements will be included
in one of the original sets of the partition. Thus we shall form 2(k — 1).8(n—2,
k — 1) different partitions R(N, k), each of which contains two odd and % — 2 even
sets. We shall then form a correspondence between these partitions and the respective
even partitions by means of the quoted transformation.

b) We shall join to each partition R(L, k — 1) € Sy[n — 2, k — 1] a set {xn_1, s}
as a k-th set of the partition. Thus we shall form the remaining partitions of the
family S,[n, k].

The validity of the recurrent formula (5) is now evident from what has been said.

Let us go on and consider how many ways there are of performing the partition
of a set containing 2k different elements into & even sets: Evidently each set of the
partition must have just two elements. Let us choose one of those partitions and
let us choose arbitrarily the order of its sets as well as the order of the elements in
individual sets: We shall get a certain sequence of 2k different elements. Forming
successively all possible permutations of the chosen order of sets and elements
belonging to each set, we shall make the chosen partition correspond to (2!)¥ . k!
different sequences containing 2k elements each. But the number of all sequences,

|
formed from 2k different elements, is (2k)!. Thus we have S22k, k) = (2(';#’0' :
let us notice that this expression is different from zero even for k — 0,i.e. 8;(0,0)=1.
The validity of the remaining boundary conditions in (6) is natural. That was to
be proved.

Remark 1. From the given formula for S,(2k, k) there follows evidently the
following recurrent formula: )

(7 82k, k) = 2k —1). 82k —2,k—1); k=123, ..
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Further we are going to treat the generating function for the numbers S(n, k).

Definition 2. By the symbol yx(x) we shall denote the generating function for the
numbers S;(n, k), that is the function which in the form of a power series runs as
follows:

(8) ve(@) = 82(2k, k) + S22k + 2, k) . 22 + Sy(2k + 4, k) . 24 + ...

Theorem 2. The generating function of the numbers S;(n, k) runs in its final form
as follows:

ko 2j—1
9 z) =[] ———; k=123, ..
9) Yi(2) ,-U,l—(yz)z

Proof. If we subtract from the equation (8) its multiple by the factor k2x2, then
if we note briefly S(a, b) = 8% we get: (1 — k%2) . yp(z) = 8%, + (% ., — k28%,) .
. x? + (8% .4 — k28%,.,,) . 2% + ..., s0 that considering (5) and (7) we have: (1 — k2x?).
cye(x) = (26 — 1) . (S%, + S5z' . 22 + 8% L, .24 + ..) = (2k— 1) . yx_i(2). At the
same time we have: S;(2n,1) = 1,2 =1,2,3, ...sothat y3(z) = 1 + 22 + 24 + ...=
= 1_;2’_2 for | z | < 1, which was to be proved.

Convention 2. Analogously to [2], p. 27 let us denote by the Symbol P,(r), resp.
P;[r] the number, resp. the family of all even partitions on a set of r different elements
(r=0, 2,4, ...) independently on the number of the sets forming the partition.

Evidently the following relation holds good:

r/2

(10) Pyr) = ¥ Si(r,j);  r=2,4,86, ...
j=1
Theorem 3. For the numbers P,(r) this recurrent formula holds good:
n/2
(11) Py(n) = -21 (372h) - Pan —2j);  P3(0) = 1.
J:

Proof. Let us choose an arbitrary but constant element of the set N. Let us denote
it z;. Let us consider that it is possible to form just (}=}) sets by k elements containing
the element z; each. From the remaining (» — k) elements of the set N it is always
possible to form just P(n — k) even partitions. Let us then divide the family P,[n)
into partial families according to the number of elements which are contained by
that set of partitions in which the chosen element is contained. If we denote k = 2j,

thenj =1, 2, ..., % , for n is an even number, see the def. 1.

Remark 2. See also the author’s article [3].

Finally I give a few lines of the system of numbers Sy(n, k), factors included by
which the slipped numbers are supposed to be multiplied: see the numbers in the
middle of the arrows.
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n k=0 1 2 3 4 5 Py(n)
0 1 1
N
0
2 0o 1 1
ANAN
0 1
4 0 1 3 4
1 3 5
AN
6 0 1 15 15 31
NN
0 1 4 9
) 0 1 63 210 105 379
l\ l\ l\ l : l :
0 1 4 9 16
10 0 1 255 2205 3150 945 6556
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It is well-known in the theory of abstract algebras that for arbitrary class of
algebras 9 the direct product [] A, of homomorphic mappings &, of algebras 4. € A

el
onto B, € is a homomorphic mapping of the direct product [ 4, onto I1 B.-

' <’
The prupose of this paper is to give sufficient conditions for the converse of this
theorem. It will be shown that the class of algebras, for which the converse of the
theorem is valid, is enough extensive. It contains for example atomic Boolean algebras,
discrete direct products of completely ordered groups or rings and lattices which
are direct products of chains with the least or greatest element.

1.

BASIC CONCEPTS

Let A be a class of algebras with the zero element 0 and the binary operation
_ @ and a set Q2 of n-ary operations (n = 1) fulfilling for each algebra 4 € 2 and each
element a € 4 identities:

(i) aE0=a=0Da
(ii) foreachweRis 00...0w =0

The operations in all algebras of A will be denoted by the same symbols.

Definition 1. An algebra 4 €U is said to be without zero-divisors iff there exists
Q2 <, 2 # @ with following properties:

(a) the arity of each w € Q' is greater than 1
(b) for each w € 2’ the identity a;a; ... apw = 0 holds
iff a; = 0 for at least one ¢ (1 < ¢ < n).

The set Q' is called the set of regular operations.

Definition 2. An algebra 4 € U is called N-algebra iff there exist algebras 4.€ U,
7€ T without zero-divisors such that A4 is equal to the direct product of 4., i.e.

A =] A. and at least one of the following conditions is satisfied:
TeT

(iii) for each teT in A, there exists ”sum” (in the sense of @) of arbitrary set
{a7; a7 € A,, ye@,a? =0 for y # yoe@, card G < card T} and it is equal
to avo.

(iv) [] 4: is the discrete direct product.
zeT
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Remark. If T is a finite index set, then the conditions (iii) and (iv) of the defi-
nition 2 can be omitted because for a finite index set is each direct product dis-
crete one and (iii) follows directly from (i). From (i) it follows that the sum’’ of
the set from the condition (iii) does not depend on a bracketing.

For some algebras the conditions for direct decomposition to algebras without
zero-divisors are known. For example an atomic Boolean algebra is direct decom-
posable to two-element Boolean algebras (they do not contain zero-divisors), see [10]
and [3]. The conditions for £2-algebras and £2-groups are given recently in [8] and [9].
These algebras are N-algebras.

. Notation. Let U be a fixed class of algebras with 0, operation @ and a set
of operations fulfilling (i), (ii), let 7' be an index set. The direct product of algebras
4. eU for e T will be denoted by 4 = l—;A,, the zero of 4 is denoted by O4.

TE!
Let a €4, the projection of @ into 4, is denoted by pﬂoi = a(r). It is easy to show
that pr.(O4) = 0 for each 7€ T. For 7" < T there is 11 A, ={a;a€ A, pr(a) =0
e’

for ve T — T"}. Specially for 7" = {7} is H A, denoted by 4,. An element of

A, is denoted by a.. Let A,, B,e . By the symbol H(A4,, B,) we denote the set

of all homomorphic mappings of 4, into B,, by H (4., B,) the set of all homomorphic
mappings of 4, onto B,.

Definition 3. Let 4, Be®B, 4 =[] 4, B=[]B,, ¢, : A, — B, for each 7€ T,
el el
B beeing an arbitrary class of algebras. The mapping ¢ : 4 — B defined by the rule:

pr:@(a) = @(pri(a)) foreachteT,ac 4

is called the direct product of mappings @, and it is denoted by ¢ =[] ¢: (see[12],
: e
p- 127, Lemma 3).

Lemma. Let A, B be N-algebras, ¢ € H(A, B) and Og be a zero of the algebra B.
Then (p(OA) = OB.

Proof. Let w be a direct product of n-ary regular operations (n = 2), let
@ 1(Og) = V. Then for each v € V it holds

(p(OA) = q)(vOA OAw) = (p(‘l)) (p(OA) lp(OA) w = OB(p(OA) (p(OA) w = 03.

Theorem 1. Let £ be a class of algebras wﬂsh a set of operations 2, let 4., B, £
for t€ T and @,€ H(4,, B,). Then [l p.€ H([J 4., 11 B,) (see [12]).
7€ zel’ 1€ -/

Proof. For each 7€ T and arbitrary n-ary operation w € Q there is
Pr@(@18; ... Ap0) = @u(Pre(@182 ... p0)) = @o(a1(T) a3(T) ... an(t) ®) =
P(a1(7)) @:(a2(7)) ... pe(an(7)) w, ie. @p(aiaz ... apw) = p(a1) @(az) ... p(ap) w. This
implies that ¢ = q @. € H{JT 4., HT B,).
7€ TE 7€’

Definition 4. A mapping ¢ of an N-algebra 4 into an N-algebra B is said to be
trivial iff card @(4) = 1. If ¢(4) = {Os} and g € H(A, B), g is called a zero-homo-
morphism and it is denoted by o.
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THEOREMS ON HOMOMORPHIC MAPPINGS OF N-ALGEBRAS

Theorem 2. Let 4,, B,€U be algebras without zero-divisors for 7€ 7, € S
and 4 = [| 4., B =[] B, be N-algebras. Let ¢ be a homomorphic mapping of 4

€] o€eS
onto B which is not trivial. Then for each ¢ € S there exists just one 7, € T such that
B, < ¢(4.,).

Proof. Let the assumption of the theorem be valid and let there exists go€ S
such that the assertion of the theorem is not true. Let 7" be an arbitrary subset

of T such that ¢ HA,) 2 B,, (such 7" exists, for example 7" = T'). Evidently

card T' > 1. Denote A’ = n A.. As the assertation of the theorem is not valid, it is
T’
card T' > 1, so that there exist 7,, 1€ T, 11 # 12.

(a) Let there exist ;,‘ € ;4_,‘, E,l € Z,, E,l, (;,zeA' such that (p(?l,l) # Op # (p(;n).
For each n-ary operation w € £2' which is the direct product of regular operations
the relation

P(aras, .. ar0) = @(04) = Op
holds by the lemma, but by the assumption (a):

pla.) plas,) ... pas,) o # Op

which is a contradiction.

(b) Let (a) does not hold. Thus there exists 7o € 7" such that <p(a,) = Qg for
each a, €A, teT T # 10. Let b, eB,,o, ba., # Op. Choose a € (p“l(b.,o) ac A’ ar-
bitrary; according to lemma we have a # O4. We can write a = a(7o) @ ¢, where
¢(to) = 0. Then ¢(a) = g(a(to)) D @(c) = @(a(zo)), p(c) being Op according to the
assumption (b) and (iii) of the definition 2. Thus B_a., c ¢(Z,o), in contradiction with
the assumption of the proof.

The proof of the theorem 2 is complete.

Definition 5. An algebra 4 € A without zero-divisors is said to be pseudo-ordered,
if there exists a set Q" = ', 2" # @ such that for each n-ary w € 2" there is
a1a; ... apw = ayx where ¢ €{1, 2, ..., n} and « is the identity operation (i.e. ax = a)
or a € 2 is a unary operation with ax = 0 iff a = 0.

From the inclusion 2" = £’ it holds that the arity of w € 2" is greater than 1.
Let us denote T* = {t,; o € 8} where 7, is corresponding to o € S by the theorem 2,
evidently T* < T.

Theorem 3. Let 4., B, € A be pseudo-ordered algebras and 4 = 11 A.,B=||B,

o€,
and ¢ be a non trivial homomorphic mapping of 4 onto B. Then there exists an

algebra C = l] C, (isomorphic with B), where C, = B, for t = 7,€ T* and C,; = {0}
for te T — T* such that i.p = q @. where g, is a homomorphic mapping of 4,

onto C, and ¢ is a natural isomorphism of B onto C.



Proof. It is clear that C' is isomorphic with B. By the theorem 2 for each o€ §
there exist just one 7,€ T for which Ura =B, c <p(Z,a).

(a) Let 6'0 =B, = q;(Z,u) for each o€8, then Ppre, @ € E(A,u, ‘By) =
e E(A,a, C.,). Let ¢, = pr., ¢ for 1 =1,€T* and ¢, = o for 1€ T — T*, then
i ¢ = l;[ 27 and ¢IEH(AT5 Cr)

el

(b) Let there be Eo #* (p(Z,a )s 1_3,,,, c q)(Za) for some g9 € S. Because ¢ is the
mapping of the type “onto”, there exists a that set c 8, card S’ > 1, such
¢(4.,) 2 B,force S’ Let o1 # 02, 01, 026 8" and b, € B, , b€ B,,, by # Op # bs.
Let a,, a, EZG and @(a;) = by @(az) = b;. Then for each w which is the direct
product of oper;tions from 02" we have:

Op = bib; ... byw = @(a1) @(az) ... p(az) = p(aa; ... a,0) =
= @(aix) = @(a;) « = bjo # Op, where 7 = 1 or 2,

which is a contradiction. The proof is complete.

Theorem 4. Each chain with the least element 0 or the greatest element 1 is
a pseudo-ordered algebra. Each completely ordered group is a pseudo-ordered
algebra.

Proof. Let A be a chain with the least element 0. Put: a@® b = max {a, b},
a.b=min {g, b}, 0 ={0}, ' = Q" ={.}. Dually for a chain with the greatest
element.

Let A be a completely ordered group. Then @ be the group composition, 0 the
unit element of A and ' = Q" = {.}, where a . b = min (max (a, a"1), max (b, b-1)).

Cdro]lary 5. Let A;, B,€U be pseudo-ordered algebras and 4 = H A., B=
€T

= [] B, be N-algebras and ¢ be a non trivial homomorphic mapping of 4 onto B.
€8

Then card S < card 7.
It follows directly from the theorems 2 and 3.
Corollary 6. Let A., A} be pseudo-ordered algebras and 4 = [14: and 4 =

7€l

= [] A% be N-algebras. Then card G = card T and A} = A, where 7 is a per-
ye@

mutation of the set 7'.
It follows directly from the theorem 3 and corollary 5.

Theorem 7. Let 4., B, € A be pseudo-ordered algebras and ¢ be a homomorphic
mapping of an N-algebra 4 = [] 4. onto N-algebra B — [ B:. Then there exists

eT el
a permutation 7 of the set 7'and the natural isomorphism p of [T B: onto q B,
. 7€

el
such that
p-9=I]o
where ¢, is & homomorphic mapping of 4, onto B,(,.

It follows directly from the theorem 3 and corollary 6. The theorem 7 is the
converse of the theorem 1 for pseudo-ordered algebras. From theorems 7 and 4 we
obtain:
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Corollary 8. For atomic Boolean algebras, for 1-groups discretely directly de-
composable into completely ordered groups, for lattices which are direct products
of chains with the least (or the greatest) element and for ordered rings which are
discrete direct products of completely ordered rings is the converse of the theorem
1 valid.

Remark. For 1-groups and lattice-ordered rings is by a ‘“homomorphism” in the
sense of this paper understood the homomorphic mapping preserving lattice opera-
tion (because it must preserve the direct product of operations introduced in the
proof of theorem 4). Tt is easy to show that this homomorphism is also 0-homomor-
phism in the sense of [11].

The conditions for discreie direct decompositions of 1-groups and ordered rings
into completely ordered groups and rings are given in [11].
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A class X of Q-algebras (for arbitrarily fixed type or species £2) is called a quasivari-
ety if 2" can be defined by a set of identical implications,

Ve, o @alwr =wid ... Awy = w,, > w = w')

where w's are 2-words in z, ..., z,. Every variety is an example of quasivariety.
But there are other examples, too, the class of cancellative semigroups being a familiar
one. Many other examples can be constructed by the following simple general method.
Let S be a finite set of finite 2-algebras. Then the class @(S) of algebras embeddable
in cartesian products of families of algebras from § is a locally finite quasivariety.
This follows from [2]. (A class X" of Q-algebras is locally finite if finitely generated
subalgebras of algebras of )" are finite.)

In general X is a quasivariety if and only if [3]0¢ is closed under the formation of
(i) subalgebras (ii) cartesian products (iii) direct limits of mono direct systems (direct
systems in which all morphisms are mono) (iv) direct limits of epi direct systems.
(We remark in passing that (iii) is the categorical way of saying that J¢ is of local
character, i.e., " contains an algebra A if every finitely generated subalgebra of A
isin¢".) Under a special circumstance the most awkward of the above closure proper-
ties, namely (iv), can be omitted. Let us say that )" has finite basts property for equa-
tions if within X" every system of equations in finite number of variables is equivalent
to a finite system in those variables. This is equivalent tosaying thatevery congruence
over a finitely generated algebra 4 € is finitely generated as a subalgebraof 4 X A4.
In still other terms our finite basis property can be expressed by saying that every
finitely generated subalgebra of an algebra of ¥ is finitely presented. Clearly locally
finite classes have the finite basis property for equations. But there are other exam-
ples, too, the class of abelian groups being a familiar one. It follows from Theorem
70 of [1] that the class of commutative monoids also has the finite basis property
for equations. Subquasivarieties of a quasivariety with the finite basis property
for equations have a simple characterization given by.

Theorem 1. Let X be a quasivariety with the finite basis property for equations. Then
a subclass A’ of A is a quasivariety if and only if X"’ is closed under the formation of
subalgebras and cartesian products and is of local character.

The above is a generalization of Lemma 1 of [2] and is proved by an essentially
the same argument. We omit the proof. The result applies to commutative monoids
because of Theorem 70 of [1]. We state this observation in the form of

Corollary 1. A class of commutative monoids 18 a quasivariety if and only if it is
closed with respect to submonoids and cartesian products and is of local character.

The rest of this note concerns the situation in which a quasivariety has only
finitely many subquasivarieties.
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Theorem 2. Let a quasivariety X" be generated by finitely many finite algebras. Let
all the subdirectly irreducible algebras of X be projective in A . Then the lattice L 40(A")
of subgquasivarieties of A" is a finite, distributive lattice.

Proof. Within isomorphism let S be the set of all subdirectly irreducible algebras
of . Then, by the first assumption of the theorem, § is a finite set of finite algebras.
Let ¢’ be a subquasivariety of . Clearly every algebra of ™ can be represented as a
subcartesian product of algebras from S; let S(2#”’) be the set of all algebras in §
that occur in such representations of algebras of #’. We show that S(X') c.x".
Let A € S(K'). Then there is a subcartesian product B with A as a factor such that
Bex'. Since A is projective the diagram

A A

commutes for some homomorphism 4 — B, where B — 4 is the usual projection
map and 4 — A4 is the identity map. It follows that A4 is embeddable in B.Since )’
is a quasivariety and BeX" we conclude that 4 ex”. This proves S(X') cX"'.
It follows from this, in view of the definition of 8(¢"’), that ' = Q(S(x’)). The
function S(o¢’) from the lattice #4,(H ') into the ring of subsets of S(= S(X))is,
therefore one-to-one. In fact S(”’) is a lattice homomorphism. This follows fairly
easily from the fact, mentioned in the beginning of this note, that @(8’) is a quasivari-
ety for every finite set S’ of finite algebras. We leave the very easy details and conclude
the proof of the teorem.

Remark 1. In the notation of the above proof it is clear that if 4, 4, € S(X),
A,e8(A') and 4, is embeddable in 4, then A4; € S(#"). We can express this by
saying that S(%”') is closed under embeddability. Since Q(S") € L 4y(of') for all 8’ =
< 8() it follows from the proof of the last theorem that .#,(X") is isomorphic to
the ring of subsets of S(J¢") that are closed under embeddability.

Our next theorem obtains the conclusion of Theorem 2 under somewhat different
assumptions.

Theorem 3. Let a quasivariety X~ have only finitely many subquasivarieties and let
all subdirectly irreducible algebras in A" be projectivein . Then L qu(H) isdistributive.

Proof. The theorem is proved on lines of the proof of Theorem 2 except that
we need proof of the following crucial point on the basis of our present assumptions:
For every 8’ = S(X) the class Q(8’) is a quasivariety, where S(J¢) is, as before, the
set of subdirectly irreducible algebras of #". This follows from Theorem 2 of [2]
which states that if )" is a quasivariety with finitely many subquasivarieties then
every subclass Q(X'), " =X, is a quasivariety.

Remark 2. The converse of each of the last two theorems is false. More specifically,
there are quasivarieties " such that % ¢,(¢") is finite and distributive but not all the
subdirectly irreducible algebras of " are projective. We give an example. Let ¥~
be the variety of left normal semigroups, i.e., semigroups satisfying the identities
2?2 = z, xyz = xzy. The variety ¥~ was shown in [4] to be @ ({23, 23, 25}), where
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X5, X5, X are semigroups defined as follows: X5 is the two-element semigroup satis-
fying the identity xy = 2, X3 is obtained from X7 by adding a zero and X} is the
two element semilattice. It was further shown in [4] that #4,(#") has the graph

The lattice #Z4,(¥") isthus finite and distributive. We complete this remark by showing
that Xy is subdirectly irreducible but not projective. Clearly a proper subcartesian
factor of X; must have two elements and hence should be X5 or 2. Since 23 has
a zero while X does not X5 cannot be a subcartesian factor of X . Henceif Xy is
subdirectly reducible, then 25 must be a subcartesian product of X7 . Since Xj
is not a semilattice this is impossible to shat 275 is subdirectly irreducible. To show
that X3 is not projective let 25 have elements a, b and let 23 in addition have 0
as the zero element. The set {{a, a), <b, b, 0, a), {0, b>} forms a subcartesian product
of 7 and X5 ; call it 2. The projectivity of 25 would imply the embeddability of
25 into Z. However Z can be easily seen not to be embeddable in X'

Remark 3. In the last part of Remark 2 we used the fact (also used and proved
in the proof of Theorem 2) that if 4 is projective in a class 4" of algebras then (*) 4
is embeddable in every subcartesian product in#” of which 4 is a factor. Let us call 4
semiprojective in#" if A satisfies (*). Equivalently, 4 is semiprojective in " if for
every epimorphism B — A, BeX", 4 is embeddable in B. It is easy to see that semi-
projectivity is indeed a weaker property than projectivity. We give an example
which we shall find of use later. Let w, be the variety of unary algebras (4, f)
satisfying fr+l(z) = fr(z) = fr(y) identically. Let F, be the free algebra with one
generator g,. We show that Fy, is semiprojective in w, but not projective if 2 <
< m < n— 2. First note that if m < n then Fy, is isomorphic to asubalgebra of F,,,
namely, the subalgebra generated by f7»~™(g,). For this and other easy assertions
which we will make without proof it may be helpful to refer to the graph

f*(g,)

flgp)
In

S— = @ v -
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of F,. Let ©®: B> F,, be an epimorphism with B€ w,, m < n. Let be B be such
that @(b) = gp. Then b generate in B an lagebra isomorphic to F; for somel, n >
=1 2 m. Since Fy, is embeddable in F; we see that Fy is embeddable in B. This
proves that F, is semiprojective in w, for m < n. Assume now that 2 < m < n—2.
Let a: Fy— F,, B: Fpp — F; be epimorphisms; the (unique) existence of such epi-
morphisms is clear. Let y: Fp, — F, be any homomorphism. Then y(gm) = f7(ga)
for some integer r > n —m > 2. Since «f f(gn)) = f(92) we see that ay(F,) =
={f(92)} # B(Fm) = {92, f(92)}. Hence for given epimorphisms Fp — F;, Fy,—> F,
there exists no homomorphism F,, — F, which makes the diagram

commute. Thus Fy, is not projective in w,. It is easy to see that Fi, is subdirectly

7

Fn

F

irreducible in w, for m < n. We have thus shown that semiprojectivity of 4in X
does not imply projectivity of 4 in )" even when X is a variety and 4 is subdirectly
irreducible inJ¢".

Remark 4. Theorem 2, Theorem 3, Remark 1 and Remark 2 hold if the condition
of projectivity is replaced by that of semiprojectivity.

Theorem 4. Let all subclasses of a variety X that are closed under the formation of
subalgebras and cartesian products be subvarieties. Then all subdirectly irreducible
algebras of X" are semiprojective.

Proof. Let A be subdirectly irreducible in #". Let B >4 be an epimorphism
with BeX". Consider Q({B}). By assumption Q({B}) is a variety. Hence A € Q{B}).
Since 4 is subdirectly irreducible this implies that 4 is embeddable in B. This
proves the theorem.

Remark 5. In the last theorem ‘“‘semiprojective’” cannot be replaced by ‘‘projec-
tive”’. To show this consider the variety w, of Remark 4. It follows from [5] that
an algebra in w, is subdirectly irreducible if and only if it is isomorphic to F,,
m < n. From this and the fact that F,, is embeddable in F, for m < n we see that
wn = Q({Fn}). Let X" = wp be closed under the formation of subalgebras and cartesian
products. From w, = Q({Fn}) and the semiprojectivity of F,, for m < n it follows
that #" = wy, for some m < n and hence is a variety. However, as noted in Remark 4,
if n > 4, then not all the subdirectly irreducible algebras of w, are projective. Hence
in Theorem 4 “‘semiprojective’ cannot be improved to ‘projective’. Nor can “variety”’
be replaced by quasivariety in the last theorem. Thus the variety ¥~ of Remark 2
has [4] the property that if " < ¥ is closed in ¥ under the formation of subalgebras
and cartesian products, then J¢" is a quasivariety. Yet, as shown in Remark 2, not all
subdirectly irreducible algebras of ¥~ are semiprojective.
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1. INTRODUCTORY DEFINITIONS AND LEMMAS

1.1 Definition. A semilattice is a set @ with an idempotent, commutative, and
associative binary operation o which assigns to each pair (z, y) € G a single element
XoYE G.

1.2 Lemma. Let G be a join-semilaitice (a semilattice under U). Then G is partially
ordered set (poset) where the partial ordering < 1is defined by the following condition:
z<yiffroy=y. Forall z,y e G, we have x U y = x o y. (Proof for lattices see [1],
Theorem 2.)

1.3 Definition. Let G be a poset, £ = G. The set E is called an end of G if, for all
elements x € E and y € G, the condition z < y implies y € E.

1.4 Lemma. Let G be a join-semilattice, E < G its end. Then E is a join-subsemilat-
tice in G.

Proof. Let z, y€ E. Then z o y 2 = which implies x o y € E.

1.5 Definition. Let G be a semigroup, @ a equivalence relation on G. The relation &
is called a congruence relation if for all a, b, ¢, d € G the conditions a®b, c@d imply
aoc@bod.

1.6 Agreement. Let @ be a congruence relation on a semigroup G. We denote the
elements of G/@ by capital letters X, Y, ..., W.

1.7 Remark. Let O be a congruence relation on a semigroup G. For each X € G/@
and each Y € G/ there existssucha Z€ G/@that X o ¥ ={zoy;xe X,ye Y} = Z.
We put Y o Y = Z. (See [4] page 188.)

1.8 Lemma. Let G be a join-semilattice, @ a congruence relation on G. The set G|O
is a join-semilattice. (See [4] page 189.)

1.9 Lemma. Let G be a join-semilattice, @ a congruence relation on G, X,YeG/O.
Let < be an ordering on G|@ generated by the join-semilattice operation o. Then X < Y
if for each x € X there exists y € Y such that x < y.

Proof. Let X £ Y. Then Xo Y=Y and hence Xo Y < Y. For arbitrary
elements z€ X, ye Y, we have roy€ Y and z < z o y. Now we suppose that for
each € X there exists an element y € ¥ such that z < y. Hence x oy = y and
therefore X o ¥ = Y. The last inclusion is, by 1.7, equivalent to the equation
XoY=Yand X Y.

1.10 Lemma Let G be a join-semilattice, @ a congruence relation on G. Then each
O-class is a join-subsemilattice in Q.

Proof. For lattices see [4] Theorem 75.

1.11 Lemma. Let G be a join-semilattice, © a congruence relation on G. Let X, Y €
€@Q|Obesuchthat X < Y.Theny o X < Y holds for eachye Y.

Proof. Let z € X be arbitrary. Then there exists an element z € ¥ such that x < 2.
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It holds oz = z€ Y. Simultaneously z o y@z o2 and we have z oy e Y. Hence
yoX c Y.

1.12 Definition. Let G be either a jon-semilattice or a monoid, L < @ its subset.
For z, y € G we put (z, y) € Eg, 1y if, for each u, v € G, the condition v oz 0ove L
is equivalent to w o y o v € L.

Some well known results concerning monoids can be formulated for join-semilat-
tices.

1.13 Lemma. A4 relation E\g, 1) i3 a congruence relation on the join-semilattice G.

Proof. See [5] page 386. (The proof is given for monoids).

1.14 Remark. Let G be a join-semilattice, @ a congruence relation on @. Then @
is called principal if there is a set L = @ such that @ = E¢, ). (The definition of
principal congruences on semigroups see [6] page 530.)

1.15 Lemma. Let G be a join-semilattice, L < G its subset and X € G|E,1). If
XNL# &, then X c L.

Proof. Let z€ X. There exists ye XN L. It is 25¢,1)y and y = yoye L
hence xroy € L and also x =z oz € L. Thus X < L.

1.16 Corollary. Let G be a join-semilattice, L = G. Then L= \J {X; X € G/|E, 1)
XNL# g}

1.17 Definition. Let G be a semigroup, L < G a set, ue G. We say that the
elements x,y € G, x 5 y, are distinguished by u with respect to L if the conditions
uox €L, uoy¢L are equivalent. We say that L distinguishes G and we write L6GQ
if, for each z, y € G, x # y, there is u € @ such that z, y are distinguished by u with
respect to L. '

It is easy to prove the following two Theorems. The proofs are similar to the proof
of the Theorem 2.6 in [7].

1.18 Theorem. Let G be a monoid, L = G, @ a congruence relation on G. Then the
Sfollowing two assertions are equivalent: '
(A) @ = E, 1.

(B) There exists a subset L in G|@ such that L = \) X and L distinguishes G/6.
XeL

1.19 Theorem. Let G be a join-semilattice, L = G, a congruence relation on Q.

Then the following two assertions are equivalent:

(A) @ = Eg, 1. :

(B) There exists a subset L in G|® such that L = \) X and L distinguishes G/6.
XeL

1.20 Remark. It is not possible to formulate previous Theorems as one Theorem
for semigroups.

1.21 Example. Let B be a semigroup with two elements 0 and a with the follow-
ing operation: aoa =0,200=0,00a =0, 000 = 0. Let us put L = {a}. For
all uv€B uoaov=0EB—L,uo00v=0€B—L and hence a Eg, 1, 0. The
congruence relation has only one class which is equal to B. Hence the equation
L= {X;Xe@lE¢r1,XNL+# }does not hold.

2. JOIN-SEMILATTICES WITH THE PROPERTY (B)
2.1 Definition. Let G be a join-semilattice. We say that G has the property (f) or
that G is of the type (f) if it has the greatest element ¢ and for each pair z, y € G,

z # y, for which z o y < ¢ there exists an element z € @ such that either z < z and
simultaneously z || ¥ or y < z and simultaneously z || z.
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2.2 Lemma. Let G be a join-semilattice of the type (B) satisfying the mazimum
condition. Then for each pair x, y € Q, x # y there exists an element u € G such that
either tou =1, Yyou #10rxou # ¢,y ou = ¢ holds.

Proof. Let z, y € G.

I. Letxoy = 1. Forx # y,itisx # ¢ or y # ¢; let us suppose the first case. Then
it is sufficient to put u = z. '

II. Let x 0 y < i. Let us denote by the letter a that of the elements x, y to which
there exists an element zo € G such that a < 2z, and such that it is incomparable
with the other of the elements z, y. We denote the other element by b. It is obvious
that zo < ¢.

o) Let zoob = i. We put then u = zpand we getaou = ao2o =12 < i, bou =
=bo 20 = 1.

B) Let zgob # i. We consider the pair zo, bo20. To this pair there exists an
element z; < ¢ for which zp < 21, 21 || b0 2. If b o2, = 7, then we put u = 2. In
the reverse case we construct an element 2; by similar way as element z; with the
property @ < 2o < 21 < 22 < ¢, b || 2;. As @ satisfies the maximum condition we
attain, in a finite number of steps, an element z, such that a oz, < ¢, bo 2y = 1.

2.3 Corollary. Let G be a join-semilattice with the property (f) satisfying the
maximum condition. Then {i} distinguishes G.

2.4 Lemma. Let G be a join-semilattice with the greatest element i. Suppose {i}0G.
Then G has the property (B).

Proof. Let us admit that @ has not the property (f). Then there exist z, y, * # ¥,
Z oy < isuch that every z > z is comparable with y and efery z > y is comparable
with z. There are two possibilities.

I. The elements z, y are comparable, for instance # < y. Then for each z > =
either z < y or z > y holds. Let u € G be arbitrary. If u o z = ¢, then it is obvious
oy =1, too. Let uoy =14, uox < 1. If uox =2, then u < x hence » < y and
Yoy =7y ==xoy < i. It is a contradiction. Therefore + < uox. Hence u oz < y
oruox 2 y.Inthefirst caseu Suozx < yandthenuoy=y=20y <i.Itisa
contradiction, too. In the second case i = oy < (¥ox)oy =uox < ¢ and it is
again a contradiction. We get that u o y = ¢ implies u o x = 1.

II. The elements z, y are incomparable. Then the element z > z is comparable
with y, it is 2 < y or z > y. The first case implies < z < y and it is impossible.
Therefore z > z implies z > y and conversely. Let u € G bearbitrary. Let u oz = 1,
uoy <t Thenuoy 2 y. f uoy =y, thenitis v < yand hence ¢ = uoz =< yo
oz < 7 and this is a contradiction. Therefore v o ¥ > y and it implies u o y > .
Hence we get 1 =uox < %o (oY) = uoy < tand it is again a contradiction.

We get that for each u € @ the relation w o # = ¢ implies % o y = ¢ and conversely
%oy = i implies % o z = 4. This is a contradiction with the asumption that {i}0G.
We have proved that G has the property (f).

2.5 Theorem. Let G be a join-semilattice satisfying the maximum condition with the
greatest element i. Then the following statements are equivalent:

(A) {¢}6G.
(B) G has the property (B).

2.6 Theorem. Let G be a dually atomic join-semilattice with the greatest element i.
Let M be a set of all dual atoms in G. Suppose {i}0G. Then MG.

Proof. Let z, y € G, = # y. Since {i}4Q, there is an element u € G such that v o x =
=1, U0y # 10T UoZ # 1, U oy = 1. Let us denote by the letter a that element of
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=, y for which the join with the element u is equal ¢ and by the letter b the other
-element.

Let oa =14, u o b€ M. Then the proof is finished.

Let uoa =1t uob¢ M. G is a dually atomic semillattice and simultaneously
uob < . There exists p € M for whichu o b < pand hence (pou)ob = po (uob)=
=peM and (pou)oa=po(uoa)=pot=1i¢ M. We have found u €@,
u' = uopsuchthat u’'oca¢ M and w’ o b€ M. Thus MHG.

2.7 Remark. We cannot formulate theorem 2.6 as an equivalence.

2.8 Example. Let ¢ be a join-semilattice with the following diagram:

Then M = {b, 8}, MG but {i} does not distinguish G.

2.9 Theorem. Every Boolean algebra has the property (B).

Proof. In the proof of this theorem we denote the operation o by U.

Let B be Boolean algebra, x, y€ B, = # y. Let us choose the notation in such
a way that y £z If 2Uy =4, then y=yNi=yN (xUy') =y Nz which
implies y < x and we have a contradiction. Therefore 2 U y’ < i, y Uy’ = ¢ and
{i}0B. The statement follows from Lemma 2.4.

3. DISTINGUISHING SUBSETS IN JOIN-SEMILATTICES

3.1 Lemma. Let G be a join-semilattice, E = G its end and MOE. Let x€G — E
and suppose the existence of at least one element s € E such that, for each w €E, M con-
tains either both elements uo x, u o 8 or none of them. Then there is precisely one element s with
this property. .

Proof. Suppose the existence of s;, s, € E, s, # s, with this property. Then, for
each u € E, the condition % o8 € M implies u o2z€ M which implies u o s,€ M
and conversely, % o 8; € M implies u o0 s, € M.

It is a contradiction to the hypothesis MJE.

3.2 Definition. Let G be a join-semilattice, £ < G its end, M < E, MJE,
xeG@—E. -

We put

{M, M U {z}} if, for each t € E, there is u € E such that M contains
precisely one of the elements % o x, u o ¢.
{M} if there is t€ E such that toz€ M and, for each
@ N u€ E, M contains either both elements u oz, u ot or
(E ’ M ’ z) -
none of them.
{MU{x}} if there is te E such that tox ¢ M and, for each
u € E, M contais either both elements u oz, % ot or
l none of them.
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3.3 Lemma. Let G be a join-semilattice, E < G its end, M < E, MOE, ze G — E.
Then L(E, M, x) is the system of all sets L distinguishing E U {x} suchthat LN E = M.

Proof. We denote by Z(E, M, z) the system of all sets L distinguishing £ U {z}
such that LN E = M.

Clearly, Le2(E, M, x) implies either L = M or L = M U {x}.

(i) Ift, z€ E, t # z, then there is u € E such that M contains precisely one of the
elements u o t, u o 2. The following cases can occur:

(1) For each t € E, there is u € E such that M contains precisely one of the ele.-
ents uox, uolt.

We have L(E, M,z) ={M, M U {z}} 2 Z(E, M, x).

We prove MO(E U {z}).

Indeed, if t,z€ E U {z}, * # t # z, then we have the following two possibilities:
(a)t # x # z (b) t # x = z. In the case (a), the condition (i) implies the existence
of u € E such that M contains precisely one of the elements u o ¢, % o z. In the case
(b), the condition (1) implies the existence of u € E such that M contains precisely
one of the elements u oz = u o, u of.

We prove (M U {z}) 8(E U {x}).

Indeed, if t,z € {E U {z}},  # t # z, then we have the following two possibilites:
(@)t # « # 2z (b) t # z = z. In the case (a), the condition (i) implies the existence
of u € E such that M contains precisely one of the elements % o ¢, % o 2. Since w o ¢ #
# & # u oz the set M U {z} contains precisely one of the element % o ¢, u o 2. In the
case (b) the condition (1) implies the existence of u € E such that M contains preci-
sely one of the elements % oz = u o, uotf. Since u oz = UoX # ¥ == uotthe set
M U {z} contains precisely one of the elements u o ¢, u o z.

We have proved Z(E, M, z) = {M, M U {z}} = D(E, M, z).

Thus, L(E, M, z) =D(E, M, z).

(2) There is precisely one element s € E such that s o x € M and, for each u € E, M
contains either both elements % o z, % o 8 or none of them.

We have Z(E, M, z) = {M}.

We prove M(E U {x}).

Indeed, if tze EU {z}, x #t # z, then we have the following possibilities:
(a) t£x#2z(b)t#8 2= (c) t =8, z=2x. In the case (a), the condition (i)
implies the existence of u € E such that M contains precisely one of the elements
% ot, woz In the case (b), Lemma 3.1 implies the existence of u € E such that M
contains precisely one of the elements % o ¢, % 0 z = % o 2. In the case (c), we have
Zol=xo0SEM, xoz=z0x=x¢ M.

We prove that (M U {z}) 6(Z U {x}) does not hold. Indeed, s # . If u € E, then M
contains either both elements « o 8, % o x or none of them by (2). Since u o 8 # x #
# u o z for each u € E the set M U {x} contains both elements % o 8, o  or none
of them.

Finally, zose M < MU {z}, z0x =2 MU {z}.

We have proved 2(E, M, z) = {M}.

It follows L (B, M,z) = {M} =2(E, M, ).

() There is precisely one element s € K such that 8 o ¢ M and, for each u € E,
the set M contains either both elements u o x, % o 8 or none of them.

We have Z(E, M, z) = {M U {z}}.

We prove (M U {z}) 6(E U {z}). .

Indeed, if tze EU{x}, x # ¢ # 2, then we have the following possibilities:
(a)t#£x#z(b)t#s z=2a(c)t=s, z=2x In the case (a), the condition (i)
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implies the existence of u € E such that M contains precisely one of the elements
uol, oz Since uot # z 5 # oz the set MU {x} contains precisely one of the
elements % o f, % o z. In the case (b), Lemma 3.1 implies the existence of u € £ such
that M contains precisely one of the elements w o #, # 0 2 = w o 2. Since uo t # z #
# % oZ = U oz, the set M U {z} contains precisely one of the elements u o, % o z.
In the case (c), we have x 0 8 ¢ M, 2 0 8 # « which implies zos¢ MU {2}, z 0oz =
=zeMU {z}.
We prove that M3(E U {z}) does not hold.

Indeed, s # z. If w € E, then M contains either both elements « o 8, % o x or none
of them.

Finally, z 08¢ M, x0x =z ¢ M.

We have proved P(E, M, z) = {M U {z}}.

Thus, L(E, M, 2) = {M U {z}} =D (E, M, ).

The cases (1), (2), (3) represent all possibilities by 3.1. Thus, we have proved
Z(E, M, zx) =2(E, M, x) which is the assertion of the Lemma.

8.4 Definition. Let G be a join-semilattice, L = G. Then L is called kereditary in @
if, for each end £ of @, the condition (E N L) 8E is satisfied.

8.5 Remark. If G is a join-semilattice, F its end and L is hereditary subset then
E N L is hereditary in E.

Proof. Indeed, if F is an end of E, then it is an end of G which implies (F N L) 6F.
Since F < E we have FN(EN L)= FN L. Thus (F N (EN L)) 6F.

3.6 Lemma. Let G be a Jjoin-semilattice, B < G its end, L a hereditary subset in K,
x a maximal element in ¢ — E, M < E U {x} a subset such that M6(E U {z}), EN M =
= L. Then M is hereditary in E U {z}.

Proof. Let N =€ EU {z} be an end, t,s€ N, t # s. Since t,s€ E U {z}, there is
u € E U {«} such that M contains precisely one of the elements u o ¢, u o 3. It follows,
especially, ot # u o0 s. Clearly, uot, o s€ N. We can suppose, without loss of
generality, that v o 8 # .

(a) If wot # & # uos, then uot, uose E which implies uot, uose€ E'N N,
the latter set being an end in E. Since L is hereditary in E, we have (E N N N L)
6(EN N). Since L < E, we have EN NN L= NN L. Thus (NN L) §(E N N).
It follows the existence of v € E N N such that N N L contains precisely one of the
elements vouof, vouos. Clearly, vouot # 2 #vouos Since NNLc NN
NM < NN (LU {z}), the set N N M contains precisely one of the elements v o u o ¢,
vouos. Clearlyvoue N.

(b) If uot =2 # uos, we have u < 2, t < x which implies v = ¢ = x. Thus,
x#xo08, x,xo08€N and M contains precisely one of the elements x = x 0 z, z o 3.
Thus, z€ N and M N N contains precisely one of the elements z ot =z oz, z03s.

We have proved (N N\ M) 6N and M is hereditary in E U {x}.

3.7 Corollary. Let G be a join-semilattice, £ = @ its end, L a hereditary subset.
in B, x a maximal element in @ — E. Then each M € #(E, L, x) is a hereditary subset-
in EV {z} such that M N E = L.

Proof. By 3.3, each M e #(E, L, z) distinguishes £ U {z} and M N E = L.
Then M is hereditary in E U {z} by 3.6.

8.8 Lemma. Let G be a join-semilattice, & a chain consisting of ends in G which is
ordered by inclusion, ¥ a chain of subsets in G ordered by inclusion. Let f be a sur-
Jjection of & onto &L such, that, for each E €&, the set L = f(E) is a hereditary subsetin E.
Suppose that f has the following property:
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(«) If E,E' €8, E < E', then f(E) = E N f(E'). Then J L is a hereditary subset
o U E. ey
Eeg

Ie’roof. Let P = |J £ be an end in |J E. Suppose s, t€ P, s # ¢. Then there is
&

Ee, Eeg
Eo €& such that s, t € Ey. We put Lo = f(E,). Then P N E, is an end in E, ; it follows
that (PN EoN L) 6(P N E,). Thus, there is an element we P N E, such that
PN EyN Ly = PN Loy contains precisely one of elements u o 8, % o t. For instance,

we can suppose uos € P N Lo, uot¢ PN Lo. Since PN Ly, = PN (|J L) we
have uose PN (|J L). Leg '
Ley

Let us admit the existence of £ €& such that u o t € f(E) N P. Since t € E, we have
uot 2t and uote Ey. If E < Eo, then f(B)=ENf(E;) =EN Ly and uote
JIB)NP =EN LyN P < PN Ly which is a contradiction. Thus, B, < E which
implies f(Eo) = Eo N f(E). It follows uotef(E)N PN Ey = f(B)NP =PnN Ly
which is a contradiction.

Thus, uot¢f(E)N P for each Ee& which implies uot¢ |J (f(E)N P) =

Eeg

=PN SH! (B)) = PnI(‘UyL).
We have proved (P N (U L)) 6P which is by Definition 3.3 the assertion of Lemma..
Le

3.9 Lemma. Let G be m{ ordered set satisfying the maximum condition. Then there
18 a set & of ends in G having the following properties:

(i) & is well ordered by inclusion; thus, there is an ordinal « such that & — {E;;
A < a+ 1} and, for A, u < a, the condition E; = E, is equivalent to A < p.

(i) Bo= o E,= G

(iii) for each A < o there is a;€ G — E,; which is maximal in G — E; such that
Ei1— By = {a;3}.

(iv) E, = |J E; for each limit ordinal y < & 4 1.

