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The Unstable Decomposition of 2232 X
and Its Applications

Frederick R. Cohen*
Department of Mathematics, University of Kentucky, Lexington, Kentucky 40506, U.S.A.

§1. Introduction

Suppose that a space Y stably splits into a bouquet as 4 v B. One might ask
whether this splitting is realized after some finite number of suspensions and if
so, what is the minimum number of suspensions which realizes this decom-
position? This question is of particular interest for Q""X. In this paper we
obtain information and resulting applications in case n=2. At the request of
the editor we include some of our additional motivation for this question. For
convenience we restrict attention to spaces having the homotopy type of a CW
complex.

A theorem of V. Snaith gives that Q"X"X stably splits into a certain
bouquet \/ D,(R" X) if X is path-connected [26, 8]. We proved in [8] that if

k=20

n<oo and k is fixed, there are choices of maps ZLQ"2"X »XLD,(R", X) for
L < oo which induce Snaith’s stable decomposition. A short elementary proof is
given in an appendix here. Specializing the question in the first paragraph to
Q"2" X, we would like to find minimal values for L.

We conjecture that L is the embedding dimension of a certain manifold
B(R" k) defined below if X runs over all spheres. In case k=2, B(R",2) is
homeomorphic to RP"~'xR"*' and this conjecture has been verified in [6]
using the methods of Sect. 6 here provided n=2,4,8, or 1+2% In general,
B(R", k) is the space of unordered k-tuples of distinct points in R" [14]. The
point of all this is that desuspension questions for Q"2"X are intimately
related to natural embedding questions.

In case all spaces are localized at an odd prime p, then the minimum values
for L seem different. In particular, D,(R? S*"~") splits off Q*S*"*! in three
(possibly two) suspensions. An immediate corollary is P. Selick’s theorem that
p annihilates the p-primary component of =, S [25]. We consider the following
more general statement: There is a natural map f,: B(R", P)-»Q"S" which

* The author is an Alfred Sloan Fellow and was partially supported by the National Science
Foundation



554 F.R. Cohen

extends to a map 0,: Q"2"B(R", P)-»Q"S" and which, if S" is an H-space,
admits a further extension 6,: Q"*!Z"*!B(R", P)-Q"S". We conjecture that 0,
(and 6,) induce epimorphisms on the p-primary component of homotopy
groups in case n is odd. Observe that this conjecture is correct for 6, and 0.
Furthermore, this conjecture would provide an analogue of the Kahn-Priddy
theorem for each odd dimensional sphere. If 6, induces an epimorphism on the
p-primary components, then the known result that p” annihilates the p-primary
component of 7, $?"* !, p>2, follows directly. All of these follow from appro-
priate desuspensions. Rather than elaborate on these points here, we consider
desuspension questions which have been useful for computations.

Let W, denote the homotopy theoretic fibre of the double suspension
E?: §2"-150Q2?82"*1 In M. Mahowald’s papers [19-21] relations amongst the
W, are studied. Odd primary analogues are given in work of J. Harper and H.
Miller [15]. In particular, a secondary analogue of the double suspension is
studied.

In this paper we give a geometric construction of the secondary suspension
(localized at a prime p)

0 Womr QP W,
which is degree one on the bottom cell. We show that this map may be
obtained by destabilizing V. Snaith’s stable decomposition for Q"2"X [26];
modifications for the case p=2 are required. The destabilization results ob-
tained here are best possible (when localized at 2). An immediate corollary is a
mild improvement of James’ result on exponents of spheres at 2 [29]. Finally,
some useful observations concerning homological properties of maps
f: Q252"+ 7 where Z is any “reasonable” space are included.

Theorem 1.1 (Gauss). If X is path-connected, there exist maps
h: Z**Q2 32 X 2% D (R* X)

which induce Snaith’s stable decomposition of Q*2*X.

In a sense, the maps h, are best possible. The following proposition will be
proven in [6].

Proposition 1.2. If X is S*"*', k is a power of 2, and
f: ZLQ?*3* X —» 32D (R? X) gives an epimorphism in homology, then L2=2k.
Hence the maps h, of 1.1 do not desuspend whenever k is a power of 2.

