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1 Introduction

In this paper we study the so called Artin-Lang property over a two dimen-
sional paracompact real connected analytic manifold M. To be more precise,
let O(M) be the ring of analytic functions on M and let K be its quotient field.
Then K is a formally real field and we have

Theorem 1.1 (Artin-Lang property) Let fi,. . ., f,€O(M). Then there is an
ordering B in K in which they are simultaneously positive if and only if there
exists a point xe M such that fi(x) >0, . . ., fi(x) >0.

This property was first proven by Artin for the case K = R[X,,. .., X il
[Ar], and it was the main step towards his solution of 17th Hilbert problem.
Later on it was extended by Lang, [Lg], to finitely generated extensions of
a real closed field k. Since then it has been in the base of Real Algebraic
Geometry whose specialists have given the name of Artin-Lang property to
these kind of statements. In particular, besides the already mentioned cases,
the property has been also studied in local analytic geometry, [Rs], [Fe-Re-
Rz], for compact real analytic manifolds, [Rz], [Jwl1], for one dimensional
paracompact real analytic manifolds, [An-Be], and very recently for the
noncompact analytic manifolds, in the particular situation that the functions
fi,- . ., f, have compact support, cf. [Jw2], [Ca].

Our proof is based on the attachment to each ordering peSpec, (K) of an
ultrafilter %, of closed global semianalytic subsets of M, which allows to give
some geometric criteria for a function f to be positive in f. This method has
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6 A. Castilla

already been used in [An-Be], [Jw2] and [Ca]. We want to emphasize that as
it has already been pointed out, Artin-Lang property had been the key step in
the proof of 17th Hilbert problem in all the contexts mentioned above.
However, for two dimensional analytic manifolds, 17th Hilbert problem was
known, cf. [Bo-Rs], [Jw3], while no author seems to have paid attention to
Artin-Lang property, inverting therefore the order between these two results.
Here we do not use the solution of Hilbert’s problem for our proof, but rather
the local analytic case together with Cartan’s theorem B to globalize the local
data. Thus, although in the proof we use specific facts of the two dimensional
hypothesis, as the decomposition described in Proposition 3.3, we have the
hope of proving Artin-Lang property for higher dimensions, and from that
17th Hilbert’s problem. We would like to thank Piotr Jaworski for the fruitful
conversations about the problem. Some of the ideas of the proof of Theorem
1.1 are due to him.

2 Ultrafilter attached to an ordering #

We start by recalling the following

Definition 2.1 A subset S = M is called global semianalytic if it admits a repres-

entation of the form
)

S = {xeM|fi(x) = 0,41() >0, . ., gij, > 0}

i=1
where fi, girs- - -, 9i,€O0M) for eachi=1,...,s.

We denote by & the family of closed global semianalytic subsets of M. It
follows from the definition that % is closed under finite unions and intersec-
tions, so that it makes sense to consider filters of sets of this family in the sense
of [An-Be, Section 1].

Let 0,(M) denote the ring of bounded analytic functions on M. Let  be an
ordering of K. This B can be seen either as a binary relation or as a cone of
positive elements. We will use indistinctly both objects. We will attach to g an
ultrafilter of elements of & in the following way. Let W be the convex hull of
R in K, that is,

Wy ={feK|—r<; f <prfor some reR} .

Then W, is a valuation ring with residue field R and 0, (M) = Wj. Let m; be
the center of W;in 0, (M), that is the intersection ny; N 0, (M) where ng is the
maximal ideal of Wj. Since the residue field of Wj is R, we get that m, is
a maximal ideal. A straightforward computation shows that

Ug={XeS|X f~Y[—6,6])+ 0 for all 5 > 0 and all femy}

is an ultrafilter among the filters of sets of the family &, which we will call the
ultrafilter associated to the order p.

Let 45 Wz — R be the place defined by Wj. Since Wj is convex with
respect to f it follows that A, is compatible with it, that is, for fe W, with
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f 250 we have 44 f) = 0. Using this, we will be able to interpret geomet-
rically some facts about f§ in terms of g and %;.

Recall that given a filter # of elements of & we say that aeM is a limit
point of # if aeX for all Xe#. It follows immediately that if # is an
ultrafilter then it has at most one limit point, and & is the principal ultrafilter
defined by a. Also, if £ M — IR is an analytic map, we define the image filter of
Z by fas

f(F)={Y c R|f(X) < Y for some XeZF } .