2

v

Proof. The assertion is clear if @ = . Thus we cansuppose @ # & .Let < denote
che order relation in G. By [4], Theorem 2.3, there is a linear ordering < on G which
is an extension of < such that G is well ordered by the dual orderinE of <. Thus
there is an ordinal « and a sequence (a;);, of elements of G such that each element
of G appears in this sequence precisely once and that, for A, u < « the condition
@, £ a, is equivalent to 1 2 u. We put E; = {a,; » < A} for each 4 < o, & =
={E;; A < o + 1}. Then, for 4, u < a4+ 1, E, c E,is equivalent to the condition
A = p. Thus, & is isomorph to the set {1; 1 < « + 1} which implies that & is well
ordered by set inclusion. If 1 < « + 1, z€ E;,ye @, z < y, then there are yu, » < «
such that 2 = a,, y = a,. Since z € E; we have u < A. The condition z < y implies
z Ly, ie. a, <a, which implies » < u. Thus, » < 1 and y=a,€ E,;. It follows
that E; is an end with respect to the order relation < for each 1 < o + 1. We have
(i). The condition (ii) holds obviously. Clearly, E;,; — E; = {a;} for each 1 < «;
suppose 2 € G — K, a; < x. Then there is u < a + 1 such that z = a, and a; < a,
which implies 4 = u. Clearly, G — E; = {a.; x 2 A}. Thus y = 4 and z = a; is
maximal in @ — E;. We have (iii). If y < « + 1 is a limit ordinal, then E, =
={ax; x < y} = U {a.; ¥ < A} = | E; and we have (iv).

<y <<y
3.10 Definition. Let G be an ordered set satisfying the maximum condition.

Then each set of ends in G having the properties (i), (ii), (iii), (iv) of Lemma 3.9 is
called a suitable set of ends in Q.

79



3.11 Definition. Let G be a join-semilattice satisfying the maximum condition,
& ={E;; A < a + 1} its suitable set of ends.

We put Ly = .

Let 0 < f < « + 1 and suppose that we have constructed, for any 4 < f, a hered-
itary subset L, of E; in such a way that A < 4 < g implies L, = E; N L,,.

If B is an isolated ordinal, we put Bz — Es_, = {as_i} and we define Ly € £ (Ep_,,
L,g_] y aﬂ_l).

If B is a limit ordinal, we put Ls = |J L;.

A<p

By induction, we define L, for each A < « + 1. Especially, we put L = L, and
we say that L has been constructed by means the suitable set of endsé& .

3.12 Theorem. Let G be a join-semilattice satisfying the maximum condition, L = G
a subset. Then the following conditions are equivalent:

(A) L s a hereditary subset in G.

(B) If & is an arbitrary suitable set of ends in @, then L has been constructed by
means of & .

Proof. Let (A) hold. Let & = {E;; 4 < « + 1} be an arbitrary suitable set of
ends in G. We put L, = E; N\ L for each 1 < o + 1.

Then Ly = E;NL = @.

Let 0 < f < &+ 1. By Remark 3.5, L; is a hereditary subset in E; for any
A< ﬂ and 1 < pu < ﬂ lmphes LAZLGEAZLHE,I(-\E”ZE;(\L”.

If B is an isolated ordinal and if Es — Ejs_y = {as_,}, then Lg is hereditary in
Es = Es_1U{ag_1} by Remark 3.5 which implies Lgd(Es_1 U {as_1}). Further,
LsNEg_y = Lg_, and Lg_; 6Ep_,. By Lemma 3.3, we have Lge L (Ep_y, Ls_,
a,g_l).

If B is a limit ordinal, then

Li=EsnL= (U E)NnL= (E.nL)y=U L.

A<p A<p A<p

Finally, L, = E,NL=GN L = L.

We have proved that L has been constructed by means of & which is (B).

Let (B) hold. Then, trivially, L, is a hereditary subset in E,.

Let 0 < B < o + 1 and suppose that L, is hereditary in E; for each 4 < f and
that u < A < § implies L, = E, N L;.
If B is an isolated ordinal, then L;_, is hereditary in Eg_;, Es— Ep_1 = {as_1},
Lse £ (Ep_1, Lg_1, ag_1), ag_; is maximal in G — Egz_,. By Corollary 3.7, Ls is he-
reditary in Ep_ U {s_1} = Es and Eg_yNLyg=1Lsg,. If A< B, then L= f—1
and E;NLy=E,NEs_ 1N Lg=E;N Lg_, = L; by the induction hypothesis.

If B is a limit ordinal, then Ly = |J L, and Lg is hereditary in |J E, = Eg by

ulp u<lp

Lemma 3.8. .
If A< ﬂ, then E’AF\Lﬂ=E,1(1(U L”) = U (ExﬁL#) = U (EaﬁL#)U

<i

; w<p u<lp n
vly@&nL)y=U (E:NL,)Y L= L;because E; NL, < L, =E, N L, < L;
A<u<B =i
for each u < A.

We have proved that L; is hereditary in Bz and that A < fimplies L; =E, N Lg.
It follows by transfinite induction that L, is hereditary in E; for each 4 < o + 1.
Especially, L = L, is hereditary in E, = @, which is (A).

3.13 Corollary. Let G be a join semilattice satisfying the maximum condition. Then
there is a set L = G such that (E N L) 6E for each end E of G.
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3.14 Remark. In [6] following definitions are given: A subset H of a semigroup ¢
is called indivisible by an equivalence @ (by a subset F) if H is contained in some class.
of @ (E. ). A subset H is called disjunctive if the only subsets indivisible by Ec, ).
are empty and one-element.

According to these definitions we can formulate the following Corollary:

3.15 Corollary. Let G be a join-semilattice satisfying the maximum condition. Then
there exists a set L = G such that for each end E < @ the set L N E 1is disjunctive.

4. SPECIAL CONGRUENCES ON MONOIDS

4.1 Assumption. We shall suppose in the whole fourth paragraph that G is a.
monoid and @ a congruence relation on G such that G/0 is a join-semilattice satisfying
the maximum condition. We denote its greatest element by I.

4.2 Definition. Let G/@ have the property (8). Then we say that the congruence
relation @ has the property (B) or that @ is of the type ().

4.3 Theorem. Let L = I € G|©. Then the following statements are equivalent:

(A) 6= E(G,I)
(B) {I} 6(¢/O)
(C) O has the property (f).

Proof. The statements (A) and (B) are equivalent according to Theorem 1.18.
Simultaneously, by Theorem 2.6 the statements (B) and (C) are equivalent.

4.4 Theorem. Let O be a (B) congruence on G satisfying the assumption 4.1. Let M
be the set of dual atoms in G/@. (The set of elements which are covered by I). Then
0= E(G,L), where L = U m.

meM
Proof. From Theorem 4.3 follows that {I} §(G/®). So the conditions of Theorem 2.7
are satisfied and the set L6(G/@). By Theorem 1.18 we have & = Zg, 1)-

4.5 Main Theorem. Let O be a congruence relation on G satisfying the assumption 4.1.
Then there exists a subset L = G such that @ = Eg, ).

Proof. According to Corollary 3.13 there exists a subset L = G/@ L ={X; X €
€GO, X < L} in G/O which distinguishes /0. Hence by Theorem 1.18 & = ¢, 1)
holds.

4.6 Corollary. Let @ be a congruence relation on G satisfying 4.1. Let L = G|@
be constructed by 3.11. Then Elo,7) = 1dG/[O.

Proof. We have LOG/@ which is equivalent to Z(¢/e,7) = id@/O by [3] Theorem
1.7.

4.7 Theorem. All congruence relations on a join-semilattice S satisfying the maxi-
mum condition are principal congruences.

Proof. Join-semilattice S satisfies the maximum condition. All factor—join-
semilattices on § satisfy also the maximum condition and they are join-semilatices.
By Corollary 3.13 we obtain a subset L < S/@ for all congruence relations on S
which distinguishes S/@. Hence by 1.19 @ = Es, 1, holds.

The author is indebted to Professor Miroslav Novotny for helpful discussions.
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NOTE ON CERTAIN PARTITIONS OF POINTS IN R¢
N. Poldkovd, Brno

(Received December 5, 1972)

Let & be a finite set of points in the d-dimensional Euclidean space Rd. In [4]
Radon partitions of types {r, s} (i.e.Z admits a partition into non-empty subsets
Z'1and Z; such that card ', =7, card ¥, = s and conv &1 N conv X, # @ )arestudied.
In this note a similar question for the cone hulls (with certain singularity) is solved.

Let o be the fixed origin and & = (z1, ..., zt) be an f-tuple of (not necessarily
different) points in the d-dimensional Euclidean space RY, f = d + 2, for which
0 ¢%Z and dim% = d. We say that Z has the property (r), r being a natural number,
1 £ r £ f—1, if there exists J = F = {1, 2, ..., f} such that card J = r and either
conv Z'(J) N conv Z(F — J) = {0} or cone Z'(J) N cone &' (F — J) contains a ray.
(By Z(J) we denote the n-tuple (y,, ..., z;,) with indices J = {1, ..., tn} = F.)

Let 2y = (241, ..., 21q) for ¢ = 1, ..., f in a basis #". We shall consider the f by d

matrix
Z11 ... Z1d
X={........
X ... 14

and we put L(X) = lin (2, ..., ), where x(® € R! is the ith column in X, D(X)
its orthogonal complement in R!. It is dim L(X) = d, dim D(X) = f—d.
Forming the matrix

whose columns a®), j =1, ...,f —d form a basis of D(X), we shall assign the ith
row #; € Rt-4 of X to each zi, i€ F; the f-tupleZ = (&, ..., #) of these points in
Rt-4 jg called a linear representation of & (see [5]).

By an affine representation (or Gale transform) we understand an f-tuple T =
= (&1, ..., 1), & = (Pi1, ..., Pir_a_1) ¢ =1, ..., f of points in Rf-d-1, where the

columns of the matrix
(ﬂn ---ﬁlr_d_l)
B ... Pre_aa

form a basis of the orthogonal complement of the (d + 1)-space lin (z®, ..., z(®, 1)
in R! (see [3], 5.4, 0 eZ possibly.)
(*) Under the assumption of o € conv®Z” we denote by K the k-face of the polytope
conv®, 1 £ k £ d, for which o erelint K and put @ = {{ e F | 2, € K}, g = gard G.
By h(X) we shall denote the dimension of the projection of D(X) on the coordinate
(f — g)-space in Rf determined by the axes with indices F — @ in the direction of
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the complementary coordinate g-space; according to the definition we put A(X) = —1
if @=PF.

1. Under the situation (*) it 2s h(X) = h(X'), where X or X' are the matrices belonging
0 X in two arbitrary Cartesian systems A" or A" in R4, respectively, with the same origin o.

Proof. We simplify the denotation as follows: We denote by @ or H = G- the
coordinate g-space or its orthogonal complement, resp. and let 1, 2, ...,g be the
indices of the coordinate axes of G. We shall write briefly D, D’, k, b’ instead of
D(X), D(X'), h(X), L(X").

Putting f = DN H, ' = D' N H we shall prove that dim g = dim 8’. To this
purpose we denote the g by (f — d) matrix formed from the first g rows of X or X’
by X* or X'*, resp. Then it is § = {x € Rt|x = XA, where Ac 4 = {Ae Rt-4 | X*] =

, B ={zx€R|xz= X2, where A€ A’ ={l€ Rt-4| X'*) = o}}. Since the
columns of X and X’ are linearly independent, it is dim f = dim 4, dim 8’ = dim A".
‘Considering that X'* = X*R for a suitable regular matrix B (As R we can take
a regular matrix such that X’ = XR which exists because the column vectors of
both matrices form the spaces of the same dimension f —d), it is dim 4 = dim A’
and hence dim f§ = dim g'.

Replacing H by G we shall prove that dim y = dim ', where y = G N D, y' =
=GN D'. If we put 6 = B (the orthogonal complement of § in D), ¢ = p3,6" =
= f'$, & = y's:, we have dim § = dim ¢’, dim ¢ = dim ¢’ and since h = dim g +
+ dim ¢, ' = dim g’ + dim ¢’, it follows A = &'.

Remark. Thus the number A(%Z) can be defined by the relation A(Z) = h(X),
where X corresponds to arbitrary basis in B4 with the origin o (under conditions (*)).

2. Z has the property (r) if and only if there exists J < F, caxd J =r and a hyper-
plane H in R'-9, o€ H such thatZ (J) < H, ,.%"(F J) < H,, where H,, H, are closed

halfspaces determmed by H and int H, NZ (J) # @ # int H, NI (F—J).
Such a separation is called the semiseparation of points.
Proof. I. Let & have the property (r), i.e. there exists J < F, card J = r and a
point be Rt, b = (B, ..., fr) such that Z pixi=o0, fi 2 0 for 1eJ, i < 0 for
el

1€ F —J and at least in one case there holds the inequality. Since b € D(X), it is
f—d

b=y yad. Put ¢ = (y1, ..., yr_a). It holds (¢, &) = fi for each i € F. Thus the
=1 :

hyperplane in Rf-4 whose normal is determined by ¢ semiseparates the Z(J) and
P ).

I1. On the contrary,let Z(J),%Z (F — J) be semiseparated by the hyperplane with
¢ = (y1, - oYt a) as its normal. Put f; = (¢, z;) for i€ F, b = (f1, ..., Br). Then
pi 2 0foried, ﬂi < 0for i efF—J and in both cases at leest one 1nequallty ap-

pears. It holdsb— Z yie® and hence Z Bizi = o. From this it follows that ;Z.:/ Bixi
is the common pomt of cone Z'(J) and cone Z'(F — J). Ifwz.] Pixy = o, it is o0 €
conv® (J) N conv Z(F — J) and if E’ Pizi # o, then cone Z'(J) and cone Z'(F — J)
have the common ray.

3. (see [2], 358). If the pomts Z1, ..., ¢t € R satisfy the condition o€ int conv
f;
{z1, ..., xt}, then there exist positive numbers Ay, i =1, ..., f such that o = Z Ay .

i=1
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4. Under the situation (*) a hyperplane H of R'~9, o€ H exists for which Z(F —i Q)
< H,Z (@) lies in one of open halfspaces determined by H, cone ¥ (F — @) = lin Z'(F —
— @) and K(Z) = dim cone Z'(F — @).

Proof. Since o € relint K, it is (according to 3) o = Z Biz; for a suitable (81, ..., )
where i > 0 forie G, fi =0 for 1€ F —@G. From thls it follows that b = (8, ...,
., pr) € D(X) and thus b = Z y,az(” for some ¢ = (i, ..., yt_a); ¢ is the normal

vector of the required hyperplane H because of (¢, ;) = fi for ¢ € F. Further on
it holds that, for no supporting hyperplane of conv Z through o, more than g points

fromZ lie in the corresponding open halfspace. (In fact, if more than g points from 2
lay in the open halfspace determined by such hyperplane, then there would exist
more than g points of 2 lying in K.) From this it follows cone Z'(F —G) =
lin Z(F — Q). We put h*(X) = dim lin Z(F — G). Then the equality h*(X) = k(%)
holds. (h*(X) equals the rank of the f — g by f— d matrix formed from the rows
of X with indices F — @, which is also equal to the rank of the f by (f — d) matrix
if we replace the rows with indices @ by the zero rows and hence it equals the dimen-
sion of the projection of D(X) on the coordinate (f — g)-space.); q.e.d. Note that
evidently f —d > W(Z) = —1.
5. (see [3], 5.4. iii)

If Z = (21, ..., 21) is an f-tuple of points in RI-9-1 for which i zi=o0 and

dim lin Z = f —d — 1, then there exists an f-tuple Z < R such that dlm aff ¥ =d
and Z s its af fine representatwn

6. (see [3], 7.1.4)

If P is a k-neighbourly d-polytope (i.e. each k-membered subset K < vert P forms

a face 8 of P for which K = vert S) and k > [%] , then P is a d-simplex.
Note. Corollary. If Z is the set of all vertices of some d-polytope (with f vertices)
andf = d + 2, then thereexists k < % such that conv & is an l-neighbourly poly-

tope for each 1 < I < k and for I > k it is not l-neighbourly.

7. (see [4], lemma 2)

For each affine representation X — R'=0-1, f > d + 2 of an f-tuple Z < R4,
dimZ = d it holds:

Every open halfspace of Rt=4-1 determined by a hyperplane H, o € H contains,

(i) at least one point of X; and some of them contains exactly one point if & # vert P
for every convex d-polytope P with f vertices,

(ii) at least k -+ 1 points of X if & = vert P for some k-neighbourly convex d-polytope
P with f vertices; and some of such halfspaces contains evactly k + 1 points of XiP
is k- but not (k + 1)-netghbourly convex d-polytope.

8. The range of the value r for which the given f-tuple Z — R has the property (r)
forms the integer interval.

Proof. Let H, o€ H be a hyperplane of Rf-4 that semiseparates r points of x.

There exists a point  # o such that x € H N int cone Z. Let A a be any (f—d—2)-
-space going through o, z and lying in H. If H rotates around A from 0° to 180°,
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then for every 7, r < ' < f— r there exists the position of H such that »' points
from & are semiseparated.

9. Let & = (%, ..., &) be an f-tuple of points in R\, 1 2 1, f 21+ 1,dim ¥ = I,
o€int convZ. Then Jfor every natural number r for which f;;——l <r< ‘MT+1
there exists a hyperplane containing o that semiseparates r points from Z ; this interval
cannot be enlarged.

Proof. In 8 it is shown that the range of r is an interval. Since o € int convd -
there exist (see 3) numbers A,, ..., iy > 0 such that o — ﬁ Ai%;. According to 5 there

=1
exists an f-tuple 2’ — R!-1-1 such that the f-tuple 4,2, ..., AiZ is its affine representa-
tionand dim aff & = f—1—1. The semiseparation of (&, ..., #/) is equivalent to
the semiseparation of (1,%, ..., MEg) f f=14+1, r points can be semiseparated
for arbitrary r, 1 < r < I because & is the set of vertices of an l-simplex and o € int
conv &'. Thus the assertion holds.
Let f 2 1 4 2. A) If Z is the set of vertices of some convex (f— 11— 1)-polytope

P (card vert P = f), then there exists exactlyone k, 1 <k < f—_lz—_—l such that

P is a k-neighbourly polytope and not m-neighbourly for every m > k (see 6).
According to 7 (put I =f—d —1) every open halfspace in R! determined by a
hyperplane going through o contains at least & 4 1 points and some of them contains

~ —i—1
exactly k + 1 points from &". In general, the semiseparation of [—f—;—] + 1 points

from 7 is guaranteed and no less. B) If A) does not work, then & is not the set of

vertices of the convex (f— I — 1)-polytope with f vertices and by 7 one point of &
can be semiseparated by a suitable hyperplane; q.e.d.

10. (see [4], theorem)

Let Z be an f-tuple of points in R, cardZ = d 4 3. Then

(i) if & vs not the set of vertices of a convex polytope with f vertices,Z has a Radon
partition of the type {r, f — r} for arbitrary r = 1, ..., f — 1.

(ii) If Z 13 the set of a k-neighbourly convex polytope P, then there is no partition of
the type {r, f —r} for r < k, and of P is exactly k-neighbourly, then it admits Radon
partitions for every r, f—k—1=>r 2k + 1.

11. (see [1], 3.2.)

Ifyeint conv X, X < R9, then y € int conv ¥ where ¥ < X,card Y < 2d.

LetZ" be an f-tuple of points in RY, f > d + 2, 0 ¢% dim & = d. Let us define
for it the number (%) as follows:

~

1. Inthe case of o ¢ conv & put 8(%) = _d_;l_
2. In the case of o € conv &, i.e. if (*) is fulfilled, we put
2.1. s(Z)=0forg > 2k

and for ¢ < 2k we define

=9 1 = S
2.2.1.8(.%")—j_d 1if A(Z) =0 or 1

d—g
2

2.22. (&) = i ME)=f—d—1
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— mi g f—g—HKZ)—1
2.2.3. 8(.%‘) = min {f——Th(—m_l N 2 }

ifl k(&) sf—d—2.

Theorem. LetZ" be an f-tuple of points in R4, f 2 d + 2, 0 ¢%, dim% = d. Then
Jor every natural number r for which $(X') < r < f— (%) X has the property (r) an
this interval is the maximal one.

Proof. According to 8 the range of admissible value of r is an interval.

Case 1. We choose a hyperplane H in R4 in order that it may strictly separate o
and conv %" and project Z from o on H; we denote the projection by 2. It holds dim
conv Z” = d — 1 (because of dim conv %" = d) and & has the property (r) if and only
if there exists J < F, card J = r such that conv 2"(J) N conv &' (F — J) # .

If for some i,j€ F,i # j,itis 2, = z/, % has the property (r)for every r =1,2, ...,
f—1. In other case the assumptions of 10 are satisfied because of card &’ =
2 (d—1) + 3. From 10 and 6 it follows that 2 has the property (r) for every 7,

(i—;—l] +1=sr=sf— [@7—2—1] 1 or, equivalently, for -<r<f —d~_2-!

The remaining part of the assertion follows from the existence of the [d—;—l] — neigh-

bourly polytope (see [3]).

Case 2.1. Under the situation (*) it is o € relintx conv (@) and card G — g > 2k.
Hence (by 11) there exists j € G such that o € relinty conv #(@ —{;j}) and the property
(r) for r = 1 can be achieved by the choice of J = {j}. B

Case 2.2.1. If i(Z') = —1 (i.e. @ = F), all the points of & lie in the open half-space 0
determined by the hyperplane H from 4. If (%) = 0, it is #; = o for at least one
¢ € F and for the remaining j € F it is £ = o or &; lies in p. In both cases, consequently,
coneZ is the sharp cone of dimension f —d. Let E be the set of all i € F for which
cone {Z;} is an extreme ray in cone & and k; be the multiplicity of that ray. Put

k = min k;. Then there exists a hyperplane in R!-4 going through o which semisepa-
teE

rates k points of Z. Since max k = f—ég when max operates on all the f-tuples 2
for which (%) = 0 or = —1 (the inequality < is evident, ‘the equality is proved by
the following example), it is (by 2) s(Z) =f~—-— —1; q.ed.

Example. LetZ be an f-tuple of points in R4 its matrix X of which is the f by
f— d matrix whose rows #;, ¢ = 1, ..., f are the vectors

& = ...=ao = (1,0,0,...,0)

..............................

E(t_a_1) k1 = ... = £, = (0,0, w5 0,1)
Bg.1 = .= =(,1,..1)
where k = [ fi’jti] , Such an f-tupleZ’, 0 ¢ & exists and has not the property (r) for
every r < [—g——d] because [{—E] point sin & are the least number of points which
_ may be semiseparated.

87



Case 2.2.2. Let H be the hyperplane in Rf-¢ from 4. Since for every hyperplane

H' # H in R'-4 going through o H' N H semiseparates in H at least one point of
Z (F — @) (because of coneZ(F — G) = H), the least number of points in Z that

can be semiseparated equals the minimal number of points from Z(F — @) which
can be semiseparated by a hyperplane in H going through o. According to 9, for
d—;g <r<f— d—?’— , 7 points of Z can be semiseparated and
this interval cannot be enlarged. By 2 it is s(Z) = -dm;:g ,

Case 2.2.3. First of all it holds f —d = dim cone Z(@) = f—d — W(Z) and cone
Z(0) is a sharp cone. Denote by v (f — d — h)-dimensional orthogonal complement
to h-space cone & (F — () and project the g-tuple Z(G) on 7 in the direction of this
h-space; denote by Z.(@) the projected g-tuple. The semiseparation of ‘some points
from Z'(G) by a hyperplane in Rf-4 going through the k-space cone Z(F — @) is
equivalent to the semiseparation of points from Z,(G) by a hyperplane in Rf-d-h,

According to the case 2.2.1 [

every r where

ng—_—%—] points from Z,(G) can be semiseparated
and this number is generally the minimal one. At the same time it equals the least
number of points which can be semiseparated in Z if the separating hyperplane

contains cone Z(F — G). If the separating hyperplane (note it by H’) is not of this
kind, then H N H' is such a hyperplane that in each of its open halfspaces there lies

atleast one point of 37(F—G). According to 9 the semiseparation of < [f;g;_h—_l]

points from Z(F — G) by H N H' cannot be guaranteed and this estimation is the

best one. This number is the same even for the semiseparation of points from &
Since every separating hyperplane in RI-d is one of the above types and the estima-
tions in 9 and 2.2.1 are the best ones, our assertion follows from 2.
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0. INTRODUCTION

M. Novotny [3] proved that finitely characterizable languages are preserved under
strong homomorphisms. Finitely characterizable languages have been defined by
the use of configurations. Taking semiconfigurations instead of configurations we
can define similarly finitely semigenerated languages. The problem is, whether these
languages are preserved under strong homomorphisms. In this paper the positive
answer to the question mentioned above is given.

1. SOME DEFINITIONS

Let V be a set. We denote V* the free monoid over V, i.e. the set of all finite se-
quences of elements of the set V including the empty sequence /. We identify one-
-member sequences with elements of the set V; it follows V = V*. If xe V*, x =
= ... Zn, where zi € V(¢ = 1, ..., n) and »n is a natural number, we put |z | = n;
further, we define | 4 | = 0.

Let V, U be sets, f a surjection of V onto U. Then there exists the only homo-
morphism of V* onto U*. This homomorphism (denoted as f,) is defined as follows:
for every x € V*, x = 212 ... Tn, where n is a natural number and 1€ V(i = 1, 2, ...,
..., m), we put fy(x) = f(z1) f(x2) ... f(zn); further, we define f,(4) = 4.

Let us assume that x € V*, f,(x) = %192 ... Ym, Where m is a natural number and
yie U*@ =1, 2, ...,m). It follows that there exist elements z,, 2;, ...,y of the
set V* such that * = xyx; ... T and f,(xi)) = y; for ¢ =1, 2, ..., m. It is obvious
that |z | = | fx(®) | for every x € V*.

2. LANGUAGES AND GENERALIZED GRAMMARS

2.1. Definition. Let V be a set, L a subset of the set V*. The ordered pair (V, L)
is called a language. The elements of the set V are called word-forms, the elements of
the set V* are called strings, the elements of the set L are called marked strings.
The set V is called a vocabulary of the language (V, L). The ordered pair (V, L) is
called the language over the vocabulary V.

2.2. Definition. Let V, R be sets with the property R = V* X V*.Forz, ye V'*
we put x — y(R) if (z, y) € R. Further, for z, y € V* we put z = y(R) if there exist
elements u, v, t, z€ V* such that x = ulv, y = uzv, t — 2(R). For z, y € V* we put
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Z = y(R) if there exists an integer number p = 0 and elements ¢, ¢, .... thpe V*
such that x = to, ty =y and ;_; = {;(R) fors =1, 2, ..., p. The sequence of strings
(t1)5-0 is called an xz-derivation of y of the length p in R. An z-derivation of length O
is called a trivial derivation of x.

2.3. Definition. Let V, Vi, S, Rbesetssuchthat Vp = V,8 < V* R < V* x V*.
Then the quadruple G = {V, Vr, S, R) is called a generalized grammar.

2.4. Definition. Let G = (V, Vr, S, R)> be a generalized grammar. We put
Z(G) = {z; e V} and there exists some s& S such that s *, z(R)}. The language
(Vr, £Z(@)) is called the language generated by the generalized grammar G-

2.5. Definition. A generalized grammar G = (V, Vr, 8, R) is called a generalized
special grammar if ¥ = V. In this case we write (V, S, R) instead of (V,V,8,R).

2.6. Definition, A generalized grammar @ = (V, Vr, S, R) is called a grammar
if the sets V, S, R are finite.

2.7. Definition. A grammar G = (V, Vr, 8, R) is called a special grammar if
V = Vr, in this case we write (V, 8, R) instead of <V, V,8, R.

3. SEMICONFIGURATIONS AND STRONG
HOMOMORPHISMS

3.1. Definition. Let (V, L), (U, M) be languages, f be a surjection of V onto U.
The surjection f is called a weak homomorphism of the language (V, L) onto (U, M )
if f(L) = M. The surjection f is called a strong homomorphism of the language (V, L)
onto (U, M) if fy{ (M) = L.

3.2. Remark. It is obvious that each strong homomorphism is at the same time a weak
homomorphism and a bijective weak homomorphism. is strong.

3.3. Definition. A bijective strong homomorphism of (V, L) onto (U, M) is called
an isomorphism.

3.4. Definition. Let G =<V, Vp, 8, R), H = (U, Up, P, @> be generalized
grammars, f a surjection of ¥ onto U. The surjection f is called a strong homomor-
phism of @ onto # if following conditions are satisfied:

(A) For every z € V, the condition z € Vr is equivalent to f(z) € Ur.

(B) For every z € V'*, the condition z € § is equivalent to f,(x) € P.

(C) For every z, y € V*, the condition (z, y) € R is equivalent to ( fx(@), fo() €Q.

3.5. Definition. A bijective strong homomorphism of @ onto H is called an
‘somorphism.

3.6. Theorem. Let G =<V, Vr, S, Ry, H = (U, Uy, P, Q) be generalized gram-
mars, f a strong homomorphism of G onto H. Then the following assertions hold true:

(I) For t' € U*, se V*, (2, y') € Q the following conditions are equivalent:

(A) ' = fule) (@, ¥)})-

(B) there exist t € fi'(t'), z € fy!(2'), y € f'(y') such that t = s({(z, y)}).

(II) For t' € U*, s€ V* the condition t' = f,(s) (Q) is equivalent to the existence
of tefil(t') such that t = s(R).

(III) For ¢’ € U*, s€ V* the condition t' = f,(s) (Q) is equivalent to the existence
of t e fy\(t') such that t = s(R).

(IV) For z € V* the condition z € £ (@) is equivalent to f,(x) € L (H).

(V) f|Vr is the strong homomorphism (Vr, £(G)) onto (Vr, L(H)).
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Proof. t' = f,(s) ({(z’,%')}) means, in other words, that there exist elements:
W', v’ € U* such that t' = u'z'v’, f,(s) = w'y'v’. It means that there exist elements.
wefyl(w'), x € fyl(@'), ve fi(v') such that s = uyv, uzv = s({(x, y)}). Thus, assertion
(I) is proved.

It is obvious that assertion (II) follows from (I). The assertion t' = f,(s) (@) is
equivalent with the existence of an integer p = 0 and strings ¢' = ¢, t;, ..., t, =
= f,(s) in U* such that ¢;_, = t; (@) for i =1, 2, ..., p. According to (II) there is
possible to prove by induction that the existence of such a ¢; is equivalent with the
existence of elemensts t; € V*(i = 0, 1, ..., p — 1) such that t; € fy'(t), ti_1 = t:i(R)
fori =1,2, ...,p—1, tp_1 = s(R). This is equivalent with the existence ofte fi'(t')
such that ¢t . s(R). So the assertion (III) is proved.

Now, the following conditions are equivalent for € V*: (1) f(z) € U’ and there
exists ¢ € P such that s’ = f,(2) (Q); (2) x € V} and there exists s € fy'!(s') = Ssuch
that s = z(R). From it follows the proof of the assertion (IV).

Assertion (V) follows obviously from (IV) and from 3.1.

3.7. Definition. Let (V, L) be a language. The element x € V* is called necessary
in the language (V, L) (which we symbolize by v (V, L)) if there exist elements.
u, v € V* such that uav e L.

3.8. Definition. Let (V, L) be a language. For elements z,y € V* we put z >
> y(V, L) (x can be substituted by y in the language (V, L)), if u, ve V*, uave L.
imply uyv € L.

3.9. Lemma. Let (V, L), (U, M) be languages, f a strong homomorphism of the
language (V, L) onto (U, M). Then following assertions hold:

(A) For every x € V* the condition z v (V, L) is equivalent to fy(x) v (U, M).

(B) For every x, y€ V* the condition x > y(V, L) is equivalent to fy(x) > fy(y)
(U, M).

This lemma can be found in [3] as the lemma 1.

3.10. Definition. Let (V, L) be a language, z, y € V*. We say that z is a semiconfi-
guration in the language (V, L) with the resultant y if following conditions are
satisfied:

(1) y» (V, L)

@) y>a(V,L)y#o|yl <z

We denote by E(V, L) the set of all pairs (y, ), where z is a semiconfiguration of
the language (V, L) with the resultant y.

3.11. Definition. We put R(V, L) = {(y, z);y » (V, L), y > «(V, L), |y| < | = [}.

3.12. Remark. From the definitions of the sets E(V, L) and R(V, L) it follows that
E(V, L) < R(V, L) and also, for every s, t € V*, the condition s = t(E(V, L)) implies
s = t(R(V, L)) and for every s, te V*, s # t, the condition s = t(R(V, L)) implies
s = t(E(V, L)).

3.13. Lemma. Let be s, t € V*. Then s = t(E(V, L)) iff s & t(R(V, L)).

Proof. I. Let us have s, te V*, s 2 ¢(E(V, L)). Then, by 3.12, s = {(R(V, L))
holds.

II. If s, t€ V*, s = t(R(V, L)), then there exist elements fo, ¢, ..., t, € V* such
that s = to, tp =t and t;_y = t{(R(V, L)) fori = 1,2, ...,p. If t;_1 # &4 is valid for
i=1,2, ...,p, then a by 3.12, the condition #;_; = &;(E(V, L)) is satisfied for
1=1,2,..,pandsos = {(E(V, L)).

II1. Suppose s, t€ V*. Let (t)2_, be an s-derivation of ¢ of length p in R(V, Ly
and k an integer k€{1, 2, ..., p} such that #y_, = fx. If we cancel the string f; in
(t4)P_o we obtain an s-derivation of ¢ of the length p — 1 in R(V, L). Repeating this.
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procedure we obtain an s-derivation of ¢ of length ! < pin R(V, L) such that t;_, # ¢,
fori = 1,2, ..., 1. By II, this s-derivation is an s-derivation of ¢ in E(V, L), and so
s = HE(V, L)).

3.14. Definition. Let (V, L) be a language. For z€ L we put z€ Bg(V, L) iff,
for every te L, the condition ¢ = z(E(V, L)) implies || = |z [

For ze L we put xe Br(V, L) iff for every te L, the condition ¢ = z(R(V, L))
implies |t | = |z |.

3.15. Theorem. Let (V, L) be a language. Then Bg(V, L) = Bg(V, L).

Proof. If e L, xe Bg(V, L), te L, t . x(R(V, L)), then, by 3.13, it holds true
thatt = 2(E(V, L)) and according to the definition of Bg(V, L), we have |t] = |=|
Thus, ze€ Bg(V, L).

If xe L, xe Br(V, L), te L, t 2 2(E(V, L)), then, by 3.13, it holds true that
¢ 2 z(R(V, L)) and so |t | = | z |. It follows that z € Bg(V,, L).

3.16. Lemma. Let (V, L) be a language. Then the following assertions hold:

(A) For every x € L there exists s€ Bg(V, L) such that s - z(E(V, L)).
{B) For every x € L there exists s€ Br(V, L) such that s ~ x(R(V, L)).

Proof. There exists at least one element s € L such that s 2(E(V, L)). One can
consider for example the trivial s-derivation in E(V, L). If the element of minimum
length from those mentioned above is chosen, there is evident that this element be-
longs to Bg(V, L).

That is the proof of assertion (A).

Assertion (B) follows from 3.15, 3.13 and (A).

3.17. Definition. Two definitions are condensed in 3.17; the first is obtained when
reading the conditions denoted by 1° the second is obtained when reading the condi-
tions denoted by 2°. 3.23 must be interpreted similarly.

Let (V, L) be a language. If s, t € V* are the strings such that 1° s = t(E(V, L)),
2° s = (R(V, L)), we put 1° | (5,1) |g = min{| ¢ |; (p, q) € B(V, L), s - t({(p, Q)})}.
2° | (s,t) [r =min{| ¢ |; (p, )€ R(V, L), s = t({(p, g)})}-

If s, t € V* are strings and (#)?_, is an s-derivation of ¢ in 1° E(V, L), 2°R(V, L),
P > 0,then we put 1°|| ()2_¢ ||z =max {| (ti_1, ts) |g;1=1,2, e PH2% | (G2 |l =
= max {| (i1, &) |r; =1, 2, ..., p}. The number 1° || (t)2_q |, 2° || (t:)2, ||r is
called the norm of the s-derivation (t)?_, of t in 1° E(V, L), 2° R(V, L). The norm of
4 trivial s-derivation in 1° E(V, L), 2° R(V, L) is defined to be zero.

If s, te V* are the strings such that 1° s 2 t(E(V, L)), 2°s = t(R(V, L)), we
define the norm 1° || (s, ¢) ||, 2° || (s, t) || g of the ordered pair (s, ¢) to be the mini-
mum of norms of all s-derivations of ¢ in 1° E(V, L), 2° R(V, L). If te L, we put
1%]it||lg = min{|| (s,¢) ||g; s € Be(V, L), s = {B(V,L))},2° || ¢ ||g = min{]|(s, t)||r;
$€Bgr(V, L), s = {(R(V, L))}. The number 1° || ¢ ||g, 2° || ¢ || is called the norm of ¢
in 1° E(V, L), 2° R(V, L).

3.18. Lemma. Suppose s, t € V*. If | (s,t) |g, exists, then | (3, t) | g emists and it holds
that | (s, t) e = | (s, %) |r. Further, for te V*, t = t(R(V, L)) it holds evidently that
| () |r=0. ‘

Proof. The proof follows from 3.12, and 3.17.

3.19. Lemma. Suppose s, t € V*, let (t;)2_, be an s-derivation of t in E(V, L). Then
(t:)%-o 18 also an s-derivation of t in R(V, L) and the equation || (te)2-ollE =1l (8)P-g IR
holds. On the contrary, if s, t € V*, and if (t)P_g 18 an s-derivation of t in R(V, L)
such that t;_y # & for i = 1,2, ..., p, then (¢e)2_¢ 8 an s-derivation in E(V, L) and
the equation || (t)2_q ||z = || (t)2-q || R holds.

Proof. The proof follows from 3.18 and 3.17.
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3.20. Remark. Suppose s, t € V*. If (t;)?_, 18 an s-derivation of t'in R(V, L), then
it ts obvious from 3.18 and 3.17 that the elements t; of the s-derivation of t, such that
4i_1 = t; have no influence on the value of || (t)%_o ||R-

3.21. Lemma. Ifs,te V* s - t(E(V, L)), then || (s, t) ||l = || (s, ¢) ||r.

Proof. The proof follows from 3.17, 3.19 and 3.20.

3.22. Theorem. If te L, then ||t ||z = ||t ||&.

Proof. Assume ¢t € L. Then, by 3.15 and 3.13, for every s € Bg(V, L), the condi-
tion s = t(E(V, L)) implies s € Br(V, L), s 2 t(R(V, L)). Further, by 3.21 it holds
that || (s, ) ||g = || (s, t) ||r, thus, according to the definition of ||¢ ||z and || ¢ ||&
it holds that || ¢ ||z = || t ||r. Similarly, it is possible to prove that || ¢ |[g < || ¢ ||r;
thus || ¢ ||z = |[t]|r.

3.23. Lemma. Let (V, L) be a language. Then, for every t € L, there exists a string
1° se Bg(V, L), 2° s€ Bg(V, L) and an s-derivation of t in 1° E(V, L), 2° R(V, L)
such that the norm of this s-derivation is equal to 1° || t ||g, 2° || ¢ ||&-

Proof. According to 3.17, there exists an element s € Bg(V, L) such that || (s,¢) || e=
= || t ||g. It means that there exists such an s-derivation of ¢ in E(V, L) that its norm
is equal to || ¢ ||E.

Similar proof takes place in the case of R(V, L).

8.24. Definition. Let (V, L) be a language. Then we put Xg(V, L) = {(y, z);
(y, )€ E(V, L), |z| > || t||g for every t € L}, Xgr(V, L) = {(y, x); (y, ®) € R(V, L),
|z| > ||t||g for every teL}, Zg(V,L)= E(V,L) — Xg(V, L), Zgr(V, L) =
= R(V,L)— Xg(V, L):

3.25. Lemma. It holds that Xz = Xgr, Zg = Zpg.

Proof. The proof follows from 3.11 and 3.24.

3.26. Lemma. Let be s, t € V*. Then s = t(Zg(V, L)) iff s.= t(Zr(V, L)).

Proof. I. Assume s,t€ V*, s . t(Zg(V, L)). Then it follows, by 3. 25, that s =
= UZg(V, L)).

I1. Suppose s,te V*, s = #(Zg(V, L)). Then there exists an s-derivation’ ().,
oftin Zr(V, L). Ift;_; # ti(¢ = 1, 2, ..., p), then this is an s-derivation of t in Zg(V, L).
Ift;_, = t; for some 1 €{1, 2, ..., p}, then it is possible to omit these ¢; and to obtain
again an s-derivation of ¢ in Zg(V, L) which is at the same time the s-derivation of ¢
in Zg(V, L).

3.27. Theorem. Let (V, L) be a language. Then the following assertions hold:

(A) For every t€ L there exists at least one element s € Bg(V, L) such that s _ ¢
(Ze(V, L)).

(B) For every t€ L there exists at least one element s€ Br(V, L) such that s = ¢
(Zr(V, L)).

Proof. I. According to 3.23 for every ¢ € L there exists a string s € Bg(V, L) and
an s-derivation ()?_q of ¢ in E(V, L) such that || (t)?., ||z = || ¢ ||z. It follows that
| (i1, t) |E S || t||g for ¢ =1, 2, ..., p by 3.17. Further, for every i =1, 2, ..., p
there exists an element (p;, q;) € E(V, L) such that t;_; = t; ({(p¢, ¢1)}) and | ¢: | =
= | (tiz1, ) |[g < || ¢ ||g. Thus, (p4, ¢i) € Zg(V, L) for ¢ =1, 2, ..., p and consequently
s = t(Zg(V, L)).

That is the proof of assertion (A).

The proof of assertion (B) follows from (A), 3.15 and 3.26.

3.28. Definition. Let (V, L) be a language. We put Kg(V, L) =<V, Be(V, L),
Zg(V, L)), Kgr(V, L) = (V,Bg(V, L), Zg(V, L)). Kg(V, L), respectively Kgr(V, L)
is a generalized special grammar called further a generalized semiconfigurational
respectively R-semiconfigurational grammar.
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3.29. Theorem. Let (V, L) be a language. Then £ (Kg(V, L)) = L(Kr(V, L)) = L.

Proof. I. According to 3.27 we have L = £ (Kg(V, L)).

II. Let V(n) be the following assertion: if t € #(Kg(V, L)) and if there exists an
element s € Bg(V, L) and an s-derivation of ¢ of length n in Zg(V, L), then te L.

Ifte L(Kg(V, L)) and if there exists an element s € Bg(V, L) and a trivial s-deriva-
tion of ¢ in Zg(V, L), then ¢t = s€ Bg(V, L) < L. Thus, V(0) is valid.

Let be now m 2 0 and assume that V(m) holds. Suppose further that
te L(Kg(V, L)), se Bg(V, L) and that (t;)74! is an s-derivation of length m + 1
in Zg(V, L). Then, according to V(m), it holds that t,, € L. Further, t,, = ¢ (Ze(V, L)).
It means that there exist elements x, y, u, v e V* such that tm = uxv, t = uyv,
(x, y)€Zg(V, L) < E(V, L). It follows that > y(V, L) which implies ¢t € L. Thus
V(m 4+ 1) holds. Hence V(m) holds form = 0, 1, .... It means that ZL(Kg(V, L)) < L.

The assertion #(Kg(V, L)) = L has been proved.

III. Suppose ¢ € £ (Kg(V, L)) and s€ Bg(V, L), s = t(Zg(V, L)). Then, by 3.15,
it holds that se Bgr(V, L) and, by 3.26, it holds that s - #(Zg(V, L)). Thus, te
€ Z(Kgr(V, L)) and we have Z(Kg(V, L)) < L(Kgr(V, L)).

Assume te L (Kg(V, L)) and se€ Bg(V, L), s = t(Zr(V, L)). Then, by 3.15, it
holds that s€ Bg(V, L) and by 3.26, it holds that s = ¢(Zg(V, L)). It means that
te L(Kg(V, L)) and we have L(Kg(V, L)) < L(Kg(V, L)).

Thus, the assertion Z(Kg(V, L)) = #(Kg(V, L)) has been proved.

3.30 Lemma. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L)
onto (U, M). Let us have t' € U*, s € V*. Then the following assertions hold:

(A) If ¥ = fu(s) (R(U, M)), then there exists t € fy\(t') such that t = s(R(V, L)) and
[ (& 8) |- = | (¢, f4(9)) |-

(A’) If there exists t € fo1(t') such that t = s(R(V, L)), then t’' = f«(s) (R(U, M)) and
| (¥, fx(8)) IR = | (¢, 8) |R-

(B) If (t;)2., is a t'-derivation of the string f,(s) in R(U, M), then there exist t; efrlt;)
fori=0,1, ..., p, tp = s such that (t)2-¢ 18 to-derivation of the string s in R(V, L)
such that || (t:)?_o || < || (t)7-0 || &-

(B) If te f (') and if (). is a t-derivation of the string s in R(V, L), then (f(20))2_0
18 a t'-derivation of the string f,(s) in R(U, M) such that || (Fae@))Pollr S || ()=l | R-

(C) If t' = fu(s) (R(U, M)), then there exists t € fy\(t') such that ¢t — s(R(V, L)) and
1 (¢ 8) [Ir = | (', fu(3)) |- )

(C) Iftefi'(t') and t = s(R(V, L)), then t' % fy(s) (R(U, M)) and || (t', f4(s)) ||r <
= 1@ 9) g

Proof. O. If f is a strong homomorphism of the language (V, L) onto (U, M),
then it is also a strong homomorphism of the generalized grammar (V, V, L, R(V, L)>
onto <U, U, M, R(U, M)>. It follows from 3.30.

