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Some Characterizations
of Finite Miquelian M6bius Planes

NicHoLAS KRIER

In 1965, Hering [3] provided a classification of Mébius planes analogous
to the Lenz-Barlotti classification of projective planes. As with the Lenz-
Barlotti classification, the Hering classification contains finitely many pos-
sibilities but existence is not guaranteed in each case. The purpose of the
present paper is to prove that finite Mbius planes of even order and of Hering
type at least I1.2, II1.2, IV.1, or IV.2 are miquelian and that finite Mobius
planes of odd order and Hering type at least II1.2 must also be miquelian.
Since miquelian planes are at least of these types, we have some new char-
acterizations of finite miquelian planes. An alternate way of stating the results
is that finite Mobius planes of precisely the above types do not exist.

The author here gives especial thanks to Dr. Jill C.D.S. Yaqub for stim-
ulating conversations.

§ 1. Basic Definitions and Theorems

Further results may be found in Dembowski [2], where a Mobius plane
is called an inversive plane.

Definition 1. A M6bius plane M= (P, 6) is a set P of points and a collection
@ of subsets of P, called circles, with the usual convention that the point P
is on the circle C if and only if pe C, subject to the following conditions:
(M.1) each triple of points is on exactly one circle C; (M.2) given peC, q¢C,
there is a unique circle D such that p.qeD and D n C={p}; (M.3) there are
at least 4 points not all on one circle and each circle contains at least one point.

Theorem A [2, p.253]. If M is a Mébius plane and p is a point of M, the
“internal structure” M,=({Pep}, {Ce¥: peC}) is an affine plane.

Definition 2. In a M6bius plane IR, a pencil b with carrier p is a maximal
set of circles mutually tangent at p. (In 9, the set {C {p}: Ceb} is a parallel
class of lines.) A bundle with carriers x, y for x+y is the set of all circles in 9
containing both x and y, and is denoted by [Xx, y].

Definition 3. A translation of a Mobius plane M is an automorphism
fixing one point p and all the circles in a pencil with carrier p. M is called
b-transitive if given any g, r=p with the circle containing p, g, r in b, there is
4 translation fixing p and mapping q to r.

! Math. 7, B4, 124



2 N. Krier:

Definition 4. An (x, y)-dilatation of a Mobius plane M is an automorphism
fixing x and y and each circle in the bundle [x, y]. M is called (x, y)-transitive
if, given g, r, #x, y with g, r, x, y concyclic, there is an (x, y)-dilatation map-
pinggtor.

The Hering classification is an enumeration of the possible configurations
of pencils b and bundles [x, y] for which a M&bius plane may be b- and (x, y)-
transitive.

Definition 5. If M is a Mobius plane with more than 5 points, let & be
the set of pencils b and bundles [x, y] for which 9t is b- and (x, y)-transitive.
Then M is of type

I12 if #={b} U {[p, x]: p is the carrier of b; x % p, x is on a distinguished
circle Ceb};

II1.2 if # ={a: a has carrier p} U {[p, x]: x#p};

IV.1 if & consists of all pencils containing the same circle C;

IV2 if #={b: Ceb}u{[x,y]: x+y, x,yeC};

VIIL.2 if # consists of all pencils and all bundles.

Definition 6. An ovoid in a projective 3-space R is a set of points Q40
such that for each pe, the set of lines tangent to Q at p form a plane in R.

Theorem B [2, p.254]. If Q is an ovoid, then M()=(R, {Qn=n: n is a
plane and |2 nn|=2}) is a Mobius plane. A Mébius plane isomorphic to some
M () will be called ovoidal.

Theorem C [2, p. 264]. If M contains a finite number of points, then there
is a natural number m>1, called the order of M, such that (i) |€|=m(m>+1);
(ii) |P|=m*+1; (iii) each circle contains m+1 points; (iv) each point is on
m(m+ 1) circles; (v) each bundle contains m+1 circles.

Theorem D (Dembowski) [2, p. 268 and p.270]. If M is a Mobius plane
of even order, then M is ovoidal. Each automorphism of M(Q) is a collineation
of R that fixes Q.

Theorem E [2, p.257]. A Moébius plane is miquelian if and only if M is
isomorphic to some IMM(Q) with Q a non-ruled quadric surface in R.

Theorem F [2, p. 279]. A finite Mébius plane is miquelian if and only if m
is of type VIL.2.

Definition. An oval in an affine or projective plane is a set of points @.#@
such that (i) no three points of @ are collinear, and (ii) given pe0, there 1s 2
unique line L such that @ n L={p}.

Theorem G. In a Mabius plane M, each circle of M not containing p is an
oval in M,,.

Theorem H (Qvist) [2, p.148]. If O is an oval in a projective or affine plane
of order n, then O contains n+1 points, and (i) if n is odd, then no three tangent
lines meet at a point and (ii) if n is even, then there is a unique point, called the
knot of the oval, which is on every tangent line of 0.
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§ 2. Mibius Planes of Even Order

Let M be a finite Mobius plane of even order larger than 2. Then by a
theorem of Dembowski (Theorem D), M is isomorphic to some MM (£2) where
Q is an ovoid in the three-dimensional projective space R over the field
F=GF(q). Furthermore, each automorphism of M () extends uniquely to a
collineation of R which fixes Q. Identify I with 9 () and automorphisms
of M with the corresponding collineations of R. Choose homogeneous
coordinates (x, y, z, w) for R and let u: (0,0, 1,0)e® with tangent plane w=0.
Let ¢: (0,0,0, 1)eQ with tangent plane z=0. Then the points of Q are u and
{(x,5,9(x,y),1): x, yeF} where ¢ is a function of x and y into F such that
¢(x,y)=0 il and only if x=y=0. By a theorem of Liineburg [2, p. 270] every
involution of 9 is given by a linear collineation of R. Each translation of 9
is an involution since M, is desarguesian for each point p of M [2, p- 254].
With these preliminaries, the following lemmas can be easily proved.

Lemma 1. If T is a translation of I fixing u and exchanging ¢ and k:
(0,k, (0, k), 1) for k%0, then T may be represented by the matrix

I 0 dk O

0 1 0 0

*: =
T 0 0 1 0
0 k @0k 1

with d(k) an element of F depending on k.

Proof. u is a fixed point. Hence, if the third row of T* is given by (u, v, w, x)
then since u is a fixed point, u, v, x are 0. Similarly, since w=0 is a fixed plane,
the first three entries in the fourth column of T* are zero. The fourth row is
determined up to a scalar factor, since ¢ T=k and we let this factor be such
that the (4, 4) entry is 1. Since T*2=1(T?=sI, but the (4, 4) entry is 1, whence
s=1)the (3, 3)entry must have square 1, hence it is 1, since F is of characteristic 2.
If the entries of the second row of T* are (g, h, j,0), from kT=c we obtain
the equations gk=0, hk+k=0, Jk+¢(0,k)+ (0, k)=0, whence g=0, h=1,
and j=0. Again since T*2=1, the (1, 1) entry must be 1. Since T* is a trans-
lation of M, it must fix all tangent bundles of circles through u. This corresponds
to mapping planes through u not w=0 into parallel planes in the affine space
R/<W=O>. If the first row of T* is given by (1, b, d, 0), then the point (1, 0,0, 1)
IS mapped into (1, b+k, d+¢(0, k), 1), but the plane y=0 must be mapped into
the plane y=k since ¢ T =k, whence b+k=k, so b=0. This proves Lemma 1.

Lemma 2. [f T is a translation of M fixing k: (0, k, ¢(0, k), 1) for k=40 and
exchanging ¢ and u, then T may be represented by the matrix
1 b(k) 0 0
0 1 0 0
0.0 0 (p(Ok)"
0 0 ¢@Ok) 0
With b(k) an element of F depending on k.

1*

T*:
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Proof. The zero entries of the third and fourth rows are obtained from the
equations uT =c and ¢ T =u. The zero entries of the third and fourth columns
are obtained from the fact that the planes z=0 and w=0 are switched by T*,
Since c, k, u are in the plane x=0, this plane is fixed by T*, whence we obtain
the zero entries in the first column. Since T*2=sI and q is even, we scale
s to 1 so that the (1, 1) entry is 1. Then the (2, 2) entry must also be 1, and the
other terms besides b(k) are derived from the equation kT*=k.

Lemma 3. If D is a nonidentity dilatation of I fixing ¢ and u and mapping
(0,1, 9(0, 1), 1) to (0, k, (0, k), k) for k+0, 1, then D may be represented by the

matrix
k 0 0 O
D*: 0O kK 0 O
0 0 y(k) O
O 0 O 1

with 0%y (k)eF, and with (k) @(0, 1)=¢(0, k).

Proof. We first show that D is a projective (linear) collineation of R. Since
D fixes all circles of M through ¢ and u, it fixes all points of R through ¢ and u
as well as w=0 and z=0, whence it fixes all points on the line (w=0)(z=0),
and so D fixes each line in the plane z=0 containing c. Let D be represented
by (av)D=a’(vD) with aeF, ¢ an automorphism of F, and v a vector in R.
Let x, y be two linearly independent vectors in the plane z=0, with neither
x nor y on the plane w=0. Then the line joining ¢ and x is fixed by D, so
xD=c,;x. Similarly yD=c,y, and (x+y)D=c;3(x+y). Thus, c3x+c3y=
(x+y)D=xD+yD=c,x+c,y. Since x and y are linearly independent,
c3=c,=c,. Hence, for each vector v in the plane z=0, vD=c;v. Thus, if
O0=+aeF, a’c;v=a’(vD)=(av)D=c;3av. Hence, a’=a for each a€F, so that ¢
is the identity automorphism of F, and so D is linear.

The zero elements in the third and fourth rows and columns are derived
from the fact that u, ¢, z=0 are fixed by D. In the plane z=0 all lines through
¢ are fixed (being the intersection of z=0 with a fixed plane through ¢ and u).
Hence, the collineation induced on z=0 is a dilatation, so the submatrix of
the first two rows and columns must be a scalar matrix. Since (0, 1, ¢ (0, 1), 1)D=
(0,k, (0, k), 1), by scaling the (4, 4) entry to 1 we obtain the desired matrix.

Remark. Q(x=0) is an oval in the plane x=0. The tangent lines at u
and ¢ are (x=0)n (w=0) and (x=0) N (z=0) respectively, meeting at the point
(0,1,0,0). Hence this point is the knot of the oval (Theorem H), and every
tangent line to 2N (x=0) contains this point. Thus the function ¢ (0, m) 1s 2
bijection of F. Similarly, ¢(a, 0) is also a bijection of F.

Theorem 1. If M is a finite Mébius plane of even order and of Hering class
at least 11.2, then M is miquelian (hence of class VII.2).

Proof. M contains a distinguished point p and circle C such that M is
b-transitive with Ceb and (p, k)-transitive for each p+k on C. Let u be the
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point p and C the circle (x=0)nQ. Denote by 7, , the translation fixing u
and exchanging ¢ and k: (0,k, ¢(0,k), 1), and by D, the dilatation fixing c, u
and mapping (0, 1, (0, 1), 1) to k. Thus the T, ,’s and D;’s form subgroups of
the automorphism group of M, and by multiplying the matrices of Lemmas 1
and 3 we find that T, - T; ,,=T, ;. and d(k)+d(m)=d(k+m); D,- D,=D,,
and Y (k) (m) =y (km).

We now show that d(k)=0 implies that k=0. If d(k)=0 for k<0, choose
0 m such that ¢ (m, 0)=¢ (0, k) which can be done by the remark above. Then
(m, 0, (m,0), 1) T, ,=(m, k, ¢(m,0)+ (0, k), 1)s0 ¢ (m, k)= (m, 0)+ (0, k) =0,
a contradiction.

The conjugate of a translation is again a translation, so

rm 0 0 0\ /1 0dKk 0\ /r 0 0 0

0 r! 0 0 01 0 O 0 r O
*k—17% Nk
D} T;,kDr 0 0 lp(r—l)() 00 1 0 0 Ol/l(r)o

000 0 1/ \0o ke@©k1/ \0 0

1 0 y(rrtdk) O

0 1 0 0

= 0 0 1 O =7:‘,rk'
0 rk Y@ o0,k) 1

Since (a, b, p(a, b), 1)D,=(ra, rb, Y (r) ¢ (a, b), 1),
elar,br)=y(r) p(a,b). (1)

Hence y(r)r='d(k)=d(rk). Similarly, d(k r)= (k) k~'d(r). Thus for all r, k=+0,
rd(n/(r)=kd(k)/y (k), and it follows that rd(r)/s(r)=t, where ¢ is fixed, for
all r+0. Hence d(r)=ty/(r)r~* for all 0%reF.

Note that ¢ (0, k+m)=¢(0, k)+ ¢ (0, m) from the equation
(0,m, (0, m), 1) T, , = (0, k+m, (0, k) + ¢ (0, m), 1).
Hence, by (1),
¥(a+b)9(0,1)=¢(0,a+b)=¢(0,a)+¢(0, b)=(a)+y (b)) ¢ (0, 1),

whence y is an additive function of F (defining ¥ (0)=0), and a+0 implies
V()0 since the matrix D} is nonsingular. Thus ¢ is an automorphism of F,
S0 Y(r)=r* (0< f<e). But then d(r)=ty(r)r—'=tr¥-!. Since d is additive
It is a polynomial of 2-powers; i.e., d(k)=aok* +a,k? +a k¥ + - +a, k*"
With 1<m<e. But we have already represented d as a polynomial and this
'epresentation is unique [Artin, 1, p.37], so 2/ —1 must be a 2-power. But
this can only hold if 2/ —1=1, or f=1. Thus ¥ (r)=r and d(k)=t k. Since
(.0, ¢(a, 0),1) T, ,=(a, k, ¢ (a,0)+ (0, k) + t ak, 1), we see that

?(a,k)=(a,0)+ (0, k) +t ak=a? p(1,0)+k? (0, 1)+t ak.
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Thus Q is given by a quadric surface, so M () is miquelian (Theorem E and F)
and hence of class VII.2.

Corollary. If M is a finite Mobius plane of even order and of class I11.2
or IV.2, then M is miquelian.

Proof. If M is of class I11.2 or IV.2, then M is at least of class I1.2, and by
Theorem 1 9 is miquelian.

Theorem 2. If M is a finite Mobius plane of even order and of class at
least IV.1, then M is miquelian.

Proof. Let (x=0)NnQ=C be the distinguished circle such that 9M is
b-transitive for each pencil containing C. Denote by ,T, , the translation
exchanging ¢ and u, and fixing k: (0, k, ¢ (0, k), 1). Then

(0.4, 9(0,a),1),T; ,=(0,a ¢ (0, k), ¢(0, a)/p(0, k))

from Lemma 2 and may be rewritten (0, a¢(0,k)/¢ (0, a), (¢(0, k))*/¢(0, a), 1)
We may require that ¢(0, 1)=1. Thus, letting a=1, ¢(0, (0, k))=((0, k))>.
But by the remark following Lemma 3, (0, k) is a bijection of F so that
¢ (0, b)=b? for each beF. Now

1 bk 0 0 1 bm) 0 0
0O 1 0 0 0O 1 0 0
* * — .

T m T 0 0 0 1/k? 0 0 0 1m
0 0 k2 0 0 0 m* 0
1 bk)+bm) O
0 1 0
0 0 (m/k)> 0
0 0 0 (k/m)?

This map sends (0, a, a% 1) to (0, a(m/k)?, (a(m/k)*)?, 1) and fixes ¢ and u. Let
k=1, m*=n/a. Then the above product will conjugate 1%, to ,T¥, since
then the product maps (0,a,a% 1) on (0,n,1n2 1) and hence, geometrically,
conjugates ,1.*, to ,T*,. But

1 b(1)+bm) 0 O 1 b0 O 1 b(1)+bm) 0 O
0 1 0 0 01 0 O 0 1 0 O
0 0 a/n 0 0 0 0 1/4? 0 0 nfa 0
0 0 0 nja 0 0 4> 0 0 0 0 a/n
1 b(@ O 0
[0 1 0o o
“\o o0 o 1m?
0 0 n* 1
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Hence b(a)=b(n), so b is a constant function on the nonzero elements of F,
and b(k)+b(m)=0 for any k, m=0. Thus the maps

m> 0 0 0
0 m> 0 0

* . *
17:'.14 mT;.u 0 0 mq. 0
0O 0 0 1

are dilatations with centers c, u. Since x — x? is an automorphism of F, I is
(¢, u)-transitive, and hence of class at least IV.2. By the corollary, M is miquelian.

§3. Mibius Planes of Odd Order

Theorem 3. Any finite Mébius plane of odd order and of class at least 111.2
is miquelian.

Proof. Let M be a Mobius plane of odd order ¢ and of class at least 111.2,
and let u be the point such that M is (u, p)-transitive for all u < p and b-transitive
for each pencil with carrier u. Then M, is (x, L, )-transitive for every point x
in M,. Hence M, is desarguesian by Pickert [4, p. 83], and each circle in M
not containing u is an oval, and by a a theorem of Segre [2, p.49] is an
irreducible conic in I,. Let G be the group generated by the translations and
dilatations fixing p. Then |G|=q¢?*(qg—1). By a proper choice of coordinates
in 9, we can choose a representative C of a G-orbit of circles by the equation
C: x*+cy*+ =0, with —c a nonsquare in GF (9). The G-orbit contains the
7*(g—1)2 circles {(x,y): (x—a)*+c(y—b)2+fr*=0}, but the number of
circles not containing u in M is g*(g—1) (Theorem C), whence there are
precisely two G-orbits of circles. Since G preserves parallels, by using M.2 in
the definition of a Mébius plane, it is easily seen that the circles of distinct
G-orbits must have complementary sets of tangent slopes.

In general, if K is the conic: x2+2bxy+dy*+h=0, with b>—d a non-
Square, then y=mx+k is a tangent line to K if and only if

k?(b* —d)=h(1+2b m+dm?) (1)
and x=k is a tangent line to K if and only if
k*(b®>—d)=dh. ()

Denote the set of tangent slopes (possibly including oo) by My. Let
Q' x*+2bxy+dy*+e' =0 be a representative of the second G-orbit. Then
Q: x*+2bx y+dy*+e=0, with ee’ a nonsquare must have the same set of
tangent slopes as C, that is Mc=M,.. We may assume without loss of gen-
erality that oo¢ M, so that by (2) ¢ f is a square. (In case g=1(mod 4) f must
be a nonsquare, and if g=3(mod 4), f must be a square.) Note that by (1)
MEM, if and only if —meM, since b=0 for C. meM, if and only if
f.(1+2bm+dm2) is a nonsquare. If g=3 (mod 4), then —1 is a nonsquare.
Since —c jsa nonsquare and c f'is a square, f must be a square. If g=1 (mod 4),
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then —1 is a square, so in this case f is a nonsquare. In either case
14+2bm+dm?= — x? for some x, or

x?+d(m+b/d)* +(1—b%/d)=0. 3)
Now, me M, if and only if —meM, so that —me M, or, for some x
x%d(m—b/d)*+(1 —b*/d)=0. )

If meM,, then m satisfies Eq.(4) so that m+2b/d satisfies (3). Hence if
meM, then m+2b/de M. Let g=p* with p an odd prime. Since co¢ M,
the mapping m — m+2b/d permutes the elements of M, in cycles of length p
if b#0. But this implies that p|(g+ 1)/2 a contradiction. Hence b=0.

Case 1. g=3 (mod 4). Q: x*+dy*+e=0, with c=dt?, and without loss of
generality e= f = 1. Then T, the linear transformation which fixes x and maps y
to ty, maps lines with slope m to lines with slope ¢ m, maps the conic C to Q
and hence fixes M. If t*=1, then k|(g—1), and since f=1, and c is a square,
0, co¢ M so that k|(g+1)/2, which implies that k|2, or ¢=d.

Case 2. g=1(mod 4). By (1), Mc=M, implies that 1+cm?® is a square if
and only if 1 +dm? is a square. Since —d is a nonsquare, 1 +dm? never vanishes,
so that (1 +cm?)/(1+dm?)is always a nonzero square and (1 4+ cm?)/(1 +dm?)=s
has at most two solutions. Hence there are at least (g—1)/2 different square
values for nonzero m, but there are only (g—1)/2 nonzero squares in GF(g).
Hence there is a z=0, such that (1+cz?)/(14+dz?)=1, so that c=d.

In either case there is only one possibility for the second G-orbit. This
shows that there is a unique Mobius plane of odd order g and of class at
least II1.2, but the miquelian plane of order g is of class at least I11.2, so that
I is miquelian.
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A General Injectivity for Modules

SHEILA R. O’DONNELL

Throughout this paper, R will denote an associative ring with unity, all
the R-modules x4 = A will be left unital R-modules, and all mappings f: X —Y
between R-modules will be R-homomorphisms, unless otherwise specified.

We shall be concerned with an arbitrary, but fixed class I' of R-mono-
morphisms a: 4 — B. If C=Coker a, then we shall say that the arising exact
sequence £: 0—>A —%> B— C—0 is a I'-sequence. </ will denote the class of
the domains of the maps of I', # the class of codomains, and € the class of
the cokernels.

An R-module M will be called injective with respect to o or E-injective if
for each homomorphism f: A — M, there exists an S B— M such that foa=f.
We define an R-module M to be I'-injective if M is injective with respect to o,
for each aer.

This paper will examine I'-injectivity in general, establishing its properties
and pointing out how these properties generalize known results for previously
studied types of injectivity and divisibility. Examples including two new ones
are discussed in I1. Sections IIT and IV are devoted to the question as to when
the class of /-injective modules is closed with respect to epimorphic images.
Section V gives a necessary and sufficient condition that all R-modules contain
maximum I-injective submodules. In VI and VII, respectively, new concepts
of purity and torsionfreeness are defined and studied in relation to I" -injectivity.

_ This paper is part of the doctoral dissertation submitted to Tulane University. The writer would
like to express her deep appreciation for the assistance and inspiration given to her by Professor
Laszlo Fuchs.

L. Elementary Properties

We begin by stating several basic properties of I'-injectivity, which do not
require proof,

(i) Let E: 0»A—~B—C—0and E: 0—~A4—B - C—0 be two equivalent
txact sequences of modules. Then M is E-injective if and only if it is E'-injective.

(ii) Splitting exact sequences can be included in the I'-sequences without
changing the concept of I'-injectivity.
(i) Let I', I be two classes of R-monomorphisms such that I'<I". If M
S I"-injective, then M is I'-injective.

(iv) Let I be an index set. If M is injective with respect to «;: A;— B;, for
all ie], then M is injective with respect to the direct sum

@ a;: ©4;— @ B;, where naturally ® o|4;=0;, for alliel.
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Conditions for closure of the class of I'-injectives with respect to direct
sums, direct limits or direct products are analogous to the case of injectivity.
Proposition 1.1. Let I be any index set. [ | X; is I'-injective if and only if X,
is I-injective, for all iel. iel
Proof. Standard argument.
Let 2! denote the Boolean algebra of all subsets of the set I, and .# a dual
filter of 27. Then define
@ X;={x=(x):e[] X;: s(x)ef},
I

iel
where s(x) is the support of x, i.e. s(x)={iel: x;+0}.
Proposition 1.2. Let o7 be contained in the class of finitely generated modules.
If X; is I'-injective, for all i€el, then @ X; is also I'-injective.
K
Proof. Standard argument.

In particular, we can conclude that if .« is contained in the class of finitely
generated R-modules, then the class of I'-injective modules is closed under

direct sums.
In order to obtain a similar result for direct limits, either the class .« or

the homomorphisms in the direct system must be further restricted.

Proposition 1.3. (i) If </ is contained in the class of finitely presented modules,
then the class of T'-injective modules is closed under direct limits.

(i) If o is contained in the class of finitely generated modules, then the
class of I'-injective modules is closed with respect to direct limits of direct systems
in which the homomorphisms are monic.

The proof of part (ii) is routine, while part (i) will be a direct consequence
of the following lemma.

Lemma 1.4. Let {M,, n/}; ;.; be a direct system of modules with direct limit
M and natural homomorphisms m;: M; — M. If X is a finitely presented module
and if ¢: X — M is a homomorphism, then there exists a ke I and a homomorphism
0: X > M, such that m,00=¢.

Proof. Let X be generated by x,, ..., x, with defining relations
n
Y n;x,=0, where1<j<sandr;eR.
t=1
Now for each t,¢ x,=n; m;, for some m; e M, ; thus
n
Z r’jnl'x mi:=0'
t=1
Hence, there exists a k with k=i, for all ¢, such that
n
Yorjntm, =0, forallj.
t=1

So define 6: X — M, by 0 x,=nf m,, for 1<t<n. This 6 is as desired.
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II. Examples

There are several examples of I'-injectivity.

1) If I' is the class of all monomorphisms, then I'-injectivity is exactly
injectivity.

2) If the I'-sequences are precisely the splitting exact sequences, then all
modules are I'-injective.

3) If the I'-sequences are precisely the pure-exact sequences in the sense
of Cohn [2], then the I-injective modules are the so-called algebraically
compact modules.

4) Fix the module M and let I, be the set of all natural inclusion maps
i: N—>M where N is some submodule of M. Then M is I;-injective if and
only if M is quasi-injective. In view of Baer’s criterion, for any module X,
X is I-injective if and only if X is injective.

5) Let S be a subring of R which contains the unity of R. We can choose,
for instance, I' to be the class of all R-monomorphisms a: x4 — rB such that
Im o is a direct summand of B as an S-module. Such sequences are frequently
used in relative homological algebra.

6) Let R be a commutative domain. Under the usual definition of torsion,
let an exact sequence E: 0—>A4— B— C—0 be called torsion-splitting if Ei
splits for i: T(C) — C where T(C) is the torsion part of C and i is the inclusion
map (see [4]). If we let the I'-sequences consist of the torsion-splitting exact
sequences, then a module M is I'-injective if and only if M is cotorsion in the
sense of Matlis [12].

I'-injectivity is a generalization of numerous previously studied types of
divisibility and injectivity for modules:

7) The usual definition of divisibility when R is a principal ideal domain
has '={o: RA—R: Z€R}. In [6], Hattori uses the same class for I, but he
allows R to be any ring. In [97, Levy restricts I to the natural inclusion maps
of principal left ideals generated by non-divisors of zero, into R.

8) The type of injectivity introduced by Maddox [10], but actually examined
by Megibben [13], also generalizes classical divisibility: now R is replaced
by projectives and principal ideals R 1 by finitely generated modules.

' 9) In [7], Helzer defines a divisibility in terms of the class of all natural
inclusion maps from finitely generated, projective left ideals of R into R.

10) In [5], Goldman starts with a kernel functor o, that is a functor from
the Category of left R-modules into itself such that (i) ¢ M is a submodule
of M; (ii) o fis the restriction of f to ¢ M (iii) if M’ is a submodule of M, then
M’'=M’no M. He then defines his o-injectivity in terms of the class of all
Natural inclusion maps N — M, where o(M/N)=M/N.

The number of examples of I'-injectivity can obviously be increased. We
Mention two which have not as yet occurred in the literature.

11) The one which we call cyclic injectivity has I' equal to the class of all
Monomorphisms «: 4 — B where both A and B are cyclic. This generalizes
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the notion of divisibility discussed by Hattori where B=R. (Actually, cyclic
injectivity has an equivalent form in terms of left ideals of R and R: A module
M is cyclically injective if and only if each homomorphism ¢: L— M, where
L is a left ideal of R and L/Ker ¢ is cyclic, extends to R.)

12) Let Q be Utumi’s maximal ring of left quotients of R [8], and let I
contain only the natural inclusion map i: R— Q. The corresponding I'-
injectivity, which we may call Q-divisibility, reduces to classical divisibility
for Dedekind domains. This definition was suggested by that of Yun-dee Wei
[16]: She called an R-module M divisible if Homg(Q, M/N)=#0 for every
proper submodule N of M. To see that Q-divisibility generalizes that of
Yun-dee Wei, let me M\N and define a: R — M by a 1=m. If M is Q-divisible,
there exists a map &: Q — M such that @ 1=a 1. Then O%voae Homg(Q, M/N),
where v: M — M/N is the canonical epimorphism.

13) A more explicit example of I'-injectivity is the following. Let R be a
local uniserial ring, i.e. a ring with a unique composition series

0cRa,cRa,=---<Ra,=R. 1)

It is well known that two cyclic R-modules have the same composition series
if and only if they are isomorphic.

Proposition 2.1. Let R be a local uniserial ring with composition series (L
and n: R a, — R a, ., the natural inclusion map for some k and t, where |<t=n— k
and 1<kZn. Then R a; is injective with respect to 1 if and only if jZk+t.

Proof. Let j<k+t. Then there exists an f: Raqy— Ra,SR g, where s=
min(j, k) and Kerf=Ra,_, (put ao=0). If f extends to f: Ra,,— Ra;, then
Kerj=Kerf implies Imf is isomorphic to Ra,,, contradicting t+s> 7.

Let j=k+t. As a local uniserial ring, R is quasi-Frobenius and hence
self-injective [15]. Thus, given f: Ra,— R a;< R, there exists an f: R, R
such that foa=f Obviously, Im f=Ra, ,SRa;, proving that Rg; is injec-
tive with respect to ». This completes the proof of Proposition 2.1

Since now modules are direct sums of cyclic modules, we conclude:

Corollary 2.2. Let R be a local uniserial ring with composition series (1) and
let T be a set of inclusion maps n: Ra,— R a;,, where 1=t<n—k and 1Sksn.
If mg is the maximum k+t in I', then an R-module M is T -injective if and only
if each of its cyclic direct summands has composition series of length =2my.

I11. Epimorphic Images of Injectives

Epimorphic images of injectives are not necessarily injective. In fact, the
class of injectives is closed under epimorphic images exactly when R is left
hereditary. For I'-injectivity in general, it is rather difficult to give a satisfactory
necessary and sufficient condition for closure with respect to epimorphi¢
images. However, we do have one for closure under epimorphic images of
injectives. In IV, we will explain why we believe this result to be the best
possible with such a general definition as that of I’ -injectivity.
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We prove two lemmas which immediately give the necessity statement.
First recall that if given the exact sequence E in the top row and a map & in

the diagram
& E: 0 F-*sT-%C 0

f

¢EE: 00— A4A-—*>B—C—0,

(2)

then there exists an exact sequence ¢ E, as in the bottom row, making diagram
(2) commutative. Notice that B is the pushout of (¢, &), see [14].

Lemma 3.1. If F is projective in the commutative diagram (2), then every
epimorphic image of an E-injective module is & E-injective.

Proof. We are given the commutative diagram (2) and an epimorphism
y: N—M with an E-injective module N. To show M is & E-injective, let
f: A— M be any homomorphism. Since F is projective and y is epic, there
exists a p: F— N such that yop=fo&. Also, there exists a 7: T— N with
To¢=p, because N is E-injective. Now B is the pushout of (¢, £) and (yo 7)o ¢p=
7op=fo¢, so that there exists a homomorphism f: B— M such that foa=.
Consequently, M is ¢ E-injective. This completes the proof.

Let 0—» A% B— C— 0 be a I'-sequence. Given an epimorphism &: F— A4,

&,: Exty(C, F)— Exth(C, A)

be the induced group-homomorphism. We now prove:

let

Lemma3.2. Let E: 05A—>B— C—0 be an exact sequence and let
¢: F— A be an epimorphism with F projective. If E€lm &, then epimorphic
images of injective modules are E-injective.

Proof. EeIm ¢, means that there exists an exact sequence E': 0— F —
T— C— 0 such that ¢ E'=E. By Lemma 3.1, epimorphic images of E’-injectives
and hence of injectives are E-injective.

From Lemmas 3.1 and 3.2 we obviously have:

Theorem 3.3. If for each I'-sequence E: 0— A— B— C— 0 there exists an
?Pimorphism &g Fg— A where Fg is projective and Eelm(&g),, then epimorphic
Images of injectives are I'-injective.

An immediate consequence of this result is that the largest class I' for
which epimorphic images of injectives are I'-injective can be obtained in the
following way: Take all epimorphisms &: F— A with F projective and all
€xact sequences E: 0—» F—>T— C—0, and let all ¢E form the class of I'-
Sequences.

The proof of the converse of Theorem 3.3 is more complicated.

Theorem 3.4. If epimorphic images of injective modules are I'-injective, then
Jor each -sequence E: 0— A— B— C — 0 and for each epimorphism &: F— A,
We must have E€Im ¢, .
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Proof. Let E: 0— A% B4 C—0 be any I'-sequence and let 0 — K&
F*%> 4—0 be exact. Let I be an injective module such that there is a mono-
morphism #: K — I, and choose a homomorphism #7: F — I such that n=gou.

Define N as the pushout of (£ #) with maps 6: A— N, y: I— N; here y
is epic since ¢ is epic. By assumption, N_must be I -injective; therefore, there
exists a homomorphism §: B— N with §oa=60. So we have constructed part
of the following commutative diagram:

K
\

F__2 _ T

- \\
= E /// \\p
n X N
7/
//t A —2 \s B i (3)

Now let T be the pullback of (7, 6) with maps p: T— B, t: T— 1. Since  is
epic, p is also epic. Because foao E=0oé=yo7 and T is the pullback of
(y,0), there exists a unique map ¢: F—T with pod=0o& and 1o ¢=1n. We
claim 0— F-%T-£°2, C >0 is exact and is mapped by ¢, onto E. The proof
of this claim is straightforward except for showing Ker fopcIm¢. Setting
L=Ker fo p, we have p L= Ker f=Im o. Define d=a lop:L—Aand T=1|L;
then y 0 T=0&. Because 7 is monic and N is the pushout of (&, 1), F with maps
¢ and 7 is a pullback of (6,y) (see [3], Prop.2.53). Consequently, there exists
a unique map o: L— F with {oo=a& and fjoo=T. It follows very easily that
¢oo=1;; thus xeKer fop implies x=(¢o o) xelm ¢. Hence, Ker fopcIm P
completing the proof of Theorem 3.4.

Summarizing Theorems 3.3 and 3.4, we have:

Corollary 3.5. Epimorphic images of injective modules are I -injective lf
and only if for each I'-sequence E: 0—>A—B— C —0, there exists an epl-
morphism &: F— A with F projective such that EeIm¢,.

From the above proofs we see: In order that Corollary 3.5 be valid we
need only consider epimorphisms of projectives onto A€o/ rather than all
epimorphisms. In fact, this can be easily proven without the aid of Theo-
rems 3.3 and 3.4: Supposing that for each I'-sequence E: 0—»A— B— c-0
and for each epimorphism &y F— A with F projective, Eelm(&y), holds:
then we have Eelm(&g),, for each I'-sequence E and for each epimorphiSm
(e G A
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IV. Closure Under Epimorphic Images

Corollary 3.5 does not answer the question: When is the class of I' -injec-
tive modules closed under epimorphic images? Obviously, we cannot expect
an informative answer in general. However, assuming certain, not too re-
strictive, properties of the I'-sequences, we can obtain a satisfactory result.

In certain special cases (e.g. for injectivity, Megibben injectivity, Hattori
divisibility), we know that epimorphic images of I'-injectives are again I'-
injective if and only if the modules in .« are projective (i.e. when R is left
hereditary, left semi-hereditary, and a so-called left P.P. ring, respectively).
One notices that in all of these cases I'-injectivity can be defined in terms
of I'-sequences with # contained in the class 2 of projective modules. We
generalize these results by proving the following theorem:

Theorem 4.1. Let # be contained in the class 2. The class of I'-injective
modules is closed under epimorphic images if and only if o/ is also contained in 2.

Proof. Assume the closure property and let Ae.Z. To check the projectivity
of 4, it suffices to consider maps ¢: A — M and o: N — M, where N is injective
and o is epic (see Prop. 5.1 in Chapter I of [1]). M is I'-injective by assumption;
thus, taking an a: A— Bel, there exists a map ¢: B—M with gox=d.
Because o is epic and B is projective, there exists a map y: B— N with
goy=e¢. So Yyoa: A— N satisfies oo (Y oa)=¢ and A is thus projective. The
converse is very easy, and it should be mentioned that it holds whether or
not <.

For general I'-injectivity, that is, without assuming <2, we cannot
force o to be contained in 2. [Take I-injectivity, where all R-modules are
T-injective. ]

From Corollary 1.5 in Chapter VII of [1], we see that if R is a principal
ideal domain, injectivity is closed with respect to taking tensor products.
For I'-injectivity, we have the following result:

Theorem 4.2. Let the class of I'-injective R-modules be closed under R-
epimorphic images and assume that </ is contained in the class of finitely generated
R-modules. Let S be an associative ring with unity. If the bimodule gMy is I'-
injective as an R-module, then M ®s N is a I'-injective, left R-module, for all
left S-modules N.

Proof. Recall that M ®; N becomes in a natural way a left R-module by
defining r(3" m, ® n)=y (rm)®n;, for all m;e M, n;e N and reR. There exists
4n S-epimorphism g: F — N for some free S-module F. Then 1,, ® g: M ®¢ F —
M®;sN is an R-epimorphism and M ®gF is R-isomorphic to a direct sum
of copies of M ®s S which in turn is R-isomorphic to M. Since M is I'-injective,
M@sFis a I-injective, left R-module by Proposition 1.3. Therefore, M ®s N
4 an R-epimorphic image of M &g F is a I'-injective, left R-module.

Notice that the types of divisibility and injectivity in Examples 7), 8), 9),
and 12) are covered by Theorem 4.2, provided they are closed under epimorphic
Images,
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V. I'-Injective Submodules

Generally, modules do not contain maximal injective submodules or if
they do, these submodules need not be unique. In fact, Matlis [11] showed
that every R-module has a unique maximal injective submodule if and only if
R is left Noetherian and left hereditary. We now ‘consider the analogous
questions for I'-injectivity.

Proposition 5.1. If &/ is contained in the class of finitely generated modules,
then every module has a maximal I'-injective submodule.

Proof. By Proposition 1.3, I'-injectivity is an inductive property, so Zorn’s
lemma can be applied.

Call a submodule M, of M the maximum I'-injective submodule of M if
M; is T'-injective and contains every I’ -injective submodule of M.

Theorem 5.2. Every R-module has a maximum I'-injective submodule exactly
if the class of I'-injective R-modules is closed under (i) direct sums and (ii) epi-
morphic images.

Proof. Assume every R-module has a maximum [ -injective submodule.
To show (i), we prove a little more. Let {X;, i} jer be a direct system with
limit X, where X is I-injective, for all i€l, and 7/ is monic, for all i, j with
i<j. Then the canonical R-homomorphisms 7;: X;— X are monic and so
n; X, is -injective, for all ie I. Since the 7, X; generate X and X hasa maximum
I-injective submodule, X must be I -injective.

To prove (i), suppose &: M — N is an R-epimorphism where M is I*-
injective. By assumption, N has a maximum I -injective submodule Njy. Since
M and Nj are I'-injective, M @ Nris also I' -injective. Now p: M @ N> M @ N
defined by ¢ (m, n)=(m, & (m)+n) with me M, ne Ny, is monic, so that ¢p(M & Ny)
is I'-injective in M @ N. It is readily checked that M, Ny, and Im ¢ generate
M@®N. So M@ N is I'-injective and thus N is I' -injective.

The sufficiency of conditions (i) and (ii) is clear, since the union of all I-
injective submodules of a module is an epimorphic image of their (outer)
direct sum.

VL. I'-Purity

In order to state our next theorem we need a definition of purity which

generalizes that introduced by Cohn [2].

Definition 6.1. A submodule M of N is I'-pure in N if for every commutative
square of the form

A & B (e el),
//
v
(7] /h/’/ 7 “
7
<~

M ———N

(with i the inclusion map) there exists an h: B—»M with hoa=0.

In the special case when I' consists of all R-monomorphisms o: .A-*B
with A finitely generated and B finitely generated free, I'-purity is equivalent
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to Cohn’s purity. In this case, pure submodules of I'-injectives are I'-injective
and the I'-injectives are precisely the pure submodules of injectives [10]. The
corresponding conclusion is true in the general setting.

Theorem 6.2. (i) I'-pure submodules of T'-injectives are I'-injective.

(i) An R-module M is I'-injective if and only if it is I'-pure in its injective
hull M.

Proof. (i) Let M be I'-pure in a I'-injective N. Suppose a: A— B is in I
and 0: A— M is any homomorphism. From the I'-injectivity of N, we obtain
the existence of a y: B— M such that yoa=io6. As M is I'-pure in N, there
exists an h: B— M such that hoa=0, proving M is I'-injective.

(ii) Assume M is [-injective and the commutativity of the square in (4)
holds with N =M. Since M is I-injective, there exists an h: B— M such that
hoa=0. So M is I'-pure in M. The converse follows from (i).

VII. I'-Injectivity and I'-Torsionfreeness

As with the notion of purity, we will find it useful to have a definition of
torsionfreeness in terms of the class I'.

Definition 7.1. An R-module M is I'-torsionfree if for each diagram
A—=>B=33M with aeT, )

goa=hoa implies g=h. Equivalently, M is I'-torsionfree if and only if
Homg(C, M)=0 for each I'-sequence 0 —»A4 % B— C—0.

Notice that I'-torsionfreeness reduces to the usual torsionfreeness when
Ris a commutative domain and I'={a: RA— R: AeR}.

We state several properties of I'-torsionfreeness for arbitrary rings. Their
proofs are straightforward and therefore have been omitted.

(i) Submodules of I'-torsionfree R-modules are I'-torsionfree.

(i) Extensions of I'-torsionfree modules by I'-torsionfree modules are
again I'-torsionfree.

(iii) [ X; (or ® X,) is I'-torsionfree if and only if X; is I'-torsionfree, for

iel

allier,

(iv) The class of I'-torsionfree modules is closed under inverse limits.

(v) If # is contained in the class of finitely generated modules, then the
class of all I'-torsionfree modules is closed under direct limits of direct systems
Whose maps are monic.
~ (vi) Let #<2. If N is I'-torsionfree and M is I'-pure in N, then N/M
18 I'-torsionfree.

(vii) If N/M is I'-torsionfree, then M is I'-pure in N.

(viii) Let 2. If X, is I'-pure in X, for all iel, and X is I'-torsionfree,
then X/(() X;) is I'-torsionfree. In particular, () X; is I'-pure in X.

iel iel
2 Math.Z, Bd. 124
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(ix) If N is I'-torsionfree with maximum [-injective submodule N, then
every I'-pure submodule M of N has a maximum [ -injective submodule,
namely M N Ny.

Recall that a domain R is a right Ore domain if for all x,x'eR, x'40,
there exist u=+0, veR with xu=x'v. In the next proposition, x~! denotes
the inverse of xeR in the field of right quotients Q of R.

Proposition 7.2. Let R be a right Ore domain and M a left R-module. If M
is injective and torsionfree with respect to all inclusions R — R x~! with 0% xeR,
then M is injective with respect to the inclusion map R — Q.

Proof. 1t is not hard to see that as a left R-module, Q is the direct limit
of the left R-modules R x~! with natural inclusions. The proof of Proposi-
tion 7.2 follows from the lemma below.

Lemma 7.3. Let the exact sequence 0— A% B— C—0 be the direct limit
of the I'-sequences 0 — A; %> B,— C; — 0 (i€ I). If M is I'-injective and I'-torsion-
free, then M is injective with respect to a.

Proof. Given f: A— M, we have a commutative diagram

i

0 Aj Bj Ci 0
2 ¢jl rll
[} 1 1
4 o .
0 Aj Bj Cj 0 (i=j)
xj ¢Jl le
0 A—=+B c 0
| A
L
o

where ni, ¢!, t/ are the respective maps of the direct systems and =;, ¢;, 7;
are the respective induced maps. Since M is I'-injective, there exists a map
fi: B;— M such that f;oa;= fom;, for each iel. So for all i, j with i < j, we have
fieploa=fioaoml=fomon!=fom=fion; whence fjoi=f;, because M is
I'-torsionfree. Thus, by the universal property of direct limits, there exists 2
unique map f: B— M such that fo¢,=f;, for all iel. So for all iel, foaxom=
fom;. Hence, foa=f because the m; A; generate A.

Next, we generalize the well-known result that over a principal ideal
domain, inverse limits of torsionfree injectives are again injective.

Proposition 7.4. The inverse limit of I-injective, I'-torsionfree modules is
again I'-injective and I'-torsionfree.

Proof. Let X =lim {X;, nf}; jo; where X; is I-injective and I’ -torsionfree,
for all ieI, and denote by 7;: X — X; the induced maps. By property (iv) above,
X is I'-torsionfree. To show that X is I'-injective, let 0— A % B— C—0 be
a I'-sequence and f: A— X be any map. Let i,jel with i<j. Since X; is I-
injective, for each i, there exists an f;: B— X; with fioa=m;o f. Then mj° fi=h
because 7o fioa=mjomjof =m;of =f;oa and because X, is I'-torsionfree. By
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the universal property of inverse limits, there exists a unique map f: B— X
with ;o f=f;, for all iel. This implies ;0 foa=m;o f, for all iel. Since 7 is
the projection map, for all i, foa=7. So f is as desired.

By Proposition 1.4 of Chapter VII of [1], if R is a commutative domain,
the functor Hompg(M,.): N — Homg(M,N) preserves torsionfreeness, for
every gM. It also preserves the divisibility of torsionfree modules zN. Our
final theorem extends this result to I'-injectivity.

Theorem 7.5. Let A be a class of right R-monomorphisms and S an associative
ring with 1. If sNg is A-torsionfree and A-injective as a right R-module, then
H=Homg(sM,sNg) is again a A-torsionfree and A-injective right R-module,
for all sM.

Proof. Let 0—Ag-* Bg— Cg—0 be a A-sequence. By hypothesis, 0=
Homg (C, N)— Homg(B, N) %> Homg(A4, N)— 0 is exact, and so o* is an S-
isomorphism. Because Homg(M, Homg(B, N)) is in a natural way group-
isomorphic to Homg (B, H), Homgk(B, H) is group-isomorphic to Hompg (A4, H)
where the isomorphism is induced by a. Thus, H is necessarily A-injective.
Since N is also A-torsionfree, Homg(C, N)=0. Therefore, Homg(C, H) is
group-isomorphic to Homg(M, Homg(C, N))=0, and so H is A-torsionfree.
(In proving H was 4-torsionfree, the A-injectivity of N was not used.)

Corollary 7.6. Let R be a commutative ring. The functor Homg(M,.): N —
Homg(M,N) takes TI-injective, I'-torsionfree modules into T -injective, I'-
torsionfree modules, for all M.
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The Stufe of Number Fields

IaN G. CONNELL

A result of Hilbert states that a totally positive element in an algebraic
number field K is a sum of four squares of elements in K; the first published
proof was given by Siegel [6]. In particular, if K has no real archimedean primes
then —1 is totally positive and so can be written as a sum of four or fewer
squares. The smallest number of squares possible in such a representation of
—1 is called the stufe of K, and is denoted by s=s(K). If K has a real prime one
writes s(K)= o0. Since — 1 =x?+y?+z* implies

l—( xy+z )2+( xXz—y )2

T\ y2 422 y2+z2 )’

s+3, and therefore s=1, 2, 4 or co. Of course s=1 simply means that iek.
(Pfister [5] has shown that for an arbitrary field, s is a power of 2 (or o), thus
solving a long outstanding problem; cf. Kneser [4].)

Thus, given a number field K with no real primes and not containing i,
there remains the problem of deciding whether s=2 or 4.

Theorem. Let K be a number field with no real primes and not containing i.
Then s(K)=2 if and only if for each prime P lying over 2 the local degree [Kp:Q:]
is even; otherwise s(K)=4.

Remark. If (2)=B¢ ... P is the ideal factorization of 2 in K and £ has
absolute norm NP=2, then [Kp:Q,]=¢; f;, and so the requirement is that
2|e; f; for each i.

Proof. By Hasse’s principle (cf. Ex. 4.8; all references of this form are to the
exercises at the end of [1]), s(K)=2if and only if s (K ») < 2 for each local comple-
tion Kp of K. The archimedean P are of no concern, so let K,20,,. When pz3,
s(Q,) <2, hence s(Kp)<2: —1 =x2+y? mod p has a solution which lifts to a
solution in Q, by Hensel’s lemma.

Thus let K,20Q,, say [Kp:Q,]=ef in the usual notation. By Ex. 45,
s(Kp)<2 if and only if the quadratic norm residue symbol (—1, —1)p=1
Dropping the subscript P, by Ex. 2.2, 2.5

(=1, =1)=(—1,-1)(-1,2)=(—1, -2)
=(—-1,-2(3, —2)=(-3, -2).
Now —3=1+4(—1) and in the notation of Ex. 2.12,
(=—1, c=-1, S@=-f, v(-2)=e,
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o]
(=1, =1)=(=3, =2)=(-1)*.

This completes the proof.

We conclude by discussing some examples which were worked out in an
elementary way recently ([2, 3]). Let K=Q((,) where {, is a primitive p-th
root of unity, and p is an odd prime. Here e=1 and f is the exponent of 2 mod p
(for each P lying over 2).

If p=8k+7 then (2/p)=1 whence 2°~"2=2%+3=1mod p, f|4k+3, f is
odd and therefore by the theorem s(K)=4.

If p=8k+5, then (2/p)= — 1 whence 2P~ 2=24+2= _ 1 mod p. It follows
that 4| f and s(K)=2. Similarly if p=8k+3, 2| f and s(K)=2.

If p=8k+1 (a case left undecided in [3]) s(K)=4 or 2 according as the
exponent of 2 mod p is odd or even, and both cases occur.

In the last example Tate suggested that the relative frequency of even versus
odd should be computable using the Cebotarev density theorem. Here are the
details.

For n>3 let K,=Q((,.) and L, = K,(2"/?"); note that K, Q(2"*")=Q(}/2)
and L,: Q=2%"-2 Then G,=Gal(L,/Q) consists of the elements o,; where
0<i<2"—1, jisodd, 1<j<2"—1,iis even when j= +1mod 8§, and i is odd
when j= +3 mod 8, where, writing { for {,., ;;(2"")={'2"?", and 0;;({)="{".
There are exactly two elements in G,,, satisfying o;;€Ker(G,,,;—G,),
0,;¢Ker(G,,, —» Gal(K,,,/Q)), namely those with i=0, 2", j=1+2"; they form
asingle conjugacy class. The rational primes p whose Frobenius automorphisms
with respect to L,,,/Q comprise this class are precisely those p which are of
the form 2" h+ 1, h odd (because p splits in K, but not in K, , ;) and for which 2
has a 2"-th root mod p (because p splits in L,); for these p, f is odd. Letting
n=3,4, ..., we obtain the totality of p for which f is odd and by Cebotarev’s

theorem the density of these primes is z 2/22"=1/24. (It is easy to justify the

addition of these infinitely many densmes) Since the density of all primes
=Imod 8 is 1/4, the density of primes =1 mod 8 for which 2 has even exponent
is 1/4—1/24=5/24 and therefore the asymptotic ratio of the number of even
Cases to odd cases is 5 to 1.

Added in Proof. A different proof of the theorem by Fein, Gordon and
Smith has since appeared in J. Number Theory 3, 310-315 (1971).
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Choice Mappings of Certain Classes of Finite Sets

MORDECHAI LEWIN

1. Introduction

By a choice mapping we mean a function defined on some class of sets
mapping a set of that class on some subset or possibly on some superset.

Let © be the class of all finite sets of distinct positive integers. Let each set
be arranged in a monotonically increasing order. Define by Q' the subclass of
Q of sets possessing more than one element. Let X =(a, ..., a,) be an arbitrary
element of . It is shown subsequently in this paper that there is precisely one
positive integer iy, such that for all i, 1 <i<i, we have

a;—a; —2(i—ip)—1=0,
and for all 4, i, <i<n, we have
a;—a,, —2(i—iy)=0.

Thus a choice function ¥ (Z)=a,, is defined on Q' Instead of this choice func-
tion we consider the function

(2)=2—{Y(2)}.

The function ¢ clearly maps @' into Q.

Let n and N be integers such that 1<n<N. For k<N let S(k, N) denote
the class of all k-sets of distinct positive integers not exceeding N. If N is con-
sidered fixed as is frequently the case, S(k, N) may simply be written as S,. Let
S, be arranged in lexicographical order which will be denoted by (S,, <).
Consider (S,_,, <)=(a,, ...,a(nN )), (S,, <)=(2,, ..., Z(N)). Define f(g,)=2,.

=1 n

Clearly ¢, = Z,. Let now 6,€S,_,. Assume that all predecessors to o, have
been cared for. Then let f (o)) assign to g, the least element of S, containing o,
and which has not yet been assigned to any predecessor of g,. If no such element
exists in S,, f(o,) is labelled undefined, whereupon g, is considered. f is thus
dmapping of a subset of S, _ 1 into S,. The question naturally arises under what
conditions is f defined on the whole of S,_,. A necessary condition, which
S quite trivial, is that |S,_,|<|S,| (where |X| denotes the power of the set X),
or equivalently, n<1(N +1). It turns out however as will be shown in this
Paper that this necessary condition is also sufficient. Of a particular interest
18 the case of equality where f becomes a bijection of S, _, to S,,.

_Both functions ¢ and f are choice mappings. The following rather sur-
Prising connection between them is revealed and of course being used in the
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course of establishing our results: ¢ turns out to be the inverse as it were of f;
more precisely we establish the following

Main Result. For 1<n<i(N+1), ¢ f=I, where I is the identity mapping
defined on S,l L for J(N+1)=n<N, fo=1Idefined on S,.

For n=3(N+1), both @ and | are bijections of S, and S,_ . respectively, in
which case ¢ and f are exact inverses of each other.

Considering Sy _, as dual sets to S,, the connection between the functions ¢,
or f respectively, for dual pairs of sets is established.