Note that if fe O,(M) then f(X) is compact for every Xe% and therefore
f(#) has some limit point. If furthermore & is an ultrafilter then f(%) has
a unique limit point. We have:

Proposition 2.2 For every fe 0)(M), A4( f) is the limit point of the image filter of
Up by f.

Proof. Let gemy such that f = A4(f) + g. Then it is enough to prove that the
limit point of g(%) is zero. Let Y be an element of g(% ) and let § be a positive
real number. Since gemy,, obviously g~ ([ — 4, 0])e%, and on the other hand
there is X €% 4 such that g(X) = Y. Then X n g~ }([ — 8, 8]) + 0 and therefore
YN[ —6,6]+0. Thus OeY as claimed.

Corollary 2.3 A function fe O)(M) is a unit if and only if it is bounded from zero
over some element X €% y, that is, there is some & > 0 such that | f(x) | > ¢ for all
xeX.

Another immediate consequence of this result is the following geometric
characterization of the positive units:

Corollary 2.4 Let uc0,(M), u ¢ my. Then u >, 0 if and only if u|y > O for some
XeuU,.

Proof. Since u is a unit we have 4,(u) + 0 and therefore u >, 0 if and only if
Ag(u) > 0. Thus we have to show that Ag(u) > 0 if and only if u|y > 0 for some
Xe%ﬂ.

Assume that Ag(u) > 0. Then X, = u™!([A4(u) — ¢, A4(u) + £]) belongs to
U for all & > 0, in particular for & = 14(u)/2 we have uly, > 0. Conversely, if
there is Ye, such that u|y > 0, since Ag(u) + 0, it is clear that Agu) > 0. O

In case u is not a unit, the above corollary can be partially extended to the
following result which will be of utmost importance in the sequel:

Lemma 2.5 Let fe0,(M) and assume that f|y > 0 for some X €%Ug. Then fep.

Proof. Let v*: M — IR be a continuous function such that v*(x) > 0 for all
xeM, and v*|X = f|y, which exists by Tietze’s Theorem. Now let v: M — R be
an analytic approximation of v* such that |v(x) — v*(x)| < % v*(x). In particu-
lar we have that o(x)>0 for all xeM. We set u; =f/v and
u=1u,/(1+ u})eO,(M). Since for xe Y we have that uy(x) > 4f (x)/5v*(x) = 4/5
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and u;(x) < 4f(x)/3v*(x) = 4/3, we get that u is bounded from below on Y.
Hence u is a unit and, by Corollary 2.4, we have uef as an element of O(M).
Now, u(1 + u?) = f /v, and since 1 + u? is a sum of squares then it is positive in
B. Altogether we get /= vu(l + u})ep. O

An immediate consequence of this lemma is the following interesting
result:

Lemma 2.6 Let fy,...,f,ef. Then the set {xeM|fi(x)20,...,f(x) =0}
belongs to U and in particular is not empty.

Proof. Let f'be one of the functions fj, . . . , f,. Assume that Z(f) ¢ %,, where
Z(f) is the set of zeros of f. Then, there exists Ye%, such that Z(f) n Y =0

and we can divide up Y into two closed global semianalytic sets ¥, and
Y, defined by

Y, ={xeY|f(x) >0} and Y,={xeY|f(x)<O0}.

Thus, since % is an ultrafilter we have that either Y, e % or Y,e%. By the
above Lemma we get that Y, € %,. In particular, we have shown that for each
i=1,...,r there exists an element Ye%, such that fjy = 0. Taking the
intersection of all of them the result follows at once. a

3 Square free function associated to a given function

Before entering in the proof of Theorem 1, we need some technical results. In
particular we will show how to decompose an analytic function f on M as
a product of a new analytic function f which is locally square free at all points,
and a sum of squares in O(M).

Let f be an analytic function on M with zero set Z(f). We recall that Z( f)
has a decomposition into a locally finite family of global analytic irreducible
components. We denote by f; the analytic germ of f at x and by (Z(f)), is the
germ of Z(f) at x. Finally we denote by #(Z( f)), the ideal of (Z( f)), in O (M).

