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52 R. Blache

which is generated by & and &'. I claim that 18P = &; the proof is left
to the reader. Now let 57’(’) be the maximal G-invariant subsheaf of (LSA”)VV
such that nf(ff(’)) = &. By the above arguments, " exisits; by [Fi 76], p.

36, 9(') is coherent. I claim that 57(‘) is the terminal object of Cohg(Y, »); the
proof is left to the reader. [

(5.17) Lemma. Let X be a projective Vi-manifold. Let & be a coherent
sheaf on X. Assume that F lx.x) is V-free for all x € Sing X. Hence there is a
Zariski-open subset U C X, such that & |u is locally V-free. Let o : X — X be
a goodjesolution of X with a(E) = Sing X, such that there is a coherent sheaf
F on X with (6. )"V = F and with F |y locally free. For every x € SingX,
set '9%}‘ = (7&*9—)\/\/' Then c('gf.’ {‘9%4‘}) + ersingxc(x’(yaj)) = C(ﬁ),
where c(x,(F,%)) is as in (3.10) and o(F,{%,}) as in (5.9).
This Lemma will be used in Sect. 6.

Proof. By Theorem 5.9, 0(9",{9:}})+Exesmgxc(x,3", G0  F )= c(6*F).
By arguments, similar to those used in (5.5),(5.6), and (5.7), using homo-
morphisms % — (¢*# )"V ® O4(IE) and o*F — (*F)V = (a*F)'V®
O3(IE) (for some / > 0) which are isomorphisms outside E, it can be seen
that there are natural classes (X, E,),(#,0* %)) € Hr((X,E,),C) (where
x € SingX), such that ¢(%) + Y oresingx (X, E),(F,0*F)) = c(¢*F) in
H;R(X’ ,€). Then it is a consequence of the definition of the local Chern
classes c(x,(#,%)) (see (3.10)) that c(x,(F,F)) = (6, F,Fr,0* F) —

c((X,E),(#,0*F)); from this our claim follows. ]

6 Local and global Hirzebruch-Riemann—Roch Formula for coherent
sheaves on Vi-manifolds; open problems

Using the Chern classes introduced in Sect. 5, we prove the HRR Theorem for
coherent sheaves on projective Vi-manifolds, cf. Theorem 6.1. The method is to
prove a local HRR Theorem first, cf. Theorem 6.2; this, in turn, is proved using
a globalization argument which reduces the HRR Theorem to the situation that
the Vi-manifold under consideration is globally the quotient by a finite group.
In sections (6.6) to (6.8) we briefly discuss some open problems.

(6.1) Theorem. Let X be a projective Vi-manifold, let & be a coherent sheaf
on X.Fix liftings &%, € Cohg"(Y, y) for all x € SingX, where (Y, y) — (X,x)
is the local smoothing covering of X at x. Then

HES) =t X (L ALIN+ T mal(£, %)) .
x€Sing X

Remark.

i) By Proposition 5.13, Kyy((X;x)) = Kyc((X,x)), and hence Pxx -
Kyy((X,x)) — Q induces a group homomorphism xx : Kyc((X,x)) — @;
thus py (¥, %)) = txx([%]) is well defined.



Chern classes and Hirzebruch-Riemann—Roch theorem 53

ii) The meaning of Xom(X,(V,{.S%,})) should be clear; it is defined as in
(3.4), applied to the Chern classes (L ALY, ..,en( L, {F}), which are
defined in (5.9).

The proof of the Theorem is given in (6.5).
(6.2) Theorem. Let (X,E) % (X,x) be a good resolution of an isolated quo-

tient singularity. Let (Y,y) 5 (X,x) be the local smoothing covering. Let
& be a coherent sheaf on (X,x). Assume that the pair ((X,x), %) can be
realized on a projective model. Let & be a fixed lifting of & to (Y,y), set

& =0*F. Set

1 (F,9) =B~ () + Y (~1) - (R0, P),

1<i<n—1

where 0 — of — & — 6,F — B — 0 is the natural exact sequence with
supp .o/ Usupp# C {x}. Then

1% (L5 P)) = 1o, (F, 9, P)) + 1x (P, D)) .