1. Assume (¢, y')€ R(U, M), ' = fy(s) ({(',9)}) and | (¢, futs) | =¥ |.
According to 3.6 there exist t€ fy!(t'), zefy'(@'), yefil(y’) that t = s({(z, )})-
Tt follows | (t,5) [r < | ¥ |'= |9’ | = | (¢, f4(5)) |z and (A) holds.

I'. Assume (x,y) € R(V, L), t = s({(x, y)}) and | (¢, 8) |r = | ¥ |. According to 3.6
there is ¢ = f,(s) ({(fu(2), fu(®))}) and, further, | (', fy(s)) | < | faly) | = |y | =
= | (¢, 8) |r and (A’) holds.

2. We put t, =s. Then || (t)?_,[lr=0= || ({;)?.,||r- Suppose 0 < k < p
and assume that we have such ¢; € fy1(t/) for ¢ = k, IZ-}— 1, ...,p that ()?_; is a
tx-derivation of the string s in R(V, L) with the property || )2 llr = |1 ()21 |IR-
Then t;,_; = f,(tx) (R(U, M)). According to (A) there exists t;_; € f¥(t;—1) such that
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k1 = te(R(V, L)) and | (te_1, &) [R S | (-1, &) |r. It follows || (8)?;_ [ = max

{I (tk_1s t) |R, || (8)Pp |IR} < max {| (b1, &) [, || (6)%-x IR} = || (¢)P-1—; ||R. Asser-
tion (B) could be proved by induction.
2’. There is || (fyl ti)o,o llg =0 =|| ()% ||z- Suppose 0 < k < p and assume

I (Fa@)¥ o llr < || (8)%_o ||r- There exists the string tx€ f..‘(t,,) such that # =
= tea(R(V, D). Then fy(te) = faltes) (B(U, M) and’ | (fylte), falten)) Iz <
< |l tia) [z according to (A Tt follows || (fy(t0)¥d llr = mox (/| (fulte}-o |Ix,
[Fult)s Faltin)) |r < max {1l (0o llr, | (e test) I} — || (6223 I|r- Assertion (B')
could be proved by induction.

3. Let be (t;)?_, a t'-derivation of the string f,(s) in R(U, M) such that
[ (¢, fx(8) ||lr = || ()2~ || r- According to (B) there exist ¢ € f! (t;) fori =0,1, ..., p,
tp = s such that (tt)t _o i a to-derivation of the string s in R(V, L) with the property
| (t)20 Ir < || ()P-o IR For t=to, it follows that || (s) |l < |(t:)2 ol and
this is the proof of the assertion (C).

3'. Let (t;)?_y be a t-derivation of the string s in R(V, L) such that || (£, 8) [|r =
= || (£s)?_o ||r. According to (B’), (fy(t:))?_¢ is a t'-derivation of the string f,(s) in
R(U, M) such that || (fu(t)2o |z = || (). |lz. Tt follows that || (¢, fy(s)) |z <
< || (fet))Pollr £ || })?-o llr = || (¢, 8) || and this is the proof of the assertion
(€

3.32 Lemma. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L)
onto (U, M). Then Br(V, L) = fi'(Br (U, M)) and || z [[r w,5) = || f«(®) ||rw, )
for every z € L.

Proof. 1. It holds that Bgr(V, L) < fy (Br(U, M)). Indeed, suppose z € Bg(V, L).
Then we have ze€ L and consequently f,(z)€ M. Suppose s'€ M and s’ 2 f,(z)
(R(U, M)). According to 3.31 (C) there exists s € firl(s’) such that s = 2z(R(V, L)).
We have se€ L and it follows |s| = |z|. Further, it implies |8 | =|f,(8)| =
=|s|=|z|=|fx?)|. It follows f,(2) € Br(U, M) and, thus, z€fii(Br(U, M)).
This proves immediatly the assertion.

2. Tt holds that fy!(Br(U, M)) < Bgr(V, L). Indeed, suppose z€ fz(Br(U, M)).
Then we have ze€ fy!(M) = L. Suppose s€ L, s . z(R(V, L)). According to (C’),
it holds that f,(s) = fy(2) (R(U, M)) and f,(s) € M, f(2) € Br(U, M). Thus, | fy(8) | =
= | fx(2) | and it follows | s| = | fu(8) | = | f«(2) | = | 2 |. Therefore z € Br(V, L).

3. Assertions 1 and 2 imply that Bg(V, L) = fy{(Br(U, M)).

4. For every ze L, the condition ||z ||rw.1) = || f«(2) ||rw, M) holds. Indeed if
2€ L then f,(2) € M and there exists s’ € Bg(U, M) such that s" = f,(2) (R(U, M))
and || (8", f«(2)) ||r@w. 3y = || f«(2) ||R@w. My. According to 3.31 (C) there exists se

Gf* (') such that s = 2(R(V, L)) and || (s,2) R, L= [l (s f,., 2)) |lrw, my =
= || f«(2) ||rw, M) - Now, we have s ef*l(BR U, M)) = Bg(V, L) according to 3 and
therefore ||z {[rpr, 2y = || (8, 2) [lrer, 1y S || fa(2) [lRCW, 31y -

5. For every ze L the condition | f«) lla@w, my < || 2 ||rw. Ly holds. Indeed
there exists s € Br(V, L) such that s L z(R(V, L)) and || (s, 2) ||lrw.0) = || 2 ||, 1y -
According to 3.31 (C’), we have f,(s) = fy(2) (R(U, M)) and || (f(3), fx(2) l|r@w, a1y S
Sl (s, 2)|lrw,y = |l 2llrw.y. Now, we have f,(s) € fu(Br(V, L)) =
= fo(fs (Br(U, M))) = Bgr(U, M) according to 3 and therefore || f,(2) ||rw, s <
S 1 (fa(8), f6@) llrw.any = | 2| |R7, 1) -

6. It follows from 4 and 5 that ||f.(2) ||rw, s = || 2 ||rw, ) for every ze€ L.

3.33. Lemma. Let (V, L), (U, M) be languages, fa strong homomorphism (V, L)
onto (U, M). Then, for every x, y € V*, the following assertions hold:
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(A) (y, Z) € XR( V) L) Zﬁ (f*(!/), f#(z)) € XR( U, M)
(B) (?/7 x) € ZR( V: L) tﬁ (f*(?/), f*(x)) € ZR(U’ M)

Proof. Suppose z, ye V*, (y,x)€ Xg(V, L). Then, by 3.24, we have (y,z)e
€R(V,L) and te L implies |z | > || ¢ ||rv, ) - By 3.30, the condition (f,(y), fel@) €
€ R(U, M) holds. Now suppose ze M. It follows from the definition of a strong
homomorphism that there exists a string 2z’ € L such that f«(#') = z. Forthisstring,
the condition | z | > || 2’ || gy, 1) holds. By 3.32, wehave|| 2’ ||gw, 1) = [| fx@)|Rw.py
= || 2 ||r@w, my- Thus, it holds that | fu(z) | > || 2 |lrw, My for every ze€ M. It means
that (f,(y), fa(x) € Xr(U, M). Now, suppose z, y € V*, (f4(y), fu(z)) € Xp(U, M).
Then (fy(y), fu(x)) € R(U, M) and, by 3.30, it follows (y,x)e R(V, L). If t € L then
fx) € M and | fo(@) | > || fu(t) l|rR@w, a1y - By 3.32, || fult) IR, 20y = || ¢ [lr. ) and
therefore | x | > ||t ||pw, 1) for every t € L. It means that (y, x) € Xg(V, L).

This is"the proof of the assertion (A).

The assertion (B) follows from (A) and 3.30.

3.34. Theorem. Let (V, L), (U, M) be languages, fa strong homomorphism (V, L)
onto (U, M). Then f is a strong homomorphism K p(V, L) onto Kgr(U, M).
Proof. The proof follows from 3.32 and 3.33.

3.35. Theorem. Let (V, L), (U, M) be languages.

(A) If f is a strong homomorphism of Kg(V, L) onto K e(U, M), then f is also the strong
homomorphism of the language (V, L) onto (U, M ).
(B) If f is a strong homomorphism of Kg(V, L) onto K r(U, M), then f is also the strong
homomorphism of the language (V, L) onto (U, M ):
Proof. The proof follows from 3.6 and 3.29.

3.36. Theorem. Let (V, L), (U, M) be languages, f a surjection V onto U. Then f
i8 a strong homomorphism of the language (V, L) onto (U, M) iff f is the strong homo-
morphism of Kr(V, L) onto Kg(U, M).

Proof. The proof follows immediately by 3.34 and 3.35.

4. FINITELY SEMIGENERATED LANGUAGES

4.1. Definition. A language (V, L) is called finitely semigenerated if the sets V,
Bg(V, L), Zg(V, L) are finite.

A language (V, L) is called finitely R-semigenerated if the sets V,Bgr(V, L), Zg(V, L)
are finite.

4.2. Theorem. Let (V, L) be a language. Then .
(A) (V, L) is finitely semigenerated iff the Jollowing two conditions are satisfied:
(a) The sets V, Bg(V, L) are finite.
(b) There exists a number N such that || z ||g < N for every z € L.
(B) (V, L) is finitely R-semigenerated iff the Jollowing two conditions are satisfied:
(a) The sets V, Bgr(V, L) are finite.
(b) There exists a number N such that || z || < N for every z € L.

Proof. 1. If the language (V, L) is finitely semigenerated, the sets V, Bg(V, L),
Zg(V, L) are finite. We put N = maz {l¢1;(p,q) € Zg(V, L)}. Let us have an arbitrary
z€ L. By 3.27, there exists s € Bg(V, L) such that s X 2(Zg(V, L)). Let (8¢)?., be an
s-derivation of z in Zg(V, L).
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Then | (s;_1,8:i) | £ N for ¢ =1, 2, ..., n. If follows || ()P0 ||/g < N and that
implies || (s,2) ||[g < N and finally ||z ||g < N.

2. Let V, Bg(V, L) be finite and suppose the existence of a number N such that
|| z||[e £ N for every z€ L. Let us have an arbitrary (p, ¢) € Zg(V, L). Then there
exists z€ L such that |p| < |¢| £ ||2||[g £ N. It follows that the set Zg(V, L)
is finite.

That is the proof of the assertion (A).

The assertion (B) could be proved in a similar way.

4.3. Theorem. Let (V, L) be a language. Then (V, L) is finitely semigenerated iff it s
Jinitely R-semigenerated.

Proof. The proof follows from 3.15, 3.22 and 4.2.

4.4. Theorem. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L)
onto (U, M).

(A) If (V, L) is finitely R-semigenerated, then (U, M) is also finitely R-semigenerated.
(B) If V is a finite set and (U, M) a finitely R-semigenerated language, then (V, L)
ts also finitely R-semigenerated.

Proof. The proof follows from 3.32 and 4.2. '

4.5. Corollary. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L)
onto (U, M).

(A) If (V, L) is finitely semigenerated, then (U, M) is also finitely semigenerated.
(B) If V is a finite set and (U, M) a finitely semigenerated language, then (V, L) i3 also
Jfinitely semigenerated.

It follows by 4.3 and 4.4.

I should like to express my indebtness to Professor M. Novotny for all his attention,
valuable remarks and advices guiding my work.

BIBLIOGRAPHY

[1] Novotny M., Uber endlich charakterisierbare Sprachen. Publ. Fac. Sci. Univ. J. E. Purkyns,.
Brno, No 468 (1965), pp. 495—502.

[2] Novotny M., Complete characterization of classes of Chomsky by means of configurations.
Acta F. R. N. Univ. Comen. — Mathematica — mimoradné ¢éislo — 1971, 63—71.

[3] Novotny M., Bemerkungen iber Homomorphismen von Sprachen. Publ. Faec. Sci. Univ.
J. E. Purkyné, Brno, No 468 (1965), pp. 509—518.

[4] Novotny M., Algebraic Structures of Mathematical Linguistics. Bull. Math. de la Soc. Sci..
Math. de la R. 8. de Roumanie, Tome 12 (60), nr. 3, 1968, pp. 87—101.

[6] Ginsburg S., The mathematical theory of context—jfree languages. Mc Graw—Hill Book Com-
pany 1966.

[6] Gladkij A. V., Konfiguractonnyje charakteristiki jazykov. Problemy Kibernetiki 10 (1963)
pp. 251—260.

J. Baldridn
Hodonin, Drufstevni &tvrt 18
Czechoslovakia

97












ARCH. MATH. 3, SCRIPTA FAC. SCI. NAT. UJEP BRUNENSIS,
IX: 99—104, 1973

NOTE ON THE THEORY OF DISPERSIONS OF THE
DIFFERENTIAL EQUATION y’ = q(t)y
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1.1. Consider a differential equation
(q) y" = q(t)y, ¢€C°[a, b), 9(t) < 0,1 €[a, ), b = o,

where C[a, b) (n being a nonnegative integer) is the set of all continuous functions
having continuous derivatives up to and including the order n on [a, b). In all the
work we suppose that (q) is an oscillatoric (¢ — b_) differential equation, i.e. every
non-trivial solution has infinitely many zeros on every interval of the form [to, b),
to € [a, b).

Let 4, (y2) be a non-trivial solution of (g) such that y(t) = 0 (y,(t)= 0), ¢ €[a, b).
If g(t) (w(t)) is the first zero of y; (y,) lying on the right of ¢, then ¢(y) is called the
basic central dispersion of the 1-st (2-nd) kind (briefly, dispersion of the 1-st (2-nd)
kind).

The properties of dispersions can be found in [3]. If d is the dispersion of the k-th
kind, k = 1, 2, then

1. 6 € C¥[a, b) ifk=1
deCla,b) ifk=2
(1) 2.6t >0 on [a, b)
3.0() >t on [a, b)
4. lim 6(f) = b
t— b

holld :See [3] § 13). Let y be an arbitrary non-trivial solution of (¢). Then (see [3]

§ 13. .

) ) Yyt e

VO o . TVO O

_ a0 0
q(p(®) y*(y(t))

The dispersion @ of the first kind of (g) fulfils the following non-linear differential

equation .

1 m
3) — i+

(2)
if 4/(t) = 0.

3 ¢

e +a(p) g2 =qlt), te(a,b).

1.2. In our later considerations we shall need some results being derived in [1], [4].
(i) Let g(y) be the dispersion of the l-st (2-nd) kind of (q), q € C°[a, b], q(t) < O
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on [a, b), b £ o, (q) oscillatoric on [a, b). Let ¢ € (a, b). Then
1) (p(to) < y)(to) iff ¢”(to) >0
2) g(to) = y(to) iff ¢”(to) =0
3) @(to) > w(to) iff ¢"(to) < 0

= i ’ R ()]
4) g(to) = p(to) iff @' (to) y'(to) = T
5) g(to) * y(to) iff ¢'(to) '(to) < q(qy(;t(:%ij

(ii) Let (g), g€ C° [a, b), b < o0 be oscillatoric on [a, b) and let ¢ be its dispersion
of the 1-st kind.
a) If ¢'(t) = 1 on [a, b), then every solution of (9) is bounded on [a, b).
b) If ¢'(t) < const < 1 on [a, b), then b < oo and every solution of (g) tends
to zero for ¢t — b_.
2. In [1] relations between the dispersions of the 1-st and 2-nd kind were exa-
mined. The following theorem completes the results derived there.
Theorem 1. Let (g), g C° [a, b), q(t) < 0, te [a, b) be an oscillatoric (t —b_)
differential equation and ¢(y) its dispersion of the 1-st (2-nd) kind. Let ¢ € [a, b) and

o =300 iy e ).

o
Then
a) ¢(to) < w(to) if, and only if  f'(t,) < 0
b) glte) = p(to) if, and only if  f'(t)) = 0
c) @(to) > w(to) if, and only if  f'(t,) > 0.

Proof. a) Let y be a solution of (g) such that ¥'(t) > 0,y (to) = 0. It follows from
(2) that the function f has the derivative and

A o

@) e = (LAH0)

v\ 2 22(w0) y(yo)
Y2

0

q(to)  ¥'(wo)

“=tn

holds where y, = y(t), o = ¥'(to).
Let @(to) < w(to). Then y(yo) < 0, ¥'(wo) < 0 and according (4) we have

) f'(to) < 0.

Let (5) ve valid. As y'(yo) < 0, it follows from (4) that Y(wo) < Oand thus ¢(to) < y(to)
b) c) These cases can be proved in the same way. -

The following theorem sums up the results of 1.2. and Theorem 1 concerning the
important case @(to) = y(to), to € [a, b). .

Theorem 2. Let @(y) be the dispersion of the 1-st (2-nd) kind of an oscillatoric
(t — b_) differential equation (g), g € C° [a, b), ¢(t) < 0 on [a, b). Then the following
assertions are equivalent:

a) @(to) = y(to)
b) ¢"(te) = 0
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0 (g(—"@ yo)| =0

q(t) .z= to
iy Apl))
d) ¢'(to) - — -y (o) = 1.
) ¢'(to) q(to) ¥’ (to)
Remark 1. Theorem 2 indicates that there exists a more profound dependence

a(y)

between the functions ¢’ and o y'. The following theorem expresses this depen-

dence more in detail.

Theorem 3. Let (q), g€ C° [a, ), q(t) < O on [a, b) be oscillatoric on [a, b) and ¢, ¥
be its dispersions of the 1-st and 2-nd kind. Let us put:

q(p@®) .
) = —"—-9'(t t €[a,b).
fo =THT¥0.  telad)
Then .
a) The function ¢’ has a local maximum (minimum) at ¢ = ¢, if, and only if f has
a local minimum (maximum) at the point: t,. Moreover,
© Pl = 445
holds if the point fo is an extremant of ¢’ or f.

b) The function ¢’ is increasing (decreasing) at ¢ = fo if, and only if f is decreasing
(increasing) at t = fo. '

e) If ¢'(t) 2 1 (f(t) = 1) holds on [a, b), then f(t) < 1 (¢'(t) £ 1) on [a, b). If
@'(t) < 1 (f(t) < 1) holds on (a, b), then there exists a number £, {€ [a, b) such that
S0 2 1 (¢(t) 2 1) on [£, b).

Proof. a) b) The relation (6) from the case a) follows from Theorem 2 because if
the function ¢’(f) has a local extreme at the point to, then ¢"(to)) = 0 (f'(to) = 0).
Further, it follows from Theorem 1'and 1. 2. that ¢"(fo) < 0, resp. = 0, resp. > 0 if,
and only if f’(fo) > 0, resp. = 0, resp.. < 0. Thus if ¢"(t) # 0 (f'(t) = 0) holds, then
the statement b) is valid. If ¢"(to)) = 0 (f'(to) = 0), then the statements a) b) follows
from the following assertions. ~ * - ' - '

T1)TE ¢'(8) = ¢lto) (f1) 2 f(t0), t € J, then f(t) < f(to) (¢'(t) £ ¢'(bko)), t € J holds.
2) If ¢'(t) < ¢'(to) (f(t) < f(to), t € J, then f(t) = fito) (¢(t) 2 @' (to)), t € J1 holds,
where J = [to, to + &), Tesp. (to—&, 8], € > 0 is an arbitrary.number, ¢ < lo —a
and J; = [to, to + &1), resp. (fo — &1, o}, &1 < €18 & suitable nuniber and ¢"(f) = 0

(f'(t) =0). . , .
The assertion 1) follows directly from 1.2. and Theorem 1. The assertion 2):

Tet ¢g'(t) £ ¢'to), teJ and te J, @"(t) = 0. Then according to Theorem'2 we have:
ot g e 11
ot T . o)~ ¢t
Let @ number ¢, t; € J exist such that ¢"(t;) = 0,1 =+ to. Ifted,@"(f) # 0, [t —t| <
< |ty—o}; then ¢’ is monotone in some neighourhood of the point i and there

exist numbers &, t; € J such that ¢"(f) = ¢"(ts) = 0, ¢"(t) # 0, € (L2, t3), € (t2, 83).
We have: f(t;) = f(to), f(ts) Z f(to). As the function f is monotone on (£, t3), we have

== f(to),
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f(#) 2 f(to) and the statement is valid in this case. If the above mentioned number
t; does not exist, then ¢"(f) > 0, resp. < 0 for t e J, t % to where J = (fp — &, to],
resp. J = [ty, tp + ¢&). From here it follows (by use of 1.2.) that the function fis increas-
ing, resp. decreasing and in both cases f(t) = f(f), ¢ € J holds. The rest of the state-
ment

f) £ flto), ted = ¢'(t) 2 ¢'(b), t € J,

we can proved in the same way.

c)I. Let ¢'(t) = 1 (f(t) = 1), t € [a, b). Then according to 1.2. we have: f(t) < 1
(¢'(t) £ 1), t € [a, b) and so the statement is valid in this case.

II. Let ¢'(t) £ 1 (f(t) £ 1), t € [a, b) and let M be the set of all numbers ¢ € [a, b)
such that the function ¢’(f) has a local maximum at ¢ € M. If the infinity is the accu-
mulation point of M, then it follows from a) that f(¢’) has all local minima at the
points t € M and we have

¢'t) . fit)y =1, te M.

From this f(t) = 1 (¢'(t) 2 1), t€ [fo, b) and the statement is valid in this case.
If the infinity is not the accumulation point of M, then there exists a number
t € [a, b) such that the function ¢'(f) is monotone on [Z, b).
A.Let ¢'(t) = 1, te[Z, b). Suppose that lim f(t) = ¢ < 1. Let y be an arbitrary
—+b

t
non-trivial solution of (q) and {zx}§ the sequence of all zeros of ¥, 2 € [£, b). So
Zr = p(xr_1), k = 1 and |y(zx)| are local maxima of |y|. It follows from (2) that

|
|
1=

¥z _ ¢ Y@n_1) _
y*(xk) _,._1 y2(xn) ”I;[ f@n_1) 5— =20

Thus y is unbounded and it is in contradiction with 1.2. (ii). Thus hm fit)y = 1.

Let ¢’ be non-decreasing. Then f is non-increasing (see b)) and the statement
is valid.
Let ¢’ be non-increasing. Then lim ¢'(t) < 1 and according to 1.2. (ii) we have
t—>b

that an arbitrary solution of (¢) converges to zero for ¢ — b_. Suppose that lim f(¢) = 1.
t—>b

As f is non-decreasing we have f(t) < 1, t € [{, b). Let y be an arbitrary non-trivial
solution of (g) and {z,}§ a sequence of the zeros of y’, 2, € [{, b). Then y has a local
extreme at z, and by use of (2) we have:

1) oo V@) _ f ¥y H far_y) <

"y en) k=1 YH(ax)
But this is the contradiction. So lim f(t) > 1 and the statement is valid.

B. Let f(t) < 1, t € [f, b) and 1(;{ lli'm @'() = ¢ < 1. Then (7) is valid and it is the
contradiction. Thus hm ¢'(t) 2 1. If f is non-decreasing, then ¢’ is non-increasing
and the statement 1s va.hd Let f be non-increasing. Then 11m f(t) =c<1and ¢
is non-decreasing on (f, b). In the first part of ¢) II. A) we proved that the conditions

Pt =1, te[t, b), hm f(¢) < 1 can not be valid at the same time. From this lim
t—+d

@'(t) > 1 and the statement of the theorem is proved.
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Remark 2. The case c¢) of Theorem 3 is valid, too if we replace the inequalities
<, = by <, >, resp. because if ¢'(to) = 1 (f(to) = 1), to € [a, b), then according
to Theorem 2 we have f(to) = 1 (¢'(to) = 1).

The results of Theorem 3 gives us a possibility to generalize a theorem from [2]
(Theorem 10) concerning the behaviour of solutions of (q).

Theorem 4. Let (g), g € C°[a, b), q(t) < 0, te[a, b), be oscillatoric on [a, b) and
let @, v be its dispersions of the 1-st, 2-nd kind, resp. Consider the following assertions

on [a, b):
A) The sequence of the absolute values of all local extremes (of the derivative) of an
arbitraty non-trivial solution of (q) is non-increasing.

B) The sequence of the absolute values of all local extremes of the derivative of an
arbitrary non-trivial solution (of an arbitrary non-trivial solution) of (g) is non-decreasing.

a(y)
q(t)
D) p(t) —t 18 mon-increasing (%’)—)— y = l)
Then A <> C = D <> B and there exists a number ty, to € [a, b) such that we have
D = Con [to, b)
Proof. According to Theorem 10 from [2] we must only prove that there exists
a number fo, t, € [a, b) such that D = C on [to, b) holds. But this fact follows directly
from Theorem 3c).
Remark 3. If we replace non-increasing”,  non-decreasing”, <, 2 by _decrea-
sing”’, _increasing”, <, >, respectively, then Theorem 4 is valid, too.
Theorem 5. Let (g), g € C°[a, b), q(t) < 0, t € [a, b) be oscillatoric on [a, b) and le
@, y be its dispersions of the 1-st and 2-nd kind. Let to € [a, b). Then the following
assertions are equivalent.

A. glto) = p(to), §'(te) = ¥'(bo)
B. ¢"(to) = ¢"(t) = 0.
Moreover, if there exists q'(to), then the assertion

p =1 (p(t) — t is non-decreasing)

C) f'(to) = f"(to) = O where f(t) = %;i y'(t) 8 equivalent with A) and B).

Proof. A = B: According to Theorem 2 we have:
gt _ _ qlto)
9(p(to))  g(gl) -

P'(t) =0,  @2(t) = ¢'(to) ¥'(to) =
From this and from (3)

1 9"t) , 3 ( @ (to) )z —0
2

gl 4\ gt))
holds and thus ¢"(t)) = 0.
B = A. It follows from Theorem 2 that ¢(to) = y(fo) holds and from (3) we have:
q(to) = g(@(to)) ¢"2(to) = q(w(to)) - @"(to).
From this and from theorem 2 we get: ¢'2(t) = ¢'(to) . ¥'(to) and thus ¢’(to) = '(to)
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A4 <> C. Let y be a non-trivial solution of (g) such that Y(to) = 0. Then it follows
from (2) that f has the derivative and '

v
fl

Hdlds in some neighbourhood of the point ¢,. Thus we can see that the function ry

R y(yp(t)
F'(t) = 2. f2(t)q(t) ) 2 f(t) q(2) .

has the derivative and if ¢'(fy) exists, then we have at t — to:
) (L)L fL_2r

q 7 ¢ 2f.q
C = A: According to (8) we have f(fy’ — 1) = 0 for t = t, and because f + 0 we get.

+ 2f(f. ' —1).

9) - fto) ¥'(to) = 1.
Theorem 2 gives us: g(to) = y(to),
(10) Jlto) ¢'(to) = 1.

Thus ¢'(t)) = y'(to) and the statement is proved.
4 = C. Tt follows from the assumptions and Theorem 2 that f'(to) = 0 and (10)
and (9) hold. Then the statement follows from (8).
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ASYMPTOTISCHE EIGENSCHAFTEN DER LOSUNGEN
DES SYSTEMS  {A;!,(x)...[AT (x)y] ...} = A, (2)y

Ivo REes, BrRNO

(Eingegangen am 5. Februar 1973)

1. EINLEITUNG

Es seien Aj(x) = (a;l’k(x)), i =1, 2, ..., n Quadratmatrizen der Ordnung m,
ai (%) € Cn_1(I), I = <&o, ). Wir werden voraussetzen, dafl die Matrizen A;(z),
i=1,2,...,n—1in I reguldr sind und bezeichnen 4; !(z) inverse Matrizen, y einen

Spaltenvektor der Dimension m.
Wir werden uns mit den asymptotischen Eigenschaften der Losungen des Systems

(11) (A1) ... (AT (@) y']...} = An(a) y
beschéftigen.

Um die Losung y des Systems (1,1) und seine Ableitungen zu finden, werden wir
Reihen konstruieren, die in I oder in I; < I zu y gleichmaBig konvergieren. Diese
Methode wurde von U. Richard fiir die Gleichung zweiter Ordnung in der Arbeit [1]
veroffentlicht. Sie ermoglicht approximative Losungen von (1,1) zu suchen, welche
besonders fiir groBe Werte von x passend sind.

Mit der Untersuchung der asymptotischen Eigenschaften des Systems (1,1)
fiir n = 2 beschiftigten sich viele Autoren — A. Wintner [3], M. Réb [4], [5], R. Bell-
man [2]. Dabei zeigte es sich vorteilhaft, das sogennante Peano-Baker Verfahren
zu benutzen. Dieses Verfahren erméglicht, die Losung des Systems in der Form
von unendlichen Reihen auszudriicken, die im ganzen Intervall I gleichmiBig
konvergieren. Es ist besonders vorteilhaft darum, daB es eine sehr einfache und dabei
geniigend genaue Abschétzung des Fehlers ermoglicht, s. M. Réb [6]. i

Gleichzeitig mit dem System (1,1) betrachten wir das Matrizensystem

(1.2) (A71,(@)... (AT @Y.} = Aa@)Y,

wobei Y eine m X m Matrix beseichnet.
Wir machen jetzt folgende Verabredungen:

1. Wenn A eine Quadratmetrix der Ordnung m mit stetigen Elementen asx
im Intervall I ist, dann verstehen wir unter der Norm ||A|| der Matrix A den Ausdruck

1 m
Al = — X lag,xl-
1Al = 2 2, los.al

z
2. Wenn a eine reelle Zahl ist, dann bedeutet das Symbol | A(¢) dt:
a;

a) das Riemansche Integral, fiir a; = a,
z
b)lim | A4;(t) d¢, fiir a; = co.

3. Ist kein MiBverstdndnis zu befiirchten, so wollen wir das Argument x weglassen.
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2. DEFINITIONEN UND BEZEICHNUNGEN

Definition 2,1. Wir bezeichnen D — i und definieren die Differentialoperatoren

dx
2,1) L= A;'D..DAT!D, firs=1,2, .., n—1
(2,2) n — DLn_l.

Definition 2,2. Es sei F die Menge aller Quadratmatrizen F — (f7,x(x)) der Ordnung
m, f;.x € Co(I). Wir bezeichnen mit Q5,7=12,....,n den Integraloperator, der die
Menge F in sich selbst abbildet nach der Regel

(2,3) Qi(F)= | Ayt) F (¢) de.

Unter einem Produkt Q1Qx der Operatoren Q;, Qy fiir J, k==1,2,..., n verstehen
wir den durch die Beziehung

z t
2,4) QQu(F) = [ As(t) | Ax(s) F(s) ds dt

definierten Operator.

Das durch die Formel (2,4) definierte Produkt der Operatoren ist eine Superposi-
tion dieser Operatoren. Auch die Superposition anderer Operatoren, die in der
Arbeit vorkommen, werden wir in der Gestalt eines Produktes schreiben, zum Bei-
spiel

DQ;(F) = AjF.

Definition 2,3. Es sei a e I eine reelle Zahl und es bezeichne a;, 1 =1,2, ....,n
entweder a oder co. Wir definieren die Operatoren U $»J3=12 ..., n durch die Be-
ziehung

(2,5) UJ(F) = Q1Q7+1--- QnQn+1--- Q?HJ—I(F)’
wobet wir Qn ¢ = Q; setzen. Weiter setzen wir
(2,6) U;?(F) = F, Uj(F) = U,U}"(F), 8 =1,2; ...

Definition 2,4. Es seien j, k natiirliche Zahlen 1 < J, k < n. Wir definieren H;, 4(x) =
= E, E = Einheitsmatriz, -

(2,7) H; x(x) = QiQj41 ... Qx_1(E), flll'j < k,

Hj,k(.’l:) = Q1Q1+1--- QnQn+l--- Qn+k_1(E), flll‘j > k,

- wo bet Qn 4 = Qy gesetzt ist.
Definition 2,5. Es sei f(x) eine stetige positive Funktion. Wir bezeichnen mit gy,
J=1,2, ..., n den Integraloperator, der durch die Beziehung

(2,8) a(f) = I 11 Ase) |l f(&) dt
definiert ist. '
Unter einem Produkt der Operatoren qsqx, 5, k = 1, 2, ..., n verstehen wir den Ope-
rator
z t
2.9 a2e(f) = § 11 As(®) || § || Ax(s) || f(s) ds dt.
ay (.73
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Definition 2,6. Es sei j eine natiirliche Zahl, 1 < j < n. Definieren wir die Funktio-
nen

(2,10) Y1) = | @19541--- @nn 1o Gnig_a(1) |,

mit qn ¢ = qs.
Definition 2.7. Es seien j, k natiirliche Zahlen, 1 < j, k < n. Wir definieren Funk-

tionen x;,k(x) durch die Beziehungen
xj,1(x) =1
(2,11) %7,6(®) = | @95 41..- @e_a(1) |, fiirj < k,
%7,6(%) = | @197 41--- Indn 1. Gn ik _a(1) |, fiirj > k.
Bemerkung 2,8. Wenn wir

u; = Aluz

u, , = A” —1Un

u, =Au
setzen, konnen wir das System (1,1) in der Gestalt

. u' = Au
schreiben, wobei die Matrix A von Blocken A;, A, ..., A, und von Nullmatrizen
der Ordnung m gebildet wird,

0,A,0,...,0

0,0,A,,...,0

A=
A, 0,0,..,0

Odfenbar sind die ersten m Komponenten des Vektors u die Komponenten der Lo-
sung y. Daraus sieht man, daB folgender Existenzsatz fiir das System (1,1) gilt.

Satz 2,9, Es seien Ay, it = 1, 2, ..., n eine Matrix mit stetigen Elementen vm Intervall
I, A regulir fir i =1, 2, ..., n — 1. Es seien weiter Yo, Y1, -.., Yn_1, beliebige kon-
stante Vektoren. Dann existiert genau eine vm ganzen Intervall I definierte Losung y
des Systems (1, 1) und es gilt

Y(@o) = ¥3, Ley(®) | 2 =2, = Y% s=1,2,..,n—1
wobei der Differentialoperator L, durch die Formel (2,1) definiert ist. S
Bemerkung 2,10. Mit den Bezeichnungen (2,1), (2,2) kénnen wir das System (1,2)
in der Form
(2,12) LY = AY
schreiben.

3. BEZIEHUNGEN ZWISCHEN OPERATOREN

Hilfssatz 3,1. Es seien U} und Hyx, j, k=1, 2, ..., n durch die Formeln (2,5),
(2,6), (2,7) defintert. Dann gilt
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3,1) U;:(H;,k) = QJU;:+1(H1+1,);), flll'_j *k 1=0, ]
3,2) Ui(Hy,5) = QUITN(Hy 11, y), fiir i — 1, 2, ...

Diese Beziehungen werden durch die vollstindige Induktion bewiesen. Da die
Beweise analog sind, werden wir nur die Beziehung (3,1) beweisen.
Es gilt

UiHyx) = Us(Hy,x) = Q@111+ Q- @uy g 1@n o s(His1,8) = QUs 1(Hy,1.1),
so daB Beziehung (3,1) fiir ¢ = 1 erfiillt ist. Es sei jetzt (3,1) giiltig. Dann ist nach (2,6)
Ui (Hyk) = UsUiHy.2) = Q@1 Qne..Qn UL (Hy 1 z) =

= QU 11U} ((Hy1,86) = QU I(Hy 1, 1),
und die Behauptung ist bewiesen.

4. FORMALLOSUNG DES SYSTEMS (1,2)

In diesem Absatz werden wir oft folgende Voraussetzungen machen: (*) Es seien
A= (ajy), air€CnilI),i=1,2, ... n Quadratmatrizen der Ordnung m und
Ay, A;, ... A, seien regulir.

Hilfssatz 4,1. Es gelte (*). Werden Hy x durch (2,7) und L, durch Definition 2,1
gegeben, so ist
(4,1) LpyH; x = 0, 0 = Nullmatriz.

Beweis. Fiir k =1 ist die Behauptung offenbar. Durch die Induktion beweist
man leicht, daB firs =1,2, ..., k—1, k — 2,3, ..,n

LsHy k() = Hs1,1(2),
gilt. Es ist bessonders fiir s = k — 1
Ly _1H, x(x) = E.
Hieraus erhalten wir die Behauptung auf Grund der Relation
L, = DA;!,D.. A;'DL;_,.
Sazt 4,2. Es gelte (*). Dann ist die Formallosung des Systems (1,2) durch die Reihe

4,2) Yew) = ¥ UitHup) k=1,2, ...
=0

gegeben, wobei Ut durch (2,5), (2,6) und H 1,k Qurch (2,7) gegeben sind.
Beweis. Es gilt offenbar ~

L,U,(F) = AF
und

LnYx = LaH1 x + Ly '21 Ui(Hi,x) = LaHyx + '21 LUy U (Hy2) =
=S LnHl,k + An .Zl U'i—l(Hl,k) = LnHl,k + An 'zo U'i(Hl,k) ==
= LnHl,k + AnYy.
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Nach Hilfssatz 4,1 gilt aber (4,1). Es ist also
LpYy = Aan

was ein mit (1,2) dquivalentes System ist. Damit ist der Beweis durchgefiihrt.
Satz 4,3. Es gelte (*) und es sei die Losung des Systems (1, 2) durch die Reihen
(4, 2) gegeben. Dann kann man formal

4,3) LYy(x) =) Ui, (Hs1,6),8=0,1,..,n—1 k=12..,n
i=0
schreiben, wobei Lo Yi(x) = Yx(x) tst und die Formeln (2,1), (2,5), (2,6) (2,7) gelten.
Bemerkung 4,4. Im folgenden Absatz wird gleichméfige Konvergenz der Reihen
(4,3) untersucht. Wir machen aufmerksam darauf, daBl Yz Losung des Systems (1,2)
im Intervall I oder I, < I ist, wenn die Reihen (4,3) in diesem Intervall fiir s =

=0,1, ..., »n—1 gleichm#Big konvergieren.
Satz 4,3 wird durch vollsténdige Induktion bewiesen. Fiir s = 1 gilt nach (2,1)

LY, = A7'DY;.
Es sei k£ % 1. Dann ist nach (3,1)
A7'DY; = A7'D }_:0 Ui(H,x) = AT'D .ZOQlUi(Hz,k) = ZO U5(Ha, ).
Wenn k£ = 1, dann ist wegen (3,2)

AT'DY, = A7'D [E + Zl Ui(Hy,1)]=A7'D [E + ‘ZIQIUQ_I(HZ,I)] =

= 5 U5 () = 3, UsHa).
Fiir s = 1 gilt also (4,3). Es gelte jetzt (4,3) fiir s = j ——-‘l. Nach (2,1) ist
| LyYe — A-'DL, Y, — A},—lpii;) Ui(Hy,x).
Wenn j =+ k ist, dann gilt nach (3,1)
Af_lD,-Zo Ui(Hy,x) = Aj—lDion,U;I+l(H,+1,k) — 20 US, (Hy41,)-
Fiir j = k bekommen wir mit Hilfe (3,2) '

A7'D 3, Uj(Hs.p) = AT'D[E + 3, UfiH;.)] = A7'D[E + 3 QiUfsi(Hs.1.0)] =

= iZ‘l U;::{(H1+l,1) = igo U;:+1(H1+1,1)'

Damit sind die ‘Beziehungen (4,3) bewiesen.
Bemerkung 4,5. Wenn Yy, eine Losung des Systems (1,2) ist, dann kann die Lésung
yx des Systems (1,1) in der Gestalt

4,4) Yi,i(x) = Ye(x) Yi.ir i_= 1,2, ...m

geschrieben werden, wobei yj ; ein beliebiger konstanter Vektor ist.
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5. GLEICHMABIGE KONVERGENZ DER REIHEN (4,3).

Hilfssatz 5,1. Die Matrizenfunktionen H;, x seien durch Definition 2,4 gegeben. Dann

gilt
Il Hy,x(@) || < 25,x(@), fiir j * k&,
1 Hys@) |l =1 Ell =1,

wober die Funktionen »; x durch (2,11) festgelegt sind.

Beweis. Es ist fiir j < &

Il Hye(@) || = 11 Q@1 41-- Qe —1(E) || S | @sg741.--qr_1(1) | = 7,x(2)

und fiir j > k

1 Hy @) || = 1| @@Q141-- @n@ns1. Qnik_1(E) || <

S 199141 @ngn g1 - - Gk —1(1) | = 25, k().

Nach der Verabredung 1., Absatz 1. ist || E || = 1.
Satz 5,2. Es gelte (*) und es set a; = oo fir 1 =1, 2, ..., n. Ist fiir irgendein
Paar s, k,,0 £s<n—1,15k<n

(5’1) y3+1(x) < 00,
(5,2) . %5 41(¥) < 00,

80 konvergiert die Reihe (4,3), wobei Hy x und Ui durch (2,5), (2,6), (2,7) gebegen sind,
1m Intervall I gleichméBig.

Beweis. Die glelchmaBlge Konvergenz der Reihe (4,3) in I wird so bewiesen,
daB man zu ihr eine konvergente Majorante konstruiert. Mit der vollstdndigen
Induktion beweisen wir, daf3

i
63) [RRCARRYEPARNERLL TS
gilt.
Tatsdchlich erhalten wir fiir : = 1
H U +|(H8+1 k) ” == 'I U¢+1(Hs+l k) ” = “ Qs+1Qc+2 Qn+a(Hs+l,k) ” =

S | gs419s42--In sl Haia, “) [
Nach Hilfssatz 5,1 und (2,10) kann man
I Udsa(Hopr,0) Il S % y1,6(2) ps5.11(2),

schreiben und das ist die Ungleichung (5,3) fiir s = 1. .
Es gelte jetzt (5,3). Dann ist wegen (2,5)

~

| Uit Hop,0) || = 1| UsaUiyy(Hopn,) 1| = 1| Qo11@s2 @nraUisy(Hosnp) | <

S | QesrGesz-nisl 1| Uiiy(Hsin,k) || 1] S %550,2(2) 9s+195 42 Gn 42 y;;l' =
z i+1

S %sy1,k(2) j-yﬁl(t) YHI() dt | = 2s41,4(x) (yﬂl(lx))v
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Damit ist die Ungleichung (5,3) bewiesen. Fiir x € I gilt offenbar

u[v]s

11U (He,0) S ena(2) ¥ 2418 < 4100 zo estee)

und das bedeutet, daB die Reihe x; . 1,x(0) Z “(xo) konvergente Majorante

der Reihe (4,3) ist. Die Behauptung des Satzes ist bewiesen.
Bemerkung 5,3. Gilt fir alle t =1, 2, ..., n

@

(5,4) 11 Aty 11 dt < oo,

To
dann konvergiert die Rethe (4,3) gleichmiifiig im Intervall I.
Satz 5,4. Es gelten die Voraussetzungen des Satzes 5,2. Dann gelten die Abschitzungen
nr} x)
(5,5) || LsY(x) — Z Uii(Hsy1,k) || Sos41,x(@) % & 2 ] exp {¥s1(2)}

firzel.
Beweis. Bezeichnen wir

Ry a(x) = '—2#-1 U§+I(Ha+1,k)

Nach (5,3) ist

© n+1 n+2
| Rapslo) | S mecrnle) 3 2 Yer®) _ k(x)[( ‘“‘”‘) o (Z’j;(;;! +] =
@ 7’3+‘() 78+l(x)_ Vie1(@)
=%ty +1)'[ Tt +(n+2)(n+3)+“']<
yri ()
< %g41,k(%) -(1;'—3}1*),‘ exp {¥s+1(2)},

womit (5,5) bewiesen ist.

Satz 5,5. Es gelte (*). Dann konvergiert dieRethe (4,3) gleichmifig im Intervall
I, = (%o, by, wobei U und Hj,x durch (2,5,) (2, 6), (2,7) gegeben sind mit as = a,
firi=1, 2, .,nundb > Zo.

Der Bewels dieses Satzes wird ganz analog wie bei Satz 5,2 durchgefiihrt. Es gilt
némlich

; (/)

(5,6) U Hon,) 1S wosn,a0) 20 o o8

und so ist die Reihe Z #s 11,k(D) %—t‘b—) eine konvergente Majorante der Reihe
i=0 !

(4,3). Daraus folgt die gleichméBige Konvergenz dieser Reihe in I;.
Satz 5,6, Es seien die Voraussetzungen des Satzes 5,5 erfiillt. Dann gilt fiir x € I,

n n+1
OGN 1 LN@) — 3 UsesHai) 1| S ey1,60) LD oxp (0.}
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Der Beweis wird analog wie bei Satz 5,4 durchgefiihrt und darum lassen wir
ihn fort.
Hilfssatz 5,7. Es sei x5, x(x) < o0, p5(x) < 00, 1 £ j, k¥ < n. Dann gilt

(5.8) Il Uj(H5) || = (fiuP %7, k(t)) (?UIP 1))’
€ €

Beweis. Wir werden die Behauptung durch die vollstdndige Induktion beweisen.
Fiir ¢ = 1 haben wir wegen (2,5), (2,68), (2,7) (2,10), (2,11)
| UNHze) || £ 1 99551 Gniga ([ Hzell) | S Bup %1,6() | 18741 gniga(l) | S

< sup xj,x(t) sup ().
tel tel

Nehmen wir jetzt an, daB (5,8) gilt. Dann ist mit Beriicksichtigung auf (2,6)

N U (Hye) || = 1| UsUiHs6) | S 1959551 @niga [ UiHzp) |1 1] £
S sup %7,x(f) (sup Vi)' | 4195 41- - Gnys () | =

= sup x;,x(t) (sup p;(£))ys(x) < sup x;,x(t) (sup y4(t))
tel tel tel tel

Damit ist der Beweis durchgefiihrt.

Satz 5,8. Es gelte (). Es set ag,y = oo fir irgedetn Paar s, k, 0 < 8 < n—1
1 < k < n und es existiere wenigstens ein v, 1 < ¢ < n so, daff a; = a. Nehmen wir an,
dap
(5,9) Ys41(z) < oo,

(5,10) %s41,6(%) < ©

gilt. Dann konvergiert di Rethe (4,3) gleichmdifig auf jedem Intervall {a, o0), dessen
Endpunkt a die Bedingung y, 1(a) < 1 erfiillt.