To conclude our introduction one may use our Main Result in order to
deduce quite easily the following theorem of Sperner:

. m
Theorem. Among the 2™ subsets of a given m-set there are at most ( . )
subsets such that no one contains the other [2]. [zm]

Proof. Introduce inclusion as partial order into the powerset P of the
m-set S. An ordered subset of P is a chain. Put now N=m. Our main result

implies that P may be partitioned into ( mutually disjoint chains.

)

On the other hand consider the class of all the [3m]-sets which are subsets of S.

Their number is ( ) and they do not contain each other. Applying now

m
[3m]
Dilworth’s Theorem [1] to the partial order introduced we obtain immediately
that the maximum is equal to the minimum and the result follows.

2. Preliminaries

A sequence of the form x,, x,, ..., x, will be written as x, , X,

An element or a subset of a sequence appearing immediately after the
sequence with a A -sign above it designates the deletion of that particular
element or subset from the sequence.

If X and Y are sets, then X — Y means set difference.

All sequences of distinct positive integers will be assumed to be monotoni-
cally increasing. The symbol < between two such sequences denotes the lexico-
graphical order relation.

No distinction will be made between a positive integer x and the one-
element-set {x}; the curly brackets will simply be omitted.

3. The ¢-Function

Let a,,,a, be a strictly increasing sequence of positive integers, n>1
Consider the following n-square matrix [a;;]: For i< j,a;;=1o0r —1 according

as
a,—a,~2(j—i)

is nonnegative or negative respectively.

For i>j, a;;=1 or —1 according as
a;j—a;—2(j—i)—

is nonnegative or negative respectively.
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Fori=j, a,-l.=0.

This n-square matrix is clearly skew-symmetric. The structure of this
matrix has an interest of its own as the following results reveal:

Lemma 3.1. Let A= [aq,;] be the associated matrix defined above. Let further
i, j, k be any three positive integers not exceeding n and such that

then a, . =1 ay=1 and a;=-1, (3.1)
ij s

Proof. The conditions in (3.1) clearly imply that i, j, k be different.
Let i< j<k. We have a,—a,—2(k—i)20, (3.2)
a,—a;—2(k—j)<0. (3.3)
Subtracting (3.3) from (3.2) yields a;—a;,—2(j—i)>0, so that a; ;= 1.
Let now i<k < j. Then (3.1) implies
a,—a;—2(k—1i)=0, (3.4)
a,—a;—2(k—j)—1<0. (3.5)
Again subtracting (3.5) from (3.4) we get a;—a;—2(j—i)+1>0. Then a;—a;,—
2(j—1i)20, so that again q;;=1.
The same kind of reasoning will apply to the other different orders of
i, j, k, so that Lemma 3.1 is proved.
Lemma 3.2. Let A=[a;] be the associated matrix defined above, then
a;=1if and only if the i-th row has more positive entries than the j-th row.
Proof. We may assume a;;=1 and a;;= — 1. Suppose there exists some k,
I<k<nsuch that ;= —1and a; = 1. Then by Lemma 3.1 a;;=1, a contradic-
tion. Then for every k for which a;, =1 we have a;,=1. Since g;; belongs to the
i-th row and a;; to the j-th row it follows that the i-th row has more positive
entries than the j-th row. The converse is obtained by assuming a;;= —1 (and
trivially a;;=0). This proves Lemma 3.2.

Corollary 3.1. In the associated matrix no two distinct rows (columns) have
an equal number of positive entries.

The proof is obvious by Lemma 3.2.

Corollary 3.2. The associated matrix possesses a row (column) with exactly
k positive entries for every k, 0<k<n.

The proof is obvious by Corollary 3.1 and by the fact that there are n rows
and at most n— 1 positive entries in each row.

Returning to the original sequence we may now state

Theorem 3.1. If a,, , a, is a strictly increasing sequence of positive integers,
then there exists precisely one term a;, for which a;—a; —2(j—ip)—120
Whenever j<iy and a;—a,,—2(j—i,) 20 whenever j>i,.

Proof. Consider the associated matrix. By Corollary 3.2 there exists precisely
one row with n— 1 positive entries. Let this row be the iy-th row. The theorem
then follows from the definition of the matrix.
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The consequence of Theorem 3.1 suggests a choice function defined on the
class of all finite sequences of more than one element of distinct positive integers
Y¥(ay,,a,)=a;. Instead of the choice function we introduce the following
choice mapping: ¢(a,, , a,)=(a,, , a,; 4; ). The following quite general property
of ¢ which will be of use later on is expressed by

Lemma 3.3. Let ¢(X)=(Z; a; ), where i, > 1, then

—1=a;,_,€X.

Proof. Since a;, ;=1 by the definition of iy, we have a; _,—a; +2—120
and hence a; <a; _,+1. On the other hand clearly a;,=2a; _,+1. Both in-
equalities 1mp1y equality, which is the lemma.

4. A Special Case

Let N=2n—1>1 Put S(n,N)=5,, S(1—1, N)=5,_;;(5,, <)=(Z1,, Zw);
(Sn—la <)=(61: ,G(N))~ We now have (n)

Lemma 4.1. The restriction of ¢ to S, is a bijection of S, t0 S, _;.

Proof. Since we are concerned with the mapping of S, we shall write ¢
although referring to the restriction of ¢ to S,. ¢ is clearly singlevalued. We
only have to show that it is also univalent or in other words that two distinct
elements of S, are mapped by ¢ on two distinct elements of S, ;. Suppose
to the contrary that X, and X, are both mapped onto the same element g, of
S,_,.Clearly £,nZ,=0,. We may assume Z,<X,. Then Z,—2,>%,—2,.

Let Z,=(a,,,a,), 0,=@(Z,)=(ay, ,a,: &io). Consider ZX,. 'We have

Casel.i,=1. Since a,<2n— 1, we have a,—2(n—1)<1 and hence

a,—a,—2n—-1)=<1-a,<0. 4.1
On the other hand, since a,,=1, iy =1,
a,—a;—2n—1)=0. 42
(4.1) and (4.2) together imply equality so that
and
a,—a,—2(n—1)=0. (4.4)

Then a,=2n—1=N.
Case 2. iy>1. Then, by Lemma 33 a;,_,=a; —1.
In both cases we have
a,,—a;,_;=1(mod N),
ip — 1 being taken modulo n.

Let Z,=(b,,,b,) and @(Z)=(Z,;b,). Since Z,<Z,,%, is obtained by
deleting a;, from Z, and rep]acmg it by b; . We have a; <b;, and hence iy <Jo-
We show that strict inequality is necessary.

Suppose iy =jj,.

Casel. iy=1. Then j,=1 and hence by (4.3) a, =1, b;;=1=a;,, a €O
tradiction.
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Case 2. ig>1. Then j,>1 and hence by Lemma 3.3 we have b, _,=b,; —
leX,. But then b; —1%a,, so b, —1€ZX, and a, <b; —1. Then b
a;,>a; and so i, <j, again a contradiction, so that iy <j,.

Comparing the elements of Z, and X, we have

Jo—17=

for i<iy, or i>j, b;=a,
for iy<i<j, b;=a;,,.
Let now ig>1. Then b, _,—b; —2[(iy—1)—j,]—120 by the choice of j,.

Then b;,—b;,_;—2[j,—(ip—1)]<0. But b, =a; +1 by Lemma 3.3 and

hence b, _,=a; _,=a; —1 so that
a;,+1—a;,+1-2[j,—(io— )] =a;,—a;,—2(j, —ix) <0,
a contradiction because of the choice of i.

If iy=1, then a,=2n—1=N by (4.3) and (4.4), so that b,=a,=2n—1. By
the choice of iy=1 we have a; —1-2(j,—1)20, or a; =2j,—1. Then
bj,=a;,+122j,. By the choice of j, we have b,—b, —2(n—j,)=0. Qn the
other hand b,—b; —2(n—j,)<2n—1-2j,—2(n—j,)<0, a contradiction.
This completes the proof of Lemma 4.1.

As a by-product of Lemma 4.1 we may state

Lemma 4.2. If (a,,,a,) is such that a,£2n—1, n>1, and ¢(a,,,a,)=
(@, ,a,; a,), then a;= 1.

This is the result expressed in (4.3).

Recalling the function f which maps some subset of S, , into S,, the
criterion being lexicographical order as described in Section 1 we may now state

Theorem 4.1. ¢f is the identity mapping of S,_,=S(n—1,2n—1), n>1,
onto itself.

Proof. Since ¢ is a bijection by Lemma 4.1, ¢! is a bijection of S,_, to
S, We shall show ¢~'=f. Suppose ¢f is not the identity. Put (S,_,, <)=
(0}, (S,., <)={Z;}. Clearly f(o,)=1, and ¢(6,) =0 (%) =0,.

Let ¢ be the least positive integer such that ¢ f(a,) % a,.

Case 1. f(o,) is undefined. Then ¢~'(s,)=f(c,) so that o,=¢f(c;) for some
9;<a, and such that o,=¢~'(s,). But then, by the minimal property of ,
?f(6)=0,%0,, a contradiction.

Case2. f(a,) is defined but ¢ f(0,) % g,. Then f(a,)% ¢~ '(s,). This implies
fle)<p~' (o). (4.5)
Suppose ¢ f(c,)=0,<0, for some i<t. Applying ¢~! to both sides we get

J(@)=9¢=Y(s)=f(0,), the second equality being due to the induction hypo-
thesis. This is an obvious contradiction. Then

of(6)>0,. ' 4.6)

Put f(0) ¢ f(o)=21(5)=(0,,x), 9~ ()= (a,, y). (4.6) implies z < x. Suppose
¥<x.Then ¢~'(¢,)< f(c,) so that there exists o;<a, such that f(a,)=¢(0,).
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But then ¢ f(c,)=0,;+0,, a contradiction and hence x <y. Then

z<x<Yy. 4.7)

Put ¢~ '(a)=(a,,,a,), f(6)=(by,,b,). Let further y=a,, x=b;, z=a; =b;,.
(4.7) clearly implies j, =i, <i, and j, < j;. Then i;>1 so that by Lemma 3.3
y—1ep~'(s,) and hence y—lea,; but x¢g, which together with (4.7) implies
z<x<y-—1. (4.8)

We now have y—1=a;,_, =b, . The corresponding elements of the associated

matrices of ¢ ~!(o,) and f(o,) respectively are a;; =1 and b, ;=1 so that
z—y—2(i; —ip)— 120, (4.9)
y—1—z-2(i,—i,)20. (4.10)

Adding (4.9) and (4.10) leads us to a contradiction. This completes the proof

of Theorem 4.1.
It follows that f is a bijection mapping S(n—1,2n—1) onto S(n,2n—1).

5. The General Case

In what follows we shall deal with the cases n<4(N +1) and n>3(N +1).
We first proceed to the extension of Theorem4.l to the case n<i(N+1)
which we state as

Theorem 5.1. If 1<n<i(N+1), then ¢f is the identity mapping defined
onS,_,;.

For the proof we suppose the contrary and for this purpose we choose n
to be the largest integer for which the conditions of Theorem 5.1 hold and the
conclusion fails.

We first prove the auxiliary

Lemma 5.1. Let 1<n<1(N+1). Then ¢(S,)=S,_,.

In other words ¢ is a surjection of S, onto S, _,. Lemma 5.1 clearly becomes
superfluous once Theorem 5.1 is established.

Proof of Lemma 5.1. Let n be the largest integer for which the lemma fails.
Suppose there exists an element o of S,_; which is not an image of any element
of S, under the mapping ¢. It is easy to see that if n<iN,then n+1=<5(N+ 1).
Therefore if n<1 N, then since n was chosen largest,

@[S(n+1,N)]=5(n,N). 1)
If n=1N, then n+1=3[(N +1)+ 1] and hence by Theorem 4.1
@[S(n+1,N+1)]=S(n, N+1). (5.2)

Let a={a,,,a,_,)¢@(S,). For n<iN let b, be the largest integer not €X-
ceeding N which is not an element of a. For n=%N, put by=N +1. Consider
now B=(b,,,b,)=(0,bo). Since B is an n-sequence it is by (5.1) and (5.2) a7
image of some (n + 1)-sequence from S(n+1, N) or S(n+1,N+1) according as
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n<iN or n=%N respectively. Denote the (n+ 1)-sequence by y=(c,, ,¢,, )=

(, bo» Co)- Put ¢y =¢, , by =c; . The choice of b, implies
Iy <ty (5.3)

and ¢;,<c; £N+1. Considering the ij-th row of the associated matrix for y
we have ¢; ;=1 for all j#i,.

Casel. j>i,. Then ¢;— i, —2(j—ig) 20. (5.4)

If b, is deleted from y, then j—i, will decrease by one if j>i; and will remain
unchanged if iy<j<i,. Inequality (5.4) will therefore remain intact with
possibly some suitable change of the index j.

Case 2. j<iy,. Since c¢;; = —1, we have
€, —Ci—2ip—j)<0. (5.5)

The deletion of b, will not affect (5.5).

Cases 1 and 2 taken together imply ¢; ;=1 for all the elements of the i,-th
row of the associated matrix of (y; b,) with i#i,. Then by the definition of ¢,
@(; bo)=(y; by, &o)=0. This brings us to a contradiction and thus proves
the lemma.

Again let 1<n<JN. If 6,e(S,_,, <), define b, as the largest integer <N
which does not belong to o, if n<3N; if n=%N, put b;=N + 1. We then have

Lemma 5.2. For 1 <n<iN, f(6)=[f(o,,b,); b;] for all i.

Proof. Choose n such that Theorem 5.1 holds for every »’ for which
n<n'<3(N +1) and choose t such that for all i, i<t we have ¢ f(s,)=0; and
f(6)=[f(a;,b,); b,]. Assuming these conditions we prove f (6)=[f(o,,b):b].
Suppose the contrary. Put Ny=N if n<iN and Ny=N+1 if n=4N. Clearly
a,c[f(o-“ bz); B:]

Case 1. There exists i <t such that

f(6)=Lf(o,,b); b,]. (5.6)
Then

O'iC [f(az’ bl); Br] (57)
By hypothesis we have ~

fle)=[f(o:,b); b]. (5.8)

(5.6) and (5.8) imply
[f(o:,b); b1=[f(0,,b); b]. (5.9)
0,<0, and (5.7) imply b, >b,.
Suppose b;>b,. If n=1N, then b;=b,=N + 1, and hence n<3N. By (5.9)

b#(f(a,,b,); b] so that b,¢ f(a,, b,) and hence b,¢a, which is a contradiction
Since b, was chosen maximal not in ¢,. Then b;=b,.

(5.9) may be written as

[f(o:,b); b1=[f(a,, b); b.].
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It follows that f(o;, b,)= f(c,, b,) and hence (a;, b,)=(5,, b,) which is a contradic-
tion. This completes Case 1.

Case 2~f(61)=(01 > C)<(al ,d)= [f(al’ bt); Br] Then f(ar’ bt)=(0-n d, bz)’ d< b,-

If ¢(o,,¢,b)>¢(a,,d,b)=(a,,b,), then there exists aeS(n, N,) such that
«<(0,,b) and such that f(«)=(o,,c,b,). Then by hypothesis ¢(o,,c, b)=a,
a contradiction, so that

@(o,,c,b)<e(ag,,d,b)=(0,,b,).
We therefore have
(P(Gl’c7 bl)=(ancy b,a é), e>c.

By assumption f(o,,b)=(0,,d,b,). This implies the existence of ZeS(n, N )
such that X<(s,,b) and f(2)=(o,,c,b,). Then @(o,,c,b)=X and hence
2=(0,,c,b,;e).

Subcase 2.1. e<b,. Put (g,, c; &)= 0,<0,. Then

fle)=Lf(o;,b); b]= [f(ff., b); b1
=[f(0',, c,e; 1)a bx] = [f(Z), Bz] =(O", C, bx; B;)=(ar’ C),
a contradiction.
Subcase 2.2.e=b,. Then f(a,,c)=(0,, ¢, b,), and hence ¢(c,, ¢, b) =@ f(a,,c) =
(d;, ¢). Then b,=N,,. We have a, , ;=1 for all j<n owing to the n inequalities
for the respective entries of the associated matrix. If ¢ is now replaced by d,

all the n inequalities are preserved and hence ¢(s,,d, b)=(o,,d), a contra-
diction.

Subcase 2.3. e>b,. Then, as in Subcase 2.2, we have e=N=N,. Thus
flo,,¢,b,;N)= (0,,¢,b). Then ¢(o,,c,b)=(a,,c, b,: N). By the same reasoning
as in Subcase 2.2 we have ¢(o,.d,b)=(0,,d,b,; N) a contradiction.

The hypothetical form of Lemma 5.2 is thus proved.

We now claim that under the same hypothetical conditions as Lemma 5.2

we have
@ [f(o-n bz); 51] = [(pf(o-n br); Bt] . (510)

Proof. Put f(o,,b)=(0,,x,b,). Clearly x<b,. Let x=gq ,E(o,,x,b) and
x=b; €(o,, x). Clearly j,=i,. The defining 1nequa11t1es for b ,; for all j are
preserved and hence ¢(g,, x)=0,. This proves (5.10). By Lemma 5 2 the left hand
side of (5.10) is ¢ f(a,). Thus we have ¢ f(s,)=0, which is Theorem 5.1.

Passing from t to t+1 we prove Lemma 52 and then (if necessary)
Theorem 5.1 in turn. After having exhausted all the 's we pass from n to n— 1.
Having exhausted all the necessary n’s in decreasing order we have proved
Lemma 5.2 and Theorem 5.1 simultaneously.

Consider the following mapping of the class of n-sets onto the class of
(N —n)-sets: For 0<n<N, let ¢€S,. Then xeg if and only if N+1—x¢o. By
definition GeSy_, and such a mapping is clearly a bijection of S, onto Sy_-
We now have the following
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Lemma 5.3. Let 5(N +1)<n<N and let Z€S,, then if p()=o0, then ¢(5)= 3.
Proof. Let 2~ =(a, x); then
G=(1,,N;N+1-a) forall i%i,, a;,=x,
2=(,,N;N+1—a,) forall i.
It follows that X= — X =N +1—x. Let X=a,, =y (). Put

i — X =t+4, =0, (5.11)

io+1

where 4, denotes the number of elements between a,, and a;, .. which are not
in 2. (For t=0 we have trivially 2,=0.) The property of a, implies

iy — i, —2620. (5.12)

o+t
Substituting from (5.11) we get 4,—t=0, or
A=t. (5.13)

Letx+r¢Z. Then N+ 1—x—reZ. Let k be the number of elements of £ greater
than x and less than x +r. Put r=k+ p,. Clearly u, > 4,, but 4, >k and hence
2 k+1. We now have

ajo—M—a;,+2u—1=—r+2p—1=p—k—120. (5.14)

Letnow a; _,€Z,1>0. Put ¢, —a, ,=t+14,.
As in (5.12) we now have
ay_—a,+2t—120. (5.15)

Substitution leads to t — /,—120, or
A =t=]. (5.16)

Let now x—r¢ZX. Then N+1—x+r=x+reZ. Again put r=k+u, where k
s the number of elements of X less than x and greater than x—r. We claim

k. (5.17)
We first show
a;, £2i,—1. (5.18)

Suppose a;,>2i,—1. Then for t such that 0<t<n— i, we have

Qo= tt+A,2a, +2t>2(i,+1)—1,

io+t t =g

the first inequality being derived from (5.13). Then a,>2n—1so that N>2n—1
and n<3(N +1), a contradiction, so that (5.18) holds.
Since x—r¢X we have x> 1. Suppose ip=1. Then x=q, <2i,—1=1, a
contradiction. Then i, > 1, and hence by Lemma 3.3 a;,_y=x—1,s0 that k>0.
€ now have

CaseI.k<i0~1.Thenaio_k_l<x—randsoyk§lk+l;then,ukgk+1—1=k
by (5.16).
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Case 2.k=i,—1. We then have p, +i,=a; <2i,—1and hence y, Si, — 1=k,
Thus ;
w, =k in general.

Put now N+1—x+r=a;. We then have
a;—a;,—2wm=r—"2m=k—p20. (5.19)

(5.14) and (5.19) together imply that ¢ ()= ZX. This completes the proof of
the lemma.
Lemma 5.3 admits of the following corollary.

Corollary 5.1. If n is such that 3(N +1)<n< N, then ¢ is univalent in S,.

Proof. Suppose X # ' and ¢(2)=(2")=0. Then by Lemma 5.3 ¢(6)=2 and
¢(d)=2", an obvious contradiction. This proves the corollary.

It should be noted that the restriction as to n is necessary both for the
lemma and the corollary, as the following example shows: Choose N =9, n=4.

Put 2=(2,4,6,8), 2'=(1, 4,6, 8). Then

©(2,4,6,8)=(4,6,8)=0; 7=(1,3,5,7,8,9),
but B
@(@)=(1,3,5,7,8)*(1,3,5,7,9)=2.

As a counterexample for the corollary we have
p2)=¢()=0.

Leta, BeS, for some n< N. If a< 3, then it is not generally true that a<p,as
the following example shows: Put N=9,n=5,2=(1,3,7,8,9), =(1,4,5,6,7):
we then have a=(4, 5, 6, 8), f=(1, 2, 7, 8), so that a<f§ but f<a.

The following simple lemma may however be stated:

Lemma 54. Let a, e S, and let |a—pB|=1. Then a<p if and only if G<p.

Proof. Let a<f. Put a—B=x, f—a=y. Then x<y. We have x¢f and
y¢o. Put now x=N+1—x, j=N+1—y. It is easily seen that ¥=pf—a and
y=&—f. x<y implies <X, so that &<f, which proves the first part of the
lemma. The second part is obviously obtained by interchanging the roles of the
pairs (a, B) and (&, f) so that the lemma is proved.

We now have

Lemma55. Let oeS(n—1,N), where 1<i(N+1)<n. Then [(0)=2
implies f(2)=a.

Proof. Suppose the lemma is false. Clearly f(6)=2, and also f (Z)=0
Let s be the least integer for which f(g,)=2, and f(Z,)%,.

Case 1. f(Z,)=6,<&,. By Theorem 5.1 we have

e(o)= ft ® (520)
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G, 7€y 41-n and %,c6,M &, imply |5,—5,| =1, so that 5,<&, implies 0,<a,
by Lemma 5.4. Then i <s. Since f(a,)=Z, we have f(c,)=Z2,<Z,. i<s implies
f(£,)=4, and hence, by Theorem 5.1, ¢(5,)=Z,+ Z,, a contradiction to (5.20).

Case 2. There exists Z,<Z, such that f(c,)=Z, and f(Z,)=5,. As in Case 1,
Lemma 5.4 may be applied to X, and Z,, so that £, <, Since g,cX,NZX, there
exists 6,< o, such that f(s,) = Z,. Then by hypothesis f(Z,)=5,+4,,a contradic-
tion. This proves Lemma 5.5.

Using the fact that n<3(N+1) implies N—n+1>4(N +1) we may now
drop the restriction on n in Lemma 5.5.

Theorem 5.2. Let g€S,_,, n<N for some N. Then f(c)=ZX if and only
if f(Z)=0.
Proof. We assume n<3(N + 1) and prove
f(6)=% implies f(X)=¢.

Again we suppose the theorem false and choose s accordingly so that we have
fle)=Z, and f(Z)# &, with s minimal.

Case 1. There exists X, < Z, such that f(Z,)=&,. By Lemma 5.5 this implies
fle)=2X,+Z%,, a contradiction.

Case2. f(£)=G,<5,. Again by Lemma55 f(s)=2Z, By Lemma 5.4
0;<0, and hence f(s))+ X, again a contradiction. This proves the theorem.

A symmetric theorem (without restriction) for the ¢-function does not
hold as was previously shown by a counterexample.

We may now state

Theorem 5.3. If XeS,, n=1(N + 1), then

fo)==z.
Proof. Suppose the theorem false. Let ¢ be the least positive integer for which
f(P(Z,):’:Z,- Put (p(Z,):as.

_Case 1. There exists g;<a, such that f(c,)=2Z,. By Theorem 5.2 we have
f(Z)=4, so that by Theorem 5.1 ¢ (3,)=Z,. On the other hand, by Lemma 5.3,
9(Z)=a, implies ¢(5,)=Z,. Since 7,<a,, we have 5,<7, by Lemma 5.4. Put

Gs_ai=x’ Gi_as=y;
65"6,‘=j}, 6i_6s=x'
We have y<xand Xx=N+1-x,y=N+1—y, so that X<J. Suppose y=X+1.
Then x=y+1. Also x,yeZ,. But ¢(Z)=0,=(Z; 7). This is a contradiction,
Since x=y+1eZ,. Then y>x+1. If j—1¢%,, then N+1—(y—1)eZ,, so that
V+leZ;but o (Z)=(2,; ¥), a contradiction. Then j— 1€ X,=5,Nd,.
LetX=a,eG,and y=b,€5,. Then y—1 =a,€a,;. u— 4 indicates the number
of elements of Z, between X and y. The number of elements not in X, which are
between % and y is given by
y—x—1—(u—1). (5.21)

3 Math.z, Bd. 124
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Since ¢ (6,)=(Z,)=(5;; X), we have
y—1—-%—2(u—2)20. (522

From (5.21) it follows that the number of elements of o;Uo,=Z, between x
and y, not including x and y, is

J—X—1—(pu—A)=x—y—1—-(u—A4).
Consider now x and y as elements of Z,. Let x=b, , y=b, .
A=A =x—y—1—-(u—A)+1=x—y—(u—A4).
o(Z)=0,=(2,; y) implies
x—y=2[x—y—(u—-4)]120, or y—x+2(u—4)20.

This means
Xx—y+2u—-4)=0. (5.23)

Adding (5.22) and (5.23) brings us to a contradiction.
This proves case 1.

Case 2. f(o)=2;<Z,. Then, since j<t, we have fo(Z))=2}; in other
words f ¢ f(6,)=f (o). Since f is univalent by definition, this implies ¢ f () =0,
or ¢(Z)=a,. This is a contradiction since ¢(Z,)=0, and ¢ is univalent by
Corollary 5.1. This completes the proof of the theorem.

In conclusion let us make the following observation.

Let o=(a,,,a,). Define c+t=(b,,,b,) with b,=a;+t. The computation
is of course performed modulo N. Using our previous results it is quite easy
to establish the following

Theorem 5.4. For any integer t we have

plo+t)=9(0)+t
and also

flo+t)=f(a)+t.

(The meaning of the last equality being also that f(o +1) is defined if and
only if f(c) is defined.)

6. An Illustrative Example

The following illustrative example might be of help.
Let N=9, n=5. Choose £=(2, 4, 6,7,9). The associated matrix is then

0 1 1 -1 -1
-1 B 1 -1 ~1
AD)=|-1 -1 0 -1 -1}
1 1 1 0 1
1 1 1 -1 0
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It follows immediately that ¢(2,4,6,7,9)=(2,4,6,9) and hence f(2,4, 6, 9)=
(2,4,6,7,9).

The complete table for ¢(Z) and f(o) is given below. X is arranged lecico-
graphically.

I=f(o) a=¢(Z) Z={(o) a=¢(2) Z=f(0) a=9(Z)
12345 1234 13478 1378 23579 2579
12346 1236 13479 1379 23589 2589
12347 1237 13489 1389 23678 2367
12348 1238 13567 1356 23679 2679
12349 1239 13568 1358 23689 2689
12356 1235 13569 1359 23789 2789
12357 1257 13578 1357 24567 2456
12358 1258 13579 3579 24568 2458
12359 1259 13589 3589 24569 2459
12367 1267 13678 1367 24578 2457
12368 1268 13679 3679 24569 2479
12369 1269 13689 3689 24589 2489
12378 1278 13789 3789 24678 2467
12379 1279 14567 1456 24679 2469
12389 1289 14568 1458 24689 2468
12456 1245 14569 1459 24789 2478
12457 1247 14578 1457 25678 2567
12458 1248 14579 4579 25679 2569
12459 1249 14589 4589 25689 2568
12467 1246 14678 1467 25789 2578
12468 1468 14679 4679 26789 2678
12469 1469 14689 4689 34567 3456
12478 1478 14789 4789 34568 3458
12479 1479 15678 1567 34569 3459
12489 1489 15679 5679 34578 3457
12567 1256 15689 5689 34579 3479
12568 1568 15789 5789 34589 3489
12569 1569 16789 6789 34678 3467
12578 1578 23456 2345 34679 3469
12579 1579 23457 2347 34689 3468
12589 1589 23458 2348 34789 3478
12678 1678 23459 2349 35678 3567
12679 1679 23467 2346 35679 3569
12689 1689 23468 2368 35689 3568
12789 1789 23469 2369 35789 3578
13456 1345 23478 2378 36789 3678
13457 1347 23479 2379 45678 4567
13458 1348 23489 2389 45679 4569
13459 1349 23567 2356 45689 4568
13467 1346 23568 2358 45789 4578
13468 1368 23569 2359 46789 4678
13469 1369 23578 2357 56789 5678

3*
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Hebbare Singularitdten quasikonformer Abbildungen
und lokal beschrinkter holomorpher Funktionen

ALFRED WOHLHAUSER

I. Einleitung

Sei E eine Punktmenge der endlichen Ebene. Wir betrachten alle Uber-
deckungen von E mit abzdhlbar vielen offenen Kreisscheiben, deren Durch-
messer kleiner sind als eine positive Zahl d. Jeder solchen Uberdeckung
{K,,K,, ...} ordnen wir die Zahl ) d%zu, wo «>0 ist und d, den Durchmesser
des Kreises K, bezeichnet. Fiir d >0 nimmt die untere Grenze dieser Zahlen
zu; der limes /* (E):=‘liing (inf ) d%) heiBt das a-dimensionale Hausdorffsche

duBere MaB3 von E. Die Einschrinkung Z, von £* auf solche Mengen, die in
bezug auf dieses duBere MaB meBbar sind, nennen wir das a-dimensionale
Hausdorffsche Maf3. Sprechen wir von der Linge /(E) einer Punktmenge E,
so verstehen wir darunter ¢, (E).

G bezeichne ein Gebiet und E eine relativ abgeschlossene Teilmenge von G.

Dem zweiten Teil vorliegender Arbeit legen wir die Klasse #X(G—E)
zugrunde, die aus allen K-quasikonformen Homéomorphismen (K =1) von
G—E besteht, welche a priori bis auf hochstens eine Menge der Linge null
topologisch in G sind. Im Mittelpunkt der Betrachtungen steht eine hinrei-
chende Bedingung fiir die Hebbarkeit von E bez. #%¥(G —E). Das Kriterium
fordert g-endliches E, d.h. die Darstellbarkeit von E als abzihlbare Vereini-
gung von Mengen endlicher Linge. Es ist eine Erweiterung des Hebbarkeits-
kriteriums von Strebel (s. [8], p. 906) und wird wie dieses mit Hilfe von Modul-
betrachtungen topologischer Quadrate bewiesen.

Aus dem Satz, den wir im dritten Teil dieser Arbeit beweisen, folgt, daB
eine g-endliche Punktmenge E auch hebbar ist bez. der Klasse aller in G — E K-
quasikonformen Abbildungen, welche in G bis auf hochstens eine Menge der
Linge null stetig sind. Falls E total unzusammenhingend ist, folgt diese
Verallgemeinerung bereits aus der Hebbarkeit einer g-endlichen Menge E
bez. wX(G - E).

) W (G—E) ist die Menge aller 1—1-konformen Abbildungen von G—E,
die bis auf hochstens eine Menge der Linge null topologisch in G sind. Ist E
hebbar bez. w Y(G—E), so folgt daraus die Hebbarkeit bez. #X(G —E) und
umgekehrt. Diese Aquivalenz der Hebbarkeit einer Punktmenge E fiihrt
uns darauf, eine g-endliche Punktmenge auf Hebbarkeit zu priifen bez. der
Klasse & (G—E), welche aus allen in G lokal beschrinkten und in G—E
holomorphen Funktionen besteht, die a priori bis auf hochstens eine Menge
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der Linge null stetig in G sind. Bei den Funktionen aus # (G — E) lassen wir
also im Vergleich zu denjenigen aus # 1(G—E) die Forderung der Einein-
deutigkeit fallen.

Im dritten Teil zeigen wir, daB eine o-endliche Punktmenge E auch hebbar
ist bez. #(G — E). Zum Beweis dieser Aussage verwenden wir die Cauchysche
Integralformel.

Obiges Kriterium fiir die Hebbarkeit von E bez. # (G — E) steht in engem
Zusammenhang mit dem Painlevéproblem, bei dem die Hebbarkeit von E bez.
aller in G—E holomorphen und in G lokal beschridnkten Funktionen unter-
sucht wird; iiber das Verhalten der Funktion auf E setzt man weiter nichts
voraus. Ein bekanntes Resultat (s. Riemann surfaces by Ahlfors and Sario,
Princeton University Press, 1960, p. 252) besagt, daB E hebbar ist bez. dieser
Abbildungsklasse, falls #(E)=0 ist. Dolzenko betrachtet in einer Arbeit
(s. [4], p. 135) die Klasse der in G—E holomorphen und in ganz G stetigen
Funktionen. In Anlehnung an eine Arbeit von Carleson (s. [3]) zeigt er, dal}
E hebbar ist bez. dieser Abbildungsklasse, falls #(E) < co. Unser Resultat stellt
demnach eine Verallgemeinerung dieser beiden Sitze dar.

Im vierten Teil schlieBlich geben wir eine sowohl notwendige als auch
hinreichende Hebbarkeitsbedingung.

IL Ein Hebbarkeitskriterium fiir die Klasse #*(G — E)

G sei ein Gebiet und E eine relativ abgeschlossene Teilmenge von G.
Im Buch von Lehto und Virtanen (s. [5], p. 209) werden folgende Klassen
von Abbildungen betrachtet:

#X(G—E):={f|f quasikonforme Abbildung von G, sup F(z)= K}.
zeG-E

WX(G—E):={f|f orientierungserhaltender Homdomorphismus von G,
sup F(z)<K},

zeG-E

WX(G—E):={f|fK-quasikonforme Abbildung von G — E}.

F bezeichnet die lokale Maximaldilatation von f.

E heiBt hebbar bez. #;X, falls jedes fe #;X K-quasikonform in G ist. Analog
definieren wir die Hebbarkeit bez. #;X. Im Fall der Klasse #;¥ nennen wir E
hebbar, falls fiir jedes fe #;X eine K-quasikonforme Fortsetzung in E existiert.

Offensichtlich ist #;X c WX c w3X.

Wir fiihren nun die Klasse % (G —E) ein. Sie soll aus allen K-quasikon-
formen Abbildungen von G —E bestehen, die a priori bis auf hochstens eine
Menge der Linge null topologisch in G sind.

Sei G'—E' eine Teilmenge von G—E, wo E' eine relativ abgeschlossene
Teilmenge von G' bezeichnet. Dann ist #%(G—E)c#*(G'—E'), m. a.W.:
#K(G —E) ist eine monotone Klasse von Abbildungen.

Sei ferner g eine 1 — 1-konforme Abbildung von G auf G’ und fe#™(G'~ E).
E'=g(E). Da g Punktmengen der Linge null in ebensolche iiberfiihrt, 1st
foge WX (G—E); wX ist also in diesem Sinne konform invariant.
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Es ist #;¥(G—E)c#*(G—E)c#(G—E). Die Inklusionen koénnen
echt sein, was fiir #7%(G—E)<=#;¥(G—E) evident ist. DaB es auch fiir die
andere Inklusion gilt, folgt aus der Arbeit [1] (insbesondere § 7, p.124): wir
gehen aus von einer total unzusammenhidngenden abgeschlossenen Punkt-
menge E c € mit vollkommen punktformigen Komponenten (verallgemeinerte
Cantormenge), wo € die abgeschlossene komplexe Ebene sein soll, so daB
€ —E endlichen Flicheninhalt besitzt. Dann ist z eine 1— 1-konforme Ab-
bildung auf € —E mit endlichem Dirichletintegral, und das impliziert die
Existenz einer beschrinkten 1—1-konformen Abbildung h(z) auf €—E.
z= o0 wird als einzige Komponente von E durch h(z) verzerrt.

Ist G=R, wo R die Riemannsche Kugel bezeichnet, so nennen wir
fe#(R—E) meromorph fortsetzbar in E, falls zu f eine in R meromorphe
Funktion fexistiert, so daB f,_ = f ist. Wir sehen leicht, daB sich fe % !(R—E)
genau dann meromorph fortsetzen 148t, und dies in eine beliebige abgeschlos-
sene Teilmenge E von R ohne innere Punkte, wenn f eine lineare Transfor-
mation ist.

E heiBt hebbar bez. #%(G—E), wenn jedes fe X K-quasikonform in G
fortgesetzt werden kann. Offensichtlich ist E genau dann hebbar bez. WX (G—E),
falls zu jedem Punkt peE eine Umgebung U (p) existiert, so daB wir jedes
few ™ (U(p)—E) in En U(p) K-quasikonform fortsetzen konnen.

Ein bekanntes Resultat von Ahlfors und Beurling sagt aus, daB sich jede
1 —1-konforme Abbildung von G—E genau dann zu einer 1— 1-konformen
Abbildung von G fortsetzen ldBt, falls E eine 0,,-Nullmenge ist, d.h. eine
Menge, deren kompakte Teilmengen in ihrem Komplement keine nicht-
konstanten und eindeutigen analytischen Funktionen mit beschrinktem
Dirichletintegral zulassen.

Ferner: E ist eine 0,,-Nullmenge, sobald sie die Linge null hat.

Trivialerweise ist jede 0,,-Nullmenge hebbar bez. #°!(G —E).

Es gilt (vgl. [5], p. 210) der

Satz I1.1. Ist E hebbar bez. W' (G—E), so ist E hebbar bez. W (G —E) fiir
Jjedes K, 1 £K < oo. Umgekehrt ist E hebbar bez. % (G — E), falls es mindestens
ein K gibt, so daf E hebbar ist bez. WX(G —E).

Beweis. Sei E hebbar bez. #! und fe#*. Mit Hilfe der komplexen Dila-
tation k(z) von f definieren wir f.ii. in der Ebene eine meBbare Funktion:

Ko(f(2)):=—x(z) e**#/=®  fiir zeG—E,
ko(l) =0 fir {¢f(G—E).

(Fiir die komplexe Dilatation k,-: der zu f inversen Abbildung f -1 gilt:
Kf_,(f(z))= —x(2) e2iﬂrsfz(2)_)

Nach dem Existenzsatz existiert nun eine K-quasikonforme Abbildung f,
der ganzen Ebene, deren komplexe Dilatation f.ii. mit k, iibereinstimmt.
Ji1=f,of ist definiert in G— E und Element von %".. Bezeichnen wir die Fort-
SCtzung von f, mit f,, so ist fy~'o f, K-quasikonform in G und f5 'of,|c_g=f.
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Die Umkehrung folgt daraus, daB jede 1-quasikonforme Abbildung auch
K-quasikonform ist. q.e.d.

Sei peE. Falls eine Umgebung U(p; ') von p existiert, deren Rand eine
in G—E gelegene rektifizierbare Jordankurve I' ist, so betrachten wir
#X(U(p; I')—E). Diese Klasse von Abbildungen enthilt die Menge der Rest-
riktionen auf U(p; I') — E der Abbildungen aus %% (G — E) als echte Teilmenge.

Wir beweisen

Satz I1.2. Sei peE und U(p; I') eine Umgebung von p, die von einer in G—E
gelegenen rektifizierbaren Jordankurve I' berandet wird.
Falls E hebbar ist bez. W¥(G—E), so folgt daraus, da jedes

few™ (U(p;IN—E)

zu einer K'-quasikonformen Abbildung von U (p; I') fortgesetzt werden kann. (K'
ist =K und von f unabhingig bestimmbar.)

Beweis. Da E relativ G abgeschlossen ist, gibt es ein Gebiet G’ und eine
rektifizierbare Jordankurve I”, so daB G’ ein in U(p;I')—E gelegenes Ring-
gebiet ist mit I' als einer der beiden Randkomponenten und I'"=G'". I soll p
umschlieBen.

Sei fe#w*(U(p; I')— E) beliebig. f ist auf G' K-quasikonform, und folglich
existiert eine K”-quasikonforme Abbildung h der ganzen Ebene, die auf I"
mit f iibereinstimmt. (K” ist eine nur von K, G’ und I abhingige obere
Schranke fiir die maximale Dilatation von h; s. [5], p. 100.) Also konnen wir
f zu einer K’-quasikonformen Abbildung fvon G—{I"V[U(p; I —E]} fort-
setzen. (K':=max {K, K"}.) Nach dem Hebbarkeitskriterium von Strebel (s.
[8], p. 906) ist f K’-quasikonform in G— [U(p; I') n E] und demzufolge Element
von #X'(G—E). Wir haben Hebbarkeit von E bez. #% (G — E) vorausgesetzt.
Nach Satz I1.1 ist dann E auch hebbar bez. #*'(G— E). Daraus folgt die Be-
hauptung.

Wir suchen nun nach Kriterien fiir die Hebbarkeit von E bez. #%(G—E).

Eine notwendige Bedingung liefert der

Satz IL3. Ist E hebbar bez. WX (G —E), so besitzt jede kompakte Teilmenge
von E das Flidchenmaf} null.

Beweis. Sei E* eine beliebige kompakte Teilmenge von E. Wir definieren
die nach oben halbstetige Funktion

Fi ‘_{K+1 fiir zeE*
Pk fiir zeG—E* K1, beliebig.

Dann gibt es nach dem Existenzsatz eine quasikonforme Abbildung h von
G mit der Eigenschaft, daB ihre lokale Maximaldilatation f.ii. in E* mit F (@
iibereinstimmt und fiir kein ze G—E grofBer ist als K. Da wir E hebbar voraus-
setzen, ist h K-quasikonform in G. Folglich muB3 das Flachenmal3 von E* ver-
schwinden. q.e.d.
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Im Hinblick auf einen Eindeutigkeitssatz in Zusammenhang mit dem Kreis-
normierungsproblem wurde in der Arbeit [6], p. 312 die Aussage bewiesen:

Eine total unzusammenhingende und relativ abgeschlossene Teilmenge E
von G ist hebbar bez. (G — E), wenn sie auf einer abzihlbaren Menge von
paarweise disjunkten, abgeschlossenen und rektifizierbaren J ordanbogen liegt.
Dabei ist &(G— E) die Menge aller 1 — 1-konformen Abbildungen von G—E,
welche hochstens eine abzdhlbare Teilmenge von E in nicht punktformige
Randkomponenten des Bildgebietes iiberfithren, und E heiBt hebbar bez.
#(G—E), wenn sich jedes fe% holomorph in E fortsetzen l:ABt.

Diese Bedingung ist insofern eng, als es total unzusammenhéngende Punkt-
mengen endlicher Linge gibt, die sich nicht auf abzihlbar viele rektifizierbare
Jordanbogen legen lassen (s. [2], p. 426).

Nachstehend verallgemeinern wir das Hebbarkeitskriterium von Strebel
(s. [8], p. 906). Dabei braucht E nicht total unzusammenhingend zu sein. Die
Verallgemeinerung besteht darin, daB wir von unsern Funktionen nicht
topologische Fortsetzbarkeit in ganz E fordern, sondern a priori nur bis auf
eine Menge der Linge null.

Satz IL.4. Eine relativ abgeschlossene Teilmenge E von G mit c-endlicher
Linge ist hebbar bez. WX (G —E).

Beweis. Sei E eine relativ abgeschlossene Teilmenge von G mit o-endlicher
Linge. Dann hat auch En Q, wo Q, Q< G, ein abgeschlossenes topologisches
Quadrat bezeichnet, o-endliche Linge. Dasselbe gilt fiir das Bild von EnQ
unter der kanonischen Abbildung von Q. Deshalb gehen wir aus von einem
Rechteck R(0<x<a, 0< y<b) in der z-Ebene.

Sei E* eine Teilmenge von R mit /(E*) < oo. EY bezeichne den Durchschnitt
der Geraden Im z =y mit E*. Die Léange der Menge aller y, fiir die E¥ mindestens
n Punkte enthilt, ist <//n. Folglich verschwindet die Lénge der Menge aller y,
fiir welche ET unendlich viele Punkte enthalten. Ist E eine Teilmenge von R
o-endlicher Linge, so hat die Menge aller y, fiir welche E, aus iiberabzihlbar
vielen Punkten besteht, die Lange null.

Sei w eine K-quasikonforme Abbildung von R —E, die a priori hochstens
in eine Teilmenge E, von E der Linge null nicht topologisch fortgesetzt werden
kann. w bilde den Rand 6R von R eckpunkttreu auf den Rand eines Rechtecks
O=sus<a,0< v=b") der w-Ebene ab; auf 0R sollen keine Punkte von E, liegen.

Die Menge der y, deren E, Punkte von E, enthalten, hat die Linge null,
da /(E))=0. Wir definieren ¢4,(y) als die Vertikalprojektion auf [0, a’] der

éiufungsmenge von w(z) fiir z—> E,.

Fiir eine g-endliche Teilmenge E von R gilt also: Z,(y)=0 fiir fast alle
Y&[0,b], und daraus folgt, daB %gK %.

Der Beweis dieser Ungleichung verlduft genau gleich wie der Beweis eines
Lemmas von Strebel (s. [8], Lemma 2, p.905), weshalb wir ihn an dieser Stelle
Weglassen. Wir weisen lediglich darauf hin, daB auch in unserem Fall die
Menge O,:={y|£,(y) <&} eine offene Menge der Linge b ist. Aus der Kompakt-
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heit von E folgt ndmlich, daB es zu jedem yeO, ein Intervall y, <y<y, und
endlich viele Rechtecke R; gibt mit Seiten auf Im z=y, und Im z=y, (wobei
wir mit solchen Horizontalen auskommen, auf denen keine Punkte von E,
liegen), so daB diese R, fiir y, <y <y, jedes E, enthalten und ihre w-Bilder eine
Vertikalprojektion von totalem linearem MaBl <e¢ haben. O, ist somit offen
und hat die Linge b.

Sei z,€G ein Punkt, in den wir w a priori nicht topologisch fortsetzen kon-
nen. Wir betrachten einen konzentrischen Kreisring um z,, auf dessen Rand w
topologisch ist, und schneiden ihn lings einer radialen Strecke, auf der w
topologisch sein soll, auf. Das entstehende Viereck und sein w-Bild bilden wir
kanonisch ab. Mit Hilfe obiger Ungleichung sehen wir nun leicht, daf z; in
einen einzigen Punkt iibergefiihrt wird. Daraus schlieBen wir, dal w topologisch
in z, fortgesetzt werden kann. Jetzt folgt aus dem Hebbarkeitskriterium von
Strebel, daB w eine K-quasikonforme Erweiterung in G besitzt. Damit ist der
Satz bewiesen. Er liefert das

Korollar. Ein Kreisgebiet mit nur punktférmigen Randkomponenten, wobei
die Menge der Randkomponenten -endliche Linge hat, 1afit sich nur durch eine
lineare Transformation auf ein anderes Kreisgebiet konform abbilden (vgl. [7],
p.11).

Umgekehrt ist die Bedingung obigen Satzes kein notwendiges Kriterium
fiir die Hebbarkeit von E bez. # (G — E). Um das zu sehen, wihlen wir fiir E
etwa das Cartesische Produkt zweier eindimensionaler Cantormengen E, und
E, der Linge null. Dieses E ist nicht g-endlich, denn dim E=dim E, + dim E = 2,
und hebbar sogar bez. #;X(G—E).

I11. Ein Hebbarkeitskriterium fiir die Klasse & (G — E)

Im folgenden befassen wir uns mit hebbaren Singularititen lokal beschréink-
ter holomorpher Funktionen.

Sei E eine relativ abgeschlossene Teilmenge von G. # (G — E) bezeichne die
Menge aller in G — E holomorphen Funktionen, welche in G lokal beschrinkt
und bis auf eine Menge der Lénge null stetig sind.

Es gilt

Satz IIL1. Jedes fe # (G — E) kann holomorph in E fortgesetzt werden, falls
E o-endliche Linge hat (vgl. [4], p. 135).

Lapt sich umgekehrt jedes fe & (G— E) holomorph in E fortsetzen, so muf
das (1+ a)-dimensionale Hausdorffsche Maf3 von E, ¢, . ,(E), wo a>0 beliebig,
null sein.

Wir beweisen den hinreichenden Teil der Aussage. Der Beweisgedanke ist
kurz folgender:

Zu jedem Punkt zeE gibt es eine offene Kreisscheibe K, so daB3 zeK und
K cG. Nach Voraussetzung hat E o-endliche Linge. Folglich verschwindet
das FlichenmaB von E, und wir konnen n>0 so wihlen, daB es Punkte z€
gibt, die nicht zur 35-Umgebung Ej, von E':= EnK gehdren. Wir haben z¥
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zeigen, daB sich jedes fe # holomorph in E’ fortsetzen 14Bt. (Das geniigt fiir
den Beweis, da ze E beliebig.) Dazu betrachten wir das Cauchyintegral

1 g
IO

2mi ,x (—2

dg,

das a priori nicht mit f(z), z¢ K, z¢ EY,, libereinzustimmen braucht. Mit Hilfe
einer geeigneten Darstellung der Differenz

1 f©

2mi i (—z

f@)-

g,

bei der die g-endliche Lénge von E und die Eigenschaften von f verwendet
werden, zeigen wir, daB3 diese Differenz verschwindet fiir ze K, z¢ Ej,. Daraus
folgt die Behauptung.

Wir setzen vorerst den Fall, daB #(E) < oo, Dabei darf #(E)> 0 vorausgesetzt
werden, da die Aussage im Fall #(E)=0 evident ist.

Wir nehmen ein beliebiges fe # und fiihren den Begriff der Grenzschwan-
kung w,({) von f im Punkte { ein:

o, (0):=lim sup{| /() - f((") L, {"eK (1)},

wo K({, r) die offene Kreisscheibe mit Mittelpunkt { und Radius r bezeichnet.

Sei K eine offene Kreisscheibe, deren abgeschlossene Hiille K in G liegt.
Wir bestimmen # >0 so, daB es eine offene Menge von Punkten ze K gibt, die
nicht zur 3n-Umgebung Ej5, von E':=En K gehort.

Unter Q,(f):={(|(eK, o (()2a}, a>0, verstehen wir die Menge aller
Punkte {e K, in denen die Grenzschwankung > ist. Q, ist abgeschlossen und
Teilmenge von E,.

Jetzt geben wir £>0 beliebig vor. Die Menge K n Q,, wo a =—2——§;(E—),
hat die Linge null,da Q, < E,. K n Q, 1aBt sich folglich durch endlich viele offene
Z(E)a

Kreisscheiben {K!?} mit Radien +® <7 iiberdecken, so daf Y@< ——
Wo | f(z)| €M in K. Diese Uberdeckung bezeichnen wir mit U(Q).

Durch u(Q) werden die Punkte von 0:=(E n K)—(Q) nicht iiberdeckt.
0 ist eine abgeschlossene Menge, und es ist £(0)</(E). Wir wollen O durch
endlich viele Kreisscheiben {K®} mit Radien {r\®} so iiberdecken, daB
1).22 K <2¢(E) und 2) es in jeder Kreisscheibe K9 einen Punkt a, gibt
mit der Eigenschaft, daB | f(¢)— f(a,)| <« fiir (e K.

Die Forderung 1) 148t sich nach Definition der Lénge einer Punktmenge
ohne weiteres erfiillen. Um der Bedingung 2) zu geniigen, haben wir die Radien
n geniigend klein zu wéhlen. Wir bestimmen eine obere Schranke dieser
Radien wie folgt: K —(Q) ist eine abgeschlossene Teilmenge von K. In jedem
Punkt teK —U(Q) ist w,({)<w. Das erlaubt uns, K —U(Q) durch endlich viele
Kreisscheiben {KE-U@} mit Radien r¥~¥@ <p':=min {r'?} so zu iiber-
decken, daB | f(¢')— (L") <« fiir £, {"eKK-¥@ n—1 2 .. N.Kommen in
dieser Uberdeckung Kreisscheiben vor, welche durch die restlichen iiberdeckt
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werden, so lassen wir sie weg. Die Radien {rK~"@)} werden kleiner als r’ ge-
wihlt, damit die Kreisscheiben {K@}, welche KN Q, iiberdecken, alle zur
nachfolgenden Konstruktion der G,, beitragen. Die Kreise {K X~ "@"} schnei-
den sich in endlich vielen (voneinander verschiedenen) Punkten s, s,, ..., s .
Wir setzen r’:=min{|s;—s;||i=%j,i, j=1,..., T}. Die Zahl r"/2 ist, wie man
leicht uberpruft eine obere Schranke der oben erwihnten Art fir die {9}

Sei {K'?'} eine Uberdeckung von O mit den Eigenschaften 1) und 2).

Wir betrachten {K'@} U {K!”} und lassen solche Kreisscheiben weg,
welche durch die andern iiberdeckt werden. Die verbleibenden Elemente
ordnen wir nach fallenden Radien und erhalten so eine endliche Folge K,
K,,...,K, von Kreisscheiben, wobei fiir die zugehdrigen Radien gilt:
N2 2rp.