Localize all spaces at a fixed prime p. The maps of 1.1 (with a modification
in case p=2) give a secondary analogue of the double suspension.

Proposition 1.3. There exists a map

0, Wm Q' W,
which is degree one on the bottom cell. If n=p, then o, is an equivalence through
dimension 2np2—4. If p>2, then 6, may be chosen to be an H-map.

Let P/(r) be $'~"'uU,e'. Consider the mapping telescope X, given by

Q2P an+y g
p
it o

VV"L, QP w

n+1
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Proposition 1.4. X, is homotopy equivalent to Q® Z> P2"P=2(p).

We remark that the odd primary analogues of 1.3 and 1.4 can also be given
using the methods of [9, 10, 25].

The maps h, have additional external structure; the following proposition
will be proven in [4].

Proposition 1.5. [] Q**32*D,(R? X) may be given the structure of a two-fold

k=0
loop space such that

H: Q*2*X > [] @**2?*D,(R?, X)

k=0

is a two-fold loop map whe~re H is given by the diagonal composed with the pro-
duct of the adjoints of the h,.

We include a remark here. It would be quite interesting to iterate the pro-
cedure in 1.3. In particular, denote the homotopy theoretic fibre of g, by Y, Is
there a map Y,—Q??"Y, , which is degree one on the bottom cell? Iterations
of these sorts of maps would be of computational use.

§ 2. Statements 1.1, 1.3, and 1.4

By the result of [8] or by the analogues in the appendix here, there exist maps
EQ"E"X -»ZtD,(R", X)

inducing the stable decomposition of "2"X where L is the embedding dimen-
sion of B(R", k). In case n=2, L has been computed by Gauss: if C denotes the
complex numbers, then the k-fold symmetric product €*/Z, is homeomorphic
to C* (An explicit proof may be found in the appendix to [13]) Hence
B(R?, k) is homeomorphic to an open submanifold of C* and 1.1 follows.

To prove 1.3, observe that 1.1 provides a map

h,: Z2PQ*2* X 327D (R% X)

which gives an epimorphism in homology. Specialize to X =S2"~! and recall
the calculations of [5, p.225] to see that X*?D (R? S*"~') localized at p is
p2np+2p=1(p). Hence the adjoint of /1, gives a map

hp: 92s2n+1_)92p22p})2np—1(p)

such that h, induces an isomorphism on H,,, ,( ; Z/pZ). We use h, to give a
map

g, QZ S2n+1_,92p—-1 VVn+1'

To construct g,, localize all spaces at a fixed odd prime p and postpone the
2-primary analogues to Sect. 3. Adams [1] has shown that §2"~' may be given
the structure of an H-space such that E?: $*"~'-Q2?§2"*! is an H-map.
Hence W, , is a p-local H-space. Notice that W, , is (2np+2p—4)-connected
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and 7,,,,,, 3 W, 1 =Z/pZ. Let 1: P?"P*2P=2(p)>W, | be the generator of
Tanp+2p—3 Wayr extended over the Moore space. Since W, is an H-space, 1
may be extended over QX P2"P+2P-2(p) to give

Jjr QPIPREIR N p) W, .
Set g,=Q*"~'joh,.
Since g,o E* is null-homotopic, there is an induced morphism of fibration
sequences

W ke Q2rw

ln n+1

SZn—l

J |
QZSZn+1 8n QZp—l W

n+1-°

Next, consider the induced map of fibration sequences

Qs2n—1 %

Qgn

Q3§2n+1 > Q2P W

J "

W, —=—0%W,.,.
Since Qg, induces a mod-p homology epimorphism through dimension 2np?
—4 if nzp, and both H,(W,; Z/p) and H(Q** W, ,; Z/p) are of the same
dimension for *<2np*—4, it follows that ¢, induces a mod-p homology
isomorphism through dimension 2np>—4. ¢, is the map of Proposition 1.3.
That h,: Q*S*"+'> QP p2"P+2P=1(p) may be chosen to be an H-map if p>2
is checked in [4].