Beweis. Unter den Voraussetzungen (5,9), (5,10) sind die Funktionen y;_ ()
und x;1,x(x) endlich, stetig und abnehmend. Es gibt also eine Zahl a > z, so,
daBl y;,1(7) £ ysyi(a) < 1 fir x € {a; ) ist. Nach Hilfssatz 5,7 gilt fiir z = a

{6,11) | Uiii(Hsi1,6) || S %#5.1,x(a) ¥ii (@)
Wegen y; , 1(a) K< 1, ist die geometrische Reihe Z %s,1,k(@) ¥, (@) eine konvergente
. i=0

Majorante der Reihe (4,3). Die Reihe (4,3) konvergiert also gleichméBig im Intervall
{a, o0). ~
Satz 5,9. Es seien die Voraussetzungen des Satzes 5,8 erfillt. Dann gilt fiir x = a

(6,12) || LsYg(x) — -Zo Ui (Hsya,0) || Vf:xl(a)%'
- +

Beweis. Wir bezeichnen

Rn+1(!x): Z U:.H(Ha“,k)-

t=n+1
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Nach (5,11) gilt

1 Rasi@) | S moen@) 5 vhor@ = pitie) {2220

womit die Ungleichung (5,12) bewiesen ist.
Satz 5,10. Es gelte (x). Es sei a1 = a und es existiere ein i, 1 < i < n so, daf
ay = 00. Es sei a; die erste Zahl as .1, ..., @n , s fiir welche a; = 0. Nehmen wir an, daf

(5,13) yi(z) < oo,
(5,14) m,k(x) < 00,

gilt. Dann konvergiert die Reihe (4,3) gleichmdfig in jedem Intervall {a, b), dessen
Endpunkt a die Bedingung yi(a) < 1 erfiills.

Beweis. Durch die Verwendung des Hilfssatzes 5,7 kann man leicht folgende
Behauptungen ableiten.

1°Wenn s +1 <l <koder Il <k<s+1 oder k <s-41 <1 ist, dann gilt
fiir z € <a, b)

(5,15) I Uss1(Hei1,8) || S %5.41,1(0) ¥i(@) %1,x(a), i=0,1,...

2°Wenn l < s+ 1=<koder s+ 1=<k<loder k <l < s+ 1 ist, dann gilt
fiir z € <{a, b)

(5,16) 1 Usii(Hsi1,0) 1| S %s41,00) p§7'(a) 2,k(a), i=1,2, ...

In den beiden Fillen existiert unter der Voraussetzung y;(a) < 1 konvergente
geometrische Reihe, die Majorante der Reihe (4,3) ist. Die Reihen (4,3) konvergieren
also gleichméBig im Intervall <a, b).

Satz 5,11. Es seien die Voraussetzungen des Saizes 5,10 erfiilll. Dann gilt fiir
z e<a, b)

(5,17) I LsYi(x) — Z Ut i(Hsy1,x) || < %641,100) 7 (e ) . ‘;fczz)
(5.18) 11 Li¥a@) — Hys1,p(0) — 3 Ubii(Hao,0) || S 500,10) 1@) 2 ';(02,)

Der Beweis kann analog wie bei Satz 5,9 durchgefiihrt werden.
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A REMARK ON THE OSCILLATORY BEHAVIOUR
OF SOLUTIONS OF DIFFERENTIAL EQUATIONS
OF ORDER 3 AND 4

P. Sortes, KoSicE

(Received February 5, 1973)

Consider a differential equation of the form
(1 y" + @)y + r@@)y = f(2)
with ¢(x) € C; (zo, ®), (&) € Co {(xo, ), f(z)€ Colxo, ) and | |f(t)|dt < o

where xo € (—00, 00). Suppose further that

1 1
F(y(x)) = y(x)y"(z) + 5 q(@) y*(x) — 5 y'(z),

where y(z) is a solution of (1). Then we have
Theorem 1. (Theorem 4 in [3]). Let for any x € {zo, ) the following condition hold:

q@) 2 0, 7(x) Z k> 0, 2r(@) — (@) —1 2 k, > 0, | f f()dt| < K < 0.
Zo
If y(z) is a solution of (1) such that

F(y(xo)) +% f f2t)dt <0,
z°

then y(x) is oscillatory or lim y(x) = 0.

> o

The following result is of the similar character
Theorem 2. For any x € {x,, ), let the following conditions hold:

q(x) 2 0 and 2r(z) —¢'(2) — [ f(z) | 2 0.
If

2) J q)dt = + o,
then a solution y(z) of (1) which satisfies

P + 3 [ 1701850
ts oscillatory or lim y(z) = 0. ’

Z—+>®
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Proof. Suppose that the hypotheses hold and that y(z) is not oscillatory. Thus
there exists a number z; = z, such that y(x) + 0 for z € (z;, ©). Them from (1)
we have

z 1 l l z .
Fy@) + [ [0 —gro—gi01|roa s Foen + 3 [ 1101

and therefore
1 1
(3) y(@)y"(x) — ) y'z) £ — 5 q(z) y2(z).
From (3) we get

1
9@ ¥'() — y7(e) < ¥(a) ¥'(@) — 3 ¥7(e) S — 3-4(@) 92(e)

thus for z = z;

d (y(z) 1
E(y(x)) = g
and therefore

(4) y'(x) < 1/'(311) ___L fq(t) d.

Since (2) holds, there exists ; = x; such that for z 2 z, from (4) we have

(5) yy ((:)) < —Fk, where k > 0.

Suppose that y(z) > 0 for z = z;,. From (5) we have y'(z) < O for z = z,. There-
fore it is necessary that y(z) = C = lim y(z) 2 0 for any = z,. Let C > 0. Then

for z 2 z;: -
y) _ y@)
< < —k,
C = yl&) ~
80 that y(2) — —oo for x — oo which is a contradiction. Hence C' = 0 and lim y(z) =
z—> 0
=0.

The following part of this paper is concerned with the oscillatory behaviour of
solutions of the differential equation

(6) Y9 + p)y” + q@) ¥’ + r(@) y = f(=),
with p(z) € Co {0, ), g(x) € C1 {Zo, ™), r(2) € Co (X0, @), f(x)€ Co (o, ©) and

S | f(t)| dt < oo, where 2o € (—o0, o). Suppose further that
g

Fily(a) = 9@) 7(2) — ¥'(0) ' (@) + 3 4@) ¥7(e),

where y(z) is a solution of (6). Then we have
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Theorem 3. Suppose that for all z € {x, )
7@) 2 0, | p() | £ 2,2r(x) — | p(2) | —¢'(*) — | fl@) | 2
If (2) holds, then a solution y(x) of (6) which satisfies

l -]
) Fiiyteo) + [ 1012 50

18 oscillatory on (%o, ).
Proof. Suppose that a solution y(x) of (6) s&tlsﬁes (7) and that y(z) + 0 for
x € {x;, ®©), ¥, = Zo. From (6) we get

. x l z .
P+ [ [1—gie01]roa+ [ [io—gim01—g00 -

— 3110 1]y2(t> &t < Filyleo) + 5 fif(t) |t
Ty

and therefore

y(x) y"(x) — y'(x) y'(2) = q(z) y*(x)

d (y'() 1
A ( y(@) ) = =g

l\ﬁlb—l

thus for 2z = z;

and hence

y'(x)
8
) y@)
Suppose that y(x) > 0 for = #,. From (8) we can see that y"(z) < 0 for
x € {x;, o0) with suitable 2; = z;. Since y'(x) is monotonous, only the following
two cases are possible:

— —o0 for x - o0.

1) y'(x) > Oforall z > x,
2) there exists 3 = z, such that y'(z;) < 0.

Evidently in the second case there exists & = z, such that y(£&) = 0 which contra-
dicts the hypothesis. Therefore let y'(z) > 0 for all z 2 z;; thus y(z) is an increasing
function on {x,, o) and therefore

y'@ _ y@
ylx2) — y(@)
so that, owing to (8), lim y”(z) = —o0, which is agai contradictory to the assumption
Z—> 0
that y(zx) > 0 for z = 2.
Analogously we prove that (6) has no solution y(z) satisfying (7) such that y(z) < 0
for all x = z; = =o.
This completes the proof.

for z € {x;, ),
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Remark. Theorem 3 is a generalization of certain theorems in [1] and (2] and of
Theorem 8 in [4] whick deal with equations

Y@ + 24(z)y’ + [b(z) + A'(x)]y = 0,

or

Y@ + q(@) ¥’ + r(z) y = f(z).
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KAHOHUYECKHNE INPENCTABJIEHUNA
N HOMOTPAMMBI 3JIEMEHTAPHBIX
(IPEUMYIIECTBEHHO) HOMOTPA®UPYEMBIX
OYHKIUN RINOOOPIOBA
KOMIIJIEKCHOT'O APTYMEHTAY

IMaBEN T'anaiiga, Komunue

(ITocrynuio B pepaknmio 17. 4. 1972)

§ 0. CnenaeM HECKOJIBKO HpeJBapUTEJIbLHBIX 3aMeYaHM.
B cany cypenns 1 crp. 200 paborsl [4] KaHOHMYECKUMH IIpeCTaBICHHAMM
aHAJIMTAYECKOH 3aBHCHMOCTH

(0.0) F(w;z) =0,

riez=a-+bi,2 0o =p-+qg,i= V—— 1 (rayccoB ciydail) mepBOoro HoMorpa-
¢uyecKoro Kiacca, Ha3HIBAETCH Iapa COBMECTHHIX BeleCTBEHHBIX YpaBHEeHHI

Hommnu
{ S(p) X(a) + Y (b) + H(p) =0,
T(q) X(a) + Y (b) + R(q) = O,

rae X(a) a Y (b) — npamonuneiinse, a S(p), H(p), T(q), R(q) — KpuBoauHeii-
HEle, BOOOIIe rOBOPA, XapaKTepUCTUKHE (CM. TaM ’Ke ompejeseHne 2).
Ecau

(0.2) F(X,Y)=0,

ypaBHeHue o0IIero KaHOHAYEeCKOro HocaTeAA p i g, a Y = O u X = O — ypas-
HEeHWA IKaJ a ¥ b, To, MOCKOJNIbKY M3 NpeAbaymuXx naparpagoB BHIHO, 4TO
B pe3yibTarte npeo6pa3oBaHNA NPHHOMIA NepeHeCeHUuA

(0.1)

a — ad,
b — eib,
p - B
0:3) q — —e&if
X(@) - ZX(@) = X(@),
| Y(@) =0 — P@) =0,

1) 9ra cTaThf ABJIAETCA BTOPOH 4YacThio paborbi. IlepBas 4acTh BMecTe C JIMTEPaTypOi
6ua ony6iuxoBana B Arch. Math. 4, VII: 167 — 188, 1971.

2) OTMeTHM, 4TO BMECTO z = a + bi aBTOp B caenywmux naparpadax Hacroamei paGoTs
nHmer z = x + yi.
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P(6) = Y(—eib),

Yb) -
X(p) =0 — X@b) =0,
, Sp) - 8(@) = S@),
©3) Hp) —> HA(p) = H(p),
T(q) — 1) = T(—ei),
| R(@) — R@ =R(—ei),

see pyuxnnn X(a), ¥(5), 8(p), A(p), T(3), B(G) nna BCeBOIMOMHMX BelecTBeH-
HBIX 4, b, B, § NMIOT BeleCTBEHHEIe 3HAYCHNS, TO M HOMOTPAMMA T YpPaBHeH A

(0.4) F(w; 3) = 0,

COOTBETCTBYIOWIEr0 MO mpuHuuny nepenecenud ypasuenuo (0.0) (a MBI ToBKO
rakue ypasuerus (0.0) u (0.4) paccmaTpuBannm) onpefensieTca KaHOHMIECKUMI
npejicTaBIeHAAMA

8(p) X(@) + ¥ () + A() =0,
- 1(3) X(@) + ¥(6) + @) = 0,

nonyyaemeimn 3 (0.1) HopmambueiM mpumenenuem mnpeoGpasosamms (0.3)
H, CTel0BaTeJIbHO, 3TA HOMOrDaMMa MMeeT CBOMM HOCHTEeJIeM M0 He Camoe
Kanonuveckoe cevenue (0.2); mecymee mxaisl $ u §, u me e camvie npiMmbie
(0cM KOOpHHHAT B TAHHOM IIPOEKTHBHOM IPe00pPa30BaHMH)

(0.6) . g?’?:O,X:O,,

HA KOTOPHIX PACIOJIOMEHBI COOTBETCTBEHHO & u b. .

Tem ne menee, Kak 9TO He TPYAHO yCMOTpPeTh M3 CONOCTABJICHHS dopmyr
Beex naparpadoB mpeasyiymei paGoTe ¢ GopMyTaMH COOTBETCTBYIOLINX, T. e.
OIMHAKOBO .3aHYMEPOBAaHHKIX laparpadeB HacTosuieidl pabGoTH CcoOBIAJeHAsA
TPajyupoBOK HOMOTPaMM COOTBETCTBYIOIIMX I10 MPHHIUILY IlePeHECEHHs ypAB-
HeHni ‘ : T

07 |  Fw;2) =0, F(;3) = 0,

X L b < ol ¥ W
JVIA COOTBETCTBYIOMMK aprymentoB b u b, g u § He mpomcxomut, a oTH Tpagyn-
POBKH [IOTIOJIHAIOT OfHA APYLYIO 0 HOJHOrO IOKPHITHA HeCYIIell MX JIMHWH.
I'panynpoBkn se a u @, p u p — coBuagaor. Bosunkaer ecrecTBeHHBII BOIIpOC
BO3HUKAET JIM TO, YTO HOCHTENb (CKeJer, T. €. HOCHTeJM BCeX IIKai 6e3 rpa-
AYMPOBOK) HOMOTDaMM, COOTBETCTBYIOIIMX MeMAY co6Oif 0 MpUHIMITY mepe-
Hecenna ypasHennmii (0.7) — oOmmit. Wim ke 310 06CTOATENRCTBO MOMKHO
B KAK[I0M OT/IEJILHOM CJTy'iae OT/eJIBbHO 0Ka3bIBATHECA YaKTHIECKOil mTPOoBePKOil
TOr0, YTO IOJY4YaeTcA B KaMK[IO0i Iape COOTBETCTBYOI(MX MeMAy co6oi 1m0
npaanany nepenecenns caydaes (0.7) omHo u To e BemecTBeHHOE ypaBHEHMe
(0.2) nna obuiero KOHWYECKOTQ HOCHTEINA IMIKAJ P, ¢, P = p, § 1 napa mpAMo-
JNHEHHBIX IOKaJ, U3 KOTOPHIX OfHA IIKajia HECeT WHIMAEHTHHIe rpaflyMipOBKH
AJA @ = @, a pyrasd — HeMHIUJeHTHBIe IPagyupoBKu b u b.
" Obmee ‘HokadaTenbCTBY KameTcs HA' TIePBHIl BSIIIAN W3JIMIHUM, MOCKOIBKY
B cuy (0.1) 3a xoopmumarsr Tosex mkan (X uw ¥) nomorpamms YpaBHEHHSA
(0.0) mpunmrmarores’ (cm. § 1, mawaio crp. 201 pabots [4] Hago HNCHpaBHTH

(0.5)
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omun6Ky, noMensaB MectaMa Xp A Yp) -

X¢= 2 Y¢=0; Xb=0, Yb= !

o5 X(a)’ Y®) '
e Sy 1 __T@ oyt
» H(p)’ v H(p)’ " R’ ¢ R(q)

a 3a KOODAMHATH TOYEK IIKaJ HOMOIDaMM COOTBETCTBYIOIIEr0 IO NPMHIHIY
nepenecenua ypasHennsa (0.4) mpmHMMAlOTCA aHAJNOrMYHEIe BHIDAKEHHHA, CO-
cTaBJIeHHEe IpPH NOMOmMM KaHoHmYeckumx npexacrasienmit (0.5). Ho torma
B cuay (0.3) MHIMIEHTHBHOCT HOCHTENeH mMKaji a u d, p u P, b u b, q m§ upen-
CTaBJIsIeTCH, HA MEePBHIA B3TJAN, OYeBHAHOH, T. K. BMECTO TOro, 9106k TPaKTO-
patb nepexop or (0.0) u (0.1) x (0.4) u (0.5), xax npeo6paaoBanue (0 3), T. €.
(BHIIACHIBAEM TJIaBHYI0 YacTh npeobpasosauma (0.3)):

a — a,
09 b - —¢ib,
(©.9) p — B

q — —eig,

MBI MOMKeM, Ka3alloCh 61:1, TOBOPHTH IIPOCTO O 3aMeHe

a = a,
010 b = —¢ib,
s p = b
g = —&f
a Torga BMecto (0.3) mMeeM JIM MBI IPOCTO pPaBEeHCTBA
X(@) = ZX(a),
Y@) =0 = Y(@),
Xp)=0 = X(b),
Yp) = (),
P ) = )
H(pp) = A®),
T@q = 7T@)
R(g) = R@3)

B cuny xortopux ypassenme (0.2), casmBaiomee X u Y, HeMe[JIeHHO Iipe-
BpallaeTcs B TOYHO TAKOE )Ke YPaBHEHHe

(0.12) FX; ?)=0

ceasuBaomee X n Y,

Tem He MeHee 3T0 He BepHO, T. K. Mkl mMeem He 3amensl (0.10) u ux ciescTens
(0.11), a mmenno npeo6pasosaunus (0.9) u nx caegcrsnsa (0.3), 1. k. a, b, p, ¢ —
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C OfHOII CTOPOHHL ¥ &, b, §, § — ¢ apyroit CTOPOHBI, MMEIOT CTPOr0 BelEeCTBEeH-
Hble 3HaYeHNs M [03TOMY TpaKkToBaHme npeobpasoBanus (0.9) kax 3ameny nepe-
mesnuXx 1o gopmynam (0.10), BBugy siBHOrO Hecosnadewus obaacmetl 3naverul
npaswir u AEHlr wacmeli NOCACOHUL PABEHCMS, ABALEMCE HE3AKOHHbM, BO BCAKOM
ciydae, He SAABJIAETCA 3aKOHHBIM 0e3 NpPUBIEYEHUA ONMOJIHUTEILHHEX 00CHOBA-
HMii, CBA3BHHHX C NPHHOUANOM AHAJMTHYECKOr0 NPOJOIKEHHMA [JIA aHAJMTH-
YeCKHX (QYHKOUA TANEepKOMINIEKCHOrO IepeMeHHoOro a -+ bi + ce + dei. Beas
BONPOC IPHBOJHUTCA K CIeYIOIeMy.

Umeercsa coornomenne (0.2), B xoropom X u Y sasuawtca B cuay (0.8)
BEU[ECTBEHHKIME (YHKIMAMYA BelleCTBEHHBIX ImapaMeTpoB uGo p nubo ¢, npu-
YeM Kak B IIEPBOM, TaK M BO BTODOM cJydae BeI[eCTBeHHasd (YHKIMA ABYX
BelLIleCTBeHHBIX IepeMeHHBIX F(u,; v) ogHa u Ta xe. CupammuBaeTca MOMHO Jin
cuntath coorHomenue (0.2) coxpauuBmumes, eciiu 8 X u Y B (0.2) Bemectpen-
Hble apT'YMeHTHl p ¥ ¢ 3aMEHAIOTCA apryMeHTaMu P U — &if, IJie P BelecTBeHHO
n ¢ BemectBenHo u X, X(p) u Y u Y(p), X(q), Y(q) ocraiorca BemecTBeHHBIMH?
Wnave romops, peur maer o coxpanesnu coorHomenus (0.2) mpm anananTH-
YeCKOM NpoosiKenrd X u Y Ha BCIO IITIOCKOCTh IMIIEPKOMIIZIEKCHOTO apryMeHTa
a + bi 4 ce + dei?

JTO peiicTBHTENLHO HMeeT Mecto, mockoubKy Pyukmum X(p), Y(p), X(q),
Y(q) — amamutmuecknme QyHKIMM IMIePKOMIUIEKCHOTO aprymenta a -+ bi +
+ ce + dei, 9TO M MMeeT MecTO, T. K. JLIMNTHYECKHE (YHKIMH, KaK CTeneHHbIe
PANH, ABIATCA aHATHTAYECKMMA QYHKIUAMH.

Jpyroit moxxon 3akmiouaerca B ToM, 4ro Bhipaxkawt X(§) m Y(§) uepes
X(p) m Y(p) mmm X(q) u Y(q), ynosnersopsawmue coornomenuio (0.2), ycra-
HOBHB COOTBETCTBYIOIlee BeIIeCTBEHHOE COOTHOMIEHWE MEKIY BelIeCTBEHHBIMU
aprymenramn § u p nyu § u q. 3amenus 3ateM B (0.2) X(p) u Y(p) wmn X(q)
n Y(q) uepe3 ycraHoBieHHsle nx Boipaxkenns uepes X(§) m ¥(§) momyuwaior
ypaBuenue, cBasmBaiomee X(g) m Y(qg), KOTOpoe OKa3HBAETCA TAKUM e
ypasuennem (0.2), mHave roBOpfA, HerpajyndpoBaHHBIE CKEJETH HOMOTPaMM
COOTBETCTBYIOIMX B CHJTy MPHUHIIMIA IIepeHeceHnsA PyHKIuM rayccosa u Kiand-
¢dopnoBa apryMeHToB COBIAJAIOT.

JT0 3aKIJOYeHHe II03BOJIAET YTBEPKAaTh, YTO M COOTBETCTBYMOIIME IIYYKH
KOHMYECKHX HOMOTDAaMM COOTBETCTBYIOIHX rayCCOBHIX M KIuPPOpHOBHIX 3a-
pacuMoctei (0.7) TakiKe coOBHAgaOT MY COOOIL.

IToaToMy XapaKTepMCTHKY HYYKOB KOHAYECKAX HOMOTpPaMM Map 3aBHCH-
mocreii (0.7) MBI MOKeM aTh Ha OCHOBE IYYKOB HOMOTPaMM raycCOBBIX ypaBHe-
uui (0.7;), ommcamnmix M. A. Buibnepom B coorBeTcTBYyMOmmX maparpadax
raasu 1V ocnoBHoit paGoth [4).

§ 1. Mu Gyaem cumrath HmwKe y U N BEIECTBEHHBIMH HJIM YMCTO MHHMBIMM
uncaamu. Torpma, BHmonHAA uwpAMoe npeobpasoBanue nepenecenns Hag Qop-
myaamn (1.1), (1.2), (1.4), (1.5) npepsigymeit paboTsl, mOILyInM

(1.1) 4 + Be = lnsin (P + Qe),
e

A = Re [3(2 — %)}, B = Im [§(z — %)], P = Re [N(& — o)),

1-2) 6= Im (@ — o)),
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Ilyecrs U — npAmoyrosibHaa MaTpuna 3x4 w3 BeKTOpOB-cTONGIOB, Ompe-
nensionux 4 mxansl momorpammsl. Haitnem U, MHl, mpeae BCETo, OTMETHM,
9T0 IpUHUMaA NpUHOUMN nepeHecenmsa (cM. [1]), MBI, HapALY ¢ NpAMBM mpe-
obpa3oBaHineM IepeHeceHus

y = %
z - £,
w - W,
(1.2") P > ¥
Yz > ;?,
A — A4,
B — B,

nosyuaem TabaMIy, MOJE3HYIO Uil IPAKTHYECKUX NPeodpasoBaHMii mpu I0-

MOIIN 1IpUHINIIA TIePEeHeCeHH A

cos 2P
sin 2P
sin? 2P
cosz 2P
sh 2P
ch 2P
sin 20
sin? 2Q
cos 2Q
cos? 2Q
tg2 2Q
ctg? 2Q
sh 2Q
shz 2Q
ch 2Q

(1.27)

S ch22Q

| 20

R

cos 2P,

sin 2P,
sin2 2P,
cos? 2P,
sh 2P,

ch 2P,
—=¢i sh 20,
—shz 24,
ch 2Q,

ch2 20,
—th2 20,
—cth2 20,
—ei sin 2Q,
—sinz? 20,
cos 2Q,
cosz 20,
—tg? ZQ.

Camo coboii pasymeercs, 4ro B TaGmume (1.2%) momuo Koapunuent ,,2%
aamennTh 1 mioum m06BM pyraM uwmciaom. MEl B3fAanm Kodp@umenT, paBHBIA
2 TONLKO IIOTOMY, UTO ITOT CJydail HYMeH [JiA HamuX GOpMYIL ;

Coornomenue (1.4) npeasigymeit paGoTsl mpUMET BU[ MATPHIH, onpenendasa

Homorpammy ypasaenns (1.1).
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 Ilogsepraa npAMoMYy npeobpa3oBaHmIO- IePeHECEHNA

A —» A4,
B —» —¢iB,
(1.3) P —» P
Q - —&,
nony4yum Ha ocHoBanmu (1.16) nmpegrgymeit paGorsl
42k 0 sin2 2P __ sin? 20
2cos2P 2cos 20
(1.4) 0 1 1 1
ch 2B " cos 2P cos 20
1 1 1 1

Ecan 3amenuts B (1.4) cormacuo (1.2)
(1.5) 4 = Re[5( — %)] = Re[3(2)] — Re[3%],

M 38T€M YMHOMKHTH NEPBYIO CTPOKY MaTpmmul (1.4) na e2RelVzl 1o um mpmpmem
k MaTpune U, ¢urypupylomeii BTOPHM MHOKHTEJIEM B JIEBOl 9aCTH MaTPUYHOLO
paBeHCTBa

(1.6) AU = U,

uin Gosee moapo6GHO

ITocne ynpomennii, npu Kotopsx HoMorpamma (1.6) nperepneBaeT KoL HMAP-
HHe npeo0pa3oBaHnsA (YMHOMKEHHE H JieJieHHe PANOB MaTPUIOE HA OTJIWYHEE OT
HYJIA MHOKHTEIIN), IOJLYYNM, ONyCKas 3TH MHOMHATEJNH, Cllefyiollee BHpaMKenne
matpuns U’ crenylomyo nomorpammy ypasmemms (1.1) macrosmeii paGorsi:

T T
: sinz P cosz Q
wno=| 5 7
L4 b ek 2B cos? 2P " sin2Q
2RelPE —20)) 0 1 1

3aMeTHM, UTO HEIIOCPEACTBEHHO OTCIONA MJIM IPMMEHAA npeobpaseBaHne NpuH-
nuna nepeHecenHa K paseHctBaM (1.14) (1.15) mpenmipymeit paGoTH, moTyInM
cleywmue KaHOHHYECKHE IPEICTABJEHHS M YPaBHEHMA IIKAJ M HOCHTEJA
HOMorpaMmHul 3apucEmoctd (1.1) HacTosmel paboTh

: sinz 2P
T 2

ezw?u)(e—m@?l) + (ch 2B) + (cos 2P) = 0,
(1.8)

(—v-si“;ie eﬂe%l)(e—m%) + (ch 2B) + (—cos 2Q) = 0,
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uro coorBercTByer (1.14) npegnaymeit paGorn

X5 = eRel¥E; Y7 =0; X3 =0, Yi=— ch123'
sin2 2P 3 1
- 2Re(V70] F=——55
(1.9) X3 2cos2BC vE ch 2P’
v S220 ppr oy 1
X°~_2c052 & ’ Yq_cos2Q'

2 2. ~ o~ ~
Ya g +2e B0l X35 YEH —1=0,

aro coorBercTBYeT (1.15) npepsipymeit paboThl.
§ 2. Ilpumensas npamoil npuanun nepeHecenns (cm. paGory [1]) k dopmysam

§ 2 npepnaymeit paGoTH, IOJIYYAM 3aBMCHMOCTH

2.1) ‘ 3 — % =17-sin (P + Qe),

1 eé KaHOHMYeCKHe IpeacTaBlIeHHA

() (S (2 s,

() 25+ () [25 -1

VpaBHeHna mMKaJ HOMOTpaMMHl 3aBucumoctd (2.1) Gymyr, oueBafgHO,

(2.2)

| %= {mga=m) Ye=0 x=0 v={gei—)

(2.3) ~2 o ) 2
Xp=—ts Vi=—to X=—Lt= Yvi=—1
sinz P cosz P cosz Q sin2 Q
1 1 1

X(F; ) Y('i"; () 7’2

O6o3nauas yepes ¥ marpuny Homorpamms (2.3), momydanm

(om0 7 7
Re[y(Z — )] sin2 P cos?Q
24 Tm= . 3 }z s 3|l
' Im[y(2 — %)] cos? P sinz @
1 1 1 1

Teneps MH mocraBusIM mepep co0oil 3amady Halimu OYEBHAHOIO COBMEIIEHAA
Homorpamum (1.7) i (2.4) saBucumocreit (1.1) u (2.1) nacroameit pa6oTs, HOMO-
rpadmuecku coBmecTHHX 1o W, mockoasky [cm. (1.19) m (2.4) mpemyasimeii
paboTe] HoMorpaguiecKr COBMECTHHX HO W COOTBETCTBYIOIIHE MM N0 IPHH-
nuny nepenecennd sasucumocreii (1.1) m (2.1) npeamaymei paGoTs.
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Mu moxem marpunn (1.7) i (2.4) nacroameii paGoTH nependcaTs B pesyin-
TaTe MONYCTUMEIX npeo0pa3oBaHmil (KOMIMHHMANMIA) CiefyIOIEM 00pa3oM:
B marpune (1.7) memum anementsi 3 m 4 cronfuoB ma 72, 3aTeM ymHOMKaeMm
3-10 CTPOKY Ha P2, IIOTOM [Ie/IAM dIIEMEHTHl NEPBOro cToIbma Ha y2e2Rely (z—7)
NOTOM BHIYMTAEM OT IJIEMEHTOB NEePBOM CTPOKM W NpubaBisgeM K 3JIeMeHTaM
BTOPOI CTPOKM COOTBETCTBYIOmHe diementH, T. €. 1 0 1 1 Tperweit cTpoxm.
3aTeM yMHOKHUM 3 ¥ 4 cTONOUB cooTBeTcTBeHHO Ha tg? P u ctg? §.

Torpa momyunm Bmecro (1.7)

e—2Rel¥(z—79] __1 —1 -+ ch2B 1 1
(1.7) U = || p—2re(3G—%01 41 1+ ch2B  —tg¢ P —ctgsQ
1 0 tg2 P ctgz @

Ho nerxo Bmpers, 4To MBI OJIyYAM B TOYHOCTH 3TOT Pe3YIBTAT, €CIM MOM-
sepruem martpuny (1.19') npemwipymeit paGorst mpeoGpasosammio mpmHmEIa
nepexecenus, samenumM B Ha —¢iB, P na P, y ua Y,2 M Zo Ha % ¥ Zo M, HAKOHEII,
Q na —eiQ.

Torpa, xak serko BujeTsh

e—2Rely  —%y)]

e—2Rely(z—zp)] _,
cos2B — ch2B
tgP — tgP,
shQ — —¢isin(,
{4) chQ — cos@,
cthQ — eictgQ,
cth?) — —ctg2 @,
l ctg‘Q — ctge,

u matpuna U (1.19') npensinymeii paGotsl mpespaimraercs B matpuny U’ (1.7")
HacToAmel paboTh. .

Honwsysack o6osnavennamn (1.2) nacrosmeit paGoTs, Mu nepenumem (1.7%)
HacToAIlell paGoTH B BHAE

| e—24 1 —1 4 ch 2B 1 1
L.77) U =| 23 4 ¢ 1 4 ch2B —tg* P~ —cigtQ
‘i 1 0 tgz P ctgz @

Honsepras teneps matpuny ¥ (2.4) ananormuno IpABEJIeHHOMY ceifdac mpe-
obpasosanmio marpunst U’ (1.7) x Buay (1.7"), a uMenHO — mesist Bee CTONGIME
Ha P2, 3aTeM YMHOMKaA IOCJEAHION CTPOKY HAa )2, 3aTeM BHYMTAA HOJ1y4MnB-
IryloCcA MOCJIEHION0 CTPOKY eMHMI] M3 IePBOM M BTOPOii CTPOK, YMHOKas 3aTeM
3-mii 1 4-Blit cTONGNH Ha cooTBercTBeHHO tg? P u ctg? @, m, HaKOHeIl, YMHOKas
NOTOM BTOPYIO CTPOKY Ha (—1), momyunm
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Y i 1 —1 1 1
{(2.4") V= 1 —%{ 41 _tgep _otgt @
| 1 1 tg2 P ctg? @

Jlerko BupeTs, uto martpuma V (2.4”) mpepmimymeit paGoTH IpeBpaIlaeTcs
B TOYHOCTH B a1y Marpuny (2.4") ns V, ecm B MaTpune V npeasaymei paGoTsl
cfenars npeobpasoBanne NPUHIUIA TIePEHECeHN

A - A4,
B —» —¢iB,
P - P
Q — —¢i@,
tgP — tgP,
{B) chQ — cos@,
shQ —» —eising,
cthQ — eictg@,
cth2Q — —ctg2@,
cth*Q — ctg*@.

Marpuna (2.4”) npeamiaymeii paboTsl B pesyjbTaTe npeobpasosanus (B)
NpUMET BHJ

1
l Y 1 —1 1 1
|
1 .
¥ - 1 —z +1 —tgs P —ctg* @
1 1 tg? P ctg? §

yro B TOYHOCTH coBmajaer ¢ Marpumeit (2.4”). Bepuemca x ¢dopmynam (2.3).
Conocrasienne ux ¢ gopmynamu (2.3) mpemsinymeit paGoTsl 0GHapyHuBaeM
HecoBmajeHAe ypasHenmii Hocurenedr mxan P u Q, P u @. 9to xamymeecs
npoTHBOpeure HamuM OOmEM BHBOJXAM B BBOJHOM mnaparpage aToil paboTh
HOJIYYIIIOCh TOJIBKO IIOTOMY, YTO IPH Npeo0pasoBaHMK NEPEHECeHNs KAHOHMU-
yecknx npejcrasienyit (2.2) sasucnmoctd (2.1) npensiaymeii paGor B KaHOHM-
yeckne npeacrapienns (2.2) sapucnmoct (2.1) macrosmeil paGoTH ME mepe-

Jm?(%——io) 2
HOCHJIM MHOMHTEJIb MHHYC €JUHHUIY H3 MHOMHTEeNA | ——~—— B MHO-
4
7 72

JKUTEIDb HB— g
; cosz P sin2 Q
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Wrak, Bmecto (2.2) momxHs u3 (2.2) npexsiaymei paboTh MOIYYHTH

] (s_l I?P ) [ :e[;yv(? — fO)] ]: o+ (_ CONZ:P ) { _ [jm[~?(;:7 —~zo)]]=} =1,
[ e e

OTKYJa

(2.5)

. y P . .
~wpe ) Yimo Xo=o
" y 2
R T = %] |
' e P o Y.
(26) Xe=Smpr YF= —gap)
- P N L
@7 cos2(’ Yo = sinzQ’
1 1 1
Xy Yo 7
Marpuna soMorpammu (2.6) ects
{___2__ : 0 P
Re[y(z — 20)] sinz P cos? @
(2.7) 0 _ Y 7 P .
Im[P(Z — 2o)] cos? P sin2 @
1 1 1 1

CosmectHocTh HOMorpamm (1.7) u (2.7) no nepemennsim P u @ Teneps ycmaTpu-
BAeTCA HENOCPEeJCTBeHHO, He TpeOys fake IPOEKTHBHOIO Hpeobpa3oBaHMs.

OpnnaKo moJyYeHHAA NPH 9TOM HOMOTpaMMa — MaTpuna 3 X 6 mopagka umeer
GeckoHeYHO yHaJIeHHYIO IIKaTy

~

5 1 4ch2f -1 ¥ 7 "o
4 sinz P cos2Q | Re[y(2 — Z0)]
2.8) || ~ I L - y }2 -
'?2 1+ ch2B cosz P sin2 @ 0 Im[y(2 — Zo)]
e2d 0 1 1 1 "1

C 601bIIO# CTENEHbIO MIPOH3BOJIA MOKHO ITO YCTPAHMTH, HOMHOMKIB MATPAIRY
(2.8) caeBa Ha HEBHPOKAAWIYIOCA YHCIOBYIO, BOOOImME I0BOpA, MaTpULY
3-ro mopsAgKa. _

[Ipoassosn BHOOpa YACIOBOW MAaTPHOE OrpaHWYeH ANPHOPH Jumb TpeGo-
BAaHMAMH NOJYYNTh B MAaTpHUIe IpoM3BefeHHe, XOTA OB OJHY M3 Tpex CTpPOK,
He COJep/KHT HM OJZHOTO PAaBHOTO HYJIO dileMeHTa. Pasdymeercs, mpaKTHYeCKH
BaKHOe TpeGoBaHME HOJNYYATH B KAKOMTO CMBIC/IE XOPOIIYI0O HOMOIpaMmy
BHECeT J0MOJIHUTe/IbHEe OrpaHAYeHAA HA NPOU3BOJ BHIOOpa MaTPHYHOT'O MHO-

128



JRUTEJA TpPeThero NOpAAKA, ONpejelAIONIero IPOeKTHBHOE mpeobpasoBaHue
MIeCTUMIKAJILHON KOHMYEeCKOI HoMorpaMmul (2.8), Broporo KaHpa (KOHMYecKoe
cedenne, Hecymee mxainsl P u @, 2 npamonuueitnsié mrane 4 m B u nse
npAMosnneiinsle mKajisl cos Re[pZ] m pma Jm[pZ], 1. e. mransl HoMorpammal
CHCTeMBI :

2.9) A + Be = ¢¥% = sin (P + Q).

ITo noBoay omm6GouHOM 3amucH HTOr0 PaBeHCTBA B BUe aHAJIOrnyHoM (2.8)
npensiymei paboTel cM. 3aMedaHune 10 1mOBOAY pasencts (2.7) u (2.8).

Homorpamma (2.8), 910 my4ok oo! KOHMYECKMX HOMOTpaMM (mapamerp %),
T. K. ¢ H3MEHEeHHeM P KOHHYeCKHe Ce4eHHsa OYAyT M3MeHATHCA.

Ecnn sxe paspennts oyiements 1,3 m 4 cronbmoB Ha P2, YMHOMKHUB 3aTeM
9JIEMEHTHI 3-ell CTPOKHM Ha 2, To HyYKa HOMOTPaMM He Oy/JeT: Bce 00! HOMOrpaMm
pAacIoJioMKaTCA Ha YeThipeX NPAMBIX M KOHHYeCKOM cedennu. [Ipaktuuecku ato
BPAJ JIN Ilejiecoo0pasHo. JTa INeCTHUIIKAJbHAA HOMOIPaMMa HO B rayCCOBOM
ciyyae, Obuia moyyena V. A. Bumbnepom ua ctp. 2188 § 18, n. 1 paGorst [4].
Tam e (na crp. 218), § 18, n. 2 1. A. BunbnepoM Obliim yKasaHE HOMOTPaMMBbl
¢ 6eCKOHEYHO yHAJIeHHBIMM IKaJaMH. '

Cpasuupaa marpuny (2.8) ¢ coorsercTByomein MaTpuneit (2.6) npeasirymeit
paboThl, a TaKMe CpaBHMBAs#A COOTBETCTBYIOIIAE BTHMM MATPHULAM CHCTEMBI
ypasueniii (2.9) aroit paGotsl u (2.7) npensigyieil paGoTsl, BUAAM, YTO eCJIN

TIOJIOMHUTb
l A=A4, P=P, .
(2.10) | Re[y(z — z0)] = Re[#(zZ — %)}, .

To mransl 4 u 4, Re[y(z—z)] 1 Re[y (2—%0)],
P yu P coBMemaioTc paBHO3HAYHBIMA 3HAYEHHMAMM STHX apPIyMEHTOB, TOT/Ia Kak
ocTajibHble naphl mKan He copmemaiorcdA. lllkamsr B n B jnesxar Ha onHoii npa-
MO, HO nX rpaaynposku He wanuaentsl. [lkamsr Jm[y(z — 20)] u Jm[F(Z — Z)]
Jie3KaT Ha OJHOM NPAMON, HO MX pABHO3HAYHEIE IIOMETKH HE HHIMJEHTHHI.
[kans Q n @ nemar, kKak P n P, na TOM e KOHHIECKOM CeYeHHuM, Ha KOTOPOM
pacIosiokKenbl 1 HHIUAeHTHBe mKasl P u P, no mkans Q u @ He nepeKpHBalOT
ofHa Apyryw (kak m mraasl Jm[y(z — 2z0)] 1 Jm[Y(Z2 — %)] u mranst B u B.
JTO 03HAYaeT, YTO ecAW Bee e COeMHATH HOMOrpammy (2.8) sroit paGoTsr
¢ Homorpammoii (2.6) npensinynieit paGoTsl Tak, 4T06s coBany mKaasl A = 4,
Re[y[z — 20)] = Re[p(2 — %)], P = P, T0 nonyuynMm OnATH-TAKM KOHMYEC-
KYI0 HOMOI'DaMMy Ha JIBYX IIPAMBIX M KOHUYECKOM CEYEHMH. o
Ha oamoii npamoii 6yaer obmasn mramxa A = 4, ua apyroii npaMoit — obias
mrana Re[y(z — 20)] = Re[P(2 — %)]; Ha :KoumyeckoM ceuenmm oOmasn
mkana P = P. ‘ , o
HKpowme roro, B aT0il HOoMOrpamme Oyfer emie ofHa HpAMAafA ¢ HeIPeKPHIBAIO-
mumics mKkanamu B u B i eme ojxa 1psAMas ¢ HeIPeKPHBAIOIIUMACA IIKAIaMU
Jm[y(z — 2)] 1 Jm[y(2 — Z)] 1 Ha KOHMYECKOM CeYEHMM HA YYacTKe ero,
fononuAnem mranxy P, 6ynyr pacnonoxens mransl Q u Q. dta Homorpamma,
cocTosAmasn, TakuM 00pasoM, W3 OHOr0 KOHHYECKOr0 CeYeHHA M YeTHIpex Ips-
MBEIX Oyjer 4-ro KaHpa (4 IIKajdbl Ha KOHMYECKOM ‘céueHmn).
ITY HOMOrpaMMY MOKHO TaKe IIpeJCTaBHTh OXHON Matpuiteit 3X 12 no-
pAAKa, Ha 3 naphl cTONONOB B Heil OTOM/IECTBIAIOTCA NQCKOJIBKY HMEIT MECTO
cootHomenusa (2.10). ' ?
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§ 3. CooTBeTCTBEHHO 3aBHCHMOCTAM HYJIEBOI0 xanpa (3.1), (3.2), (3.3) npe-
ABLYed paboThl, esiasd B HAX M B COOTBETCTBYIOIINX UM KAKOHHYECKHU X npen-
craprenuax (3.11), (3.12), (3.21), (3.2,), (3.31), (3.3;) mpamoe npeobpasoBan ne
nepexecenns (2.9) rnaeul 1 paGors [1], momyumm (cm. Tarske (.1.2"), (\1.27y
crepywomue pe3ynsTathl. [{na 3aBucuMocTeit '

2 = In th o, & = th &, oh2w = —-L
e shz
: T N
124} T ch2w’
. A . z
th2w————ch§, —2w—lnth(—7),

NOoJy4uM KaHOHHUYECKHUEe IIpeJcTaBlIeHnsA

1 | (ch?2p) (ch 27) 4 (—sh2 2) (ch 22) + (+1) = 0,
G | (ch? 2§) (ch 2§) + (—sh? 2g) (ch 2&) + (—1) = 0,

AJIA
iy { (—sh2 2) (ch 48) + (ch? 3) (ch 47) + (-+1) = 0,
(312) (—sh? §) (ch 4p) + (ch? §) (ch 47) + (—1) = 0,

4T0 paBHOCHABHO (3.1).
Jl1a paBHOCHIIBHEIX MeXay coBoil 3aBMCHMOCTell HYIIEBOro AMaHpa

~

~ b4 z 7 s
~=2rt~ w'—-—, — — t w
z arctg e 5 2+4 arctg e®,

e-mu(z+3).  w(z+i)-4

(3.2) ; 5 ' A
tg§=th?, sz=thw, Coszzichu';’
tgZ = + chw, thl;'_—_ tglzﬂ,
IOJIYYMM KaHOHHYECKHe npeacraBlieHAA
T 1y

(005 22) + (c05 2) (02 §) + (— 5 5)=o
(3.2,) ] .

(008 22) -+ (cos 29) (cth*) + (— ;) =o
HJjIA

; 1y
(— ctg?2) (ch 29) + (ch 20) + (5) = ©

(3.2,) 1

(— tg? ) (ch 2) + (ch 27) + (__ coszg) _o.
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Il paBHOCHIILHBIX MeKAY co0oil 3aBHCHMOCTell HYJIEBOTO aHpa (cM. (3.3)
npeasaymeit pa6oTsi)

#=Inthz  e?=thz sh2i= __1_“
sh &
- . . 1
(3.3) w4+ 5 = In tg(iz), th 2z = TR
—2z=Inth (—— %b—) ;
IOJIYYHM KaHOHHNYEeCKHne npenc'rannennn
" ’ N 1
(—th? ) (ch 48) + (ch 4g) + (chz . ) —0,
(3.31) 1
(—th? g) (ch 4%) + (ch 49) + (_ - q) -0,
HIIN
i i 1
(—th 22) (ch 29) + (ch 20) + (g 25) = ©
(3.32)

1

—to2 24 a SRS ) -
(—tg* 29) (ch 28) + (b 20) + (— gz) = ©
Bo Bcex Tpex ciyuaax Temepb Jerko, ciexys (3.1), (3.12), (3.2)), (3.2), (3.3)),
(3.3;) mpensipymieir pabGoTh, HanEMCaTh MATPUIBI HOMOTPAMMEl M HPAMO y6e-
JATBCA B IPOEKTHOH COBMECTHOCTH II0 % HOMOTPAMM 3aBHCHMOCTEH (3.2)
u (3.3) coBepmeHHO aHAJOrMYHO TOMY KaK 3TO MMEJI0 MeCTO I rayCcCOBHIX
sasucumocreit (3.2) n (3.3).