Wir definieren (s. [4], p. 136) i

G:=KnK,;, G,=Kn (K,,— U K,.),
wo 2<n=P Esist . .
G,cK,, Kn(U K,,) =16,
1

und, weil r, 27,2 - 2rp, £(0G,)S2n r,. Jedes G, zerfillt in eine endliche An-
zahl von disjunkten Gebieten G,,, k=1,2, ..., wobei ) £(0G,, ) </ (eK,)=2nr,.
k

Mit Hilfe der so definierten G, erhalten wir fiir f(z), ze K, z¢ E},, folgende

Darstellung: 1 f(C) f (C)
f2)= 27‘”a1{ {—z 27rl Zacj;

Es ist G,,=G,=K,, und jedem K,, 1 <n<P, ordnen wir einen Punkt auf
folgende Art zu: ist K, e {K'?}, so darf g, ein beliebiger aber fester Punkt aus
der entsprechenden K reisscheibe aus {K‘Q’} sein; andernfalls, d.h. wenn
K, e {K?}, wihlen wir als a, einen Punkt in der entsprechenden Kreisscheibe
aus {K{”}, fiir den gilt: | £ () — f(a,)| <a fiir {eK'?. (Das ist obige Forderung 2)
an die Uberdeckung {K{?} von O.) Es ist

., f f(C) T j f(C f(a

27tl 26, 27:1 G

dg,

und wir haben die ganze Konstruktion daraufhm ausgerlchtet, dal3 der letzte
Ausdruck die Abschéitzung erlaubt:

Z j- f(() f(a)dc 1” 2M - Zznr(Q)
Gk

2n1 oG,
1 2n{(E)a
- Ot gy
+27”, a-y 2nr <27”1 2 v
1 en e €
T3y 220 T B=g e

Daraus folgt die Behauptung fiir den Fall, daB £(E) < co.
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Sei E g-endlich, d.h. E= () E;, wo /(E)< o fiir i=1,2, ...; 0.B.d.A. darf

i=1
¢(E;)>0 vorausgesetzt werden. Mit Q,, i=1, 2, ..., bezeichnen wir die Menge

derjenigen Punkte von K, in denen die Grenzschwankung >o, ist, mit
a.:#n&)zi. Es ist 7(Q;)=0 fiir jedes i. Wir iiberdecken Q; durch endlich

viele offene Kreisscheiben {K{29)} mit Radien 2V <y, so daB

¥ <

n

% /(E))
M

Diese Uberdeckung bezeichnen wir mit U(Q,). Mit den Punkten von 0;:=
(E;nK)—U(Q,), das sind diejenigen Punkte von E; in K, welche durch 2(Q,)
nicht iiberdeckt werden, verfahren wir gleich wie im endlichen Fall (/(E)< )
mit O, d. h. wir iiberdecken O, durch (evtl. abzihlbar viele) offene Kreisscheiben
{Ki’"} mit Radien {r{°’} mit den Eigenschaften: 1) r% <min{r®)} 2)
Y 219 <2/(E,) und 3) in jeder Kreisscheibe K" gibt es einen Punkt a!?,

so da | /() — f(ay)| <o, fiir (e K©. Mit {K{©9} VU(Q,) haben wir fiir jedes i
eine Uberdeckung von E;n K, die wir mit U (E; n K) bezeichnen wollen. Es ist

(EnK)<= | ) U(E;nK), und aus (J U(E;~ K) wihlen wir endlich viele Kreis-

i=1 __i=1
scheiben {K,} aus, welche E N K iiberdecken. Mit Hilfe dieser {K,} bestimmen
wir die {G,,} und ordnen jedem K, auf dieselbe Art wie im Fall £(E)< oo
einen Punkt a, zu. Dann gilt fiir ze K, Z¢E;,:

J@= gy J Ftt-5y 1O 4

2mi 5y (—z 2ni “ .6 {
wobei
1 SO —flq,) 1
S "~ d 2M - 21 p@)
2mi Zac{,( -z t< 2wy ‘,Z’,,Z e
1 1 2neut(E,))
— 2nf(E)<——Y2M """
oy 242 AE)< TR 2 2/(E)2 M

1 en
o & 224(E) 2

2n/(E)<e.

Damit ist der hinreichende Teil des Satzes bewiesen.

. Der notwendige Teil der Aussage folgt aus [4], p. 138. Dort wird gezeigt:
I5t4, L (E)>0, wo 0<o < 1, so gibt es eine Funktion f, die in G einer Lipschitz-

edingung der Ordnung o geniigt und in G — E holomorph ist, sich aber nicht
h010morph in E fortsetzen 14Bt. Folglich muB %, ,(E) verschwinden fiir
0<a<1. Daraus folgt, daB 4 ,,(E)=0 fiir beliebiges «>0. Wire nimlich
flm(E)#O fiir mindestens eine Zahl «>1, so miiBte £ ,.(E)=00 sein fiir
O<a<l (s [5], p. 121).
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IV. Ein notwendiges und hinreichendes Hebbarkeitskriterium

Sei E eine relativ abgeschlossene Teilmenge von G mit FldchenmaB null
und f eine auf G —E holomorphe Funktion, die in G lokal beschrinkt ist.

Sei E* eine belicbige kompakte Teilmenge von E und {K,(,,7,)} eine
Uberdeckung von E*, wo K,((,, r,) die offene Kreisscheibe mit Zentrum
¢, und Radius r, bezeichnet. Mit

w,(K,):=sup{|f(z)—f(2")l|2, 2" €K, (L, 1)}
bezeichnen wir die Schwankung von f im Kreis K, ({,, 1,).

Wir setzen [}s’(E*)==lrirré inf Y o (K,).

Ist £f(E*)=0 fiir jede kompakte Menge E*cE, so kann f hochstens auf
einer Menge der Linge null (Teilmenge von E) unstetig sein. Wir zeigen

Satz IV.1. Eine in G lokal beschrinkte und in G—E holomorphe Funktion f
ldpt sich genau dann holomorph in E fortsetzen, falls ¥ (E*)=0 fiir jede kom-
pakte Menge E* cE.

Beweis. Sei f holomorph fortsetzbar. Dann gilt fiir eine beliebige kompakte
Teilmenge E* von E:

{}S)(E*)='lirrg rin<f' Y5 wf(l?n)§1irré ’in<f C(E*)Y r2=0,
wo C(E*) eine von E* abhingige Konstante bezeichnet.

Sei umgekehrt f eine in G lokal beschrénkte und in G—E holomorphe
Funktion, so daB /% (E*)=0 fiir jedes kompakte E* — E. Wir nehmen einen
beliebigen Punkt ze E und bestimmen eine Kreisumgebung K von z, deren
abgeschlossene Hiille K in G liegt. Mit Hilfe der Beweismethode von Satz 1.1
sehen wir, daB sich f in K durch das Cauchyintegral iiber K darstellen 140t;
somit kann f holomorph in E fortgesetzt werden. g.e.d.
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Essential Selfadjointness of a Schrodinger Operator
with Strongly Singular Potential

UPKE-WALTHER SCHMINCKE

Writing R", : =IR"X {0} (n>2) we consider in the Hilbert space H=1I1?(R")
the Schrodinger operator T defined by

Tu=—Au+qu, D(T)=Cg (R"%),

where geI5 (R") is a real-valued function.

Dealing with general singular elliptic operators Kalf and Walter derive in
[6] selfadjointness criteria which for the special case of T reduce to the
following

Theorem (Kalf-Walter [6]). Assume that q can be expressed as q=q,+q,
with g€ L*(R"), q,€Q% (R") (here Q2 (R") denotes the class of functions
satisfying a local Stummel condition in R" ; see e.g. Jorgens [4]) and

%éqz(x), xeR’,,

—2\2
P being a constant. If B >ﬂ0==1—(n ) then T is essentially selfadjoint.
The constant B, is the best possible.

This assertion is proved by means of a criterion due to Walter [9] involving
a certain lower estimate for the operator and an inequality of Hardy’s type
which seems to be the most appropriate in this connection. In this way it is
possible to cover cases which could previously be treated by separation only.

Now the question arises whether B=Po can be admitted in the statement
above or not.

In this paper we shall give a partial answer to this question. Using a pertur-
bation argument and an inequality due to Rellich which is closely related to
the inequalities of Hardy’s type we show that under certain restrictions for
the growth of the potential as |x| -0 and |x| - co the answer is affirmative.

Theorem. Assume g to have the form q=q,+q,+q;, where the q; are
Measurable real-valued functions satisfying the conditions

[1-( ";2)2] Tx‘,—zgql(x)g#, xeR, (1)

0=, (x)= f(x), xeR", (2)
q;€L*(R"), (3
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v being a constant with y>14+(n—2)*/4 and fe C°(R")N C?(R",) a positive-

valued function with
o froa,=A4f, xeR (4)

(ay, a, suitable positive constants). Then T is essentially selfadjoint.
Remark. One can choose f(x)=|x|? e, ¢>0, for instance.
For the proof of this theorem we need two lemmata.
Lemma 1. Let H be a Hilbert space, A and B operators in H. Let A be
essentially selfadjoint and let B be symmetric with D(B)=2D(A) and
|Bul* Scllul>+Aul?,  weD(A), (5

where c is a suitable constant. Then A+ B is essentially selfadjoint.

Proof. See Kato [7], p.289. For a stronger statement see Wiist [10] who
shows that the squares in (5) can be omitted.

—4
Lemma 2. Suppose ue C§ (R",) and se [— nn—4) ; oo). Then
Vul® (n—4y° |ul?
Aul?dx= —s dx+ n?+4s dx. (6)
o A= T TR A

Proof. See Rellich [8] and for generalizations Heinz [3], Cordes [2], and
Aronszajn [1]. We may sketch a simple proof. Excluding the trivial case we
assume n=+4. Let L, G and C denote the integrals in (6) successively. Applying
the identity 1/x|*=(1/(8—2n))4(1/|x|?), Green’s formula and Schwarz’s
inequality we find (integration extends over the whole R" here as well as in
the following):

1 , (1 1 1
R _ = ——— |- 2 d
C=2a—m ™ A(|x|2)d" 2G—m ) xp A0
1 1
<~ _3/CL+—0.
ST Vet
Hence for all e>0,5=0
—4)?
|n—4|cgic+iL+sgn(4—n)-G+5G—(” Y sc
2 2¢ 4

if we use the inequality 4G=(n—4)* C which is of Hardy’s type (see [6])-
Choosing e=(n|n—4|)/4, 6=(2s+n(n—4))/(n|n-—4l) we obtain the desired
result.

Proof of the Theorem. We may assume g3=0 for we can always adfi a
bounded symmetric operator to T without perturbing the essential selfadjomt-
ness of T. Putting a:=(y+ Bo)/2, b:=(y — Bo)/2 we split T into two parts:

A:=—A+q1, B==q|la D(A)=D(B)=D(T)’
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‘I!‘=W+7fa qu:=q1+4:—¢q (xeR%).

As an easy consequence of (1) and (2) we have

2 b2 b 1 . n
‘Iu§|x7+m3—f+7f ,  xeR"%. 7

In order to apply Lemma 1 we show that for sufficiently large o there is a
constant ¢ such that

I(A+aE)ul®— | Bull>Z —c||u|® @)

holds for all ueD(A). Let o be an arbitrary positive number and suppose
ueD(A). Green’s formula together with the relation #du+udii=A(u|*)—
2|Vul? yields (note that the boundary terms vanish):

I(A+aE)ul*—|Bul>=[|4u|* dx+2 | g |Vu|*> dx+2a [ |Pu|* dx

+[{at +2uq— g —qi} lul* dx+o? | |u]? dx.
Since we have (r:=|x|)

2a(n—4) 1 ,
Aql=_ '(r4 +7Af, XEIR+,

|uf?

fIvu*dx= [} S dx

(n—2)?
4
(this is Hardy’s inequality) and

jf

1'2

|u|?

r2

[uf? dx<max f() f 5~ dx+] f1uf* dx ©)
yl=

we get using the same notations as in the proof of Lemma 2 and regarding (7):

A+ E)u||>— || Bu|? |

(n—2)

2
2L+2aG+][ f|Vul? dx+a 3 /) L

r2

dx+{a*>+2a(n—4)—-b*} C

1 b
+{ {—qz—f+2aiz+af~—z1f——2f} lu|? dx +a? |u|?.
r r 2 r
‘If we take account of (4) and (9) we see that o can be chosen so large that the
Inequality
I(A+aE)u|*— |Bu||>=L+2aG+{a*+2a(n—4)—b*} C—c l|u|?

holds for all ue D(A) with a suitable constant c. Application of Lemma 2 with
$=2a now leads us to (8).
4 Math, Z,Bd. 124
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Noting finally that 4 as well as A+aE are essentially selfadjoint (see e.g.

Jorgens [4]) and applying Lemma 1 we obtain the assertion of our theorem.

10.
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Groups with Automorphisms Inverting most Elements

HANs LiEBECK* and DESMOND MACHALE**

1. Introduction

It is well known that a group is Abelian if and only if it has an auto-
morphism inverting all its elements. In this paper we study finite non-Abelian
groups in which most (i.e. more than half) of the elements are inverted by
some automorphism. It might be expected that such groups are close to being
Abelian, and this is indeed the case. We prove that either they possess an
Abelian subgroup of index 2 (with no further restriction) or they are nilpotent
of class 2 of a special type, as detailed in Theorem 4.13. This structure does
not extend to groups with an automorphism inverting exactly half its elements.
For example, the alternating group on four symbols has such an automorphism.

Our problem has attracted the attention of a number of authors in the early
part of this century. Miller first showed that there are no non-Abelian groups
with an automorphism inverting more than 2 of its elements. Manning [2]
proved that a group G has an automorphism inverting exactly 2 of its elements
(which we call a 3-automorphism) if and only if the centre has index 4 in G.
He also showed that if a group has a k-automorphism with k=3 then k=3,2, 2,
or 1. Miller [5, 6] obtained similar results and considered more generally
the properties of groups with a k-automorphism, k> 1.

Manning’s restriction on k fits into a pattern which is part of our Structure
Theorem (4.13): we show that groups with a k-automorphism, 1 <k <1, exist
+1

if and only if k has the form 2 for some integer q. It turns out, rather

surprisingly, that a group cannot have both a k,-automorphism and a k,-
automorphism for different values of k, and k, exceeding § (Corollary (3.10)).

As a special case of Theorem (4.13) we obtain the structure of groups in
which the identity automorphism inverts more than half the elements. These
are precisely the groups in which at least half the elements are involutions.
There exist groups of arbitrary even order with this property. The problem
of constructing such groups also has a long history. Miller considered it in
aseries of papers covering a period of 15 years. The first and last of these are [3]
and [4]. He finally arrived at a classification which is not too easy to follow.
Recently Wall [7] gave a neat classification. Professor Wall used character

theory in his analysis. We present an alternative treatment by “elementary”

methods,
\

* This paper was completed while the author enjoyed the hospitality of the Mathematical
Institute, University of Oxford, which he gratefully acknowledges.

** The author is holder of a studentship at the University of Keele.
43
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2. Notation

G denotes a finite non-Abelian group, and H and A are subgroups of G
which are assigned special properties as required. A finite set T (of group
elements) has |T| distinct members. If « is an automorphism of G we denote
by S, the set of elements in G which are inverted under . We define

IS,|
|G

l()=

and
)= max o)

Our aim is to classify groups G with [(G)>1.

If I(x)=k, we call « a k-automorphism. If k>1 we also say that o is a
>-automorphism. A >%-group is a group with a > L-automorphism.

Given x;eG (i=1,...,r) and subset T<G, <{x,,...,x,, T) denotes the
group generated by x,,...,x, and the elements of 7. The index of a sub-
group H in G is (G: H).

3. Preliminary Theorems

(3.1) Lemma. Given aeAut G and s€S,, let I  be the inner automorphism
defined by g1, =s"'gs, geG. Then the set Sy of elements of G inverted by the
automorphism =1 a is given by

Sz=8,5"'=585,.

Thus 1(B)=1(x).
Proof. g(I,0)=g " iff (s7'gs)a=g~ ' iff (g5) x=(g s)~! iff g s€S,. Therefore

S B=Sas“. The second equality follows similarly.

(3.2) Subgroup Theorem. Let H be a subgroup of a >1-group G. Then there

is a >%-automorphism of G that inverts more than half the elements of H (and

so maps H onto itself ). Moreover, |(H)=1(G).

Proof. Let a be a >3-automorphism of G. Since |S,|=1(x)]|G], it follows
that some coset of H in G, Hs say, has at least /() |Hs| elements in S,. We
may clearly choose the coset representative s in S,. From the inequality

[HsnS, |=1(x) |Hs|
it follows that
[HAS, s~ =1(x) |H]|.
Put f=1 . Then, by Lemma (3.1), [(f)=1I(2) and
|[HNSgl21(B)|H]|.
Thus B inverts more than half the elements of H. Denote by f|H the auto-
morphism of H induced by . Then
[HN Sy

I(BIH)=—|H|—él(ﬂ)-
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It follows that if we choose a such that I(a)=I(G), then [(8|H)=I(B)=I(G)
and so [(H)=1(G).

The following corollary is an immediate consequence of the subgroup
theorem.

(3.3) Corollary. If H is an Abelian subgroup of G (with I(G)>1) then there
is a >%-automorphism of G that inverts H elementwise.

Abelian subgroups play a fundamental role in the structure of >1-groups,
and we proceed to study them in some detail.

(34) Lemma. Let f be a >%-automorphism of G that inverts an Abelian
subgroup H elementwise. Suppose that the coset Hg has non-trivial intersection
with Sg. Then the number of elements in Hg that are inverted by B is |Cy(gl,
the order of the centralizer of g in H.

Proof. By hypothesis Hgn § s 1S not empty, so we may choose seS, such
that Hg=Hs. Now for heH, (hs)a=(hs)~! if and only if h~!s~1=s"1h~!

Hence
HgnS;=(Cy(s))s.

But Cp(s)= Cy(g), and the lemma follows.

(3.5) Transversal Theorem. Let f be a > L-automorphism of G that inverts the
Abelian subgroup H elementwise. If H is a maximal subgroup of S, (that is,
H is not contained properly in a subgroup of G lying entirely in Sy) then there
exists a decomposition of G relative to cosets of H

G=Hs,UHs,u---UHs,, s =1,

such that s,eS, (i=1, ..., n).

Proof. Suppose that Hg contains an element s€Sy; then Hg=Hs, and s
may be chosen as coset representative. Now if Hs+ H then Cy(s) must be a
proper subgroup of H, for otherwise (s, H) lies in S, and properly contains H,
contrary to hypothesis. By Lemma (3.4), at most half the elements of Hg
belong to S;. Hence if some coset of H in G contained no elements of Sy
then |S,| could not exceed 1|G|. Since B is a >J-automorphism every coset
must contain an element of S, and the theorem is proved.

(3.6) Centralizer Theorem. Let H be a maximal subgroup of S;, where f is
a >%-automorphism of G. Let

(3.7) G=HuHg,u---UHg,
bea decomposition of G into a union of disjoint cosets of H. Put

Then q;=(H:Cy (g)).

(3.8) ISgl=IH|+ Y |Cy(g)l, where ¢,;22 (i=2,...,n).
i=2
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Moreover, the following inequality on the indices q; holds:

(3.9) Ly

Proof. Formula (3.8) follows from Lemma (3.4) and Theorem (3.5). The
inequality (3.9) is a consequence of the fact that |S| >1n|H]|.

(3.10) Corollary. An automorphism of a >%-group G either inverts 1(G)|G|
elements or it inverts not more than half the elements.

Proof. Let a be a >1-automorphism of G, and let H be an arbitrary maximal
Abelian subgroup of G. By the proof of the Subgroup Theorem (3.2) and
Corollary (3.3), there exists an automorphism g that inverts H elementwise
and such that [(f)=I[(x). Since H is maximal Abelian in G it is certainly a
maximal subgroup of S,. Therefore, by (3.8),

(3.11) ISaI=|SgI=IHI+ZZICH(g.-)I,

where we suppose that G admits a coset decomposition (3.7). But the number
given by the right hand side of (3.11) is independent of a; so any > 3-auto-
morphism must invert this number of elements.

From the above proof we obtain a formula which relates this number to
the Abelian subgroup structure of G: if H is an arbitrary maximal Abelian
subgroup of the >%-group G, then

[(G)|G|=|H|+ _Ezlcy(g.-)l,

where G admits a coset decomposition (3.7).

As a consequence of the centralizer inequality (3.9) certain conditions
are imposed on the maximal Abelian subgroups of a >1-group G. Suppose
a maximal Abelian subgroup H has index n in G. Then relative to a suitable
ordering of the cosets of H in G only the following cases can possibly arise:

I n=2;
II n=3, ¢,=2 (i=2,...,n);
(3.12) III n=3, g,23, g;=2 (i=3,...,n);
IV nz3, q,=3, g;=4o0r5, q;=2 (i=4,...,n);
V n23, qg,=q3=3, ;=2 (i=4,...,n).
It turns out that some of these cases do not occur in >3-groups. In order

to show this we require some further results concerning the Abelian subgroup
structure of such groups.

(3.13) The Squares Theorem. Let H be a subgroup of maximum order in Sp:
where B is a >L-automorphism of G. Then the square of every element in S
belongs to H.
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Proof. Suppose seS; but s¢ H. We must show that s’e H. If (G:H)=2
the result is clear. So we may suppose that (G:H)=n=3. We first consider
the case (H:Cy(s))=2. The group H,=s, Cy(s)) is contained in S;. If 52
does not belong to Cy(s) then |H;|23|Cy(s)|; but |H|=2|Cy(s) and so H
has not maximum order in S, contrary to hypothesis. We conclude that
s’e Cy(s)= H.

We next consider the case g=(H:Cy(s))23. If s> does not belong to H
then Hs and Hs™! are distinct cosets. Since C,(s)= Cy(s~?), the only possible
structure of G is subject to condition (3.12)V. In particular

(3.14) (H:Cyls)=(H: Cy(s~1)=3.
We may suppose that s* belongs to Cy(s), for otherwise (s, Cy(s)>, which
belongs to S, has order greater than that of H.

We now put G, ={s, H). Two possibilities arise:

Case (i) H is normal in G,; here f inverts s~ ks for all he H, that is,

s h™ls=(s"'hs) '=(s"'hs)f=sh~'s .

Hence s* commutes elementwise with H, and so Cp(s~!)=H, which contra-
dicts (3.14).

Case (ii) H is not normal in G; in this case s~'Hs=+H. We choose an
element he H such that h¢ Cy(s). Then by (3.14),

H=<h,Cy(s)), h*eCyls).
Cy(s)=Cylsh)= Cy(sh?),

and so each of these centralizers has index 3 in H. Since G must satisfy con-
dition (3.12)V, two of the three cosets Hs, Hsh, Hsh? must be equal. But
it is easy to see that this implies that H is normal in G, contrary to hypothesis.

Now

We conclude that s> must belong to H, and the proof is complete.

(3.15) The Index 2 Theorem. Let A be an Abelian subgroup of maximum order
in G. Let f be a >%-automorphism of G that inverts A elementwise. Then Sfor
every s€ Sy, s¢ A, A has index 2 in s, A).

Proof. Put G, ={s, A) and (G,: A)=n. Two cases arise.

~ Case (i) (4: C,(s))=2. The centre of G, is Z= C ,(s), and G,/Z has order 2n
with subgroup A/Z of order 2. Now if G,/Z contains a coset b Z of order m>2,
then B=(bh, Z> is Abelian and |Bl|=m|Z|>2|Z|=|A|, which contradicts the
definition of 4. Therefore G,/Z is elementary Abelian, and so A is a normal
subgroup of G,. By the Squares Theorem, s?>e A. Therefore n=2.

Case (ii) g=(A:C4(s))=3. Suppose by way of contradiction that n>2.
Then besides 4 and As there exists a third coset of 4 in G,, and, since As?= A,
It must be of the form Asa for some aeA, ag¢ C,(s). Now C,(s)=C,(sa),
and so G, must satisfy condition (3.12)V. Therefore g=3 and

A={a, C,(5)), a*eC,(s).
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But we also have C,(s)=C,(sa?) and so, according to (3.12)V, two of the
three cosets As, Asa, Asa® are equal. We deduce that 4 is normal in G,.
But s’ 4 and so n=2. This contradiction completes the proof.

(3.16) Remark. In the last theorem we required 4 be Abelian of maximum
order in G. The assumption that 4 be of maximum order in S, (as was required
in the Squares Theorem) is not sufficient. For example, in the symmetric
group on three symbols, the identity automorphism, 1, is a 2-automorphism,
and H={(12)) is a subgroup of maximum order in S,. The permutation
s=(13) belongs to S,, but H has index 3 in s, H).

We reserve the letter A to denote an Abelian subgroup of maximum
order in G.

4. The Structure of Non-Abelian >1-Groups

The results of Section 3 relate the subgroup structure of a >%-group G
to sets of elements inverted under a >1-automorphism. We are now able to
develop properties of G that do not refer to specific automorphisms. The
Abelian subgroups of maximum order play an important role in the develop-
ment of the structure of G. Finally, in Theorem (4.13) we obtain a classification

of all non-Abelian >1-groups.
Throughout this section G denotes a >%-group, and A is an Abelian subgroup
of maximum order in G.

(4.1) Theorem. The subgroup A is normal in G and G/A is an elementary
Abelian 2-group.

Proof. By Corollary(3.3) there is a >}-automorphism f that inverts
A elementwise. By the Transversal Theorem (3.5), every element ge G is expres-
sible in the form g=as for some ac4, seS;. Clearly g~'4g=s""'4s. Now
suppose g¢ A. Put G, ={s, A). By Theorem (3.15), (G,: A)=2. Thus 4 is normal
in G, and so g~'Ag=s"'As=A. Since g is arbitrary, it follows that A is
normal in G. Moreover,
g2=(as)y’*=as*(s"'as),

and so, by the Squares Theorem (3.13), g€ A. Thus G/A is an elementary
Abelian 2-group.

(4.2) Centralizer Structure Theorem. Let G=AU Ag, U---U Ag, be a decom-
position of G into a union of disjoint cosets of A, and put q,=(A:C,(g)
(i=2, ..., n). Then, relative to a suitable ordering of the cosets, one of the following
conditions must hold (the corresponding values of (G) are indicated in brackets):

q2+l)
2q, .

I* n=2; (1(G)=

241
I on=2 k22, a=26=2..2% ((6)="mr)

).

ale

I1* n=4, q,=4, q;=9q,=2; (1(G)=
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Proof. We have already established conditions (3.12) and it remains to
show that some of the cases listed there are impossible in >3-groups. Firstly,
according to Theorem (4.1), the index n must be a power of 2. Next we rule
out conditions (3.12)IV and V. For suppose that q,=(4:C,(g;))=3 and
43=(4:C4(g;3))=3, 4 or 5. Since G/A is elementary Abelian, the cosets Ag,,
Ag; and Ag, g, are distinct. Assuming that condition IV or V holds, we must
have (4: C (g, g5))=2. Now, since g2e 4,

Ca(g3)=C,(g3 83)2C,(g,)n C,(g,83)=B, say.

Clearly B has index 6 in A and so C,(g;) cannot have index4 or 5 in A. So
we may assume g, =q5 = 3. But then

C4(8283)2C4(82)n Culgy)=C, say,

where C has index 3 or 9 in A. Since C cannot be contained in a subgroup
of index 2 in A, the case g, =¢;=3 is ruled out.

Next we consider condition III. Firstly, from the condition g,=2 (i=3)
it follows that g, =2 or 4, for

Ca(g,)=C4(g,83)2C, (g, 85)0 C,(g3),

and since g,g, may be taken as the fourth coset representative, this last
intersection has index 2 or 4 in A.

The case n=4, q,=4, q;=q,=2 arises in >1-groups, but n=2* (k>2),
4,=4,q;=2(i=3,...,2" is impossible, as we shall now prove.

It is convenient at this point to introduce a notation that exhibits G/A as
an elementary Abelian 2-group. Suppose G/A has order 2¢ (k>2) and is
generated by x,4, x, 4, ..., x, A. We select x; such that (4:C,(x,))=4 and
assume that (4: C,(x))=2 for all x¢ A U x, A. Our proof is based on the follow-
ing observation:

(4.3) Suppose x A%y A and C4(x), C,(y) both have index 2 in A. Then
Ca()=Cy(y)=C (xy)= C4(x).

For, under the hypothesis, C 4(x»)2C,(x)n C, (v)=C,(x), and, since
Xy¢ A, the possibility C,(xy)=4 is ruled out.

Now the elements x,, X3, X, X3, X, X,, X, X3, and X, x, x5 belong to distinct
Cosets, and their centralizers in A have index 2 in A. Moreover

Ca(x)= C(x,x3)2 C4(x; x,) N Cy(x,)

and since C,(x,) has index 4 in A, we have equality here. By an extension
of this argument we obtain

Calx) = Cy(x,x3) N Cy(x3) = Cy(x; X3) N C(x3)=C4(x, X, X3)N Cy(x5x3).
Thus the centralizers in 4 of each of the 6 listed elements contains C,(x,) and

4) Cylx, %)% Cu(x),  CalxyX3)# Calxs),  Cplty X5 X3) % Cy(x X3).
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Now A4/C,,(x,) is elementary Abelian of order 4 and so contains 3 subgroups
of index 2.

Therefore the centralizers of the 6 listed elements are distributed among
a set of 3 subgroups of index 2 in A.

By (4.3), either C4(x,), C,(x;), and C,(x,x3) are all equal or they are
all different. Both cases lead to a contradiction of (4.4) by application of (4.3).
We omit the verification, which completes the proof of the theorem.

With the help of Theorem (4.2) we will be able to obtain a complete clas-
sification of >1-groups. We shall see that each of the cases I*, I1*, and I1I*
leads to a class of such groups, which we call groups of type I*, II* III*
respectively.

Firstly, every group G of type 1* has a > 1-automorphism. G contains an
Abelian subgroup A of index 2 in G. Let G=A4 U 4 x. The mapping

a—al, ax—-al'x', uaeA

defines a qtll -automorphism of G, where g=(4: C4 (x))-

To determine the >i-groups of type II* and III* we require further
analysis.

(4.5) Theorem. Let G be a >%-group of type 1I* or III*. If x and y lie in
different cosets of A in G, then C,(x)=* C,0).

Proof. Assume to the contrary that Ax=*Ay, but C,(x)=C,(y). Then
neither x nor y belongs to 4, and (4:C,(x))=2. Let G,=<x,y,4)- By
Theorem (3.2), G, is a >3-group and it is clearly of type II* or III*. Now

Cu(x ) 2C4(x) N C4(0)=C4 ().

But x y¢ A, and so C,(xy)= C4(x).

Thus we have
C,(x)= C.,(»= C,ulx =2, say,

where (4:Z)=2. This is a contradiction if G, is of type III* and since in that
case G, =G, we may assume for the rest of the proof that G and G, are of
type II*.

Clearly Z is the centre of G, and since it has index 2 in A we may put
A=<a,,Z) with a’e Z. We observe that Cs(a))=4, for A must be equal to
its own centralizer. In particular,

-1 -1
4.6) xlayx=a,z;,, Yy  ay=a,z,,

where z, and z, are distinct elements of order 2 in Z. (They cannot be equal,
for yx~! does not commute with a,.)

We note further that
4.7) xyFyx
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for if x and y commute then {x, y, Z) is Abelian and has order 2|A4| which
contradicts the definition of 4.

Let o be a >j-automorphism of G, that inverts 4 elementwise. By the
Transversal Theorem (3.5) we may suppose that « inverts both x and y, and so

(4.8) (axy)a=a='x"1y=! forall acA.
Now « inverts half the elements of the coset 4x y and since by (4.7) and (4.8)
no element of Zx y is inverted, we must have

(ayxy)~'=(ayxy)a=a;*x~1y=L.

It follows from (4.6) that

alxy=yxa1 =a1 Zl Z,yXx,
and so
[X, y]=zl 22'
Now
[xay,ya =[x, y][x, a] [ay, yl1=(z,2,) z, z,=1.

Therefore {(xa,,ya,,Z) is Abelian and has order 2|A|. We have obtained
a contradiction, and the proof is complete.

(4.9) Corollary. Suppose G is a >L-group of type I1* or 111* such that G/A
is elementary Abelian of order 2* (k=2) and

G/A={x;A,%x,A4, ..., x, A.

Put Z=C,(x,)n C4(x,)n--- 0 C4(x,). Then Z is the centre of G and the index
of Z in A is 2%. Moreover, A/Z is elementary Abelian.

Proof. It is clear that Z is the centre of G and that |4/Z|<2* Consider
first G of type II*. By Theorem (4.5) A/Z has 2*—1 distinct subgroups of
index 2. Therefore it must be elementary Abelian of order 2*.

Finally if G has type III* then two of the centralizers C (%), C (x5),
C4(x, x,) have index 2 in A and intersect in the third, which is equal to Z.
Thus in this case 4/Z has order 4 and is elementary Abelian.

Our next result concerns the action of G/4 on A.

(4.10) Lemma. Let G and G/A be defined as in Corollary (4.9), and suppose
that if G is of type 111*, generators x,, x, are so chosen that C,(x;) and C,(x,)
have index 2 in A. Then for i=1,...,k there exists a,€A and z,€Z such that

[ai’xi]=zi’ [aiaxj]=1v (f*l)

with z,%1, z2 =1,

Moreover, if G has type 11* then z, =z, = -.- =z, , whereas if G has type I11*
then z, *z,.

Proof. Put

D;=C (x;))n---nCy(x;_)N Cu(x;i )0 Cylxy).



60 H. Liebeck and D. MacHale:

Now (D;:Z)=2 and C,(x)nD;=Z, so we may choose a;eD;~ C,(x;), with
the property that [a;, x;]=1 when j+i, and [a;, x;]+ 1. We now show that
[ai’ xi]e Z.

From a well-known commutator identity ([1], p. 150) we obtain

[xi—l’ x,:_l’ aiJXJ [xjs ai_la xi_ l]ni [a[’ xi’ xj]x.—I = 1 x

and since [x;',x;']€4 and [x;, a7 ']J=1 (i%)), it follows that [a;, x;]JeD,.
A simple calculation shows that [a;, x;Je Z and leads to the first statement
of the lemma.

Suppose now that G has type II*. Consider the centralizer C,(x;x)) for
i#j. By what has already been proved this group contains a,, (m=i or j) but
does not contain g; or a;. Since it has index 2 in 4, we are forced to the con-
clusion that a; a;eC,(x; x;). Thus

1=[x;x

j,aiaj]=z,- 2js

and so z;=z;.
On the other hand, if G has type III* then C,(x,x,) has index4 in A,
and so z, z, =+ 1. This completes the proof.

An immediate consequence of Lemma (4.10) is

(4.11) Corollary. For >X-groups G not of type 1*, [G, A] lies in the centre
of G, and has order 2 or is non-cyclic of order 4 according as G has type 11*
or 111*.

We need one further result before we can give the structure of >3-groups.

(4.12) Lemma. With the notation of Corollary(4.9) and Lemma (4.10), the
elements x,,X,, ..., X, can be chosen to commute pairwise.

Proof. Consider first G of type I11*. By Corollary (4.11), [G, A] is generated
by an element z, say, which belongs to Z and has order 2. We show first that
for all i, j, [x;, x;]=z or 1. For consider 4;={x;, C,(x))). This is an Abelian
subgroup of maximum order in G, for clearly |4;|=|A4|. By Theorem @.1),
A; is normal in G and G/4; is elementary Abelian, generated by a;4;, and the
cosets x; A;foralli=1, ..., kexcept i=j. By Corollary (4.11), [G, 4] has order 2,
and since it contains [a;,x;]=z, we conclude that [G, A;]=<z). Therefore
[x;,x]=zor L

We can now prove by induction that the coset representatives x;, ..., X
of Ax,,...,Ax, can be so chosen that for i=1,..., k, x; commutes with x;
(j=1, ..., k). Consider the case i=1. If [x, x;]=z, then we replace x; by a, X;
as coset representative of Ax;, and obtain [x,, a, x;]1=[x,, a,] [x;, x;] =z=1.
We note that the elements a,, ..., a, constructed in Lemma (4.10) satisfy the
same commutator relations with the new coset representatives as they did
with the old.

Now suppose that we have already chosen x, ..., x, such that x,, x,, ..., Xi-1
commute with x; (j=1,...,k). In particular then x; commutes with each of
Xy, ...» X;_;. For every j>i such that [x;, x;]=z we replace x; by a; x;, and
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obtain [x;, a;x;]=z*=1. Thus we construct new coset representatives which
commute with x;, and since they clearly commute with each of Xiys vees Xpigs
the proof by induction is complete.

If G has type III*, we form A4, ={x,, C,(x,)> and by an argument similar
to the above we conclude that [x,, x,]=1, z,, z, or z, z,. Depending on which
of these cases occurs we find that one of the following pairs of coset represent-
atives commute: {x,, x,}, {x,, a,x,}, {a, x,, x,}, {a, Xy, a;x,}. This completes
the proof.

We summarise our findings in the following theorem.

(4.13) Structure Theorem. A non-Abelian >3-group G is one of the following
types.

Type I*. G has an Abelian subgroup A of index 2 in G. For every such group
if G=AUAx then themap a:a—a=',ax—a'x! (acA) defines a >1-auto-
morphism of G with
q+1
l(a):l(G)=Tq, where q=(A:C,(x)).

Type II*. G is nilpotent of class 2. It has commutator subgroup {z) of order 2.
Its centre Z has index 2** (k=2) in G, and G/Z is an elementary Abelian 2-group,
generated by x,7Z,x,Z,...,x,Z, aZ,a,Z,...,a,Z subject to the following
commutator relations:
[x;, x]=[a;,a]=1 forall i,j=1,... k.
a;, x1=1 (i+)),
[, x]=z.

Every such group has a >L-automorphism « defined by the map

£ &2 Exc -1, —& - — &k
axl‘xz e X a X; X,y cee Xy

for all aeA=<ay, ..., a,, Z and &;=0 or 1 (i=1, ..., k). Moreover,

2*+1

I(0)=1(G)=

Type I1I*. G is nilpotent of class 2. It has elementary Abelian commutator
subgroup 24,2,) of order 4. Its centre Z has index 2* in G and G/Z is an
elementary Abelian 2-group, generated by x,Z, x,Z, a, Z, a,Z subject to the
Commutator relations

[xi, x,1=[ay, a,1=[a,, x,1=[a,, x,]=1,
lay, x1=2z;, [a;,x,]=z,.
Every such group has a >%-automorphism o defined by the map

axy xg—sa-lx ax;e
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for all acA=<{a,,a,,Z) and ¢,;=0 or 1 (i=1, 2). Moreover,
l)=1(G)=1%.

Note that we do not specify the orders of the x;’s and the a;’s in groups
of type II* and III*. The only condition imposed on powers of these elements
is that their squares must lie in the centre Z of G, for clearly [a?, x;]1=[a;,x?]=
[a;,x;]>=1 for all i, j. It follows immediately from the structure theorem that
in a >3-group G of type II* or III* the elements of odd order form a sub-
group Z, of the centre and G splits into a direct product of Z, and a 2-group.

5. Groups Consisting Mostly of Involutions

In [7] Wall constructed all groups of a given even order that possess the
largest possible number of involutions. We obtain a solution of Wall’s problem
by classifying all groups in which the identity automorphism is a > 3-auto-
morphism. It turns out that groups of arbitrary even order exist with this
property. Clearly such groups are non-Abelian, except for the trivial case of
elementary Abelian 2-groups all of whose non-identity elements are involutions.

Throughout this section we let G denote a non-Abelian group such that
the identity automorphism, 1, is a >1-automorphism. Thus G has precisely
[(G)|G|—12=%|G| involutions.

Type I*. Two cases arise. If 4 is an Abelian subgroup of maximum order
in G then

either (i) every element of 4 is mapped by 1 onto its inverse, and so A is an
elementary Abelian 2-group;

or (ii) Aisnotelementary Abelian. In this case, by the proof of Theorem (3.2)
with x=1, there is an inner automorphism I, (xeS,) that inverts A element-
wise. In other words, there exists an involution x such that

xlax=a"! forall aeA,

and so
(xa=1 forall aeA.

In either case the centre Z of G is an elementary Abelian 2-group.

We now employ Theorem (4.13) to obtain the structure of G.

In case (i), G has an elementary Abelian subgroup A of index2 and an
involution x¢ A which induces by conjugation an arbitrary automorphism
of order 2 in A. These groups appear in class IV of Wall’s classification.

In case (ii), G has an Abelian subgroup A of index 2 and arbitrary order
which is not elementary Abelian, and an involution x¢ A which induces in A
the automorphism that inverts A elementwise. These groups appear in class 1
of Wall’s classification.

Clearly in this case G may be chosen to have arbitrary even order Z6.

Type II*. The centre Z of G may be written as a direct product Z ={z) X E
where z generates the commutator subgroup of G, and E is an elementary
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Abelian 2-group (if non-trivial). Clearly E splits from G for otherwise at least
half the elements of G have order >2. So G=G, x E, where G, is a type II*
group with centre (G,)’ of order 2. We show that G, has an Abelian subgroup
of maximum order that is elementary Abelian. For the square of every element
of G, is equal to z or 1 and so one of a;, X;, g, x; has order 2. We select such

an element foreachi(i=1, ..., k). They generate with z the required elementary
Abelian subgroup.

It follows that G, has the presentation

2 2 2
Go=K2, %15, 4,8y, ..., a2 =x?=a?=1,

all pairs of generators commute except La;, x]=z (i=1,...,k)>.

These are Wall’s class III groups. As he points out, they are the product
of k dihedral groups of order 8 with the centres amalgamated.

Type IIT*. Here G=G, x E, where G, is a type III* group whose centre
(Go)' is a four-group. There is only one group G, of this type that admits 1
as a >j-automorphism. It is Wall’s class II group: the direct product of two
dihedral groups of order 8. The analysis is similar to the above, and we omit it.
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A Note on the Covering Groups of 2,, n=6

FREDRIK L. SMITH

Recently, Thompson brought forth the problem to determine all finite
simple groups in which the centralizer of an involution is isomorphic to one
of the covering groups of Z,, the symmetric group on n letters.

Since the outer automorphism group of the new Lyons’ simple group Ly
is trivial [3], it seemed possible that Ly might be imbedded in some larger
simple group which possessed the above property.

Since the answer to this question is known for n=4 and 5, we have restricted
ourselves to the case that n>6 and we have shown that there are no simple
groups with this property when n=6.

Our notation is standard (see [2]) and includes the “bar convention” for
denoting homomorphic images.

Theorem. Let G be a finite group of even order and let z be an involution in G.
Let H= Cy(z) and assume that H/{z)=Z,,n=6,and ze H'. Then G is not simple.

Proof. We assume, by way of contradiction, that G is a simple group. If
K =H’, then K is a perfect group, K/{z) = A,, and the structure of K is uniquely
determined [4]. If T is an S,-subgroup of H, then Z(T) is cyclic and so T is an
S,-subgroup of G.

By the results of Schur [4], there are two possibilities for the structure of H
and these are non-isomorphic for n> 6, however they are isomorphic for n=6.
We now proceed to give these structures. If 7 is a permutation in Z,, then
7 will denote the coset in H = H/{z) which corresponds to = and a, will denote
an element in 7. We then have for suitable choices of a,:

2
1) H={a(12), 223, '-"a(n—l-n)|]=(a(i-i+l))2=z s
i=1,2,...,n—1;

(a(i-.'+1) a(.‘+1-i+2))3=1» [a(i‘i+1),au-j+l)]=z’
i=1,2,...,n—2,j>i+1,n—12j>.

2) H=<a(12), ...,a(,,_l.,,)](a“.,~+n)1=z, 22':1,
i=1,2,...,n—1;

3_ —
@i+ a(i+l-i+2)) =z, [a(i'i+l)’a(j-j+l)]_z9
i=1,2,...,n=2,j>i+1,n—1>j).

Suppose there are involutions in K —{z) and that x is one. Then we must
have n=>8 and a conjugate x, of x is contained in

%o=(12)(34)(56)(78)...(8r—1-8r), r=l.
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We also have x§{12 =x, z. If
0 0

w=(1324)(5768)...(8r—3-8r—1-8r—2-8r),

then w? =X, and so x, has a square root in K. It follows that every involution
in K —<{z) has a square root in K.

We also have a,) a4 centralizes x, and z=(a,,,d;4)* and hence, z
has a square root in Cg(x) for every involution x in K —{z).

Set a=a,) and b=ag,, a(34) 4(se, Then a®>=1if H is given by 1)and b*=1
if H is given by 2). We see that a3, ase, centralizes both a and b in either case
and so z has a square root in Cy(a) and in Cg(b) in either case.

Suppose zxa or zyb and let H,=Cq(a), K,=H, where x=a or b and
zzo. Since z has a square root in Cy(x), we have ze K,— (a). By the above
remarks, we then have that « has a square root in Cg_(z) and hence, in H. This
however is a contradiction.

By Lemma 5.38 of [5], we see that in any case there are involutions in
K —(z}, since in 1) a is conjugate to an involution in K and in 2) b has this
property.

Suppose we are in case 1) so that a*>=1 and axxeK—{z). Let T, be an
S;-subgroup of Cy(a) and set T, =T, n K. Since a®*» =a z, we see that Cy,(a)=
{ay x Cg(a) and Ck(a) is isomorphic to the covering group of 4, _,. It follows
that T, =d{a) x T;. Since x has a square root in H, we conclude that T, is not
an §,-subgroup of Cg(a). Since z~a, we have Q,(Z(T}))2<{z). Let u be an
involution in Z(T;) —{z). We can assume without loss of generality that

i =(34)(56)(78)(9 - 10)...(8r+1-8r+2)

for some r> 1. Then if 7 =(35)(46), % centralizes 7, a, centralizes a, but a, does
not centralize u. This however contradicts the fact that u is central in an S,-sub-
group of Cg(a). This rules out case 1).

We now assume that we are in case 2) and so b?>=1. If p=(13)(24), then
b%=bz. Again, we see that Cy(b)=<(b) x C(b). If T, is an S,-subgroup of
Cy(b) and T, =T, N K, then T,=<b)> x T, and since b x, xe K, we have that
Ty is not an S,-subgroup of Cg(b). It follows as in the preceding case that
Q(Z(T))2<{z). If n<9, then K—<z) contains a single class of involutions.
Since zeQ(Z(Ty)) " @(Ty) and &(Tp)< K, we must have that z is conjugate
In C¢(b) to an involution in K. Since Zﬂwa, we have a contradiction and so

n210. Thus we see that Cg(b)=(X, x X,) (F> where X,={(12)(34),(12)(56),
(1 35)(246)), X, is the alternating groupon {7,8,9, ..., n},and r=(13)(24)(56)(78).
Itf\u 1s an involution in Z(T;)— {z), then we can assume without loss of generality
that

i=(12)(34)(78)(9 - 10)...(8r+1-8r+2), r=1
or

(78)(9-10)(11 - 12)(13 - 14)...(8r—3-8r—2), r=2.

5 Math.Z, Bd. 124
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If 6 =(78)(9 - 10), then & centralizes i, a, centralizes b, but a, does not centralize
u. However, this leads to the same contradiction as in the preceding case.

This completes the proof of our theorem.
We remark here that if n=4 in the hypothesis of our theorem, then G

PSL(3,3) or M,, and if n=35, then G= U;(5) by the results in [1].
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Solubility of Groups Admitting
a Fixed-point-free Automorphism Group

of Type (p, p)*

R. PATRICK MARTINEAU

Introduction

If A is a group of automorphisms of a finite group G, then we say that 4
acts fixed-point-freely on G if C;(4)=1. An important theorem of Thompson
states that in this situation, if A has prime order, then G is nilpotent. In this
paper, we prove a result in the case in which 4 is the direct product of two
cyclic groups of the same prime order. Specifically, we prove the following

Theorem. Let G be a finite group admitting an elementary abelian fixed-
point-free group of automorphisms V of order r*, r a prime. Then G has a normal
subgroup F such that both F and G/F are nilpotent.

Remarks. 1. In a previous paper [2], I proved a similar result under stronger
conditions. This paper supersedes that discussion, though several ideas in the
proof are the same.

2. The case r=2 has already been proved by Glauberman and Bauman
([1], Theorem 10.5.6).

The proof is by induction on the order of G. A theorem of Ward [4] enables
us to assume the result in the case that G is soluble. Then if P and Q are V-
invariant Sylow p- and g-subgroups of a minimal counter-example G to the
theorem with PQ + QP we make a detailed study of maximal V-invariant p, g-
subgroups of G to find that one of p, g is 2, and that some non-1 element of V
centralizes a whole Sylow 2-subgroup of G. Then G has a V-invariant soluble
2-complement L, and we show that L contains a non-1 V-invariant normal
subgroup of G, contrary to the minimality of G.

1. Preliminaries

Throughout, all groups are finite. If G is a group, Z(G) denotes the centre
of G. If H and X are subsets of G, C4(X) and Ny(X) denote respectively the
centralizer and normalizer of X in H. If the subscript is omitted, G is to be
read. [H, X] denotes the group generated by all elements h~'x~'hx for he H,
X€X.If H is a normal subgroup of G, we write H<G.

If pis a prime and P a Sylow p-subgroup of G, we write Pe%,(G) and
IGl,=|P|, and if P<G we say that G is p-closed.

——

* Research supported by a grant from the National Science Foundation.
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If = is a set of primes then G is a z-group if its order is divisible only by
primes in 7. H is a Hall n-subgroup of G if H is a =-group and the index of H
in G is not divisible by any prime in n. O, (G) is the largest normal n-subgroup
of G.

@(G) denotes the Frattini subgroup of G, the intersection of all maximal
subgroups of G. F(G) denotes the Fitting subgroup of G, the largest normal
nilpotent subgroup of G. If 4, is a subset of G for each ke K, then {(4,: keK)
denotes the subgroup of G generated by all those A4, .

If a is an automorphism of a group G we denote the image of ge G under
o by g% and if A is a set of automorphisms of G, we define C4(4)={g: g*=¢
for all xe A}. A is said to act fixed-point-freely on G if Cg5(A4)=1.

Throughout this note we use the following notation: V is the direct product
of two (cyclic) groups of order r, r a prime; o; (i=0, 1, ..., r) are generators of
the r+1 subgroups of V of order r; if H is a group admitting V as a group of
operators, H; denotes Cy(a,)-

Let G be a group admitting V as a fixed-point-free group of automorphisms.
Then the following facts are well-known, and will be used without reference.

|G| and | V| are coprime.

If H is a V-invariant normal subgroup of G, then V induces a fixed-point-
free group of automorphisms of G/H; more precisely Cgy(x)=G;H/H for
each i. ([1], Theorem 6.2.2)

G={(G,,Gy,...,G,> ([1], Theorem 6.3.4).

For each prime p, G has a unique V-invariant Sylow p-subgroup P and P
contains every V-invariant p-subgroup of G. ([1], Theorem 6.2.2.)

We use frequently the result of Thompson (see, for example, [1], Theorem
10.2.1) that if a group G admits a fixed-point-free automorphism of prime
order, then G is nilpotent. We shall also use frequently the above-mentioned
theorem of Ward:

If G is a finite soluble group admitting V as a fixed-point-free group of
automorphisms, then G/F(G) is nilpotent.

Remark. This is a variant of Theorem 2 of [4]. The condition that G be
soluble is omitted in Ward’s statement of his Theorem 2, but is necessary i&
the proof. Also, Ward in fact proves more than we have stated above—he
merely requires that G, be nilpotent for all i, and not that ¥ should act fixed-
point-freely on G, and he also gives more information about the factor group
G/F(G).

For Lemmas 1 to 5 let G be a group admitting V as a fixed-point-free
group of automorphisms.

Lemma 1. If H is a V-invariant n-subgroup of G with H, =1 for some k, and
K is a V-invariant '-subgroup of N(H), then K= Cy(H)- K,.

Proof. If j+k, HK; is a group on which a, acts without fixed points, O
[K;, H]=1 by Thompson’s theorem. The lemma is proved.
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As a corollary we have

Lemma 2. If H is a V-invariant n-subgroup of G and H,=1 for two values
of k, then N(H)/C(H) is a n-group.

The following corollary of Lemma 2 is particularly useful

Lemma 3. If p is an odd prime, P is the V-invariant Sylow p-subgroup of G,
and =1 for two values of k, then G has a normal p-complement.

Proof. By Lemma 2, if H is a characteristic subgroup of P, then N (H)/C (H)
is a p-group, so the result follows from the Thompson normal p-complement
theorem [3].

Lemma 4. If G is a {p, g}-group, then |C(0,,(G))|,=10,(G).

Proof. G is soluble by Burnside’s p“q” theorem, so G/F(G) is nilpotent by
Ward’s theorem. Thus if P and Q are the V-invariant Sylow p- and g-subgroups
of G then Q=0,(G) - Ny(P), so that CQ(OP(G))zoq(G)-[CQ(OP(G))nNQ(P)].
If we let K=C(0,(G))n Ny(P), then [K, P]1=0,(G) so [PK,K]=1. Thus
[BEK]=1 (Theorem 5.3.6 of [1]) so K <0,(G)=0,(G).

Lemma 5. If G is a p-group, then {G;: j+k)<G.

Proof. Certainly [G, ,]<G. Let M =[G, o;]; then M =[M, o, ], so o, acts
without fixed points on M/@(M). Thus M =<{®(M), M;: jEk>=<{M;: j¥k}.

Ifj+ k, o, acts fixed-point-freely on G;,50 G,= (G ) - [G;, 4] =[G;, x, ] < M.
Thus M ={G;: j+k) and the lemma is proved.

For the rest of this paper let G be a minimal counter-example to the theorem
stated above. By the theorem of Ward mentioned above we need only show
that G is soluble to obtain a contradiction. If H is a V-invariant normal sub-
group of G, then H and G/H satisfy the conditions of the theorem, so G has no
non-1 proper V-invariant normal subgroups. We shall use this remark fre-
quently, in the form that if H is a non-1 V-invariant proper subgroup of G then
N(H) is soluble.