We remark that if W, ; were known to be an H-space localized at 2, then
the above procedure would give the 2-primary analogue of o¢,; an alternative
construction of ¢, is given in Sect. 3 here. M. Mahowald conjectures that W, ,
is a loop space [12, pp. 5-6]. Larry Taylor points out that the above procedure
gives a map W,—Q8 W, , which is degree one on the bottom cell.

To prove 1.4, consider the map

(bn: VVn—>Q2p+1P2"p+2p_l(p)

obtained from the following homotopy commutative diagram

VVn Pn QZp+1P2np+2p—1(p)

SZn—l %

92sln+l hp QZpPan+2p—1(p)
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and observe that the composite

stabilize

Wn n QZp+1P2np+2p—1(p) Qoozooplnn—l(p)

induces a mod-p homology isomorphism through dimension 2np?+2p—35. Let
E?P: P2nP=2(p)> Q2P $2P P2"P=2(p) be the (2p)-fold suspension and observe
that the following diagram homotopy commutes

w, Qrw,

J =

QZp+l 22p+1P2"p_2(p)92P*‘1E4P*' Q4p+lz‘4p+l Pan—Z(p).

Hence, there is a map
[ X,>Q*Z°P2nr=2(p)

which by the above remarks is a homotopy equivalence.
An alternative construction for a map ¢, satisfying the above homological

requirements is obtained from the composite

stzn+l h QZSan+1{p} 22 hpm QBPan+2{p} QAZZP_JQZpPan-#Zp—I(p)

where k' is a lift of Qh, with h, given by the p™ James-Hopf invariant [25], h,,
is the map in [10, Lemma 11.4] and 2273 is the (2p— 3)-fold suspension.

§3. The Map o, : W,-Q*W,_,
We give the 2-primary modifications required in our construction of the map
0,: W,»Q*W, , of Proposition 1.3. Lemma 3.1 is a slight modification of
results due to .M. James [29] and J.C. Moore [23].

Let h,: Q8"*'>QS8?"*! be the second James-Hopf invariant [8]; h, is
given explicitly in [29]. Let 2: Q8"*'»QS"*! be the H-space squaring map (2
is the composite po 4 where 4 is the diagonal map and u is the multiplication
on QS8"*1). Let (28"*'){2} denote the homotopy theoretic fibre of 2. In the
next three sections assume that all spaces are localized at 2.

Lemma 3.1. If n is even Q(20h,) is null-homotopic. Hence, there is a lift h of
Qh, to (Q*S"*") {2} which gives an isomorphism on H,, ,( ; Z/2Z).

Let $"{q} denote the homotopy theoretic fibre of the degree ¢ map on S".
A check of the Hilton-Milnor theorem [27] gives

Lemma 3.2. There is a map
in: (28" {2} >Q%(S"*2{2))

which is degree one on the bottom cell.
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We remark that (28"*!){2} and Q(S"*!{2}) are frequently not homotopy
equivalent.

Proposition 3.3. Any map f:(Q*S*"TY){2}-Q*(S*"*'{2}) is zero on
H,, ,( ;Z/2Z). Hence, there does not exist a homotopy equivalence
g: (84" 1) {2} 5 Q(S*"*1{2}). Furthermore ©*S3(3) is not a retract of
Q%8> {2}).

It seems reasonable that (QS2"*'){2} is homotopy equivalent to
Q(S"*1{2}) precisely when n=0, 1, or 3, but we have not checked this.

Splicing EHP sequences twice gives the following lemma due to M. Ma-
howald [19].

Proposition 3.4. There exists a map
Va: SHT2{2} oW,

which is degree one on the bottom cell.
Using the above, we define o, W,»Q*W, ,. First let
g,: Q25"+ Q*W,,, be the composite (2%y,,,)°(Qi,,)oh. Clearly g,oE? is

null-homotopic. Hence there is an induced morphism of fibration sequences
W, — Q*W,

n+1

SlnAl *
I |
QZSZn+1_~_)Q3VV;l+1.