IIpn momomy KaHOHMYECKMX i mpepcrasienui (3.1), (3.2) (3.3) num xe
npuMeHsAA NPHHIAN HepPeHeceHusi K HOMOrpaMMaM-MaTpHnaM (3.1°), (3.2"),
(3.3') mpemmipymeit paGoTHl, MBI NOJNYYHM CJElyIOIIAe HOMOTPAMMH-MATPHIH
cootBercTBylomux coorsomenuaM (3.1), (3.2), (3.3) macroameir paGors:

1
W 0 sh? 2p —sh? 2§
(3' 1 ') _1__ ——ch2 2 ’
1 0 oh %7 chz 2p ch2 2§
1 1 1 1
1 0 sh2? # —sh2 §
ch 4p
(3.12) 1 L .
2 0 oh 43 ch? # ch2 §
1 1 1 1

TaxoBn HoMOrpaMME-Matpuni (3.1), T. e. A7A COOTHOMEHHH PaBHOCHIbHEIX
z = In th @; (3.1)
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o5 08 0 ch2p sh2? § ’
3.2y 0 CO: 5 sh2p  ch2g |’
1 1 1 1
1 2 n g
<h % cos? & —sin? §
(3.29) 0 _631_23 —sin? & cos? §
1 1 1 1
JlnA 3aBuCUMOCTEIl PABHOCHIIBHBIX 3aBUCHAMOCTAM
(3.2) w—lntg(2+4), tg2 thz,
c_hilg? 0 sh2 p —sh2 §
‘(3-3i) 0 éh14g ——ch?2 P ch2 g ’
1 1 1 t |
1 e aaon
| | <525 sh2 2% —sh2 2§
(3:32) ‘ 0 332—& —ch22&  chz 27,
O I T 1
AJi 3aBHCHMOCTEIl PABHOCHIIBHEIX COOFHOMEHMIO
{(3.3) @ = In th 2.

ITuM Ke cmocoGoM, MCXONA M3 HOMOTPAaMM-MATpHI[ IpeAsymieil paboTsl, Ges
TPYAa LOJIydaloTCH HOMOI‘paMMbI—ManP[]J;H JI7IA BCeX OCTAJIbHBIX 3aBHCHMOCTEN
BTO# paboTHL. :

§ 4. Paccmorpum Tenepn COOTHOmMEHHE Hyneaoro MaHpa
{4.1) : @ = Intgz.

~

IIpn momowm upsamoro npm{mina nepenecenus (2.5).paors [1] momywmm
u3 (4.31), (4.3;) mpeamgymeir paGoThl, mons3ysack rabmumneit (1.2”) HacToAmeit
paboTH, KAaHOHMYECKHE IPeCTaBICHAA

. " o 1
(cos 4%) + (cos 47) (—th2 p) + (_ch—zf) =0,

{41y

(008 42) + (cos 4§) (—cth? ) + (Shiz ~ ) =0,
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na

cos2 2%

[ (g2 22) (ch 29) + (ch 20) + (erg) = ©
(4.12)

cos? 2§

l (—tg? 24) (ch 2p) + (ch 23) + (~ —1—) = 0.

§ 5. AmasiormyHo cooGpaseHnio § 5 npeguaymeil paboTH paccCMOTPHM Tenmeph
3aBHCHMOCTH HYJIEBOT'O ’KaHpa
(5.1) cth & = tgz.

IpuMensa npAMOi NPHHIAN NepeHeceHNMA K MpefcTaBIeHnAM (5.41), (0.42)
npepsAyLieil paboTsl, MOIYIHM

(c05 42) + (c05 49) (th* 28) + (= gz ) = O
(5.1))° .

(cos 42) + (cos 49) (cth?2g) + (-— _871%27) —0,
HJIu

(— ctg? 22) (ch 47) + (ch 4g) + ( ! 2§) =0,
(9.12) 1

(—tg? 2§) (ch 4) + (ch 47) + (_ = 2g) 0,

§ 6. s 3aBmcuMocTH BTOPOrO 3KaHpa

(6.1) %z = sh o,
KaHOHMYECKITe Ipe/icTaBAeH A NMeloT BUJ (cpaBHATE ¢ § 6 mpexninymeit paboThr)
22 gz 1 0
6.4) sin2p+coszj)— Y
=1 2 2
z ¥ __1=o0.

cos2 § sin? §
§ 7. Jlna 3aBucEMOCTH BTOpOTro KaHpa (cM. § 7 mpeasimymeii paGoTsr)
(7.1) z = sh @,

npEMeHsAsA NPUHIAI NepeHeceHus K COOTBETCTBYIOLIMM IayCCOBEIM IIpeCTaBIe-
uaam (7.3), HaligeM npeacTaBIeHHA

22 — g2 (the p) + (—sh2 ) = O,

{ #2 — g2 (cth? p) 4 (ch2 §) = 0.
§ 8. JIna 3aBmcmMocTH

(8.1) z = In sin %,

(7.11)

NpuMeHAsA NPHHIAI NepeHeceHHs K Ipencrasienuam (8.2) mpemspymei pa-
00TH, HaWieM

(_ sin;2ﬁ) (e%) + (ch 2§) + (cos 2p) = O,
(8.11) in2
(_ smzzq) (e—z';) + (ch 2%) 4 (— cos 2§) = 0.
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§ 9. Ina saBncnmocTn BTOpOro Kampa
(9.1) 2 =Insh®,

TIPAMEHAA NPAMON NPUHIMI nepeHecenus K npepnctasiennam (9.3) mpeasiay-
ueit paboTel, Haiimem

(—52) ) + (ch2p) + eh 2p) = 0,

(9.11)

h2 2§ ~
(—52) %) + @b 29) + (—ebh 2y =0
§ 10. Qna saBucmmocT BTOpOro kaHpa
(10.1) = a2,

¢ TOMOMbI0 TpPHHIWIA IHepeHeceHus Haiinem cormacuo (10.2) mpepsiaymeit
paboTH KaHOHMYECKHE MpeCTaBIeHNs

{ (#) (4p%) + (—5?) + (—4p*) =0,

(#) (—48%) + (—1) (—5?) + (43) = 0.
§ 11. Jlaa saBucumocTy nyseBoro xaupa

(11.1) b = e,

¢ MOMOWLIO NpUHNUNA nepeHecenns (mpsamoro) u (11.2), (11.3) npemsigymeit
paboTH HalieM KaHOHHYECKHe npeacTaBjIeHus
P2 — 2 + () = 0,
111 - = ~
(H.4) {zﬂ(—thz 9+ (—1) (—3) =0,

(10.15)

U
(292) (=) — (ch 2§) + (—1) = 0,
(11.1y) o
' (—242) (%) + (ch 2§) + (—1) = 0.
§ 12. {na nuneiinoit 3aBucumoctn (Hy:eBoi MaHp)
(12.1) W = (W + iie) (2 — Zo) + o,

M MOMOIIM NPAHIANIA IepeHeceHns HalieM [cM. (12.2) n (12.2;) npensaymeit
paboTi]

WE — %) + U(§ — Fo) — (B — Po) =0,
Hedy ME — & (G — § §— o) =0
o) + M(§ — o) — (¢ — do) = 0,
N . :
(12.1,) {ﬁ'(ﬁ—i'o)—ﬁ(i—ﬁo)—(ﬁ"—ﬁ’)(f—fo)=0r
o WP — Po) — (T — o) + (W — %) (§ — Fo) = 0
1. I'anaiida
HKagedpa mamemamuveckoii, ungopmayuu BTY3
Kowuye
Yezocaosanusn
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ON SUBSTITUTION OF OPERATIONS IN SYSTEMS
OF EQUATIONS OVER ALGEBRAS

Ivan CHAJDA, PREROV

(Received March 26, 1973)

The mapping transforming a system of equations over an algebra into another
algebra with different operations (from a different class of algebras) is frequently
constructed for solving this system (for instance in operator calculus). A solution
of the system in the second algebra is transformed back again into the first algebra
and in individual cases it is proved that the transformed back solution is a solution
of the initial system. The theorem which gives conditions for back transformation
can be generalized and assumptions of it can be weakened.

The conceptions of the systems of equations over algebra and of the regularizer
are taken from [1] and [2].

1.

By the symbol U = (4, Or) there is denoted the algebra with the set of generators
A and the set of operations Op. For each operation o, € Or there exists an ordinal
number k, — the so called arity of o,. By the symbol {a., « < k,} it is denoted
a sequence of the type k, formed by the elements a,. Let a, €U for & < k. The
result of operation o, for elements {a., « < k,} is denoted by 0,(ax, ky)

Let.o/; be the set of all expressions consisting of elements of the algebra %A =
= (4,0y), of the O and of the set X = {,, u < s} (where XNA=F, XNO0r=¢)
which would give elements of 2 if the elements of X were replaced by elements
of U; that is, expressions with the right number of elements (of U or X) after each
operation-symbol.

Let us introduce the equivalence w on./;: an element 7 €2/; is equivalent to
element @ €7, symbolically 7 w @ iff T = & for each replacing elements of X by
elements of 2[. We can introduce an operation o, € O for elements of & ;:

T 0 0,(Ds, ky), Oz €5 iff T = 0,(T., ky) for arbitrary replacing elements of X
by lements of A (where J, is obtained from &, by replacing elements of X by ele-
ments of UA).

It is clear that w is a congruence relation on 5.

Definition 1. The factor algebra &7;/w is called formal U-polynomial algebra
and is denoted by For (2, X). Each element of For (U, X) is called the A-term
(or briefly the term).

Any term V of For (%, X) generated only by the set {z,, u < k}U A and by
operations O, where k < 8, O, < O is denoted by V(z,, &, Oy).

Remark. 9 is a subalgebra of For (2, X) because ¥ < X = For (¥, Y) = For
(YU, X) and A = For (A, ).
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Let A = (A, Or) be an algebra of the class A, B = (B, Og) be an algebra of the
of the class A'.

Definition 2. The mapping ¢ of For (2, X) into For (B, X) is said to be the S-map-
ping iff the following conditions hold:

(i) the image of the A-term o,(z,, k,) is the B-term
Vy(xm kw OH)
(ii) |2 is the mapping of A into B
(iii) for each sequence {a,, u < k}, a, € A the identity @(o,(a,, k,)) =
V,(¢p(a), ky, Ox) holds.

Then the operation o, € O is called substitutable by the operation Oy in the algebra B.

Remark. A special case of S-mapping is a homomorphic mapping (i.e. A, B € 4,
Or = On, V,(2,, k,, Oy) = o,(x,, k,), 0, € Og). If A is a grupoid and B is an
algebra with one binary operation and two suitable defined unary operations, then
the conception of substitutability can be equal to the conception of isotopy.

Theorem 1. The equivalence relation @ induced by an S-mapping on W is a congruence
on AU.

Proof. Let {a,, u < k},{b,, p < k} be sequences of elements of A, ¢ be an
S-mapping of A into B and <(a,, b,) € P for each u < k, ie. ¢(a,) = @(b,).
Then ¢(o,(a, k) = V,(pla). k,0g) = V,(pb,), ky, Oy) = @(0,(b,, k,)), thus
{oy(@y,ky), 0y(by, k,))> € D for each k,-ary operation o, € Or. Accordingly, @ is a con-
gruence relation on .

EXAMPLES ON THE SUBSTITUTION OF OPERATIONS

1. Let A be the Boolean algebra with n generators{a,,u =0, 1, ..., n —1},B be
‘the Boolean ring with unity generated by the set of generators {b,, u =0, 1, ...,
n — 1}. Let @ be the mapping of For (A, X) into For (B, X) for which ¢(a,) = b,
for u < n, and for arbitrary xo, x; € X is

P(X U x1) = @(X0) + @(x1) — @(X0) . @l(21)
PEoN z1) = @(%o) . Pl1)
@(20) = 1 — @(xo).
Then @ is the S-mapping and operation, U is substitutable in 8 by Oy = {+4,—, .}.
Analogously for other Boolean operations. The inverse mapping ¢~1is the S-mapping

of B into UA. It follows directly from [8] and [3]. Then for examplethe operation +
of B is substitutable in A by the set O = {U, N, 7} of all operations of A because

@170 + 21) = (¢~1{&o) N @~1(21)) U (¢~ 1(z0) N ¢~1()).

2. Let A be the set of non-zero complex functions of the real variable t which
have the continuous first derivative in the interval {0, oo) and fulfil | f(¢) | < MeS¢,
where M 2 0, S 2 0 are constants, let the set of operations of W be Oy = {+,—, ., :,
derivative, integral}. Let B be the field of operators, where Oy = {+, —, operator
product, operator quotient, multiplications by a constants}. Then there exist various
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S-mappings of A into B, for example the Laplace transformation, the Garson-Laplace
transformation, the Fourier transformation etc. Operations of U are substitutable
in B by the operations of B.

2.

Let o/ be the set of elements of For (U, X), X = {x,, 4 < 8} and A = (4, Oy).

Definition 3. The subset E of the Cartesian product &/ X & is said to be the
3system of equations over U, each pair (zr, ¥ € E of -terms 7, ¥ is called the equation.
Elements of X (resp. of A) generating A-terms 7, ¢ are called unknowns (resp. para-
meters) of the equation {7, #) € E.

Definition 4. A homomorphic mapping % of For (%, X) into A’ = (4’, Or), where
A, A, For (A, X) are of the same class of algebras, is called the characteristic mapping
of the system E iff A(tr) = h(J) for each <z, )€ E and h(For(¥U, X)) = K(A).
If & | A is an isomorphic mapping of A into A’, the characteristic mapping k is said.
to be proper. The congruence relation induced by & on For (U, X) is called the
regularizer of the system E. If h is proper, the regularizer induced by h is called
proper.

By the symbol T we denote the 2UA-term T where all elements of X which generate v
are replaced by elements of 2 and each z, is replaced by the same a, € U in all
places in 7.

Definition 5. Let E be the system of equations over 2 and ~ be a regularizer
of E. The sequence {V (@, k,, Or), u < s}, where a, € %, is said to be the solution
of the system E with the regularizer ~ iff we obtain (z, ) € ~ for each <z, #> € E
by replacing each element z, by the element V,(aw, k,, Or). If the regularizer ~
is proper, the solution is called proper.

In [2] it is shown that the solution {V (@, k., Or), u < s} is proper iff z =9
for each (t, #) € E. Accordingly, the proper solution is the solution in sense of the
classical definition (see for example [6]). The definition 5 is, however, more general
than that one.

3.

Let E be the system of equations over an algebra W = (4, Or), let ¢ be an S-map-
ping of A into B = (B, Oy). The mapping ¢ maps each’ U-term 7 onto B-term ¢(7)
and each equation (7, #> of E onto B-equation {¢(t), p(#)>. Let us denote by @(E)
the set of all {p(t), p(®)) for (z, ¥ e E.

We use frequently (for example in the operator calcultis) the theorem on transform-
ing of the solution of ¢(E) onto a solution of E. This theorem can be generalized
for arbitrary algebras: - ' : . :

Theorem 2. Let E be a system of equations over W, @ be an injective S-mapping

of Winto B and y be an injective S-mapping of B into . If {V u(bs, k,0n), u < 8}
i a solution of the system @(E) with regularizer ~, then

{'p(V#(bGr k;n OH))y u < 8}
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18 a solution of the system E with regularizer ~ ., defined by the rule:
a,b) € ~y iff {p(a), p(b)> € ~ (P)

We can however, weaken the assumption of this theorem and extend the range
of applications of it. The assumption of existence of ,inverse” S-mapping y is too
strong for the applications where the theorem can bring new results (for new trans-
formations in the operator calculus, for modeling various systems etc.).

Lemma. Let A = (4, Or), ¢ be an S-mapping of A into B = (B, Op). If ~ is
a congruence relation on B, the relation ~a defined by (P) is the congruence relation on .

Proof. If is evident that ~, is an equivalence relation on 2 because (P) implies
the reflexivity, transitivity and symmetry of relation ~, for congruence ~. Let ~,
be not a congruence relation. Then there exists at least one sequence {<a,, b,),
# < k} and at least one k,-ary operation o, € O so that {a,, b, >€ ~, for u < k
and <o,(a,, k), 0,(bu, k,)> ¢ ~4. From it follows by (P):

{ploy(au, k), @loy(bu, k) >¢ ~

which is a contradiction because ~ is a congruence relation by the asumption and
(ploy(au, ky)), @(0y(bus ky))> = <Vy(plan), ky, Op), Vy(@bu), &y, Op)>e ~.

Theorem 3. Let A = (4, Or), B = (B, Oy), ¢ be a S-mapping of W into B. Let E
be a system of equations over W. If {V ,(be, ku, Og), u < s} is a solution of the system.
@(E) with reqularizer ~ and W, is an arbitrary element of U fulfilling p(W,) = V,
Jor each p < s, then {W,, u < s} is a solution of E with the regularizer ~, given
by (P).

Proof. By the lemma ~ is a congruence relation on 2. Let 7 be an A-term T
where each z, is replaced by W, e U, ¢(t) be B-term ¢(t), where z, is replaced
by V,€ U and let p(W,) = V,, where {V,, u < s} is a solution of ¢(E).

By the condition (iii) od the definition 2 we obtain ¢(0,) = @(0,), where o,(z,, k,}
is an A-term. By the theorem 1 we obtain ¢(t) = @(t) for an arbitrary A-term.
Thus <¢(7), ¢(¥)) € ~ implies {@(z), p(F)) € ~ and by (P) we obtain (z, F> € ~,.
Accordingly, {W,, u < s} is really the solution of E with the regularizer ~ .

The theorem 2 now follows from the theorem 3.

4.

It is possible that the system E has other solutions which can not be obtained
from solu tions of @(E) ky the theorem 3. The solution of E obtained from the solution
{Vu p < 8} of @(E) by this theorem is called induced by the solution {V,, u < s}. The
solution of £ induced by proper solution of ¢(¥) need not be proper.

Theorem 4. Let E be a system of equations over U, ¢ be an S-mapping of W into B.
The solution of E induced by the solution {V,, u < s} of @(E) is proper iff:

(1)  {V. pu < 8} is a proper solution of ¢(E)
(2) @ blN AU is a one-element set for each b € B.

Proof. T he sufficiency is evident. Necessity: Let {V,, u < s} be not proper so-
lution of @(E), i.e. ~ 5= = and let the induced solution be proper.ie. ~, = —=.

138



Then from ¢z, ) € ~, we have T = & and by (P) we obtain ¢(t) = ¢(9) for each
{(T), (#)> € p(E). From it ~ = = and thus {V,, u < s} is proper which is & con-
tradiction. Let ¢~1[b] N A be not one-element set and ~ = =, then ¢(7) = (D).
By the theorem 1, ~,, is a congruence relation, but @=1[b] N A is not one-element
set, i.e. ~, = = which is a contradiction with the assumptions of the proof again.

For applications the following sufficiency condition can be often use:

Corollary 5. Let ¢ be an injective S-mapping of A into B, E be a system of equations
over W. Then the solution of E induced by a proper solution of @(E) is proper.

Proof. The assumptions of corollary fulfils (1) of the theorem 4. From injectivity
of @ we obtain condition (2) of the theorem 4. By this theorem we obtain the
assertion of corollary.

Theorem 3 and corollary 5 can be applied to the operator calculus if the
transformation into the field of operators is injective but there does not exist
substitutability for each operator operation into initial functional algebra (i.e. the
inverse mapping of the S-mappint ¢ of % into B is not an S-mapping of B into A
for each operation of B).
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Sei @ eine Menge. Unter einer Ordnung auf G verstehen wir, wie iiblich, eine arel-
flexive und transitive binire Relation auf G; diese Relation wird < oder <, eventuell
noch mit Indices bezeichnet. Die Menge @ mit der Ordnung < heiB3t geordnete Menge
und wird als @ ( <) bezeichnet; wenn kein MiBverstdndnis droht, schreiben wir kurz G
statt G (<). Eine Untermenge einer geordneten Menge fassen wir immer auch als
eine geordnete Menge mit der induzierten Ordnung. Fiir z, ye @ schreiben wir
x <y, wenn x < y oder z = y gilt; die Relation < ist reflexiv, antisymmetrisch
und transitiv. Wenn z, y € G und « < y oder y < z gilt, dann heissen die Elemente
x, y vergleichbar; sonst nennen wir sie unvergleichbar und schreiben dafiir z || y.
Eine Ordnung auf @ heiBt linear, wenn es keine unvergleichbare Elemente in G gibt;
@ heiBit dann eine linear geordnete Menge oder eine Kette. Umgekehrt nennen wir eine
geordnete Menge G Antikette, wenn esin G keine verschiedene vergleichbare Elemente
gibt. Eine geordnete Menge G heilt gerichfet, wenn folgendes gilt: z, y€ G = es
existiert ze @ so,daB x < 2,y < 2.

Da eine Ordnung auf G eine bindre Relation ist, also eine Untermenge des karte-
sischen Quadrats G2, kénnen wir verschiedene Ordnungen auf @ durch die mengen-
theoretische Inklusion vergleichen. Wenn wir im weiteren zwei (oder mehr) Ordnun-
gen auf G vergleichen, dann bedeutet es immer eine Vergleichung durch die Inklu-
sion. Auch konnen wir zu Ordnungen auf G mengentheoretische Operationen anwen-
den. Wihrend der Durchschnitt einer beliebigen Menge von Ordnungen auf G wieder
eine Ordnung auf @ ist, gilt dieses nicht fiir die Vereinigung. Im weiteren werden wir
jedoch die folgende, iibrigens allgemein bekannte Behauptung brauchen.

Lemma. Sei {<;|iel} eine gerichtete Menge der Ordnungen auf G. Dann 18t
U < wieder eine Ordnung auf G.
el

Beweis. Bezeichnen wir U <; als p. Die Relation g ist offenkundig areflexiv.

iel

Seien z, y, 2€ G, x oy, y 0 2. Dann existieren ¢, j€I so, daB « <; ¥,y <;2. Da
{<i|iel} eine gerichtete Menge ist, existiert ein Index k€I so, daBl <; S <,
<; S <g. Also z <xy, y <xz und da <j transitiv ist, * <y 2. Daraus 2z, ¢
ist transitiv und also eine Ordnung auf G.

Da eine Kette immer eine gerichtete Menge ist, bekommen wir die

Folgerung. Sei {<¢|i€ I} eine Kette der Ordnungen auf G. Dann ist U <q wieder

iel

eine Ordnung auf G.

Eine duale Relation zu einer Ordnung auf G ist wieder eine Ordnung auf G; G
mit dieser Relation heiBt dual geordnet. Das Element a einer geordneten Menge G
heiBt das kleinste Element, wenn a < z fiir jedes z € G gilt. a € G heillt minimales
Element, wenn es kein z € G mit < a gibt. Dual dazu werden das grofte Element
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und ein maximales Element definiert. Eine geordnete Menge heiflt wohlgeordnet,
wenn jede nicht leere Untermenge von G das kleinste Element besitzt. Eine wohlge-
ordnete Menge nennen wir eine wachsende Kette; eine dual wohlgeordnete Menge
heiBt eine fallende Kette.

Eine geordnete Menge G erfiillt die Minimalbedingung, wenn jede fallende Kette
in G endlich ist. Aquivalent damit ist die Bedingung, daB jede nicht leere Untermenge
von G ein minimales Element besitzt.

Im folgenden werden wir noch den Begriff der Ordinalsumme ([1]) brauchen.
Seien @, H disjunkte geordnete Mengen.

Die Ordinalsumme G @ H ist die Menge GU H mit dieser Ordnungsrelation:
z,yeGU H,z < y<e>z,ycGund z < y in G oder z, ye H und z < y in H oder
ze@,yeH.

Sei @ eine Menge, seien <, < Ordnungen auf G. Wenn < < <, dann nennen
wir die Ordnung < Erweiterung der Ordnung <. Auch G (<) heift dann eine
Erweitérung von G (<). G(<) ist also eine Erweiterung von @ (<), wenn folgendes
gilt: 2, ye G, z <y = z < y. Eine Erweiterung < der Ordnung < auf G heilt
linear, wenn G (<) eine linear geordnete Menge ist. Diese Erweiterung hei3t Wohl-
erweiterung, wenn G(<) eine wohlgeordnete Menge ist.

Die Existenz einer linearen Erweiterung fiir jede geordnete Menge wurde zuerst
von E. Szpilrajn in [6] bewiesen. Seitdem sind viele andere Beweise dieses Satzes
publiziert worden; siehe etwa [2], [3], [4], [6]. In Wirklichkeit hat E. Szpilrajn
folgendes bewiesen: Ist G( <) eine geordnete Menge und sind x, y beliebige unvergleich-
bare Elemente in G, dann existiert eine linerare Erweiterung < der Ordnung < auf
@, fiir die x < y gilt. Dieser Satz kann wie folgt verallgemeinert werden.

Satz. 1. Set G (<) eine geordnete Menge, set H = @. Ist < eine beliebige Erweiterung
der Ordnung < auf H, dann existiert eine lineare Erweiterung der Ordnung < auf @G,
die auch Erweiterung der Ordnung < auf H ist.

Beweis. Definieren wir eine Relation ¢ auf @ folgenderweise:
fiir z, y € H setzen wir zpy dann und nur dann, wenn z < y gilt
fiir x € H, y € @ — H setzen wir zgy dann und nur dann, wenn es ein solches u € H

gibt, fiir das 2 < u und % < y gilt
fiir xe @ — H, y € H setzen wir zpy dann und nur dann, wenn es ein solches u € H
gibt, fiir das 2 < » und u < y gilt
fiir z, y € G — H setzen wir zpy dann und nur dann, wenn entweder z < y oder
es solche u, » € H gibt, fiir die z < u, v < v, v < y gilt.

Die Relation g ist areflexiv: ist 2 € H, dann 2gz, denn < ist areflexiv;istx € ¢ — H
und wire zpz, dann entweder x < x oder gibe es u, ve Hmit < u, u < v, v < .
Der erste Fall ist unméglich und der zweite gibt » < 2 < u, also v < », was ein
Widerspruch mit » < v ist, denn < ist eine Erweiterung von < auf H.

Wir beweisen weiter, daB die Relation g transitiv ist. Seien also &9, 2€ G, zpy,
yoz. Es konnen folgende Méglichkeiten eintreten:

(1)z,y,ze H. Dann z < y, ¥ < 2, also z < z und auch zpz.

(2)x, yeH, z€ G— H. Dann z < y und es gibt ue H so, daB y < %, v < z.
Daraus folgt + < u, v < z und also zgz.

(38)xeH,ye G—H, ze H. In diesem Fall gibt es € H mit x < 4, v < y und
veHmity < v,v <2 Ausu < y,y < vfolgt u < v, also auch v < v und wir haben
z < u < v <z, deshalb z < z und auch zpz.

"4)zeG—H,y, ze H. Dann existiert u € H mit z < u, u < yund es gilt y < z.
Also haben wir « < z und = < %, » < z impliziert zpz.
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(6)ze H,y,26€ @ — H. Dann gibt es w € H mit z < u, 4 < y und es gilt entweder
y < z oder existieren v, we H mit y < v, v <w, w < z. Im ersten Fall z < u,
u < z, also zgz; im zweiten haben wir » < v, also auch » < », woraus u < w folgt.
Im ganzen gilt es z < u, u <w, w < 2, als0 z < w, w < 2 und zpz.

6)zeG—H, yeH, ze @ — H. In diesem Fall existiert ue H mit z < u,
wu<yund veH mit y<v,v<z Ist u=v,dann 2z <%, u<zund z <z Ist
u < v, dann z < u, 4 < v, v < z. In beiden Féllen haben wir zpz.

(7)x, ye @ — H, ze H. Dann gibt es we H mit y < w, w < 2z und entweder
x < y oder existieren u, ve H so, daB z < », v < v, v < y. Im ersten Fall gilt
z < w, w < 2, woraus zpz; im zweiten haben wir v < w, also auch v < w und
u<v,0<ww Lz=>u<z Dannz <u,u<z und das impliziert xgz.

(8) 2, ¥y, ze G — H. Dann z < y oder gibt es 4, ve H mit x < w, u <v, v < ¥
und y < z oder gibt es w, te H mit y < w, w <, ¢t <z Gilt x <y und y < 2,
dann z < z und zgz. Gilt z < y und gibt es w, te H mit y < w, w < ¢, ¢ < 2, dann
haben wir z < w, w < t, t < 2, also zgz. Gilt ¥ < z und gibt es u, v € H mit z < %,
u < v, v < y, dann haben wir z < u, v < v, v < 2, also zpz.

Im letzten Fall gibt es u, v, w, te H mit x < w, u <v, v < ¥y, ¥y <w, w<{¢
t <z Dann v < w, also auch v < w und aus u < v, v <w, w =<t folgt u <¢.
Daraus z < u, u <, ¢t < z und zpz.

Die Relation g auf @ ist also auch transitiv und deshalb ist sie eine Ordnung auf
@. Aus ihrer Definition folgt gleich, daB sie eine Erweiterung der Ordnung < auf ¢
ist und daB sie auf der Menge H mit < iibereinstimmt. Wenn wir also jetzt eine
beliebige lineare Erweiterung der Ordnung ¢ auf G konstruieren, dann hat diese
lineare Erweiterung die erwiinschten Eigenschaften.

In [4] wird es bewiesen: Eine geordnete Menge hat eine Wohlerweiterung dann und
nur dann, wenn sie die Minimalbedingung erfiillt. Im Zusammenhang damit entsteht
folgende Frage: Welche ist die notwendige und hinreichende Bedingung dafiir,
daB jede lineare Erweiterung der geordneten Menge G eine Wohlerweiterung ist?
Die Antwort gibt folgender Satz.

Satz 2. Sei G eine geordnete Menge. Jede lineare Erweiterung der Menge G ist eine
Wohlerweiterung dann und nur dann, wenn G die Mintmalbedingung erfillt und
wenn jede Antikette in G endlich ist. )

Beweis. 1. Seien beide Bedingungen fiir die Menge @ erfiillt. Nehmen wir an,
daB es eine lineare Erweiterung < der Ordnung < auf G gibt, die keine Wohlerwei-
terung ist. Also gibt es in @ (<) eine unendliche fallende Kette z; > 2; > ... >2n > ...
Wir bezeichnen C = {z;, %3, ..., Zn, ...}. Die geordnete Menge C(<) erfiillt die
Minimalbedingung, also hat sie ein minimales Element z,,. Da wir 2, < 2, fiir
jedes n > n; haben und da < eine Erweiterung von < ist, gilt es z, < zn, oder
Zy || 24,*) fiir alle solche n. Die erste Moglichkeit ist ausgeschlossen, denn z, ist
ein minimales Element in C (<). Also zp, || p, fiir jedes n > n;. Bezeichnen wir jetzt
C: = {%n, + 1, Tn, 42, --.}. Die Menge C; (<) erfiillt die Minimalbedingung und hat
also ein minimales Element x,,(n; > n,). Aus demselben Grund wie oben gilt
Zp || X, fiir jedes n > n,. Bezeichnen wir jetzt €2 = {%p, 1, Zn,,2, ...} und finden
ein minimales Element z,, in C; (<). Durch die vollstindige Induktion koénnen
wir ein Element z,, fiir jedes natiirliche k so finden, daB z,, || z, fiir alle n > =
gilt. Dann ist {zn,, Zn, ..., Za, ...} eine unendliche Antikette in G (<),
was ein Widerspruch ist.

*) Das Symbol || bedeutet hier die Unvergleichbarkeit im Bezug auf die Ordoung <.
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2. Seien die Bedingungen des Satzes fiir eine geordnete Menge @ (<) nicht erfiillt.
Erfiilllt @ (<) nicht die Minimalbedingung, dann ist keine lineare Erweiterung von
@ (<) eine Wohlerweiterung. Enthilt G (<) eine unendliche Antikette H (wir kénnen
voraussetzen, dall H abzihlbar ist), dann wihlen wir auf H eine beliebige lineare
Ordnung <, die keine Wohlordnung ist (z. B. eine Ordnung in den Typn aller rationa-
len Zahlen). Nach dem Satz 1. gibt es eine lineare Erweiterung der Ordnung < auf
@, die zugleich eine Erweiterung der Ordnung < auf H ist; diese lineare Erweiterung
ist dann keine Wohlerweiterung der Menge G (<). ,

In [4] wird eine Konstruktion beschrieben, die die Konstruktion (K) genannt wird.
Diese Konstruktion ist folgende: Sei G (<) eine geordnete Menge. Schreiben wir
diese Menge in der Form einer wachsenden Folge des Typs B (B eine Ordnungszahl):
G =1{go, g1, ..., g1, ...| A < B} und bezeichnen @, ={90, g1, -0, g1, ... | A < a}
fiir jedes « < f. Auf G, definieren wir jetzt eine Ordnung < durch die transfinite
Induktion so:

Gy ist leer, also geordnet. Wenn die Relation < auf jeder Menge G, (A < «) definiert
wird, dann setzen wir:

1) ist o eine isolierte Ordnungszahl dann

Ga_1 < ga(A < & — 1) <> es existiert
eine Ordnungszahl 4,_; < ¢« — 1 mit g,_; < gi,_und g, <giin G,_, (<)
91 < ga_1(A < x—1) anders

91 < Guldy p<a—1)eg <g, in Ge_i(<).

2) Ist o eine Limeszahl und sind g;, g, € G, (4, u < a),dann g; < g, < < g,

in G, (<) fiir ein passendes ¥ < a, v > 4, » > H.
Zugleich wird in [4] bewiesen: Ist G (<) eine geordnete M enge und Gy (<) eine Kette,
die man aus G (<) durch die Konstruktion (K) bekommt, dann is Gg (<) eine lineare
Erweiterung von G (<). Wenn iiberdies G (<) die M inimalbedingung erfiillt, dann ist
Gj (<) eine Wohlerweiterung von G (<). Dieser Satz kann wie folgt erginzt werden:

Satz 3. Sei G eine geordnete Menge, die die M tnimalbedingung erfiillt. Jede Wohler-
weiterung der Menge G kann man durch die Konstruktion (K) bekommen.

Beweis. Sei < eine beliebige Wohlerweiterung der Ordnung < auf @, also G =
={go<1<...<n<...lA< B}- Wenden wir die Konstruktion (K) zu @ (<)
an und zwar so, daB wir @ in der Form der oben gewihnten Folge schreiben, d. h.
G={g0, 91, .-, g1, ... |1 4 < B}. Sei Go={g0, g1, ..., ga»... | 2 < &} (x < ) und
bezeichnen wir die durch diese Konstruktion bekommene Wohlerweiterung als p.
Wir beweisen durch die transfinite Induktion, daB die Ordnungen < und p auf
G, fiir jedes & < f identisch sind. Fiir « = 0 ist die Behauptung klar. Sei a > 0,
@ < f und nehmen wir an, daB diese Behauptung fiir jedes 1 < « richtig ist. Wenn «
eine isolierte Ordnungszahl ist, dann sind < und o identisch auf G, _;. Nehmen wir
an, daf sie auf G, nicht identisch sind. Also ist g,_; nicht das groBte Element in
G. (@), d. h. g,_,09; fiir ein A < « — 1. Das bedeutet, daB es ein Ae 1 <a—1,
gibt mit g, _; < g1, _., und gi,_ 092 oder A,_; = A. Daraus g._; < gi,_, und da
die Ordnung < mit der Ordnung der Indices iibereinstimmt, « — 1 < A,_;, was
ein Widerspruch ist.:Wenn « eine Limeszahl ist, dann sind < und g identisch auf G,
fiir jedes A < a. Seien g,, g, € G,, d. h. p<a v < oa Es existiert ein 1 < a mit
p < 4 v < A Dann g,, g,€ G; und deshalb g, < g, <> g, 0 g,. Die Ordnungen <
und g sind also identisch auch auf G,. Fiir « — # bekommen wir die Behauptung
des Satzes. ; :
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In [5] beschreibt V. Sedmak eine andere Konstruktion einer linearen Erweiterung.
Wir geben hier diese Konstruktion in einer ein wenig modifizierten Form an und
werden sie Konstruktion (S) nennen.

Ist G eine Menge mit einer beliebigen Ordnung < und a € G, dann setzen ‘wir
A (a) ={ze€ @ |z < a} und bezeichnen <, die Ordnung, die zu der Ordinalsumme
A(a) @ [G@ — A(a)] zugehort. Es ist klar, daB diese Ordnung eine Erweiterung der
Ordnung < ist und daf} das Element a vergleichbar mit allen z € @ in <, ist. Die
Konstruktion (S) ist jetzt folgende.

Sei G (<) eine geordnete Menge. Schreiben wir @ in der Form einer wachsenden
Folge des Typs f: G = {go, 91, ---, g1, ... | A < B} und definieren wir die Ordnung
<, fiir jedes 1 < # durch die transfinite Induktion so: <¢= <, und <;=
= (U <,)ga fiir A > 0. Aus der Definition folgt gleich, daB <, Erweiterung von

n<<i i

<, ist, wenn u < A gilt. Die konstruierende lineare Erweiterung ist dann < =
=U < ;. V. Sedmak hat bewiesen, dal die Konstruktion (S) eine lineare Erveiterung

A<p
liefert. Sein Resultat kann wie folgt ergédnzt werden.

Satz 4. Sei G eine geordnete Menge, die die Minimalbedingung erfiillt. Dann ist
Jede mit der Konstruktion (S) gewonnene lineare Erweiterung eine Wohlerweiterung
der Menge Q und man kann jede Wohlerweiterung von G mit der Konstruktion (S)
gewinnen.

Beweis. Schreiben wir G in der Form G = {go, g1, ..., g1, ... | 4 < f} und be-
zeichnen die durch die Konstruktion (S) bekommene lineare Erweiterung als <.
Nehmen wir an, daf} sie keine Wohlerweiterung ist, d. h. daf es eine unendliche fallen-
de Kette z; > 2, > ... > 2, > ... in @ (<) gibt. Fiir jedes n existiert ein Index
An 80, daB x, = g;,. In der Folge {15} gibt es eine wachsende Teilfolge; also existieren
in G (<) unendliche fallende Ketten {g,,}, fiir die {4,} eine wachsende Folge ist.
Waihlen wir eine solche Kette folgenderweise: 4; ist die kleinste Ordnungzsahl mit
der Eigenschaft: in G (<) gibt es eine unendliche fallende Kette der Elemente,
deren Indices eine wachsende Folge bilden und mit dem gréBten Element g;,;
Az > A, ist die kleinste Ordnungszahl mit der Eigenschaft: in G (<) gibt es eine
unendliche fallende Kette der Elemente, deren Indices eine wachsende Folge bilden
und mit dem groBten und zweitgroBten Elemente g;,, ¢gi, usw. Wir haben also
i > Jan > > ga, > ... und da < eine Eeweiterung von < ist, gilt g;, > ga,.,;
oder g;, || gz,,“ fiir ]edes n. Es ist unméglich g;, > g,,,, fiir jedes n, denn @ (<)
erfiillt die: Minimalbedingung. Deshalb-existiert die kleinste natiirliche Zahl k mit
Jie. ] P Da ¢;, > Y existiert die kleinste Ordnungszahl u < ﬂ fir die
S « 9u; dabei st u = A, denn’ in <,1,k ist g, vergleichbar mit allen Ele-
menten aus G. st “

(1) Sei 4 = Ax. Dann ist g;, || g4.,,in <, fiir ]edes v < lk, also’ &uch In || Tress
nv <, . Daraus’ folgt gz < Ga.,. denn gs, ., € @ — A(g;,) in G (U <,) und das
v<}.g v <4
ist ein Widerspruch. *
(2) Sei p < Ax. Wir haben wieder gy, || g1, in <, fiir ]edes v < u, also auch
I H [V in U <i’ Wenn JetZt Jres Jaesn € A(g") oder Ihs Jarsi € G — A(gy)

7

in G’(U <,) ware, dann g,, || gs,,, in <, Wwas ein Widerspruch ist. Ebenso ist

unmogllch gr € A(9,), gi., € G— A(g,), denn dann g;, <, gs,,,, ein Widerspruch.
Es muB also g;, € @ — A(g,), 91, ,, eA(gp) in G (VU <,) gelten, woraus g;,,, <, g,
y<p
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9, <ufu, 8lso auch g;,,, <g, g, < gi folgt. Finden wir das groBte n mit
An < pu, dann ist n S k—1lundg; > ... > gi, > 9y > Gi,, > ... ist eine unen-
dliche fallende Kette mit der wachsenden Folge der Indices. Das ist aber ein Wider-
spruch mit der Minimalitét von 4,,,. Sei jetzt < eine beliebige Wohlerweiterung
von < auf G, also G ={go <1 < ... <1< ...|A < f}. Wenden wir die Kon-
struktion (S) zu @ (<) an und zwar so, daB3 wir setzen G = {90,091, .. g ... | A < a}.
Wir zeigen, dal < eine Erweiterung von <; fiir jedes 4 < £ ist.

Der Beweis wird mit der transfiniten Induktion durchgefiihrt.

Sei 4 = 0. Das Element go muB minimal in G (<) sein; also A(go) = {go} und g,
ist das kleinste Element in G (<o); zugleich (@ —{go}) (<o) = (& —{g0}) (<).
Da < eine Erweiterung von < auf @, also auch auf @ — {go} ist, folgt daraus, daB
sie auch eine Erweiterung von <, ist.

Sei 4 > 0, 4 < f und nehmen wir an, daB die Behauptung fiir jedes 4 < A richtig
ist. Also ist < eine Erweiterung von <, fiir jedes 4 < A und deshalb ist sie auch
eine Erweiterung von U <,. Bezeichnen wir die Ordnung U; <, als . Setzen wir

n<<i n<<z
jetzt voraus, daB < keine Erweiterung von <, ist. Dann existieren v, » < B,
v < % 8o, daB g, <, g,. Wenn g,, g, € A(g2) in G(p) wiire, dann hiten wir einen
Widerspruch, denn <; ist identisch mit g auf A(g;); ebenso ist unméglich g,, g,
€ @ — A(ga). Also g, € A(g1), g,€ G@— A(g;). Daraus folgt g.09: oder g, = g,
also auch g, < g;, d. h. x = 4. Ist jetzt g;0g,, dann g, < g, und 1 < ». Ist g; || g,
in g, dann auch 4 < », denn aus » < 4 folgt, daB die Elemente g,, g; vergleichbar
in <,,alsoauching = U < sind. In jedem Fallgiltalso 1 < v,s0daBx < 1 < » =
1

n<

= x < v, was ein Widerspruch mit der Voraussetzung » < x ist.
Die Ordnung < ist also eine Erweiterung von < fiir jedes A < f, also auch eine
Erweiterung von U <;. Da U <, linear ist, gilt < = U <, und der Satz wird be-

. A<p i<p i<p
wiesen.
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In this paper one problem of P. Conrad’s book [2] is partially solved in connection
with one problem of F. Sik. There is proved (Theorem 1) that the set of all cardinal
summands of an I-group @ is equal to the set of all polars of this group if and only
if @ is projectable and satisfies a certain property. Further a connection between.
minimal prime subgroups and cardinal summands and also a connection between
minimal prime subgroups and polars is shown here.

Let G = [@, +, v] be an l-group. For z€ G we shall denote |z | =2z v — 2.
If |a] A |b]| =0, then elements a, b€ @ will be called disjoint. If & + A <@,
then we denote A’ ={reG:|z| A |a| =0 for each a e A}. Now 4 < G is called
polar if A" = A.(A" denotes (4’)".) Instead of {a}’, {a}" we write a’, a”, respectively.
It is known that any polar is a convex I-subgroup of @. The set of all polars of ¢
will be denoted by I' = I'(@). If Be I', then B, B’ are called complementary polars.

The following theorem has been proved by F. Sik in [3] (Teorema 1):

Theorem A. (1) Polars of an l-group form a complete Boolean algebra I" (ordered
by inclusion, an infimum is formed by an intersection).

(2) Polars that are l-ideals form a closed subalgebra I'y of I.

(3) Cardinal summands of G form a subalgebra Iy of I'y (not always complete),
where a supremum is formed by a sum of summands.

It holds that for Be I'y(@) it is G = B @ B’. An l-group G is called an r-group
if it is isomorphic to a subdirect product of totally ordered groups. By [4], an l-group
is an r-group if and only if each its polar is an l-ideal. A convex l-subgroup P is called
prime if the following is satisfied:

(i) If ¢ P, then ' < P.

(i) and the following conditions are equivalent:
(ii) P contains at least one of polars a”, a’ (a € G).
(iii) P contains at least one of complementary polars.

Any prime subgroup contains at least one minimal prime subgroup. In @ % {0},
minimal prime subgroups are characterized among convex I-subgroups as: a ¢ P
iff " = P. A convex l-subgroup Z is a z-subgroup if from z € Z and y’ = 2’ it follows.
y € Z. It is known that every polar and every minimal prime subgroup is a z-sub-
group. An l-group is called projectable if @ = g’ @ ¢” for each g € G. Clearly any pro-
jectable l-group is an r-group.