Definition 3.1 We say that f changes sign at x if the two semianalytic germ sets
at x { f > 0}, and { f < 0}, are not empty, or equivalently if there is a neighbour-
hood basis {V;} of x such that for all i both germ sets {yeVi|f(y) > 0} and
{ye Vil f(y) < 0} are not empty. We will denote by Z' the set of points at which
f changes sign, and by Z" its complement in Z(f).

It is obvious from the definition that the Z’ is closed. The next result shows
that actually it is analytic.

Proposition 3.2 Let Z' (resp. Z") be as above. Then Z' (resp. ?) is a union of
irreducible analytic components of Z(f). In particular it is a global analytic
subset of Z(f).

Proof. Let Y < Z(f) be an irreducible analytic component of Z(f). If
dimY = 0 it is obvious that ¥ < Z". Suppose now that dimY = 1. Since Y is
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irreducible it is of pure dimension and connected. Let D; = ¥ n (U Y’) where
the union runs over the rest of irreducible components of X. D, is an analytic
subset of Y, and therefore it is discrete. Assume first that (Y\D;) N Z’ % §, and
take ae(Y\D,) n Z'. Since O,(M) is a unique factorization domain, the ideal
F#((Y),), is principal, say #((Y),) = (h,)0,(M). Moreover, by Cartan’s Theorem
A, there is a global analytic function ge@O(M) vanishing on Y, such that
F((Y)a) = (92) Oa(M). In particular, it follows that £ ((Y),) = (g,) O»(M) for all
be(Y\D,), where D, c Y is a discrete subset.

Obviously f,e(g,), and since f changes sign at a, we have f, = g%u,, for
some unit u,e0,(M) and an odd positive integer «,. Let # be the analytic
coherent sheaf of modules defined by

F =(9"Om +f0p)/ fOy .
Thus the support of & is a closed analytic subset and we have
Supp F = {xeZ(f)| f0AM) P g5 0(M)} .

Therefore the intersection D3 = Supp # N Y is an analytic subset of ¥,
which is proper because a ¢ Supp #. Since Y is irreducible, it follows that
Dy is discrete. Thus, setting D = D; U D,, we have that f changes sign at all
points of Y\ D, that is, at all ¥ except for a discrete subset. Since Z' is closed it
follows that ¥ = Z'.

Assume now that (Y\D,) n Z"” # . Then arguing as above we get that
Y\Z" is contained in a discrete set, or in other words that Y n Z’ is a discrete

subset of Y, and that Y < Z". Thus it follows at once that any irreducible
component Y of Z(f) is contained either in Z’ or in Z"” as claimed. O

For the next result, following [Bo-Rs] we say that a germ £,.e0.(M) is
elliptic if its zero set is an isolated point, namely x.

Proposition 3.3 Let f be an analytic function on M. Then there is a unique (up
to units) analytic function f such that:
a) Z(f) = {xeM|f(x) =0 and f changes sign at x};
b) for all xeZ ( f ), F(Z( f )s) = ﬂ@x(M); in particular, f changes sign at all
points of Z ( f~ );
o) f=FYi, A2, with A,eO(M).

Proof. Let x be a point in M. Since 0,(M) is a unique factorization domain,
/x has a local factorization

fx=g2hls
where £, is an elliptic germ, g, is a product

as

gx=91" " 95
of irreducible germs with 1-dimensional zero set and h, is a product

he=hy b,
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of distinct irreducible germs with zero set of dimension 1. Obviously we have
#(Z') = h,0,(M), so that we have to show that there is a global analytic
function f whose germ at each xeM coincides with h, up to some unit.

Let D be the subset of points xe M such that f, contains an elliptic germ
&, in its factorization at x. Since dim M = 2 it follows that there is a neigh-
bourhood U of x such that for every yeU the germs (g;), and (h;), are
irreducible, and therefore it follows at once that D is a discrete subset of M.
Thus, by [Bo-Rs, Lemma 7], [Jw3, Corollary 2i)], there is a global analytic
function & on M, which is a sum of (exactly two since M is noncompact,
although this is irrelevant for us) squares and such that for each xeM,
8, = &,v, where v, is a unit. Thus the function f’ = f/6e®(M) and it has not
elliptic factors at any point of M.