Fix a choice of map a,: W,—»Q*W, , induced on fibres; this is the o, adver-
tised in Proposition 1.3. The proof of 1.3 is analogous to that given in Sect. 2
for odd primes.

Similarly, the proof of 1.4 is analogous to that given in Sect. 2 for odd
primes.

Since the composite

2 Qhy
9252n+1 QZS2n+1 Q2S4n+1

is null, there is a lift of Q*S*"*! to the fibre of Qh, which after localizing at 2
is Q82" Using the unit tangent bundle of 2" we obtain a map QS§*"—S?"~!
which is degree two on the bottom cell. If S?"~' is an H-space, there is a
degree one map QS*"—>S§2"~! Taking composites we obtain a map
n: Q282" 1§21 which is degree four on the bottom cell and degree two if
n=2 or 4. Using the methods of [10, Cor. 13.2] we have the following where
,m, 82"+ denotes the 2-primary component of , §"**.

Corollary 3.5. 2-4"~ ', S?"*1=0if n>2 and 4"~ ' ,n, §?"* ' =0 if n=4.

This corollary is a slight improvement of James’ work [29].

Mahowald conjectures that there ought to be a map m: Q25"+ 'S¢ !
which is degree 2 on the bottom cell for all n. Furthermore he conjectures that
the fibre of m ought to be a delooping of the fibre of the double suspension

EZ: SZn—l__)QZSZn+1 [12].
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Lemma 3.1 is true in slightly more generality. In particular, if
g: 28" 15 Q8*"* ! is any map which induces an isomorphism on H,,( ; Z)
and fits into two homotopy commutative diagrams

Qs2k+l £ Qs4k+1 QSZ,P#IX
Jﬂff Jm(nf) and 19(—” Qg+l

QSzn+l g QS4n+1 ‘QSZ"+1 £

for all n, then Qg has order 2 in [Q2S?"*! Q2$*"*']. Indeed, h, may be
replaced by g in 3.1.

§ 4. Proofs of Statements 3.2-3.4

Statement 3.4 is proven in [19, Lemma 4.8]; a proof follows. Consider the
homotopy commutative diagram

QSZn QE QZS2n+1

|

Qs4n—l ¥

where h, is the second James-Hopf invariant. As in [9] extend this homotopy
commutative square to a morphism of fibration sequences

E2
u/;, SZn—l stZrH-l

b

Q3s4n+1 QSZ" QE QZSZn+1

R

Qs4n—1 Qs4n-l %

since the fibre of the suspension E: §2"—»QS2"+1! is Q2§*"+1 A check of the
boundary homomorphism in the long exact sequence in homotopy for the
fibration n gives that = is degree 2 on the bottom cell. Hence there is a
morphism of fibrations

S —— W,

L

S4n—2 E3 Q3s4n+l

|

S4n—2 E QS4n—1

and a lift y,: S*"~2{2} > W, is the map of 3.4.
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To prove 3.3, observe that there is a map
1,: 8" {2} QP 2(2)

which is degree one on the bottom cell [10]. Such maps can be obtained from
the map of fibration sequences given by

Sn+1 {2} — > QpP"t 2(2)

Sn+ 1 *
L
Sn+l —— P"+2(2).

Let f: (Q28*"* 1) {2} > Q*(S*"*'{2}) be any map which is degree one on the
bottom cell. Then the composite v=Q%1,,)ofch is a map
Q252+ 1 50Q3 p4"+2(2) which induces an isomorphism on H,, ,( ; Z/2Z). This
contradicts Proposition 1.2 because D,(R?* S*"~') has the homotopy type of
P*"=1(2) [5, p. 225]. Hence f must be degree zero on the bottom cell. To finish
3.3, observe that (22S*"*'){2} is homotopy equivalent to Q[(Q2S*"*"){2}].
Details are similar for Q*S3(3).