The following theorem is proved in [1] (Théoréme 3.1):

Theorem B. An l-group G is projectable if and only if any proper prime subgroup
contains exactly one prime z-subgroup.
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The problem how to characterize those l-groups for which I%(G) = I'(G) has
been given by P. Conrad in the book [2, p. 2.8]. Clearly any such I-group will
be projectable.

Note. This problem has been solved by F. Sik in [3, p. 8] yet. He has proved
that for an l-group the following are equivalent:

(1) An arbitrary polar is a direct summand.

(2) A sum of two arbitrary polars is also a polar.

(8) A sum of an arbitrary pair of complementary polars is also a polar.

(4) Any pair of complementary polars forms a direct decomposition of this l-group.

Another characterization is given in [4, Satz 13].

Further denote the following condition:

(* ) For each minimal prime subgroup A of an l-group G and for each polar K of
@ it is-satisfied: K = A iff K' $4.

F. Sik has proposed (in a letter) the problem how to characterize I-groups with
the property (x).

The following theorem shows a certain connection between both problems.

Theorem 1. For an l-group G + {0} it holds I'(G) = I3(G) if and only if G is pro-
Jjectable and possesses the property (+).

Proof, a). Let I'(G) = I';(@) and let A be a minimal prime subgroup of G. Let
Kel@),K, K cA.Since KQK' =G, A=4A+A2K+ K =G0 1If G + {0},
then by [5, Folgerung 7.3] 4 % G, a contradiction. But since 4 is a prime subgroup,
it contains K or K'. Thus G satisfies ().

b) Let @ be projectable and have the property (+). Let K e I'(G) such that
K @ K’ + G. Let P be a proper prime subgroup of G such that K @ K’ < P.
Let us remind yet that the filet of an element z € G is £ = {y € G: ¥y’ = 2’} and the
set of all filets % (@) form a distributive lattice. Denote thus @ = {z : x ¢ P}. Evi-
dently @ is a filter of #(@). For each y e KU K' it holds g ¢ @. (If, namely, y € K,
g €@, then y” = a” for some a ¢ P thus y” &€ P; but y” < K, and we have a contra-
diction. Similarly for ze K'.)

Now'if e KU K’, then denote a maximal filter of & (G) that contains @ and
does not £ by @=<. It holds @ is a prime filter. Therefore Z% = {u € G: @ ¢ D=}
is a prime z-subgroup of G and clearly ZZ < P. Since G is projectable, all
prime z-subgroups contained in P = G are ‘(by Theorem B) identical,
thus for each z;, z,€ KU K’ Z* = Z%. Further @% = @= iff {u:a¢ P} =
= {v : © ¢ ®=} and this holds iff Z*» = Z*. Thus for each z;, 2, e KU K' % = P
and therefore ¥ = N @2 = @= for each € KU K'. Hence ¥ is a prime filter

re K\ K’
of FG)and Z={w:w¢V¥}is'a prime z- subgroup of @ such that Z = P. Conse-
quently, by [1, Proposition 3.1 and its proof], Z u a'.

~

For each ze KU K’ z ¢ Z, therefore K < Z, K' C 'Z and this contradicts the
assumptlon that G satisfies (*).

Now, it is easy to prove the further

Theorem 2. For a projectable l-group G the following conditions are equivalent:

(1) Any polar of @ is a cardinal summand of G. (Thus I'(G) = I%(@).)
(2) G satisfies the property (*).

" (3) The algebra T5(@) is a \/ -closed subalgebra of I'(G).
(4) The algebra I'5(@) is a A -closed subalgebra of I'(G).
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Proof. (3) = (1): Let KeI'(@). It holds K = Vra" and a”" e I')(G) implies

aeK
by (3), K € I3(Q).
4) = (1) : If K € I'(G), then K = Arb’. We have b’ € I';(G), thus by (4), K € I3(Q).
beK’

If H is a prime subgroup of an l-group @, then we say H has the property (+«)
if it holds:

(#+) If Ke I'(G) then K = H iff K' ¢ H.

Further we say & + 4 < G is dense in G if 4" = {0}.

We get

Theorem 3. A prime subgroup H of an l-group G is either a polar in G or it is dense
mn G.

Proof. Let H not be dense. Then {0} + H' ¢ H. Therefore H" < H i.e. H is a po-
lar.

The following theorem is a consequence of Theorems 3 and 1.

Theorem 4. If a projectable l-group G satisfies (x) then each minimal prime sub-
group of G is a cardinal summand or it is dense in G.

Denote now the set of all z-subgroups of an l-group G by Z'(@). It is known (see
[1, Proposition 2.3)]2 (@) forms a complete distributive lattice. It holds I'G) cZ(G)
but generally I'(G) need not be a sublattice of Z(G).

We get

Theorem 5. Let G be an l-group and I'(G) a closed sublattice of Z (G). Then a proper
prime subgroup H of G has the property (x+) if and only if H is a polar.

Proof. If HeZ (@), then (by [1, Proposition 2.1)] H=Ua" = vza". By the

aeH azH
assumption V ya” = V ga” thus H is a polar. The converse is evident.
aeH acH

Therefore it holds also
 Theorem 6. a) Let an l-group G satisfy (*) and let I'(G) be a closed sublattice of Z(@).
Then each minimal prime subgroup of G is a polar in G.

b) Let, in addition, G be projectable. Then each minimal prime subgroup is a cardinal
summand of G. ) »
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An essential generalization of Berge’s variant of the Zermelo—von Neumann theorem (and of
the original result of Zermelo) is proved. Our theorem concerns quite general non-ordered games
with perfect information and with chain-valued pay-off functions, and it admits infinite plays.
Important particular cases are considered. A further generalization (poset-valued pay-offs) is shown.

§0. INTRODUCTION

We shall consider quite general non-ordered games with perfect information, but
without chance moves. (“Non-ordered games” means ‘““non-initial games on oriented
graphs”. The considered games may have. infinitely many positions or players,
infinite plays are admitted, and the pay-off functions are chain-valued.)

Under our conception, at any moment of every play (of a game with perfect
information) the moving player knows the preceding course (including the momentary
position) of the play. In a contradistinction to the usually investigated games on
(finite rooted) trees, in the considered games position need not “involve” the preced-
ing course of play; consequently, at defining the general (pure) strategies it is neces-
sary to introduce certain auxiliary notions (‘‘segments” etc., see § 5). Nevertheless,
the case if players use only the knowledge of momentary position is to be considered
as the most important; the strategies corresponding to this case are called plain
(8§ 2.6, 5.6.3, 5.7.6).

The notion of (pure) equilibrium point in a position (of a game with perfect
information) can be introduced in the usual way; a system of strategies which is an
equilibrium point in each position of a game is called an absolute equilibrium point
of the game. An equilibrium point is called plain if it consists only of plain strategies.
(Cf. §§ 2 and 5.)

The basic known result —the so-called Zermelo — von Neumann theorem —concerns
only the games (with perfect information; chance moves are admitted) on finite
rooted trees. This theorem was obtained by H. W. Kuhn ([7], § 4) as a corollary of
his considerations on the decomposition of certain games; of course, it can be proved
directly, by induction (cf., e.g., McKinsey’s book [10], ch. VI, § 2, Th. 6.1). Never-
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theless, the original result of Zermelo (in [14]) concerns (chess and similar) games
which admit also infinite plays.

C. Berge has introduced and investigated (cf. [1], Ch. 1 of [2], and Ch. 6 and
Appendix 1 of [3]) games (with perfect information) which are more natural and
more general than the usually considered games on finite rooted trees, namely non-
-ordered games with perfect information. (Our conception of the latter games is
somewhat more general than that of Berge. Cf. § 2.) The Berge equilibrium point
theorem (it involves —after the elimination of chance moves —the above mentioned
variant of the Zermelo—von Neumann theorem as a special case see [2], Ch. I,
§ 7—the fundamental theorem, and [3], Ch. 6 — the Zermelo — von Neumann theorem)
says that if a Bergean game with perfect information is locally finite (i.e., it has no
_infinite play) and each of its evaluation functions is finite-valued, then the game has
(speaking in the terminology of the present paper) a plain absolute equilibrium point
(but cf. §§ 3.6, 3.5, 2.8 —9!). (Berge considers very special pay-off functions, namely
those corresponding to “‘active” or “passive” players. Cf. § 2.4.0.) The proof can
be performed in a natural way, but by means of transfinite induction (starting from
the end-positions).

The original result of Zermelo (see [14]) concerns very special antagonistic (see
§ 2.11) games with perfect information. This result can be generalized in several ways;
I proved several such theorems even for a somewhat more general kind of non-ordered
antagonistic games (namely antagonistic complete games; the results of this charac-
ter are based mainly on theorems 6.25/1—3 and 3.11 of [4]; they will be published
in some of the following parts of [4], their preliminary variant is presented in [5]).

The main purpose of this paper is to generalize Berge’s variant of the Zermelo — von
Neumann theorem. Our main theorem gives an essential generalization in four
ways: the notion of plain absolute equilibrium point is ‘“‘stronger” and more natural
than Berge’s notion of absolute equilibrium point (cf. §§ 3.6, 2.8 —9); the class of
considered game structures (i.e. games without respecting pay-off functions) is some-
what richer (cf. §2); the class of pay-off functions (those satisfying the sufficient
condition of the theorem) is much richer, also after restriction to the locally finite
case; there exist games having infinite plays and satisfying the sufficient eondition
of the theorem. The latter way of generalization is to be considered as the most prin-
cipal, since the usual proof idea is quite inapplicable if infinite plays are possible.
(Cf. § 5.9.) Naturally, that sufficient condition is sizably strong (e.g., for each player
of a game, all the infinite plays give the same pay-off) — the existence of a plain absolu-
te equilibrium point is a “very strong property” (cf. § 5.8.1-2).

A certain part of the proof method (for the main theorem) is taken from the proof
of the equilibrium point theorem in [6] (§ 3.13; this theorem concerns a class of
finite complete (two-player) games), but the fact that infinite games are admitted
in the present paper has led to essential complications (connected, among others,
with the necessity of the use of transfinite induction), while the simpler structure of
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games with perfect information (in comparison with complete games) made possible
tQ use some simplifications (cf. § 5.11); there are some other disparities.

Of course, we wish to obtain a theorem which sufficiently utilizes the new proof
idea. This aim has led, especially, to the introduction of two auxiliary “technical”
conditions ((A) and (B)) in the main theorem. There is a number of various particular
cases (having self-contained meanings) in which the satisfaction of the whole sufficient
condition is to be seen immediately; among others, the Berge theorem and the
original result of Zermelo belong to these particular cases. (Cf. § 3.) '

In this paper we consider chain-valued pay-off functions. Nevertheless, it is possible
to introduce poset-valued pay-off functions, and to obtain some generalization of
our results (§ 3) in a simple way; cf. §§ 5.0-5.5.

§1. ORIENTED GRAPHS. PSEUDOLENGTHS,
SPECIAL PAY-OFF FUNCTIONS

1.0. Preliminaries. We shall use the accepted logical and set theoretical denotations
and notions (7, A, Vv, =; “iff” is to'be read “if and only if’; # means the empty set,
X denotes the general cartesian product, etc.). For a set 4, card A denotes the cardinal
number of 4, and we write exp A = {B; B = A} (the Boolean of A). Under a binary
relation we mean a set of ordered pairs. Mappings are considered as special binary
relations: f = {(f(x), x); x € dom f} for any mapping ' (where “dom” is the domain),
and we write f = (f(x); x € dom f), while {f(x); x € domf} = im f. There is exactly
one mapping with empty domain (the empty mapping), namely 8. For a mapping f
and a set 4 < dom f, the restriction of fto A is denoted by f| 4 (= (f(x); x€ A) =
= (im f x A) n f); of course, if g < f, then g = f| dom g. At mappings denoted by
Greek letters, sometimes we do not write parentheses.

A partially ordered set (poset) is a pair¥" = (V, £), where Vis a set and < <
S V x Vis a binary relation which is reflexive (on V), antisymmetric, and transitive;
¥ is said to be a chain (or a totally ordered set, or a linearly ordered set) iff, moreover,
< is full on V. (We say that pSVxVisfullon Vit Vx V=ptup)We
shall use the accepted elementary notions, denotations, and conventions for posets;
especially, if we consider several posets or a system of posets, we often use the symbols
<, >, sup, min etc. without index (whenever no misunderstanding can arise by it).

1.1. Chains. Let ¥ = (V, <) be a chain. ¥~ is said to be complete iff sup A and
inf A exist for any 4 < V (i.e., iff the chain¥” is a complete lattice). ¥" is said to be
well-ordered [inversely well-ordered] iff min 4 [max A] exists for any nonempty.
A < V. 1t is easy to prove that ¥~ is well-ordered and (at the same time) inversely
well-ordered iff V is finite. ' ‘

1.2. Preference relations. Under a preference relation on a set X we mean a biﬁary
relation £ € X x X which is reflexive (on X), full (on X ), and transitive.
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Let X be a set, ¥ = (V, <) be a set with a preference relation, let f: X — V.
Then the relation :<.(f 5 = {(x1, x2); X1, x; € X, f(xy) Dsf(xz-)} is a preference
relation on X. »

On the other hand, if X is a set and < is a preference relation on X then there exist
a chain? = (¥, £) and a mappmgf X —>.V such that £ = __(f - [It is suf-
ficient to choose V = X/(£ 'n2)={{y; yeX, y<x, x < y}; xeX} (the
decomposition corresponding to the. equivalence. relation < = n 2), f={y;
ye X,y < x,y £ y}; x € X) (the natural surjection of X onto V), and < = {(fCx0),
f(x2)); x¢, x, € X, x4 < x,}. We shall denote "z =¥ and fz = ffor those¥” and f]

1.3. Quasiorderings. Under a quasiordering on a set X we mean a binary relation
(in X) which is reflexive (on X) and transitive. It is easy to see that it is admissible
to re-formulate § 1.2 in the following way: “quasiordering” is to be written instead
of “preference relation”, “‘poset” is to be written instead of ‘“chain”, and “full
(on X), ” is to be omitted. N

1.4. Let X be a set, let ¥, = (V;, <,) be chains and f, : X -V, for k=1,2.
We say that f, with 7", and f, with ¥, express the same preference iff < _( vy =
= _( ra.v)- We say that f; with¥"; and f2 with¥", express antagonistic preferences

iff Sy = (Sar)

1.5. Definition, remarks. Let < be a preference relation on a set X. We introduce
bmary relations <°®(e = +, —) on (exp X)\ {0} in such a way: for# # 4, B€ X

A £ B> for each a € A there exists b € B such that'a < b;

A <~ B<> for each b € B there exists a € 4 such that a < b.

These two relations are preference relations on (exp X)\ {0}. [Evidently, they are
reflexive and transitive. If 0 # 4, B X, 71 B < * A, then there exists by € B such
that 7 b, < a for each ae 4, but then a < b, for each ae A4, and, therefore,
A £ *B. The fullness of <~ can be proved analogously.]

In particular, if £ = SU v, for some complete chaln"V = (V <) and a suitable
mapping f: X - V, then (for e = +, —) there holds: =* = _(f, vy Where the
mapping f° : (exp X)\ {0} — V is defined in such a way:

f*(4) = sup {f(a); ae A}, f(4) = inf {f(a); a€ 4},

where § # A < V, and sup and inf are taken in¥". (The proaof is simple.)

The motivation pf the introduction of <* and <~ is connected with preference
relations and pay-off functions in Bergean games with perfect information. (See
§24.1.)

1.6. Graphs. Under an oriented graph (or only: a graph; we shall coﬁsider only
oriented graphs) we undersand a mapping I" such that

im < expdom "

154



(this definition conforms to Berge’s conception of oriented graphs; we do not denote
a graph by (T, X) with T : X — exp X, as X = dom I is given by I').

1.7. Convention. (Positions.) If a fixed graph I' is considered, we use symbols P,
P,, Z in the.following sense:

P=domT, Py={x;xeP,[x =0}, Z=P\Py;

the elements of P (i.e., the vertices of the graph I') [P,; Z] will be called positions
[ final positions, or terminal positions; nonfinal positions, or nonterminal positions]
(respectively).

1.8 Our interpretation of graphs corresponds to that of Berge: if I' is a graph,
x € P, then y € I'x occurs iff “I" contains an edge which goes from x to y”; therefore,
a vertex (position) is terminal iff there does not exist an edge going from it. In our
considerations (in the following §§), I' will usually be the graph of a game, and then
I'x means the set of (all) positions which can follow immediately after x; any play
(cf. § 1.13) of such a game is performed in the following way: at a nonfinal position x,
the moving player chooses an element y € I'x as the next (following) position, while
at any final position the play terminates.

1.9. Transformations. Let " be a graph. The set
T =U XTIz

YCZzeY

is said to be the set of plain T'-transformations; we shall say “I’-transformation”,
too (as the general I'-transformations are not considered in the main parts of this
paper; cf. § 5.6.1). E.g., ¥ is a [-transformation (the empty I'-transformation). o € T(T')
is said to be full iff dom ¢ = Z. T(I') will denote the set of full I'-transformations.
Under a conservative T-transformation we mean o € T(I') such that im o & Py U
u dom ¢; of course, the empty I'-transformation and also all full I'-transforma-
tions are conservative. Clearly, a subset of a I-transformation is a I'-trans-
formation, too. ‘

1.10. Denotation. In the whole paper, we denote

W=1{0,1,2, ..} oo}
and, for any le W,

W,={k;keW, k<1+ 1}(= {S}’\?w} l}} if 1{:} oo).,

(1 + 0 = o0). # will denote W with the natural ordering.

1.11. Definition. Let /€ W, let y = (y,; k € W)) (be a mapping of W), and let x
be an element. Then we put x @ y = (x;; k€ W), where xo = x and X,4y = Wi
for each k € W,.
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1.12. Definition. Let /e W, let x = (x,; k€ W)) (be a mapping of W), let me W,.
Then we put x™ = (x,,,.;: ke W,_,) (0 — m = 0); x™ is called the mth re-
mainder of x.

1.13. Definitions, remarks. (Plays.) Let I" be a graph. We say that x is a I'-play
(or only “a play”, if T is fixed) iff x = (x,; k € W) for some / € W and some elements
X € P such that x,,, e I'x, for each k </, and x, € P, if | < oo (cf. §1.10). X,
(or only X) denotes the set of all T-plays. We say that x = (x,; k€ W) € X starts
from x iff xo = x Ix will denote the set of all plays which start from x € P, and I’
is considered as the corresponding mapping, i.e. I' = (I'x; xe P). Clearly, X = J I'x,

xeP

and 'cxn Ty =0 if x, ye P, x # y; it is easy to see that I'x # @ for each x € P.
If x € Py, then I'x contains exactly one element, namely I'x = {(x,; & = 0)}, where
Xo = x; we shall denote this [-play by (x). We say that x = (x,; ke W)e X
passesin Y < Piff {x,; ke W} c Y.

For x = (x,; ke W)) e X we denote L(x) = / (the length of x; x is said to be
infinite iff L(x) = o). L (or Lp) itself is considered as the corresponding mapping
(Lr =L = (L(x) xe X): X — W), and it is called the (natural) length on T.

[ is said to be locally finite (or progressively finite; cf. [2], ch. I, § 7, or [3], ch. 3)
iff L(x) < oo for each x € X (i.e. iff I has no infinite play). Of course, it may happen
that I" is finite (i.e. P is finite) and is not locally finite, or conversely.

Evidently, if xe X and m e W,,,, then x™le X, If x, yeP, ye 'y, then x @
@yeXiff yeTx. ' :

- Supposition. In the remainder of § 1, let T be a fixed graph, X = X..

1.14. Transformations and plays. Let e T([), x = (x,; ke W))e X. We say
that x complies with o iff

k<l,x;,edomo = x,,, = ox,.

It is easy to see that if ¢ is a conservative I'-transformation and x € P, U dom o,
then there exists exactly one x € I'x which complies with ¢ ; this -play will be denoted
by p(x, o).

Clearly, if xe P, yeT'x, yeI'y, 6 € T(I'), and if y compliés with o, then x @ y
complies with ¢ iff y = ox.

1.15. Plain sets of plays. Y = X is said to be plain iff there holds: if x = (x,;
keW)eY,y=W; keW)eY,m<r,n<s, X, =y, then xp, .= y,4,.

It is easy to see that Y = X is plain iff there exists ¢ € Tg(I') such that any xe Y
complies with a.

1.16. Pay-off functions. A (general) pay-off function on T is given by a chain
¥ = (¥, £) and a mapping f: X —» V (but usually fis called “pay-off function”,
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while ¥~ is to be given separately); the pay-off function is said to be real-valued iff
the chain of real numbers may be taken as that¥y".

1.17. Pseudolengths. A pseudolength on I' is given by a chain #'* = (W*, <%*)
having the greatest element (the latter will be denoted by o0 *) and by a mapping
L* : X - W* such that the following conditions are satisfied (for any x € X, x € P):

D(1) L(x) = oo = L*(x) = oo*

D2) yelx,y,,y,ely, L¥y,) £*L¥(y) = L*(x @y, S*L*(x D y,)
D3) yelx,yely, LX(x@ y) <*oo*=L*(x ®y) >*L*(y);

of course, in such a case there holds

D'2) yelx,y,,Y,ely,L*(y,) = L¥y) = L*x @ y,) = L*(x @ y2)
D'(3) yelx,yely=L*(x @ y) =*L*(Yy).

E.g., L (with #") is a pseudolength. Further, the constant mapping of X into {c0}
(with the one-element chain containing o0) is a pseudolength; it will be called the
trivial pseudolength. (We have not said ““...onto {c0}”, as it may happen I' = 6,
then X = @, and the trivial pseudolength is the empty mapping.)

1.18. Qualitative pay-off functions. Let L* with a chain # * be a pseudolength on TI.
Under an L*-qualitative (or, more exactly speaking, (L*, # *)-qualitative) pay-off
Sunction (on I') we mean a real-valued pay-off function f* on I' such that the follow-
ing conditions are satisfied (for any x € X):

D(o) , Frx)e{~1,0, +1}
D(i) L(x) = 0 = f*(x) = 0
DY) | F*(x) = 0= L*(x) = oo*
D(iii) 0 < L(x) = f*(x) = f*(xt");

of course, in such a case there holds (for x = (x;; k € W)))
D i) L) < 00 = £*(x) = *((xa) (= 46¢H),

i.e., the pay-off for a finite play is determined by the terminal position of the play,
while (cf. D(i)) any infinite play gives 0 as the pay-off.
E.g., the constant mapping of X into {0} is an L*-qualitative pay-off function.

1.19. Quasiqualitative pay-off functions. Let L* with a chain % * be a pseudolength
on T, let f* be an L*-qualitative pay-off function. Let f with a chain ¥~ be a pay-off
function on I'. We say that fis an L*-quasiqualitative pay-off function complying
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with f* iff the following conditions are satisfied (for any x,y, y,, y, € X, x€ P; cf.

§ 1.0):
D(1) Velx, ¥y, Y€y, fly) Sf(y) =fx@y) S fx D y,)
D(Q2) [¥*x) < fX(y) = f(x) < f(y)

0@ r-rm-{l re<re=m{E o

D(4) ¥ =f*(y) 2 0, L*(x) = o0* = LX(y) = f(x) = f(y);
of course, D(4) can be expressed equivalently in such a way:

D@) FHX) = f*(y) = 1, L¥(x) = oo* = L*(y) = f(x) = £(y),
D(4.2) X)) = f*(y) = 0= f(x) = f(y)

(cf. D(0), D(ii)). _
E.g., the function f* itself (with the chain of real numbers) is an L*-quasiqualitative
pay-off function complying with f* (namely, then D(1) follows from D(iii)).

1.20. The interpretation (cf. §§ 1.17—19). Let L* with a chain # * be a pseudo-
length, let f* be an L*-qualitative pay-off function, let £ be an L*-quasiqualitative
pay-off function comp]ying with f*

L* can be interpreted as a certain criterion of the continuance of plays; oo* means
the “very long” continuance. The conditions D(1)—D(3) are natural and their
meanings are clear.

+1 [0; —1] means (as a value of f*) “win” [“draw”; “loss]; therefore, any
infinite play is drawn (under f*, see D(ii)), and the “qualitative result” of any finite
play x is equal to the natural evaluation f*((x)) of its terminal position x (cf. Di(iii)).
The condition D(ii) has a special character; only ‘“‘very long” plays may be drawn.

Note that the important condition (of a certain monotony at one-move extensions
of plays) expressed by D(2) for L* and by D(1) for f is not so strong as could be
expected; cf. § 1.25.1. '

The meanings of the other conditions are clear: D(2) expresses the compliance of f
with f*; D(3) says that “more rapidly” (in the sense given by L*) won [lost] T-plays
are (nonstrongly) better [worse]: D(4.1) says that all “very long” won plays have the
same value (under f); similarly, D(4.2) says that all drawn plays (they are “very long”,
see D(ii)) have the same value.

1.21. Lemma. Let T be locally finite. Let f with a chainv” be a paj—oﬁr function on T.
Then the following statements are equivalent:

(A) There exists a pseudolength L* (on T') with a chain W* and an L*-qualitative
pay-off function f* (on I') such that f is an L*-quasiqualitative pay-off function com-
plying with f*.
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(B) f is an L°-quasiqualitative pay-off function complying with f° where L° is the
trivial pseudolength on T', and (the L°-qualitative pay-off function) f° is the mapping
of X into {—1}.

(C) f satisfies the condition D(1):

Proof. Evidently, f° is an L°-qualitative pay-off function. Of course, (B) = (A),
and (A) = (C). If (C) is satisfied, then D(0)—(iii) and D(2)—(4) with L* = LO,
f* = fO are satisfied in a trivial way, while D(1) is satisfied by the supposition; hence,
(B) holds. Therefore, (C) = (B).

1.22. Lemma. Let f be a real-valued pay-off function onT. Let the following conditions
be satisfied (for any x € X, x € P);

() L(x) = 0 =f(x) =0
(B YeIx, y, Y€y, | f(yD | S 1 f(y) | = 1 fx@y) | S | f(x D yy)l
o 10> 56| 2o~ s {Z s {Z o

Let w* = (W*, <¥) be the chain with W* = [0, oo0] x [0, 00] and with the lexico-
graphic ordering as <*, let 0* = (00, o) (the greatest element of W *).
Let mappings f* and L* of X be defined in the following way:

F+(x) = {(S)gn f(x[L(x)])} if L(x){ :} =

w0 ={(rrear )l seo{Zlo,

o0*

(for any x € X), where sgna =1 [0: —1] if a > 0 [a = 0: a < 0].
Then L* with W* is a pseudolength (on T'), f* is an L*-qualitative pay-off function,
and f is an L*-quasiqualitative pay-off function complying with f*.

Proof. There holds;
B) elxyuy:ely,f(y) S fly) = f(x @ y) < f(x @ y)] (=D())

@) L(x) > 0= | f(x") | 2 | f() |

[L(x)]
") 17013 N e 10{ S} e
o™ S*(x) = sgn f(x)

[see: (8) and (3); (); (') and (@); () and () (respectively)].
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The satisfaction of DD(0), (i), (iii), (4) follows from the definitions given by the
lemma. The satisfaction of DD(1), (2), (3), (ii), (1), (2), (3) follows from: (x); (B);
™); @"); (B); (¢); (y") (respectively). Thus, the lemma is proved.

1.23. Lemma. Let 0 # T < [0, 00), let ¢ : T % {0,1,2,...} = [0, ) be such that
forany t,t,,t,€T, I,,1,€{0,1,2,...} there holds;

(a.1) ty <ty=o(t, 1) < oty, 1)
@.2) L <bL=0tl)Zotl)
(b) o(t, 1) = ot 1, + 1)= o(t, ;) = o(t,1,) foreachl, 2 I,.

Let h be a (real-valued) function on P, such that
(| hx)|;xeP} € T.

Let f be the real-valued pay-off function (on T) such that for an arbitrary x =
= (x;; k € W)) € X there holds

F(x) = {g(l h(x)1, 1) . sgn h(xl)} if ,{<} o

Then the conditions (), (B), (y) (§ 1.22) are satisfied (by this f).

Proof. («) follows immediately from the definition of f, (y) is to be derived by
means of (2.2). Let xe Z, x, y e I'x, x = (x;; ke W),y = (s ke W), | f(xM')] <
< |fy"Y) . If I, = oo, then |f(x)| =0 < |f(y)|. If I, = o0, then L(y'")) = o,
[f(x) | < | x| < AP | = 0(see (7), (@), i-e. [ f(x)| =0 =|f(y) | Let/; < oo,
I, <oo. We put ry = | h(x;) |, ry = [ h(y,) |- Thus, [f(¥)| = o(ry, L), [fly)]| =
= @(ry, L), o(ry, 1y — 1) = | fOo | < If(Y[”” = ¢(ry, 1, — 1). Hence, ry <r,
(see (a.1)). If r, < r,, then (cf. above and again (a.1)) | f(x)| < [f(y)|. Letr, =
=r,=r. If [, 2 1,, then | f(x)| = o(r, ) < o(r, I) =|f(y)| (see (a.2)). Now,
letl, <l,.Thenl, — 1 <, <1, — l,and o(r,l; — 1) 2 o(r, ;) Z o(r, [, — 1) 2
> o(r,I; — 1) (cf. above and (a.2)), hence o(r,/; — 1) = ¢(r, I;), thus (cf. (b))
| f(x) | = o(r, 1) = o(r, ) = | f(y) |. We have proved that | f(x) | < | f(y) | in any
case. Consequently, there holds even ~

®) X, X, €Ix, | SO | S 1O | = [ fx) | £ 1f(x5) |,
which, of course, implies (8).
1.24. Important particular cases of the situations considered in §§ 1.22—1.23.
1.24.1. (Cf. § 1.21.) Let T be locally finite. Let ¥~ = (V, <) be a chain, let
F:{(x,y,v);xeP,yelx,veV} >V,
let (for any (x, y, vy), (x, ¥, v3) € dom F)

(*) vl é Uy = F(x7 s vl) é F(x’ Vs Uz)-
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Let
ho:Po—" V.

It is easy to prove (by induction) that there exists exactly one mapping f: X - V
(it, together with ¥", will be considered as a pay-off function on I') such that

() =h(x) if xeP,,
f(x @ y) = F(x, y, F(y)) if xeP,yelx,yerly.

Evidently, f satisfies the condition D(1).

In particular, if o is a binary operation on ¥ such that (V, o, £) is a linearly
ordered abelian semigroup (hence, if v,, Uz, U3, V4€V, then v, S v, A vy S v,
implies v; 0 v; < v,00,), and h: P> V (the so-called evaluation function), then,
if we choose F and A, such that

F(x,y,v) = h(x)ovforany xe Z, yeI'x,ve vV,
hO = hIPO’

we have a particular case of the above introduced situation, and
S(x) = h(xg) 0 h(x;)0 ...0 h(x)

for any x = (x,; ke W))e X. E.g., it is possible to choose the set of real numbers
as V, the natural ordering as <, and o = max oro = min (where “max” and “min”
are considered as binary operations) or o = + ; clearly, the case © = max [0 = min]
gives exactly the “active” [“passive”] pay-off functions (on the locally finite graph I')
in the sense introduced by Berge (cf., e.g., [2], ch. L. § 2).

It is easy to generalize somewhat the case with (“vertex-") evaluation, e.g. by
introducing some “mixed” evaluation (given by some end-vertex evaluation h,, : Py —
— V and an “edge evaluation™ hy : {(x,y); xeP,yeTx} > V).

1.24.2. (Cf. § 1.23.) Let g be a real-valued pay-off function on T, let g(x) = 0
if L(x) = oo, let g(x) depend only on the terminal position of x if L(x) < co. Choosing
T = [0, o0), and (see § 1.23) ¢(¢, r)=tforeachteT,r=0,1,2,..., h(x) = g((x))
for each x e P,, we see that g = f where fis given by § 1.23 to the above described
T, @, h.

1.24.3. (Cf. § 1.23.) A real-valued pay-off function S* is said to be qualitative
iff it satisfies the conditions DD(o) (i), (iii); the interpretation is the same as that (of
f*) mentioned in § 1.20. If we wish to express such an interest under which (at a given
qualitative pay-off function f*) more rapidly won [lost] plays are considered as

L teT,r=0,1,2..)
+r .

h(x) = f*((x)) (see § 1.23), and then the pay-off function f given by § 1.23 expresses
the above mentioned interest. - '

better [worse], we can choose, e.g., T = {0,1}, (t,r) = 1'
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1.25. D(1), D(4), and some stronger conditions. Let f with a chain ¥ = (V, £)
be a pay-off function on I'.

1.25.1. We introduce condition

DA*) e Tx ye € Dnk = 1,2), fy) S Ay = fx @ y1) S fx D y2),

which is, evidently, stronger than D(1).
E.g., the pay-off functions fin the special case in § 1.24.1 (that in which fis given
by h, at (¥, 0, <)) and in §§ 1.24.2-3 satisfy even D(1%).

1.25.2. Further, we introduce condition
D@") F*(x) = f*(y), L*(x) = o* = L¥X(y) = f(x) = f(y),

which is, evidenty stronger than D(4).

E.g., the pay-off function f considered in § 1.22 (which, of course, involves the
cases considered in §§ 1.23, 1.24.2-3), with L* and f* introduced there, satisfies D(4 %)
(as, even, L*(x) = oo* implies f(x) =0, in § 1.22).

1.26. On the linear transformations at real-valued pay-off functions.

Let f be a real-valued pay-off function on T, let 1 # 0 and ¢ be real numbers,
let g = ¢ + M(= (c + M(x); x e X)). There is a number of trivial but very useful
auxiliary propositions on transfering the properties of f to g; we shall need the
following ones:

a) If >0 [4 < 0], then f and g express the same preference [antagonistic
preferences].

b) If f satisfies (2), (B), (y) (§ 1.22) and ¢ = 0, then g satisfies (), (B), (y). If fis
given by some ¢ and 4 in the sense described in § 1.23, then g is given by ¢ and 4.
.sgn A.

c) Let L* (with some #°*) be a pseudolength (on T'), let f* be an L*-qualitative
pay-off function. Let g* = f* . sgn 4. Then g* is an L*-qualitative pay-off function.
If f is an L*-quasiqualitative pay-off function complying with f*, and if

either 1 > 0, _ i
or A < 0 and f satisfies D(4*),

then g is an L*-quasiqualitative pay-off function complying with g*.
Note that linear transformations can be applied also in such a way: real numbers
A # 0, ci(k = 1, 2) are given, and pay-off functions f; = ¢, + 4.f are considered;

of course, then f3_, = (c3_,‘ - c"li"‘) + Ai"" fifork =1,2.
k k

‘ %
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§2. GAMES WITH PERFECT INFORMATION

2.1. Partitions. We say that (P(j); j € J) is a partition of a set Piff (Jis a set, P(j)
are sets, and) |J P(j) = P.
jeJ
Convention. If a partition (P(j); je J) of a set P is given, we denote, for each
x € P, by j(x) that element of J for which

x € P(j(x))
(of course, there exists exactly one such j(x)).

2.2. Definition. Under a game with perfect information (we write only g. p. i., t0o)
we mean a 4-tuple

Y =, (PG)Je),(V; =V, £)ije ) (f;5/€d)

such that I' is an oriented graph, (P(j); je J) is a partition of P = dom T, ¥7; is
a chain, and f; : X = V; (i.e., f; with 77 is a pay-off function on I') for each je J.
9 is said to have a property introduced for graphs (cf. § 1.13) iff T has this property.

2.3. Definition; remarks on the interpretation. Let
G =@, (PG je), ;=W sp)sjed)(fi;ied)

be a g.p.i. I is said to be the graph of 4, (T, (P(j); j € J)) is called the game structure
given by ¢, and
(T, (PG); je D) (S (gyvps JET))

is called the preference form of 4.

The interpretation of T, P, Py, Z, X = X (cf. convention 1.7) is given by § 1.8.
J is the set of players (if J = 0, then necessarily P = 9). f; with¥"(je J) is the pay-off
function of player j . P(j) is the set of all the positions at which it is the player j’s turn
to move (of course, actually j moves only at the positions from Z n P(j)). A play
(starting from some position x, € P) is performed in the natural way (cf. § 1.8);
if x is a momentary nonfinal position of the play, then the moving (i.e. the choice
of an element of I'x (as the next position) performing) player is j(x).

The preference form of a g.p.i. is nat so natural as the formally defined g.p.i.
(§ 2.2) itself, but, on the other hand, all the notions and properties introduced in this
paper for games with perfect information could be formulated in terms of the preference
Sforms [see, in particular, § 2.10; of course, some notions (e.g., plain strategy) can
be introduced in terms of game structures or even in terms of graphs (e.g. plays)].

Note that any triple

@, (PG);je ), (2555€T)
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where I is an oriented graph, (P(j); je J)is a partition of P = dom T, and °§j(je J)
are preference relations on X — such an object will be called a g.p.i. in preference
form—is the preference form of a suitable g.p.i. (e.g., of

(I, (PG); JeD), (V2,5 € D), (fe,5)€T)),

<f. § 1.2). Therefore, for the aims of this work the concept of g.p.i. in preference form
could be given as the basic notion, instead of the notion of g.p.i.

Note that also the notion of g.p.i. in preference form is somewhat redundant from
the formal point of view (as the graph I' can be omitted; namely, if J = 0, then
P =90 =T,if J # 0, then any g ; determines X and, hence, I" uniquely).

2.4. Bergean games with perfect information.

2.4.0. Any Bergean game with perfect information (that introduced by his general
definition in [2], Ch. I, § 2) can be defined formally as

(ra n’(PI’ ---9Pn)9 (éla ooy oé.n), N+’ N—)

where I is a graph, n is a positive integer, N* UN~ = {l,...,n} (= N),N* AN~ =
=0, (P;; je J) is a partition of P = dom I', and = j(je J) are preference relations
-on P; moreover, Berge supposes that P(j(x)) n I'x = @ for each x € P. Here N is the
set of players (or of the numbers of players), elements of N*[N ] are called active
. [passive] players. For any je N, there exists exactly one ee{+, —} such that
J € N°®; we shall denote this ¢ by &(}).

2.4.1. It is easy to see that the adequate description of the interests of the players
in a Bergean g.p.i. (in the sense of § 2.4.0) can be given, in terms of preference rela-
tions on Xp, in the following way: if je€ N, then the player j’s preference relation
on X = X equals fg(,,;j) where g = ({x,; ke W)}; (x; keW)eX) (: X
— (exp P\ {#})), and ¥"; = (X, £5”) (§ 1.5). In such a way we have transformed
any Bergean g.p.i. to a g.p.i. in preference form, and the latter could be “naturally
represented” by a g.p.i. (cf. §2.3). In this sense and from our point of view (see

§ 2.3), Bergean gs. p.i. may be considered as a particular case of gs. p.i. introduced
in §2.2.

2.4.2. In the most usual case, the preference relations < j on P of a Bergean g.p.i.
(§ 2.4.0) are given by real-valued “‘evaluation functions” fjonP,ie. < = é(h,m
(cf. § 1.2) where 2 is the chain of real numbers. It is easy to seethat in this case the
natural pay-off function f; = 7 . g [where /) is defined by § 1.4 to ¥ = #* =
= ([— o, +®©], =) (£ is the natural ordering), X = X, and f = f;] with #*

gives exactly the player j’s preference relation (on X) described in § 2.4.1, i.e.,
Loh=S X
=@.hH T =(pav)

2.5. Of course, also the usually considered games with perfect information, with
real-valued pay-off functions, and without chance moves on trees are involved in
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our definition (§2.2); the most usual case (the tree is finite, and the pay-offs are
determined by the terminal positions) can be considered as a special case of Bergean
games with perfect information (each player may be considered as active or as passive,
and then his evaluation of nonfinal positions is less than or greater than (respectively)
any evaluation of final positions). (Here we consider trees as special oriented graphs,
and then the root of any tree is determined by the tree itself; thus, the initial position
of a game of the mentioned kind need not be presented in the formal definition of the
game.) .

Suppeosition. In the remainder of § 2, let
9=, (PG jed), (Vj=(V;, S5 jed),(fsie )
be a game with perfect information. (Cf. §§ 1.0, 1.7, 2.1.)

2.6. Convention, definition. p will have the meaning introduced in § 1.14. We shall
write
Z(j) = Zn P()),
S()= X Tz §=X38().
zeZ(j) jeJ
Elements of S$(j) are called the plain strategies of j (in %). Elements of § are said to
be the plain strategic situations.

2.7. Remark. There exists a natural bijection of S onto Te(I'), namely (o;; je J) |-
|- U o; (for each (5;; je J)eS). If J=0,then P=90,T =0, § = {0} = Te(I).)

JjeJ k:

2.8. In accordance to the well-known fundamental definitions (cf., e.g., [10],
Ch. VL. 2), the definition of equilibrium point consisting (only) of plain strategies
(or, as we say, of plain equilibrium point) in some x° € P (this position is considerzd as
an initial position) is to be formulated in such a way: ¢ = (6j;jeJ)e Sisa plain
equilibrium point (of %) in x° iff for each j, € J and each x € I'x® complying with
a; for any je J\ {jo} there holds f; (x) < iofio(y) where y is that element of I'x°
which complies with ¢; for each je J; note that it may happen that that x does not
comply with any plain strategy of the player j.

Using the 1-1 correspondence among the elements of S and those of Te() (§ 2.7),
we can give the direct definition of plain absolute equilibrium point (cf. § 0) in terms
of full I'-transformations:

2.9. Definition. Under a plain absolute equilibrium point of ¥ we mean ¢ € T(I)
such that for each xe P, je J, and for any x e I'x complying with o | (Z\ Z(j))
there holds

fi(x) =, £1p(x, 0)).
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2.10. Remark. Of course, in the situation from §2.9 fi(x) <; fi(p(x, 0)) if and
only if x < vy P(X, 0); therefore, the notion of plain absolute equilibrium point
could be formulated in terms of preference forms of gs. p.i.

2.11. Definition, remark. The game ¥ is called antagonistic iff card J = 2 and,
for {ji, j»} = J, the pay-off functions f; , f;, (with ¥"; , 77;)) express antagonistic
preferences. ‘

E.g., if J = {J, 2} J1 # J.» and if there exist a real-valued pay-off function f
(on T') and real numbers 4, c,(k = 1, 2) such that f; = ¢, + A4 f(k = 1, 2) and
AAd, < 0, then ¥ is antagonistic. (Cf. § 1.2.6.)

If ¢ is antagonistic, then we also say *“... saddle point™ instead of ““... equilibrium
point*‘.

§3. THE MAIN THEOREM. PARTICULAR CASES

(See the conventions in §§ 1.0, 1.7, 2.1, 2.6.)

3.0. The main theorem. Le?

G =, (P jed),(V,; =V, 2);iel)(f;;je )
be a game with perfect information.

Let there exist a pseudolength L* (on ') with a chain W* = (W*, £%*), and, for
each j € J, an L*-qualitative pay-off function f j‘ such that the following statements (0),
(A), (B) are satisfied:

(0) For each je J, f; (with¥";) is an L*-quasiqualitative pay-off function complying
with f 7
(A):

(A.1) {L*((x)); x € Py} is well-ordered (in W *).
(A2) Let Ve Z, (y(2); zeV)e X (Tz\V), (y(2); zeV)e X I'y(z); let set

- zZey zey
{y(2); z€ V} be plain, and let each y(z) (z € V) pass in P\ V. Then {L*(z @ y(2));
z € V} is well-ordered (in W'*).

(B) Letze Z,(y(z); ye Tz) € X I'y, and let set {y(y); y € 'z} be plain. Then

yerz

(B/1) {fi)\z @ y(»)); y € Tz} is inversely well-ordered in ¥ ;) ;
(B2) if {fi(y0)); ¥ €Tz} {7} {1}, then set {L*G @ y(); yeT2)
. {mversely well-ordered} (in W'*).

well-ordered
Then the game % has a plain absolute equilibrium point.

3.1. Remark. The proof is presented in § 4. The idea of the construction of a plain
absolute equilibrium point of the game % is based mainly on the condition (0);
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each of the conditions DD (1) — (3), (0) — (iii), (1) — (4) is used essentially in the
proof. The realization of this idea necessitates certain auxiliary “technical” conditions;
we have chosen the conditions (A) and (B). This choice seems to be the most useful;
our aim is not the full utilization of such conditions, we only wish to obtain immedi-
ately a number of important particular cases from a common result, and the theorem
serves well for this aim, as we show in the following. :

3.2. Theorem. Let

=W (PGJe),(V; =V, £):7e D) (f;; jed))
be a game with perfect information. i
Let L* be a pseudolength (on T') with a chain W' * = (W*, £%), and, for each je J,
let f f be an L*-qualitative pay-off function such that J; With ")) is an L*-quasiquali-
tative pay-off function complying with f ;" _ :

Let there occur at least one of the Jfollowing three cases:

(I) P is finite.
(IT) im L* is well-ordered (in W *), and T'x is finite for each x € P.
(III) im L* is finite, im Jf; is inversely well-ordered for each jelJ.

Then the conditions (A) and (B) from the main theorem are satisfied, and (therefore)
the game % has a plain absolute equilibrium point.

(The proofis trivial.)

3.3. Remark. Of course, at applying the theorem, further trivial or simple pro-
positions could be used (X is finite = P is finite; #°* is finite = im L* is finite,
etc.; see §1.1). The case (II) is involved, e.g., in the following case (II'*), and
the latter is sufficient (in the situation Jrom § 3.2) for the satisfaction of (A) and (B),
too:

(II*) im L* is well-ordered (in W*), and for each z € Z there exists a set ¥ < 'z
such that sets {f;.\(z ® y):ye Y, ye 'y} and {L*z @ y); ye Y, ye 'y} are inversely
well-ordered (in v j@) and W*, respectively), and I'z\ Y is finite.