2. Maximal {p, q}-Subgroups

In this section we show that for any pair of primes p,q, any maximal
Vinvariant {p, g}-subgroup H of G contains a Sylow subgroup, and that if
H],<|G|, then H is p-closed.

We need Thompson’s X x ¥ lemma ([1], Theorem 5.3.4):

Lemma 6. If A and C are p-groups, B is a q-group, p and q distinct primes,
A and B normalize C and [B, A]=[B, Cc(A)]=1, then [C, B]=1.

An idea of Bender is behind the following useful result.

Lemma 7. Suppose H is a maximal V-invariant {p, q}-subgroup of G such
that O0,(H)*1 and O,H)=*1. If K is a non-1 V-invariant subgroup of F(H),
then H contains the V-invariant Hall {p, q}-subgroup of N(K).

Proof. We may assume without loss of generality that K is a p-group. Let
U=CF(H)(K)=A x B with Ae % (U) and Be % (F(H)). Since H is a maximal
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V-invariant {p, q}-subgroup of G, H contains the V-invariant Hall {p, g}-sub-
group of the normalizer of any non-1 V-invariant normal subgroup of H. In
particular H contains any V-invariant {p, q}-subgroup of C(4) or C(B) since
Z(0,(H))<Aand B<H.

Let H be any maximal V-invariant {p, g}-subgroup of G containing U,
and let F(H)=A x B with 4 a p-group and B a g-group. We show that B=B,
whence H = H. This is enough to prove the lemma.

B normalizes C4(A4). Also C4(A)<H so Cz(A) normalizes B, whence
[B,C4(A)JSAnB=1. But B centralizes 4, so by Lemma 6 (with C=A4)
[B, A]1=1. Thus by Lemma 4 applied to H, B< B. Similarly A< 4, s0 0,(H)#+1
and O,(H)#1. B B B

Since A centralizes B, A < H. Similarly B<H, so we have F(H)< H. But
now we can apply the above arguments with H and H interchanged and U
and F(H) interchanged to obtain B< B. We already have B< B, so the lemma
is proved.

For Lemmas 8 to 10 let P and Q be the V-invariant Sylow p- and g-sub-
groups of G, and assume PQ + QP. The major use of Lemma 7 is in the following

Lemma 8. Suppose H is a maximal V-invariant {p, q}-subgroup of G. Then
either P<<H or Q<1 H.

Proof. If F(H) is a p-group, then since H/F(H) is nilpotent H is p-closed,
so by maximality of H, P<tH. Similarly if F(H) is a g-group we have Q< H.
Thus we may assume that O,(H)+1 and O,(H)* 1.

Let R=0,(H). If R;# 1 then, since G, is nilpotent by Thompson’s theorem,
0, centralizes R; so Lemma 7 implies Q; < H. Thus if R;=+1 for all i then Q < H.

If R;=1 for two values of i, then by Lemma 2 applied to R and H in place
of H and G, |H|,=|C(R)|,. Then by Lemma 4 applied to H, H is g-closed,
whence by maximality of H, Q< H.

Assume now that R, =1 for precisely one k. Suppose j=+k; then we have
Q;<H by the second paragraph of this proof. [Q;, R]=1 by Lemma 1 applied
to R in the role of H, so Q;<F(H) by Lemma 4. Let Q*=<Q;: j+k) <F(H)
If @*=+1 we apply Lemma 7 to deduce that the V-invariant Sylow g-subgroup
of N(Q*) is contained in H. But by Lemma 5 with g, Q in place of p, G, we have
Q*<1Q. Thus Q< H. If Q* =1, then by the argument of the third paragraph of
this proof applied to Q n F(H) instead of R, we have P<tH.

We have shown that either P<<H or Q <H. By symmetry we also have
either Q<1 H or P< H. Thus since we are assuming PQ #+ QP so that we cannot
have both P< H and Q < H, the lemma is proved.

3. Information about P and Q

Lemma 8 will enable us to say that either a large subgroup of P normalizes
Q or a large subgroup of Q normalizes P, If both p and q are odd, this will Jead
to a contradiction as in [2] —the argument is contained essentially in Lemma 9
below —but we are also able to obtain some information if pq is even.
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Lemma 9. Interchanging P and Q if necessary, for some k we have:

(i) R=N(Q) and for j+k P;£N(Q) and

(ii) for j*£k Q;=N(P).

Proof. Suppose false and, without loss of generality, that p is odd. Fix an
integer j and let H be a maximal V-invariant {p, g}-subgroup of G containing
PQ; (BQ; is a group since G, is nilpotent). By Lemma 8 either P<tH or Q< H.
Thus we have that for each j either L N(Q) or Q;,=N(P).If Q;<N(P)forall
then QP = PQ which is not the case. Thus, since we are assuming the lemma to
be false, we have B<N(Q) for at least two values of j, say without loss of
generality that B, F, < N(Q).

Let K= Np(Q)and S = N,(P),sothat[K, S]=1. K, <K so K 1 by Lemma 3
and the fact that p is odd. Let # be the set of groups R such that:

(i) R is a non-1 V-invariant subgroup of B,

(i) RE =R,

(iii) [R, S]1=1,
so that K e #. Let Re #. Then (i) and (ii) are satisfied with R replaced by N,(R).

Let Lbe the V-invariant Hall {p, q}-subgroup of N(R), and H=Ln C(R),
so that H is the V-invariant Hall {p, q}-subgroup of C(R). Pn C(R)<Z(R)
for i=0, 1 since B F, <R, so that by Lemma 3 H/Z(R) has a normal p-com-
plement. The inverse image Q in H of this complement contains S, and so
0=0xZ(R)with S<Qand Q<1 L. Then [Np(R), S]< PO = 1. Thus N,(R)e #
# is non-empty, so Pe #.

Suppose S+1. [RS]=1 by the preceding paragraph. Let H be the V-
invariant Hall {p, q}-subgroup of N(S) so that P<H. By Lemma 8 P<iH, so
Ny(S) normalizes P. Thus §=Q contrary to the assumption PQ QP

Thus S=1. If S does not contain Q, for any j, then P <K for all j, whence P
normalizes Q, again a contradiction. If § does not contain Q ; for two values
of j, then the lemma is true with P and Q interchanged, so Q ;=1 for two values
of j. Then from Lemma 2 with Q in the role of H, K centralizes Q. Now K # 1,
as noted above, so let H be the V-invariant Hall {p, q}-subgroup of N(K);
then Q< H by Lemma 8. But then Np(K) normalizes Q, contradicting PQ+QP
again. The lemma is proved.

We suppose without loss of generality that p, g are chosen so that (i) and (ii)
of Lemma 9 hold as written, and that k =0.

Lemma 10. 0 =0,

Proof. First of all, suppose P, = 1. Then for j+0, Q ;centralizes P by Lemmas 1
and 9(ii). But then P normalizes Q*=<Q;: j+0). If Q*+1, then PQ=0QP is
exhibited in N(Q*) by Lemma 5. Thus Q*=1, so Q= Q-

€ now prove that By =1, so suppose false. Let H be a maximal F-invariant
{p, q}-subgroup of G containing OF,. Ry normalizes Q so that if j+0 [R, Q1<
0nP=1. (R, Qo]=1 since G, is nilpotent, so [R,, Q] =1, whence by Lemma 4
aPp.lied to H 1+R <0,(H). O,(H)*1 since Q<H by Lemma 8. We are in a
Position to apply Lemma 7 to H.
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IfZ(P)n O,(H)* 1 then P < H by Lemma 7, which is not so. Thus Z (P),= 1.
For j+0 Q; normalizes P, so for j%0 [Q;, Z(P)]=1 by Lemma 1 applied to
Z (P) in the role of H.

Again by Lemma 7 Z(P)< H, so Z(P) normalizes Q. Z(P)n F(H)=:1 so by
Lemma4 (with p and ¢ interchanged) C,;)(Q)=1. Let Q*=<Q;: j+0);
0*<1Q by Lemma 5. If j#0, a; acts without fixed points on Q/Q*. Z(P) nor-
malizes Q and centralizes Q*, and «; acts without fixed points on [Z(P), o],
so [Z(P), a;] centralizes Q/Q* by Thompson’s theorem. Thus since [Z(P), a;]
centralizes Q*, [Z(P), a;]< C,p,(Q)= 1. But this is true for any j+0, whence
Z(P)=1 since V acts fixed-point-freely on G. This contradiction completes
the proof of the lemma.

4. A 2-Complement

It is now not difficult to obtain a contradiction from Lemma 10.

Lemma 11. G has a V-invariant soluble 2-complement L. If T is the V-in-
variant Sylow 2-subgroup of G, then T =T, for some i and G=LT,.

Proof. Suppose P and Q are F-invariant Sylow p- and g-subgroups of G
and PQ+0QP By Lemma 10 we may choose the notation so that Q=0Q,.
Since G clearly does not have a normal g-complement, Lemma 3 implies that
g=2. It follows that any two odd-order V-invariant Sylow subgroups of G are
permutable, so G has a V-invariant 2-complement L. By Hall’s characterization
of soluble groups (see, for example, [1], Theorem 6.4.5) L is soluble. Since G
is not soluble, there is an odd prime p such that the V-invariant Sylow p-sub-
group of G is not permutable with the V-invariant Sylow 2-subgroup T of G.
Thus T =T, for some i.

ILI=IGly., so ILT|=IL|-|FALATI=|Gl,|Gl,=IGl,
and the lemma is proved.

We may now complete the

Proof (of the theorem). [G, ;] is a V-invariant normal subgroup of G.
Clearly [G, a;] # 1, for if not, then some a; would act without fixed points on G,
whence G would be nilpotent by Thompson’s theorem. But from Lemma 11
[G,a;]=[LT,,a;]=[L,¢;,]J<L and L=+G since L is soluble. Thus G has a
proper non-1 V-invariant normal subgroup, contrary to the minimality of G.
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Groups All of Whose Subgroups Are M-Groups

DavID L. WINTER and PAuL F. MURPHY

1. Introduction

A finite group is called an M-group if and only if each of its irreducible
representations over the complex number field is equivalent to a monomial
representation. An outstanding problem has been to find a group-theoretical
property which characterizes M-groups. It is known that an M-group is
solvable and certain sufficient conditions have been given. Some of the difficulty
involved in solving the problem is indicated by a result of Dade which states
that any finite solvable group can be embedded in an M-group ([6], p. 585).

In this paper a simpler problem is studied : that of finding a group-theoretical
characterization of M-groups where by an M-group we mean a group all of
whose subgroups are M-groups. A sufficient condition is obtained for M -groups.
Furthermore it is shown that, at least within a certain class of solvable groups,
this condition is necessary. The condition includes the known group-theo-
retical sufficient conditions for a group to be an M -group.

All groups considered here are of finite order. All group representations
are over the field of complex numbers. A section of a group is a homomorphic
image of a subgroup.

2. On E-Groups

We shall say that P is an S-group if P is a non-abelian p-group for some
prime p, the center Z(P) is cyclic and P/Z(P) is elementary abelian. If the p-
group P is an S-group, it can be shown that |P'|=p, |P:Z(P)|=p>" for some
integer n and each non-linear, irreducible, complex character of P is faithful
of degree p” ([6], pp. 353-355 and [8], Theorem 5).

Lemma 1. Let the p-group P be a normal S-subgroup of the group G such
that G acts trivially on Z(P) and irreducibly on P/Z(P). Then

(1) if p is odd, P is the central product of Z(P) and an extraspecial p-group
of exponent p;

. (2) if p=2and |Z(P)|> 2, then P is the central product of Z(P) with a number
of dihedral groups of order 8 ;

Q) if p=2and |Z (P)| =2, then P is the central product of a number of dihedral
8roups of order 8 or the central product of a number of dihedral groups of order 8
and a quaternion group. However, P itself is not a dihedral group of order 8.

In particular if p=2, P has a quaternion section.
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Proof. If A is an abelian characteristic subgroup of P, then A=<Z(P) and
Z(P) is cyclic by assumption. The proofs of ([8], Theorems 3 and 4) may now
be used to complete the proof of Lemma 1.

By an E-group we shall mean a solvable group G which has a normal
S-subgroup P such that G acts trivially on Z(P) and irreducibly on P/Z(P).

An E,-group is a solvable group no section of which is an E-group. Clearly
a subgroup of an E,-group is an E,-group.

Theorem 1. The direct product of two E-groups is an E-group. Consequently,
the class of E,-groups is a formation.

Proof. Let W=W, x W, be a counterexample of minimal order where W,
is an E,-group for i=1,2. Then W contains a subgroup H which in turn has
a normal subgroup V such that H/V is an E-group. Observing H=HW,=
W, x ((HW,) n W,), we can deduce

(1) HW,;=W=HW,.

2 W.nvV=(1) fori=1,2.

Suppose W,nV+<(1). Since W, centralizes W;, WinV<HW,=W. H/V
is a factor group of

HIW, AV (W, x W) (W, n V= (W/ W0 V) x W,

and the induction hypothesis yields a contradiction.

By assumption H contains a normal subgroup P>V such that P/Visa
p-group, in fact an S-group, and H/V acts irreducibly on (P/V)/(R/V) and
trivially on the cyclic group R/V=Z(P/V). We now show

(3) PAW,ER fori=1,2.

It suffices to show P N W, is abelian for then (P W,) V+Pand (PN W) V= H.
Suppose, for example, P n W, is non-abelian. P W;<tHW, =W and therefore
PaW,< W,. PAW,=(PnW,) V/V by (2) and therefore P W, is a p-group.
H acts trivially on (R n W,) V/V. Since Rn W<t H, (2) implies H acts trivially
on the cyclic group RN W,. By the irreducibility of the action of H/V on
P/R, P=(PAW,)R. PIREPAW,/PAW,nR=PnW,/RNW, and we se¢
that H acts irreducibly on PnW;/RnW,. Since Pn W< W=W, x Wy, Wi
acts irreducibly on P W,/Rn W,. We now show RnW;=Z(PnW,). Since
W, centralizes RnW,, RnW,SZ(PnW). Z(Pn W) V<H and therefore
ZPnW)VZRand ZIPnW)SRnW,. PO W, is therefore an S-group and
W, is an E-group. This proves (3).

If Tis a subgroup of W= W, x W,, we shall write
T, = {w, € W, | there exists w,€ W, with w, w,€ T}
and
T, = {w, € W, | there exists w,e W, with w, w,eT}.

It is immediate that T, is a subgroup of W,. Since H=<H, x H,, it follows that
H,=W, and H,=W,. Since V<H, V< W, fori=1,2.
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Now let w; w,, w} w)€ P where w,, wie P, and w,, w,eP,. Then
’ / ’
[wyw,, wiwy]=[w,, willw,, wh].

Thus P non-abelian implies B or P, is non-abelian, say B.

Letw,eP,. Thenw, w, e P for some w, e W, . For some s, w?’ wh =(w, w,)'eV
where wi"e V;. Therefore P,/V, is a p-group.

Let Vw, w, be a generator of the cyclic group R/V. Then it is easily seen
that R,/V; is a cyclic group with generator Viw,. We shall show R,/V,=
Z(B/V). Clearly, R,/V,<Z(P/V,). Let Vivi€Z(P/V)). Then there exists
y,€P, such that y,y,eP. Let x=x, x,eP with x;€W,. Then (y, y,)*=yp y3
=)1 01 y3* for some v, € V;. There exists v, €V, such that vy v,€V. Thus

(vy vz)-l()ﬁ ,V2)_l Y10, 32 =02_1 yz"1 V3ePnW,.

By (3) Pn W, <R and therefore v; ! y;! y3* Ve R/V. Since (P/VY is the unique
subgroup of R/V of order p, v3' y;! y3* V4V implies (P/VYSW,V/V and a
short computation yields P/V, is abelian. Therefore v;! y3lyeVn W,
By (2) y3*=y,v,. Hence (y, y,)*=y> V3 =Y10 Y2 0,=(y, ¥,) (v, v,). It follows
that y, y, e R. Therefore y,e R, and ¥, Y1€R,/V, and Z(P/V,) < R,/V, as desired.

(P/VD/R,/V))=P,/R, is easily verified to be elementary abelian whence
P/V; is an S-group. The irreducibility of the action of H/V on (P/V)(R/V) is
easily seen to imply that Wi/V; acts irreducibly on (P,/V,)/(R,/ V1). Therefore
W,/V, is an E-group. This contradiction completes the proof.

3. On M-Groups
We now present the main results of this paper.
Theorem 2. If G is an E,-group, then G is an M-group.

Proof. Let G be a counterexample of minimal order. Then every section of
G except G itself is an M-group. Let y be an irreducible complex character of G
which is not induced froni a linear character of a subgroup of G. Suppose
1is not primitive. Then x=Y* where y is an irreducible character of some proper
subgroup B of G([1], (50.2) and (50.6)). Since B is an M-group, transitivity of
Induction yields that x=4* for some linear character A of some subgroup of B.
Therefore y is primitive and minimality of |G| implies  is faithful.

Z(G) consequently is cyclic and Z(G)=+ (1) because each abelian normal
subgroup of G is contained in Z (G). Let M/Z (G) be a minimal normal subgroup
of G/z (G). Then M/Z(G) is elementary abelian of order p” for some prime p
and G acts irreducibly on M/Z(G). Since Z(G)<M, M is non-abelian. Let P
be a Sylow p-group of M and let Z, be the p-complement of Z(G). Clearly
P"Z(G)§Z(P). Since M=PxZ,<G, P<G and Z(P)<G. Therefore
Z(P)=Z(G), z (P) being an abelian normal subgroup of G. Thus we have
2(P)=PnZ(G). P/Z(P)=P/PNZ(G)=PZ(G)/Z(G)=M/Z(G) is elementary
abelian. Therefore P is a normal S-subgroup of G. It is clear that G acts trivially
o0 Z(P) and irreducibly on P/Z(P) and this proves Theorem 2.
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Corollary (Dornhoff, [2]). Let G be a solvable group and let N <1G. Suppose
G/N is supersolvable and the Sylow p-sngroups of N are modular for p odd and
quaternion-free for p=2. Then G is an M-group.

Proof. It suffices to show that G cannot be an E-group as the same proof
may be applied to each section of G. Suppose G is an E-group and P a normal
p-subgroup satisfying the appropriate conditions. Suppose first that PnN
is non-abelian. Then P=(Pn N)Z(P). Clearly Z(P)n N=<Z(P N N). Since
Z(PNAN)<G,Z(PnN)Z Z(P). Therefore Z(P)n N =Z(PnN)whence Z(PnN)
is cyclic and P/Z(P)=(PnN)Z(P)/Z(P)~PNN/Z(P)PnN=PnN/Z(PnN).
Thus PN N is an S-group and G must act irreducibly on PnN/Z(PnN).
By Lemma 1, P~ N has a non-abelian section of order p* which is of exponent
p if p is odd or is a quaternion group if p=2. This is in contradiction to the
assumption on the p-Sylow subgroup of N ([2], Lemma 1.11). If PN N is
abelian, then PN ZZ(P). Therefore N acts trivially on P/Z(P) and G/N
acts irreducibly on P/Z(P). Hence (PN/N)/Z(P) N/N)=~PN/Z(P)N = P/Z(P)
is a non-cyclic chief factor of G/N, contradicting the supersolvability of G/N.

Lemma 2. Let G be an E-group with normal p-subgroup P as in the definition
of E-group. If P is a p-Sylow subgroup of G, then G is not an M-group.

Proof. Let |P:Z(P)|=p*" and let ¢ be a complex irreducible non-linear
character of P. Then ¢ has degree p". Since Y |¢(x)|>=|P|, it is easily seen that

P
¢ (x)=0 for xe P—Z(P). It follows that ¢ is invariant under G. Hence ¢ has
an extension to an irreducible character y of G([6],p. 572). Suppose G is an
M-group. Then G has a subgroup H of index p" which has a linear character 4
such that A*=y. Since Z(P)<Z(G), Z(P)< H. Therefore P~ H< P and since
PnH<H, PnH<G=PH. Because |P: P H|=|PH:H|=p", this contradicts
the irreducibility of the action of G on P/Z(P). Therefore G is not an M-group.

Theorem 3. Let G be a solvable group which has a normal subgroup A all of
whose Sylow sgbgroups are abelian and such that G/A has Fitting height at most 2.
Then G is an M-group if and only if G is an E-group.

Proof. In view of Theorem 2 we need only show that if G is an M-group,
then G is an E,-group. Since the conditions are inherited by all sections of G,
it suffices to show that if G is an E-group, then G is not an M-group. .

To this end suppose G has a normal non-abelian p-subgroup P satisfying
the conditions necessary to make G an E-group. Then P N 4 is a normal abelian
subgroup of G and so PN A< Z(P). Therefore A acts trivially, and G/A i(fe‘
ducibly on P/Z(P). Let F/A be the Fitting subgroup of G/A. By assumption
G/F is nilpotent. Let R and Tbe such that R/4 is the p-Sylow subgroup of F/4
and T/A is the normal p-complement. Then F/A=(R/A)x (T/A) and PSR
Hence T acts trivially on P/Z(P). Since R/A is a p-group the subspace V of
P/Z (P) of fixed points for R/A is not {0}. Since R/A<1G/4, V is invariant under
G/A. Hence V=P/Z(P) and R acts trivially on P/Z(P). Therefore F acts
trivially on P/Z(P) and G/F irreducibly. Since G/F is nilpotent it follows that

N
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its p-Sylow subgroup is trivial on P/Z(P) while its normal p-complement acts
irreducibly. Let H be a Hall p'-subgroup of G. It now follows that HP is an
E-group. By Lemma 2 HP is not an M-group. Therefore G is not an M -group.

4. Applications and Remarks

(a) The proof of Theorem 2 shows that if G is a solvable complex primitive
linear group of degree d, then G is an E-group. If P is the corresponding normal
p-subgroup, then G/C(P/Z (P)) acts trivially on Z (P) and faithfully and irre-
ducibly on P/Z(P). It is known then that G/C(P/Z (P)) is isomorphic to an
irreducible subgroup of 1) the symplectic group Sp(2n, p) if p is odd or 2) one of
the orthogonal groups 0,(2n,2), e= +1, if p=2. Here n is the positive integer
such that p2"=|P:Z(P)|. By Clifford’s theorem d is a multiple of p". This
provides a new way of approaching certain questions on primitive solvable
linear groups.

(b) We know of no E-group which is an M-group but it is possible for an
E-group to be an M-group. Let Q - 0O, be the central product of two quaternion
groups Q and Q,. Let « be an automorphism of Q- Q, of order 3 such that
0"=0Q, 05=0, and « is non-trivial on both Q and Q,. Then G=<(a) 0-9,
is an M-group ([2], p. 249). The presence of Q<G with « acting irreducibly on
Q/Z(Q) implies G is an E-group.

(¢) The following terminology is convenient for some applications.

Definition. A D-group is a group <{y) P which is a semidirect product of the
normal p-subgroup P which is an S-group and a cyclic group {y) of order a
power of a prime g=p where y acts trivially on Z(P) and non-trivially on
P/Z(P). A D-group is a solvable group no section of which is a D-group.

If G is a Dy-group, then G is an M-group.

Proof. If not, G has a section K which is an E-group. Thus for some prime p,
K contains a normal p-subgroup P which is an S-group. K/Cy(P/Z (P)) cannot
be a p-group because a non-trivial p-group can have no faithful irreducible
fepresentation over a field of characteristic p ([3], p. 62). Therefore there is a
4-Sylow subgroup Q of K with Q£ Cx(P/Z(P)) for some prime g#p. Let
yeQ— Cx(P/Z(P)). Then {y> P is a D-group and is a section of G. This con-
tradiction completes the proof.

(d) Weapply (c)to a generalization of an example of Seitz ([9], Example 2.8).
Let N be a Suzuki 2-group [4] of order 22" where 2"—1 is a Mersenne prime
larger than 3. N has an automorphism « of order 2"—1 which permutes its
2"~ 1 involutions cyclically. Z(N)=N'=Q,(N)=®(N), |Z(N)|=2" and N
has exponent 4, It follows that a acts fixed-point-free on N. Let G=<a> N be
the relative holomorph. Suppose G has a section H/K which is a D-group.
Re_PIaCing H by a suitable conjugate we can assume xe H. Then a acts fixed-
Point-free on H A N and on H A N /K. Hence o cannot act trivially on the center
fHAN/K, a contradiction. Therefore G is a D-group and therefore an M-
8roup. On the other hand the corollary cannot be applied to G. For, N is the
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minimal normal subgroup of G such that G/N is supersolvable and by a theorem
of Dornhoff ([2], Theorem 2.7) N has a quaternion section.

(e) The work of Seitz and Wright [10] shows that under the assumptions
of the corollary of the preceding section the supersolvable residual of G is an
A-group, i.e., a group whose p-Sylow subgroups are abelian for all primes p.
Huppert [5] proved that if N is a normal subgroup of the solvable group G
such that N is an A-group and G/N is supersolvable, then G is an M-group.
Thus the corollary is also a consequence of [10] and [5]. The proof in this
paper would be shorter if N is assumed to be an A-group.

(f) It has been shown that the wreath product of an M-group with an
M-group is an M-group ([9], Theorem 2.2 and [7]). Consequently, the wreath
product of an M-group with an E,-group is an M-group and the wreath
product of an E,-group with an E,-group is an M-group.
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Uber die Linge der Knotenlinien
schwingender Membranen

JOCHEN BRUNING und DIETER GROMES

Es wird eine asymptotische (untere) Abschitzung fiir die Linge der Knoten-
linien schwingender Membranen angegeben. Das Ergebnis ist ein Analogon
zu bekannten Eigenschaften der Nullstellen von Eigenfunktionen Sturm-
Liouvillescher Probleme.

Wir gehen aus von

Satz 1 ([1], S.395). Es bezeichne y, die n-te Eigenfunktion eines Sturm-
Liouvilleschen Problems im Intervall I=[a, b]. Dann hat Y, in (a, b) genau n—1
(notwendig einfache ) Nullstellen.

Es stellt sich die Frage, ob diese Eigenschaft ein Analogon bei Eigen-
funktionen elliptischer Randwertprobleme in hoheren Dimensionen hat.
Beschrinken wir uns dabei auf den zweidimensionalen Fall. Es sei also G ein
s+ 1-fach zusammenhingendes Gebiet im R? mit hinreichend glattem Rand S;
es bezeichne ferner F die Fliche und U den Umfang von G. In G betrachten
wir das Problem

Au+iu=0 inG,

u=0 aufSs. o
Die Aussage von Satz 1, die sich ja nicht unmittelbar iibertragen l4Bt, ist offen-
bar dquivalent zu der Behauptung, daB die Nullstellen von y, I in genau n Teile
Zerlegen. In Analogie dazu kénnen wir nach der Anzahl k(n) der Gebiete fragen,
n die G durch die Knotenlinien der n-ten Eigenfunktion u, von (1) zerlegt wird.
Courant bewies ([1], S. 393), daB k(n)<n, und Pleijel [4] verschirfte dies zu

k 4
lim sup (Tn)éjf

n— oo

<07, @)

Wo j die kleinste Nullstelle der nullten Besselfunktion bezeichnet. Aus (2) er-
sieht man, da k(n)=n nur endlich oft auftreten kann; es gibt sogar Beispiele,
Vo unendlich oft der Fall k(n)=2 auftritt [5], so daB k() in keiner befriedigen-
den Beziehung zu n steht. Bekannte Beispiele von Knotenlinien schwingender

embranen [1], [5] legen nun die Vermutung nahe, daB zwar nicht die Anzahl
der Teilgebiete, wohl aber die Lénge I, der Knotenlinien mit n gegen unendlich
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strebt. Setzt man U
L,=l+—, (3)

und erklirt man den Inhalt N —1-dimensionaler Punktmengen im RY nach
Minkowski ([2], S.994), so hat (3) auch fiir N=1 einen Sinn, und Satz 1 liefert
L, =n. Die GroBe L, kann also als legitime Verallgemeinerung der Anzahl der
Nullstellen in hoheren Dimensionen angesehen werden. Wir wollen beweisen:

Satz 2. Es gilt die Abschitzung

Fy2, j
L= % —n(s—l)zm. (4)

ergibt sich daraus die

n

4
Mit der Weylschen Beziehung 4,~ =

Folgerung. Es ist 2 =

n— o n J

Die Linge der Knotenlinien wiichst also mindestens wie ﬁ Zum Beweis von
Satz 2 benotigen wir zwei Hilfssétze.

Hilfssatz 1. G, sei ein s;+ 1-fach zusammenhdngendes Teilgebiet von G, das
nur von den Knotenlinien der Eigenfunktion u, zum Eigenwert A, von (1) und
eventuell von S berandet wird, aber keine Knotenlinien im Innern enthilt. Be-
zeichnet F, die Fliche, U; den Umfang und r; den Inkreisradius von G, so gilt:

r-S—j—SEi—.
des ﬁ =2n

Beweis. Die linke Seite der Ungleichung folgt aus der Bezichung k(1)=1
und der Monotonieeigenschaft der Eigenwerte ([1], S. 392), die rechte aus der
Tatsache, daB unter allen eingespannten Membranen gleichen Umfangs die
kreisformige den tiefsten Grundton hat ([1], S. 402).

Hilfssatz 2. Fiir ein s+ 1-fach zusammenhingendes Polygon mit F liche F,
Umfang U und Inkreisradius r gilt die Beziehung

(6

F<Ur+(s=1)=nr? (7

Beweis. Fiir s=0 hat Fejes-T6th in [3] einen Beweis angegeben, der sich
beinahe wortlich auf den Fall s> 0 iibertragen 1dBt. Sein Hilfssatz 2 dndert sich
nur insofern, als sich die Formel

f,+2f2+3f3+---=F+Lp—(s—l)rrp2

anstelle der urspriinglichen ergibt (s=0). Beachtet man niamlich, da man Zuf
Zerlegung eines s+ 1-fach zusammenhingenden Polygons in k+ 1 konvexe
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Teilpolygone genau k + s Diagonalen ben&tigt und bildet man ein Papiermodell
wie in [3], so ergibt sich (mit den dortigen Bezeichnungen) fiir den Gesamt-
inhalt H der Papierblatter

k+1 k+s

H= Y (F+Lp+mp’)— Y (2d,p+np?)

i=1 i=1

=F+Lp—(s—1)np>
Von hier ab verlduft der Beweis von Hilfssatz 2 wie bei Fejes-Toth.

Beweis von Satz 2. Wir wenden Hilfssatz 2 auf jedes der durch die Knoten-
linien erzeugten Teilgebiete G, an, 1 <i< k(n). Das ist moglich, da die Knoten-
linien und § stiickweise glatt sind, also G, durch Polygone approximiert werden
kann. Da die rechte Seite von (7) fiir s=0 und r £ U/2 % in r monoton ist, konnen
wir wegen (6) r; durch j/]/,l_” ersetzen und erhalten:

i2

J nj
FE<U——+(s,—1 .
- 'W.’"HS‘ 2,

Summation iiber i ergibt

. k(n) -2 k(n)
j nJ
Fz-l YU+ (5,—1)
f UL
:2
j
l/_ 1)7[7",

k(n) k(n)
da offenbar )" U;=2L,und ) (5;—1)<s—
i=1 i=1
Tatséchlich ist die in der zweiten Ungleichung links stehende Summe nichts
anderes als die Gesamtzahl aller inneren Rénder der G, minus die Gesamtzahl
aller duBeren Riinder der G,. Nun bringt ein innerer Rand aber offenbar genau
dann einen positiven Bc1trag zur Summe, wenn er schon innerer Rand von G
selbst ist; ein duBerer Rand bringt genau dann einen negativen Beitrag zur
Summe, wenn er nicht zugleich auch innerer Rand eines der G, ist, was zu-
mindest fiir § zutrifft. Also muB die obige Ungleichung gelten. Das bedeutet

aber
w F l/ J
L,= —(s—1=
2V A,

Wwie behauptet.

Offen bleibt die Frage, ob auch eine obere Abschitzung fiir L, gilt. Fiir
ein Rechteck mit den Seiten a, b und a?/b? irrational (d.h. es gibt nur einfache
Eigenwerte), gilt 2 a4 s

s == (8)

n— o Fn T n— oo Fn T

‘l:'a]f eine solche Vermutung nahelegt. Allerdings ist uns dariiber bis jetzt nichts
ekannt,

6 Math.Z, Bd. 124
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Extending a Norm from a Vector Lattice
to its Dedekind Completion

ROSALIND REICHARD

Introduction

Let (E, <, [[}) be a normed vector lattice. In [5], Nishiura questioned
whether or not there exists more than one extension of to E, the Dedekind
completion of E. Solovev answered this question in the negative in [6]. In fact,
as pointed out by Vulich in [10], several Soviet mathematicians have results
relating to this question and others posed by Nishiura.

The present paper is concerned with other problems related to extending a
monotone norm from a vector lattice E to its Dedekind completion E. It is
known [6; Lemma 2] that if (E, <, ||+||) is a normed vector lattice and is
order-continuous then ||+ || must extend uniquely to E. It will be shown that
this is not true when |+|| is o-continuous or, surprisingly, even when |-|| is
semicontinuous. In fact an assertion of Solovev’s [7; Theorem 3] along these
lines is shown to be false. Although semicontinuous norms do not, in general,
extend uniquely, it is shown that a large class of semicontinuous norms do
have unique extensions. Finally, turning from norm properties to lattice
properties, we note that whenever E has the projection property then every
monotone norm on E must extend uniquely to E.

1. Preliminaries

A normed vector lattice (E, <, ||+ ||) is a normed vector space E over the real
number field with a partial order “<” which makes E into a vector lattice and
the norm ||+ || on E is such that x| =yl whenever |x|<|y| and x and y are
in E. (||+|| is said to be monotone on E.) An Archimedean vector lattice E always
has a Dedekind completion E [9, p. 109]. An extension of || to E is a norm
I*I" defined on E such that ||x|| =||x]|/’ for all x in E and (E, <, |-|I") is a normed
vector lattice. Given a normed vector lattice (E, <, |- ||) we can always extend
I*Il to E by defining [|%,=inf(|w]: w2|X|, weE) for all % in E [9, p. 179].
Also, ||+ ||, is the maximal extension of to E in the sense that if ||+ ||’ is any
other extension of |- | to £ we must have [ X]I” £ ||X||a for all X in E. There are
€xamples of normed vector lattices with two different norm extensions which
are not even norm equivalent [6, p. 1362]. However, all examples of this, which
Were given previous to the present paper, are examples in which the original

norm is not semicontinuous.
6.
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Let (E, <, |-|) be a normed vector lattice. |- | is said to be continuous if
inf(||u,||: xe 2/)=0 whenever 0=u, |,0 (i.e., inf(u,: xe./)=0in E and {u,} is a
net in E which is directed downward). ||-| is said to be semicontinuous if
sup(|lu,| : «e.o)=|u| whenever 0<u,Tuin E. The definitions for g-continuous
and g-semicontinuous are the same with arbitrary nets replaced by sequences.
Note thata continuous normis always semicontinuous but || x| =sup(|x(n)|: neN)
is a monotone semicontinuous norm on E =1, which is not continuous. (Let
x,={x,(i): i=1,2...} where x,(i)=0if i+n and x,(n)=1 for n=1,2,.... Then
0=<x,|,0in [, but |x,|=1-1as n—w.)

2. Continuous and ¢-Continuous Norms

As has been mentioned, it is known that if ||+|| is a continuous norm on a
normed vector lattice (E, <, ||*|) then || extends uniquely to E. However,
since this result depends on one lemma and two theorems in [6] and one theorem
in [9] the following direct proof is presented here.

Theorem 2.1. If (E, <, |-||) is a normed vector lattice and ||-|| is continuous,
then ||+| extends uniquely to E.

Proof. Let ¢(X)=sup(|y]: 0Ly<|X|, yeE) for all X in E. If |||, is any
extension of |+ || to E we must have ¢ (%)< ||%||; < | | for all % in E. Hence, to
show that |+ || extends uniquely to E we need only prove that ¢(X)=||%|  for
all % in E.

Choose X in E and let A={w—y: w>|%|, 0<y<|%|, w, ye E}. A is a directed
set in E so we can let 4= {u,: ae.o/} where ./ is a directed set. Then 0<u, |,0
in E since sup(y: 0L y<|x|, ye E)=inf(w: w=|X|,we E)=|X|.

Using the hypothesis that ||+ || is continuous we must have inf(||u,| : «e.«/)=0.
Hence, given any ¢ >0 there exists an element w=>|%X| and an element 0< y <|X|
with w, yeE such that |[w—y| <e. However, |w| —|y||<|w—y|. Therefore,
[w]|—|y|<e and it follows that ¢(X)=|/X|». This proves that ||-| extends
uniquely to E.

Since the property of o-continuity is considerably weaker than the property
of continuity of a norm, one might suspect that there exists a normed vector
lattice (E, <, ||*|)) with ||*|| o-continuous and ||+|| having more than one €X-

=

tension to E. The following example supports this suspicion.

Example. Let X be an uncountable set of points and let E={f: f is a real-
valued, bounded function on X and f is constant except possibly on a finite set
of points in X}. Then E={f: f is a real-valued, bounded function on X}. For
every f in E let ¢(f)=that real number such that {t: f(t)=c(f)} is uncountable.
Also, let

[/ li=sup(|f(®)|: teX) anddefine [f]=]/l:+2lc(f)l-

(E, <, |*|) is a normed vector lattice and ||+ || is o-continuous. The a-con-
tinuity of ||+ || follows because 0<f,]0 in E implies the uniform convergence of
the sequence { f,} to 0, and hence, || f,|| =0 as n— oo.
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We now exhibit an extension of |-| which is distinct from [l* ]l Define
|%]| sz =inf(lim [ %, ] 5: 0L X,1(%] in E). Given any X in E || X|| ., is the infimum
n— oo

of the [|* || norm limit of all sequences {%,} in E such that 0%, TI1X]- ||* Il pgr 18
called the Lorentz seminorm associated with |- || u (see [2]). It is not difficult
toshow that ||+ ||y, agrees with ||« || on E. It then follows that ML 1Samonotone
norm extension of |+ || to E. Let {z,: ne N} be any countable set of points in X.
Define f(t)=11ift=t,forn=1, 2, ...,and f(1)=0otherwise. Then feE, | f || ,y=3
but || /]lar=1. This last fact follows because if f,()=1 for t=t,,t,,...,t, and
Jn()=0 for all other t in X (n=1,2,...) then 0=f.1fand | f =1

.

3. Semicontinuous Norms

Although a semicontinuous norm need not be continuous, the two prop-
erties are similar enough so that one might conjecture that semicontinuous
norms extend uniquely as do continuous ones. In the following we shall show
that this conjecture is false.

If E is a vector lattice, and element e in E+ (E* =the positive elements in E)
is said to be a strong unit for E if for every element x in E there exists a real
number 4> 0 such that |x| </ e. If an Archimedean vector lattice E has a strong
unit e then e is also a strong unit for £. If e is a strong unit for E then ||x| =
inf(4: 2 e=|x|) defines a norm on E such that (E, <, |*]l) is a normed vector
lattice [9, p. 180]. Also, the fact that |-l is semicontinuous follows directly
from its definition.

It is known ([1, Theorem 1.5] and [7, Lemma 1]) that if (E, <, |-|) is a
normed vector lattice and ||+ || is semicontinuous then [X[s=sup(]|y|]: 0<y<
], yeE) is a semicontinuous norm extension of Il to E. As the example
E=c with | x|l =sup(|x(n)|: neN)+ lim |x(n)| demonstrates, this is not neces-

n— 00

sarily true in the case when -]l is not semicontinuous. In this case |X]ls=
Sup(|X(n)|: ne N)+ lim inf|% (n)| which is not a norm because it is not sub-
n— 0

additive. It is also easy to see that if (E, £,]]*|) is a normed vector lattice and
|"ll; and ||+ ||, are 2 semicontinuous norm extensions of [[+]| to E then || %], = || %]|,
forall % in E.

Using the information presented above we shall now give an example of a
Dnormed vector lattice (E, <, |- ||) where |1 is semicontinuous but has two
different extensions to E.

Example. Let E=c and choose e=(l,2, 1,2...)in I,. e is a strong unit
for[,. Hence, for any % in £ = l, %] =inf(4: 4 e=|%]) defines a semicontinuous
norm on E. It follows that 1 restricted to E is a semicontinuous norm
on E. Also, ||£]l,=sup(|ly|: 0= y<|%), ye E)= %, since both ||, and ||,
dre semicontinuous extensions of ||+|| to E. We shall now show that %]l a=
Wf(wl|: w=|%|, we E)+ | %], for some % in E. Consider e=(1,2,1,2...).

els=1. However, given any we E =c such that w > e we must have lim w(n)>2.

n— o0
It fpllows that [|w|| =2 since ||w| =inf(4: A e=w). Therefore, | e||,, :Zf 1=]el.
1S proves that |- ||, and |- ||, are two distinct extensions of

to E.

.
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Remarks. 1. Solovev has asserted that if (E, <, ||+ ||) is a normed vector lattice
satisfying:

sup(|lul|: ue A)=|/x|| whenever sup(u:ueA)=x where AcE* (P)

then ||+ || extends uniquely to E [7, Theorem 3]. Note that (P) is stronger than
semicontinuity and if (E, <, |+||) is a Banach lattice satisfying (P) then E is an
AM-space. However, the previous example gives a norm satisfying ( P) as well
as being semicontinuous and yet |- || has two diiferent extensions. Hence, the
above example proves that Solovev’s assertion was false.

2. In the previous example both |- || and || ||, are equivalent. This is true
because ||* || is complete (any norm defined by means of a strong unit on a
Dedekind complete vector lattice is complete [9, p. 181]) so that we can find a
positive number k such that [X[|, <k [|X[|; for all %eE [4, Theorem 30.28].
Now since || X[ < [|X]» for all X in E it follows that ||+ ||; and | * || are equivalent.

If we let E=c and E =1, but we define ||x|| =inf(4: A e>=|x|) where e=(1, 2,
1,3,1,4,...,1,n,...)for all x in E we have an example of a normed vector lattice
(E, <, ||I|l) such that ||| is semicontinuous and ||-|; and |-[[y are two ex-
tensions of ||+ | to E which are not equivalent. Let

er=(1,1,1,..), e;=(1,21,2,1,2,...),
ex=(1,1,1,3,1,3, .., .., e=(L, L, o, Lm Lm, ), e

Then |le,|,y=n and |e,l;=1 for n=1,2, .... Hence, |le,llyy > +c0 as n— +®
but |le,]|ls— 1 as n— +oo. This proves that |||y and |- [|s are not equivalent.

The following theorem will show that some classes of semicontinuous norms
do extend uniquely.

A vector lattice E is universally complete if it is Dedekind complete and
sup(x,: aef)=x exists in E whenever {x,: aes/} E and inf(x,, , x,,)=0 for
all a,, ;€ such that o, #a,. The vector lattice E * is said to be a universal
completion of E whenever E* is universally complete and E can be isomor-
phically embedded as an order dense vector sublattice of E*. A vector lattice
E has a universal completion if and only if E is Archimedean, and any tw0
universal completions are isomorphic [3, Theorem 34.4].

In Theorem 39.1 of Modern Spectral Theory [3], Nakano characterizes a
normed vector lattice (E, <, ||*||) having the property that whenever {x,: e}
is a set of elements in E which is bounded above in E then sup (] X,/ : aed)=
inf(||y|: y is an upper bound for {x,}). Such a normed vector lattice must .be a
norm dense vector sublattice of a space C(K) of continuous, bounded functions,
vanishing at infinity, and defined on a locally compact, Hausdorff space K.
The first part of the proof of this theorem can be used to prove:

If (E, <, ||*|) is a normed vector lattice satisfying (P) and {x;: xed}SE”
such that ||x,|| <M for all e then sup(x,: a€o/)=X exists in E*. )

As noted in the remark following the preceding example. (P) by itself
is not enough to insure uniqueness of norm extensions. However, 1 the
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following theorem we shall prove that if (E, <, [I*Il) is @ normed vector lattice
satisfying (P) and also E has the property that A weE for all weE where
e=sup(x: xeE*, |x||<1) (which exists in E* by the above discussion) then
||l extends uniquely to E. This added condition on E is not at all unusual as
any Archimedean vector lattice with a strong unit satisfies it.

Theorem 3.1. Let (E, <, (|*|) be a normed vector lattice satisfying (P). In
addition, letting € =sup(xeE*: x| £1) in Ef we shall assume that é nweE
whenever we E. Then ||+ || extends uniquely to E.

Proof. Extend || || to E* (allowing the extension to be infinite on some ele-
ments of E*) by defining ||X[*=sup (| y| : 0<y=<IX|, yeE) for all X in E*. It is
not difficult to show that ||+ | * satisfies property (P) on E*. Let E— {x: XcE*
and |[X[[*< +c0}. (E, £, |+||*) is a normed vector lattice, E<S E and eeE. This
latter fact follows because if 4 ={x€E™*: |x| <1} then sup(x: xe A)=e which
implies that [[&||* =sup (||x|: xe A)=1. Note also that e =sup(XeE*: IX[|*<1)
implying that |7| <2 if and only if ||J||* <1 for all yin E*.

Ehaszasa strong unit and || X|*=inf(4: Ae>|%|) for all X in E. To prove

. _— 1 = .
this statement we choose X in E and let g= [|X|I*. Then ;I)'cl =1 which
o 1 : .
implies that Zl)‘dgé. Hence, |X|<ae. Also, [x||*=inf(1: Ae=|x|) since

IXI<[x]*e.

In order to show that ||+ || extends uniquely to £ we need only show that for
every X in E”J“c||*=inf(i:léglfcl);inf(llwlls w2|X|, weE)= %[ . Choose
any >0 such that 22>|%|. By hypothesis, w Aee E whenever weE. Hence,
if w>|%| and weE then w'=w A AzeE and w'Z|X|. Since |w|| < ||A8]|*=4 it
follows that for all 4 such that A& =|x| there exists an element w'>|x| with
weE such that |w/ <. Hence,

inf([|w'||: w=|%|, weE)<inf(1: 1e>|%)).

This completes the proof of the theorem.

We remark here that in the example preceding this theorem 2 =(1,2,1,2,...)
and although ||+| satisfies property (P) we do not have e A weE for all weE.
Infact, g £ (2,2,2, .. )=e¢E.

4. The Projection Property

Up to this point we have considered norm conditions which affect the
Uniqueness of norm extensions. We shall now consider a lattice condition on E.

A vector sublattice M in E is an ideal in Eif xe M whenever |x|<yand ye M.
An ideal M in E is a band in E if xeM whenever x=sup(x,: ae.o) and
{xa: x€/}<M. A band M in E is a projection band whenever given any x
n E*, sup(y: ye M and y<x) exists in E. sup(y: yeM and y<x) is an element
of M and is called the projection of x onto M. A vector lattice E is said to have the
Projection property whenever every band in E is a projection band. The vector
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lattice of all bounded real sequences with finite range has the projection property
but is not Dedekind complete.

Theorem 4.1. If (E, <, ||*||) is @ normed vector lattice and E has the projection
property then ||| extends uniquely to E.

Proof. Veksler has shown [8, Lemma 3] that whenever E has the projection
property and Xe E+ there exists a monotone sequence {x,} SE™ such that
0<x,1%in E and there exists an element Z in E+ and a sequence of positive real
numbers /, ] 0 such that |x,—%|< 4,2 for n=1,2, ...

Let |+ |l; be any extension of to E and choose % in E. Using Veksler’s
result we know there exists a monotone sequence {x,} € E* as described above.
Hence, there exists an element 2€ E+ and a sequence 4, 0 such that ||X]—x,|<
Jn2 n=1,2,....Then | |%] —x,||,—0asn—o0. Hence, || X|l; — || x,[| - 0asn— .
But then sup(|x,||: ne N)=|X|; where |-, is any extension of ||+|| to E. This
implies that I%l, = %!y for all % in E and ||*||» is the unique extension of

I to E.
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Almost Diagonal Matrices over Dedekind Domains

LAWRENCE S.LEVY*

Call a pair of matrices 4 and B over a ring R equivalent (notation: A~ B)
if B=PAQ for square matrices P and Q which are invertible over R. Clearly
every matrix A is equivalent to a matrix of the form

B, O (U

0 B, 0 0 B
or [01] or [B, 0]

0 O B, 0

0 0 0 0

where the B; and zeros are matrices (some of the blocks of zeros possibly
missing) and the B, are indecomposable in the sense that they cannot be further
reduced in this manner. (The diagonal placement of the B; should be inter-
preted to mean that if the entry in the lower right-hand corner of B, is in
row j and column k, then the entry in the upper left-hand corner of B;,, is
in row j+1 and column k+1. We do not suppose that each B; is square.)

How large can indecomposable matrices get? Can they be unboundedly
large?

The two main results of this paper are that, for a Dedekind domain R:
(1) The (ideal) class number, when it is finite, is a bound to the number of
rows and columns in every indecomposable matrix over R; (2) A necessary
and sufficient condition for the existence of a bound to the size of all indecom-
Posable matrices over R is the existence of a positive integer e such that,
for every ideal J of R, the ideal J¢ is principal. (The bound is then 2e—1.)
These theorems are supplemented by examples of “large” indecomposable
matrices,

Each of the results (1) and (2) generalizes the well-known fact that, over
a principal ideal domain, every matrix is equivalent to a diagonal matrix.

Fixed Notation. The letter R will always denote a Dedekind domain.

1. Interpretation by Modules

. The purpose of this section is to put some results of Steinitz and Krull
Into a form applicable to the problems of this paper.
\

* This research was partially supported by NSF Grant GP-7073.
7 Math, Z,Bd. 124
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For an m xn matrix A over R, let M, denote the R-submodule of R™
(= the n-th cartesian power of R) generated by the rows of 4; and let

S,=R"/M,.

(1.1) Theorem. For mxn matrices A and B over R, A~B<>S,=Sy (iso-
morphism of R-modules).

In view of (1.1) (to be proved below), we will need a description of precisely
which modules can occur as an S, for some 4 which is m x n of rank r.

Let L be an integral (that is, nonzero) ideal of R, and let the factorization
of L into powers of maximal ideals be

L=PW .. pe® (B+F when i+)).

We will call the ideals P°®” the separated divisors of L. For a finite sequence
L,,..., L, of integral ideals, we define its separated divisors, notation

div{L;}

i=1,r

to be the collection, counting multiplicity, of all separated divisors of the
individual ideals L, where “counting multiplicity” means that if P° is a
separated divisor of b of the ideals L;, then P¢ occurs b times in div{L;};_;,.
For fractional ideals (= finitely generated nonzero submodules of the field
of quotients Q of R) H and K, class H=class K will mean that ¢H =K for
some 0+qgeQ.
(1.2) Separated Divisor Theorem. (i) The modules S,, where A is mxn of
rank r, are precisely those of the form

("R/L,.)@H@R"—'—l if r<n
Sy, Ly H)yw=1 3
@ R/L; if r=n
i=1

where each L, is an integral ideal, H a fractional ideal; and where
classH=class[|L; if r=m
i=1
class H=class R if' r=nor0.
(i) If A and A’ are both mxn of rank r, then A~ A" if and only if
div{L};,_,,=div{L},_,, andclassH=classH'

In stating the above theorem we have adopted the convention that the
direct sum of the empty family of modules is the zero module, and the product
of the empty family of ideals is R. Thus R =0 and S(¢, R),..=R™

1 If r=n the choice of H is, of course, irrelevant. However, the choice indicated will enable
us to avoid stating many special cases later.
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Proof of (1.1). Krull [6, p. 18] calls two matrices 4 and B— not necessarily
of the same size—over R “equivalent” if there exist invertible matrices P
and Q, integers u and v, and blocks of zeros of appropriate size so that

P 0714 0110 0 B 0
[0 Iu] [0 0] [0 1,] - [0 0] '
(He writes this merely as PAQ = B.) We will call this equivalence Kruil equiv-
alence and use the notation A4 ~k B. Krull showed that, for matrices A and B
over R,
A~yB+=S,=S,

(1.3 <p(M,)=My for some R-automorphism § of R

where the second equivalence holds provided 4 and B have the same number n
of columns. The equivalence of the extreme left and right sides of (1.3) is a
restatement of [6, Theorems 11 and 18], while the equivalence

S4=Sp=BM)=M,

is a combination of [6, Theorems 19 and 17].

Another result we will need is [5, Theorem 2]: Jor fractional ideals H,
and K; of R,

(1.4) Hl@~--@H,;Kl@---@K,©classHH,:c]ass
i=1

K.

i=1

To prove Theorem 1.1 it will suffice, in view of (1.3), to prove that for
matrices A and B of the same size m x n,

(L5) A~B<> A~yB.

For a proof of the nontrivial implication “<" let ¢ 4. R™—R™ be right
multiplication by 4. Since every submodule of R™ is projective [10, (5.3)p.13
and (3.2) p.132] the homomorphism ¢, maps R™ onto a projective module,
and hence its kernel is a direct summand of R™. Thus we obtain the top
fow of the following diagram (for some U )

R™=(ker o )@ U, —"4— R™

. a=isomorphism B = isomorphism

R(’"’z(ker UB)('DUB — 98 ,R™ (O'B is 1-1 on Up).

The bottom row is obtained similarly. Let f be the isomorphism given by
(13), and note that o 4(R™)=M,. We now define the isomorphism (= iso-
Morphism onto) «. On U, define a to be the composition: & 4 then B then
(95| Up)=". This shows that U,= Uy and hence, by (1.4), that ker g ,~ker g,.

efine o, on ker o 4> to be any isomorphism of ker ¢, onto ker Og-
7‘
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Since « and f are isomorphisms, they are given by right multiplication
by invertible matrices (over R), which we will call P~' and Q respectively.
Then commutativity of the diagram above shows

XAQ=XP'B forall XeR™.