To prove 3.2 first recall the Hilton-Milnor theorem specialized to spheres
[27, p.264]. Let H,: QS*"*'>Q8*"*! be the second Hilton-Hopf invariant
and let w: $*"*1582"*1 denote the Whitehead product [1,1] where 1 is the
fundamental class of S?2"*!. Since Whitehead products of length at least 3 are
zero in 7, S?"*", there is a homotopy commutative diagram

QS2n+l 2(2) AQSZn-#l

(Qs2n+l)3 o (982n+1)2xQS4n+1 s (Qszn+1)3

where m(x, y, z)=(xy) z.

A similar but slightly more complicated diagram exists when 2n is replaced
by 2n—1.

Next, notice that the square

N +1 E an +2

T

Sn+1 E QSn+2

homotopy commutes. Since Whitehead products in n,S"*' are in the kernel of
the suspension, we obtain a homotopy commutative square

an+1 QE Q2sn+2

12 JQZ(Z)

an+l Q2Sn+2
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and an induced map of fibration sequences

(@5 1) {2} —= Q*(s"+2(2})

an+l QE QZS'H-Z

‘2 JQZ(Z)

QSrH—I QE QZS'H'Z,

The map i, induced on fibres is the map of 3.2. A check of the long exact
sequence in homotopy gives that i, is degree one on the bottom cell.

§ 5. Proof of 3.1

The proof given here is an adaptation of a calculation due to I.M. James [29]
and J.C. Moore [23].

Let f: X—>Y be a map. By naturality of the James-Hopf invariants [29], we
have a homotopy commutative diagram

Qrf

QX QXY

h2 h2

QEXV] —er QZ YV

where h, is the second James-Hopf invariant and X' denotes the two-fold
smash product X AX. Let 0: Z-QXX be any map. Then in the group
[Z, QXY™ of pointed homotopy classes of maps we have the equation

hyoQXfol=QXfloh,00.

If £ is null-homotopic, then

hy,0QZXfo0=0
in [Z,02 Y2,
Notice that the Whitehead product [1,1]=w in m,,,,S*"*! is a suspen-
sion; in particular, the suspension E,: IT,, S*"—II,,,  S*"*! is an epimor-

phism [28]. Set f=X_"'w, X =S*" and Y=S2". Furthermore, notice that Zfnf
is null-homotopic. Hence, by the above remarks h,o QXfo0=0 in [Z, QS*"* .

Next, consider a map —1: §2"*'5§2"*1 of degree —1 and consider the
composite @ given by

inch —-1vi1 fold
SZn+l piae S2n+lvs2n+l hd SZn+1vsln+l o S2n+1‘

Clearly @ is null-homotopic.
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As in Sect. 4 we obtain a homotopy commutativity diagram by looping @
and expanding Q82"*! v §2"*! according to the Hilton-Milnor theorem:

Qo

Qs+l ., Q82+t

43 m

(Qszn+l)3 - TRRE tz(QSZH+ 1)2 X QS4"+ 1 ERET (Qszn+ 1)3
Here H,, w, and m are as given in Sect. 4 with w=wo(—1).
By the above paragraph Q(—1)+Q(1)+Qw'oH,=0 in [@S2"+}, Rs* 1),
Hence

h,o(2(—1)+Q(1)+QwoHy)=0 in (82l pstart],
Since h,o Qw o H,=0 by previous remarks, it follows that
(Qhy)o(Q(—1)+Q*(1)=0 (1)
in [Q2S2"+1, Q2S*"*+']. But by naturality of h,, we have the equation
hyo Q(—1)=h, (2)

in [QS2"+!, Q5*"+1]. Combining (1), (2), and the fact that 2-(Qh,)=(Rh,)-2
gives that 2-Qh,- Q*(1)=0 in [Q252"+! Q?S*"* 1] and 3.1 follows. Notice that
our calculations were donme in [Q2S§3"*1 Q2S*"*'] rather than in
[QS?"*+1,QS*"+ ] in order to have the equation 2-(Qh,)=(Rh,)-2.

§ 6. Calculations of h .