Remark.

i) This Theorem should be seen as a local HRR Theorem, similar to
Theorem 3.16. There is also another generalization of Theorem 3.16 which we
mention without proof: Let (X,E) % (X,x) be a good resolution of an isolated
quotient singularity, let % be a reflexive sheaf on X and set % :— (0.F)VV.
For every x € Sing X we fix the canonical lifting %, := (m*F)VV, where 7, is
the local smoothig covering of X at x. Then it is possible to define local Chern
classes ¢i(x,(F, %)) = ci(x,(F, %, F)) € HZi((X,E),C) in a natural way.
Moreover, under the assumption that the pair ((X,x), #) can be realized by a
projective model, the local HRR Formula 106 (F, 7)) = —Xoro(x, (Z, F ) +
uxx((Z, %)) holds.

ii) The rational number xorb(x,(y,ﬁ,.?)) is defined as in (3.13), with
respect to the local Chern numbers c;(x, (¥, &, ) € H},‘Z!C(()f' ,E),C), which
are defined in (5.8).

iii) Since the statement of the Theorem is of a purely local nature, it is
only natural to conjecture that the assumption that the pair ((X,x), %) can be
realized projectively is superfluous and artificial.

The proof of the Theorem is given in (6.4).

(6.3) Lemma. Let X be a projective Vi-manifold, let F be a coherent sheaf
on X, assume that F |y is V-free for all x € SingX. Then y(X,#) =
Xoro(X, F) + erSingX Mx,x(F).

Proof. Let U C X be a Zariski-open subset such that Sing X C U and such
that F|y is locally V-free. Let X % X be a resolution of X and let % be a
coherent sheaf on X such that # |g is locally frge ~and such that (¢, %)VV =
# and such that the induced map of germs (X,4) — (X,A4) is biholomor-
phic, where X = UwA4, X = UwA. Hence, using Lemma 3.9, classical HRR,
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Theorem 3.16, Lemma 5.17, and Proposition 3.14,

1XF)=1X.F)+ ¥ a6 F)
x€Sing X

= Xorb(/\;a gel) + Z (_Xorb(x,'g:_) + pxx(F))
x€Sing X

=X0rb(fvag;)+ Z .uX‘x(g;)- o
x€Sing X

(6.4) Proof of Theorem 6.2.

a) Since the pair ((X,x),#) can be realized projectively, we can assume
that X is a projective Vi-manifold such that #Sing X = 1 and such that & is
a coherent sheaf on X. Set G := G,.

b) By [Ar 66], Theorem I1.5.2, we can find an affine open neighbourhood U
of x in X, an affine Vi-manifold ¥, a finite surjective locally biholomorphic map
V — U, an affine manifold #, an injection G — Aut ¥/, such that V = W/G.

c)Let V=V be a projective closure such that Sing ¥ = Sing ¥/, and let
W be the normalization of ¥ in the function field of W. Hence G acts on W,
W/G =V, and

W o W
§ !
vV o 7

is a commutative diagram. Clearly, the sheaf % on X can be realized as a
coherent sheaf on ¥ (restrict to U, lift to ¥, extend to 7); let us denote this
sheaf by &, agam

d) Let & be a coherent G-sheaf on W such that 657’ & (where n
is the projection W — V) and such that 1% .y 18 isomorphic to the given
lifting of &|(x,x) to the smoothing covermg of (X,x), for every y € WNFix G.
Choose a G- equlvanant resolution 0 — F, — - — Fo — F — 0 of & over
W, as in Lemma 5.2; %;|w is locally free for every i = 0,...,n. We push down
by n¢ to an exact sequence 0 — F, — -+ — Fo -—*9’—»0 over V, F|y is
locally V-free for every i =0,...,n.

e) Claim. x(V, %) = xo(V, (¥, {%, | x € Sing V}))+ZXESmg y b (S, ).

Proof. Using Proposition 2.11 and Theorem 3.5, it is sufficient to show that
YV, F) = xa(V, Fi) + > resing v Wxx(F1) for all i = 0,....n. But this is
Lemma 6.3.
f) Let o : ¥ — V be the resolution which is induced by the given resolution
6 :(X,E) — (X,x). Then

x(x,(y,f"))= -7, &) = 1V, F))

ZI—' ZI

AP (AT + T wxl(F,9)) = stV F))

x€Sing V
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xeSing V x€Sing V

1 o .
=5 (- > Ao (L LN+ Y ux.x((%-?’))>

= X (5 (£, %, PN + pxx(F, 9))
where we used Lemma 3.8, Claim e, classical HRR, and Proposition 3.14. O

(6.5) Proof of Theorem 6.1. This is now a direct consequence of Theorem
6.2, classical HRR, Lemma 3.8, Theorem 5.9, and Proposition 1.18. O

(6.6) In the following sections we want to discuss some problems which remain
open. Obviously, most of the results presented in this article are not of a final
nature. They want to be generalized in at least two directions:

(a) So far as definitions of Chern classes or HRR type Theorems are con-
cerned, all projectivity assumptions and all “isolated singularities” assumptions
should be eliminated. Everything should work out for coherent sheaves on
arbitrary compact complex V-manifolds.