Taking X to be the element of R™ which has 1 in coordinate i and zero else-
where, we see that row i of AQ equals row i of P~!B. Since this is true for
every i, we get AQ =P~ !B, that is, PAQ =B, as desired.

Proof of Theorem (1.2). Let M be any submodule of R™. Then [6, Theorems
13 and 15] state that there exist simultaneous decompositions

(1) R""=Ry1(-B---@ Ryr—l @Hﬂ@H@R(""‘”,
(2) M=L1Y1@"’@L,_1y,_1€-)L,H‘1

where H™! and H are isomorphic to fractional ideals and, by (1.4), H™! is
isomorphic to the ideal inverse to H; and where each L, is an integral ideal.
Since H™'/L,H='*=~R/L, [3, 18.24; or see Krull’s proof, scattered through 6,
§10], it follows from (1) and (2) that

(3) R(")/MER/lq@"’@R/L,@H@R("_"”

where neither of the last two terms occur if n=r. This will prove that S, = R™/M,
has the form S(L,, ..., L,; H),,,, provided we know that the integer r in (3)
equals the rank of A4, and this follows from (2).

To obtain the “exceptional cases” stated in (i) of the theorem, suppose
first that r=m. Then the right multiplication map a,: R™ onto M, is 1-1
and hence R™=>M,. Thus, by (2) and (1.4) we see that class (L, ... L,LH')=

class R, that is, class H =class n L;.
i=1
When r=0, so that no L;’s actually occur in (2), we see from (1) and (1.4)
that class H=class R. Finally, we recall that the exceptional case r=n is just
a notational convention.
It is not difficult to see, in view of the above computations, that all the
possibilities described in (i) can actually occur.

The proof of (ii) can be found by combining the formula
R/L=@®{R/P°|P°ediv{L}}

[3, 18.18] with the Krull-Schmidt theorem [3, 14.5] and (1.4) above.

(1.6) Remarks. For the case that R is the ring of all algebraic integers in an
algebraic number field, the content of Theorems 1.1 and 1.2 can be found
scattered through [9]. However, I am not sure whether all of Steinitz’s proofs
are valid in an arbitrary Dedekind domain; and, in addition, I was not able
to supply the steps omitted from his proof (p. 343, the paragraph before §67)
that his definition of matrix equivalence (% Krull equivalence) is the same as
the “unimodular” equivalence we are using.
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The strictly module-theoretic portions of Steinitz’s and Krull’s theorems
about pairs of modules have been generalized in [7].

The following lemma will be used repeatedly in the next section. Its proof
is an immediate consequence of the fact that Sdiag.0)=Sp®S., where

diag(B, €)= [g g] .

(1.8) Diagonalization Lemma. Let
Sp=S(Ly, ... L, H),,, and Sc=S(L,,..., L H)
Sdiags,0)=S(Ly, ..., L,, L, ..., L;; HH')

pxq
Then
(m+p)x(n+q)°

Note. The Diagonalization Lemma remains true when p=0 (in which case
diag(B, C) should be interpreted to mean B followed by g columns of zeros)
and when ¢ =0 (here diag(B, C) means B followed by p rows of zeros). In both
of these cases we interpret S; to mean S(¢; R),,,=R®.

2. Diagonal Decomposition

In this section %(R) will denote the group of ideal classes of R: {class H|
H=fractional ideal} with multiplication (class H) (class K)=class(HK). The
order of €(R) will be written |€(R)|.

(21) Lemma. Let A,,,, be an mx n matrix of rank r over R. Then
D 0

A~ | pxa
[ o

Proof. Let S,=S(L,,..., L,; H), ,,. First suppose that m and n are both
2r+1,and put p=g=r+1. Then

] where p=r or r+1 and q=r or r+1.

(¥) Sa=S(Lys o, L H)yy (@S (43 R oy xner-

None of the restrictions on the ideal class of H enumerated in the Separated
Divisor Theorem (§1) arise in this case. The matrix associated with

S(¢; R)(m—p) x(n——q)gR("_q)/O

is the zero matrix Om—p)xn—g- If we choose for D a px g matrix such that
Sp=S(L,, s L,;H),,, then (x) together with the Diagonalization Lemma
tstablish the desired result for the case being considered.

If r=m the Separated Divisor Theorem shows that class H — class(L, ... L,);
and hence we can take p=r. Similarly if r=n we can take g=r.

Note that if Ais, say, 2 x 4 of rank 2 the lemma asserts that

a b ¢ 0
AN[defO]'
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(2.2) Theorem. Suppose €(R) is finite and let A, , be indecomposable over R.
Then m and n are both <|%(R)|. )

Proof. We will suppose that either m or n is >|%¢(R)| and show that A4 is
“strictly decomposable”, that is,

B, 0 B,
A~[0 Bz] [0] or [B;, 0]
with B,, B,, and the zero blocks actually present.

If m or n=r+2, then 4 is decomposable by the previous lemma. Hence
we can suppose

(1) m=r or r+1 and n=r or r+1 hence r=|%(R)|.
LetS,=S(L,,...,L,; H),,,, and consider the ideals
2 (L), (Ly L), (L L, Ly), ..n (L Ly ... L)

u v

If some two of these ideals are in the same class, say o] L;=[] L; with
i=1 i=1

1=
u<v, then we can use invertibility of the ideals L, to cancel the first u of them,

getting «R =[] L;. Thus, dfter a suitable renumbering of the L;, we obtain

i=u+1

P
3) class l_[ L;=classR (for some p=<r—1).
i=1

This will yield the decomposition (by the Diagonalization Lemma of § 1)

4) Sy=S(Ly, ey LyiR), o®S(Lyy oo Ly K pysine

Term 1 Term 2

provided that the restrictions in the Separated Divisor Theorem (when they
occur) are met.

Note that Term1 represents a nonsingular matrix. Eq.(3) gives the con-
dition which must be satisfied because its rank p equals its number of rows:
and since R occurs after the semicolon in Term 1, the condition due to p=the
number of columns is also satisfied.

The restrictions in the Separated Divisor Theorem occur in Term?2 when
its rank r—p equals m—p or n—p. (Note that r—p=+0 since p=r— 1); that
is when r=m or n. When r=m, the Separated Divisor Theorem, applied to A,

t
shows tha class H=class(L, L, ... L,).

Since the product of the first p of these ideals is principal (by (3)), we see that
L,, L,,,...L, is in the class of H, as required for Term2 of (4). Similarly
we dispose of the case r=n.

Thus we have established the decomposition (4) whenever some tw0 of
the ideals in (2) belong to the same class.



Almost Diagonal Matrices over Dedekind Domains 95

Suppose, now, that no two of the ideals in (2) belong to the same class.
We conclude from the inequality in (1) that, in (2), each element of %(R)
appears exactly once. In particular, the principal class occurs, say as class
(LyL,...L,). If p<r—1, as in (3), then we again obtain the decomposition (4).
If p=r, then Term?2 of (4) becomes S(¢; H), which is admissible only if H is
principal (in which case (4) works again).

Thus we are left with the case that H % principal, L, L, ... L, is principal,
and where (2) enumerates every class exactly once. Since H is not principal,
r#n (by the Separated Divisor Theorem, applied to A); so r+1=n.

Since (2) enumerates all the elements of ¥(R), there is a g such that

q
(5) classH=class [[L, (¢<r—1)
i=1
where the inequality results from the present hypothesis that L, L, ... L, is
principal. It follows that g <m, that is, 4 has enough rows to admit the following
“strict decomposition ”

6 Sa=SLys oy Ly By n®S Lt ooy L R ne gy ina -

To see that A has enough columns, merely observe that g+ | <r<r+1=n.
That (6) satisfies the remaining conditions imposed by the Separated Divisor
Theorem now follows from (5) and the corresponding condition (if any) satis-
fied by A.

(2.3)  Proposition. Suppose €(R) contains an element of order e> 1. Then there
exist indecomposable matrices over R of the following types:
(1) e x e nonsingular.

(i) ex e of rank e—1.

(iii) ex(e—1) and (e—1)xe of rank e—1.

Proof. By hypothesis there is a fractional ideal L such that I¢ is principal,
but I is not principal for 1<d <e. In fact there is an integral such L (replace
Lby r L where r is a common denominator for some finite set of generators
of L). By the Separated Divisor Theorem there is a nonsingular e x e matrix A
such that
(1) S,=S(L,L,....L;R)

e

e lterms

exe*

[n any decomposition of the form

2y

both B and D must be nonsingular, say Sp=S(L,,...,L,;R),,, and S,=
(L, voos Lgs R)e— by (o py Where 1<p<e and

p
&) [TL: is principal.
i=1
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Then the Diagonalization Lemma shows that S,=~S(L,,...,L.;R),,. and
therefore
4) div{L;, L., L}=div{L, L, ..., L},
r T

Let P be a maximal ideal and suppose P? is the highest power of P which
divides L. Then (4) shows that the highest power of P which divides each L,
must be P%. In other words, every L,= L. But then (3) becomes “I? is principal”
contradicting our choice of e. Thus A is indecomposable and we have estab-
lished (i).

For (ii) and (iii) take the same ideal L and choose a matrix 4 of one of
the following types
%) S = 8(Ly L; <ous: L R)szen

e i e
e—1 terms
(6) S,=S(L,L,...,L;R), (c—1)-
Te—Tterms

In either case suppose we have a decomposition of the form (2) with B of
rank p and D of rank q (p+g=e—1). If 4 is of the form (6) then B must have
p columns and D must have g columns; and hence one of them must be non-
singular. We can choose the equivalence (2) in such a way that B is non-
singular. The argument given for (i) now establishes the desired contradiction.

The same reasoning, applied to (5) shows that there is no decomposition
of the form (2) with B nonsingular. The remaining possibility is that B is
px(p+1) of rank p and D is (g+1) x g of rank g. Then the two exceptional
cases in the Separated Divisor Theorem show

S=S(L,L,...,L;I¥) and S,=S(L,L,...,L;R).
—n p—— N —p—

p terms q terms

But then S,@S), is not isomorphic to S, (by the second part of the Separated
Divisor Theorem and the Diagonalization Lemma) because I? + principal.
The proof is now complete.

Combining this with the theorem which preceeded it we get:
(24) Corollary. If #(R) is finite and cyclic, the maximum size for an indecom-
posable matrix A is |€(R)| rowsx|€(R)| columns. Such an A must either be
nonsingular or have rank |¢(R)|—1.

(2.5) Proposition. If €(R) has an element of infinite order, then there exist
unboundedly large indecomposable nonsingular matrices over R.

Proof. By hypothesis R has an ideal H no nonzero power of which is
principal. Hence the same is true of some prime factor P of H. For every
nonzero element x in P there is a factorization (e and each e(i)>0)

(1) PPV P p*®=Rx (P,R, ..., F, distinct primes).
. ool this ideal @
Choose an x which makes t as small as possible (note that, by hypothesis, t£0).
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Let n be an arbitrary positive integer. By the Separated Divisor Theorem
there is a nonsingular ne x ne matrix A such that

2) S,=S(PQ".P,P,...,P;R)
D

ne—1 terms

nexne*

We prove that 4 is indecomposable. If not, then in any “strict decomposition”
A=diag(B, C), both B and C must be nonsingular. Hence any such decom-
position of A would yield a decomposition

Sdiag(B. C)=S(L1’ » sy Lr’ R)rxr®S(Lr+l9 Lt Lne; R)(ne—r) x(ne—vr)

3 ~S(L,,...,L,,; R) (ne>r).

ne’ nexne

Then the second assertion of the Separated Divisor Theorem shows:

(4) diV{Li}i=l’"e={P‘ P,....P, Pl"em’ e Rne(r)}‘
ne terms

This forces the highest power of P which divides each L, to be P itself. Since
the term S(L,, ...,L,;R),,, in (3) comes from the nonsingular matrix B, we

must have []L; principal, say Ry. Factoring this into a product of primes,
i=1
with the help of (4), gives an expression (after a suitable renumbering of the P)

() PR pre@ | Pre®W =Ry  for some u<ne.
Minimality of ¢ in (1) shows that u=t. Hence combining (1) and (5) shows
P"*~"=R(x"/y) =principal

so that, by our choice of P, ne—r=0, contrary to (3); and this completes
the proof.

(2.6) Proposition. Let ¥(R) have finite exponent e, and let A be an indecom-
posable m x n matrix over R. Then m and n are both <2e—1.

Proof. Recall that the rank r of an indecomposable matrix cannot differ
from m or n by more than 1 (2.1). Therefore it will suffice to show that if
r22e—1, then A must be strictly decomposable. Since the case e=1, that is,
I€(R)|=1 was covered in (2.2), we can suppose e> 1.

Let S,=S(L,,...,L,; H),,, and factor each L, into a product of powers
of distinct prime ideals. Let P be one of the primes which arise in this way,
and let the power of P which appears in the factorization of Ly ;s <o Ly b6,
respectively,

(1) P40, pA@)  pAO (each d(i)20).

A theorem of Erd8s, Ginzburg, and Ziv [2] states that if a,, a,, ..., a,,_,
a sequence of elements in a solvable group of order v, then the g; can be
fenumbered in such a way that a, - a, ... a,=1. (A shorter proof of this theorem
IS given in [8]) It is easily seen, by repeated use of the theorem, that the
theorem remains true if the order of the group merely divides v.

is
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Since the cyclic subgroup of €(R) generated by class P has order dividing e,
we can apply the above theorem to the first 2e — 1 exponents in (1), remembering
that r=2e—1, to obtain

) (class P4M) (class P4?) ... (class P*®@)=class R;

in other words, the product of the first e terms in (1) is principal. Note that
the necessary rearrangement of (1) can be accomplished by redistributing the
appropriate powers of P among the L; without altering either div {L;} or the
distribution of the remaining primes which divide the L;.

After doing this with each prime P which appears in the factorization of

some L; we obtain that []L; is principal. This permits the decomposition
i=1

(3) SA =S(Ll’ sy, Le; R)exe@s(l‘e+l’ Ly Lr’ H)(m——e)x(n-e)
provided that the exceptional cases in the elementary divisor theorem do not

cause difficulty with the summand on the extreme right of (3). The situations
in which these exceptional cases arise are

r—e=m—e (&r=m)
C)] or r—e=n—e (<r=n)

or r—e=0 (er=e).

There is one more possible exceptional situation: If m—e=0=n—e then the
extreme right-hand term of (3) is zero.

The first two possibilities cannot cause difficulty because

class ( [T L,-) =class (n Li) (since [TL;: is principa])
i=1

i=e+1 i=1

so the condition in question is guaranteed by the corresponding condition
for S,.

If r=e, then from r=2e¢—1 we get the case e=1 which has already been
disposed of.

Finally, if m—e=0=n—e, that is, m=n=e, then 4 is exe; and since
e<2e—1 when e>1, there is nothing to be proved about A.

Thus matrices corresponding to the right-hand side of (3) decompose A
as desired.

Remark. 1 am indebted to Sylvia Wiegand and Henry Mann for calling
my attention to the above theorem of Erdds, Ginzburg, and Ziv, thereby
considerably improving my original bound in Proposition 2.6. However, since
the papers referred to are not all easy to obtain, I would like to add that
only the existence of a bound to the size of indecomposable matrices (not
its actual value) will be needed in the proof of Theorem 2.7 below.

It is easy to see that e¢ will do, in place of 2(e—1), in Proposition 2.6
If r=¢° then some exponent must occur in (1) at least e times (modulo ), and
hence we can obtain Eq.(2) with d(1)=d(2)=--- =d(e) (modulo e).
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Establishing the second main theorem is now merely a matter of putting
together the preceding results.

(2.7) Theorem. There is a bound to the sizes of all indecomposable matrices
over R if and only if €(R) has finite exponent.

Proof. If %(R) does not have finite exponent then either: (i) It contains
elements of unboundedly large finite order, in which case (2.3) shows that R
has unboundedly large indecomposable matrices; or else (ii) It contains an
element of infinite order, in which case (2.5) shows R has unboundedly large
indecomposable matrices.

Conversely, if €(R) has finite exponent e, then (2.6) gives a bound for all
indecomposable matrices over R.

Remark. In this paper we have found an interpretation of two of the
invariants of ¢(R) in terms of the matrix theory over R, namely the order
and exponent of €(R). In view of the theorem of Claborn [1] that every abelian
group can appear as €(R) for some Dedekind domain R, it would be interesting
to know what other invariants of ¢(R) can appear in the matrix theory over R.
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Eine Kennzeichnung der symplektischen
und orthogonalen Gruppen iiber GF(4)

KLAUS-JURGEN FLEISCHER

In dieser Arbeit wird der folgende Satz bewiesen:

Hauptsatz. Sei G eine endliche Gruppe, die von einer Konjugiertenklasse D

von Involutionen erzeugt wird. Auflerdem gelte
(i) Sind d,eeD, so gilt (d-e)"=1 fiir ein ne{2, 3, 5}.

(ii) Es existieren drei paarweise verschiedene Elemente d,e, feD mit
d-e=1=d-f)>.

(i) ©,(G)=1=Z(G).

(iv) Sind d, feD zwei verschiedene Elemente mit (d-f)°=1, so ist
Cprle)n{d, >0 fiir alle eeD.

Dann ist

(a) G~Sp(2n,4) fir ein n=1, falls zwei Elemente c,deD existieren mit
cdeD,

(b) G~0*(2n, 4) fiir ein n=2, falls cd¢ D fiir alle ¢, deD.

Alle unter (a) und (b) angegebenen Gruppen erfiillen die Voraussetzungen.
Involutionen, die der Bedingung (i) geniigen, heiBen {3, 5}-Transpositionen in
Analogie zu den von Fischer untersuchten {3}-Transpositionen [4]. Bedingung
(i) schlieBt Entartungsfille aus; gibt es keine zwei verschiedenen Elemente
aus D, deren Produkt die Ordnung 5 hat, so wird G von {3}-Transpositionen
erzeugt, und diese Gruppen wurden in [4] bestimmt. Gibt es keine zwei
Elemente aus D, deren Produkt die Ordnung 3 hat, so wird G von {5}-Trans-
positionen erzeugt. Es wird vermutet, daB alle derartigen Gruppen auflosbar
sind.

Bedingung (iii) schlieBt Gruppen mit auflésbaren Normalteilern aus. Andere
im wesentlichen einfache Gruppen, die ebenfalls von {3, 5}-Transpositionen
erzeugt werden, werden durch Bedingung (iv) ausgeschlossen. Dies sind dic
Gruppen SU(n, 4%) fiir n=3 und O(n, 5) fiir n>3. Es ist nicht bekannt, ob s
weitere Gruppen mit dieser Eigenschaft gibt.

Durch (iv) ist es moglich, alle Untergruppen zu bestimmen, die von 3 !H'
volutionen aus D erzeugt werden, was fiir den Beweis des Satzes wichtig 1st.
Dies geschieht im 2. Kapitel.

Der eigentliche Beweis des Hauptsatzes erstreckt sich auf die Kapitel 3
bis 6. Wir bestimmen dabei zunichst die Struktur von {Cp(d)), des ,,D-Zen-
tralisators“ einer Involution deD. Kapitel 3 bestimmt die Anzahl der Involu-
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tionen aus D im Zentrum; im 4. Kapitel zeigen wir mit Induktion, daB (Cp(d))
modulo seinem maximalen auflosbaren Normalteiler zu einer symplektischen
Gruppe Sp(2n—2,4) isomorph ist. Diese Kenntnisse, zusammen mit Bedin-
gung (iv), gestatten uns, die Michtigkeit von D zu berechnen.

Im 5. Kapitel konstruieren wir dann fiir den Fall (a) aus D einen symplekti-
schen Raum, auf dem G als Automorphismengruppe operiert. Fiir Fall (b)
zeigen wir im 6. Kapitel, daB der von D gebildete Graph zu einem Graph der
Transvektionen einer orthogonalen Gruppe isomorph ist und daB G wie eine
orthogonale Gruppe auf D operiert. (Ein Graph besteht hierbei aus den Involu-
tionen, zusammen mit den Ordnungen der Produkte von je zwei Involutionen.)

Ich mdchte Herrn B. Fischer fiir Ratschlige und hilfreiche Diskussionen ganz besonders
danken.

1. Bezeichnungen und Grundlagen

Alle betrachteten Gruppen sind endlich. Zur Bezeichnung von speziellen
Gruppen verwenden wir folgende Symbole

C, die zyklische Gruppe der Ordnung p;

D,, die Diedergruppe der Ordnung 2p;

E, die elementar abelsche Gruppe der Ordnung p’’;
As die alternierende Gruppe vom Grad 5:

%, die symmetrische Gruppe vom Grad n;

W(D,) die Weyl-Gruppe zur Lie-Algebra D,,.

Die Bezeichnung der klassischen Gruppen richtet sich nach Huppert [5].

Ist g ein Gruppenelement, so bezeichnet o(g) die Ordnung von g. Werden
im folgenden Involutionen graphisch dargestellt, so bedeutet eine einfache
Verbindungslinie zweier Elemente d, e, daB o(d - e)=3 ist; eine dreifache Ver-
bindung besagt, daB o(d - €)=5 ist. Sind zwei Involutionen nicht verbunden,
so sind sie vertauschbar. Falls nicht ausdriicklich anders vorausgesetzt, so sind
zwei verschieden dargestellte Elemente stets voneinander verschieden. (Es gilt
also o(d - ¢)=Anzahl der Verbindungsstriche +2.) Eine derartige Darstellung
einer Menge D, von Involutionen nennen wir den Graph von D,,.

(1.1) Definition. Sei G eine Gruppe und D eine Menge von Involutionen
V0f1 G mit {(D)>=G. Sei N eine (endliche) Menge natiirlicher Zahlen =3. Dann
heiBt D eine Menge von N-Transpositionen von G, wenn folgende Bedingungen
gelten

() DS=D.
(i) Sind d, eeD, so jst o(d - e)e{1,2, N}.
D heiBt eine Menge von N *-Transpositionen, falls zusitzlich gilt
(iii) Zu jedem ne N gibt es Elemente d, ee D mit o(d - e)=n.

Im folgenden bezeichnet D stets eine Konjugiertenklasse von {3,5}*-
Transpositionen und G={D) das Erzeugnis von D. AuBerdem gelte fiir D
Stets die Bedingung
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(Z) Sind d,xeD mit o(d - x)=S5, so ist Cple)n<d,x)+0 fiir alle eeD.

Wir bezeichnen mit (S) und (O) folgende zwei Bedingungen (symplektischer
und orthogonaler Fall):

(S) Es existieren zwei Elemente c,de D mit cdeD.

(O) Fiir zwei beliebige Elemente c, de D gilt stets cd¢ D.

Mit diesen Bezeichnungen formulieren wir noch einmal den

Hauptsatz. [st Z(G)=1=0,(G), so ist

(a) G~Sp(2n,4) fir einn21, falls (S) gilt,

(b) G=0%(2n, 4) fiir ein n>2, falls (0) gilt.

Wir werden in dieser Arbeit einige Eigenschaften von symplektischen und
orthogonalen Rdumen iiber GF(4) und deren zugehorigen Gruppen bendétigen,
die wir im folgenden kurz zusammenstellen wollen. Beweise finden sich teil-
weise in [3]; einige spezielle Eigenschaften sind leicht verifizierbar.

Sei V ein 2n-dimensionaler Vektorraum iiber GF(4), dem Korper mit
4 Elementen, wobei n 2 1. Ist auf V eine nicht ausgeartete symmetrische Bilinear-
form (, ) definiert, fiir die (v, v)=0 fiir alle ve V gilt, so ist V ein symplektischer
Raum. Sind a, be V zwei Vektoren mit (a, b)+0, so heiBt das Erzeugnis <{a, b)
eine hyperbolische Ebene von V. Das orthogonale Komplement einer hyper-
bolischen Ebene {a, b) ist ein (2n— 2)-dimensionaler Unterraum U =<{a,b)*,
und V ist die direkte Summe von {a, b)> und U. Wir schreiben V={a,b) L U.
Offenbar 148t sich V in eine direkte Summe von n hyperbolischen Ebenen
zerlegen, die paarweise orthogonal zueinander sind.

Sei ae V mit a=+0. Dann ist die Abbildung

t(a: v-ov+(@,aa fir veV

eine Transvektion von V. Umgekehrt gibt es zu jeder Transvektion ¢ von.V
ein ae V X {0}, so daB t=t(a). Die Abbildung a — t(a) fiir ae V X {0} ist bijektiv.
Alle Transvektionen von V sind Involutionen, und es gilt fiir a, be V X {0}

t(a)-t(b)=t(b)-t(a) falls (a, b)=0;
o(t(a)-t(b))=3 falls (a,b)=1;
o(t(a)-t(b)=5 falls (a, b)¢{0, 1}.
Da alle symplektischen Gruppen von ihren Transvektionen erzeugt werden,
ist T={t(a)lae V" x {0}} eine Konjugiertenklasse von {3, 5} *-Transpositionen
von Sp(2n, 4).
Durch zusitzliche Definition einer quadratischen Form Q auf ¥ mit

Q(k-a+h-b)=k*>-Q(a)+h*-Q(b)+k-h-(a,b)

fiir k, ke GF(4) und a, be V wird V zu einem orthogonalen Raum iiber GF(4)
Die symplektische Transvektion t(a) ist genau dann auch orthogonale Trans-
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vektion, wenn Q(a)=1. Fiir Q gibt es bis auf Isomorphie zwei Moglichkeiten;
in einem Fall ist die Dimension des maximalen singuliren Unterraums n, im
andern Fall n—1. (Ein Unterraum W heiBt singulir, wenn fiir jedes we W
gilt, daB Q(w)=0.) Wir bezeichnen die zugehdrigen Gruppen mit 0O*(2n, 4)
und 0~ (2n, 4).

(1.2) Lemma. Sei G eine der Gruppen Sp(2n,4), 0*(2n, 4) oder 0~(2n, 4).
Sei T die Menge der Transvektionen aus G.

(i) Ist G~Sp(2n,4), so ist |T|=4>"—1.

(i) Ist G=0*(2n,4), so ist |T|=4""1(4"—1).

(ii1) Ist G~0~(2n,4), so ist |T|=4""1(4"+1).

Diese Zahlen ergeben sich durch Abzihlen der Vektoren #0 im symplekti-

schen Fall und durch Abzéhlen der Vektoren a mit Q(a)=1 im orthogonalen
Fall.

2. Gruppen, die von 3 Involutionen erzeugt werden

In diesem Kapitel bestimmen wir alle Untergruppen von G, die von drei
Involutionen aus D erzeugt werden. Nach Coxeter und Moser [2], gelten
folgende Aussagen

(2.1) Lemma. Seien d, e, f, g Involutionen.

OGilt & & § soistldefd~Z,.
(i) Gile & &—F .soist{d,e,f>=A, wobei A ~AsXZ(A) und
1Z(4)<2.
(ii) Gilr ¢ g L Lsoist{d,e f,g>=W, wobei W~W(D,) oder

L

W~W(D,)zZ(W(D,)).
(iv) Gilt ¢ 5 undisto(d®- f)=3, so ist {d,e,f>=H, und |H|=>54.
;f

Die Involutionen in (ii) und (iii) konnen Jjeweils zwei verschiedene Gruppen
trzeugen, die sich durch die Ordnung des Zentrums unterscheiden. Der Be-
quemlichkeit halber werden wir in Zukunft fiir beide Gruppen die Bezeich-
fungen A% und W*(D,) gebrauchen. A~A* bedeutet also A~As oder
A~45x C,; Entsprechendes gilt fiir W*(D,,).

22) Lemma. Seien d,e, feD mit o(d-e)=3 und o(d-f)=5. Dann ist
e, fy~ 4%,

Beweis. Wegen (Z) ist e mit einem Element ge{d, f> D vertauschbar.
Nach (2.Lii) folgt <d, e, f>=(d, e, g) ~ A%,
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(2.3) Lemma. Seien d, e, fe D mit

d e

;f
Dann gilt d°- f=f - d°.

Beweis. Angenommen, esist o(d° - f)=5. Dannist {d, e, ) ={d, d*, f >~ A%
nach (2.2); in A¥ existieren jedoch keine drei Elemente, welche die voraus-
gesetzten Relationen erfiillen.

Angenommen, es ist o(d®- f)=3. Dann ist {d, e, f)=H eine Gruppe der
Ordnung 54 nach (2.1.iv). Es folgt |d¥|=9. Sei xe D mit o(x - f)=35. Wegen (2)
ist jede der neun Involutionen aus d mit éiner Involution aus <{x, f) ver-
tauschbar. O.B.d.A. kann deshalb x mit d und e vertauschbar gewihlt werden.
Dann gilt fiir jedes ye{d, e, d°}

o(y-xN)=o0(y" - x)=0(f*-x)=0(f-x)=5;

also

Nach (2.2) ist {d, e, x>~ A¥; jedoch gibt es diese Relation in A% nicht. Dem-
nach ist d°- f=f - d°.

(2.4) Lemma. Seien d, r, ee D mit

d r e
———o—>0

Dann ist o(r*¢-r)#5.

Beweis. Angenommen, es ist o(r*°-r)=5. Es ist o(r*®-d)=o(r-d)=5;
o(-r)=o(r*-r)=5und o(r*® - d)=o0(r*- d)=0(r*" - d) +2. Da r*® mit einem
Element aus {d,d",d"% r%,r} vertauschbar ist, gilt o(r*-d")=2. Deshalb ist
o " -d)=2=0(""%. d)=0(r" - d). Wegen o(r*® - r)=5 ist re (r#e ", 1),
und somit auch o(r-d)=2, entgegen der Voraussetzung,

Sei V ein symplektischer Raum der Dimension 2n>4, und seien a, be V' mit
(@, b)=1. Sei ce<a, b) * mit c+0. Sei B=t(a), t(« - b), t(a+c)), wobei ae GF(4)
und O+a#+1. Dann ist |B|=160, und B ist das semidirekte Produkt emncs
elementar abelschen Normalteilers der Ordnung 16 mit einer D;,. In B gibt
es 20 konjugierte Transvektionen, die in 5 Klassen zu je 4 paarweise vertausch-
bare Involutionen zerfallen. (Wir iibergehen hier die Verifikation dieses Ergeb-
nisses.)

Bezeichnung. Wir werden im folgenden den Isomorphietyp dieser Gruppe B
mit Bs bezeichnen.
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(2.5) Lemma. Seien d, r, eec D mit

d 0 e

o=—=r——n
Ist o(r*® -r)=3, so ist {d,r,ed~A%. Ist o(r*e-r)=2, so ist <d,r, e>~B;.

Beweis. Ist o(r"*-r)=3, so folgt nach (2.2), daB d,r,e)=<{rr, ey ~ A%

Sei 0(r*®- r)=2. Dann erfiillen die Transvektionen t(a), t(x-b) und t(a+c)
die gleichen Relationen wie d,r und e. Demnach besitzt {d,r,e) als homo-
morphes Bild eine Bs. (Wegen d+r+e+d gibt es keine Relation zwischen
d,r und e, die nicht auch von den Transvektionen erfiillt wird.) Das Neben-
klassenabzihlverfahren von Todd und Coxeter [6] ergibt |<d,r,e>|<160.
Demnach ist {d,r,e) ~ B,.

Damit sind alle Untergruppen von G, die von 3 Involutionen aus D erzeugt
werden, bestimmt. Es gilt folgender

(2.6) Satz. Seien d, e, J€D mit d+e+ f+d. Dann ist {d,e, f> isomorph zu
einer der folgenden Gruppen

dye, f {d,e, > Beweis

(1) o o o Eg oder E,

) 5 s C, x Dy

) °o &= C, XDy

“) o—o—o b (2.1)

®)] o— = A% (2.L.i)

(6) = A% oder B, (2.4) und (2.5)

(7) %, oder Z (2.3)
v 4 3

®) A¥ (2.2)
7 5

©) A* (2.2)
v 5

Die Relation

v

'St wegen (Z) zu einer Relation (6) dquivalent.
8 Math.z, gy 124
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3. TI-Mengen

Ist C der Zentralisator einer Involution deD, so ist es moglich, daB Z(C)
noch weitere Involutionen aus D enthilt. Diese bilden zusammen mit d eine
TI-Menge. In diesem Kapitel bestimmen wir die Méchtigkeit solcher TI-
Mengen.

(3.1) Bezeichnungen. Sei de D. Dann ist

E; ={eeD|Cp(e)=Cp(d)};
D, =Cpd)NE;

4, =DXCp(d);

Ay 3={xeDlo(x-d)=3};
A, s={xeDl|o(x-d)=5}.

(3.2) Lemma. Sei deD und ecE;. Ist A; 3N A, 3%0, so gilt Ay 3=A, ;.

Beweis. Sei xe Ay 3N A, 3. Angenommen, es gibt ein ye 4, 30 A4, 5. Dann
tritt einer der folgenden drei Fille ein:

1) d e
X y
Dann ist

2=0(x-y)=0(x-d)=0(x-Y)=0(d*-&)=0(e*- &) =0(x - "),

da Cp(d@%)=Cp(e’) und Cp(d*)=Cp(e*). Wegen o(x-y)=2=o0(x-€") folgt
o(x - e)=2, entgegen der Voraussetzung.

2) d e
X Y

Nach (2.3) ist d - x* =x" - d. Es ist aber {e, x, y> > A¥ und o(e - x*) 2. Demnach
ist e¢ E;; ein Widerspruch.
3)

b

X

Dann ist {d, x, y>~A* und o(d-x**)=2. AuBerdem folgt (e, x, y)>~A% und
o(e- x**)#2. Dies besagt, daB e¢ E,; ein Widerspruch.
Somit ist A; 31 A4, s=0, und es folgt 4, 3=A4,,3.

(3.3) Lemma. Seien d, e vertauschbare Elemente von D mit o(d - f )=ole -f)
fiir alle feDX{d, e}. Dann ist d - e D, (G).
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Beweis. Offenbar ist ecE, und A 3=A, ;. Demnach gehoren d,e zu
Vi={veE4|A, 3=A4, 3} Sei Q(V)={v, - v2|vy, ;€ V,;} und E=E,. Wir werden
zeigen, daB die Elemente von Q(V}) auf {E?| g€ G} trivial operieren; also daf
E*1=E® fiir ge G und ge Q(V)).

0.B.d.A. kdnnen wir annehmen, daB g=d-e. Es geniigt zu zeigen, daB3
Cp(f*)=Cp(f)ist fiir fe E-. Ist JeCp(d)=Cp(e),soist f4°=f Ist fed, s=4,,,
sofolgt, daB Cp(d”) = Cp(e’) und somit C,(f4)= C,( f).Seidaher fed, s=A, 5.
Nach (2.6) ist <d, e, f>~A¥* oder ~Bs. Wiire {d, e, f >~ A%, so gibe es ein
Element in A, 31 A, 5. Deshalb ist {d,e,f>=B~B,.

Angenommen, es gibe ein xeC,(f 99N A s- Dann ist x wegen (Z) mit
genau einem Element aeCp(d) B vertauschbar. Wiederum wegen (Z) folgt
aber aus ecE,. daB auch aeE, Demnach ist x mit jedem Element von
Cp(d)n B vertauschbar. Dieser Widerspruch beweist, daB C,( f*)=Cyh(f)
und daB3 somit Q(V,) auf {E*|ge G} trivial operiert.

Sei M={Q(V,)%). Es folgt nun M <0,(G) und demnach d - ecD,(G).

(3.4) Korollar. Sei deD und ecE;, mit d+e. Sei ©,(G)=1. Dann ist
43N A, 3=0.

Beweis. Angenommen, es ist Ay 3N A, 3%9. Nach (3.2)ist dann 4, ;= A, 3,
und aus (3.3) folgt dee®, (G)=1. Es ist also d=e¢ im Widerspruch zur Voraus-
setzung,

(3.5) Lemma. Sei deD und xe A,y. Dann ist {Cp(d), x>=G.
Beweis. Sei {Cp(d), x>=H. Ist x€A, s, so folgt wegen (Z), daB

H=(Cp(d)v Cp (@)L Cp(@d) U Cp(x*) U Cp(x)> ={D)=G.

Ist X€Ay 3, so existiert wegen Ay, s*0 und (Z) ein ee A, s Cp(d). Da d und
e unter {d, x, e) ~ A¥ konjugiert sind, ist Cp(e)=H, und es folgt

H={Cp(e),x>=0G.

(3.6) Satz. Sei deD, und sei 0,(G)=1=Z(G). Dann ist
@) |E,|=3, falls (S) gilt:
(b) |E,|=1, falls (0) gilt.

Beweis. Es gelte (S). Sei ceD mit cdeD, und sei feCp(d). Angenommen,
&s ist o(c -f)=pe{3,5}. Dann ist (cd-f)*=(cf)*+1 und (cd- f)P=d; also
réc'd *f)=2p, was nicht sein kann. Demnach ist Cp(d)=Cy(c)=Cp(cd), und

dl23.

Angenommen, es ist |E,|> 3, und seien {c,d,cd, b} =E,. Sei xe A, 3. Dann
folgt X€A, sN Ay 5N A s nach (3.4), und (x, ¢, d) ist zu keiner der Gruppen
aus (2.6) isomorph; ein Widerspruch. Demnach gilt (a).

Angenommen, es gilt (0) und |E,|=>2. Sei ecE, mit e+d, und sei xe A, 5.
Dann gt x€A, s nach (34), und {d,x,ed=A~A* Es gibt genau ein
€Ch(d)n Amitd+a+e. Ist yeCp(d)=Cp(e), so folgt wegen (Z), daB ye € (a).

iid
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Demnach ist €p(e)< C;(ade) und auBerdem xe Cg(ade), da adee Z(A). Nach
(3.5) ist aber {Cp(e), x> =G; deshalb ist adee Z(G)=1; im Widerspruch zu (0).
Deshalb gilt auch (b).

4. Der Zentralisator einer Involution
In diesem Kapitel bestimmen wir die Struktur von {D,).
(4.1) Lemma. Sei Z(G)=1, und sei deD. Ist D;=9, so ist G=~Sp(2,4).

Beweis. Sei D,={. Seien d, e, xe D mit o(d - ¢)=3 und o(d - x)=5. Wegen (Z)
gilt D= U E,, wobei Y =(x,d)nD. Demnach ist |[D|<15. Andererseits ist
Y

ye
{d,e,x)~A¥, und es folgt D=<{d,e,x)=G. Wegen Z(G)=1 ist G~As, und
As~Sp(2,4) nach [1].

Demnach ist der Hauptsatz fiir D, =9 richtig, und wir konnen im folgenden
Induktion verwenden. Wir setzen fiir den Rest des Kapitels folgende

Voraussetzung. Es sei Z(G)=1=0,(G) und D %0.
(4.2) Lemma. D, ist eine Konjugiertenklasse in {(D;.
Beweis. Angenommen, D, ist keine Konjugiertenklasse in {D;». Dann gibt

es eine Zerlegung D;= U W, mit m> 1, wobei die W; Konjugiertenklassen in

i=1
(W, sind, und W,cC,(W) fiir i=+j. Es ist o.B.d.A. |W|=|W| fir 1<igm.
Sei W=W,.

Wire |W|=1, so wire {E,uD,> abelsch und D,=9, im Widerspruch zur
Voraussetzung. Deshalb ist |W|> 1.

Sei K=IN, (W)X W. Dann ist K ein normaler Komplex in {IN,(W)). Es
folgt K< Cp(W), und {E,;, W,} < K. Sei xeK. Dann ist W< D,. Da W eine
Konjugiertenklasse in (W) ist, folgt wegen der Maximalitit von |W/, daB
W ein normaler Komplex von (D.) ist. Demnach ist Cp(x) <Ny (W) fiir alle
xeK.

Es ist sogar N, (W)= Cp(x) fiir xe K. Sonst wire nimlich G <N (W) nach
(3.5), und WS=W, was nicht sein kann. Deshalb ist Cp(d)=Np(W)=Cp(x)
fir xeK, und K € E,; ein Widerspruch zu W, K.

Wir konstruieren nun folgendermaBen eine Kette von Normalteilern

von {D;>: N,=M=0,({D,))

Ni/Nyi 1 =Z(Dg)[Ny;y) fir i=1,2,...
N, i1 1/N2i=0,(KDg)/Ny;)  fur i=1,2, ...
Offenbar gibt es eine natiirliche Zahl k, so daB N,=N, ,; =N;,,, und €S ist
dann ©,(KD,;)/N)=1 und Z({D,;»/N)=1 fiir N=N,.
(4.3) Lemma. Seien e, fe D,. Dann gilt e - fe N genau dann, wenn
e feM=0,({(Dy).
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Beweis. Sei e- feN. Sei k die kleinste natiirliche Zahl, so daB N, =N. Ist
k=1, so ist nichts zu zeigen. Sei also k>1, und sei geDy;Nn A,. Dann ist
o(g-e)=pe{3,5}.

Angenommen, es ist o(gN -eN)=1. (Dabei bezeichnen gN und eN Ele-
mente der Faktorgruppe <D,)/N.) Dann ist egeN;alsoegN,_,eZ({(D,)/N,_,)
oder €0, ({D;»/N,_,). Wegen o(g-e)=p impliziert dies egeN,_4, und nach
Induktion folgt ege M, was nicht sein kann.

Demnach ist o(g N - eN)+140(gN ‘fN).DaeN=fN, gilt
p=0(g-e)=0@gN-eN)=0@gNfN)=o(g- f).
Nach (3.3), angewandt auf die Menge D,, folgt nun e fe0,({D))=M.
(4.4) Lemma. Seien d, x, ec D mit

d X e

oO—Cc—=>
und sei fe Cp(d)N<{d, x, > mit d+f=+e. Ist yeA, , NA, 3, 50 ist yeA, 3.

Beweis. Angenommen, es sind y und f vertauschbar.

xy
N

o(xy)="?

Wegen (Z) ist y auBerdem mit einem Element von {x, x°, e*¢, ¢*} vertauschbar.
0.B.d.A. geniigt es, zwei Fille zu betrachten.

I.Fall. o(x - y)=2. Dann ist
0l Y=o(x*X/> . p)=o (™. y)=o(x/** . y)=o(x/* - d) = o (x'* - d) =5,
ein Widerspruch zur Voraussetzung.
2.Fall. o(e* - y)=2. Dann ist o(x*-d)=o(x-d)=3; o(y-d)=3 und
oY - d)=o(x'- y)=0(x*- y)=0(x****- y)=o(e - y)=3.
Nun ist aber o(x*-y)=o(x'-y)=o(x- y)=5, und (x%, y,d)~A¥. Dann folgt
aber aus o (x4 - d)=3 und o(y-d)=3, daB o(x*. d)=35; ein Widerspruch.
Angenommen, es ist o(f-y)=5. Wegen (Z) ist y mit einem Element
von {x,x/, f*/, f*} vertauschbar, und nach geeigneter Wahl von x (evtl.
Vertauschung von d und e) gilt yeCp(f*/). Dann ist o(x - y)=5. Es folgt,
daB entweder e*eCp(y) oder x°eCph(y). Wire e*eCp(y), so wire auch
(e, fxry ND<=Cp(y), und deCy(y). Deshalb ist x°eC,(y). Nun sind
xS, f57, ext } drei paarweise vertauschbare Involutionen aus (x,e, [y~ A%,
und wegen (Z) ist auch ¢*/¢ C,(y). Es ergibt sich der folgende Widerspruch
3=0(e‘Y)=0(€’fx"f')’)=0(xef'}’)=0(xd')’)=0(d'yx)=5‘
Deshalp jst o(f-y)=3.
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(4.5) Satz. Es ist {D,»/N ~Sp(2n—2,4) fiir geeignetes nx2.

Beweis. Die Aussage folgt nach Induktion, wenn wir beweisen, daBin {(D,/N
die Bedingung (S) erfiillt ist. Wegen (3.6) geniigt es zu zeigen, daBl zwei ver-
schiedene Elemente e, fe D, existieren, so daB €p(e)nDy;=Tpl( f)n D, und
eféN.

Sei xe A, 3. Angenommen, es ist DyN A, s=0. Dann gilt wegen (Z), daB
Ay sS<{x, Ep, und {x,E;>nD ist eine TI-Menge von G. Sei yeD,;N A, 3.
Dann ist wegen d”*e {x, E;» auch x’*=ye{x, E;). Dies kann jedoch nicht sein;
es ist also Dy,nA, 3=0, und D,=D,. Nun folgt D§* @ = p§=D,, ein
Widerspruch.

Demnach existiert also ein ee DyN A, 5, und {d, x,ey=A ~ A¥. Somit gibt
es ein feD;N A und f+e. Wegen (Z) folgt Cple)nD;=Cp(f)ND,.

Angenommen, es ist D;n A4, 3=90. Dann ist auch D;nD,=0; denn D
und D, sind Konjugiertenklassen. Sicherlich gibt es jedoch ein zeDy;N A, s,
und x ist mit einer Involution aus {e, z) vertauschbar; ein Widerspruch zu
D,nD,=0.

Sei yeDyN A, 3. Wegen (4.4) ist y¢A; 3, und es folgt e f¢N.

Bezeichnung. Sei e D, und M =0,({D,»). Wir setzen q=|eM|.

(4.6) Lemma. Es ist |D;|=q - |D;N/N|.

Beweis. Da D,n N =0, geniigt es zu zeigen, daB eM nD,=eM. Klar ist,
daB eMceMnD,. Sei also feeMnD,;. Dann gibt es ein yeD;NA, 3=
D;N A, 5. Es gilt dann f=e*/"eeM.

(4.7) Lemma. Sei ecD,. Dann ist g=|e"|<4 und |eMAD. |1 fiir xeAy.
Ist g=4, so gilt |eM N D,|=1 fiir alle xe A;.

Beweis. Sei fee™ und xe A,. Offenbar gilt
Cp(d) N Cp(e)=Cp(d) N Cp(f)=Cp(e) N Tp(f).

Deshalb kann x nicht sowohl mit e als auch mit f vertauschbar sein, und
|eM ND | 1.

Sei ye Dy;n A, N A, 5. (Bei geeigneter Wahl von e existiert solch ein y sicher-
lich.) Dann ist jedes Element von ¢ mit einem Element aus {x, ¥, x"%, y'}
vertauschbar. Wegen |eM nD,|<1 fir alle xe 4, folgt g=|eM|<4. Ist q=4
so folgt auBerdem |e™ N D,|=1 fiir alle xe 4,.

(4.8) Bezeichnung. Sei deD und ee D,. Dann ist
F(d,e)={feDy|Cp(e)nDy= Cp(f)nDy}-

Nach (4.5) gilt offenbar |[F(d,e)|=3-q.
(4.9) Lemma. Es ist
(a) g=4, falls (S) gilt;
(b) g=1, falls (0) gilt.
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Beweis. Angenommen, es ist g>1. Sei eeD, und feeM mit f+e. Sei
x€A, 3N Ay s. Dann ist {e,x,f>=A~A% Sei geAnCple) und e+g=*f
Wegen (Z) gilt €Cp(e)nDy=Cp(f)nD,=Cp(g)ND,, und geF(d, e)UE,. Sei
yeDsn A, 3. Dann ist auch yeA, ;, und nach (4.4) folgt yeA, ;. Deshalb
ist geeM, und g=4.

Es gelte (S). Dann ist E,S F(d, ¢), und auBerdem liegt das in (4.5) kon-
struierte f in F(d, e). Dabei ist f¢E,; demnach ist g>1 und nach dem ersten
Abschnitt g=4.

Es gelte nun (O). Angenommen, es ist g>1; also g=4. Dann ist
|F(d,e)nD,|=3 fiir jedes xe A, nach (4.7). Sei he F(d, e)n D,. Es ist F(h, d)=
(F(d,e)u {d})x {h}. Dann ist aber |F(h,d)n D, |=2, was nicht sein kann. Des-
halb ist g=1.

(4.10) Korollar. Es ist
(a) |Dy|=4%"-1—4, falls (S) gilt;
(b) |Dy|=42""2—1, falls (0) gilt.

Beweis. Es ist D,N/N die Menge der symplektischen Transvektionen von
{DyN/N»~Sp(2n-2,4). Die Aussage folgt deshalb nach (1.2.i) und (4.6).

5. Die symplektischen Gruppen

Wir werden einen symplektischen Vektorraum konstruieren, auf dem G
als Automorphismengruppe operiert. Fiir dieses Kapitel gelte folgende

Voraussetzung. Es sei Z(G)=1=0,(G); D,+0, und es gelte (S).

(51) Lemma. Sei deD, eeD,, xeA; und M=0,(D,>). Dann ist
leM A, 5|=1.

Beweis. Sei e ={e, f, g, h}. Dann ist F(d,e)=E,UE,u E,UE,. Nach (4.7)
ist x mit genau drei Elementen aus F(d, e) vertauschbar; o.B.d. A. sei E,cD,.
Da (E,, x) ~ A, fiir jedes ac A,, ist |[F(d, e)N A, 3|=3. Es geniigt demnach zu
zeigen, daf [eM N A4, 5|< 1.

Angenommen, es ist [eM N A4, 3|> 1. Seien e,geA, 5. Ist feA, s, so folgt
wie im Beweis von (4.9), daB <e, f, x>=A~A% und Cp(e)n A<eM, was nicht
sein kann. Deshalb ist auch f: €A, ;- Sei yeD;N A, 3. Dann gilt

O—Ig—o
e y f

und e, f, g, y>~W*(D,). Da (efFeM, ist g**/*egM=eM; jedoch keines der
Elemente {e, f, g}. Also ist g"*/*=h und (e fghY =e fgh. Sei e,cE, mit ¢, +e,
und e} = {¢, , f1,81, 1} In e, y,e,> >~ A gibt es einen inneren Automorphis-
mus i, der e auf e, abbildet. Demnach gilt e fgh=(e fgh)' =e, f,2,h,. Ebenso
folgt e foh=ee, ff,gg,hhy =(e fgh)?; also efgh=1. Nun gilt

9
e X f



112 K.-J. Fleischer:

und (e, f, g, x)=W=W*(D,). Wegen h=efg ist heW. Es folgt heZ(W),
was wiederum wegen h=e fg nicht sein kann.

(5.2) Lemma. Sei deD. Es ist |D|=4>"—1 und |A,|=3-4*""1.

Beweis. Wegen (Z) ist |[D|=5-|Cp(d)|—4- |Cp(d)nCp(x)| fiir xeA,, und
|4,4] = |D|—|Cp(d)|. Nach (4.10) und (4.7) ist |Cp(d)|=4*""1—1 und

|Cp(d) N Cp(x)|=4""*—1

Durch Rechnung folgt die Behauptung.
(5.3) Lemma. C(d) hat auf A; s genau zwei Bahnen.

Beweis. Sei xe A, 5. Fiir jedes ze A, 5 gilt, daB {x,d, z) =X zu einer der
Gruppen D,,, A*¥ oder Bs isomorph ist. In jedem Fall ist z unter Cy(d) zu x
oder d** konjugiert, so daB Cg(d) auf 4, s hochstens zwei Bahnen hat.

Angenommen, Cg(d) hat auf 4, s nur eine Bahn. Seien a, be 4, s, wobei
beE,Xx{a}. Dann gibt es ein geCg;(d) mit a®=>b, und 0.B.d.A. ist g ein
2-Element. Es folgt c®=cd fiir ce E; X {d}. Wir betrachten nun G als Permu-
tationsgruppe auf E={E,|de D}. (Wenn im folgenden von Permutationen die
Rede ist, so bezieht sich das stets auf diese Darstellung,) Da |4,/=3-4*""!,
induziert jedes deD eine gerade Permutation von E, und wegen ge{D)
bewirkt auch g eine gerade Permutation von E. Wir werden jedoch zeigen,
daB g als ungerade Permutation auf E operieren muB.

Sei eeD,; und F(d,e)=F. Sei E.={e, f,ef} und eM={e,e,,e;,¢e,}. Ist
Fe=F, so normalisiert g als 2-Element mindestens eine der drei Mengen ",
f™ und (ef)™. Sei 0.B.d.A. eMe=¢M. Dann gelten bei geeigneter Bezeichnung
folgende Relationen (es ist nur die Ordnung 3 gekennzeichnet).

Tl

Da a®=b; b¥=a, folgt e=e, € =¢, und e§=e,. Somit induziert g auf F eine
Transposition.

Ist Fe+F, so induziert g auf {EylyeFuF‘qu U...} eine gerade Per-
mutation, da alle vorkommenden Zyklen in gerader Anzahl auftreten. Wegen
|D,|=4%""!—4 ist die Anzahl der F(d, e), die von g festgelassen werden, un-
gerade, und g induziert insgesamt auf {E |eeD,} eine ungerade Permutation.

Sei xeA,. Dann ist (x, E;)) ~As. Sei A=({x, E;> nD)X{E,}. Ist A*=4,
so induziert g auf A eine ungerade Permutation. Wegen |4,|=3-4*"~ b ge
schieht dies in einer geraden Anzahl von Fillen. Ist Af+ A, so bewirkt g auf
{E|xeAUA* U AP U...} eine gerade Permutation, da alle vorkommenden
Zyklen in gerader Anzahl auftreten. Demnach induziert g auf {E,|xeA,} ein¢
gerade Permutation, und somit auf E eine ungerade. Das liefert uns den g¢-
suchten Widerspruch.
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Es sei Vein Vektorraum iiber GF(4), dessen Basiselemente die Involutionen
aus D sind. Zwischen den Basiselementen sei folgende Form definiert.