In this section we give some homological information related to the first
sections. In particular, if p is a prime and h: TLQ? 22X - 2D «(R? X) in-
duces a mod-p homology epimorphism, then information about the homo-
logical behavior of the adjoint of h h: Q I2X »QLZED (R X), is studied.
We give such calculations in case p is an odd prime; 2-primary calculations
with more definitive results are given in.[6]. A remark is appropriate here.
Specialize to X=52""'. By Theorem 1.1 here there is a map
fiy: Z*Q*$*"+ 1 34D,(R?,8?"~") which gives an epimorphism on mod-2 ho-
mology. By the calculations in [6] h, does not desuspend. Using the tech-
niques of [25], there is a p-local map h,: 3Q282"+ 1 23D (R?, 87" 1) with
p>2 giving an epimorphism in homology. Odd primary calculations here give
that h, does not desuspend twice. Hence, we know the smallest integer L such
that there is a p-local map ZLQ2§?"*!-XLD (R? 8"~ ") giving an epimor-
phism in mod-p homology precisely when p=2; the case p>2 is open.

Related 2-primary calculations are given in the theses of P. Kirley (North-
western, 1976) and N. Kuhn (University of Chicago, 1980); these calculations
apply to certain specific combinatorial maps given in [2, &].
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To begin recall the following theorem where all homology groups are taken
with Z/p Z-coefficients for p an odd prime.

Theorem 6.1 [24, 5].
H*QZSZn+1gk<)>§OA[YZ,,pk~1]k<>>91 P[inpk_z:l

as a Hopf algebra. The Steenrod operations (in homology ) are specified by

L. B-van"—-1=x2np"—2,kgla
2 R:yan"—lzoﬁ
3. P*l x2np"—2= _(xlnp"‘l—z)pa k> Is and

4 B xy,m_2=0,r=1

Next, observe that if Z is any space, H,Z is a differential graded coalgebra
with differential given by the homology Bockstein. Let B, denote the differen-
tial graded Hopf algebra Aly;,.11®P[x,,] where y,, ., and x,, are of degree
2n+1 and 2n respectively with differential specified by dy,, , L=Xg,

Lemma 6.2. If f: Q*S*"*'Z is any map and n: H,Z—B, «_, is any map of
differential graded coalgebras such that T fu(Xaup_2) #0, then f (x5, ,,_,)%0
for all j=k and all s=0.

Corollary 6.3. If Z is any H-space such that H,Z=B,,_®C as a differential
graded Hopf algebra, m: H,Z—B,,_, is the natural projection, and
frQ2S*" N SZ is any map with m-f, (x5, )0, then SO _y) has
(4 Xampx_2)"" as a non-trivial summand.

The point of 6.3 is that, homologically, maps of Q*S2"*! to certain H-
spaces behave much like H-maps. Somewhat more is true. If
h: Q*§?"* ' Q* 5D (R? S*"~ '), then h, behaves much like a 2-fold loop
map.

Recall from [5, p. 225] that there is a map

q: Dp(R?, 82" 1) P2"P" = (p)

which induces an epimorphism in homology. If the composite Q% Z*(q)oh=g
gives an epimorphism in homology in degree 2np*—2, then g behaves very
much like a 2-fold loop map in homology. To describe this property let Q'
denote the Dyer-Lashof operation Q"P*""Q"?**""' @"r**'Q"* By the calcu-
lations in [5, p. 225] Y, peer_ 1 =0Q"Yyppm_1-

Corollary 6.4. If g,y,,,x %0, then g (Q"y,,,u_1) has Q"g, (3, ._,) as a
non-trivial summand.

We remark that the calculations of 6.4 are consistent with the existence of a
p-local map 2?Q*$?"*'>¥2D ,(R? S?"~') which induces an epimorphism in
mod-p homology.

Corollary 6.5. If f: Z*P*Q*3X2X > 22" D ,(R? X) gives a mod-p homology epi-
morphism for every X, then f does not desuspend (2p*—1) times.
We do not know whether f can desuspend (2p*—2) times.
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§7. Proof of Statements 6.2-6.5

The following observation proven in [7] is useful.

Lemma 7.1. Let ¢: B,—B, be any morphism of differential graded coalgebras
with ¢(x,,)+0. Then ¢ is an isomorphism of differential graded coalgebras.