(b) One should try to carry over everything to normal complex-projective
varietes with isolated singularities, or maybe to an even more restricted class
of singularities (but not as restricted as isolated quotient singularities).

(6.7) We want to give a few comments on item (6.6.a). There seem to be
two promising ways to attack this problem. The first one is to start with a
generalization of Theorem 3.17 to nonisolated singularities: since Theorem 3.17
expresses our correction terms yy, by an Atiyah-Bott type formula, derived
from a fixed point formula for automorphisms with isolated fixed points, and
since corresponding formulas exist for automorphisms with nonisolated fixed
points, one may derive from these formulas how uy, has to look in case of
nonisolated singularities; most likely uy, has to be substituted by differential
forms of respective top degree on the strata of Sing X.

The second way to attack (6.6.a) may be to use ideas of H.I. Green, N.R.
O’Brian, D. Toledo, and Y.L.L. Tong, as presented in [T-T 86]: There, an
approach to the definition of Chern classes for coherent sheaves on compact
complex manifolds is given which is “soft” enough to give a definition, and
which is “rigid” enough to enable one to prove HRR for coherent sheaves on
compact complex manifolds. Moreover, it seems to be “local”enough to survive
the additional local fundamental groups G, which come together with (compact)
complex V-manifolds. Notice that the main difficulty which is overcome by [T-
T 86] is similar to the difficulty we face in our situation: the former is the lack
of a global locally free resolution of a given coherent sheaf on a compact
complex manifold (this question seems to be open), the latter is the lack of
a global locally V-free V-exact resolution of a coherent sheaf on a compact
complex V-manifold (even in case the V-manifold is projective; this question
is also open).

In this paper, we often use both the resolution of singularities and the
local smoothing covering to construct objects and to prove results. However,
as far as item (6.6.a) is concerned, it may be possible to eliminate the need
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of resolution of singularities (unless resolution of singularites is of interest for
its own sake, as e.g. in Sect. 4).

(6.8) Problem (6.6.b) seems to be even more difficult than problem (6.6.a).
Notice that even the following question (which is a very special case of (6.6.b))
is open: Let X be a normal projective surface (since then codim Sing X' = 2,
Sing X only consists of finitely many points). Let # be a reflexive sheaf of
rank two on X. What is ¢;(%)? When c;(F) is defined: what is the HRR
formula then? (In case rank & = 1, HRR is worked out in [B1 93a].) Certainly,
¢2(Z) has to be a real number (even a rational one?).

If the Wahl- Conjecture (see (4.8)) is true, then there is a candidate for
c(F): Let X % X be a resolution such that there is a locally free sheaf F
on X such that (6,%)VV = % and such that o(E) = Sing X (this exists, see
(3.7)). Then

AF)=c(F)— ¥ axF)

x€Sing X

is a natural guess, see (4.8) for the definition of Wahl’s ¢;(x, ). Interpretating
definiton (4.8) as a splitting principle, one should then try to globalize this to a
definition of Chern classes of reflexive sheaves on normal projective varieties;
the local smoothing coverings of V-manifolds could then be replaced by the
collection of all generically finite mappings ¥ — X, where Y is any complex-
projective manifold.

References

[Ae 57] Aeppli, A.: Modifikation von reellen und komplexen Mannigfaltigkeiten. Com-
ment. Math. Helv. 31, 219-301 (1956/1957)

[Ar 66] Artin, M.: Etale coverings of Schemes over Hensel Rings. Am. J. Math. 88,
915-934 (1966)

[At 61] Atiyah, M.F.: Characters and Cohomology of Finite Groups. Publ. Math. LH.E.S.
9, 247-289 (1961)

[A-B 66] Atiyah, M.F., Bott, R.: A Lefschetz fixed-point formula for elliptic differential
operators. Bull AM.S. 72, 245-250 (1966)

[A-H 62a] Atiyah, M.F., Hirzebruch, F.: Analytic Cycles on Complex Manifolds. Topology
1, 25-45 (1962)

[A-H 62b] Atiyah, M.F., Hirzebruch, F.: The Riemann—Roch Theorem for analytic embed-
dings. Topologyl 151-166 (1962)

[A-Se 68] Atiyah, M.F., Segal, G.B.: The index of elliptic operators: II. An. Math. 87,
531-545 (1968)

[A-Si 68a] Atiyah, M.F., Singer, LM.: The index of elliptic operators: 1. An. Math. 87,
484-530 (1968)

[A-Si 68b] Atiyah, M.F., Singer, IM.: The index of elliptic operators: IIl. An. Math. 87,
546-604 (1968)

[B-P-V 84] Barth, W., Peters, C., van de Ven, A.: Compact Complex Surfaces. Springer
1984, Ergebmsse 3. Folge Band 4