(Namely, {L*z @ y); ye ¥, yeTI'y} is finite if it is inversely-well ordered, as im L*
is well-ordered (cf. § 1.1); the case (IT) occurs if the choice ¥ = @ is admissible for
eachze Z)

3.4. Theorem. Let
Y =, (PG)jed),(¥; = (V) S)sjed),(fj;je )

be a game with perfect information.

If % is locally finite and, Sfor each je J, J; satisfies the condition D(1) and im S
is inversely well-ordered (in v j) then 4 has a plain absoluté equilibrium point.
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(This follows immediately from §§ 1.21 (cf. (C) = (B)) and 3.2 (cf. case (II); nz;mely,
im L° < {o0}).)

3.5. Remark. Important corollaries of § 3.4 can be obtained by means of §1.24.1,
which presents a general construction of pay-off functions (on locally finite graphs)
satisfying D(1). In particular, there holds:

The Berge variant of the Zermelo — von Neumann theorem (cf. §§ 0, 3.6). Any
locally finite Bergean game with perfect information and finite-valued evaluation fun-
ctions (§§ 2.4.2, 2.4.0) has a plain absolute equilibrium point.

[Namely, in the considered case plain absolute equilibrium points can be defined
in terms of the natural pay-off functions (cf. §§2.10, 2.4.1, 2.4.2), but, evidently,
the latter can be expressed in the way mentioned in § 2.4.1 (and, hence, they satisfy
D(1)), and they are finite-valued. Thus, the proposition follows from § 3.4.]

3.6. Remark, definition. Under a weak plain absolute equilibrium point of a
game

g = (T, (P(j); jed), (V= (V;, £)sjed),(f;3i€ )
with perfect information we mean ¢ € Tg(I') such that for any je J and o’ € T((I')

o' | (Z'\ Z()) = o | (Z\ Z(j)) = fi(p(x, ") =, fi(p(x; 0).

It is clear that if ¢ is a plain absolute equilibrium point of 4, then o is a weak plain
absolute equilibrium point of 4. On the other hand, if " contains no cyclic path
(under a cyclic path of I" we mean a finite sequence X, ..., X, € P(m = 0) such that
x;eTx;_yforj=1,...,m,and xo € I'x,), then any weak plain absolute equilibrium
point of ¢ is a plain absolute equilibrium point of ¢ [namely, if 6 e Ti(I'), j€ J,
and if x e Xp complies with ¢ | (Z\ Z(j)), then there exists ¢’ € Ti(T) such that
x = p(x, o) (etc., cf. § 2.9)]. Clearly, if T" is locally finite, then it contains no cyclic
path. ‘

The notion of weak plain absolute equilibrium point expresses, in terms of this
paper (and for the games considered here), the original Berge’s notion of “(absolute)
equilibrium point” (see [2], Ch. 1, §§ 7 and 3). The preceding remarks show that
the formulation of the Berge theorem used in § 3.5 is equivalent to the original Berge’s
formulation (in [2], Ch. I, § 7), although the latter concerns weak plain absolute
equilibrium points.

3.7. Theorem. Let
¢ = (T, (P();je I (¥ = (V;, S )i e D (fi€ D)
be a two-player game with perfect information, let J = {jy, Ja}
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Let there exist real numbers A, c,(k = 1, 2) and a real-valued pay-off function f
(on T') such that the conditions (a), (B), (y) (§ 1.22) are satisfied, and

j:lk = C,, + }'kf (k = ], 2),
Ay Ay <O

Let there occur at least one of the following two cases:

{I’) P is finite.
(1) {If(x) |; x € X} is inversely well-ordered, and T x is finite for each x € P.

Then % has a plain absolute saddle point.

Proof. Let w'*, f*, L* be the same as in § 1.22, let L: = f* sgn Ak = 1, 2).
By means of §§ 1.22, 1.25.2, 1.26 (especially, cf. part c)) we conclude that L* with
W'* is a pseudolength (on I') and, for each je J, f'}‘ is an L*-qualitative pay-off
function such that f; is an L*-quasiqualitative pay-off function complying with
f3. Evidently, if {| f(x)|; x € X} is inversely well-ordered, then (cf. §1.22) im L*
is well-ordered. Consequently, if (K”) holds for K = I or K = II, then we have the
case (K) from § 3.2; therefore (see §§ 1.26, 2.11) 4 has a plain absolute saddle point.

3.8. Remark. Of course, it would be possible to derive a certain corollary of the
main theorem for the antagonistic case (by means of a suitable re-formulation of the
“technical conditions™ (A), (B) (§ 3.0) to pay-off functions constructed by means
of §§ 1.22 and 1.26, etc.), but we take interest in (immediately applicable) important
particular cases (cf. § 3.1); thus, we have based the antagonistic-case result (§ 3.7)
directly on § 3.2. (Note that the case (III) in § 3.2 is not useful here, as it would
lead to
(1) {1f0)|; xe X} and {L(x); xe X} are finite,

but this gives only a very special case of the situation considered in § 3.4.)

3.9. Remark. Important corollaries of § 3.7 can be obtained by means of § 1.23,
which presents a general construction of (some) functions f (§ 1.22), and by means
of the special cases considered in §§ 1.24.2—3. Especially, the result obtained by
means of §§ 3.7 and 1.24.3 [it is easy to see how the direct expression of the notion
of plain absolute saddle point is to be formulated (cf. [6], § 3.16, too); note that
it is sufficient to take the case

(II”) I'x is finite for each x € P,
cf. §§ 1.24.3, 1.22] involves the original result of Zermelo (proved for chess in [14]);
cf. § 0.

(To be continued)
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SYSTEMS OF EQUATIONS OVER FINITE
BOOLEAN ALGEBRAS
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It is possible to construct the theory of systems of Boolean equations on the base
of a general theory of systems of equations given in [1] by J. Slominski. The general
theory is raised on principle of a homomorphic mapping corresponding to the given
system. The investigation of homomorhic mappings can be carried out by means
of the so called matrix representaion in finite Boolean algebras (see [6]). The problem
of solving the Boolean systems can be easy transformed to problem of extension of
a given mapping to the homomorphism. This problem was solved for finite Boolean
algebras in [7].

The presented theory solves the problem of existence and number of solutions
of Boolean systems and gives a simple algorithm for solving these systems.

This paper is a continuation of papers [6] and [7], the main conceptions and nota-
tions are given there.

Definition 1. Let m, n be positive integers and X = {x,..., x,} 4 = {a;, ..., a,}
be sets. The free Boolean algebra freely generated by the set X u A4 is denoted by
B, .. Each element of B, , is called a B-polynom. The elements x; € X resp. a; € A
are called variables resp. coefficients.

The Boolean operation join is denoted by +, meet by . and the complement of an
element b € B, , is denoted by b.

Every transformation of a given B-polynom by the Boolean operations and identi-
tiesis called anelementary transformation. On the B, , there is given the relation
of equivalence. The B-polynom @ is equal to the B-polynom y if and only if there
exists a finite sequence of elementary transformations which performs @ onto V.
This relation of equivalence is denoted by =

The algebra B, , has just 2m*" elemcnts because it has just 2’"*" atoms, i.e.
elementary conjuctive forms

where X; = x; or X;, d; = a; or a;.
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Definition 2. Let E, be the Cartesian product B, , X B, .. Each subset E < E,
is called the system of Boolean equations (or simply Boolean system or
B-system) with parameters a,, ..., a,. The elements of X are called unknowns
of the B-system E. Each pair (®, y) € E will be called a B-equation. _

A subalgebra of B, , generated by the set 4 is denoted by B,. The Boolean algebra
B, has 2?™ elements. '

Definition 3. The B-system E;, = B, X B, is called a compatible system if
and only if the relation (@, > € E, implies the equivalence ® = v.

Definition 4. A mapping 4 is said to be a characteristic mapping of a system £
provided that:

(@) h is a homomorphic mapping of B, . into B,.

(b) <@, ¥) € E implies h(®) = h(}).

(¢) k| B, is a homomorphic mapping of B, onto A(B, ,). A characteristic mapping
h of a system E is called proper if instead of (c) the following condition holds:

(d) 4| B, is an identical isomorphic mapping of B, onto B,.

It is obvious that (d) implies (c).

~ Definition 5. The congruence relation ~, induced by the characteristic mapping h
of E (obviously holding @ ~, y for each (@, ) € E) is called the regularizer of
the system E.

Definition 6. Each set {F,, ..., F,} of B-polynoms F;e B, is called a solution
of the B-system E if the substitution of F; instead of x; in all places in &,  implies

®(F,,...,F,,ay,...,a,) ~,Y(F,,...,F,,a,,...,a,)

for each (@, y) € E, where ~, is a regularizer of the B-system E. If ~, is equal
to =, the solution is called proper.

Accordingly, the solution is proper iff the characteristic mapping corresponding
to the regularizer ~, is propzr. It is a solution by a classical definition.

Definition 7. Let ~.,, ~, be two congruences on B,,,. We define the ordering:
~y S ~, iff for arbitrary elements a, be B, , the implication a ~, b= a~, b
holds.

A regularizer of E which is minimal with respect to the ordering < on the set
of all regularizers of E is called a minimal regularizer of E (see [p.

Definition 8. The B-systems E < E,, E' < E, are equivalent iff they have identical
set of solutions.

Theorem 1. Let E = {(®,, ¥,), ..., (@, Y,>} be a B-system of B,.; n be
a permutation of the set {1, ..., k}, f be a B-polynom of k variables and E* be a
compatible B-system of B,. Then the system E is equivalent with systems E’ =
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= {<¢x(l)5 ‘//n(l)>’ <¢n(k)’ wn(k))}’ E' =EUE* E"=Ev {(f(d)n vy D)
f(‘/’l""a lﬁk}

Proof. The equivalence of E, E’ is obvious. Equivalence of E, E" follows from
the fact that the regularizer is a congruence. Equivalence of E, E” follows from the
relation = £ ~,.

Theorem 2. Each characteristic mapping 4 of B-system E induces a solution of the
B-system E.

Proof. Let 4 be a characteristic mapping of E and ~, be the regularizer induced
by h. Denote h(x;) = C;€ B,. By the definition 4 (c) or (d) each element of A(B, ,)
has a preimage in B,. Let F; be an element from B, fulfilling A(F;) = G, thus x; ~
~, F; € B,. From h(®) = h(}) and x; ~, F; it follows

DFy,....Fpy@yyenes@y) ~gY(Fyy ooy Fpyays oo, ay)
for each (&, y) € E. Thus {F, ..., F,} is a solution of E.

Theorem 3. Let 4, be a characteristic mapping of the B-system E and ~, be a
corresponding regularizer. Let 4, be a homomorphic mapping of B, , into B, and
corresponding congruence relation ~, fulfil ~; £ ~,. Then h, is a characteristic
mapping of E and the set R, of all solutions of £ induced by 4, is a subset of the set
R, of all solutions of E induced by 4,.

Proof. Relation ~, £ ~, implies the condition (b) of definition 4, validity
of (a), (c) is evident, thus h, is a characteristic mapping of E. Relation {F, ..., F,} e
€ R, holds iff for each (&, y) € E there holds &(F, ..., F,, ay, .., a,) ~ Y(Fy, ...,
...,F,, ay,...,a,). This relation and ~; £ ~, imply

D(Fyyeeery Fyy@yyeney @) ~2 W(Fyssees Fys Bisores )
* for each (®, y) € E. Accordingly {F,, ..., F,} € R;, ie. R; = R,.

Theorems 2 and 3 give a method for the finding of solutions of the B-system E
by means of characteristic mappings of this system. The B-system E is solved if we
find all characteristic mappings k; of E whose regularizers are minimal. Then a set of
solutions of E is the set of all {F, ..., F,}, where F;€h™'h(x)), F;€ B, and h is
arbitrary homomorphism whose corigruence ~, fulfils ~, = ~, (we can write
h = hiff ~, 2 ~,). If ~, is equal to =, the solution of E induced by h; is proper.

2.
Investigations of solutions of B-systems we shall deal by means of an isomorphic
representation of B, .. Each Boolean algebra having 2™ elements is isomorphic

~ with the direct power {0, 1}™ of two-elements Boolean algebra {0, 1} by Birkhoff’s
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theorem. Let us denote {0, 1}32"*" by M, , and {0, 1}2™ by M,. Elements of M, .
(resp. M,) are called 2"*"-dimensional (resp. 2"-dimensional) B-vectors*). The
Boolean algebra B, , is isomorphic with M, ., B, with M,. Let us fix the isomorphism
i of B, . onto M, , such that it holds:

i(x;) = (11...100...011...100...0 . . . 11...100...0)
forj =1, ..., n, where each group of 1 or 0 has 2! elements and
i(@) = (11...100...011...100...0 . . . 11...100...0)

for k = 1, ..., m, where each group of 1 or 0 has 2"**~ ! elements.

For B,, M, we fix the isomorphism j of B, onto M, for which j(a) =
= (11...100...011...100...0- . . . 11...100...0) for k = 1, ... m, where each
group of 1 or 0 has 2~ ! elements.

Obviously #(0) = (00...0), j(0) = (00...0). They are called the zero-vectors of
M, or M, respectively; i(J) = (11...1), j(J) = (11...1), they are called the unit-
vectors of M, . or M, respectively. The element of I, . isomorphic to B-polynom
® € B, .(by i) will be denoted by @ again.

We shall consider now a finite B-system E of B, . given by relations:

DX 15 wres Xy Az cos ) = YlXinenes Xy @i .e. @)

(E) i=1,..,k

We shall determine a characteristic mapping of (E) in ““B-vectors representation”,
i.e. a homomorphic mapping A of M, . into M, fulfilling A(®;) = h(y,) for i =
=1,..., k and A, (M, ,) = h(N), where N is a subalgebra of 9, , generated by B-
vectors {ay, ..., a,} of M, .. This mapping corresponding to the characteristic
mapping of (E) in the given isomorphic representation.

We shall not differ between the characteristic mapping of (E) and this mapping
hof M, , into M, corresponding to the characteristic mapping in given representation.
By the theorem 2 in [6] there exists just one B-matrix of the type 2™*"/2™ representing
the characteristic mapping.

Theorem 4. Let C be a B-matrix representing a characteristic mapping of B-
system E. Let f{ (resp. gi”) be the j-th coordinate of B-vector ®; (resp. ¥,). If there
exists an index i€ {1, ..., k} such that o g'", then all elements in the j-th row
of C are equal to zero (so called ““zero row”).

*) See [6]; sm,' x I8 WMy s M, s I, from this paper and conception of B-vector is identical.
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Proof. Let for example £/ = 1, g’ = 0 and cjs = 1 for an index se {1, ..., 2™},
where c;; is the element of B-matrix C in the j-th row and the s-th column. Then:

WD) = (ty, .oy tymys Ly tyyyein, tam),

h() = (vy,...,8-1, 0, 0s41,..., V;m) because C has at most one unity in each
column by the theorem 1 in [6]. Accordingly A(®;) # h(;) which is a contradiction.
Let us denote by the r-th section a sequence

5 : i
<fr(".)2"+l’ ffl,)2"+2, oweiy fr(.)2"+2">

of coordinates of B-vector &@; or a sequence _

LCp, 27 5 Cp A gs oos s Cr o any2n)
of rows of B-matrix C, where r = 0, 1, ..., 2™ — 1.

Theorem 5. Let C be a B-matrix representing a characteristic mapping of B-
system E. There are not two different non-zero rows in an arbitrary section of C.
Proof. Let there be a unity in the r-th section of C in the #-th row and v-th column
and in the s-th row and w-th column, ¢ # s. By the theorem 1 in [6] we have v # w

because 4 is a homomorphic mapping. Then an image of B-vector (00...010...0) e
% b‘,—/
t-1 zero-elements

€M, . is equal to b = (by,...,b,_y, 1, b,4y, ..., b,_y, 0, b,i1s...,bym). But an
image of each B-vector of ®t which has unity in the r-th section has the v-th and
w-th coordinates equal to 1 and an image of each B-vector of %t which has not unity
in the r-th section has the v-th and w-th coordinates equal to 0. Accordingly, there
does not exist a B-vector of 9t whose image is equal to b, i.e. h(M, ,) # h(N) which
is a contradiction with the definition 4 (c).

Theorem 6. A B-matrix C of the type 2™*"/2™, having at most one unity in each
column, represents a characteristic mapping of B-system E if and only if it holds:

(a) if there exists an index i€ {1, ..., k} such that f{? # g{, then C has in the
J-th row only 0.

(b) C has not two different non-zero rows in an arbitrary section of C.

Proof. Necessity follows from the theorems 4 and 5. Sufficiency: Let C fulfil
assumptions of the theorem 6. Then C represents a homomorphic mapping of M, .
into M,. (a) implies h(®;) = h(y,) for i = 1, 2, ..., k, (b) implies A(M, ) = AN).
q.e.d.

Let us consider the case when 4 is a proper characteristic mapping of E. Then
h(a;) = a;. The B-matrix C representing a proper characteristic maping of E is
quasidiagonal (see Fig. 1), i.e. all elements out of frames are equal to 0 and in frame
there is a section of column. :
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-7 0 0 0 -
) 0
0 o 0
0 0 0
0 0 0
0 0 0
() 0
) 0
0 o0 0
0 0 0
0 0 0
L 6 o ol ||
Fig. 1

In this case we must fill in each column just one “diagonal” element. These
elements must fulfil the assumptions of theorem 6. We can fill 0 in these sections by
theorem 4 comparing coordinates in all pairs (®;, ¥;> of B-vectors corresponding
to equations of E.

If h is not a proper characteristic mapping, we can not assume h(a;)) = a;. We
can only fill in B-matrix C zero rows by theorem 4. Other elements are equal to
1 or 0 but they must fulfill assumption of the theorem 6.

Let us fill in B-matrix C zero row if [ # g for at least one index i and unit
row if {7 = g4 for all i = 1,..., k. The matrix constructed by this way is called
the matrix of solutions of B-system E.

Definition 9. By a section decomposition of matrix of solutions C we under-
stand the set {C,, ..., C,} of all B-matrices of the type identical with the type of C
such that:

(a) each C; has in each section at most one unit row

(b) if C has in the p-th row only zero elements, each C; has.dn the p-th row only
zero elements

(c) each C; has only zero rows and unit rows
(d) C, + C; + ... + C, = C (the sum of B-matrices is defined in [6D.
It is easy to show that all B-matrices representing all characteristic mappings of E

which regularizers are minimal are included in decompositions (defined in [6]) of
B-matrices C,, ..., C, forming a section decomposition of matrix of solutions of E.

176



Moreover, each B-matrix from decompositions of a section decomposition of matrix
of solutions represents a characteristic mapping of E. All other characteristic map-
pings of E are represented by matrices which are obtained from matrices of de-
compositions of section decomposition of matrix of solutions by substitution 0
instead 1 respectively in all unit elements.

Theorem 7. The B-system E has a proper solution if and only if the matrix of
solutions of E has at least one unit row in each section.

Proof. If E has a proper solution, then there exists a quasidiagonal matrix C’ with
non-zero columns, i.e. decompositions of section decomposition of matrix of solu-
tions have in each section non-zero elements and the statement of the theorem holds.
Conversely, if matrix of solutions fulfils assumption of the theorem, decompositions
of a section decomposition of this matrix contain a quasidiagonal matrix of desirable
property.

It is easy to show the following.

Theorem 8. Let the matrix of solutions of given B-system E has in the j-th section

Just k; unit rows. Then the B-system E has just s = ky . k, ... k, different proper
solutions.

Theorem 9. Let the matrix C of solutions of B-system E have in the j-th section
zm

just k; unit rows, p; = max (k;, 1), r; = min (kj, 1) g =2™ . min(l, Y. r;). Then
i=1

the B-system E has just

2m
8= Di.Ds. e . Dom .A(ZI r)?".(22=1)+1  solutions.

Proof. The section decomposition of matrix of solutions C contains only matrices

Cy,....,C, where s =p, .p, ... pym (by theorem 8). Each C;, i = 1, ..., s, contains
2m

just Y r; unities in each column (it has 2™ columns), thus (see to [6]) their decomposi-
i=1 2m

tions contain p, ... p,,, . (Z r)*™ matrices. Each matrix of decompositions of section
i=1

decomposition of C contains g unities, i.e. we receive 2 B-matrices replacing 1 by 0.
Disregarding the zero matrix, we receive 29 — | matrices.

Accordingly, we receive at allp, ... pym (‘zzm r)*".(2* — 1) + 1 B-matrices re-
presenting all characteristic mappings of E bly= 1the theorem 6.

Theorem 10. Each B-system E has at least one solution.

Proof. The zero matrix (it contains only zero elements) fulfils assumptions of the

theorem 6, thus the zero-homomorphism 4, with ho(M,, ;) = {0} is a characteristic
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mapping of E (o is the zero-vector). Then the corresponding regularizer is induced by
the ideal 7 = M, , (or I = B, ) and the set {F,, ..., F,}, where F; is an arbitrary
B-polynom of B,, is a solution of E.

These theorems form a complete theory of solution of Boolean equations over
finite Boolean algebras. We can state when the given B-system has proper solutions
and enumerate the number of them, we can enumerate number of all solutions and
by a simple algorithm (constructing a matrix of solutions, section decomposition,
decompositions and substitution 1 by 0) construct matrices representing all character-
istic mappings. If 4 is a characteristic mapping of E, we can determine a solution from
relations A(x;) = h(F;), F; € B,. Corresponding regularizer, i.e. congruence relation
replacing the equivalence, is induced by an ideal I (i.e. the set of all B-vectors of M, ,
fulfilling A(I) = o). Finally, each B-system has a solution.

The solving of a given B-system can demonstrated by an example.

Example. Consider the B-system

(x; + x3) aya, + Xyxa1a;, = XX,
X1 X8, = (X + X;) a,a, (E)

a,(X,x; + x1%;) = a,

We can write vertically the B-vectors @, ¥, @,, ¥,, @3, Y5, corresponding to
equations of E’ and by theorems 4 and 6 construct the matrix of solutions C of E".
i(x;) = (1010101010101010)

i(x,) = (1100110011001100)
i(a,) = (1111000011110000)
i(a;) = (1111111100000000)

Jj(a,) = (1010) J(az) = (1100)

¢] W] @2 Y’z ¢3 gll

0 0 0 0 0 1 0:0 0 0
1 1 0 0 1 1 [ . 1i1 1 1
0. 0 0 0 1 1 1-st section 1i1 1 1
0 0 0 0 0 1 l 0i0 0 0
1 0 1 0 0 0 0/0:0 0
1 1 0 0 | o 0 . 1i1i1 1
1 0] 6 o |'a o [ Fndsection * | oioio o
0 0 0. 0 0 0 c=| 1ilil 1
0 0 0 0 0 1 0 0i0:io0
0 1 0 0 1 1 . 0 0ioio
o oo o | 1 1 d-mdsection 1 1i1it1
0 0 0 0 0 1 0 0i0i0
0 0 1 1 0 0 1 17171
0 1 0 (] 0 0 Y ; 0 0 00
0o o] o 1|0 o 4Haccuin 00 0io0
0 0 0 1 0 0 | 0 0 0i0_
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Fromthiskl = 2, kz = 2, k3 = 1, k4 = 1
PL=2p=2p3=1p,=1
ri=1Lr=1,r=1r=1
From theorem 8 it follows that the B-system E’ has just 4 proper solutions. Corres-

ponding B-matrices Cy, C,, C;, C, form a decomposition of the quasidiagonal
matrix C’ (derived from C):

— 0 7] — 0 7 — 0 ]
1 1 1
1 0 0
0 0 0
0 0 0
1 1 0
0 0 0
C' = 1 , .e.Ci = 0 C = 1
0 0 0
0 0 0
1 1 1
0 0 0
1 1 1
0 0 0
0 0 0
5 0 B o | B 0_|
-0 - 0 _
0 0
1 1
0 0
0 0
1 0
0 0
C = 0 C= 1
0 0
0 0
1 1
0 0
1 1
0 0
0 0
| 0 _| = 0 _|
We can determine solutions. From C; :
x3—=>0011),a-0011 from this x; = a,
x2—>(1101),a_1+az—>(1101) X2=(71+az

is the 1-st solution. Other proper solutions are obtained from C;, Cj, C; analo-

gously:
xl=&1 xl=a1+ﬁ2 x1=dz

Xy = 445, + dlaz Xy = ay Xy = éldz
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Further we can construct a section decomposition of C (4 matrices form it). Let
us choose from this section decomposition for example this matrix:

0000 |
0000
1111
0000
0000
1111
0000
0000
0000
0000
1111
0000
1111
0000
0000
0000 |

22
The decomposition of C; is formed by (Zri)22 = 4* = 256 B-matrices. Let us
i=1

choose from them for example the following one:

F00007]
0000
1100
0000
0000
0000
0000
C,=|0000
0000
0000 .
0001
0000
0010
0000
0000
| 0000
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This matrix C,, represents a characteristic mapping 4 of E’ with

hx)=(0111) h({)_—_(l 111 } S oy I Xg vy Bl
h(x,) =(0010) h@ga,)=@0011)
We can determine the ideal corresponding to congruence ~,. But for the investigation
of solutions it is only intersection of this ideal with B, necessary. The intersection
is equal to {0, @,a,}. We can say that x, = J, x, = @,4a, is a ,,conditional” solution
of E’ iff the condition a@,a, = 0 holds.

If we replace for example the unity in the first column by 0, we obtain the solution
Xy ~p (@ + @), x, ~, @,a, and ~,, on B, is given by the ideal {0, a,a,}.

All other solutions of E’ can be determined analogously.
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DIE KOMBINATIONEN GEGEBENEN PROFILS I

ROBERT KARPE, Brno
(Eingegangen am 2. Juli 1973)

Das Hauptziel dieser Arbeit ist es einige neue graphische Prinzipe kombinatorischer
Betrachtungen einzufiihren.

Man 16st hier folgende Aufgabe: Es ist 1) die Gesamtheit, 2) die Anzahl aller
Kombinationen festzustellen, die aus » Elementen

(1) ‘ X1 5 X35 swis X

mit event. Wiederholung so zusammengesetzt werden, dass die hintereinander-
folgenden Indexe in jeder Kombination (x;,, x;,, ..., x;) die Bedingungen erfiillen:

) LWZi,Z...2Zi,
wo wir fiir jedes Symbol Z je nach unserer Wahl immer eines der Zeichen einsetzen:

(3) é.’ <, g’ >.

1. Vereinbarung. Die durch unsere Wahl realisierte Beziehung (2) bezeichnen wir
mit dem Termin ,,Profil*‘. Weiter heben wir zwei Haupttypen von Profilen hervor:
1) Die monotonen Profile — bestehend nur aus den gleichgerichteten Zeichen, z. B.
< < <, oder > > >, u.s.w., 2) Die nichtmonotonen Profile, die in ihren Zusam-
menstellungen wenigstens ein entgegengerichtetes gegeniiber den iibrigen Zeichen
haben, z.B. < < 2, oder = £ > >, u.s. w.

2. Bemerkung. Die Gruppen vom gegebenen Profil wire es méglich durch Ein-
fiihrung einer grosseren Anzahl von Zeichen zu erweitern. Die Zeichen miissten
wir dann durch eine andere Symbolik ausdriicken. So z. B. i;(+2) i, wire ein Profil
fur zweistellige. Kombinationen, die aus den Elementen (1) so zusammengestellt
wiirden, dass bei der Besetzung der ersten Stelle mit dem Element x; die zweite
Stelle nur mit einem von den Elementen x;,,, Xx;43, ..., X, besetzt werden kann.
Alle weiteren Betrachtungen wiirden analog wie diejenigen in dieser Arbeit gefiihrt
werden.

Alle Erwéagungen gehen hier von gewissem Graphen aus, der eigentlich die moglichst
knappe Hinschreibung aller entsprechenden Fille ist. Diesem Graphen werden wir
dann seine Matrix und dieser wieder ihr Vektorfeld zuordnen.
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3. Definition. Der Entwicklungsgraph. Seine Bestandteile sind die Elemente (1) und
die Zweige, die hier als Verbindungen gewisser Elemente fungieren. Die Elemente (mit
event. Wiederholung) werden in dem Graph in den Spalten eingerichtet. Die Elemente,
die sich in der r-ten Spalte befinden, erfassen wir als ,,die r-te Folge des Graphen*,
die von oben nach unten hinzielt; r = 1,2, 3, ...

Der Graph entwickelt sich stufenweise, d. h. immer die (r + 1)-e Folge entwickelt
sich aus der r-ten. Diese Entwicklung bezeichnen wir als ,,die Verzweigung*. Es
gelten hier folgende Regeln:

1) In der ersten Spalte liegt immer ,,die Grundfolge des Graphen‘, d. h. die Folge
{x1, %5, X3, .05 X}

2) Es sei x; ein beliebiges Element der r-ten Spalte, und es gelte a) i, < i,,,,
b) i, <i, 4, ©) i, 54+, d) i, >i,,. Dann entwickelt sich die entsprechende
Folge P(x;) in der (» + 1)-en Spalte folgendermassen: a) P(x;) = {X;, Xj1y, ..., X,},
b) P(x;) = {Xj41> Xju2s -5 Xafs ©) P(X)) = {Xy, X3, ..., X;}, d) P(x}) = {x{, X3, ...,
x;_1}. Die Folge P(x;) nennen wir ,.die Verzweigung des Elementes x; und wir
fiilhren von dem Urheber x; zu jedem ihren Element eine Verbindung, insofern
wenigstens ein Element dieser Folge existiert. Jede solche Verbindung bezeichnen
wir als ,,elementaren Zweig* und im Sinne der Graphenentwicklung erfassen wir
auch seine Orientierung.

3) Esseien x;, x, zwei Nachbarelemente der r-ten Spalte derart, dass das Element x;
iiber dem Element x, liegt. Dann sind die Folgen P(x;), P(x,) zwei Nachbarfolgen
der (r + 1)-en Spalte derart, dass die Elemente der Folge P(x;) iiber den Elementen
der Folge P(x,;) liegen.

Aus den elementaren, hintereinander angekniipften Zweigen entstehen einzelne
einfachen (orientierten) mehrgliedrigen Zweige. Jeden solchen Zweig, der von der
esten bis zur letzten Graphenspalte fiihrt, bezeichnen wir als den ,,Totalzweig*.

4. Bemerkung. Einen dhnlichen Entwicklungsgraph konnen wir leicht auch fiir die
Variationen (mit oder ohne Wiederholung) konstruieren; besonders gut kann man
hiemit das Wesen der Fakultit auskliren.

5. Satz. Die Anzahl aller Kombinationen k-ter Klasse, aus n Elementen, die
einem gegebenen Profil entsprechen, ist gleich der Anzahl aller Elemente der k-ten
Folge des zugehorigen Entwicklungsgraphen.

Beweis. Aus dem Graphen kann man gerade alle moglichen Totalzweige aus-
nehmen; jeder von diesen gehort immer einer anderen, und immer entsprechender
Kombination, iiber deren Elemente lauft er durch. Dabei endet jeder Totalzweig
bei seinem eigenen Element.

6. Beispiel. Es ist die Gesamtheit aller Kombinationen vierter Klasse, aus den
Elementen {x,, x,, x,}, festzustellen, die dem Profil (i, < i, > iy < i,) entsprechen.
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Loésung: Stellen wir den entsprechenden Graph zusammen. (Anstatt des ganzen
Elementes legen wir immer nur seinen Index). Nach dem Satz 5, bekommen wir
folgenden, gut geordneten Inbegriff:

(1,2,1,2),(1,2,1,3),(1,3,1,2),(1,3,1,3),(1,3,2,3),2,2, 1,2), 2, 2, 1, 3),
(2.3,1,2),(23,1,3),(2,3,2,3),(3,3,1,2,(3,3,1,3),(3,3,2,3).

.71. Definition. Die Matrix eincs Entwicklungsgraphen, die wir mit dem Symbol M
bezeichnen, besteht aus den Elementen a;,, die in n Zeilen und k Spalten angeordnet
sind, wobei n bzw. k die Anzahl aller gegebenen Elemente, bzw. aller Spalten des
Graphen bedeutet.

Die Zahl a;, gibt an, wieviel Elemente x; sich in der r-ten Spalte des Entwicklungs-
graphen befindet.

8. Satz. Die Anzahl aller Kombinationen k-ter Klasse, aus » Elementen, die einem
gegebenen Profil entsprechen, ist gleich der Summe aller Elemente von der k-ten
Spalte der zugehérigen Matrix M.

Beweis. Der Satz ist eine ersichtliche Folgerung des Satzes 5, und der Def. 7.

9. Satz.

Es sei a;, die Grosse aus der j-ten Zeile und der r-ten Spalte einer n-zeilen und
k-spalten Matrix M, und es gelte nach dem Profil:

)i, Shey Vi <byy QL2084 d)i>iy,.
Dann gelten die Rekurrenzen:
@ a) aj .,y =0aj_1,r+1 + a; ., b) Ajr41=0qj—1,r41+ j_y s

c) Ajr+1=08js1,,+1 T+ aj,, d) Ajr41=Cjs1,r+1F+ Qjiy,ps
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und die Randbedingungen:
) a1=1;r=12..n b) a,; =0 fiir r >n,r < 1.

Beweis. Aus den gegenseitig iibereinstimmenden Elementen x; der r-ten Graphen-
spalte, entwickelt sich immer dieselbe Folge P(x;), d. h. bei jedem Zufall dieses
Elementes. Deshalb wird der Zahlenwert des Matrixelementes g;, in die (r + 1)-e
Spalte iibertragen, und zwar in die Zeilen vom Index: a) j,j + 1,...,n. b) j + 1,
Jj+2,...,n0)1,2,...,j.d)1,2,...,j — 1. Dies gilt fir j = 1,2, ..., n, so dass
gilt

Jj ji—1
a) Aj,r+1 =i-zl a;,, b) Aj p41 = _Zlai.r

©)

n n
C) aj,r+1 = z ai,r d) aj,r+1 = Z ai,r
i=j i=1+1

Weiter nehmen wir in Betracht, dass es nach (6) gleichzeitig gilt

i-1 I

a) Aj—1,r+1 = _Zlaa,, b) Aj—1,r+1 = .Zlai,r
i= i=

™

n

c) Ajvt,r+1 = Z ai,r d) Aji1,r+1 = Z i, r
i=j+1 i=j+2
Als die Differenz der entsprechenden Gleichungspaare von (6), (7), bekommen wir
dann die Relationen (4). Die Bedingungen (5) sind ersichtliche Folgerungen der
Def. 3. Siehe auch die Figur 1.

Spalte Spalte ‘ad b)
r r+l ) o r+l

b d j-l

N

Fig. 1
ad c) ad d)
r r+l r . r+1
——»T J . . 3
. . J‘l ./.T 341

10. Definition. Es ist eine n-zeilen und k-spalten Matrix M gegeben. Dieser ordnen
wir das Vektorfeld F und seine Operationen folgendermassen zu:
Das Gitter des Vektorfeldes ist das System aller n Zeilen und k Spalten der
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Matrix M, die hier als einzelne gezeichnete Strecken gedacht sind. Der Gitterpunkt
(i,j) ist der Durschnittspunkt der i-ten Zeile mit der j-ten Spalte. Der elementare
Vektor ist ein gebundener Vektor; er geht immer aus einem Gitterpunkt aus und v
zielt in einen anderen hin.

In den Gitterpunkten der ersten Spalte liegen immer die Einser. Diese Einser
werden wir ,,die Anfangswerte des Vektorfeldes*‘ nennen. Jeder Vektor teilt den Wert
seines Anfangspunktes seinem Zielpunkt mit. Der seinem Zielpunkt mitgeteilte
Wert wird zum Wert dieses Punktes. Wenn in den Punkt (7, j) mehrere Vektoren
hinzielen, werden die von ihnen mitgeteilten Werte summiert und diese Summe wird
zum Wert des Punktes (i, j). Zielt kein Vektor in einen (Rand)-punkt hin, so ist der
Wert eines solchen Punktes Null. Ausserhalb des Definitionsbereiches. werden keine
Werte mitgeteilt und umgekehrt.

11. Satz. Jedem von den Zeichen (3) entspricht (immer zwischen den zugehdrigen
Spalten) sein eigener Vektorfeldsstreifen, in dem die gebundenen Vektoren, was es
ihrer Richtung und Orientierung betrifft, sich mit jeder Zeile periodisch wieder-
holen.

Beweis. Der Satz ist eine ersichtliche Folgerung der Formeln (4), und der Def. 10.
Siehe auch die Figur 2:

aip = ey B < dpy S E i, i Z g
.——,1 . . o——%‘o '/
Y ,\L — : T

l \ /T f
@ —— & ° ' l_.)‘.. L) -

l | /T
S ———— \! ——— [ .

12. Beispiel — ist die Fortsetzung der Aufgabe aus dem Beispiel 6. Es ist jetzt die
Anzahl aller entsprechenden Kombinationen unvermittelbar festzustellen — mit
kurzer theoretischen Begleitung:

N
,/I\ll,o,
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Die Entwicklung der Matrix M als die Operation ihres Vektorfeldes: die Ab-
bildungen zeigen das Vektorfeld am Anfang und am Ende. Also nach dem Satz 8
gilt: 6 + 5 + 8 = 13.

13. Bemerkung. Die Definition 10 gilt auch fiir das Rechtecksystem der bino-
mischen Koeffizienten, siche (8). Dies ist aus unserer Hinsicht der Zufall eines speziel-
len Profils, in dem sich das Zeichen <, bzw. =, stets wiederholt:

1 —$0 ~Pro —3e —
l l l Q) B D
1-——’.——-—»-——*.—,“-‘....
l @ G QP
y RN, (NSNS (ICIENP SE—— 2 3 4 5
(3) () 3 (D
u.s.w.d { b . 2 3

14. Vereinbarung. Die Kombinationen, die einem monotonen Profil entsprechen,
bezeichnen wir im allgemeinen ,,die Kombinationen mit értlicher Wiederholung*. Die
Anzahl aller Kombinationen aus » Elementen, k-ter Klasse und mit rtlicher Wieder-
holung, wobei das Zeichen < (bzw. ) r-mal und das Zeichen < (bzw. >) s-mal
zugelassen wird, (r + s = k — 1), bezeichnen wir mit dem Symbol CKn).

In weiterem werden wir nur die Zeichen <, < betrachten; analog wiirden wir die
Betrachtung fiir die Zeichen >, > durchfiihren.

15. Lemma. Es seien zwei monotone Profile gegeben, die ausser folgender Aus-
nahme {iberall iibereinstimmen: 1. j, < i,,,, 2. i, < i,,,.

Dem ersten, bzw. dem zweiten Profil gehére die n-zeilen und k-spalten Matrix M,
bzw. M*. Dann, falls wir in der Matrix M*, mi der (» + 1)-en Spalte beginnend,
den nachfolgenden Teil der n-ten Zeile nicht registrieren, bekommen wir bei diesen
zwei Matrizen dieselbe Folge der Spaltensummen.

; —>.8 .8
.-—».& 00 : H T

* lb\‘. a *__Jb»* a+b

_—e ~
*__Jc !m»b !'_>.c_>.a+b*c
Fig. 3 *_Jd ey Q__>.d_>.a4b+c+d
|
L_Je\{aﬂwc*d '“"% :
T ér#l. (T P
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Beweis. Aus der Folge der r-ten Spalte einer Matrix M: (@, @,2, -+ @), be-
kommen wir mit dem Gebrauch der Formel (4 — b), bzw. (4 — a), in beiden diesen
Fillen zwar dieselbe, doch aber in dem zweiten Fall um eine Zeile héher anfangende
Folge der (r + 1)-en Spalte.

Siehe auch die Figur 3.

16. Satz. Es gelte: n = 1, k — 1 2 r 2 0. Dann gilt die Formel:
© Ci(n) = (" . ’) :

Beweis. Ersetzen wir in dem gegebenen Profil jedes Zeichen < mit dem Zeichen <.
Dann, nach dem Satz 8 und dem Lemma 15, miissen wir in der k-ten Spalte der
Matrix des neu geformten Profils nur die ersten n — (k — 1 — r) Glieder summieren,

so dass wir nach (8) folgende Reihe bekommen: (:_ 1) +( 5 )+ cee +

-1 k-1
n+r—1 . ; e
+( k-1 ), die nach [1], S. 248, Formel 11, mit der rechten Seite aus (9)
gleich ist.

Damit sind wir zu einer Universalformel fiir die Kombinationen mit értlicher Wieder-
holung angelangt. Es ist ersichtlich, dass die ,,Kombinationen ohne Wiederholung‘
(r = 0) und die ,,Kombinationen mit Wiederholung* (r = k — 1)die Randfalle sind.
Es ist gleichzeitig ersichtlich, dass die Anzahl der entsprechenden Kombinationen
nicht davon abhingt, zwischen welchen Indexen die Wiederholung zugelassen wurde.

Aus den obigen Betrachtungen kommt auch folgende Formierung unserer Resultate
hervor:

n
17 Korolar. Der Funktionsausdruck ( e der der ersten Spaltenfolge in dem Graphen ent-

spricht, entwickelt sich bei den monotonen Profilen folgendermassen:

a) Mit jeder Verzweigung mit erlaubter Wiederholung wdchst sowohl der obere als auch der untere
Zeiger um eins.

b) Mit jeder Werzweigung ohne erlaubte Wiederholung wdchst nur der untere Zeiger um eins.
Nun wollen wir priifen, ob es auch bei einem willkiirlichen, nicht monotonen

Profil eine dhnliche, dem Graphen entsprechende, Entwicklung von ('11) existiert.

18. Definition. Es seien n Elemente (1) gegeben und x; sei ein willkiirliches Element
in der r-ten Spalte des Graphen.

Die vollstindige Verzweigung des Elementes x; bedeutet, dass diesem Element
entsprechende Folge P(x;), die in der (r + 1)-en Spalte liegt, mit der Grundfolge
iibereinstimmt, siehe Def. 3.

Die vollstandige Verzweigung der r-ten Folge des Graphen bedeutet, dass jedem
Element dieser Folge seine vollstindige Verzweigung entspricht, wobei fiir die
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Entwicklung der elementaren Zweige die Bedingungen aus der Def. 3 gelten. Dies
noten wir in einem Profil mit dem Zeichen <, d. h. i, S i,,,.

Die einem von den Zeichen (3) entsprechende Verzweigung des Elementes x;
wird durch die Verbindung mit ihrer Erginzungsverzweigung desselben Elementes X
zur vollstindigen Verzweigung dieses Elementes gebracht.

19. Satz. Es sei x; ein beliebiges Element aus der r-ten Spalte des Graphen. Setzen
wir voraus, dass seine Verzweigung dem i-ten Zeichen aus der Folge {<, <, 5, >}
entspricht. Dann entspricht seine Erginzungsverzweigung dem (5 — i)-ten Zeichen
aus derselben Folge.

Die Giiltigkeit des Satzes ist ersichtlich aus den Def. 3 und 18.

20. Vereinbarung. Die Zerlegung gewisser Folge in zwei Teilfolgen bezeichnen wir
mit den Zeichen +, —. Zum Beispiel: P(x;) + q(x;) = R(x;), oder R(x;) — P(x)) =
= ¢(x;). Dasselbe in Worten.

21. Satz. Es sei x; ein beliebiges Element aus der r-ten Spalte des Graphen und es
sei Hy(x,), HyH,(x;), HyH,H,(x;), ... seine Verzweigung in der (» + 1)-en, (r + 2)-en,
(r + 3)-en... Spalte. Dabei anstatt H; bezeichnen wir P, p;, Q;, g, R;, falls die
Entwicklung nach dem (entsprechenden) Zeichen <, <, S, >, S lauft. Dann gillt:

(10) Py04(x)) = Po[Ry(x;) — pi(xy,] = PyR(x;) — Pypy(x)),
und weiter:

1 P3P,Q,(x)) = P3P,[R,(x)) — pi(xp] = P3Py R (x;) — P3Pypy(x)),
und so dhnlich in den iibrigen Fillen.

Beweis. Das angezeigte Prinzip ,,Die Verzweigung der Differenz ist gleich der
Differenz der Verzweigung* gilt hier aus dem Grund, dass die Entwicklungsbedin-
gungen fiir ein beliebiges Element der r-ten Spalte des Graphen unabhingig daran
sind, in welche ihre Teilfolge dieses Element zugeteilt wird.

22. Satz. Es seien die Elemente (1) gegeben; A sei die Anzahl aller Elemente der
r-ten Folge des Graphen und es gelte i, S i,,,. Dann kann man die (r + 1)-e Folge
dieses Graphen als die A-fache der Grundfolge erfassen.

Beweis. Nach der Def. 18 gilt es hier: a,,, , = Qpyg,2= .. = Gyy,, = A.
Also nach den Formeln (4) kann man die Konstante 4 aus Jeder weiteren Spalte
dieser Matrix ausklammern.

Die Zusammenfassung der Regeln fiir die Verzweigung bei den nicht monotonen
Profilen kénnen wir folgendermassen ausdriicken:

23. Korolar

a) Die Verzweigung der r-ten Folge des Graphen nach einem entgegengerichteten Zeichen erfassen
wir als die Differenz zwischen der vollstindigen Verzweigung und der Ergdanzungsverzweigung von
derselben r-ten Folge des Graphen.
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b) Die Erganzungsverzwigung lauft dann nach den Regeln fiir die monotonen Profile.
¢) Mit der vollstandigen Verzweigung endet die bisherige Entwicklung des zugehrigen Ausdruc-
kes-er ist eine Konstante geworden, und. zugleich ein neuer Ausdruck fangt seine Entwicklung wieder

()
von an.
1

d) Fir die weitere Entwicklung gilt stets das Prinzip: ,,Die Verzweigung der Differenz wird gleich
der Differenz der Verzweigung*.