Proof of 6.2. Let i: B, y_,—~H,Q*$*"*" be the morphism of differential graded
Hopf algebras specified by i(yyup_1)=YVonp—1- I [ Q?§%r+15Z and
n: H,Z—B, x_, are as given in the hypotheses of 6.2, then the composite g
=m-f,-i satisfies 8(x5, % _2)¥0. Since f, 1s induced by a map of spaces, g is a
morphism of differential graded coalgebras and 7.1 applies to give that g is an
isomorphism. Hence g(x%, «_,)+0 for all r.

To finish the proof of 6.2, notice that by 6.1 we have the formula

I + 9
Pl (x5, perr ) =(—= 1" XE,

where P/ =P~ pr~".pr* _ Pr. By naturality of the Steenrod operations,
J(x5, pe+r_2) 0 since [ (x5, 1) F0.

Proof of 6.3. The hypotheses of 6.3 allow the application of 6.2 and the result
follows.

Proof of 6.4. Let Z be any connected space. The calculations in [5, p. 128] give
that H Q*X*Z is a free commutative algebra with generators Q'x where x
runs over a basis for H,Z and I runs over certain admissible sequences. If
each element of H*Z is primitive, then each element Q'x is primitive and so
H,Q®X*Z is a primitively generated Hopf algebra.

Write g=Q® X*(q)oh where g and h are as given in 6.4. Let u and v denote
8, (x5, x_,) and ZeVanpe_1) respectively. By hypothesis and the above para-
graph, we have that H,Q®X*P?"""*~'(p) is a primitively generated Hopf al-
gebra with algebra generators given by Q'u and Q0.

Let Q'r:ank”"-ankH Q"". Since Q" yyup_ 1 =Vanpesr—1> 240" Vanpe_
is non-zero by Lemma 6.3. An application of 6.3 together with naturality of
the Bockstein gives that g*(ﬂQ"yZ"pk_l)" has (g, Q" yyupx_1) as @ non-trivial
summand. Further, notice that g,Q"y,,._, is a non-trivial odd degree
primitive and so we have the formula

2, (0" Vsnpe_)=2.0"u+Y Qv
I J

(up to non-zero coefficients) for some choice of I and J.

Applying naturality, the Nishida relation BBQ°*=(s—1)(Q°~'+Q*'p)
[5, p. 181] and the above remarks, we see that (B, f)(g,Q""y;, ) must have
a non-trivial p-th power summand. A check of definitions gives that (P, f) Qu
does not have (BQ™~'v)? as a summand. If B!BQ’v has (8Q'~'v)” as a non-
trivial summand then a similar check of definitions gives that Q’v=0Q" v up to
non-zero coefficients.

Proof of 6.5. Let f: ZZ""QZZZX—-M‘;”"DP,((RZ,AX) be any map which induces a
mod-p homology epimorphism. If f=227"~'{ then passage to adjoints gives a
homotopy commutative diagram
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/y QZDpk(RI, X)
OEDXED ¢

Je.
= Q-1

i) QI EAD (R?, X),

Specialize to X=S?""' and observe by 64 that (@dj f)y (Vappri_y) has

Q"”"(adjf*)(yz,,gk_l) as a summand. But Q"""(adjf,)(y,,x_,) is not in the
image of (Q2?7"~1) .

Appendix

We describe the combinatorial maps giving the desuspension results of Theo-
rem 1.1. An outline of a proof of Snaith’s theorem [26] is included.

Assume that X is a non-degenerately based, path-connected, compactly
generated Hausdorff space with basepoint #; assume that Y is compactly
generated and Hausdorff. Let C(Y, X) be the equivalence classes of pairs (S,f)
where S is a finite subset of Y,f: S—X, and with the equivalence relation
generated by setting (S,f) equivalent to (S—{q}, f|s—{q}) if f(q)=+*. The space
C(Y,X) was introduced in [11] to study the cohomology of function spaces
and Gelfand-Fuks cohomology. In case Y=R", C(R" X) has the weak ho-
motopy type of Q"2"X [22]. The functional notation was given in [17].