Sei deD; xe A, s und GF(4)={0, 1, a, a?}.
(d, e)=0 fir eeCp(d);

(d, y)= 1 ﬁlr yE Ad, 3;
d, 2)=«a fir zex% @,
d, z2)=0? fir ze A4, s\ x%@;

(a,b)=(d,b®) fir a,beD; wobei g so gewihlt ist, daBl at=d.

Diese Form sei auf V als Bilinearform fortgesetzt. Sei ¥, der Nullraum
von V beziiglich dieser offenbar symplektischen Form. (Es ist klar, daB das
Element d durch die Definition nicht vor den anderen ausgezeichnet wurde.)

(54) Lemma. Zu jedem ke{o, o’} und deD existiert ein ceE, mit
(k-d,v)=(c,v) fiir alle veV. Umgekehrt existiert zu jedem ceE,x{d} ein
ke{o, &} mit (k - d, v)=(c, v) fiir alle ve V.

Beweis. Es geniigt zu zeigen, daB (k - d, v)=(c, v) fiir alle veD. Ist veCp(d),
so folgt fiir jedes ceE,
(k-d,v)=k-(d,v)=0=(c, ).

Sei ke {a, a?} gegeben, und sei a€ A, ;. Nach (5.3) ist ce E; durch (c,a)=k
eindeutig bestimmt. Sei ve A, mit (c, v)=k. Nach (5.3) ist C4(c)=C(d), und
a und v sind unter €4 (c) konjugiert. Demnach ist auch ved, 3 und (d,v)=1.
Ist we E, mit (c, w)=k?, so folgt entsprechend WEA,, ;3 und (d, w)=k. Es ist
dann (c,vw)=1 und (d, vw) =k* Demnach gilt fiir alle ve 4,

(k-d,v)=k-(d, v)=(c, v).

Die zweite Aussage ist eine triviale Folgerung aus der ersten.

(5.5) Lemma. Sei deD und ceE,. Dannistd+c+cdeV,,d.h.(d+c+cd,v)=0
fiir alle ve V.

Beweis. Wieder geniigt es zu zeigen, daB (d+c+cd,v)=0 fiir alle veD.
Ist veCp(d), so ist (d,v)=0=(c,v)=(cd, v). Ist ve A, so ist {(E,;,vd)~As, und
0.B.d.A. gilt vEA, 3. Da ¢ und cd unter Cg(v) nicht konjugiert sind, folgt
(¢, v)=k und (cd, v)=k? fiir ein ke {a, o2}, und es ist

(d+c+cd,v)=d,v)+(c,v)+(cd, v)=1+k+k?>=0.

(5.6) Lemma. Sei deD; eeD, und xeAy 3N A, 3. Sei n(d,e)=e"D,.
Dann ist n(d, e) von der Wahl von x unabhangig, und es gilt n(d,n(d, e))=e.

. Beweis. Sei xe 4, 30 A, ; und f=eMND,. Sei M;=0,({Cp(f))). Dann
sind d und e unter M - konjugiert. Fiir jedes ye 4, 3" A, ; folgt deshalb nach
(5.1), daB yeD;,. Somit ist n(d, e) von der Wahl von x unabhiingig. Sei me M
Mit e"= fund f™=e. Da d™=d, folgt n(d, f)=e=n(d, n(d, )).
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(5.7) Lemma. Sei deD; eeD, und f=n(d, e). Dann ist d+e+ f€V,.

Beweis. Es geniigt zu zeigen, daB (d+e+ f, v)=0 fiir alle veD. Ist ve Cy(d),
so ist (e, v)=(f, v); denn wenn o(e-v)=5=0(f-v), so ist {e,v, f>~Bs, und ¢
und f sind unter Cg;(v) konjugiert. In diesem Fall gilt demnach

(d+e+f,v)=(d, v)+(e,v)+(f, v)=0+(e, v)+ (e, v)=0.

Sei ve Ay 3. Nach (5.6) ist ve A, ; genau dann, wenn veD,, und veA4, ,
genau dann, wenn veD, . In beiden Fillen folgt (d+ e+ f,v) =0.Seive A4, sN A, 5.
Sei weE,N A4, 3. Da weA,, ist wgA, 5, und (w, e)#(w, /). Nach (5.4) gibt es
ein ke {a, «*} mit (w, e)=(k - v, €) und (w, f)=(k - v, f). Demnach ist (v, €)% (v, 1),
und es folgt (v, e)+ (v, f)=1. Somit ist (d+e+ f,v)=0.

Sei ve A, s. Dann gibt es ein weE, N A4, 3. Es ist (d+e+ f, w)=0, und es
gibt nach (5.4) ein ke{a, o’} mit (d+e+f, k-v)=0. Demnach ist auch
(d+e+f,v)=0.

(5.8) Lemma. Sei deD und ee A, 3. Dann ist d+e+d°elV,.

Beweis. Wieder geniigt es zu zeigen, daB (d+e+d°, v)=0 fiir alle veD. Ist
veCp(d), so ist o(v-e)=o0(v-d°), und (v, e)=(v,d°), da e und d° unter C;(v)
konjugiert sind. Somit ist (d + e +d°®, v)=0+(e, v)+ (e, v)=0.

Wir konnen daher annehmen, daBl ve A;n A, N Age. Sei ve A, 3. Dann ist
veA, s Ag, s nach (2.3). Es folgt <d,e,v)~A%, und e und d° sind unter
C;(v) nicht konjugiert. Deshalb ist

(d, v)+(e, ) +(d°, v)=1+(e, v) +((e, v) + 1) =0.

Ein veA; sn A, s Ag, s gibt es nicht; denn es wire {d, e, v) ~ A%, und
darin gibt es keine solche Relation.

(5.9) Lemma. Seide D und ye A, 5. Dann gibt es ein ae D, sodaf d+ y+aeVy.

Beweis. Es ist (d, y)=k fir ke{x, «?}. Sei ce(E;x{d})nA, s und
ze(E,x{y})n A, s. Dann gilt (c,y)=k*=(d, z) und (c,z)=1. Wegen (d,y)=
(k? - ¢, y)=(d, k? - z) folgt aus (5.4), daB (d, v)=(k?- ¢, v) und (y, v)=(k? - z,v) fur
alle ve V ist. Wiederum nach (5.4) existiert ein a€E,., so daB (a, v)=(k*- %)
fiir alle ve V. Es gilt nun fiir alle ve V

(d+y+a9 U)=(d’ U)+(y’ U)+(a’ U)=(k2 - C, U)+(k2 - Z, U)+(k2 U Cz, U)
=k ((C’ U)+(Z, U)+(Cz, U))=k2 . (C+Z+Cz, U).

Nach (5.8) ist (c+z+c?, v)=0; demnach ist auch (d+y+a, v)=0 fiir alle ve V.

Es sei W= V/V,. Dann ist W offenbar ein nicht ausgearteter symplektischer
Raum iiber GF(4). Nach (5.4), (5.5), (5.7), (5.8) und (5.9) 148t sich jedes Element
von W, mit Ausnahme der Null, in der Form d+ V, darstellen, wobei d€D-
Andererseits gilt d+eeV, fir d,eeD nur dann, wenn d=e. Deshalb 1st
[W|=|D|+ 1 =42" und dim W=2n. Wir kénnen nun die Elemente von W {0}
mit den Involutionen aus D identifizieren.
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Definition. Sei geG. Sei g* die folgende Abbildung von W auf sich
0g"=0; wg*t=wt fiir weD.
Es ist g* die von g induzierte Abbildung von W auf sich.
(5.10) Satz. Es ist G~Sp(2n, 4).

Beweis. Wir werden zeigen, da3 die Elemente von D die symplektischen
Transvektionen auf Winduzieren. Dann ist klar, daB G die volle symplektische
Gruppe auf W induziert; denn diese wird ja durch die Transvektionen erzeugt.
Da wegen Z(G)=1 ein nichttriviales Element von G niemals die Identitit auf
W induziert, folgt dann G~Sp(2n, 4).

Sei de D und we W.

Ist w=0, so gilt wd*=w=w+0=w+(w,d)-d.

Ist weCp(d), so gilt wdt=wi=w=w+0=w+(w,d)d.

Ist wed, 5, sogilt wd*=w!=w+d=w+(w,d)d.

Sei nun we 4, s und (w, d)=k, wobei ke {a, 2*}. Aus dem Beweis von (5.9)
folgt, daB w+k-d=k-(k*-w)’. Wegen (k*-w)'€E, s und (k-(k*-w)’d)=
k-((k*-wy!, d)=k=(w? d) folgt k- (k? - w)’=w*. Es ist somit

wdt=wi=k-(k?-wfl=w+k-d=w+(w,d)d,

und jedes de D induziert auf W eine symplektische Transvektion.

6. Die orthogonalen Gruppen
In diesem Kapitel gelte stets die
Voraussetzung. Es sei Z(G)=1=0,(G), und es gelte (0).
(6.1) Lemma. Sei deD, ee D, und xe A,;. Dann ist |[F(d,e)n D, |<1.
Beweis. Es ist F(e,d)=(F(d, e) U {d}) X {e}. Angenommen, es ist

|Fd,e)nD,|>1.

Dann ist 0.B.d.A. eeD,, und es folgt 1<|F(e, d)n D.| <2, was nicht sein kann.

(6.2) Lemma. Sei deD und xe A;. Sei N der maximale aufloshare Normal-
teiler von {D,». Dann ist (DN D,> N/N~0*2n-2,4).

Beweis. Sei zundchst n=2. Dann ist {D,)/N~As, und {D;nD,>~D,
oder D;, wegen (6.1). Da Dg~0*(2, 4) und D, =07 (2, 4), gilt die Behauptung
in diesem Fall.

Sei nun n>3. Seien e, feD,n D, mit eeD;, und sei yeDy;nA,nA,.
Dann ist (F(d,e), y>=A~A% Da |F(d,e)n D=1 nach (6.1), existiert ein
2€(An D) x F(d, e), das in D, liegt. Da f mit ganz F(d, e) vertauschbar ist, gilt
2€A,, und e und f sind in {e,z f) konjugiert. Demnach ist D,n D, eine
Konjugiertenklasse von (D, D_).



116 K.-J. Fleischer:

Angenommen, es gilt D,NnD. N Cp(e)=D;NnD, N Cp(f)=X. Dann ist
{(X> N,/N,~Sp(2n—4,4), wobei N, der maximale auflosbare Normalteiler
von (D,) ist, und Cp, (X)={(F(e, d),x)~A%. Da feCp (X), folgt feF(e,d)
und somit feF(d, e), was wegen (6.1) nicht sein kann. Deshalb gilt (O) auch in
D,nD,. Es folgt daher nach Induktion, daB {(D,nD,>/N,~0*(2m,4) fiir
einen geeigneten Normalteiler N, . Esist m=n—1,da {D,n D, Cp(e)) N,/N,~
Sp(2n—4,4). Eine von Transvektionen erzeugte orthogonale Untergruppe
einer symplektischen Gruppe iiber GF(4) ist aber stets natiirlich eingebettet;
daher folgt (D, D,> N/N~0*(2n—-2,4).

(6.3) Korollar. Es ist |D|=4""'(4"+1).

Beweis. Sei deD und xe A, 5. Dann ist [D|=5 - |Cp(d)| —4 - |Cp(d) N Cp(x).
Nach (6.2) und (1.2) ist |Cp(d) " Cp(x)|=4""%(4""* F1). Es folgt

|D|=5 . 42n—2_4n—1(4n—1 11)=4n—1(4ni1).

Wir werden nun den Graph von D mit dem Graph der Transvektionen
einer orthogonalen Gruppe vergleichen. Dazu brauchen wir den Begriff der
Isomorphie zweier Graphen.

(6.4) Definition. Seien D, und D, zwei Mengen von {3, 5}-Transpositionen
zweier Gruppen G, und G,. Der Graph von D, ist zum Graph von D, genau
dann isomorph, wenn es eine bijektive Abbildung ¢ von D, auf D, gibt, so
daB gilt

fiir alle d, eeD;.

(6.5) Satz. Der Graph von D ist zu einem Graph der Transvektionen einer
0* (2n, 4) isomorph.

Beweis. Sei deD und xeA, s. Da {(D;»/N~Sp(2n—2,4) ist, entsprechen
die Elemente von D, eineindeutig den Vektoren +0 eines symplektischen
Raumes Vsp(2n 2,4). Sei V= -{e|eeD,;} L {0}, wobei ~ die eineindeutige Zu-
ordnung bedeutet. Es sei V=V 1 {d, x) ein 2n-dimensionaler symplektischer
Raum, wobei d, X zwei weitere Basiselemente sind mit (d, X) =o€ GF(4). Sei
Q(@)=1,fallsee D;nD,,und sei Q(d)=Q(x)=1.Da {D;nD,» N/N~0*(2n,4),
148t sich Q auf V als quadratische Form fortsetzen. Damit wird V zu einem
orthogonalen Raum. Sei T die Menge der orthogonalen Transvektionen von V.

Es sei Y={d, x> nD. Sei ¢ folgende Abbildung von D auf T

o(d-e)=o(do-ep)

d —t(d),

& >td+a-%),

ot(a-d+oa-X),

x4 >t(a-d+x),

x —t(x),

e —t(e+k-d), wobei k=Q(@)>?+1 fiir eeD,,
e —(e@)y® fir eeD, und yeY.
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Wegen e p=t(e)=(e ) fiir eeD,N D, und yeY ist die Definition eindeutig;
offenbar ist ¢ bijektiv. Es ist zu zeigen, daB o(r - s)=o(r ¢ - s @) fiir alle r, se D ist.
Nach Definition ist ¢ ein Graphenisomorphismus von Y auf {¢(d), tx)>NnT.
AuBerdem ist o(d - e)=2=0(d¢ - e ) fiir alle e D,.
Sei eeD,. Ist Q(2)=0, so gilt

o(x-e)=5=o(t(3‘c)~t(é+¢f))=o(xqo -eQ).

Ist Q(€)=1, so gilt o(x-e)=2=0(t(X)-t(€)=0(xp-eq). Ist Q(€)=a, so ist
o(x - e) eindeutig bestimmt.

Angenommen, dies wire nicht der Fall. Dann gibt es zwei nicht vertausch-
bare Elemente a,feD, mit Q@=a=Q(f) und o(x-a)=3; o(x - f)=5.
Sei F(d,a)={a,b,c} und F(d, f)={, g, h}, wobei b, geD,AD,. Dann ist
{a,b,c,f,g,hy~A%, und a=o®-b,c=a-b, f=0?-§, h=a-g. Ist o(b-h)=3,
so folgt o(a-f)=3, und a’e((b,g) "D)SD,. Demnach ist 3=o0(x-a)=
o(x* - a*)=o0(x - f)=>5, was nicht sein kann. Deshalb ist o(b-h)=5, und ebenso
o(b-f)=5. Es folgt o(b-g)=3, und o(x-a)=0(x"*-a*)=o0(x -f); ein Wider-
spruch zur Annahme.

Gegebenenfalls durch Vertauschung von a und «? auf ¥ 148t sich demnach
erreichen, daB o(x - )=S5 fiir alle ee D, mit Q(&)=a. Es ist dann o(x - e)=5=
o(t(X)- t(e+a-d)=o0(xq-eq). Ist Q(2)=o>, so gilt

o(x-e)=3=o0(t(X) - t(e+a*-d))=0(xp-eq).

Es ist somit o(r - s)=0(r¢ - s @) fiir re{d, x} und seD,.

Sei ee D, A, . Ist Q(e)=0, so folgt {d, x,e)~B; und {dp, xp,ep)>~Bs.
Demnach gilt o(y-e)=5=0(yp - eo) fiir ye{d*, d*%, x?}. Ist Q(e)=*0, so folgt
d,x,ey~A% und {dg,x@,ep)~A%. Dann ist o(y-e) fir ye{d~,d* x%)
durch o(x - e) eindeutig bestimmt, und wegen o(x - e)=o0(x ¢ - ep)gilto(y-e)=
o(ye -eq) fiir ye{d,d*% x*}. Demnach gilt o(r-s)=o(r¢ - s¢) fiir reY und
seD;LY.

Sei ee D, und r, ye Y. Dann ist

o(r-e)=o(r-e)=0((") ¢ - ep)=0((r p* - e@)=0(r ¢ - (e 9P *)=0(r 9 - (¢*) p).

Es gilt also
o(r-s)=o(rp-s¢) fiir reY und seD. (%)

. Esbleibt zu zeigen, daB o(e” - f*)=0(e’ ¢ - f*¢) fir alle e, feDjund y,zeY
Ist. Ist y=2z, so gilt o(e”- f¥)=o(e- f), und o(e- f) ist durch (¢, f) eindeutig
bestimmt. Da (2, f)=(2+k, - d, f+k, - d) fiir k;, ko€ GF(4), ist

o(e-f)=olep-fo)=o(le@y? (foy?)=o(¢-f*¢).

Wir kénnen daher annehmen, daB y+z. Ebenso konnen wir ausschlieBen, daB
¢€D, oder feD,. Sonst gilt nimlich e’ =e=¢* oder f*= f = f7.
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Es gilt o(e”- f)=0(e’*"- f)=0(e" - f) mit w=yzde Y Da y+z, ist wsd.
Wegen (%) ist "
e;w, [H=lep,wo, fo)

o(e”-fl=o(le )" fo)=0(e p)°? =P fp)=0((e p}? - (f p))
=o(@¢-f79).

und

(6.6) Satz. Es ist G=0*%(2n, 4).

Beweis. Nach (6.5) gibt es einen Isomorphismus ¢ zwischen dem Graphen
von D und dem Graphen der Transvektionen einer 0*(2n,4). Sei deD und
e€Cp(d). Dann gilt e’p=e@=(e ). Sei feA, ;. Offenbar werden die In-
volutionen einer Dg oder D, wiederum in eine Diedergruppe abgebildet. Des-
halb ist f?p=(f@)*. Sei xeA, s und geA, ;nD,. Wegen ({d, x> ND)p=
Kdo, xp> Do gilt x'¢e{(xp)’, ([dp)*, (dp)*?99}. Da o(g- x9)=3=
o(g¢ - x"@), muB gelten x*p=(x¢)?*. Es ist also x?¢=(x ) fiir alle xeD,
und d operiert auf D genauso wie die Transvektion d¢ auf Dp. Wegen Z(G)=1
ist demnach G ~0*(2n, 4).
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Intersections of Primary Powers of a Group

DEREK J. S. ROBINSON*

1. Introduction

If G is a group and m is a non-negative integer, G™ denotes the m-th power
of G, that is, the subgroup of G generated by all g™ with g in G. We shall be
interested in situations where the intersection of an infinite set of primary
powers of G is the identity subgroup. For example, G might be residually of
finite p-exponent for some prime p, that is to say

} 6=1;
i=0,1,2,...
in fact we shall study groups which have this property for infinitely many
primes p.

Let i be a function from the set of all primes to the set of all non-negative

integers. A group G is said to have the property

F(i)
NGr~ =1, (1)

the intersection being formed over all primes p: such properties will be referred
to as S-properties. Of course, .# (i) is interesting only if i has infinite support: for
if i has finite support, a group G has .#(i) if and only if it is a direct product of
p-groups of exponent dividing p*”, one for each prime p.

At this point let us recall some known results. If G is a finitely generated
torsion-free nilpotent group, then G is residually a finite p-group for every
prime p (Gruenberg [5], Theorem 2.1), and G has the property .#(i) where
i(p)=1 for all p: the last result simply says that

NeGr=1
1 4

and is due to Higman ([8])—see also Baer [1], p.301. On the other hand,
Seksenbaev ([15]) has proved that a polycyclic group which is residually a
finite p-group for infinitely many primes p is nilpotent (see also [13], p. 170).
[t is not hard to adapt Seksenbaev’s argument to show that a polycyclic group
With an S-property is nilpotent.

Here we shall furnish generalizations of these theorems, aiming to show
thata gr oup which is residually of finite p-exponent for infinitely many primes p
—

if

* The author acknowledges support from the National Science Foundation.
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or which has an #-property enjoys some degree of nilpotence. Now Gruenberg
([5]) has proved that a free polynilpotent group is residually a finite p-group
for all primes p, and it will be shown that such groups also have the property
J (i) where i(p)=1 for all p (Theorem 3). Thus it is necessary to restrict our
attention to particular classes of groups. Here we choose to study groups
which have finite torsion-free rank (cf. Zassenhaus [18], pp. 241-242): a group
G has finite torsion-free rank r if there is a series

1=G,<G,<--<G,=G

such that G; is normal in G, , for each i and exactly r of the factors G,, ,/G; are
infinite cyclic while the remaining n —r are periodic. That r is an invariant of G
follows from the Schreier Refinement Theorem.

For example, Theorem 1 and Corollary 3 combine to show that a group
with finite torsion-free rank is residually of finite p-exponent for an infinity of
primes p if and only if it is a torsion-free nilpotent group whose centre is without
elements of infinite p-height for all relevant p. This implies the theorems of
Gruenberg and Seksenbaev. According to Theorem 2, if G is a group with
finite torsion-free rank which has an #-property, the elements of G with finite
order form a subgroup T such that G/T is nilpotent. A converse to this is provided
by Theorem 4. Some of our results are valid for a class of groups X which is
significantly wider than the class of groups with finite torsion-free rank: this
is defined in Section 2.

Notation
H<K: H is a normal subgroup of K,
{X,: AeA): subgroup generated by the subsets X,,
[x, iy 171=[[x 1 ¥] 1
[x, yl=[xyl=x""y"'xy

[H’ i+1K]= [[H’ iK]: K]

[H, K]=[H,K]={[h,k]: heH,keK),

7, (G): n-th term of the lower central series of G,
HX=(h*=k='hk: keK,he H), the normal closure of H in K,
Cs(N): centralizer of the G-operator group N in G,

Aut;(N): automorphism group of the G-operator group N induced by
G in the natural way,
n': the complement of the set of primes =.

2. Groups with Finite Torsion-Free Rank and the Class X

If 2 is a group theoretical property, a hyper-2 group is a group which has
an ascending series of normal subgroups the factors of which all have 2. Wt}ﬂl
2 is inherited by homomorphic images, hyper-2 is equivalent to the require-
ment that non-trivial homomorphic images possess non-trivial normal sub-
groups with 2.

We define
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to be the class of groups that are hyper-(abelian of finite rank or periodic).
Here a group is said to have finite rank r if each finitely generated subgroup
can be generated by r elements and r is the least such integer. Observe that X
and the class of groups with finite torsion-free rank are closed with respect
to forming subgroups and homomorphic images.

Lemma 1. A locally nilpotent group belonging to the class X is an extension
of a periodic group by a hypercentral (or Z A-)group.

This is essentially due to Carin ([2], Theorem 2). Here is a brief proof.

Proof. Let G be a non-trivial torsion-free locally nilpotent group and let
GeX. Let us show that the centre of G is non-trivial. By hypothesis there is a
non-trivial normal subgroup 4 which is abelian and has finite rank, say r.
LetaeAd and let g,€G,i=1, ..., n;then H={a,g,, ..., g,> is nilpotent of class c,
say, Set B=a"; then B< A and [B, H]= 1. Now the action of H can be extended
from B to a rational vector space of dimension r and this affords a representation
of H by a unipotent group of linear transformations. Hence [B, ,H]=1, and
this implies that A lies in the r-th term of the upper central series of G. It follows
that the centre of G is not 1.

To complete the proof it is sufficient to show that G/Z, is torsion-free where
Z, is the a-th term of the upper central series of G. Suppose that o is the first
ordinal for which this is false and observe that « cannot be a limit ordinal. Let
x"eZ, where m>0, and let g be any element of G. Then K ={x, g) is nilpotent
andKZ, ,/Z,_, istorsion-free. Now (x Z,_,)" lies in the centre of KZ, _ JZy 1
by a well known theorem of Mal’cev ([10]) the element x Z,_, must belong
to the centre of KZ, ,/Z,_, for all g. Hence xe Z, and G/Z, is torsion-free.

Corollary 1. A group G with finite torsion-free rank belongs to the class X.

Proof. Let 1=G,<G,<---<G,=G be a series in G with infinite cyclic or
periodic factors. If n< 1, it is obvious that GeX. Let n>1 and write H =G,.
Suppose that G contains no normal periodic subgroups other than 1. If H
@S periodic, then so is H since H is subnormal in G (see [18], p. 246). Thus H
is infinite cyclic and HS is a Baer group; hence HE is a locally nilpotent. Now
H°<G, | and G,_,€X by induction on n. Thus H€ is hypercentral by the
lemma. The centre of HS is a non-trivial normal abelian subgroup of G with
finite rank (since it has finite torsion-free rank). This implies that Ge X.

Corollary 2. 4 locally nilpotent group with finite torsion-free rank is an
extension of a periodic group by a nilpotent group.

Proof. Lemma 1 and Corollary 1 permit us to deal only with a torsion-free
hypercentral group G with finite torsion-free rank. Let 4 be a maximal normal
abelian subgroup of G. Then A= C;(A) and A has finite rank r>0, say. As
n l'he proof of Lemma 1 we find that A lies in the r-th term of the upper central
Series of G. Since G/A is isomorphic with a group of unipotent r x r matrices,
G is nilpotent of class at most r+(r—1)=2r— 1.

Corollary 2 is also a consequence of a more general theorem of Mal'cev
([11], Theorem 5).

9 Math. Z, Bd. 124
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3. Groups that are Residually of Finite p-Exponent for an Infinity of Primes p
As our first main result we shall prove

Theorem 1. Let G be a group and let © be an infinite set of primes. Assume
that G is residually of finite p-exponent for all pem.

(i) If GeX, then G is torsion-free and hypercentral.
(ii) If G has finite torsion-free rank, then G is torsion-free and nilpotent.

Proof. (a) Corollary 2 shows that it is sufficient to establish (i): assume
therefore that Ge X. Now G is obviously torsion-free, so by Lemma 1 we need
only prove that G is locally nilpotent.

By hypothesis there is an ascending series of normal subgroups {Gy: B=a}
in which each G, /G, is periodic or abelian of finite rank. We use transfinite
induction on a. Thus we may assume that « is not a limit ordinal and that
N=G,_, is locally nilpotent. From now on G will be supposed finitely gener-

ated, with say
G={Xg, ey X 2

(b) First of all consider the case G/N periodic. Then x{“eN for some
positive integer m; and the x generate a nilpotent subgroup X of N. Let 7,
be the set of all primes in 7 which do not divide m,m,...m,: certainly m, is
nonempty. For any j=0 and pen, we have x{€XG", which, by definition of
n,, implies that x;e XG"’. This is true for all i, so G=X G”. If ¢ is the nilpotent
class of X, then y,.,,(G)= G” and

Yc-pl(G)é m Gp-izl.

Jj=0,1,2,
Thus is G nilpotent.

(c) Therefore we can assume that G/N is abelian. N is locally nilpotent
and therefore hypercentral: write Z, for the f-th term of the upper centre}l
series of N. Let aeN and geG: our immediate aim is to prove that {4, g s
nilpotent. If this is false, a% 1, so aeZ, , ~Z, for some ordinal o. Choose @
so that o is a minimal subject to the non-nilpotence of some {a, g).

Clearly Z,, ,<Gand a®® £Z, ,s0 that H={a,8> Z,/Z, is finitely gener-
ated and metabelian. By a theorem of P. Hall ([7], Theorem 3), H satisfies the
maximal condition on normal subgroups. Since He X, we see that H hgs
finite torsion-free rank. Now Z,,,/Z, is torsion-free because N is —this 13
essentially due to Mal’cev ([10]) but see also McLain [9]. Therefore a®Z,/Z,
is a torsion-free abelian group with finite rank r, say. Write

a;=a*.

The elements a,, 4,, ..., a, must be linearly dependent modulo Z,; this implies
that there are positive integers s and ¢ such that @’ | and 4, belong to a subgroup

of the form
Y={ay,a,,...,a,_y,b¥®,c®)
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where b and ¢ belong to Z,: to achieve this we need to transform by powers
of g. By minimality of « the subgroups (b, g) and {c, g> are nilpotent: conse-
quently b®> and ¢® are finitely generated and Y is finitely generated. Since
Y<N, the subgroup Y is nilpotent, of class d let us say. Define 7, to be the set
of all primes in 7 which do not divide st; then n, is not empty. For any
jz0 and pem, the elements a° , and &} belong to YG?. The choice of p leads
to a_; and a, belonging to YG”. From this one finds through transforma-
tion by powers of g that every a; belongs to YG?. Hence a®> < YG*’. Thus

) )< G? and
Yas1(@¥)= .},d+1(a<g>)§ ﬂ G¥=1.
j=0,1,2,...

Hence A=a‘® is nilpotent and the group K ={a, g) is soluble because a¥= A.
The group K/A' satisfies the maximal condition on normal subgroup by P. Hall’s
theorem and this leads to 4/A’ having finite torsion-free rank. Now A is nil-
potent and one easily verifies that a tensor product of two abelian groups with
finite torsion-free rank itself has finite torsion-free rank. By Corollary 1 of
[14] the group A, and hence K ={g, A), has finite torsion-free rank.

It follows that y,(K)/y;,,(K) is periodic for some integer i: let L=y,(K)
and note that L+ 1 because K is not nilpotent. For any per and any j=0 the
group K/K* is a finite p-group, for it is a finitely generated soluble p-group:
thus K/KP?’ is nilpotent. It follows that there is a descending central series of K

K=K,>K,>--

such that [K;:K; ,|=p for all j and the intersection of the K;is 1. Since L#+1,
there is a least integer ¢ such that L£K,. Naturally t>1 and L=<K,_,. Since
IK,_,:K,|=p, it follows that K,_, =LK, and

IL:LnK,|=|K,_;:K,|=p.
Now
[L,K]=Ln[K,_,,K]SLNK,.

Therefore L/[L, K] has a subgroup of index p for all pen. But K/[L, K] is a
finitely generated nilpotent group: hence L/[L, K] cannot be periodic, which
contradicts our choice of L. (This is the central argument of Seksenbaev’s
theorem.)

_ (d) Finally let us complete the proof of the nilpotence of G. Since G/N
15 abelian, G will be hypercentral —and hence nilpotent —if each Z, lies in the
hypercentre of G. If this is not true, let o be the first offending ordinal: then o
¢annot be a limit ordinal. Let ae Z,. Now G'< N, so by (2)

G=CX5005 %10 XD N

B=afs(g®rmm=0)i med Z__ ..

and

.Sin,C‘f by (c)every a‘®” is finitely generated, induction on nshows that BZ, _,/Z, _,
s finitely generated; there is no loss in supposing this group to be either free

abelian or an elementary abelian p-group. Let u be the rank of BZ, ,/Z, ,;
9.
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then[b, gleZ,_, forallbe Band ge G by (c). From thisweobtain[B, ,G]<Z, ,
by a simple induction on u, using G'=N: alternatively, apply Wedderburn’s
theorem on algebras with a basis of nilpotent elements ([17]). Thus BZ,_,/Z,_,
lies on the hypercentre of G/Z,_, and Z, lies in the hypercentre of G, which
is not so.

Sufficient Conditions

Any group which is to be residually of finite p-exponent for an infinity of
primes p must, of course, be torsion-free. Clearly an abelian group possesses
the former property if and only if it contains no elements of infinite p-height
for any of the relevant primes p. If we widen our enquiry to nilpotent groups,
the following result is decisive.

Lemma 2. Let G be a nilpotent group of positive class ¢ and let I be a set of
positive integers. Assume that Z,, the centre of G, satisfies

Ny =1.
mel
(i) Every upper central factor of G has this property.
(ii) If in addition ac Z,,mel and a™ =1 always imply that a" =1, then
N6 =1
mel

where
c*=1+(c—1)+(Cc=1(c—=2)+ - +(c—1)(c—2)...2.1.

Proof. Let Z; denote the i-th term of the upper central series of G and write
D/Z, for the intersection of all the (Z,/Z,)" with me L. To prove (i) it is enough
toshow that D =Z,.1fge G, the map ¢, sendinga Z, to [4, g] isa homomorphism
of Z,/Z, into Z,. Therefore

(D/Z)*< V(2,120 < () Z7=1.
mel mel
Consequently [D, g]=1 for all ge G, and D=Z,.
Assume now that G satisfies the condition specified in (ii). First observe

that this condition is also valid in the second, and hence in every, upper central
factor of G. For let ae Z, and mel and assume that a™e Z,; then for any geG

1=[z", gl=[a, 2],

1= [a’ g]m = [am, g]

since [a, g]€Z,. Thus

anda™eZ,.
Write M=Z, and N=Z,,, where 0<r<c, and assume that there is 2
power m’ of m such that

N M™=1.
We shall prove that mel
(\N™'=1 where m'=m(mY. @)

mel
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Suppose that x+1 belongs to N™" for all me 1. Since m divides m” and by (i)
the intersection of all the (N/M)™ is trivial, xe M. Hence x¢ M™ for some mel.

Lot C=Cy(M/M™) and L=C™ pM™.

Clearly C<<N and L<N. Now [M, N]=1 since M=Z,: from this it is
straightforward to deduce that N/C has exponent dividing (m'y (see [12],
Lemma 4.12). Therefore N/L has exponent dividing (m m)(m') ~'=m" and
xeN™ < L. Now N/M is abelian, so

[C, Cl1=[M, Cl=M™

and C/M™ has nilpotent class at most 2. Use of the identity
(aby=a?b*[b, a]"?,
which is valid in any nilpotent group of class at most 2, leads to
x=ymm mod(C’)(msnl) M™

for some y in C. Now C’<M and m' divides (mzm) because m'’ is a power of m.
Therefore ,
x=y™ mod M™ .

Since xe M, the element y M of N/M has order dividing mm’, a power of m.
Hence y™eM and consequently xe(M)", a contradiction. The required
result can now be obtained by repeated use of (3).

Corollary 3. A nilpotent group is residually of finite p-exponent for an
infinity of primes p if and only if its centre has no elements of infinite p-height
Jor all relevant p and is torsion-free.

Theorem 1 and Corollary 3 provide necessary and sufficient conditions
for a group with finite torsion-free rank to be residually of finite p-exponent
for an infinite set of primes p. Whether there is a criterion similar to Corollary 3
valid for hypercentral groups seems unclear.

4. Groups with an .#-Property

From now on i will denote a function from the set of primes to the set of
non-negative integers and (i) will be the property defined by Eq. (1): this
Property is inherited by subgroups but not by homomorphic images (unless i
has finite support).

It is obvious that .#(i) and #(i’) coincide if and only if i=i". For torsion-
free groups, however, the situation is different: let G be a torsion-free group
With .# (i) and let p be any prime. Writing D for the intersection of all the G&®
With g+ p, we find that DA G”® =1 and D”*'=1. Hence D=1 and G has
the stronger property £ (i,) where i,(q)=i(q) if g% p and i,(p)=0. Thus £ (i)
and . (i') coincide for torsion-free groups if i (p)=i'(p) for all but a finite number
of p, that is, if i and # belong to the same type (see [4], § 42 for terminology).
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Now let 4 be a torsion-free abelian group with rank 1. Then it is easy to
see that 4 has .#(i) if and only if T(4)%i where T(A)is the type of A and i is the
type containing i. Moreover there exist groups of arbitrary type.

The results of the last two paragraphs are summarised in

Lemma 3. (i) The properties (i) and $(i') coincide if and only if i=1i'.

(ii) The properties % (i) and #(i') coincide for torsion free groups if and only
if i and i are of the same type.

The next lemma follows easily from the fact that a group G with (i) can
be embedded in the cartesian product of the groups G/G”"”.

Lemma 4. Let G be a group with #(i): then

(i) the elements of G with finite orders form a subgroup T which is the
direct product of its Sylow subgroups;

(ii) if T, is the Sylow p-subgroup of T, then T, and Autg(T,) have finite
exponent dividing p'?.

Our first main result about the property .# (i) is

Theorem 2. Let G be a group with #(i) and let T be the subgroup of all
elements of G with finite order.

(i) If GeX, then G/T is torsion-free and hypercentral.
(i) If GeX and T is locally finite, then G is locally nilpotent.

(iii) If G has finite torsion-free rank, then G/T is torsion-free and nilpotent
with finite rank.

Corollary 4. Let G have an $-property. If G is a soluble group with finite
rank, it is hypercentral. If G is polycyclic, it is nilpotent.

Of these statements the second is an immediate consequence of Theorem 2,
while the first follows with the aid of arguments used in proving Lemma 1.

Proof of Theorem 2. Assume that Ge X: we must show that G/T is hyper-
central and this will be the case if it is locally nilpotent, by Lemma 1. We will
also assume that G can be generated by finitely many elements x, ..., X,-

By hypothesis there is an ascending series of normal subgroups in G each
of whose factors is either a periodic group or is abelian of finite rank. Arguing
by transfinite induction on the length of this series, we find a normal subgroup N
such that NT/T is locally nilpotent and G/NT is either periodic or abelian.
Evidently there is nothing to be lost in assuming that T<N.

Let us make the following observation once and for all. Suppose that @
is a finite set of primes and P is the direct product of the Sylow p-subgrol{l()ps)
of T forpen: then G/P has #(i). For if D/P is the intersection of all the (G/P)
for p¢n, then DS G?'” P=G" if p¢n. Therefore

DA () G"™)=1,
pen

which shows that D has finite exponent dividing [] p”. Thus D=P.

pemn
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Suppose now that G/N is periodic. Then there are positive integers m; such
that X =<x1, ..., xy"> <N. Now X T/T is finitely generated and nilpotent, so
X/X N Tis finitely presented. Thus X N T is the normal closure in X of a finite
subset (for these facts see [7], p.421). This implies that X contains elements
of only finitely many distinct prime orders. Let n denote the set of all such
primes and all prime divisors of m;m,...m,. If P is the direct product of the
Sylow p-subgroups of T for pen, then G/P has .#(i). There is, therefore, no
loss in supposing that P=1. Hence X is nilpotent, say of class c.

Let p¢n: then x[e XG"” implies that x,e XG””, so G=XG""”. Hence
11 (G)SGP'™ for all pén. It follows that Y.+1(G) has exponent equal to a
n-number. Hence y,, ,(G)<P=1 and G is nilpotent.

Assume from now on that G/N is abelian. The next step is to prove that
Ca,g» T/T is nilpotent if ae N and ge G. The proof is similar to part (c) of the
proof of Theorem 1: moreover the hypercentrality of G/T follows as in part (d)
of the latter proof. Suppose the assertion is false and let aeZ,, , \Z, where
Z,/T is the a-th term of the upper central series of N/T. Choose a so that a
is minimal subject to {a,g) T/T being non-nilpotent for some g. Writing
a;=a*, we can find positive integers r, s and t and elements b and ¢ of Z, such
that @* | and a! belong to

Y=<ay,a,,...,a,_,,b%®, <&,

By minimality of a both <b, g)> T/T and {c, g)> T/T are finitely generated nil-
potent groups, whence <b, g» and {c, g> have elements of only finitely many
different prime orders. We may therefore suppose that <b, g> and {c, g) are
torsion-free, which implies that they are nilpotent. Hence Y is finitely generated
and can contain elements of only finitely many distinct prime orders. If 7 is
the set of all such primes and all prime divisors of s¢, we can assume that G
contains no non-trivial element with order a z-number. One then argues that
a_; and a, must belong to YG””' and hence that a‘® < YP?”'” if p¢n. This
leads to y,, ,(a‘®) having exponent equal to a n-number, where d is the nil-
potent class of ¥, and hence to the nilpotency of a‘®’. The group <a, g) is there-
fore soluble, and it has finite torsion-free rank by the argument of the proof
of Theorem 1.

The nilpotence of <a, g) is now a consequence of the following result. If K
is a finitely generated group with finite torsion-free rank, if K has #(i) and if
each K/K?'*" is finite, then K is nilpotent. We shall suppose that this assertion
1s false,

Since K/K?'” is a finite p-group and K has .# (i), there is an infinite descend-

ing central series of K
K=K, >K,> -

such that the intersection of all the K ;is 1,each |K;: K, ,|is prime and a prime p
€an occur only finitely often as the order of a factor of the series. Since K has
finite torsion-free rank, all but a finite number of the lower central factors of
K must be periodic. Suppose that y;(K)/y;, ,(K) is periodic and set L=1y;(K).
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Then L/[L, K] is finite since it is a periodic subgroup of the finitely generated
nilpotent group K/[L, K]. Define

L=LnK,

and observe that |L,: L, ;|=1or |[K,:K, | Now K/L and K/K, are nilpotent,
so L,#+1 for all t. Hence there occur among the |L,:L, | an infinite number of
primes. Choose one such prime p which does not divide |L:[L, K]| and suppose
that p=|L,: L, |, with t as small as possible. L/L, ,, is a finite nilpotent group
with Sylow p-subgroup of order p. Hence there exists a normal subgroup M
of K such that L, ., <M <L and L/M has order p. Then L/M is a minimal
normal subgroup of K/M, and K/M is nilpotent because L, ; <M. Hence
L/M lies in the centre of K/M and [L, K]<M < L. Thus L/[L, K] has a sub-
group of index p: but this is impossible by our choice of p.

So far (i) has been established. The result of the previous paragraph,
together with (i), implies (i), while (iii) follows from (i) and Corollary 2. This
completes the proof.

Remark. The group G/T need not have an #-property nor need G be nil-
potent, even if G is metabelian and of torsion-free rank 1. For example, let H,
be a finite metabelian p-group with exponent p and nilpotent class p—1; here
H_ could be the semi-direct product of an elementary abelian p-group with

bafsis {ay, ..., a,_,} by the cyclic group {t) of order p where

and t'at=aa,,,, 1Zi<p—1.

Let H be the cartesian product of the groups H, for all primes p. The sub-
group T of elements of finite order in H is just the direct product of the H,.

Clearly
HP=1.
)

It is easy to see that H/T is radicable; in fact H/T contains a subgroup G/T
which is isomorphic with the additive group of rational numbers. G is a group
with the properties mentioned.

Free Polynilpotent Groups

To indicate that the hypothesis “GeX” cannot be omitted from Theorem 2
we shall prove the following theorem, which is doubtless well-known.

Theorem 3. If G is a subgroup of a free polynilpotent group and m is any
infinite set of primes, then
Y f p Ner=1.
peEn

Proof. Evidently we may assume that G is a finitely generated fret? poly-
nilpotent group. By Gruenberg’s theorem® ([5], Theorem 7.1), G is residually
a finite p-group and hence is residually nilpotent. Now a theorem of pP. Hall

L A simple proof of Gruenberg’s theorem is provided by work of Dunwoody [3].
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(see also Smel’kin [16]) asserts that each y i(G)/7;,1(G) is free abelian. Hence
G/7;,1(G) is a finitely generated torsion-free nilpotent group: by Higman’s
theorem ([8]; see also Lemma 6 below)

ﬂGp§ ﬂ }’j+1(G)=l-

pen J=0,1,2,.0

For similar reasons every free group has the above property. Theorem 3

shows that it is impossible in Theorem 2 to assume merely that G has an
ascending series of subnormal subgroups whose factors are infinite cyclic.

5. Sufficient Conditions for an .#-Property
First let us consider which abelian and nilpotent groups have .# (i).

Lemma 5. Let A be an abelian group and write A, for its p-component. Then
Ahas the property S (i) if and only if A, has exponent dividing p*® for each prime p
and i does not belong to the type of any torsion-free rank 1 subgroup of A.

Proof. Since only the sufficiency of these conditions is in doubt, let us
assume that they are satisfied in 4. Let D be the intersection of all the 47"
and denote the torsion-subgroup of 4 by T. Then

DAT=\A""nT)=T"" =4, =1,
p p P

where A, is the p’-component of A. Thus D is torsion-free. Let 14-ae D; then
for each prime p there is an element a,, in A such that

= p'(p)
a ap .

Let X be the subgroup generated by all the a, and let 1+xeX. Write
x=bj...b} where t;+0 and b;=a, . A simple 1nduct10n on r shows that x has
mﬁmte order Thus X is torsxon Tree. Finally the mapping a,— 1/p"” deter-
mines an isomorphism of X with the additive group generated by the rational
numbers 1/p‘®; the latter, however, is a torsion-free group with rank 1 and
type containing i. Hence D=1.

If i, is a function from the set of primes to the set of non-negative integers
and n, is a non-negative integer, then as usual

k

denotes the function which maps p to Y. n,i,(p).
r=1

Lemma 6. Let G be a nilpotent group with positive class ¢ and let the centre
Z, of G have #(i). Then

() G has #(i*) where
*=(1+(c—D+(c—1c—2)+ - +(c—1)(c=2)...2.1)i.
(i) If in addition G is torsion-free, then G has % (i).
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Proof. The first part follows directly from Lemma 2 if I is taken to be the
set of all p.

Now let G be torsion-free; then G/Z, is torsion-free. Let p be a prime
greater than c¢. Philip Hall’s commutator collection process ([6], §§12.3 and
12.4) shows that G”'” actually consists of p‘P-th powers. Hence, if D is the
intersection of all the G*'® for p>c,

DnZ,= [\ Zr'®. )
p>c
Define i'(p)=i(p) if p>c and i'(p)=0 otherwise. By Lemma 3 the properties
#(i)and .# (') are identical for torsion-free groups. From (4) one now concludes
that Dn Z, =1. Since G is nilpotent and D<@, it follows that D=1.

Theorem 4. Let G be a group and let T be a normal subgroup of G satisfying
the following conditions.
(i) T is the direct product of its Sylow p-subgroups T,.
(ii) Autg(T,) has finite exponent pP for all p.
(iii) The centre of the centralizer of T in G has the property ¥ (k).
(iv) G/T is a torsion- free nilpotent group of class c.
Then G has the property ¥ (i) where i depends only on j, k and c.

Lemma 4 and Theorems 2 and 4 provide necessary and sufficient con-
ditions for a group with finite torsion-free rank to have an .#-property. Notice
that the validity of condition (iii) of Theorem 4 can be decided by reference

to Lemma 5.
The value of i furnished by the following proof is without doubt a crude

one: however it is linear in j and k.

Proof of Theorem 4. (a) Suppose that H/K is a G-admissible factor of G
with finite exponent p®. Our first move is to prove that Aut,(H/K) has finite
exponent dividing p** where

e*=max{e(c—1), j(p)} + min{e, j(p)+k(p)}. )

In the first place hypotheses (ii) and (iii) imply that T, has exponent dividing
p'@P+kP)_Since G/T is nilpotent of class c,
Autg(HT/KT)=Autg, (HT/KT)

has exponent dividing p*“~ ([12], Lemma4.12). Also HNnT/KnT and
(HN T,)/[(K N T,) are isomorphic as G-operator groups, so Autg(HnT/K r\.T)
is a homomorphic image of Autg(T,) and therefore has exponent dividlpg
p'®. Let L be the subgroup consisting of all elements of G which centralize
both HT/KT and H N T/K N T. Then G/L has exponent dividing p* where

a=max{e(c—1), j(p)}.

Now L centralizes both H(HNT)K and (HnT)K/K. Thus if heH, the
mapping [ - [h,[] K is a homomorphism of L into (Hn T) K/K. The mter
section of the kernels of all such homomorphisms is precisely Cg(H/K) and
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the exponent of (H N T) K/K divides both p® and p/®+*®) Hence Autg(H/K)
has exponent dividing p*.

(b) From now on write C=Cy(T).
Then y.,,(C)<T, 50 y.,,(C)=1 and C is nilpotent of class at most ¢+ 1. By
hypothesis the centre of C has .#(k), so by Lemma 6 the group C has .# (i;) where

iy=(14c+cle—1)+ - +clc—1)..2.1)k. (6)

Since T is periodic and G/T is nilpotent, the elements of G/C with finite order
form a subgroup S/C such that T < S. We shall prove next that S has .# (i,) where

i2=i1+j~ (N

Suppose that this is false and let x be a non-trivial element lying in se”

for every p. Since G/Cg(T)) has exponent p’®), the group G/C has .#(j). Now
j(p)<i, (p), so x must belong to C. Since C has #(i,), there is a prime p such that
x¢ X ="

The group TX/X is the direct product of its Sylow subgroups: let P/X and Q/X
denote respectively the p- and p’-components of TX/X. Clearly X, P and Q
are normal subgroups of G. Let D be the centraliser of P/X in S: then S/D is a
p-group by hypothesis (ii). Now y. (D)ST and [T,D]<Q<D; hence
7e+2(D)=Q and D/Q is nilpotent of class at most c+1. Consequently the
elements of S/Q whose order is prime to p form a subgroup E/Q such that
E<D. Now S/C and C/X are periodic, so S/X, and therefore S/Q, is periodic;
hence S/E is a p-group. But CE/E has exponent dividing p*” and S/CE has
its unique Sylow p-subgroup of exponent dividing p/” because S/C is periodic
and G/C has .#(j). Hence S/E has exponent dividing

pi(P+i) — pia ()
Thus xe S’ <E. But E/Q and Q/X are p’-groups, so E/X is a p’-group, while
xe C and C/X is a p-group. Thus xe X, a contradiction.

(c) The group G/S is torsion-free and nilpotent of class at most ¢ since
T<S. Let G/S be the t-th term of the upper central series of G/S, so that

§=G,<G,<--<G,=G.

Let M=G, and N=G,,, where 0<r<c: notice that M/N is torsion-free.
Assume that M has .#(i') where i'(p)=1i, (p) for all p. We will prove that N has
J(i") where, in the notation of (5),

i (p)=('(p))* +i'(P)+1. ®)

Suppose that x is a non-identity element belonging to N*"'’ for all p. Since
G/C has .#(j) and j(p)<i,(p)<i'(p)<i”(p), it follows that xe C: hence xe M.
Therefore x¢ M?" for some p. Now define

F= CN(M/Mp:'(p)) and L= FP @ Mp'®,
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By (a) the group N/L has exponent dividing p'”, so xe L. However, just as
in the proof of Lemma 2, this leads to the contradiction xe M?"*”.

From Egs. (5), (6), (7), and (8) we obtain
i"=ci'+j+k+1 or i"+2j+k+1 9)
according as ¢>1 or c=1. Eq.(9) allows us to conclude that G has .# (i) where
i=i ' +(l+c+?++cN(+k+1) or i+2j+k+1

according as ¢> 1 or c=1. It is clear that i depends only on j, k and c.

The problem remains to find suitable conditions for a hypercentral group
to have an £-property and to extend Theorem 4 to the case where G/T is
hypercentral. This would provide necessary and sufficient conditions for a
group in the class X to have an #-property.

References

1. Baer, R.: Das Hyperzentrum einer Gruppe III. Math. Z. 59, 299-338 (1953).
2. Carin, V.S.: On groups possessing a soluble ascending invariant series. Mat. Sbornik 41,
297-316 (1957).
3. Dunwoody, M.J.: On verbal subgroups of free groups. Arch. der Math. 16, 153-157 (1965)
4. Fuchs, L.: Abelian groups. Oxford: Pergamon Press 1960.
5. Gruenberg, K. W.: Residual properties of infinite soluble groups. Proc. London Math. Soc
7(3), 29-62 (1957).
6. Hall, M.: The theory of groups. New York: MacMillan 1959.
7. Hall, P.: Finiteness conditions for soluble groups. Proc. London Math. Soc. 4 (3),419-436 (1954).
8. Higman, G.: A remark on finitely generated nilpotent groups. Proc. Amer. Math. Soc. 6,
284-285 (1955).
9. McLain, D.H.: Remarks on the upper central series of a group. Proc. Glasgow Math. Assoc. 3,
38-44 (1956).
10. Mal'cev, A.1.: Nilpotent torsion-free groups. Izvestija Akad. Nauk. SSSR, Ser. Mat. 13.
201-212 (1949).
11. — On certain classes of infinite soluble groups. Mat. Sbornik 28, 567-588 (1951); Amer.
Math. Soc. Translat. 2 (2), 1-21 (1956).
12. Robinson, D.J.S.: Residual properties of some classes of infinite soluble groups. Proc. London
Math. Soc. 18(3), 495-520 (1968).
13. — Infinite soluble and nilpotent groups. Queen Mary College Mathematics Notes, London
1968.
14. — A property of the lower central series of a group. Math. Z. 107, 225-231 (1968).
15. Seksenbaev, K.: On the theory of polycyclic groups. Algebra i Logika, Sem. 4, 79-83 (1965)-
16. Smel’kin, A.L.: Free polynilpotent groups. Izvestija Akad. Nauk SSSR, Ser. Mat. 28, 91-122
(1964).
17. Wedderburn, J.H.M.: Note on algebras. Ann. of Math. 38(2), 854-856 (1937).
18. Zassenhaus, H.: The theory of groups, 2nd ed. New York: Chelsea 1958.

Dr. D.J.S. Robinson
Department of Mathematics
University of Illinois
Urbana, [llinois 61801

USA

(Received April 13,1971)



Math. Z. 124, 133-140 (1972)
© by Springer-Verlag 1972

Homologies in Collineation Groups
of Finite Projective Planes. I

JuLia M. NowLIN BROWN

§ 1. Introduction

Let ® be a collineation group of a finite projective plane n=(Z, &, I).
By orbits, point orbits, line orbits and point-line orbits we shall mean G-orbits,
®-orbits in Z,G-orbits in £, and G-orbits in 2 x £ respectively. By homologies
and elations we shall mean homologies and elations in .

In [6, pp.183-184], Fred Piper has proved that if ® fixes no point or line
and if ® contains order p elations for p=2, then the centers of order p elations
form a point orbit, the axes of order p elations form a line orbit, and the center-
axis pairs of order p elations form a point-line orbit. Our main result, Theorem 6,
is the exact analogue of Piper’s result for order ¢ homologies provided that
¢>2 and ® fixes no point or line. The restriction that ® fix no point or line
is necessary. Otherwise more orbits can occur and in Theorem 4 we easily
prove that at most three orbits (of each type) can occur if g>2. The restriction
that g>2 is also necessary in Theorem 6. The main argument in the proof of
Theorem 5 gives a partial result (which is included in the statement of
Theorem 5), in the case g=2. In a later paper [3] (or see Chapter III, Section 6,
pp. 95-103 of [2]), we shall use this partial result together with some further
arguments to prove that if g=2 and ® fixes no point or line then there are
at most two orbits of centers, axes and center-axis pairs of order 2 homologies.