24. Beispiel. Es sind die Elemente (1) gegeben. Es ist die Anzahl aller 9-stelligen
Kombinationen auszudriicken, die dem Profil i; < i, < iy S iy > is < ig S i; <
< Ig < iy entsprechen. (Der Strich iiber dem Ausdruck wird hier bedeuten, dass
sich derselbe nicht mehr entwickelt). S, sei hier die Anzahl aller Elemente aus der
r-ten Spalte des Graphen:

51=Q52=(";1), s3=@, S4=(n1-2>,
() s (D)
(I-CPH0O-CD0- )

[CTO-CEC)-C) 1)
[0

n+1 n+2\(n+1 n+4
(7)) 039
Es ist ersichtlich, dass die am Anfang dieser Arbeit vorgelegte Aufgabe bewiltigt
worden ist. Man sieht aber auch, dass es zwecklos wire, fiir unregelmissige Profile
besondere Formeln zu suchen. Bei speziellen Profilen fiihrt es jedoch zum Auffinden
von neuen Beziehungen.
Als ersten Zufall eines speziellen Profils fiihren wir an

Ss

DIE ZWEIPHASIGEN KOMBINATIONEN 1. ART

Diese Kombinationen entsprechen folgendem Profil:

(12) B S S S Z gy e 2 s,

25. Satz. Es sei mit dem Symbbl DX(n) die Anzahl aller zweiphasigen Kombina-
tionen bezeichnet, die aus n Elementen mit Wiederholung und (k + r)-ter Klasse
sind, und dabei dem Profil (12) entsprechen.
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Dann gelten folgende zwei Formeln:

ntk—14i0\[r+i

k —
@ -5 (E()

K :

Erax _,+,n+k—1—1 n+r
(1) p =3 -0 ("R (),
wo fiir beide diese Formeln gilt: n 2 1, k = 1, r =2 0.
Beweis der Formel (13)

Betrachten wir die Elemente a;, aus der dem Profil (12) entsprechenden Matrix:
Die Elemente aus den ersten k Spalten iibereinstimmen offenbar mit den, was es
ihrer Lage betrifft, entsprechenden Elementen aus dem System (8). Nun wollen wir
beweisen, dass es fiir die Matrixelemente der weiteren Spalten gilt:

s—1\[k—-1+i s k+i
1 o= (I (2 EE )
n+s—i—-2\fn+k-2
(T

woi=0,1,....,.n—1;8s=1,2,...,r.
Den Beweis fiihren wir mittels der strengen Induktion durch:
Da es hier nach (6-c) gilt:

n—i

(16) al+,.k+,+1= Za,-.”-'u.,, l=0, 1,...,"— 1;S=0, l, oy T = 1,
ji=1

muss es hier, falls (15) richtig ist, folgende Gleichung gelten:
s—1\[k—1+i s k+i n+s—i—=2\(n+k-2
a”"""“_(s—l)( k-1 )+(s—1)(k—1)+“‘+( s—1 )( k-1 )
o s—1\[k+i - s k+i+1 I % n+s—i—3\fn+k-2
s—1/\k-1]  \s-—1 k-1 s—1 k-1
n+k-3 o s n+k—2
k-1 s—1 k-1
(n+k—2) :

Addieren wir diese Glieder in Diagonalen, so bekommen wir:
s—1\[k—-1+i s—1 s k+i
annaner = (DI [GTD (L)) G
s—1 s fn+s—i—2 n+k-2
AGID ) OO
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und nach der Umformung, zu der wir die Formel 11 aus [1], Seite 248, beniitzen:
s\[k—1+i s+ 1\/(k+i
as+1,k+s+1=(s)( k=i )+( . )(k-—-l)+
n+s—i—-1\/n+k-2
(0T

Wir haben also bewiesen: wenn (15) fiir & + s gilt, dann gilt sie auch fiir k + s + 1.
Es gilt weiter, mit Hinsicht auf (8) und (6-c):

k+i-1 k+i n+k-—2
Aiv1,k+1 = k—1 + b —1 + e A k—1 -
oder:

= () (L) G+ (TR

was die Form (15) fiir s = 1 ist.
Nun nach (15) und nach dem Satz 8 bekommen wir D¥(n) durch die Summation
der rechten Seiten folgender Gleichungen:

a _(r—-1\[k-1 " r k .k n+r—2\(n+k-2
Lkee =\ 1\ k-1 r—1J/\k -1 r—1 k-1 )
r—1 k r k+1 n+r-3\(n+k-2
“2-“"(r-1)(k—1)+(r—1)(k—1)+“'+( r—1 )( k=1 )
r—=1\(n+k-2
Takts “%r 1} 22
Addieren wir diese Glieder in Diagonalen, so bekommen wir:
ey _[r—1\[k-1 r—1 r k
0= )+ (G20 ()] () e
r—1 n+r-3 n+r—2 n+k-—2
[ RS (e )< 1)),

und daraus, mit Hilfe der oben erwihnten Formel, bekommen wir sofort (13).

Beweis der Formel (14).

Es sei E die Anzahl aller Elemente aus der s-ten Spalte des zugehérigen Entwick-
lungsgraphen; s = 1, 2, ..., k. Es gelte hier das Zeichen =, bzw. < fiir die Grund-
bzw. Gegenrichtung. Dann gilt folgende Relation:

(17) E.’= Z(_l)‘*‘l'El-i'(’i’)! E0=1, S=1,2,..., k.
i=1
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Beweis. Es gelte (17) fiir s < k. Weil zwischen den Indexen i, i, ,, ein inverses
Zeichen liegt, so gilt es — nach Korolar 23:

E,,,=E,. (';) —'_;(—1)'+l E,_,. (i : 1).

Nach der Substitution der Grenzen:

i+l=j,woraus ] Si<s=22=<i4+1Zs+1=22ZLj<s+1,

gilt:

n s+1 X n s+1 . n
Egpq = Es.(1> + .22(_1)J“.Es+1—j-(-) = ’Zl(_l)J'FI-ES*.l_j.(.),
J= =

. \ J J

was die Relation (17) fiir den Index s + 1 ist.
Fiir s = 1 lautet (17) so: E, = E, ('11) = (';), was der Wirklichkeit entspricht.

s
Teile des Profils iy < i, < ... < i, geniigen ersichtlich die Kombinationen mit
(dauernder) Wiederholung.

Es gilt allerdings zugleich: E; = (n 4= 1) ,s =1,2,..., k, da dem betrachteten

Es gilt also

k - k—i—
(18) E =Y (-1 ‘-("+k_:. 1)(':)

in dem der Strich iiber die Kombinationszahl die schon bekannte Bedeutung hat. Die
weitere Verzweigung des Graphen verlauft weiter stets nach dem Zeichen >, das hier
das Grundzeichen ist. Nach den r Verzweigungen wachsen daher die beiden Zeiger
des nicht konstanten Ausdruckes im (18) um r Einheiten. Dadurch bekommen wir
Formel (14).

26. Folgerung. Durch die Verbindung der Formeln (13), (14), bekommen wir
unmittelbar eine neue kombinatorische Identitit.

Ilustrationen. N

Fig. 1. Die Konfigurationen fiir die Formeln (4)—a, b, c, d.
Fig. 2. Die Vektorfeldsstreifen fiir die Zeichen (3).
Fig. 3. Die Darstellung fiir das Lemma 15.

In folgenden Absitzen dieser Arbeit werden wir zwei weitere speziellen Arten des
Profils priifen:
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DIE OSZILLIERENDEN KOMBINATIONEN 1. UND 2. ART

27. Definition. Die oscillierenden Kombinationen erster bzw. zweiter Art sind die
Kombinationen aus den Elementen (1), mit Wiederholung, k-ter Klasse, deren
Profil aus zwei fortwihrend wechselnden Zeichenarten besteht: bei der ersten bzw.
zweiten Art sind es die Zeichen < =, bzw. < >. Es ist unwichtig, mit welchem von
den zwei zusammenwirkenden Zeichen das Profil beginnt.

Die oscillierenden Kombinationen werden wir mit der Abkiirzung OK bezeichnen.

Die Anzahl aller OK der l-en, bzw. der 2-ten Art, k-ter Klasse, aus n Elementen,
bezeichnen wir 4%, bzw. BX. Dazu definieren wir:

(19) A% = B? = 1; =1,2,3,..:

28. Satz. Die Anzahl aller OK erster bzw. Zweiter Art, aus n Elementen, k-ter
Klasse, ist unabhingig von der Art des ersten Profilzeichens.

Beweis. Zeichnen wir zwei, aus n Zeilen und k Spalten bestehende Vektorfelder,
so dass ihre (disjunkte) Symetrieachse mit ihren Zeilen parallel sei. Die ersten Profil-
zeichen dieser Felder seien gegeneinander entgegengesetzt: <, =, bzw. <, >. Dann
aus den Gleichungen (4)-a, -c, bzw. (4)-b, -d, geht es hervor, dass zwischen den
entsprechenden zwei Feldern die Spiegelsymmetrie existiert. Dann aber, je nach der
Def. 10, gilt dasselbe fiir die Grossen a;; der zugehdrigen Matrizen, und daraus, nach
dem Satz 8, geht unser Satz hervor. Siehe auch die Figur 4:

29. Satz. Es sei n = 1. Dann gilt:
(200 a) AX=Bf,, fir k22, oder k=0. b) 4, =B, 1

Beweis. Es sei ein n-zeilen und k-spalten Vektorfeld F fiir die OK der ersten Art
gegeben. Das zugehérige System aller gebundenen Vektoren dieses Feldes sei in der
Deckung mit einem zusammenhidngenden Netz, dessen elastische, bzw. nicht
elastische Elemente in der Richtung der Zeilen, bzw. der Spalten des Vektorfeldes sind.
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Nun, wenn wir jede gerade (ungerade) Spalte dieses Netzes um eine Zeile nach unten
aufspannen und dagegen jede ungerade (gerade) Spalte in der urspriinglichen Lage
behalten, dann wird (nach 11. und 27.) dieses Netz mit jenem System gebundener
Vektoren in die Deckung iibergehen, der dem (» + 1)-zeilen und k-spalten Vektor-
feld F* fiir die OK der zweiten Art gehort.

Betrachten wir nun die Matrizen M, M *, die den Vektorfeldern F, F* entsprechen:
Nach 10] liegt in der s-ten Spalte der beiden Matrizen dieselbe Folge der Nichtnull-
elemente; s = 2, 3, ..., k. Die einzelne Ausnahme entsteht nur in der ersten Spalte,
weil die Matrix M, bzw. M ™, aus n, bzw. n + 1 Zeilen besteht.

Daraus, nach dem Satz 8, folgt sofort der zu beweisende Satz.

Siehe auch die Figur §:

1. . . . a 1__s. ¢ i 0 ——3- 8

1 . » b 1l e e

1\¢/ \‘/ O  Die Matrix M

30. Definition. M, bzw. M, bedeutet eine endliche Menge von n verschiedenen
Elementen:

(21) M] ={x1’x2,---3xn}’ M2={yl’y2a'--,yn}:
die die Ungleichung erfiillen:

22) Xi > Y, i=12,...,n;j=12,...,n

Mit der Benennung ,,die komplexen oszillierenden Kombinationen* und der Ab-
kiirzung KOK bezeichnen wir eine k-stellige, aus den Elementen der Menge (M, U M,)
nach der Vorschrift :

(23) (X3, Xiy oo X0 Vi s Viss »+ Virds 0<r=k,

gebildete Gruppe, wo (x;,x;, ... x;), bzw. (y; , Vi, .- Vi) eine OK erster, bzw.
zweiter Art ist, siche Def. 27.

Das Profil von KOK (23) darf nicht zwei gleichgerichtete Zeichen hintereinander
enthalten. Dabei statt des Zeichens zwischen i,,i,,, registrieren wir dasjenige
zwischen den Elementen x;,y, ,,, d.h. nach (22). Also die Fille a) ...4,_, =
20, > dpq.es b) coiip> 0,44 > i4,... dirfen nicht entstehen. Es muss also

gelten:
2"‘ iy 21, fiir gerade r, i, = i, fiir ungerade r,
24 i4q < i,4, firaller.
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31. Véreinbarung. Beniitzen wir die Strukturalbezeichnung
(25) (nk-r); 0=rsk,

fiir jede KOK, die in ihrer Zusammenstellung r bzw. k — r Elemente aus der Menge
M, bzw. M, hat. Dabei bezeichnen wir eine KOK als gerade, bzw. ungerade, wenn
die Zahl r in (25) eine gerade bzw. ungerade ist.

32. Satz. Es sei k eine beliebige natiirliche Zahl. Die Menge aller KOK k-ter
Klasse, die aus den Elementen € (M, U M) nach der Def. 30 zusammengesetzt sind,
besitzt eine gleiche Anzahl von geraden und ungeraden KOK.

Beweis. Betrachten wir eine gewisse Abbildung der Menge aller, durch die Def. 30
gegebener KOK auf sich: diese Abbildung wollen wir ,,Transformation durch um-
werfen des Randelelementes nennen.

Das Prinzip der Transformation: Bei jeder KOK der betrachteten Menge wird
immer eines der Randelemente auf die entgegengelegene Seite umgesetzt, d. h. es
wird bei dieser Kombination zu dem Randelement von der entgegengesetzten Seite,
und es wird dabei das umzusetzende Element auf gewisse Art transformiert. Alle
anderen Elemente bleiben dabei in KOK ohne Anderung und in urspriinglicher
Zusammenstellung.

Die Transformation des umzuwerfenden Elementes:

1) Es sei die Zahl £ (die Klasse KOK angebend) eine gerade: dann wird das
Element x; zu dem y, ., _; oder y; wird zum X, _;.

2) Es sei k eine ungerade Zahl: dann wird das Element x; zu dem y;, oder das
Element y; wird zu dem x;.

Es ist allerdings Bedingung der Transformation, dass wieder eine KOK entstehen
muss, die die Bedingungen (23) und (24) erfiillt.

Zwecks des Beweises unseres Satzes nehmen wir zuerst in Betracht, dass durch
die erwahnte Transformation immer aus der geraden, bzw. ungeraden KOK eine
ungerade, bzw. gerade KOK entstehen muss.

Wir beweisen weiter, dass es bei jeder KOK moglich ist immer nur eines ihrer
Randelemente auf die angefilhrte Art umzustellen und zu transformieren, wenn
wieder eine die Bedingungen (23) und (24) erfiillende KOK entstehen soll:

A) Betrachten wir alle KOK, fiir die r = 0, oder r = k gilt. Diese Kombinationen
haben je nach (23) ersichtlich die einzige Transformationsméglichkeit.

B) Betrachten wir alle KOK, fiir die gilt: 0 < r < k, wo k eine gerade Zahl ist.
Dann beweisen wir, dass einer KOK (23) nicht beide Varianten ihrer Transformation,
d.i.

a) (xiz"'xf,-yi,-‘f']"‘yik—lyiuyn*}'l'h)’
b) (Kut 1= 5X0 Xty o oo Xy Vi ty o+ Vig=g)s
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entsprechen konnen. Betrachten wir in Bezug auf (24) beide Moglichkeikeiten : 1)
Wenn r eine gerade Zahl ist, dann muss in der urspriinglichen KOK i, < i, und
gleichzeitig i,_; < i, gelten. Damit aus dieser wieder eine KOK entstehe, muss
es also gelten: im Falle a) iy, >n + 1 — i, im Falle b) n+ 1 — i =i
Aber von diesen zwei Moglichkeiten kann nur eine gelten. 2) Wenn r eine ungerade
Zahl ist, dann muss in der urspriinglichen KOK i; = i,, (oder i; > i,, falls schon
das zweite Element € M), und gleichzeitig i, _, > i, gelten. Damit aus dieser wieder
eine KOK entstehe, muss es also gelten: im Falle a) i, <n + 1 — i;, im Falle
b)n + 1 — §, < i;, was wieder nicht gleichzeitig gelten kann.

C) Betrachten wir alle KOK, fiir die gilt 0 < r < k, wo k eine ungerade Zahl ist.
Wir beweisen wieder, dass einer KOK (23) nicht beide Varianten ihrer Transfor-
mation, d. i.

a) (Xip eoe XiYVipty oo Vie—ViVin)s
b) (X0 X0 Xty oo Xi Vinty oo Vie—1)s
)

entsprechen kénnen. Betrachten wir in Bezug auf (24) beide Méglichkeiten: 1) Wenn
r eine gerade Zahl ist, dann muss in der urspriinglichen KOK i; < i, und gleichzeitig
i,_1 > I, gelten. Damit aus dieser wieder eine KOK entstehe, muss es also gelten:
im Falle a) i, < i;, im Falle b) i, = i, was nicht gleichzeitig gelten kann. 2) Wenn r
eine ungerade Zahl ist, dann muss in der urspriinglicher KOK i, = i, (oder i; > i,)
und gleichzeitig i, _, < i, gelten. Damit aus dieser wieder eine KOK entstehe, muss
es also gelten: im Falle a) i, > i,, im Falle b) i, < i;, was nicht gleichzeitig gelten
kann.

Es ist also ersichtlich, dass durch die angefiihrte Transformation auf der Menge
aller gegebenen KOK eine (1,1)-deutige Abbildung zwischen der Untermenge aller
geraden und der Untermenge aller ungeraden KOK definiert wird. Dadurch ist aber
der Beweis des Satzes erbracht.

33. Lemma. Die Anzahl aller KOK, die nach der Def. 30 zusammengestellt werden
und die eine gemeinsame Struktur (r, k — r) haben, ist 47 . BX™".

Beweis, Betrachten wir 1) die OK l-er Art, r-ter Klasse, aus M,, 2) die OK
2-ter, Art, (k — r)-ter Klasse, aus M,. Mit Riicksicht auf (24) verlangen wir, dass
“bei jeder OK and 1) das erste Zeichen des Profils < bzw. > sei, wenn die Zahl »
gerade, bzw. ungerade ist. Bei jeder OK ad 2) verlangen wir, dass das erste Profil-
zeichen < sei. Diese Forderungen haben nach dem Satz 5 keinen Einfluss auf die
Bestimmung der Formel fiir die Anzahl aller entsprechenden OK. Wéhlen wir nun
eine beliebige von den angefiihrten OK 1-er Art und fiigen sukzessiv alle der ange-
filhrten OK der 2-ten Art dazu. Damit erhalten wir Bf™" KOK k-ter Klasse, aus
(M, U M,) von gemeinsamer Struktur (r, kK — r). Weil wir von den OK l-er Art
im Ganzen A, wihlen konnen, so ist es ersichtlich, dass die Anzahl aller KOK der
(r, k — r) Struktur A7B*"" ist.
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34. Satz. Firn > 1, k = 1, gilt:

(=1)".4.B:" =0,

i

(26)

r

Beweis. Nach dem Satz 32 und Lemma 33 handelt es sich um die Differenz
zwischen der Anzahl aller geraden und ungeraden, nach der Def. 30 gegebenen KOK.

35. Definition. Fiir die Zahlen 4%, n > 1, k 2 0, und fiir die Zahlen B}, n = 2»
k = 0, sieche die Def. 27, bestimmen wir und folgendermassen bezeichnen die
erzeugende Funktion:

(27 O (x) = A° + A} x4+ A2 X2 4+ .+ Ak X+
(28) Y x) =B+ B .x +B:. x> + ... + BX. X+ ...

36. Lemma. Die Potenzreihe (27), bzw. (28) konvergiert zum weingsten im Interval

1
|x|<71-.

Beweis. Sind n verschiedene Elemente und das Profil der dauernden vollstdndigen
Verzweigung gegeben (siehe Def. 18): <, <, ..., £, dann ist die Anzahl der in der
k-ten Spalte des betreffenden Graphen liegenden Elemente ersichtlich.n", k=1,273,.
Daraus folgt weiter, dass die Potenzreihe R,(x) = 1 + nx + (nx)* + ... + (nx)* +
+ ... fiir x > 0 eine majorante Reihe zu den Reihen (27), (28) ist. Dabei R,(x)

o 1
konvergiert im Interval | x | < —.
n

37. Satz. Firn =2 2und | x| < % gilt:

(29) @u(X) . Yu(—%) = L.

Beweis. Wir filhren das Cauchy-sche Produkt der Potenzreihen ¢,(x) ¥,(—x)

durch. Die das Produkt dieser zwei Potenzreihen darstellende Potenzreihe sei be-
k

zeichnet: Co + C; . x + C,.x* + ... Dann, wie bekannt, gilt: C, = Y (—1)"""x
r=0

x A . B,’:". Hier aber, nach dem Satz 34 gilt: C, = Ofiir k = 1, 2,3, ... Ausserdem,
nach der Def. 27 gilt: C, = 4, . B, = 1.

38. Satz. Fiir die fortschreitende Entwicklung der ausschaffenden Funktionen
@.(x) gilt folgende Rekurrenz:

(30) (Pn(x) . (_x % (Pn—l(—x)) = 1; n = 2’ 3, 4, e

@31 ?1(x) = Txl_'_—l_
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Beweis ad (30) — ist eine direkte Folgerung der Sitze 29 und 37.
Beweis ad (31) — Weil A} = 1 fiir kK = 0, so gilt nach (27):
X 1

1
+ .= fur [ x| < —.
n

oi(x)=1+x+x"+..+x g

Auf Grund dieser Rekurrenzen versuchen wir in weiterem die direkten Formeln
zu finden.

39. Definition. Es sei [m] die Abrundung der Zahl m auf ihr niichstes kleineres
Ganze. Dann definieren wir die Zahl

[n + k]
32) - Dt = 2 ,

k

fiir den Indexenbereich
(33) k=0,1,...,n; n=0,1,2,...

Die dem Indexenbereich entsprechenden Zahlen D¥ ordnen wir inein Dreiecksystem
an, das wir ,,das verdoppelte Pascal’sche Dreieck* benennen. Es ist ein System von
Zeilen und Spalten, siehe die Nebendarstellung, worin sich die Zahl Df in der n-te
Zeile von oben und k-ten Spalte von links befindet.

Dy

Dy D;

DY D) D?
p} by Db: D}

40. Bemerkung. Die Zahlen D:, die sich ausserhalb des Dreiecksystems befinden,

sind im Hinblick auf die Elementardefinition der Zahlen 2) gleich null.

Die Zahl D} bedeutet auch die Anzahl aller Kombinationen (x; x;, ... x;), wo
die Elemente x; die natiirlichen Zahlen der Menge {1, 2, ..., n} sind und gleichzeitig
die folgenden 2 Bedingungen erfiillen: 1) Xy < Xy < oo < X4, 2) Xy, TESP. X;,
ist eine ungerade, bzw. gerade Zahl; r = 1, 2, .... Siehe [1], Paragraph 49.

41. Satz. Fiir die Zahlen D gilt die Rekursionformel: ~
(34) | D, =D;_, + D7},

Beweis. Es geniigt zu iiberlegen, dass es gilt: [n X 12c — 2] = [n ; k - 1] =
= [n ;: k] — 1. Wenn man dann [n -2'- k:l = m bezeichnet, lautet die Gleichung
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(34) folgendermassen: (':) = (m ,: 1) & ("I: : i), was eine Elementarbekannte

Relation ist.

42. Definition. Wir legen fest und bezeichnen mit einem Symbol das folgende
Polynom:

. n i+1
(35) fix)=Y (- ? ).D:.x‘; n=0,1,2, ..

i=0

43. Bemerkung. Wie ersichtlich, stimmt die Koeffizientenfolge des Polynoms
f.(x) — bis auf die Vorzeichen — mit der Folge der n-ten Zeile des Zahlensystems
D iiberein. Wir gebrauchen daher auch im weiteren Text die Bezeichung fiir das
Polynom nullter Stufe: fo(x) = D§ = 1.

44. Satz. Fiir Polynome f,(x), n = 2, gilt die Rekursionsgleichung:
(36) fn(x) =fn—2(x) - x'fn—l(_x); fo(x) = 1’ fl(x) =1-x

) n—2 (i-;l) ; ; n—1 (i-;l)
Beweis. f,_2(x) — x. fr_i(—x) = Z:O(—l) .D,_,.x'—x. 1;0(—1) X

n—3 i+1

i+1 n—1
x Di_y . (=% = D0, + _Zo(—l)( ) pity x4 ) S DA

X

X n—-1 i+2 . n—1 i+2
xDi_ . X1 =D3 + ) (—1)( 2 ).(Df,‘:‘2+ Di_).x*'=D)+ Y (—1)( 2 )x
i=0

i+1 i+1 =0
x DIt x*t = D) x0+ ¥ (—1)( 2 ).D;',. =Y (_1)( 2 ).D:',. = fi(x),
i=1 i=0

w.z.b.w.

45. Definition. Wir setzen fest und bezeichnen die rationale gebrochene Funktion

fuer(=3)

37 D, (x)==" ; n=1273,..
Gn (=27
46. Satz. Fiir die Funktion &,(x), n > 1, gilt die Rekursionsbeziehung:
1
(38) D, (x). (Dp-i(—x) —x)=1; @4(x)= R

Beweis. Es gilt nach (36) und (37):
D,(x) = fo-1(=%) [ fu(%) = facs(=%) [ (fo-2(x) — x . fo-1(—X)) =

= 1/<—x + f"f:(Z(_x))c))= T qfol,,_l(—x) ,  w.z.b.w
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47. Korolar.

Die ausschaffende Funktion (27) fiir die oszillierenden Kombinationen der ersten Art, in ihrer
beendeten Form, lautet:

M- n=>1.

39 = H =
(39 @u(x) 7.

Beweis. Es geniigt ersichtlich die Identitit der Funktionen ¢,(x), &,(x) zu be-
weisen, siehe (27), (37). Das ist aber leicht: weil ihre Rekursionsformeln (30), (38)
formal iibereinstimmen, und weil auch ¢,(x) = @,(x), siche (31) und (395) fiirn = 1,
wird damit die Identitat bewiesen.

48. Satz. Die Summe der r-ten Zeile im Dreiecksystem der Zahlen DF gibt die
Anzahl aller oszillierenden Kombinationen erster Art, r-ten Klasse, aus zwei Ele-
menten an.

Beweis. Nach dem Korolar 47 und nach den Definitionen 35 und 42, gilt:
14 x
1—x—x*
1+ x
1—x—x*
r=20,1,2, ..., siehe [1], Paragraph 49.

In dem néchsten Abschnitt der Arbeit werden wir die Erérterung der Wurzeleigen-
schaften des Polynoms f,(x) in Angriff nehmen.

= A3 + A} .x + A3.x* + ... Es gilt doch zugleich:

Go+Gy.x+ Gy.x* +...,wo gilt: G, =D? + D! + ...+ D;
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As a further development of the invariant method of investigation for submanifolds
of homogeneous spaces by E. Cartan, some authors (in particular S. P. Finikov
and his disciples) have applied a natural modification of this method for finding
of infinitesimal invariants and infinitesimal relative invariants of submanifolds.
Though they have investigated only concrete situations, we can observe that their
evaluations have the following general form. Besides the “variations with respet to
the secondary parameters” of some functions, one also finds the corresponding
variations of a basis of the principal forms and then proceeds in the same way as
in the case of the usual (or “finite”) invariants. Since we feel such a “classical”
approach to be unsatisfactory from theoretical point of view, we present an intrinsic
explanation of this algorithm. Moreover, the present state of the theory of geometric
objects of submanifolds, [10], [3], [7], enables us to treat arbitrary infinitesimal
geometric objects of submanifolds. We conclude with a detailed discussion of a clas-
sical example from our point of view. Since we use a specialization of frames in the
example, we also add a general remark to an aspect of this procedure.

Our considerations are in the category C*. The standard terminology of the theory
of jets is used throughout the paper, cf. [3], [6].

1. Consider the fibre bundle K.(M) of all regular contact m'-elements on a diffe-
rentiable manifold M, m < n = dim M. Taking into account that every ¢ € K,, (M)
is naturally identified with an m-dimensional subspace (&) of T(M), we define

(1 VEL(M) = {(v, &) € T(M) @ Kn(M); ve (D)},

where @ means the fibre product over M. The space VKL(M) can be considered
either as a vector bundle over K.(M) of fibre dimension m or as an associated fibre
bundle of the symbol (M, ¥%., L}, H'(M)), where ¥}, = VK, o (R") (i.e. the fibre of
VKL(R") over 0 € R"), cf. [1]. Further, let X;(M) be the fibre bundle of all contact
m'-elements on M and let p! : KZJ(M) - Ki(M), s < r, be the jet projection. Then
we set

@ VEI(M) = {(v, &) € T(M) & Kn(M); v (o, (E)}-
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Even this space can be considered either as a vector bundle over K, (M) of fibre
dimension m or as an associated fibre bundle of the symbol (M, VK7 o(R"), L!, H"(M)).
If S'is an m-dimensional submanifold of M, then we have a natural injection 7(S) <
c VK (M), v — (v, kywyS), where n : T(M)— M is the bundle projection and k.S
means the contact m"-element determined by S at a point xe S.

Remark 1. Quite analogously, one can treat the tangent vectors of higher order.
Let 77(M) be the bundle of all tangent vectors of order r on M. (In particular, we
recall the exact sequence

3) 0= T X (M) > T"(M) - S'T(M) - 0

established by Pohl, [12].) Let ¢ = XL! K,..<(M), where X is an m'-velocity on M
at x. Since X is an r-jet of R™ into M with source 0 and target x, it determines a linear
mapping X, : T}(R™) - T{(M). One sees directly that the subspace X (T§R™) <
< T7(M) is well determined by ¢, i.e. it does not depend on the choice of a represen-
tative X of £; we shall denote this subspace by 7,(£). Then we define

VRn(M) = {(v; ©) € T(M) @ K;(M); vet,(p}(&))}.

Obviously, it is VK (M) = V'K(M). In the differential geometry of submanifolds,
the higher order tangent vectors are sometimes investigated in such a way, that the
vectors of T"(M) are transformed by (3) into the elements of S'T (M). In this special
case, the following method of investigation can be applied. However, we do not see
any “natural” invariant algorithm for the higher order tangent vectors in the general
case.

2. To clear some fundamental ideas up, we shall start with an auxiliary consider-
ation. The tangent bundle T(M) of M is an associated fibre bundle of the symbol
(M, R", L}, H'(M)), so that one has a relative image map u: H'(M) @ T(M) > R",
see [5]. This mapping is in the following close relation to the canonical form @ of
H'(M), [2], [4]. Let = : H'(M) —» M be the bundle projection. Then its differential
7y : T(H'(M)) » T(M) together with the bundle projection v : T(H'(M)) - H'\(M)
determine a mapping A : T(H‘(M)) - H'(M)@® T(M), A(v) = (v(v), m4(v)).

Lemma 1. The following diagram commutes

2]
R" <—— T(H'(M)) S
4 A
@) . ‘”\\ 1

H' (M) ® T(M)

Proof. If ue H'(M) and ve T,(H'(M)), then O(v) = u™!(n4(v)) by definition
of ©. On the other hand, if we T (M), then p(u, w) = u~'(w) by definition of u.
Hence p(A(v)) = u(u, m(v)) = u™"(n,(v)) = O(v), QED.
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Let K}, = K o(R") and let K, ,, = K}, be the subspace of all elements trans-
versal with respect to the canonical projection p : R" - R™. On 12,.1,»:’ there are
natural coordinates y,, see [6]. Further, let 9" < 9 be the subspace of all pairs
(v, &), such that £ € K ,,. On 3, we introduce the coordinates yJ, y? by y,(v, &) =
= yJ(&) and by

psq...=1,....,m,
&) Y, &) = x*(p(v)) = y*(v),
©.& 4 . LK ...=m+1,...,n,
where x” are the canonical coordinates on R™. Obviously, v is completely determined
by p(v) e R™ and by ¢ (the coordinates of v € R” are y?(v), y,’,({) YP(v)).
Consider an m-dimensional submanifold S <= M. According to [6], we denote
by Q!(S) the restriction of H'(M) over S and we set

0'(S) = {ue Q'(S); u™'(kiS) e K, x = n(u)}.

Every ue Q)(S) carries T,(S) into an m-dimensional subspace u~'(T(S)) of R",
so that it plays a role of a frame for T,(S). If u € Q1(S), then u~(T,(S)) is transversal
with respect to p :R"— R™. Consequently, we obtain the natural coordinate
functions 4”7 on Q'(S) @ T(S) defined by A?(u, v) = xP(p(u~*(v))). Let

6=0), ij..=1..,n
be the restriction of the canonical form of H'(M) to Q'(S). By (4) and (5), we deduce

the commutativity of the diagram
er
R «—— T(Q'(S)

©) ™ l A

AN ous) @ T6S)

where Ag = 4| T(Q'(S)). Hence the differential forms @7 : T(Q'(S)) » R can be
considered as a special kind of some ‘“‘coordinate functions” for 7(S) in the following
sense. If ve T(S), ue QX(S) and we T,(Q(S)) is a vector such that m,(w) = v,
then it is @"(w) = A”(u, v). In addition, if ), : 0"(S) — R are the coordinate functions
of the fundamental field of the first order of S, then the coordinates of the vector
u™'(v) € R" are O7(w), ai(u) OF(w).

We shall now deduce the equations of the fundamental distribution on L} x y2
with respect to the coordinates y", , y?. Though it is not complicated to use direct
evaluations, we shall proceed in an indirect way. For the sake of simplicity, we shall
assume that S is homotopically trivial. Take a vector field { : S - T(S) and denote
by a* : 0'(S) - R its coordinate functions, i.e. a?(u) = AP(u, {(n(x))). Consider a
fundamental vector field ¥ on Q(S) = Q'(S) and choose a vector field Z on Q'(S)
such that Z is n-related with { and satisfies [ ¥, Z] = 0. (Such a vector field can be
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constructed easily be means of a trivialization of principal fibre bundle Q'(S).)
According to (6), it holds a* = @%(Z). To evaluate da’(Y) = YOP(Z), we use, on
the one hand, the well known formula for exterior derivative

~ 1 = ~ -
(7 do"(Y, Z) = - {Y0"(2) - 2o"(Y) - O"([Y, Z])}
and, on the other hand, the structure equations of @
(8) de'=e’r0],

where (@, ©}) is an admissible extension of @, [4]. Using the relation &’ = 0:(5"‘\,
[6], we obtain
©® . d6* = O A(OF + al0)).

As Y is a vertical vector field, it is ©?(Y) = 0. Hence (7) is simplified to

(10) de~(Y, Z) = % YO?(Z)
and (9) implies
an 467(Y, 2) = —5-6%2) [6(Y) + alBF(Y)].

Comparing (10) and (11), we obtain finally
(12) da’(Y) + a"0@(Y) + aaj0/(Y) = 0.
In [6], we have deduced the equations of the fundamental distribution on L <Kk},
in the form
(13) dy, — yenl — yiysnk + y¥ng + 7y = 0,
where nf is the natural basis of the Maurer — Cartan forms of L!. Applying Lemma
- 2 of [5] to (12), we prove

Proposition 1. The equations of the fundamental distribution on L} < y* are (13) and
(14) ' dy? + ynl + yYyinh = 0.

Remark 2. Our previous consideration gives a precise explanation:
of the “classical” manijpulation with two ‘“‘exchangeable symbols of differentiation
d, 6, where & means the differentiation with respect to the secondary parameters”
according to E. Cartan, see e.g. [11].

Assume now that M is a homogeneous space with fundamental group G. Fix
a point ¢ € M and denote by H its stability group. Then G has a natural structure of
a principal fibre bundle over M with structure group H and VK.(M) can be consid-
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ered as an associated fibre bundle of the symbol (4, VK,,‘,’ (M), H, G). Fix a local
coordinate system x on M at c, so that VK,} (M) is identified with y7. Let

do' = -;—cj-kijw" + c}lw’./\w*, Ap,...=n+1,..,dimG,
as)
dwl=7cf,,w“/\w”, oap,...=1,..,dimG,
be the corresponding structure equations. By means of the homomorphism of H
into L) investigated in [6], we find directly the equations of the fundamental distribu-

tion on H x y7 in the form

(16) d)’; - (J’ZC;A + y}:y"fC?{A = yg’fcl]u - C,J:A) n* =0,

(17) dy? + y"c,’,’ln‘ + y"y;cﬂn’1 =0,

where 7 is the restriction of w” to H. From the practical point of view it is remarkable
that these equations can be deduced directly from (15) as follows.

Consider an m-dimensional submanifold S = M, denote by Q(S) the restrition
of principal fibre bundle G(M, H) over S and introduce Q(S) < Q(S) in the same
way as in [6]. Then every u € Q.(S) plays a role of a frame for T,(S), since it caries
T.(S) into an m-dimensional subspace u™!(T,(S)) of T.(M). If ue Q(S), then this
subspace is transversal with respect to p : R" — R™, provided the local identification
of M and R" determined by »x is applied. Hence we can define some coordinate
functions 47 on Q(S) @ T(S) by 4”(u, v) = x’(p(u~'(v))). We also have a mapping
A:T(G)—» G T(M), v— (v(v), ny(v)), where v : T(G) - G and = : G - M are the
bundle projections. Let 45 = A | T(Q(S)) and let @* be the restriction of w?* to ().
According to (6) and [6], we obtain a commutative diagram :

P

R ~—— T(Q(S)
(18) ) 1 A
A:\\ . °
0(S) ® T(S)

Taking into account the relations @’ = a,@?, where a) : O(S) — R are the coordinate
functions of the fundamental field of the first order of S, we can deduce (17) analo-
gously to (7) and (11), provided the structure equations (15) are used instead of (8).

If we now consider the fibre bundle VK],(M) for an arbitrary differentiable manifold
M, we obtain the equations of the fundamental distribution on L x VK o(R")
immediately as the equations (21) of [6] together with (14). Analogously, if M is-
a homogeneous space, then VK[ (M) should be considered as an associated fibre
bundle of the symbol (M, VK, (M), H, G) and the equations of the fundamental
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distribution on H x VKj, (M) consist of the equations of the fundamental distribu-
tion on H x K, (M), [6], and of (17).

3. We shall present the definition of the infinitesimal geometric objects of submani-
folds in the most important case, i.e. for submanifolds of a homogeneous space
(the case of a space with a fundamental Lie pseudogroup can be treated quite similarly

to [3], [6]).

Definition 1. An infinitesimal geometric m'-object y on a homogeneous space M is
an equivariant mapping of H-space VK, (M) into another H-space W, { : VK, (M) —
— W. Let Y, be the induced mapping lﬁz : VK (M)— (M, W, H, G), see [3]. [fS M
is an m-dimensional submanifold, then the restriction of Y, to T(S) = VK, (M) will
be called the value of Y on S. Moreover, taking into account (18), we also introduce
the auxiliary form of the value of Y on S as the mapping s : T(Q(S)) » W defined
by §s(0) = Y™ (1 @), 4™ K S)), w = o).

Let y",, cies ypl -++ p» V¥ be the local coordinates on VK, (M) determined by s,
let z* be some local coordinates on W and let

(19) ' 2=V s Voprnys YN

be the coordinate expression of . (Since we have the equations of the fundamental
distribution on H x VK, (M), the method of G. F. Laptév, see [10], p. 301 and
Appendix to [6], can be used for local analytic constructions of such equivariant
mappings.)

Proposition 2. Let S be an m-dimesional submanifold of M, let a insy Moy wvig |

: O(S) = R be the coordinate Sfunctions of the fundamental field of order r of S let i

be the restriction of w® to T(Q(S)) and let (19) be the coordinate expression of an infin-

itesimal geometric m"™-object  on M. Then the coordinate expression of the auxiliary
form s of the value of Yy on S is

(20) z° -f“(a‘,, m_ o P
Proof. This follows directly from (18) and from our results of [6].

Remark 3. Considering the space K.(M) of all semi-holonomic contact m'-ele-
ments on M, [7], we introduce VK}(M) quite similarly to (2) and we define a semi-
holonomic infinitesimal geometric m"-object on M as an equivariant mapping ¥
of H-space VK}, (M) into another H-space W. The values of y can be considered on
m-dimensional manifolds with connection of type M, [7], or on non-holonomic
m-dimensional distributions on M, [9].

Remark 4. As mentioned in the introduction, in the ,.classical differential geo-
metry of submanifolds one meets infinitesimal invariants and relative invariants.
he propsrty “to bz an invar iant’ or “to be a relative invariant” is the following
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general property of equivariant mappings. Let G be a Lie group and let f be an equi-
variant mapping of a G-space Finto R. If G acts on R by the identity representation,
then fis said to be an (absolute) invariant. If G acts on R by a homomorphism into
the group R\ {0} of all homothetic transformations of R, then f will be called a
relative invariant. Finally, if G acts on R by a homomorphism into the subgroup
R* < R\ {0}, then f will be said to be an oriented relative invariant. Let y* be some
local coordinates on F, let

1) dy* + 2P e* =0

be the equations of the fundamental distribution on G x F and let f(y*) be the
coordinate formula for f: F — R. Taking account of Appendix of [6], we shall
denote by df the expression

(22) df = —(@f]ay*) i (»®) 0.
One sees directly that f'is an invariant if and only if
(23) df =0,

while fis a relative invariant or an oriented relative invariant if and only if
(24) df + fo =0,

where o is a linear combination of »* with constant coefficients. Combining this
general remark with the results of §2 and with Proposition 2, one can treat the
infinitesimal invariants and relative invariants of submanifolds.

Remark 5. A practical inconvenience by the standard use of the so-called Cartan’s
methods consists in the fact that one cannot decide by (24) whether the relative
invariant f is oriented or not. An essential difference between both cases is that an
oriented relative invariant f determines three invariant subspaces f ~!(R*), f ~'(R"),
f710) of F, while in the non-oriented case only two invariant subspaces f~1(0)
and f~!'(R\ {0}) are determined by f.

Example 1. To illustrate Definition 1 and Proposition 2, we shall discuss a classical
example. To simplify our evaluations, we shall apply a specialization of frames, see
also Remark 6. Consider a surface S of the 3-dimensional affine space 4; and fix
an affine coordinate system on A4,. Let H be the stability group of the point
¢ = (0,0, 0) and let

a)‘,w;, Lj,...=1,2,3,

be the natural basis of the Maurer — Cartan forms of the fundamental group of 4.
Let k'S be the fundamental field of the first order of S, let ¢, be the subspace x> = 0
of T(A;) considered as an element of K} (4;) and let Q,(S) be the reduction of

209



Q(S) determined by the pair:(k'S, ¢,), [8]. In particular, the differential equations
of the structure group H, <= H of Q,(S) are

(25) o, =0,0)=0, p,gq,.. =12
Let @', @ be the restrictions of o', ) to Q,(S); then it holds
6) @ = 0.

Introduce p : VK3 (43) > K} (A43), (v, &) — py(¢), and set N = p~'(c,). On
VK §,C(A3) we have the coordinates yf, = Vp> y:« = Vpg» ¥¥ and N is characterized
by y, = 0..Applying the previous method, we find the equations of the fundamental
distribution on H; x N in the form

. dy,, — J’11(2”} - ”g) - 2)’12”% = 0.
(27) dyiz — yia(ny + 73 — 73) — yyymy — pyoms =0,
dy,, — .V22(2”§ - 7‘;) - 2}’12”5 =0,
dy' + y'nl 4+ y2nl =0,
(23} dy? + y'a? + y?n2 =0,

where the n’s are the restrictions of the corresponding w’s to H,. (In practice, one
can deduce (28) by the following evaluation, in which the *‘classical”” notation ment-
ioned in Remark 2 is used as a kind of shorthand. On Q,(S), the structure equations

of A5 give
1

dé! = @' A @} + @* A @),
do? = @' A @} + @* A @3.
Analogously to (7) and (11) one obtains,
| 80'(@) = —a'@) ! — @*d)
8(0?*(d) = —a'(d) nf — &*(d) n3.

By Lemma 2 of [ 5], (29) implies (28).) Using (27) and (28), we deduce that the mapping

(29)

=0+ 00" + ()
satisfies df + fn3 = 0. Hence f is a relative invariant. Further, let a,, :0,(5)—»R
be the coordinate functions of the fundamental field of the second order of S. By
Proposition 2, the restriction to Q,(S) of the auxiliary form of the value of f
on S is

ay(6')? + 2a,,6'@* + a,,(d%)?,

which is the well known asymptotic form of S.

Remark 6. In Example 1, we have constructed an equivariant mapping f of the
H,-space N. though Definition 1 requires an equivariant mapping of the H-space
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VK% (As5). But fcan be naturally extended to such a mapping as follows. In general,
consider a homogeneous space 4 with fundamental group H and denote by H, the
stability group of a point p € A. Let 4, be another H-space and let n : 4; = A4 be
an equivariant surjection. Set 4, = n~'(p), which is an H,-space. Consider another
H,-space A, and an H,-equivariant mapping ¢ : A, —»A,. Since H has a natural
structure of a principal fibre bundle H(4, H,) over A with structure group H,, we
can construct an associated fibre bundle 4, = 4,(4, 4,, H,, H). Every element
of A, being an equivalence class {(h, y)} with respect to the equivalence relation
(h,y) ~ (hh{*, h,y), h, € H,, we first introduce a left action of H on 4, by A{(h, y)} =
= {(hh, y)}, h € H. This definition is correct, since 2{(hh, , h{ y)} = {(ﬁhhl, hi'y)} =

= {(hh, y)}. Then we define an H-equivariant mapping ¢ :A,— 4, by o(hy) =

= ho(y), he H, y € Ay. Even this is a correct definition, since hy = hy, y, y € 4o,
implies h~'h € H,, so that (hy) = ho(y) = hh™*ho(y) = he(y). The H-equivariant
mapping ¢ : 4, - A, is the above-mentioned natural extension of an H,-equivariant
mapping ¢ : Ay — A,.
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