Let F(Y,k) denote the configuration space {(yl,...,yk)eY"lyi#yj if i}
[14]. The symmetric group X, acts freely on F(Y,k) by permuting coordinates
(if F(Y,k)#¢). Z, acts on the k-fold smash, X', by permuting coordinates. Let
D,(Y, X) denote the quotient F(Y,k) x 5, X™/F(Y, k) x ; * where %, acts diagonal-
ly on F(Y,k)x X™. Let B(Y,k)=F(Y,k)/Z,. Observe that B(Y,k) is the space of
subsets of Y having cardinality k and that D,(Y, X) is the equivalence classes of
pairs (S,f) where S is a subset of Y having cardinality k,f: S—X, and (S,f) is
equivalent to the basepoint if f(q)=# for some g in S.

C(Y, X) is filtered by setting F;C(Y,X) equal to the subspace of points
represented by (S,f) where the cardinality of S is at most j. For simplicity,
assume that C()’,S°)=J_LJ§OB(Y,j) is a subspace of R*®. (This assumption is
not really necessary, but makes the exposition cleaner.) Set C=C(Y,X), D

J P L]
= V. D(¥X) 2€= C(R*, D), F,D= V D(Y.X), and D,=Dy(Y,X). Snaith’s

theorem [26] states that C and D are s=tably equivalent.
Define maps

h,: C—C(B(Y,k),D,(Y,X)) and
H: C-2¢
by the formulas a) h,(S,f)=({T},g) where T runs over the subset of S having

cardinality k and g{T}=(T,f|;), and b) H(S,f)=({T},g) where T runs over all
subsets of and g{T}=(T.f|;). h, and H are clearly continuous. Notice that

]—[ C(B(Y, k), D,(Y, X)) is naturally a subspace of 2 and H is the composite
k=0

diagonal
C

o8

C mhy l——[ C(B(Y,k), Dh(Y,X)) inclusion 2(~.
0
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Furthermore, notice that H restricted to the filtrations of C gives a com-
mutative diagram

F._IC HlFJ‘l C(quFj_1D)

J

where the map 1 is induced by the standard inclusion of F,_,D in F;D. Let
p: C(R®,F;D)-C(R*,D)) be the map induced by collapsing F;_, in F;D to a
point. By definition (poi1oH|y _)(F;_, C)=* Hence, we obtain a strictly com-
mutative diagram

Hlf,_,
F._,C s CR=,F, D)

J

1

—

H|F

F,C —2» C(R*,FD)

J
¢
¢

—* . CR*D)

O—

J

where ¢ is homotopic to the standard inclusion. We replace all spaces
C(R*,Z) by Q*X*(Z) up to homotopy type to obtain a homotopy com-
mutative diagram where the vertical right-hand maps are infinite loop maps:

F,_,C— Q2 Z"F,_;D

F,C —— Q*Z°FD

l |

D, —— Q%X*D,

J J
Applying Q®X® to the left-hand side, we obtain another homotopy com-
mutative diagram

szwjﬁ,,C——»QwaFj_,D
Q°I°F,C —— Q%I°FD

|

Q°E*D; —— Q¥2%D;

where the bottom arrow is a homotopy equivalence. The vertical sides are
quasifibrations (because the inclusion of F;,_,C in F;C is a cofibration with
cofibre D; [8]). That Q*2* F,C—>Q* X% F,D induces an isomorphism on ho-
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motopy groups follows inductively because the bottom arrow is a homotopy
equivalence and F,C=F,D=x. Hence the induced map Q*X*C—->Q*Z*D
gives an isomorphism on homotopy groups.

We remark that the above gives that the adjoint of the power set map
H: C—2€ is the stable homotopy equivalence of Snaith. The unstable maps
promised in  Theorem 1.1 are obtained from the maps
h,: C— C(B(Y,k), D,(Y,k)): if B(Y,k) embeds in RY, then there is an induced
map C—QLXLD,(Y, X). The proof given here is that given in [8].
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