Now let & be a coherent sheaf of ideals defined by

Fy =90y,

for ye M. Since for each yeM, the stalk %, is generated by one element, the
O(M)-module I'(#, M) of global sections of # is generated by finitely many
sections, say Iy, . . ., I, [Co] (in fact we may take s = 3). In particular, for each
yeM, we have (Iy,,. . ., ,)0, = g,0,, and a straightforward computation
shows that (I;,)0, = (9,)0, for some iel,...,s. Then, setting
1=Y5_117e0(M) we get
ly = g;v,
where v, is an unit in 0,. .
Putting all together we define f=f/6leO(M). By construction, it
follows that f h.w, at each point xe M, where w, is a unit, and the proof is
complete. O

An immediate consequence of the proposition above is the following

Corollary 34 Letf,,. .. ,f,eO0(M)and let fl, P hes f: be the square free functions
associated to them. Let B be a total ordering of the quotient field K of O(M).
Then

a) f;ep if and only iffeﬂ
b) For any openset U < M, Un{xeMIf(x)>0 i=1,...,r}=0ifand
onlyszn{xelex)>Ot—1 Lo} =

More interesting is the following

Proposition 3.5 Let fy,...,/,eOM), fi+0, i=1,...,r, and set S=
{xeM|fi(x)>0,...,f(x)>0}. Let g;j =fi fi, for | Si<j<randset T=
{XElel(X) ; 0, I s.f;‘(x) ; 0, ng(x) g 0, CICRUN ] gr—l.r(x) g 0} Then T\g iS
a discrete subset of M.

Proof. Obviously it is enough to show that if U c M is an open subset with
S A U =0, then T n U is discrete. Since we are assuming that S n U = @, by
Corollary 3.4 b), it follows that 7'~ U is contained in the union Y of the zero sets
of the functions fl, : f, Thus it is enough to show that dim Y, = 0 for all xeU.
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Suppose that dim Y, = 1 for some yeU. Moving to another point y, we
may assume then that Y, is irreducible. Thus Y, is contained in a single
analytic germ say Z (f,),. Now by the proposition above, f1 changes sign at all
the points of Y in a small neighbourhood of x, which we still denote by U.
Then, since S N U = ( and Y, < T, it follows that there is another function,
say fz, which vanishes on Y,, that is

Y.VEZ(fl)y N Z(fz)y »

Since (§,,), is square free and dim Y, =1, then Y, & Z(g,,). Pick any point
y'€Y n U such that dimY,’ =1 and with §,,()) + 0. Then §;,()’) > 0 and
therefore f; f,(y') > 0, that is f; and f, _have the same sign distribution on
a neighbourhood of y'. In particular {f; > 0,f, > 0}, * 0. Taking into ac-
count again that S n U = @ we obtain that there is a third function, say f;,
such that

Y,eZ(f), 0 Z(f2)y 0 Z(f3); -

_Arguing as above with the function g1z we get that
{fi >0,/3>0,f; >0} % 0. Thus in a finite number of steps we get a point
zeU such that Y, =Z(f;), and g;;(z) > 0 for all i, j and with dimY, = 1. But
this implies that we have U n {xe M| f,(x) > 0, . . ., f-(x) > 0} * 0, contradic-
tion. In conclusion, ¥ n U is discrete, and the proof is complete. O

Corollary 3.6 Let S be a global semianalytic subset of M. Then the closure S is
a global semianalytic set.

Proof. Let

S=J{xeM|fi(x) =0, gi(x)>0,... » gij, > 0}
i=1
for some f;, g1, . . ., 9ij,€ O(M). Obviously it is enough to see that the closure
of each basic piece S; = {xe M| fi(x) = 0, gi1(x) >0,...,g; >0} is a global
semianalytic set. If f; is not the zero the function, then S; is a semianalytic
subset of the curve {f; =0} and the result is well known. On the other
hand, if S;={xeM|g;;(x)>0,..., gij, >0} then by the proposition
above ;= {xeM|Gj,(x)=0,... »Gij; 2 0,h(x) + 0} where h is a global
analytic function vanishing in a discrete set. This shows that S; is global
semianalytic. O

4 Proof of the theorem

In this section we will prove Artin-Lang property for orderings of the field
K of meromorphic functions of M. We may assume from the very beginning
that M is immersed as a submanifold of some R”. As already announced in the
introduction, the essential ingredients that we will use are Cartan’s Theorem
B and the Positivstellensatz on the local rings O,(M) of germs of analytic
functions at points peM. For the sake of completeness we recall this last
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result. Recall that we have 0,(M) ~ R{X,, X}, the ring of convergent power
series. Thus, we have