The two orbit case does occur, examples are described in Mitchell [4, pp.213
-214].

I wish to thank Professor Andrew Gleason for his helpful suggestions while I was doing this
research.

§ 2. Definitions, Notations, and Results Used

n=(2, %,1) is a finite projective plane defined by the usual three axioms.
Points are elements of 2 and will be denoted by capital letters P,Q ... . Lines
are elements of .# and will be denoted by small letters k, m, ... . The incidence
relatlon I will be used symmetrically, i.e., both PIk, kIP w1ll be used for
“P and k are incident”. The usual geometric language will also be used for
mc1dence AB means the unique line incident with the distinct points 4 and
B. km means the unique point incident with the distinct lines k and m. (k) is
the set of points incident with k. (P) is the set of lines incident with P.
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A collineation is a pair of bijections of the points and lines which preserves
incidence. The same letter will be used to denote both bijections and the
induced map on Z x &.

Elations and homologies and their centers and axes have the usual definitions
(and the identity is an elation and a homology). A center-axis pair is a point-
line pair (K, k)e 2 x £ such that there is a nonidentity elation or homology
in ® with center K and axis k. Homology (elation) centers, axes, and center-
axis pairs have the obvious meaning. K is a homology (elation) center of k
and k is a homology (elation) axis of K if (K, k) is a homology (elation) center-
axis pair.

If ® is a collineation group of = and SS2 U %, then G is the subgroup
of ® which fixes S elementwise. Also, &, ,=® 4, and 6,=6 .

The following previously known results will be used:

Result 1. Let g be a collineation. If 4 is a homology (elation) center of q,
then g(A) is a homology (elation) center of g(a). (This follows from the fact
that g6 87" = Oy ean)

Result 2. The set of homology centers of a is either empty or it is a G,
orbit. (Satz 3, André [1].)

Result 3. The set of homology centers of a is either empty or it is a ® -orbit.
(This follows from Results 1 and 2 and the fact that ® ,<®,.)

Result 4. If ® fixes no point or line and p=>2, then ® is transitive on the
centers of order p elations, on the axes of order p elations, and on the center-
axis pairs of order p elations. (Lemmas 1 and 2, Piper [6].)

§ 3. Correspondence of Center, Axis and Center-Axis Pair Orbits

In this section we establish natural 1-1 correspondences between orbits
of homology centers, axes and center-axis pairs. These correspondences
“preserve the orders” of the related homologies.

Proposition 1. Let p be defined on homology center-axis pairs by p((X, y))=J-
Then p induces a bijection between orbits of homology center-axis pairs and
orbits of homology axes.

Proof. (i) If O is an orbit of homology center-axis pairs, then p(0) is contained
in a line orbit of homology axes.

If 5,tep(0), then (S, s),(T,t)e@ for some points S and T. Then, since O
is an orbit, there is a ge® with g((S, s))=(T, t). Thus, g(s)=t.

(ii) If o is an orbit of homology axes, then p~*(&) is contained in an orbit
of homology center-axis pairs.

Let (S, s), (T, t)ep~"(s7). Then s, te.o/. Because .o is an orbit, there is 2
ge® with g(s)=t. Then by Result 1, (g(S),g(s))=(g(S) 1) (as well as ('Et)) 18
a homology center-axis pair. By André’s Result 3, there is an he®, which
maps g(S) to T. Then (hg) (S, s))=h((g(S), t))=(T t).
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(iii) If O is an orbit of homology center-axis pairs, then O=p~" p(0).

O<p~'p(0) (by the definition of p~')=p~' () (for some homology axis
orbit .o/, by (1))= 0, (for some homology center-axis pair orbit ¢, by (ii)).
But a containment between orbits must be an equality. So O =p~!p(0).

(iv) If o is an orbit of homology axes, then .o/ =p p~' (/).

This is immediate from the definition of p~' and the fact that the range

of p is the set of all homology axes.
The proposition follows immediately from (iii) and (iv).

Definition. A homology center-axis pair orbit and a homology axis orbit
are called corresponding if they correspond under the bijection of the above
proposition. A homology center-axis pair orbit and a homology center orbit
are called corresponding if they correspond under the bijection defined dually
to the one above. A homology center orbit and a homology axis orbit are
called corresponding if they correspond to the same homology center-axis pair
orbit. (Thus, if ¥ is a homology center orbit, the corresponding homology
axis orbit is of ={/e .|/ is a homology axis of C for some Ce%}.)

Note that if an orbit is an orbit of centers, axes, or center-axis pairs of
order ¢ homologies, then so are the corresponding orbits. Thus we have the
following:

Theorem 2. Let © be a finite projective plane with collineation group ®.
Then the number of ®-orbits of centers of homologies in & =the number of
®-orbits of axes of homologies in ® =the number of ®-orbits of center-axis
pairs of homologies in ®. Also, the number of G-orbits of centers of order q
homologies in ®=the number of ®-orbits of axes of order q homologies in
® =the number of ®-orbits of center-axis pairs of order q homologies in ®.

Remark. 1f ® fixes no point or line, then a result analogous to Theorem 2
holds for elations. This follows either directly from Result 4 of Piper or from
the above discussion modified by replacing homologies by elations throughout
and by replacing, in part (ii) of the proof of Proposition 1, André’s Result 3
by the last part of Piper’s Result 4. So there are natural 1-1 correspondences
between elation center, axis, and center-axis pair orbits and between order p
elation center, axis, and center-axis pair orbits if ® fixes no point or line.
This restriction on & (which does not occur in the analogous homology
result) is necessary here. This is easily shown by the example of a Desarguesian
plane together with the collineation group consisting of all elations with a
fixed axis.

§ 4. The Number of Order ¢ Homology Center, Axis,
and Center-Axis Pair Orbits for ¢ >2

 The main result here is Theorem 6 which asserts that the number mentioned
In the title of this section is at most one if ® fixes no point or line. The analogous
result in the case that ® fixes a point or line is much easier and is included
here as Theorem 4. The arguments we use in proving Theorem 6 also prove
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a partial result in the case g=2. This accounts for the alternate “g=2 hypo-
thesis” in Lemma 3 and Theorem 5. The g=2 part of Theorem 5 will be used
in a later paper [3] (or see [2, pp. 95-103]) to obtain a best possible bound
on the number of involutory homology center, axis, and center-axis pair
orbits in the case that G fixes no point or line.

Lemma 3. Let © be a finite projective plane with collineation group ®. Let
%, and €, be distinct ®-orbits of centers of order q homologies for q=2. Let
(Cy,¢y) and (C,,c,) be order q homology center-axis pairs with C,€%, and
C,€%,. If q=2, let at least one of the orbits €, and €, have the property that
none of its points lie on a line of the corresponding line orbit of homology axes.
Let k=C,C,. Then c,ke%, and c,ke%,.

Proof. We use proof by contradiction. Suppose ¢, k¢, .

For i=1,2, let o; be an order ¢ homology with center-axis pair (C;,c,).

Because %, is an orbit and by the semi-regularity of «; on the set of points
of k other than C; and c;k (i.e. on (k)—{C;} U {c;k}):

€ (k=16 N {C}+I€,n{c;k}| (modg)
for i=1, 2. By setting the right sides congruent for i=1,2:
1+ €, n{c; k}|=0+|€,n{c, k}| (mod g).

So if c,k¢%,, then 14|, N {c, k}|=0 (mod q). But €, {c, k}|=0 or 1. So
1 or 2=0 (mod g), according as ¢, k¢ %, or ¢, ke€,. Thus g=2 and ¢, ke%,.
But now c; k¢%, (because c,ke%,), so the above argument with the
indices 1 and 2 interchanged can be applied. Thus c,ke®,.
So we have g=2, ¢, ke¥,, c,ke%,. This set of conditions contradicts the
hypothesis of the Lemma.

So ¢, ke®,. Analogously, ¢, ke¥,.

Theorem 4. Let n be a finite projective plane and let ® be a collineation
group of m which fixes a point or line. Let q>2. Then there are at most three
&-orbits of centers of order q homologies in ®, at most three G-orbits of axes
of order q homologies in ®, and at most three ®-orbits of center-axis pairs of
order q homologies in ® and the number of each of these three types of orbits
is the same.

Proof. By duality and Theorem 2, it is sufficient to prove that there are
at most three orbits of centers of order g homologies in the case where ®
fixes a line, say k.

We first count the center orbits which meet k. (Compare Ostrom [5,
Theorem 3.4, p.67].) By Lemma 3, if (C,,c,), with C,Ik, is a center-axis
pair of an order g homology in ®, then ®(C,) and & (c, k) are the only possible
orbits of centers of order ¢ homologies in ® which meet k.

We now count the center orbits which do not meet k. The set of homology
centers off k is the set of homology centers of k because ® fixes k. Thus, by
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André’s Result 3 and because = G,, the set of centers of order g homologies
off k is either empty or consists of exactly one G-orbit.

So there are at most three orbits of centers of order ¢ homologies in ®
(at most two which meet k and at most one which does not).

Remark. The three orbit case can occur. Consider the example of a finite
Desarguesian plane n and the group of all collineations of = which fix two
distinct points 4 and B. Then {4}, {B}, and the set of points off the line AB
are three orbits of centers of order ¢ homologies for any g which divides the
order of the plane minus one.

Theorem 5. Let © be a finite projective plane and let & be a collineation
group of m which fixes no point or line of m. Then there is at most one ®-point
orbit of centers of order q homologies in ® if q>2. If there is an involutory
homology in ® with no ®-image of its center lying on its axis, then there is only
one ®-point orbit of centers of involutory homologies in ®.

Proof. We use proof by contradiction. Suppose that 4, and %, are two
distinct point orbits of centers of order ¢ homologies in ® with respectively
corresponding homology axis orbits & and .,, and suppose either that
q>2 or that g=2 and at least one of the orbits %, and %, has the property
that none of its points lie on a line of the corresponding line orbit of homology
axes.

For i, je{l, 2}, let:
¢;;=the number of points of €, on a line of s,
a;;=the number of lines of «/; through a point of %,.

The numbers c;; and g;; are well defined because the ;s and s are
orbits. It is clear from the definitions of c;; and a;; that a;;=0 iff ¢;;=0. We
will deduce a contradiction by showing in (iv) below that either a; =c¢;;=0
0ra,,=c,,=0and by showingin (xv) that neither a,, =¢,; =0Onora,,=c,,=0.

Note that our set of hypotheses is selfdual and symmetric in the indices 1
and 2. At no point in our arguments will we make any assumption as to which
orbit has the “special property”in the case g=2. (In fact, this special property
15 used directly only in applications of Lemma 3. The conclusions of Lemma 3
are symmetric in the indices.) Thus any of our intermediate results (i)-(xv)
can be used as originally stated, dualized, with the indices 1 and 2 inter-
changed or both dualized and with the indices interchanged.

() Neither , nor %, is collinear; neither s#, nor of, is concurrent.

6 fixes no line, so no G-point orbit is collinear unless it consists of a single
pomt. But G fixes no point, so no G-point orbit is collinear. By duality, no
®-line orbit is concurrent.

(i) Let Be®,. Then there are exactly c,, lines k through P, which meet €, .

Let p, be an homology axis of . Let kIF,. Clearly, k meets €, if p,ke®,.
By Lemma 3, k meets €, only if p, ke®,. So k meets %, if and only if p, ke®,.
10 Math. 7, B4, 124
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But since there are exactly c,, points of ¥, on p,, there are exactly c,, lines k
through B satisfying p, k€%, and therefore meeting %, .

(i) ¢;;22, ¢,,22, a,,22, a,,22.

By (ii), ¢,,; <1 implies %, is empty or collinear. This violates (i). Thus
¢,,22. The other assertions follow by interchanging the indices 1 and 2,
dualizing, or both.

(iv) Either a,,=c,,=0 or a;,;=c¢;;=0.

Suppose a,,=c,, =0 is false. Then ¢,,>0, because a,, and c,, are either
both zero or both positive. ¢,, >0 by (iii). Thus, by the definitions of c,,
and ¢, ,, there is a point of %, on each of the a,, +a, lines of &/, U </, through
a point of %,. Thus, by (ii), a,, +a;; <c,,. Dually ¢, +¢,;<a,,. These two
inequalities imply that a;; < —¢,;. But a,;, ¢;; 20. Thus a;; =¢,;,; =0.

Analogously, if a;; =c¢,, =0 is false then a,, =c,,=0.

(v) For any line m, |(m)n€,|<c,,.

By the noncollinearity of %,, there is a point Re%, with FZm. For every
Me(m)n%,, BM is a line through B, which meets €,. Thus. |(m)N,|<the
number of lines through B, which meet 4,=c,, (by (ii)).

(vi) Let Be%,, B1k, (k)n%,+0. Let a,e o, with a,XF,. Then a,ke%,.

Let t=c,,. By (ii), there is a set of t lines, say {k,, ..., k,}, with k, IR, and
%< |J (k). Then (a)n%,s(a)n |J (k)= |J {ak;} (because

i=1,2,...,1 i=1,2,..5t i=1,2,...,1
a, +k, for all i). But |(a;)N%,|=c,,=t by the definition of c,,. So we have
a containment between two finite sets of equal size. Thus, the containment is
an equality: (a,)n%,= () {a,k;}. So a k€%, for all i. But k is one of
the k;. So a, ke®,. i= 124000t

(vii) a,,<c,,+1. Moreover, a,,<c,, if there are Re%,, P,e%, with
R P,¢ ).

Let Be%,, P,e%,. Choose these points with B P,¢.o/ if this is possible.
Choose a line k with kIB, kZP, and (k)n%,+0. (Such a k exists because,
by (i), €, < (B B).) Then ¢, 2|(k)n%,| (by (M)=| (U {xk} N&,| (because

xedy n(P3)
PEk)=|o, n(B)—{B B} (by (vi))=a,,—1 or a,, according as B P,eo OF
RB¢d,.

(viii) If 1) a;,=c¢,, and a;; =0 or 2) a;, =c, + 1, then for any two distinct
points B, Q,€%,, P,Q,ed,.

By (i), %, £(R,Q,). So we can choose Re®, with RZP,0Q,. Let k=RQ,-
By (vi), a, ke, for every a,€ o/, with a, . Thus:

(#4n(@B)-{BR}s | XB.

Xe(k)n€2

The line set on the right has size |(k) " %,| which, by (v), is no larger than C,1-
The line set on the left has size a,, —e where e=1 or 0 according as PanE‘dl
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or RP ¢ . In case 1), a;; =0 and so B, P,¢.o%. So, in case 1), the line set on
the left has size a,, —0=c, . In case 2), the line set on the left has size at least
a,—1=¢,;. So in either case we have a containment between finite sets of
equal size. Thus equality prevails and Q, P,e.o/, N (B)—{P, P} c ..

(i) a3 =0=a,,<c,; —1.

ay, =0=F P,¢ o/ for all Fe%, and P,e%,. Thus, by (vii), Ay SC34.

Suppose a;,=c,,. Then, by (viii), ,Q,e.«, for any two distinct points
P, Q,€%,. Because of this and the fact that a,, =0, no line through a point
R of %, can contain two points of %,. But then, by Lemma 3, %, is contained
in any homology axis p, of B. But this contradicts (i) which asserts the non-
collinearity of €,. Thus a,,#c,,.

Soa;,=c,, and a;,#c,,. Thus a,,<c,, or a,,<c,, 1.

(x) ¢;,=0=>a,,=c,, +1.

¢,y +1=ay, (by (ix) dualized and with the indices 1 and 2 interchanged) <
¢y +1 (by (vii)). Thus equality prevails and ¢,, +1 = Q.

(xi) ¢,,=0=P,Q,e.o, for any two distinct P,0,e%,.

This follows immediately from (x) and (viii).

(xii) ¢,,=0= R P,e o, for any F,e%, and PB,c¥,.

By (x), @;;=c,,+1%£¢c,,. So by (vii) there cannot be Re%,, Be%¥, with
hbé¢o.

(xiii) ¢,,=0=¢,,<1.

Let ke s, Pe®%, with P,¢k. Then, by (xi) and (xii), the €,y +c¢yqy lines XP,
where X e(%, U%,)n (k) are lines of . Thus, ¢,, 4+ ¢, Za,, (by the definition
of aj,)=c,, +1 (by (x)). Thus ¢, < 1.

(xiv) ¢, ,=0=cy, <ay;.

Let Be%,. By (ii), there are exactly ¢, lines through B which meet ,.
By (xii) these c,, lines all belong to <. Thus ¢, Zaq,,.

(xv) Neither a,,=c,,=0 nor a,; =c,, =0 is possible.

Ifa,,=c,,=0, then 2<c,, (by (iii))<a,, (by (xiv))<1 (by the dual of (xiii)).
Soa,,= ¢,,=0is impossible.

Analogously, a,; =c,, =0 is impossible.

This proves the theorem.

Theorem 6. Let 1 be a finite projective plane and let ® be a collineation
8roup of m which fixes no point or line of m. Let q>2. Then ® is transitive on
the centers of order q homologies in ®, on the axes of order q homologies in ®
nd on the center-axis pairs of order q homologies in ®.

Proof. This follows immediately from Theorem 5 and the last part of
€orem 2,
10+
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Globale Moduln

KLAUS LANGMANN

§ 0. Einleitung

Zu Beginn der Arbeit beweisen wir als Hilfssétze fiir die in §2 zu zeigenden
funktionentheoretischen Aussagen einige rein algebraische Sitze, die auch zum
Teil ohne die funktionentheoretische Anwendungen von Interesse sind. 1.1 bzw.
1.2 zeigt, daB unter der Voraussetzung, daf alle Untermoduln eines Moduls M
eine (nicht notwendig endliche) Primérzerlegung haben, fiir M auch , K rullsche
Durchschnittsitze* gelten. Hilfssatz 1.3 verallgemeinert den Satz von Cohen
[16] auf Moduln. AnschlieBend (1.3.1) beweisen wir, daB bei Moduln iiber
J-adisch kompletten Ringen besonders leicht die Maximalbedingung zu testen
ist. Hilfssatz 1.4 verallgemeinert ein Theorem aus [16]: Moduln M, in denen
der J-adische AbschluB aller endlich erzeugten Untermoduln von M wieder
endlich erzeugt ist, sind genau dann noethersch, wenn alle Untermoduln
>JM endlich erzeugt sind. Satz1.7 zeigt, daB unter schwachen Voraus-
setzungen fiir einen Modul M die Eigenschaften ,lokal noethersch (dh M,
ist noetherscher R, -Modul fiir alle maximalen Ideale »<R), ,Jeder endliche
Untermodul von M hat eine Primérzerlegung®, ,,Jeder Untermodul hat eine
Primédrzerlegung und ,,Krullsche Durchschnittssitze fiir M* dquivalent sind.
Ein lokal noetherscher Ring braucht jedoch nicht noethersch zu sein (es gibt
solche Integrititsringe, in denen es sogar aufsteigende Hauptidealketten gibt,
s. [13]1); der folgende Satz 1.8 gibt dariiber nihere Auskunft: Ein lokal noether-
scher R-Modul, in dem jeder endliche Untermodul eine endliche Primiir-
zerlegung hat, ist noethersch. Satz 1.9 zeigt, daB ein Modul M genau dann
noethersch (bzw. lokal noethersch) ist, wenn alle endlichen (bzw. alle) Unter-
moduln eine endliche (bzw. beliebige) Primédrzerlegung haben und M sowie
'mM fir alle maximalen Ideale » endlich erzeugt (bzw. lokal endlich erzeugt)
Ist. Speziell ist ein Ring genau dann noethersch, wenn alle maximalen Ideale
endlich erzeugt sind und jedes endliche Ideal eine endliche Primérzerlegung
hat. AnschlieBend wird an Hand von Gegenbeispielen gezeigt, daB von diesen
VOraussetzungen keine iiberfliissig ist.

In§2 wenden wir diese Ergebnisse funktionentheoretisch an. Im allgemeinen
behandelt man in der F unktionentheorie die Ringe aller in einem k-analytischen
Raum 7 holomorphen Funktionen oder aber die Ringe aller in einer Um-
gebung einer kompakten Teilmenge G<Z holomorphen Funktionen. Wir
Wollen hier etwas allgemeiner fiir beliebige Mengen G<Z den Ring R,(G)
aller in ejner Umgebung von G holomorphen Funktionen (auch im nicht-
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archimedischen) betrachten und insbesondere dabei auch noch Unterringe
R = R,(G) behandeln. Dabei sind natiirlich nicht alle Unterringe funktionen-
theoretisch sinnvoll; zu ,kleine® Unterringe etwa haben gar keine Beziehung
mehr zu G und Z und konnen besser als Unterringe des Ringes Rz (G’) fur
gewisse Z'cZ,G' =G behandelt werden. Aus diesem Grunde fordern wir, daB
R gewisse Funktionen z; enthilt, die dhnliche Eigenschaften wie die Koordi-
natenfunktionen des k™ haben und die damit R zu einem sinnvollen, nicht zu
kleinen Unterring von R (G) machen.

Sei nun M ein R-Modul, der aus einer Menge von Schnitten einer koha-
renten Garbe . iiber G besteht. Dann ist fir N <M der Ausdruck N0, <./,
wohldefiniert, wenn 0O, die Strukturgarbe von G bedeutet. Wir sagen nun,
daB ein R-Untermodul NcM die Eigenschaft (I) bzw. (II) bzw. (ITT) erfiillt,
wenn es beliebig bzw. abzihlbar bzw. endlich viele Punkte z,€G gibt, so daB
aus meM, me N0, Vz, schon meN folgt. Wir definieren weiter: Der R-Modul
M erfiillt die Eigenschaften I bzw. II bzw. III, wenn alle endlichen Unter-
moduln N =M die Eigenschaft (I) bzw. (II) bzw. (I1I) erfiillen. Ist diese letzte
Bedingung sogar fiir alle Untermoduln N <M erfiillt, so erfiille M die Eigen-
schaften I bzw. II bzw. IIL

M erfiillt genau dann I, wenn fiir alle endlichen R-Untermoduln NcM
auch M/N auf kanonische Weise als eine Menge von Schnitten iiber einer
(von N abhéngigen) Garbe 4’ aufgefaBt werden kann. Speziell ist fiir Steinsche
Mengen G<Z (d.h. fiir Mengen G, die ein Umgebungssystem von Steinschen
Riumen G, haben) und fiir jede kohérente Garbe M auf G der R,(G)-Modul
I'(G, #) ein Modul mit I beziiglich G. Damit gelten alle im folgenden bewie-
senen Sitze auch fiir die iiblicherweise betrachteten globalen Ringe und
Moduln.

Satz 2.6 charakterisiert schon die Moduln mit 1 bzw. TI bzw. III: Dies sind
genau diejenigen R-Moduln, in denen jeder Untermodul N —M eine Primir-
zerlegung N = ﬂ p; mit Var p;:={zeG|p; O, * MO0_} +0 sowie beliebiger bzw.

iel,
abzihlbarer bzw. endlicher Indexmenge I, hat und fiir die die Untermoduln
der Form (z—z°)*M die Eigenschaft (I) erfilllen (diese letzte Bedingung ist
ziemlich unwesentlich, da sie meistens leicht zu verifizieren ist). Satz 2.7 zeigh,
daB die etwas schwiicheren (aber in der Anwendung wichtigen) Eigenschaften I
bzw. 11 bzw. III fir M genau dann erfiillt sind, wenn wir statt der Primar-
zerlegung N= ﬂ p; fiir alle Untermoduln Nc<M nur eine solche Primar-
iel,
zerlegung fiir alle endlichen Untermoduln N c M fordern.

Mit dem folgenden Satz 2.8 konnen wir sehr viele funktionentheoretiS({he
Probleme leicht algebraisch behandeln: Wenn M ein Modul mit I beziigI{Ch
G ist und s:={feR| f(z,)=0} das maximale Ideal aller in z,eG verschwin-
denden Funktionen aus R bedeutet, so ist der lokalisierte Modul M,,, noethersch
iiber R,,.

Satz 2.9 gibt nun ein handlicheres Kriterium fiir Moduln mit I: Dies sind
genau die lokal noetherschen Moduln M, in denen fiir NG M stets Var N +0
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ist und die Untermoduln (z—z°*M die Eigenschaft (I) erfiillen. Der sich
anschlieBende Satz 2.10 ist die funktionentheoretische Umformulierung des
Satzes 1.8: Ein Modul M erfiillt genau dann III, wenn er III erfiillt oder
dquivalent dazu, wenn er I erfiillt und noethersch ist. Damit konnen wir die
Moduln mit III leichter algebraisch charakterisieren: Dies sind die noether-
schen Moduln M, in denen fir NG M stets Var N+0 ist und in denen die
Untermoduln (z—z°)*M die Eigenschaft (I) erfiillen. Satz 2.11 zeigt dann, daB
fiir diejenigen G, bei denen der volle Ring R(G) noethersch ist (also etwa fiir
semianalytisch kompakte Steinsche Mengen), die Eigenschaften I, I, II, I,
I1I und III dquivalent sind.

Satz 2.13 besagt, daB die Eigenschaften I und II bzw. I und II (nicht jedoch
Tund I) immer #quivalent sind; bei offenem G gibt es {iberdies in einem Modul M
mit I zu jedem endlichen Untermodul N <M eine diskrete Menge z;, so daB
aus meM, meN O, schon meN folgt. Wenn G nicht offen ist, gibt es nicht
immer eine solche diskrete Menge; wir konnen jedoch immer eine in G diskrete
Menge von solchen ,.erzeugenden Punkten® finden.

Satz 2.14 schlieBlich zeigt, daB bei kompaktem G (wobei im nichtarchi-
medischen wir G ,kompakt“ nennen, wenn G ein Umgebungssystem von
affinoiden Bereichen hat) die Eigenschaften I, I, 11, I (nicht aber I1I) dquivalent
sind, und 2.14 gibt ferner algebraische Kriterien dafiir, daB diese funktionen-
theoretischen Eigenschaften etfiillt sind. Fiir spezielle kompakte G (die in der
Funktionentheorie den G mit G=G entsprechen) kénnen wir mit Satz2.19
bzw. Satz 2.21 die Moduln M mit I bzw. I bzw. IIT noch einfacher algebraisch
charakterisieren, da die manchmal nicht so leicht zu iiberpriifende Voraus-
setzung Var N0 fiir NG M hier sehr einfach zu verifizieren ist. Mit 2.19
bzw. 2.21 brauchen wir zum Testen der Eigenschaften I bzw. III im wesent-
lichen nur zu priifen, ob M noethersch bzw. lokal noethersch ist.

§ 1. Maximalbedingung, Primiirzerlegung und Durchschnittssiitze

Zunichst sollen die algebraischen Hilfsmittel fiir die in §2 zu zeigenden
funktionentheoretischen Sitze bereitgestellt werden.

Sei R ein beliebiger (kommutativer) Ring, M ein R-Modul. Wir nennen
— etwas abweichend von der iiblichen Definition — einen Untermodul
N<M primir, wenn jede Homotheti a,: M/N —M/N x —r x entweder injek-
tiv oder nilpotent (d. h. a,ny=0) ist. Dann gilt:

Hilfssatz 1.1. Sei M ein R-Modul. Jeder Untermodul N von M sei Durch-
schnitt von primdren Untermoduln; J < R sei ein endliches (d.h.endlich erzeugtes)
ldeal. Dann gilt fiir alle Untermoduin N < M :

(\N+J*M={feM|f(1—j)eN fiir ein jeJ}.
k

Beweis. ,>“ Ist f(1—j)eN, so ist f=n,+jf=n+jn+jf)=n,+j2f
Usw., also f=n, +j*f.
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»<“ Wenn diese Inklusion falsch wire, gibe es ein xe M, xe [\ N +J*M,
k

aber x¢xJ+ N. Nun hat der Untermodul xJ+ N eine Primirzerlegung; es
gibt somit einen primédren Untermodul pmit p>xJ + N, x¢p. Sei J =(x, ..., x,).
Es folgt dann aus x¢p und x;x<p, daB x{ M cp ist; somit ist also J"*Mcp
und damit auch N+J"*Mcp. Da xe [\ N+J*M ist, folgte xep im Wider-
spruch zur Annahme.

Diesen Hilfssatz brauchen wir spiter in einer etwas schirferen Form:

Bemerkung 1.1. Statt ,,J endlich® geniigt es zu fordern: Es gibt zu jedem
maximalen » ein endliches Ideal I < J, so daB IMR_=JMR,_ ist.

Beweis. Sei wie in Beweis 1.1 poxJ+ N, x¢p. Sei » ein maximales Ideal,
das alle Nullteiler mod p enthélt und sei I das vorausgesetzte endliche Ideal
Aus x¢pund poxJ+ N folgt I*M =p. Sei nun ye J*M. Wegen JMR,,=IMR,,
ist JJ'MR_=I*MR_ und damit yR_ cI*MR_=(i,,...,i, MR_cpR,,. Somit
ist y-sep fir ein s¢»; also ist nach Definition von » schon yep. Somit ist
J*M c p. Der Beweis geht dann wie oben weiter.

Genauso wie 1.1 beweisen wir den folgenden Hilfssatz (hierbei ist zu
beachten, daB fiir endliche N der Untermodul xJ + N wieder endlich ist):

Hilfssatz 1.2. Sei M ein R-Modul, in dem alle endlichen Untermoduln N eine
Primirzerlegung haben. Ist J ein endliches Ideal, so gilt fiir jeden endlichen

Untermodul N
ﬂ N+J*M={f|f(1—j)eN fiir ein jeJ}.
k

Bemerkung 1.2. Statt ,,J endlich® brauchen wir in 1.2 nur zu fordern: Es
gibt ein endliches Ideal I =J mit IM =JM.

Beweis. Aus IM =JM folgt J*M =I* M. Daraus folgt
(N+J*M= (\N+I*M={feM|f(1—i)eN}<{feM|f(1—j)eN}.
k k

Wir nennen nun einen Untermodul N<M prim, wenn jede Homotheti
a,: M/N—M/N x—- xr entweder injektiv oder die Nullabbildung ist.

Ferner definieren wir fiir einen Modul M als |[M| die kleinstmoglichste
Anzahl von Erzeugenden fiir M.

Dann gilt:

Hilfssatz 1.3. Sei M ein R-Modul.

a) Ist N ein maximaler nicht endlich erzeugter Untermodul von M, so gilt
fiir jedes xR mit xM&N: Es gibt einen endlichen Untermodul Q<N mit
N=Q+xN.

b) Ist N ein nicht primer, aber sonst beliebiger Untermodul von M, so gibt
es einen Untermodul N’ N mit |[N|<2|N’|. Insbesondere ist also ein maximaler
nicht endlich erzeugter Untermodul immer prim.

¢) M ist noethersch genau dann, wenn alle primen Untermoduln endlich
erzeugt sind.
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Beweis. a) Sei xM ¢ N. Dann ist N+xM endlicher Untermodul; also
N+xM=(x,,...,x,). Die x; haben die Gestalt x,=n,+m, mit n,eN, mex M.
Es folgt N=(n,, ...,n,)+xM und somit N =(n,, ..., n,)+x M’ fiir einen Unter-
modul M’, der 0.B.d.A. N angenommen werden kann. Wire M’ N, so
wire M’ endlicher Untermodul und damit auch N =(n,, ..., n)+x M’ endlich.

b) Da N nicht prim ist, gibt es xeR und me M —N mit xmeN, x M ¢ N.
Wie unter a) folgt N=(n,...,n,)+xM mit r=|N+xM|, M'>N. Dann folgt
aus N=(n,, ..., n,)+x(M’+mR) die Behauptung.

¢) Nach dem Zornschen Lemma existierte ein maximaler nicht endlich
erzeugter Untermodul, wenn M nicht noethersch wire. Dieser wire nach b)
prim.

Als leichte Anwendung von 1.3 sei folgender Satz genannt, den wir jedoch
nicht weiter brauchen werden:

1.3.1. Sei R ein Ring, komplett beziiglich der J-adischen Topologie fiir ein
Ideal J=R. Ein separierter Modul M ist genau dann noethersch, wenn alle
Untermoduln N > JM endlich erzeugt sind.

Beweis. Sei p ein maximaler nicht endlicher Untermodul. Es ist pdPJIM;
somit gibt es ieJ mit piM. Nach 1.3.a) gibt es p,ep mit P=(P, ... P +ip.
Zu irgendeinem x,€p existieren also ein x,, ,€p und r'eR mit

m
= n 7
Xy = Zrk pk+1xn+1'
1

Wir konstruieren dann zu einem festen x, die so definierte Folge x, und die

a0 m

daraus resultierenden ry und setzen weiter r,: = Y rpi" Dann ist xo— Y. 1, p,

n=0
aus i"M fiir alle n; somit ist also x,€(p,, ..., p,) und damit p endlich.

Bemerkung. Der Beweis zeigt genauer, daB gilt:

1.3.2. R sei komplett und M separiert beziiglich der (i)-adischen Topologie
fir jedes ieJ. M ist noethersch genau dann, wenn alle N> JM endlich erzeugt
sind.

Daraus folgt dann sofort, wenn J das Nilradikal des Ringes R ist:

1.3.3. M ist noethersch genau dann, wenn alle Untermoduin N >JM endlich
erzeugt sind.
1.3 brauchen wir auch zum Beweis des nun folgenden Hilfssatzes 1.4. Dabei
bedeute Jak R das Jakobsonradikal des Ringes R:

Hilfssatz 1.4. a) Sei M ein R-Modul; J>Jak R sei ein festes Ideal. Ist fiir
alle endlichen Untermoduln N <M wieder (Y N+J*M endlich und sind alle
X

Untermoduln Q> JM endlich, so ist M noethersch.

b) Ist speziell R quasisemilokal mit dem endlich erzeugten Jakobsonradikal J,
S0 gilt: Ist M ein endlicher R-Modul, so daf fiir alle endlichen N wieder
O N+ J*M endlich ist, so ist M noethersch.
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Beweis. a) Sei p ein maximaler nicht endlich erzeugter Untermodul. Es ist
dann p$JM; somit ist fiir ein xeJ auch ppxM. Nach 1.3 folgt dann p=
(fys---»f)+xp und daraus durch Iteration p=(f,...,,)+x"p; somit ist
p=((fis--r f)+J*M. Es ist aber auch p>()(f;,...,f)+J*M: Denn

k k

M:=M/p ist noetherscher R-Modul; deshalb ist nach 1.1 () J*M = {0}, also
k

() p+J*M =p und damit () (f;, ..., f,)+J*M =p. Damit haben wir

k k

N5 ) +IT*M=p

k

gezeigt; dies ist ein Widerspruch zur Voraussetzung.

b) Esist JM ein endlicher Untermodul von M. Ferner ist fiir jedes maximale
Ideal »: der Quotient M/» M Artinsch, somit ist auch M/JM Artinsch. Daraus
folgt, daf alle Untermoduln Q >JM endlich sind.

Bemerkung 1.4. Wird in 1.4.b) das Jakobsonradikal nicht als endlich voraus-
gesetzt, so ist diese Aussage falsch. Es geniigt jedoch — wie der Beweis zeigt —
vorauszusetzen, daB ein endliches Ideal I existiert, so daB IM =JM ist. Weiter
konnen die Durchschnittseigenschaften in a) und b) auch gelten, wenn M nicht
endlich erzeugt ist; somit ist diese Voraussetzung auch wesentlich (s. Beispiele
nach 1.9).

Hilfssatz 1.5. Sei M ein R-Modul, s R ein maximales 1deal. Dann ist jeder
Untermodul N o #*M primir; die Menge der Nullteiler mod N ist gerade das
maximale Ideal ».

Beweis. Betrachten wir die Homotheti a,: M/N—M/N: Ist rem, so ist
M < N, somit ist die Homotheti nilpotent. Ist r¢ s, so muB a, injektiv sein:
Sonst gibe es x¢N mit rxeN. Es ist aber auch #*-xc N, somit wire
(rR+#*) x< N und damit xeN.

Hilfssatz 1.6. Sei M ein R-Modul, »» <R sei ein endliches maximales Ideal,
so dap M, endlicher R -Modul ist. Dann gilt fiir jeden Untermodul Now*M:
M/N Artinsch (wobei hier wie im folgenden ein Modul Artinsch heife, wenn er
von endlicher Linge ist).

Beweis. Sei N, N, P No#»*M. Nach 1.5 sind die N, primér; somit
ist (N,),,?(N,),.? -2 N,,2(»*M),,. Da M, endlicher R, -Modul ist und des-
halb "M, endlich erzeugt ist, ist M_/(»*M),, endlicher R/s-Vektorraum:
somit M /(»*M),, Artinscher Modul.

Bemerkung 1.6. Auch in 1.6 sind die Voraussetzungen ,»» endlich” und
,M_ endlich iiber R, nicht unnotig. Es geniigt jedoch wieder — wie der
Beweis zeigt — zu fordern, daB es ein endliches Ideal 1< gibt, so daB
IM =M ist.

Wir nennen nun einen R-Modul M lokal endlich, wenn M,, endlicher
R, -Modul fiir alle maximalen Ideale » ist. M heille lokal noethersch, weni
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jeder Untermodul lokal endlich ist. Dann gilt:

Satz 1.7. Sei R ein Ring mit endlich erzeugten maximalen Idealen, M ein
lokal endlicher R-Modul. Dann ist dquivalent

1) Jeder Untermodul N besitzt eine Primiirzerlegung.

2) Jeder endliche Untermodul N besitzt eine Primirzerlegung.

3) M ist lokal noethersch.

4) N (VN +22*M=N fiir alle N = M.

meMaxSpecR k

5) (Y ()N +#*M=N fiir alle endlich erzeugten N < M.
»m k

6) (\N+J*M={feM|f-(1—jeN firein jeJ} fir alle NcM und alle
ekndlichen Ideale J—R.

) (YN+J*M={feM|f(1—j)eN fir ein jel} fir alle endlichen N =M
l:nd fiir alle endlichen Ideale J < R.

8) Jeder Untermodul N ist Durchschnitt von Untermoduln N; mit M/N,
Artinsch.

9) Jeder endliche Untermodul N ist Durchschnitt von Untermoduln N; mit
M/N, Artinsch.

10) Jeder endliche Untermodul N ist Durchschnitt von Untermoduln N, mit
M/N; noethersch.

11) Jeder endliche Untermodul N ist Durchschnitt von Untermoduln N, mit
M/N, lokal noethersch.

Beweis. 2) —3) Sei N ein endlicher Untermodul, xe (| N, +#*M,,. Es ist

k
also x=y/s mit s¢», yeM und y-s,e N +»*M fiir ein s,¢ . Nach 1.5 folgt
daraus ye N + »* M ; somit nach 1.2 y(1—m)eN fiir ein mem. Daraus folgt,
daBxeN,, ist. Esist also () N,, +»* M,,= N, fiir alle endlichen R_-Moduln N, .
k
Nach 1.4 folgt die Behauptung
3)>1) Da M, noethersch ist, besitzt N, eine Primirzerlegung in M, :
N.= () (Nm),, (s. [23]; R,, braucht nicht noethersch zu sein). Dann ist aber
auch N= () () N M eine Primirzerlegung in M fiir N.
1)—>4) Sei xe () () N +#*M, x¢N. Es gibt dann ein maximales Ideal

mit folgender Eigerrscl’;aft: Ist reR, xreN, so ist re . Es ist nun insbesondere
X€ [\ N + 4% M, somit nach 1.1 x(1—sm)eN fiir ein my€my. 1 —my ist aber
nicht aus ., im Widerspruch zur Definition von s,.

5)—2) Nach 1.5 ist N +»* M primdr.

1)—6) Folgt aus Hilfssatz 1.1.
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T7)—3) Es gilt insbesondere fiir jedes maximale »::
(\N+#*M=N,nM.
k

Daraus folgt nach 1.5 wie unter 2) —3):
ﬂ Nﬂ+mka=N~.
k

Somit ist M, nach 1.4 noethersch.
4)—8) Nach 1.6 ist M/N + »* M Artinsch.

11)—2) Da fiir alle lokal endlichen Moduln 1) und 3) dquivalent sind,
ist jedes N; und somit auch N Durchschnitt von primdren Moduln.

Nach Satz 1.3 werden wir an Hand von Gegenbeispielen zeigen, daB die
Voraussetzungen ,,M lokal endlich“ und ,alle maximalen Ideale endlich“
notig sind. Es gilt jedoch:

Bemerkung 1.7.1. Ist M lokal endlich und gibt es zu jedem maximalen
ein endliches Ideal I =» mit IM = M, so ist Satz 1.7 richtig.

Beweis. Die im Beweis von 1.7 gebrauchten Sidtze 1.1, 1.2, 1.4, 1.5 und 1.6
sind auch unter dieser abgeschwichten Voraussetzung giiltig (s. Bemerkungen
1.1, 1.2, 1.4 und 1.6).

Wir haben in 2) —3) mehr bewiesen:

Bemerkung 1.7.2. Ist M ein R-Modul, in dem jeder endliche Untermodul
eine Primirzerlegung hat, und ist » ein maximales Ideal, so daB es ein end-
liches I =4 gibt mit IM =M, so ist dquivalent:

1) M_ ist noetherscher R _-Modul.

2) M ist endlicher R_-Modul.

Es sei noch erwéhnt, daB entsprechend Hilfssatz 1.4 gilt:

Sei R ein Ring mit endlich erzeugten maximalen Idealen. Ein R-Modul M
ist genau dann lokal noethersch, wenn fiir jeden endlichen Untermodul N der
Durchschnitt aller umfassenden primdren Moduln wieder ein endlicher Modul ist.

1.7 gibt Kriterien dafiir, daB ein Modul M lokal noethersch ist. Wir wollen
nun untersuchen, wie eng die Eigenschaften ,lokal noethersch“ und ,noe-
thersch” miteinander verkniipft sind. Es gilt hier:

Satz 1.8. Sei M ein lokal noetherscher R-Modul; jeder endliche Untermodul
N cM habe eine endliche Primdirzerlegung. Dann ist M noethersch.

Beweis. Fiir die Dauer dieses Beweises definieren wir: Ist p/c M ein Primar-
modul, so bezeichne g/ das Primideal aller Nullteiler von M/p}.

Sei nun p ein maximaler nicht endlicher Untermodul von M. p ist nach
1.3 prim. Sei N,cp eln beliebiger endlich erzeugter Untermodul. Es ist nach

Voraussetzung N,= ﬂ p? np mit primiren p?®c M, p?$p. Es gibt sodann,

da M lokal noethersch ist, einen endlichen Untermodul N, mit N, cN,cp
NiRp=pRpfiri=1,...,n,.
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Es ist dann nach Voraussetzung N, = (") pj n p mit p} 3 p. Es kann nun fiir
1

kein Paar (i, j) ¢ =4} sein: Denn wire dies erfiillt, so folgte aus
n
PRy=NiRp= (ﬂ ri ﬂp) Rp<p} Ry,
1

daB p<pj ist, im Widerspruch zur Definition von p}.
Es gibt aber zu jedem g; ein g7 mit ¢) =q}. Wire namlich g} g fiir alle i,
so wire pf ®R,;=M@R,; fiir alle i, also folgte aus

no
PJ]' SN2 Ny=pn ﬂ P?-
(T |
dal} "o
p}@Rq;D[J@Rq;ﬁ ﬂ p?®Rq}=p®Rq}
i=1

und somit p; > p wire.

Aus den letzten beiden Absitzen folgt also: Zu jedem g; gibt es ein gf),
mit g Pg;,,; wir fiihren dasselbe Verfahren iterativ durch und erhalten nach
dem m. Schritt primére Moduln p7' mit

4 247" (*)

Angenommen, dies Verfahren wiirde nicht abbrechen. Dann erhielten wir
eine unendliche Primidealkette g) ¢ g} G g2 & - . (Zum Beweis betrachte man
etwa die Menge I, der i,, so daB die Ldnge aller solcher Ketten, angefangen
mit qg,, nicht beschrédnkt ist. Diese Menge ist nicht leer: Denn sonst hitte,
da es nur endlich viele ¢? gibt, jede Kette hochstens die Linge m fir ein
melN. DaBl es aber beliebig lange Ketten gibt, folgt sofort aus (x). Dann
betrachte man zu festem ijel, die Menge I, der i, mit 4,24y, so daB auch
hier die Lénge aller Ketten, angefangen mit q;,, nicht beschrénkt ist. Auch
diese Menge ist nicht leer: Sonst wire ndmlich, da es nur endlich viele g! >qp
gibt, die Ketten g5 & --- von beschridnkter Linge. Wenn man so weiterfihrt,
erhilt man eine aufsteigende Primidealkette.)

Sei dann g:= () q}. ¢ ist prim in R. Da ¢ zu dem primédren Unter-

k
modul p? assoziiert ist, ist R/qg)cM/pg); da M, noetherscher R -Modul ist,

ist also auch (R/qgj)q noethersch. Wir hitten somit in (R/qg)q eine echt auf-
steigende Kette von Primidealen (a5/q0),-

Fiir das Weitere wird folgende Bemerkung wichtig sein:
Bemerkung 1.8. Ist jeder endliche Untermodul N<=M endlicher Durch-
schnitt von priméren Untermoduln pi,sodaB fiir {q,} = Ass M/p, der Modul M qi

noetherscher R, -Modul ist, und gibt es keine echt aufsteigende Primidealkette
Von solchen g;, so ist M noethersch.

Beweis. Nur diese Voraussetzungen wurden im Beweis von Satz 1.8 benutzt.
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Es sei noch bemerkt, daB es sehr wohl lokal noethersche Moduln gibt
(in denen jeder Untermodul eine Primarzerlegung hat), die aber nicht noe-
thersch sind (s. Gegenbeispiel nach 1.9).

Satz 1.9. Sei R ein beliebiger kommutativer Ring, M ein R-Modul.
A. Dann ist aquivalent
1) M ist lokal noethersch.
2) a) Jeder Untermodul hat eine Primdrzerlegung.
b) M und s M ist lokal endlich fiir alle maximalen Ideale 5.
3) a) In jedem Untermodul N < M existieren maximale Ideale ;= R mit

N= m ﬂ N +mkM
iel
b) M und » M ist lokal endlich fiir alle maximalen Ideale ..
B. Ferner ist dquivalent :
1) M ist noethersch.
2) a) Jeder endliche Untermodul hat eine endliche Primarzerlegung.
b) M und » M ist endlich erzeugt fiir alle maximalen Ideale # c R (es
geniigt, lokal endlich erzeugt vorauszusetzen).
3) a) Zu jedem endlichen Untermodul N =M gibt es endlich viele maxi-
male Ideale ; mit
N=N(\N+#wM.
i=1k
b) M und =M ist endlich erzeugt fiir alle maximalen Ideale » cR.
Ist R nicht lokal, so ist die Voraussetzung ,M endlich“ in B.2b) bzw.
B. 3b) iiberfliissig.

Beweis. Aus »M lokal endlich erzeugt folgt: Zu jedem ¢ gibt es ein end-
liches Ideal I = mit IMR_,=»MR_,.

A.1)—2) a) wie 1.7 3)—1).

2)—3) a) vgl. 1.7 1) —»4): Wir benutzen statt 1.1 die Bemerkung 1.1, deren
Voraussetzungen nach obigem erfiillt sind.

3)—2) Nach 1.5 ist N + »* M primir.

2)—1) Vergleiche 1.7 2)—3): Wir benutzen statt 1.2 wieder die Bemer-
kung 1.1, statt 1.4 Bemerkung 1.4.

B.2)—1) Es hat wegen a) jeder endliche Untermodul NR, = MR, ein¢
Primirzerlegung; weiter gibts nach obigem zu » ein endliches Ideal /<
mit IMR_ =mMR,,, und es ist MR, endlich fiir alle ». Dann ist nach Be-
merkung 1.7.1 schon MR, noethersch. Nach 1.8 folgt dann die Behauptung

1)—3) Sei N= ﬂ , N, primir. Nach Bemerkung 1.1 folgt dann, wenn 7
ein maximales Ideal ist, das alle Nullteiler mod N; enthilt: N,= ﬂ N, + m; kM.

Damit folgt sofort N = ﬂ ﬂ N +#*M.



Globale Moduln 151

3)—2) Aus »M endlich erzeugt folgt sofort: Es gibt ein endliches Ideal
Icm mit IM =M. Aus Bemerkung 1.7.1 folgt dann mittels a), daB M,
noethersch ist fiir alle ». Es ist also N, endlicher Durchschnitt von priméren
Moduln pi=M,,; dannist () N, nM= () () pin M. Es ist aber N, "M c

J
ﬂ N +#;M: Denn ist XseN fiir ein xe M, s¢m;, so ist XseN+#»!M und

wegen 1.5 xe N 4+ M.
Dann folgt aus 3a), daf ()N, nM=N und somit N pPinM=N ist.
i

Satz 1.9.1. Ein Ring ist genau dann noethersch, wenn die maximalen Ideale
endlich erzeugt sind und jedes endliche Ideal endlicher Durchschnitt von Primiir-
idealen ist.

Gegenbeispiele zu Satz 1.9.

1.9.1) Die Forderung, daB jeder Untermodul endlicher Durchschnitt von
primdren Untermoduln ist, ist wichtig: Es gibt lokal noethersche Ringe R
mit nur endlich erzeugten maximalen Idealen, die nicht noethersch sind, bei
denen aber jeder Untermodul Durchschnitt von primiren Untermoduln ist.

Beispiel. Sei k nichtarchimedisch lokal kompakt,
R={f|f: E,—k, flokal holomorph}.

Wie man leicht sieht, erfiillt R die Eigenschaft I (s. [13]); somit ist R lokal
noethersch, die maximalen Ideale sind endlich erzeugt und jedes Ideal ist
Durchschnitt von primiren Idealen.

1.9.2) Die Forderung, daB » M endlich erzeugt fiir alle » ist, ist wesent-
lich: Es gibt ndmlich Ringe R, bei denen jeder Untermodul endlicher Durch-
schnitt von priméren Moduln ist, die aber nicht noethersch sind.

Beispiel. In R=k[x,,x,,...]/»* mit m=(x,, x,, ...) ist jedes Ideal primir.
Rist jedoch nicht noethersch.

1.9.3) Fiir den Fall, daB R lokal ist, ist die Forderung ,,M endlich“ notig:
Es gibt nicht noethersche Moduln M iiber lokalen noetherschen Ringen, so
daB jeder Untermodul eine endliche Primérzerlegung hat und » M endlich ist.

Beispiel. M wie in 2), R:=k[x,]/(x,)>.

Es sei noch erwihnt, daB unter Benutzung des Hilfssatzes 1.4 der Beweis
ZOH 1.8 und 1.9 leicht zum Beweis des folgenden Satzes abgeindert werden
ann:
Sei R ein Ring mit endlich erzeugten maximalen Idealen. Ein lokal endlicher
Modul M ist genau dann noethersch, wenn es zu jedem Untermodul N =M und
U jedem maximalen Ideal sy <R endlich viele maximale Ideale m,, ..., m, <R

8ibt, s0 da N (\ N + s wieder ein endlicher Modul ist.

i=0 k
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Folgenden Hilfssatz werden wir an anderer Stelle noch brauchen:

Hilfssatz 1.10. Sei M ein R-Modul, NcM ein Untermodul. Es gebe ein
nicht-maximales Ideal 1 =R, das alle Nullteiler von M/N enthalt. Dann gilt fiir
jeden Untermodul Nyc M :

Ist NP N,,soistauch N> () N,

Ni/No
Artinsch

Beweis. Wir miissen zeigen: Ist N2 N,, Lidnge (N,;/Np)=1, so ist auch
NoN,. Sei »>1 ein maximales Ideal und xes»—1. Wére NP N,, so wire
fiir N*:=(N+N,)/N auch Liange N*=1. Es miiBite deshalb nach Definition
von x auch x N*=N* sein; somit x n, =n, fiir n;, n,e N*—{0}. Da n, R=N*
ist, folgte n,=n,r und somit x-n,-r=n,, also n,(1—xr)=0. Dann wire
also 1 —xrel s, also auch 1€ .

Dieser Hilfssatz ist insbesondere fiir primdre Moduln pc M mit nicht
maximalem Ass M/p richtig; ganz speziell gilt also: Ist gop und g/p Artinsch,
so ist g=p.

Hieraus folgt z.B. sofort: Hat in dem Ring R fiir jedes Ideal I die Menge
{J|J 21} ein minimales Element, so ist R nulldimensional. R braucht jedoch
nicht Artinsch zu sein, wie Beispiel 1.9.2) zeigt.

§ 2. Charakterisierung einer Klasse von Moduln

Sei k ein komplett bewerteter Korper. Es sollen nun globale Ringe (d.h.
Ringe von global holomorphen Funktionen) betrachtet werden. Die hédufigsten
behandelten Ringe dieser Art sind etwa die Ringe aller in einem Gebiet G
holomorpher Funktionen oder die Ringe der in einer Umgebung eines kom-
pakten Polyzylinders G holomorphen Funktion. Hier sollen dariiber hinaus
auch noch Ringe von Funktionen iiber Mengen G, die weder offen noch abge-
schlossen sind, betrachtet werden. Ferner konnen wir noch folgende Ver-
allgemeinerungen betrachten: z.B. kann ein und derselbe m-dimensionale
Polyzylinder G als Teilmenge des k™, aber auch des k™+! betrachtet werden.
Wir konnen somit auch die Ringe der in einer in k™+! offenen Umgebung
von G holomorphen Funktionen behandeln. Der Unterschied dieser Ringe
zu dem iiblicherweise betrachteten Ring entspricht dem Unterschied des
Ringes O™+! (das ist der Ring der in einer m+1 dimensionalen Umgebung
von z holomorphen Funktionen) zu dem Ring @™ Diese Ringe O™ sind dann
auch Spezialfdlle der in dieser Arbeit untersuchten Ringe.