[B-H-H 87] Barthel, G., Hirzebruch, F., Héfer, T.: Geradenkonfigurationen und Algebraische
Flichen. Vieweg 1987, Aspekte D4

[B1 93a]  Blache, R.: Normal Projective Surfaces: Riemann—Roch Formula. Adjunction
Formula, and related results. Preprint 1993



Chern classes and Hirzebruch—-Riemann—Roch theorem 57

(Bl 93b]

[Bo 79]
[B-S 58]
[Ca 57]
[C-R 62]
[E-V 92]
[Fi 76]
[Fu 84]
[G-H 78]

[Ha 80]
[He 78]

[Hi 66]
[Ka 92]
[Ko 85]
[K et al 92]
[Lo 64]
[Mu 83]
[Pr 67)
[Re 87)

[Rh 84]
(Sa 56]

[Sa 57]

[Th 90]
[T-T 86]

[Wa 93]

[Yo 90]

Blache, R.: Complex Projective Surfaces with Quotient Singularities: Riemann—
Roch Formula and Chern—Classes for Reflexive Sheaves, and related results.
Preprint 1993

Bogomolov, F.: Holomorphic Tensors and Vector Bundles on Projective Vari-
eties. Math. USSR Izv. 13, 3, 499-555 (1979)

Borel, A., Serre, J.-P.: Le Théoreme de Riemann—Roch. Bull. Soc. math. France
86, 97-136 (1958)

Cartan, H.: Quotient d’un espace analytique par un groupe d’automorphisme, in
Algebriac Geometry and Topology. 90-102, Princeton University Press 1957
Curtis, C.W., Reiner, I.: Representation Theory of finite groups and associative
algebras. John Wiley and Sons 1962

Esnault, H., Viehweg, E.: Lectures on Vanishing Theorems. DMV Seminar Band
20, Birkhduser 1992

Fischer, G.: Complex Analytic Geometry. Springer 1976, LN 538

Fulton, W.: Intersection Theory, Springer 1984, Ergebnisse 3. Folge. Band 2
Griffiths, P., Harris, J.: Principles of Algebraic Geometry. Wiley Interscience
1978

Hartshorne, R.: Stable Reflexive Sheaves. Math. Ann. 254, 121-176 (1980)
Herzog, J.: Ringe mit nur endlich vielen Isomorphieklassen von maximalen un-
zerlegbaren Cohen—Macauly—Moduln. Math. An. 233, 21-34 (1978)
Hirzebruch, F.: Topological Methods in Algebraic Geometry. Springer 1966,
Grundlehren 131

Kawamata, Y.: Abundance theorem for minimal threefolds. Invent. Math. 108,
229-246 (1992)

Kobayashi, R.: Einstein—Kédhler V-Metrics on Open Satake V-Surfaces with iso-
lated Quotient Singularities. Math. Ann. 272, 385-398 (1985)

Kollar, J. et al.: Flips and Abundance for Algebraic Threefolds. Astérisque 211
(1992)

Lojasiewicz, S.: Triangulation of Semi—Analytic Sets, Ann. S.N.S. Pisa Ser. IIL
No. 18, 449-474 (1964)

Mumford, D.: Towards an Enumerative Geometry of the Moduli Space of
Curves, in Arithmetic and Geometry Vol. II. Birkhduser 1983, PM 36

Prill, D.: Local Classification of Quotients of complex manifolds by discontin-
uous groups. Duke Math. J. 34, 375-386 (1967)

Reid, M.: Young person’s guide to canonical singularities. Bowdoin 1985, Pro-
ceed. of Symp. in Pure Math. 46, 345-414 (1987)

de Rham, G.: Variétés différentiables. Springer 1984, Grundlehren 266

Satake, 1.: On a generalization of the notion of manifold. Proc. Nat. Acad. Sci.
USA 42, 359-363 (1956)

Satake, 1.: The Gauss-Bonnet Theorem for V-manifolds. J. Math. Soc. Japan
Vol. 9, No. 4 464-492 (1957)

Thurston, W.: The geometry and topology of 3-manifolds. Preprint 1990
Toledo, D., Tong, Y.L.L.: Green’s Theory of Chern Classes and the Riemann—
Roch Formula. In Contemporary Mathematics Vol. 58, Part I 261-275 (1986)
Wahl, J.: Second Chern class and Riemann—Roch for vector bundles on resolu-
tions of surface singularities. Math. Ann. 295, 81-110 (1993)

Yoshino, Y.: Cohen-Macauly Modules over Cohen—Macauly Rings. London
Math. Soc. 1990, LNS 146






	
	6 Local and global Hirzebruch-Riemann-Roch Formula for coherent sheaves on Vi-manifolds; open problems.