Theorem 4.1 (Positivstellensatz) Let (fj)j=1, .. .5 (Gik=1.. .. e (Mi=1, ., . be
analytic functions in R{X,,...,X,}. Let P be the cone generated by
(fj)i=1, ... .s» let N be the multiplicative system generated by (gi)x=1, .....,» and let
I be the ideal generated by (h),-,
equivalent:

L]

.....

a) The semianalytic germ
S={fiz0n+x0m=0j=1....5k=1,....51=1,...,u}

is empty.
b) There are feP, geN, hel such that f+ g*> + h = 0.

Proof. [Fe-Re-Rz], [An-Br-Rz]. O
So, let us go for the

Proof of Theorem 1.1. Let fi, . . ., f,e O(M) be positive in some ordering 8 of
the field K. We want to show that {xeM |f;(x)>0,. . ., f(x)> 0} * 0.
As above, we set g;; = f; f; for i < j. Obviously g;;€f and

{xeM|fi(x) >0,...,f(x)> 0}
={xeM|fi(x)>0,...,£(x)>0,g12(x) >0,...,ge-1)x) >0} .

Now let fi,. .., f:, gi; be the square free functions associated to them. By
Corollary 3.4 we are reduced to show that

{xeM|f~,{x)>0,g,-j(x)>0,i<j;fi,j=1,...,r}#$

Assume the contrary. By Proposition 3.5 the semianalytic set

Y= [Off‘([O, 00))] N [ () Gim' (O, 00))]
i j<m
is discrete. )

Let pe Y and let U, be a neighbourhood of p such that U, n Y = {p} and
define r,(x) = ||x — p||* where | - || represents the euclidean norm in IR”. This
is a global analytic function with an elliptic germ at p, and we have that for
every xeU, with fix)= 0 and gifx)2 0, then r,(x) = 0. In other words, the
semianalytic germ at p

{£s¥)Z 0, Gjm ,(x) 2 0, lp — x|| + 0}

is empty. Hence we can apply the Positivstellensatz in ¢ (M)to conclude that
for every peY there exists h,e P, and a natural number s, such that

h,= —rk» (*)
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where P, is the cone generated by fl pos s f, p912,p - - 5 Gir—1yr, p» that is, b, is
a finite sum of products of the form
Ap,ijm l_[ f?.ip H g?;:p
i Jj.m

where a,, i, is a sum of squares in 0,(M). Moreover, since in ¢,(M) any sum of
squares is the sum of two squares, see [Bo-Rs], [Jw3], we may write
Ap,ijm = by ijm + Chijm> With by iim, €, 1im€0,(M). Moreover, it follows from the
equation (x) above, that h, is a homogeneous polynomial (viewed as a series at
p) of degree 4s,. Let t,€0,(M) be such that t,=h, (mod m3°»). Then
t,=h,+f, where feR{X, —p;, X, — p2} is a series with initial form of
degree bigger than 4s,,. In particular h,, is the initial form of t,. Since h,, is an
elliptic germ at p, it follows that ¢, is elliptic too, and, consequently, non
positive on a neighbourhood of p.

’

Thus, it follows that for any b/, ;. Cp,ijm€ 0, (M) verifying
by.ijm = bp,iimEM?,  Cpijm — Cp,ijmEM?
with v, = 4s,, then
[
o1 Y P /
= Z l—I Jip Gjmp (bp,ijm + Cp,ijm)
i=1 Jsm
has an isolated zero at p and that t,(x) < 0 for all x + p in a neighbourhood
of p.
Now we use once more Cartan’s Theorem B to produce global functions

Bijm and C;;,, such that at each pe Y their germs coincide with b,.iimand ¢
respectively, till order v,. Finally consider the global analytic function

p,ijm>

H= 3% TI7T1dm (Bim+ Cin).
i,j,mi=1 ij
Obviously Hef, and by construction its germ H » is elliptic and non
positive at any point peY. Hence it follows from Proposition 3.3 that the
function HeO(M) is also in f while H|y < 0. But then

{xeM|f{(x) 2 0,§ifx) 2 0, H(x) 2 0} = Y ~ {xeM|R(x) = 0} = 0

in contradiction with Lemma 2.6, and therefore the proof of the theorem is
complete. O
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