Wenn also G eine beliebige Teilmenge eines k-analytischen Raumes Z ist,
betrachten wir folgende Ringe:

R,(G):={f|Es gibt offenes Uc=Z, U>G, so daB f in U holomorph ist}.

Oben haben wir gesehen, daB R,(G) sowohl von Z als auch von G abhingt:
Ist jedoch Z eine Mannigfaltigkeit, so hingt R,(G) nur von der Dimension
n=dim Z der Mannigfaltigkeit Z ab; wir schreiben dann statt R,(G) einfach
R,(G) und lassen meistens sogar — wenn es aus dem Zusammenhang klar
ist — den Index n weg.
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Wir betrachten nun Unterringe R<R,(G). Nicht alle Unterringe sind
funktionentheoretisch sinnvoll: Ist z.B. G=Z =C?2 so ist R: =C[x,]<=R(C?
ein solcher Unterring. Die Struktur dieses Ringes steht jedoch in keinem engen
Zusammenhang mit der Struktur des €*: Es gibt z.B. keine Funktionen f
aus R, die im Nullpunkt ein lokales Koordinatensystem in €2 bilden. Der
Ring R ist dagegen als Unterring von R(C!) auch funktionentheoretisch sinn-
voll. Es erscheint also nicht geraten, alle Unterringe R von R (C?) zu betrachten;
vielmehr behandelt man z B. ,,zu kleine“ Unterringe R besser als Unterringe
des R(C"). Damit der Ring R ,,groB genug® ist, fordern wir, wenn Z Teilmenge
des k" ist: R enthalte neben dem Grundkérper k die auf Z eingeschriinkten
holomorphen Funktionen z;, wobei z; die Koordinaten des k" sein sollen. Ist
nun Z irgendein k-analytischer Raum endlicher Einbettungsdimension, so
bette man Z vermoge einer Abbildung ¢ in einen k" ein und verlange, dal3
dic Projektionen ¢,(z) von ¢(z) auf die einzelnen Koordinaten des k" auch
in R sind. Dies braucht nur fiir eine einzige feste Abbildung ¢ gelten; somit
gehort also z. B. auch der fiir viele f, g ebenfalls funktionentheoretische sinn-
volle Ring R:=C[ f(x,), g(x,)]=R(C?) zu dieser Klasse. Allgemein wird man
in einem Ring R =R,(G) mit hinreichend vielen Funktionen eine solche Ab-
bildung ¢: Z —k" finden konnen. Es erscheint deshalb sinnvoll, zu definieren:

Ein Ring R mit k= R <R,(G) ist ein analytischer Ring zur Menge G< Z,
wenn es eine Einbettung ¢: Z —k™ gibt, so daB die in R,(G) liegenden Pro-
jektionen ¢, von ¢ auf die einzelnen Koordinaten des k™ auch in R liegen.

In analytischen Ringen gibt es nach Definition zu jedem z°€G endlich viele
Funktionen fieR mit (f},...,£)0,=0, Vz#2° und (f,, ..., £) O.o=m(0,0),
namlich gerade die Funktionen @;(z)— ¢,(z°), wobei @, die nach Definition
in R liegenden Projektionen von ¢@: Z—k™ auf die einzelnen Koordinaten
sein sollte. In fast allen folgenden Sitzen geniigt es, die Existenz solcher Funk-
tionen f; aus R zu gegebenem z°G zu fordern, ohne daB wir eine Einbettung
¢:Z —k™ voraussetzen miissen. Somit gehoren also fiir alle Steinschen Riume
Z und alle Mengen G = Z die Ringe R,(G) zu unserer betrachteten Kategorie;
ebenso Ringe, die Lokalisationen und F aktorringe davon sind (wird die stirkere
Voraussetzung gebraucht, so gilt dies nur fiir alle Steinschen Riume Z mit
beschrinkter Einbettungsdimension, also insbesondere fiir alle Steinschen
Mannigfaltigkeiten Z). Speziell aber gehoren bei G = Z < k™ fiir beliebiges G, Z
alle Ringe R<=R,(G), die den Polynomring k[z,, ..., z,] enthalten, zu dieser
Klasse,

. Wir bezeichnen nun die zu z° G gehrenden oben erwihnten Funktionen f;

(in Analogie zu dem Fall, daB Z = k™ ist) mit z, —z?; fiir das Ideal (f;, ..., f,)=
(-2, ..., z,—z,) schreiben wir kurz (z—z°). Dabei heiBen der aus den z,— z°
trzeugte Unterring von R der ,,Polynomring in R*. Man beachte jedoch, daB
auch bei G=2Z k", selbst wenn wir jetzt fiir f; wirklich die Einschrinkungen
der Koordinatenfunktionen z; auf G wihlen, der Ring k[z,,...,z,] nicht
2um freien Polynomring in m Variablen isomorph zu sein braucht: Denn zwei
E!emente aus k[z,...,z,]<R sind schon gleich, wenn sie auf Z iiberein-
Simmen; somit ist etwa bei niederdimensionalen Steinschen Mannigfaltig-
I Math. z, B4, 124
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keiten oder gar bei Steinschen Rdumen Z, die im k™ eingebettet sind, der
Polynomring aus R,(Z) nie isomorph zum freien Polynomring in n Variabeln.

Sodann wollen wir Moduln iiber R betrachten. Funktionentheoretisch
sinnvoll sind nur Moduln, die im Schnittmodul einer kohdrenten Garbe ent-
halten sind. Wir definieren also:

Sei R = R,(G) ein analytischer Ring. Ein R-Modul M heiBe analytisch zur
Menge GcZ, wenn es eine kohdrente Garbe .# iiber einer in Z offencn
Umgebung U von G gibt, so daB M ein R-Untermodul von I'(G, ) ist.

Ist (0,), . die Strukturgarbe von Z, so ist fiir ein feI'(G, .#) der Ausdruck
fO,c #, wohldefiniert; somit ist also M 0, erkldrt (schon aus diesem Grunde
muBten wir M = I'(G, #) voraussetzen). Wir definieren nun:

Definition 2.1. Sei M ein analytischer R-Modul zur Menge G<Z. Ein
R-Untermodul N=M hat die Eigenschaft (I) bzw. (II) bzw. (ILI) beziiglich
G< Z, wenn es in G Punkte {z;};.; gibt (wobei I eine beliebige bzw. abzahlbare
bzw. endliche Indexmenge ist), so daB gilt:

{feM|feN0, fir alle iel}=N.

Ist M = I'(G, #) ein analytischer Modul, so sei fiir eine Teilmenge A, ./,
der Durchschnitt M A4, als die Menge der feM mit f0,c 4 definiert; ist
die Abbildung M — .#, injektiv, so ist dies die iibliche Durchschnittsdefinition.

Die Varietidt Var N eines Untermoduls N <M sei die Menge der z aus G
mit NO,+M0,; ist M =R, so ist dies natiirlich die gemeinsame Nullstellen-
menge aller Funktionen aus N. Speziell ist noch Var {0} =Tr M.

Dann gilt zunéchst:

Hilfssatz 2.2. Ist M ein analytischer Modul zur Menge G<=Z und ist N cM
primdr, so gilt:

Ist feR Nullteiler in M/N, so ist f(z)=0VzeVarN.

Beweis. Wiire f(z,) #0 fiir ein zoe Var N, so wire fiiralle k f MO, =MU,,
Da f Nullteiler mod N ist und N primér vorausgesetzt ist, ist f*M =N fiir
groBes k. Somit ist M0, =f*M 0, =N 0, , also nicht NO, s MU,

Hilfssatz 2.3. Sei M ein analytischer Modul zu G Z. Ist N M ein Unter-
modul mit (I) bzw. (I) bzw. (III), so ist N = () N; mit primdren Untermoduln N;,

iel

die alle eine nicht leere Varietiit haben. Dabei ist I eine beliebige bzw. abzihlbare
bzw. endliche Indexmenge.
Beweis. Es ist N0, ein Untermodul von M0, =.#,. Da 0, noethersch

ist und .4, endlicher 0, Modul ist, ist NO, = (N}, N} primar in MC.,

moo j=1 L o e
Dann ist nach Voraussetzung N = () () N/ n M, und weiter ist N0 M primal
] iel j=1 ) )
Untermodul von M. Hat N/n M eine leere Varietit, so ist N;n M =M und
kann daher beim Durchschnitt weggelassen werden.
Hilfssatz 2.3'. Sei R<R(G) ein Unterring. Ist J<R ein reduziertes Ideal
mit (1), so ist J Durchschnitt von Primidealen mit N ullstelle in G.
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Beweis. Ist ze VarJ und s(z) das maximale Ideal aller in ze G verschwin-
denden Funktionen, so ist JR,,, <R, ., reduziert und JR, = (PR,
mit 0.B.d. A. pi =R prim und ze Var p?. Dann ist J = N Npz e

zeVarl iel

Weiter sei noch folgender leicht zu beweisender Satz genannt:

Hilfssatz 2.4. Sei M ein analytischer R-Modul zu G = Z. Seien N,c=M Unter-
moduln mit (1) bzw. (IT) bzw. (I11). Dann ist fiir jede beliebige bzw. jede ab:zihl-
bare bzw. jede endliche Indexmenge I auch () N; ein Untermodul mit (1) bzw.
(I1) bzw. (III). iel

Beweis. Es gibt (z)),,, mit {feM|feN,0,; VjeJ}=N,. Sei dann feM,
feNO,, fiir alle jeJ; und iel. Dann ist erst I'CCilt JeN, 0, VjeJ;, woraus feN,
folgt. Somit ist feN.

Wir konnen nun wegen 2.4 zu jedem Untermodul N =M den AbschluB N
als den Durchschnitt aller gr6Beren Untermoduln mit (I) definieren. Ein Unter-
modul ist also genau dann abgeschlossen, wenn er (I) erfiillt; somit ist also M
und {0} abgeschlossen; und der Durchschnitt einer Familie von abgeschlos-
senen Untermoduln ist wieder abgeschlossen.

Die Umkehrung von 2.1 ist natiirlich falsch. Um sie geeignet formulieren
zu konnen, definieren wir:

Definition 2.5. Ein analytischer R-Modul M hat die Eigenschaft I bzw. I
bzw. TII beziiglich G<=Z, wenn alle endlichen R-Untermoduln NcM die
Eigenschaft (I) bzw. (IT) bzw. (III) haben.

Ein analytischer R-Modul M hat die Eigenschaft T bzw. II bzw. III beziig-
lich G=Z, wenn alle R-Untermoduln NcM die Eigenschaft (I) bzw. (II)
bzw. (I1I) haben.

Ein R-Modul M, dessen Elemente Schnitte einer kohirenten Garbe .#
iber G sind, erfiillt also genau dann I beziiglich G, wenn jeder Restklassen-
modul nach einem endlichen Untermodul wieder als Menge von Schnitten
einer kohirenten Garbe .#' liber G aufgefafit werden kann.

Beispiel. Ist R=R,(G), wobei G eine Steinsche Menge ist (d.h. G besitzt
ein Umgebungssystem von Steinschen Riumen G,cZ), und ist 4 eine ko-
hérente Garbe in einer Umgebung von G, so erfiillt M: = I'(G, .#)=lim I'(G,, .#)
die Bedingung 1.

Beweis. Ist N<=M ein endlicher Untermodul, so gibt es eine Umgebung
U>G und endlich viele Schnitte (f)eN von # iiber U, so daB (f)0,=N0,
YzeG ist. Ist dann feM, feNO, VzeG, so ist fe(f)0, YzeG; dann gibt es
¢ offenes U, GoU'<U mit fe(f)0, Yze U’ und somit auch einen Stein-
schen Raum U” mit fe(f)0, VzeU”. Dann folgt nach Theorem B, daB
fe(f)- R(U") ist und damit fe(f)R<NR ist.

Weiter brauchen wir noch einen trivialen Hilfssatz

Hilfssatz 2.6. Sei M ein anal ytischer Modul zu Gc Z.

1>
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1. Ist meNO,,nM, so ist fiir jedes k schon feN+M,, wobei M,:=
(z—2M0O,0n M ist.
2. Erfiillt (z—z°}*M zusiitzlich (1), so folgt sogar feN +(z—z°)M.
q
Beweis 1. Sei meN @,o~ M. Es ist also m= ) n;0; mit n,e N und 0,e0,,.
1
Wir schreiben o0,=0|+ 0}, wobei ojeR ist und o} €(#(0,0)) ist. Dann ist
m=m'+m", wobei m' = Y n,0/eN ist und m"=Y n;0;€(z—2°)*M 0, ist.
Beweis 2. Wegen (z—z°) M 0,=M 0, ¥V z+z° folgt die Behauptung dann
aus 1.
Jetzt konnen wir zeigen:
Satz 2.6. Sei M ein analytischer R-Modul zur Menge G<=Z. Dann ist Gqui-
valent
1) M erfiilit T bzw. 11 bzw. 1L

2) a) Jeder Untermodul N = M ist beliebiger bzw. abzihlbarer bzw. endlicher
Durchschnitt von primiren Untermoduln mit nichtleerer Varietat.

b) Jeder Untermodul N M der Form N =(z—z°"M erfiillt (I).

Sind diese Bedingungen erfiillt, so gilt weiter: Ist N primdrer Untermodul,
z22eVar N, so folgt aus feM, feN 0,0, daB schon feN ist. Insbesondere erfillt
also jeder primare Untermodul (111).

Beweis. 1) —2): Folgt aus Satz 2.3.

2)—1): Wir zeigen zunichst, daB die zusétzliche Behauptung richtig ist:
Sei J=(z—z%R. Nach Hilfssatz 1.1 ist

O N+J*M={feM|f(1—ieN firein ieJ}.
k

Nach 2.2 folgt daraus, da 1 —iin z° keine Nullstelle hat, daB (N +J*M =N ist.

k
Nach 2.6.2 folgt aus feN 0,0~ M, daB3 schon feN +(z—z°* M fiir jedes k
ist, woraus nach obigem feN folgt. Damit ist die Zusatzbehauptung gezeigt.

Die Behauptung 1) ergibt sich nun direkt aus 2.4.

Wir wollen nun untersuchen, wann ein Modul M die Eigenschaften I, 11
und III erfiillt. Diese Frage ist wichtiger als die gerade behandelte.

Satz 2.7. Sei M ein analytischer R-Modul. Dann ist dquivalent :

1) M erfillt 1 bzw. 11 bzw. 111

2) a) Jeder endliche Untermodul N < M ist beliebiger bzw. abzahlbarer bzw.
endlicher Durchschnitt von priméaren Untermoduln mit nichtleerer

Varietat.
b) Jeder Untermodul N =M der Form N =(z—z°)M erfiillt (D).

Beweis. 1) —2) a) folgt aus Satz2.3.
b) Es ist M @, ein Untermodul von .#,. Es gibt also, da ., noetherscher
©,-Modul ist, f;, ..., f,€ M mit (f}, ..., f,) O, =M 0O,. Sei wieder J=(—2°R
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Ist feJ*M 0,0, 50 ist also feJ*(f,, ..., f,)0.o. Klar ist weiter fef - JO,Vz$2°.
Somit ist fe(f, fy, ..., £)J*O, YVzeG, woraus fe(f,f,, ..., £,)J* und damit
feMJ* folgt.
2)—1) Sei N= N, Z'eVarN, Sei feNO, ~M fiir alle iel. Aus 2.62
iel
folgt daraus fiir alle i und alle k die Beziehung feN +J¥M mit Ji=(z—7).
Aus fe ) N+JfM folgt aber nach 1.2: f-(1 —J)€EN fiir ein j,eJ;,. Somit ist

k
f+-(1—j;)eN,, also nach Hilfssatz 2.2 fe N, und damit fe N. Also ist
m N(gz‘ (@) M=N.

iel

Bemerkung. Wie aus dem Beweis hervorging, kinnen wir im Satz 2.6 und
Satz 2.7 statt 2a) auch fordern:

Es gilt () () N+(z—z'* M =N, wobei I eine beliebige bzw. abziihlbare bzw.

iel k
endliche Indexmenge ist.

Die Methoden des Beweises von 2.6 und 2.7 fiihren zu einem etwas all-
gemeineren Ergebnis, das spéter gebraucht werden wird. Dazu wollen wir nun
immer abkiirzend folgende Definition verwenden:

Ist z°€G, so sei m(z°) das maximale Ideal aller in z° verschwindenden
Funktionen aus R und M, sei der nach #(z°) lokalisierte R, :0-Modul M, ..

Dann gilt:

Hilfssatz 2.7. Sei M ein analytischer Modul von G Z.

L. Ist 2°€G, M,o noetherscher R,-Modul und gibt es zu jedem keN ein q,
s0 dafi (z— 2% M < (o2 (2)* M ist (erfiillt also insbesondere (z— z°} M die Eigen-
schaft (1) beziiglich G ), so ist fiir alle N =M schon NOo,nM=NR,,n M.

2. Ist G'=G und sind fir alle zeG' die obigen Voraussetzungen erfiillt, so

folgt aus meNO,VzeG', da mJ <N ist fiir ein Ideal J =R mit VarJ N G'=0
und J> Ann M.

Beweis 2.7.1. Sei meN O,0. Nach 2.6.1 folgt daraus fiir jede Zahl g eine
Darstellung m= n,+m, mit n.eN, me(z—z°"M0,,n M. Es gibt somit zu
Jedem k ein ne N und m'€#:(z°)* M mit m=n+m'. Somit ist me N + (s (2°)) M,
also mR o= () NRo+(m(z°))* M,o. Da M., noethersch ist, gibt es ein end-

k

liches Ideal JCm(Zo) mit JMZO=M(ZO)MZ°' Dann ist mRzoC ﬂ NRzo-l"J"Mzo;
nach 1.1 folgt me NR . ¢

. 272, Nach 2.7.1 gibt es zu jedem ze G’ ein seR, s(z)40 mit m seN. Dann
sind fiir die Summe J aller dieser Hauptideale sR die Beziechungen Jmc N
und VarJ n G’ = erfiillt.

Es sei hier bemerkt, daB wir bei allen unseren Sitzen immer statt der For-
derung, dag (z—2z°*M (1) erfiillt, nur die schwiichere Bedingung (z— z°)"M
(e (20))"M vorauszusetzen brauchten; der Beweis wird dazu entsprechend
271 abgeiindert.
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Fiir das Weitere brauchen wir noch eine leichte Verallgemeinerung von
2.7.1. Wir konnen namlich leicht definieren, was me N @z heiBt, wobei (?; die
Komplettierung von @, ist: Ist F ein freier 0,-Modul mit F-%M @,—0, so
seien m' bzw. N' irgendwelche Urbilder von m bzw. N in F; dann ist die Aus-
sage m'e(N’+Ker @)@, wohldefiniert, da N’+Ker ¢ Teilmenge eines freien
0,-Moduls ist. Wenn diese Aussage fiir irgendeinen freien ¢,-Modul F mit
F—M 0,0 ertfiillt ist, so sei per Definition me N @,. Es gilt dann:

2.7.3. Sei me M, N<M und meN 0, fiir ein z,eG. Dann ist meN 0, .

Beweis. Fiir freie Moduln folgt aus meM @, ,NcM0,,, und meN (520
wie in 2.6.1, daB schon me N + M, ist, wobei M,:=(z—z,)* M 0,, " M ist. Nun
ist aber, da M freier 0, -Modul ist, M, =(z —z,)* M 0,,, womit nach dem Krull-
schen Durchschnittssatz die Behauptung folgt. Fiir beliebige Moduln folgt die
Behauptung nach Definition von M (5,0.

Satz 2.8. Sei M ein analytischer R-Modul mit 1. Dann ist fiir jedes z,eG
der lokalisierte Modul M, noethersch iiber R, .

Beweis. Sei NcM ein Untermodul. Es gibt, da M @, noetherscher 0, -
Modul ist, endliche viele f,eN mit (f),...,f,) 0, =N0O, . Ist feNO, N M,
so ist wegen m(zy)0,=0, Vz#z, auch fe((f,,..., )+ [ »(2,)) 0, VzeG;
somit ist also fe(f;, ..., f,,)+f-»(z,) und damit f(1—m)e(f,, ..., f,) fiir ein
meme(zo). Es ist also NO, nMc(f,...,f,)R,,, woraus sofort NR, =
(fys---» S R, folgt.

Diesen fiir das Weitere sehr wichtigen Satz konnen wir im Fall R=R(G),
M =TI(G, #), G Steinsch auch ohne Theorem B (das ja die Eigenschaft]I
fir M impliziert), aber unter Zuhilfenahme von Theorem A beweisen: Sei
m;el'(G, #) und my=m, 0, + --- +m, 0, mit 0,€ @, . Dann ist

fi=(—1,0,, ...,oq)eRelazo(mo,m,, ey ML)
Da die Relationengarbe kohirent ist, gibt es nach Theorem A endliche viele
k
Schnitte f;=(f2, ..., £9) mit f=Y 0i(f°..., ). Insbesondere muB ein £
1

in z, keine Nullstelle haben. Fiir dieses i ist also mq f[°=m, f' +---+m, 1
woraus mye(m,, ..., m) R, folgt. Somit haben wir also fiir jedes endliche
N cM gezeigt: NO, n MR, =NR, , womit aus M O, noethersch die Behaup-
tung folgt. .

Mit der gerade gezeigten Formel N0, n MR, =NR, konnen wir weiter-
hin sofort viele wichtige Bezichungen (z.B. [13], Satz 6 oder Satz 28) ohn¢
Benutzung von Theorem B beweisen. )

Insbesondere gilt also, daB (R(G)), fiir alle zeG noethersch ist. Dies ist
auch richtig, wenn G c k™ nicht Steinsch ist; auch in diesem Fall gilt folgende
schirfere Aussage: Ist f,eR(G), fo€(fi,------ 1) O, 50 ist foe(fy, ..o, Ju) Rep:
Fiir Steinsche Mengen G wurde dies gerade in 2.8 mitbewiesen; wie in [13]),
Hilfssatz 34 folgt dann die allgemeine Behauptung.
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Satz 2.9. Sei M ein analytischer R-Modul. Dann ist dquivalent:
1) M erfiillt 1.
2) a) M erfillt 1.
b) Fiir jedes NG M ist Var N .
c) M ist lokal endlicher R-Modul.
3) a) M ist lokal noethersch.
b) Fiir jedes NG M ist Var N +0.
c) Die Untermoduln der Form (z—zy)* M erfiillen (I).
4) a) M, ist noetherschVzeG.
b) Ist J<R ein Ideal ohne Nullstelle in G, so ist m-J=m-R YmeM.
c) Die Untermoduln (z—z,)* M erfiillen (I).

Beweis. 2) —1) M erfiille 1. Sei »: ein maximales Ideal mit einer Nullstelle
z,€G. Dann ist nach 2.8 M_ noethersch. Ist aber » ein maximales Ideal ohne
Nullstelle in G, so ist Var » M =@, woraus nach Voraussetzung » M = M folgt.
Daraus folgt nach dem Nakayama-Lemma, da M lokal endlich ist, dic Be-
zichung M, =0. Insgesamt folgt also, da3 M lokal noethersch ist; wie 1.7. 3) — 1)
folgt dann, daB jeder Untermodul eine Primérzerlegung hat. Nach Voraus-
setzung ist auBerdem Var N,;+¢. Dann folgt nach 2.6, daB M T erfiillt.

1)—>2) b) Wire Var N =0, so wire N0O,=M 0, fiir alle zeG, also wegen
der Eigenschaft I auch N = M.

c) Ist s ein maximales Ideal ohne Nullstelle, so ist wz-x-0,=x- @, fiir
alle ze G und fiir alle xe M. Wegen der Eigenschaft T folgt daraus »-x=x
fiir alle xeM. Das heiBt aber, daB M, =0 ist. Fiir maximale Ideale » mit
Nullstelle ist M_, nach 2.8 endlicher R,_-Modul. Insgesamt folgt also, daB M
lokal endlich ist.

2)—3) In 2) —1) wurde schon gezeigt, daB M lokal noethersch ist.

3)—1) Wenn M lokal noethersch ist, hat jeder Untermodul N eine Primir-
zerlegung N = ﬂ p; (s. Beweis von 1.7. 3)—1)). Dann folgt nach 2.6 die Be-
hauptung

3)—4) 4b) wird iiber den Umweg 3)— 1) —4b) gezeigt; 1) —»4Db) ist aber
trivial,

4)—1) Nach 2.7.2 folgt aus me N0, VzeG schon mJ <N mit VarJ=0.
Also folgt aus 4b) schon me N.

Es folgt nun eine Charakterisierung fiir Moduln mit III.

Satz 2.10. Sei M ein analytischer Modul. Dann ist dquivalent:
1) M erfiillt 1 und ist noethersch.
2) M erfiille 111
3) M erfiillt TII.
4) a) M ist noethersch.
b) Fiir jedes N& M ist Var N £0.
¢) Die Untermoduln der Form (z—z,)* M erfiillen (I).



160 K. Langmann:

5) a) M ist noethersch.
b) Ist JcR ein Ideal ohne Nullstelle in G, so ist mJ=mR fiir alle meM.
¢) Die Untermoduln der Form (z—zo)* M erfiillen (I).

Beweis. 2) —3) M erfiille I11. Nach 2.6 hat jeder endliche Untermodul N c M
eine Primidrzerlegung N = () p;, so daB Var p,+ ist. Sei z,e Var p;. Nach 2.8
1

ist M, noetherscher R, -Modul. Sei nun wie in Bemerkung 1.9 {g;} =Ass M/p,
gegeben und sei q, 5 g, g, F -+ eine solche echt aufsteigende Kette. Es gibt
eine Zahl m, so daB} alle Ideale der Form (z—z,) durch m Elemente erzeugt
werden. Wir behaupten, daBB auch jede solche Kette nach m Gliedern ab-
brechen muB:

Es ist zundchst R/g,=M/p,, da g, zum Primidrmodul p, assoziiert sein
sollte. Es gibt somit N<=M, N>p,, so da N/p,=R/q, ist. Da der Modul N
trivialerweise auch I erfiillt, ist nach 2.7.2b) schon (z—z,) N =s(z,) N. Somit
ist auch (z—z,) R/q,=2(z,) R/q,. Lokalisieren wir nun nach dem maximalen
Ideal 42(z,), so wird deshalb das maximale Ideal von (R/qy),. ., von den Rest-
klassen von (z—z,) erzeugt. Ferner ist nach 2.8 M, . noetherscher R, -
Modul; daraus folgt, daB auch (R/q,),,,, noetherscher R, . -Modul und
damit noetherscher Ring ist. Da das maximale Ideal nach dem gerade Gesagten
von m Elementen erzeugt wird, ist Krulldim (R/q,),,,(,,)<m. Wire nun z, eine
Nullstelle von g,,,, (nach 2.2 ist wegen Varp,  ,+0 auch Varg, ,+0), so
gibe es die Primidealkette (qo)..<z 0)$(‘11)...<z0)$ S (@) +Dm(zo)- Di€s steht im
Widerspruch zu Krulldim (R/g,),,,,,)<m, womit die Zwischenbehauptung ge-
zeigt ist.

Die Behauptung selbst ergibt sich jetzt sehr leicht aus Bemerkung 1.8:
Denn jedes endliche NcM hat eine endliche Primirzerlegung () p;; fiir
z;eVar p; umfassen die maximalen Ideale »(z;) die Primideale g;:=Ass M/p;;
es ist M,, ., noetherscher R, ,-Modul und deshalb auch M, noetherscher
R, -Modul; ferner gibt es keine aufsteigende Kette von solchen Primidealen g;.
Somit sind alle Voraussetzungen zu Bemerkung 1.8 erfiillt; M ist also noe-
thersch, Ein noetherscher Modul mit III erfiillt aber trivialerweise auch II1.

3)—4) a) wurde in 2) —3) gezeigt, b) folgt aus 2.9.

4)—1) folgt aus 2.7.

1)—>2) Jeder Untermodul N hat eine nichtleere Varietit: Denn wire
NO,=M 0, VzeG, so wire, da N endlich erzeugt ist und damit (I) erfiillt,
schon M cN. Somit ist jeder Untermodul N endlicher Durchschnitt von
primédren Moduln mit nichtleerer Varietdt. Nach 2.7 folgt die Behauptung.

5)—1) Nach 2.9 erfiillt M T.

1)—5) M erfiillt auch I; dann folgt die Behauptung mit 2.9.

Es sei noch bemerkt, daB alle drei Voraussetzungen in 2.10.4 bzw. 2.10.5
wirklich notwendig sind. Statt 5b) hitten wir wie in 2.9.4b) auch dquivalent
fordern kénnen, falls M endlich ist: Jedes Ideal J > Ann M hat eine Nullstelle
in G.
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Folgender Satz gibt dariiber Auskunft, wann ein Modul mit I schon III
erfiillt. Dabei heiBe eine Steinsche Menge G<=Z im nichtarchimedischen
kompakt, wenn G ein Umgebungssystem von speziellen affinoiden Bereichen
besitzt (diese Definition ist auch fiir viele andere Sitze, die sich auf kompakte
Steinsche Mengen beziehen, sinnvoll):

Satz 2.11. Sei G Z eine Steinsche Menge und R,(G) noethersch. Dann sind
fiir jeden Ring R<R(G) und jeden R-Modul M die Eigenschaften 1, 11, 111,
L, 11 und 111 dquivalent. Ferner ist G dann kompakt.

Beweis. Wir zeigen zunichst die zweite Behauptung. Wir fiihren den Beweis
nur im nichtarchimedischen durch (im archimedischen ist er noch einfacher):
Da G Steinsch ist, gibt es eine Umgebungsbasis von Steinschen Riumen G,
G G;=Z. Jeder Steinsche Raum G; ist aufsteigende Vereinigung von speziellen
affinoiden Bereichen G/. Ist nun bei festem i fiir jedes j der Punkt z;eGl-Gi™!
gewidhlt, so konnen wir wegen der Giiltigkeit von Theorem A im nichtarchi-
medischen (s. [12]) zu fester Zahl k Funktionen f* finden, die alle in z; fir
j>k eine Nullstelle haben und in {z,,...,z} keine gemeinsame Nullstelle
haben. Wire z;eG fiir alle j, so wire demnach bei J,:={feR(G)|f (z))=0 fiir
j>k} die Idealkette J, =J,--- eine echt aufsteigende Kette. Da R(G) noe-
thersch vorausgesetzt war, kann fiir groBe j also nicht mehr (G/— G/~ G+
sein und es ist somit schon G = G¥. Da in jeder Umgebung U von G ein Stein-
scher Raum G; mit G= G, U existiert, gibt es somit auch zu jedem U einen
speziellen affinoiden Bereich Gj° mit G<Gj°c U; also ist G kompakt.

Aus G kompakt folgt nun, daB N:=TI(G, .#) fiir jede in einer Umgebung
von G kohirente Garbe .# ein endlicher R (G)-Modul ist (Im nichtarchimedi-
schen kommt N von einer Garbe auf einem speziellen affinoiden Bereich her;
wegen der Eigenschaft I muB dann auch N endlicher R (G)-Modul sein.) Nach
Definition gibt es ferner zum gegebenem R-Modul M eine kohérente Garbe .#
mit McN:=I'(G, #).

Ist M’ ein endlicher R-Untermodul von M, so ist erst recht M’ N und
nach 2.10 erfiillt M'R,(G) die Bedingung (III) als R;(G)-Untermodul von N:
Denn N ist noetherscher Rz(G)-Modul und erfiillt I als R,(G)-Modul. Es gibt
also z,, ..., z,€G, so daB

{feN|feM'O,}={feN|feM 0,VzeG}
ist. Daraus folgt sofort, daB
{fEM|feM'0,}={feM|feM O,VzeG}

erfiillt ist, und wegen der Eigenschaft I fiir M ist dies gleich M'. Damit erfiillt
M’ die Eigenschaft (I11); somit gilt auch fiir M IIL

Wird nur R als noethersch vorausgesetzt, nicht aber R,(G), so ist 2.11
falsch. Sei z.B. G R? kompakt so gewihlt, daB es z,€G, i=1,2,3, ... gibt,
S0 daB die J,= { feR(G)|f(z)=0 fiir i>n} eine echt aufsteigende Kette bilden
(s. Beispiel in [5)). Setze M:= ( ) J,/J,. Dann erfiillt M die Bedingung I iiber

dem Polynomring: Denn ist fe(f}, ..., f;) 0, Yz€G, so verschwindet f auf all
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den z;, auf denen auch die f; verschwinden; es gibt dann Polynome F, so daB
fiir i< N, stets (f—(f; P,+ -+ +f, B)) (z)=0 ist; fiir i= N, ist bei groBem N,
sowieso immer f;(z;) und f(z)=0. M ist aber nicht noethersch, somit erfiillt
M nicht IIL

Ist jedoch M endlich erzeugt und R noethersch, so sind trivialerweise die
Eigenschaften I, II, III, I, II und III fiir M dquivalent.

Speziell folgt aus 2.11:

Ist G semianalytisch kompakt, # eine kohiirente Garbe in einer Umgebung
von G, M cI'(G, #), so ist MR(G) ein R(G)-Modul mit I11.

Wir wollen nun die analytischen Moduln mit II charakterisieren. Wir
brauchen dazu folgenden Hilfssatz 2.12.1 (s. [14], 3.21).

Hilfssatz 2.12.1. Sei # eine kohirente Garbe iiber G=Z. Zu jedem z,eG
und zu jeder Teilmenge N < M:=TI(G, #) gibt es eine Umgebung U(z,), so dap

gilt: {feM|feN0, }={feM|feN O, V¥zeU(z,)}.

Hilfssatz 2.12.2. Sei .# eine kohiirente Garbe iiber eine in Z offene Um-
gebung U G.

a) Ist U;oU,>--- eine Umgebungsbasis von G=U, so hat jede Menge
M < I'(G, .#) eine Darstellung,

M=\JM; mit M,cM,cM,c--, M;cI'(U, #).
1

b) Es gibt zu jedem M; und zu jeder Untermenge N c M eine diskrete Menge
{z}}=G, so dap
{feM|feN 0,3 ={feM,|feN 0, VzeG}
ist. :

Beweis. a) Es ist I'(G, #)= | ) I'(U;, #). Dann definieren wir
1
N:=M AT (U, ).

b) Sei fiir irgendein z;eG und fiir ein feM; die Relation feN 0, erfiillt
Esist NO, =(f}, ..., f)) 0, mit f{eN; und wegen M= M; sind alle diese f/
in einem M,, enthalten. Somit ist {f, f/}=M,,,; und fe{f/} 0, . Nach 2121
folgt dann, wenn wir G*=U,, ,; und N*={f/} setzen, daB es eine von f unqb-
hingige Umgebung U(z)< U, , gibt, so daB fe{f} 0, fir alle zeU (z) ist

Uberdecken wir nun G mit einer lokalendlichen Uberdeckung von solchen
U(z), so folgt aus feM,, feN O, V j, daB fe(f, ... f) 0., ist und damit nach
dem gerade Gesagten auch fe(f{, ..., f’) 0, und somit feN 0@, VzeU(z) st
Es gibt also eine diskrete Menge z;, so daB {feM,|feN 0, }= {feM,|feNC;
VzeG} ist.

Damit folgt dann leicht:
Hilfssatz 2.13. Sei M ein analytischer Modul. Erfiillt N = M die Bedingung (I

so erfillt N auch die Bedingung (II) und umgekehrt. Es gibt dann sogar einé
abzihlbare und in G diskrete Menge {z,;}, so daB {feM|feN0,}=N ist.
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Beweis. Definiere nach 2.12.2 die Punkte z}. Ist dann feN 0,, ViVj,so ist,
da f in einem M, liegt, schon feN O, fiir alle ze@G; somit ist also feN. Da
{zj }' abzéhlbar ist, erfiillt N also (II).

er konnen die abzédhlbare Menge {z;} nun so wihlen, daB sie in G diskret
ist. Dies ergibt sich so: Wir setzen in 2.12.2 statt G die offene Hiille G ein und
definieren U,= G. Es gibt dann nach 2.12.2b) eine diskrete Menge von Punkten
7eG mit {feM|feN0O,}={feM|feN0O, YzeG). Wir nehmen dann von
unserer abzihlbaren Menge {z;} alle Punkte z;,eG—G und vereinigen diese
mit der Menge {z;} zu der Menge {z;'}. Dann ist {z}'} eine gewiinschte Menge.

Wenn M (I) erfiillt, gibt es also immer zu jedem endlichen Untermodul N
eine abzdhlbare und in G diskrete Menge z;, so daBl {feM|feN0O,}=N ist.
Es gibt jedoch nicht immer eine solche diskrete Menge (s. [13]).

Satz 2.13.1. Sei M ein analytischer Modul.

a) M erfiillt 1 genau dann, wenn M 11 erfiillt.
b) M erfiillt 1 genau dann, wenn M 11 erfiillt.

Satz 2.13.2. Sei G offen, M ein analytischer R-Modul. M erfiillt genau dann 1,
wenn es zu jedem endlich erzeugten Untermodul NcM eine diskrete Menge
{2} =G gibt mit {feM|feNO,}=N.

Wir konnen nun auch fiir kompakte G Moduln mit I analog Satz2.10
algebraisch charakterisieren.

Satz 2.14. Sei G kompakt. Dann ist fiir einen analytischen R-Modul M
dquivalent

1) M erfiillt 1.

2) M erfiillt 1.

3) M erfilt 11.

4) M erfiillt 1L

5) a) M ist lokal noethersch.

b) Fiir jedes NG M ist Var N £0.
¢) Die Untermoduln der Form (z—z,)* M erfiillen (I).

Beweis. 1)— 2) M erfiille 1. Sei NcM ein beheblger Untermodul und sei

feENO,VYzeG. AusfeN 0., folgt sodann, daB es einen endlichen Untermodul

NcN glbt mit feN;0,,. Dann ist trivialerweise fiir eine gewisse Umgebung
( z;) auch fe N, 0, Vze U(z;). Da G kompakt ist, iiberdecken endlich viele U(z,)

schon G; also U U(z)=G.Dann sei N':=) N,. Es folgt,daB fe N' 0, V zeG ist.
1 1 _
Da N’ endlich ist, folgt fe N’; somit erfiillt M 1.
4)—5) und 5)—2)s. 2.9.

Aus 2.14 folgt speziell, daB fiir kompakte Steinsche G stets R(G) lokal
Noethersch ist. Der Beweis 2.14 kann auch auf den nichtarchimedischen Fall
Verallgemeinert werden, wobei jetzt G nur im Sinne von 2.11 kompakt ist:
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Denn es gibt zu z; eine Zariski-offene Umgebung U(z,) mit feN,0,V ze U(z)).
Da das Maximalidealspektrum von R(G) den Punkten aus G entspricht, ist
G kompakt beziiglich Zariski-offener Uberdeckungen.

Es sei noch bemerkt, daB fiir nichtkompakte G Satz2.14 falsch ist: Die
wichtigsten Moduln mit I erfiillen nie I (s. [13]); hier ist ndmlich nicht 2.14.5b)
erfiillt.

Wir miissen also nun untersuchen, wann jeder Untermodul eine nichtleere
Varietidt hat. Wir brauchen dazu einige Hilfssdtze:

Hilfssatz 2.15. Sei M ein endlicher R-Modul mit 1 beziiglich G. Dann ist fiir
N < M stets Var N =Var(Ann M/N). Insbesondere ist Tt M:={ze GIM 0, +0} =
Var(Ann M).

Beweis. Sei M=(m,, ... m)) R. Ist z¢ Var(Ann M/N), so gibt es reR, r(z)+0
mit rM cN. Dann muB M O,=N 0, sein; somit ist z¢ Var N. Ist z¢Var N, so
ist MO,=N{0, und damit nach 2.7.1 auch MR,=NR,, d.h. zu jedem m;, gibt
es ein s; mit s;(z)#0 und s;m;eN. Dann gilt fiir s:=[]s;, daB s(z)+0 und
sMcN ist; somit ist z¢ Var(Ann M/N).

Hilfssatz 2.16. Sei M ein analytischer Modul, so daf3 M, noetherscher R, -
Modul fiir alle z,€G ist und so daf die Untermoduln (z — z,)* M die Bedingung (1)

erfiillen.
Ist p ein primdrer Untermodul mit dem assoziierten Primideal q, so ist

Varp=Vargqg.

Beweis. Nach 2.2 ist VargoVarp. Sei z,¢Varp. Dann ist fiir jedes
feM—p auch fep0, , also nach 2.7.1 schon fepR, und damit fsep fir
ein seR mit s(z,)$0. Es muB seq sein und es ist dann z,¢ Varq.

Folgerung 2.16.1. Sei M ein Modul mit 1. Dann gilt fiir jeden primdren

Untermodul p mit dem assoziierten Primideal q:
Varp=Varg.

Es sei noch bemerkt, daB die Voraussetzungen in 2.16 nétig sind. Denn
daB ein Modul M I erfiillt, bedeutet: Ist N'cM ein fester endlicher Modul,
so ist fiir jedes N2 N’ immer Vary N'#+0. Mit dem vorigen folgt dann, dab
die Voraussetzungen notwendig sind.

Folgerung 2.16.2. Sei M ein analytischer Modul. Dann ist dquivalent

1) M erfiillt~l (bzw. II bzw. I1I)

2) a) Jeder endlicher Untermodul N = M hat eine beliebige (bzw. abzahlbare
bzw. endliche) Primiirzerlegung N=(\p; mit Varq,+§, wobei q;, die zu P:
assoziierten Primideale sind.

b) Die Untermoduln (z—z,)* M erfiillen (1).

Beweis. Nach Bemerkung 1.7.2 ist M, noethersch fiir alle z,eG: Dent
aus der Eigenschaft (I) fiir (z—z,) M folgt die Beziehung (z—z,) M =m(zo) M
und jeder endliche Untermodul hat eine Primérzerlegung.

Nach Hilfssatz 2.16 folgt sodann, daB Var p;+0 ist. Die Behauptung folg!
dann aus 2.7.
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Insbesondere folgt noch:

Folgerung 2.16.3. Sei M ein analytischer Modul iiber einem Ring R = R,(G),
in dem jedes Ideal > AnnM eine Nullstelle in G hat. Dann ist dquivalent :
1) M erfillt 1.
2) M erfiillt 1.
3) a) M lokal noethersch.
b) (z—zo)* M erfiillt ().
Beweis folgt aus 2.8, 2.9 und 2.16.

Kriterien fiir Ringe, in denen jedes Ideal eine nichtleere Varietit hat,
werden in [13] gegeben. Hier sollen mit dhnlichen Methoden etwas schwieriger
zu formulierende Kriterien fiir Moduln gegeben werden.

Dazu betten wir wie zu Anfang den Raum Z in einen k™ ein und definieren
dann fiir eine beliebige kompakte Teilmenge G<=Z (im Fall k algebraisch
abgeschlossen nichtarchimedisch sei G im Sinne von 2.11 kompakt):

G:={zek™|. Jedes Polynom ohne Nullstelle in G hat auch in z keine Null-
stelle}.

Die Bedingung G=G ist dquivalent damit, daB im Polynomring
R=k[Z,,...,Z,] jedes maximale Ideal (z—z°)R fiir z°¢G ein Polynom P
enthdlt mit P(z) <0 fiir alle ze G. Es folgt somit nach [13] mit der dort gebrauch-
ten Terminologie: Erfiillt Ry I beziiglich G, so ist G=G.

Fiir k=R ist immer G=G: Denn Y (z;—z°)* hat bei z°¢G in G keine
Nullstelle.

Fiir k=C ist z.B. fiir jedes G mit G=Gc,.. (s.[11]) schon G=G: Denn zu
2°eG gibt es ein feR(C™) mit |f(z°)|>|f(z)] VzeG. Wenn wir f geniigend
durch ein Polynom P approximieren, hat P— P(z°) keine Nullstelle in G.
Weiter ist fiir jedes Polygebiet G=[] G; mit G;=C stets G=G.

Ist k nichtarchimedisch nicht algebraisch abgeschlossen, so ist fiir kom-
pakte G stets G=G: Denn bei z°¢ G hat das Ideal (z—z°) R im lokalisierten
Polynomring Rg=(k[z,,...,2,]); keine Nullstelle in G; nach [13], Hilfs-
§atzol3 gibt es somit ein Polynom ohne Nullstelle in G, das eine Nullstelle
n z° hat.

Bei nichtarchimedisch algebraisch abgeschlossenem k ist immer G=G,
wenn G im Sinne von 2.11 kompakt ist: Denn zu z°¢ G gibt es zunichst eine
holomorphe Funktion f mit | f(z)| <1 VzeG und |f(z°)|>1 (oder umgekehrt).
Wir approximieren f geniigend durch ein Polynom P, so daB P — P(z°) keine
Nullstelle in G hat.

Hilfssatz 2.17. Sei M ein lokalendlicher Modul und sei NG M. Dann gibt
es ein maximales Ideal » und einen zu » assoziierten primiren Untermodul
PSM mit p> N und pom M.

Beweis. Es gibt ein maximales Ideal » mit N, $M,_. Nach Zorn gibt
& dann einen maximalen Untermodul p,, in der Menge {Q,|N, =Q, $M_}.
Nach Nakayama ist » M, cp, . Somit ist p,, primir zu »R_. Dann ist aber
duch p:=p, "M primér zu » und M cpT M.
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Hilfssatz 2.18. Sei M ein lokal endlicher analytischer Modul zu G=G. Die
Untermoduln der Form (z—z°)* M maégen (1) erfiillen, und es sei M, noethersch
fiir alle z°€G. Fiir jedes feR mit f(z)+0 VzeG sei f M =M. Dann ist fiir jeden
Untermodul N & M schon VarN %§.

Beweis. Nach 2.17 geniigt es, die Behauptung fiir alle p$M mit »Mcp
zu zeigen. » kann keine Funktion f ohne Nullstelle in G enthalten: Denn
sonst ware nach Voraussetzung fM =M und somit Mc fM c» M cp.

1. k=C. Wie in [13], Hilfssatz 12, folgt, da jedes Element aus »: eine
Nulistelle in G hat: Es gibt z°ck™, so daB (z—z%en ist. Fiir zek™, aber
z°¢ G folgte unter Benutzung von G=G, daB es ein Polynom fes gibt, das
keine Nullstelle in G hat. Dies ist ein Widerspruch zum obigen. Somit muf
z°eG sein. Wenn #c(2°) ist, sind wir mit Hilfssatz 2.16 fertig. Sonst gibt
esfemmitf(z°)=b+0. Esist dann,da (z —z%) M () erfiillt, (f~b) M =(z —z°) M;
somit folgte b M < »: M c p, was ein Widerspruch ist.

2. k nicht algebraisch abgeschlossen. In [13] wurde gezeigt, daB jedes
Ideal ohne Nullstelle in G schon ein f enthdlt mit f(z)=+0 fiir alle ze G. Wie
unter 1 folgt die Behauptung.

3. k algebraisch abgeschlossen nichtarchimedisch. Ist J=R ein Ideal ohne

Nulistelle in G, so gibt es r,e R(G) und j;eJ mit Z j,r;—l Wenn jedes r, durch

ein Polynom P, geniigend approximiert w1rd hat Z Jj; P keine Nullstelle
in G. Wie oben folgt dann die Behauptung.

Es folgt nun:

Satz 2.19. Sei G=G, M ein analytischer Modul zu G. Dann ist dquivalent:

A. 1) M erfillt L.
2) M erfillt 1.
3) a) M ist lokal noethersch.
b) Ist f(z)=*O0 fiir alle zeG, so ist fM =M.
¢) Der Untermodul (z—z°) M erfiillt (1).
B. 1) M erfullt 111.
2) M erfiillt TI1.
3) a) M ist noethersch.
b) Ist f(z)*0 fir alle zeG, so ist fM =M.
¢) Der Untermodul (z—z°)* M erfiillt (I).
Beweis. 1) — 2) folgt aus 2.14.
2)— 3) a) und c) folgen aus 2.14; b) folgt aus 2.14.5b): Denn wenn /' (2)#0
fiir alle ze@G ist, ist Var fM =0.
3)— 1) Mittels 2.18 folgt, daB 2.14.5b) erfiillt ist. Dann folgt aus 2.14 die
Behauptung.

B folgt wie A unter Benutzung von 2.10.
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Es sei noch bemerkt, daB die Voraussetzung G=G wirklich notig ist:
Denn der lokalisierte Polynomring (k[X,, ..., X,])s (s. [13]) erfillt alle
Eigenschaften 3a)— 3c), nach obigem erfiillt er jedoch nur fir G=G die
Bedingung I.

Eng zusammen hidngt damit folgender Satz:

2.20. Sei R ein Ring mit 1 beziiglich G. Dann gibt es zu jedem z°¢ G ein feR,
das sich nicht dort holomorph fortsetzen lapt.

Beweis. Es ist (z—2°)0,=0, Yz€G, also 1e(z—z°)R.

Wir wollen nun speziell Kriterien dafiir angeben, wenn ein Ring I erfiillt.
Dazu benutzen wir:

Hilfssatz 2.21. Sei G k™ beliebig, R<=R,,(G). Folgt aus z°€G und f(z°)=0
schon fe(z—z°) R, so erfiillen die Untermoduln (z—z°)* die Bedingung 1.

Beweis. Siehe Beweis von Satz 6 in [13].

Folgerung 2.21. Sei G ck™ beliebig, R<R,,(G).

A. Dann ist dquivalent:

1) R erfiillt L.
2) R erfullt 1, jedes Ideal hat eine Nullstelle.
3) a) R ist lokal noethersch.
b) Jedes Ideal hat eine Nullstelle.
¢) AusfeR, f(z°)=0 folgt fe(z—z°) R.
B. Sei G=G. Dann ist dquivalent :
1) R erfillt 1.
2) R erfiillt 1.
3) a) R ist lokal noethersch.
b) Aus feR, f(z)*0 fiir alle ze G folgt f Einheit.
¢) Aus feR, f(z°)=0 folgt fe(z—z°) R.
C. Sei G=G. Dann ist dquivalent:
1) R erfullt 111
2) a) R noethersch.
b) Aus feR, f(z)+0 fiir alle ze G folgt f Einheit.
¢) AusfeR, f(z°)=0 folgt fe(z—z°) R.

Beispiel 2.22. Aus C folgt, daB fiir algebraisch abgeschlossene k der Tatesche
Ring T, die Eigenschaft III beziiglich E,: {zek"||z| <1} erfiillt.

Aus A folgt, daB fiir algebraisch abgeschlossene k der Polynomring I
und damit auch III beziiglich k" erfiillt.

' Die Konstruktion weiterer Ringe mit I folgt in [14] (andere Beispiele
S.1n [13]).

Betrachtet man anstatt Unterringe von R,,(G) auch Unterringe von R,(G),
Wobei Z Singularitdten hat, so ist dieser Satz falsch; ein entsprechender Satz
1§_t bei Moduln M auch fiir G = k™ falsch: Hier kann nicht von der Eigenschaft ()
fir (z— 2% M auf die Eigenschaft (I) fiir (z—z°)* M geschlossen werden.
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__Wir wollen nun noch kurz den Zusammenhang der Beziehungen I, IL, III,
L, IT und III fiir einen R-Modul M tabellarisch festhalten:

223. A. G beliebig NIl Ilel- el
1111111 A M noethersch«> I A M noethersch.

223. B. G kompakt III—III - ITelollol

2.23. C. G semianalytisch kompakt
Melllelloelelloel

Literatur

. Cartan, H.: Seminaire E.N.S. 1953/54 (Seminarausarbeitung).
2. — Ideaux et Moduls de fonctions analytiques de variables complexes. Bull. Soc. Math.
France 78, 28—64 (1950).
3. Forster, O.: Primirzerlegungen in Steinschen Algebren. Math. Ann. 154, 307—329 (1964).
. — Zur Theorie der Steinschen Algebren und Moduln. Math. Z. 97, 376—405 (1967).
5. Frisch, J.: Points des platitude d’un morphisme d’espaces analytiques complexes. Inventiones
math. 4, 118—138 (1967).
6. Grauert, H.: Analytische Faserung iiber holomorph vollstindigen Rdumen. Math. Ann. 133,
139—159 (1957).
7. Remmert, R.: Nichtarchimedische Funktionentheorie. WeierstraB-Festband. Opladen; West-
deutscher Verlag 1966.
8. — — Analytische Stellenalgebren. Grundlehren der Mathematik, Bd. 176. Berlin-Heidelberg-
New York: Springer 1971.
9. Gunning, R.C., Rossi, H.: Analytic functions of several complex variables. Englewood Cliffs,
N.J.: Prentice Hall 1965.
10. Hervé, M.: Several Complex Variables, Local Theory. Oxford University Press 1963.
11. Hormander, L.: An Introduction to complex analysis in several variables. Princeton: Van
Nostrand 1966.
12. Kiehl, R.: Theorem A und Theorem B in der nichtarchimedischen Funktionentheorie. In-
ventiones math. 2, 256—273 (1967).
13. Langmann, K.: Ringe holomorpher Funktionen und endliche Idealverteilungen. Schriftenreihe
des Math. Inst. der Univ. Miinster, Serie 2, Heft 3 (1971).
14. — Konstruktionen globaler Moduln und Anwendungen. (Manuskript.)
15. Malgrange, B.: Ideals of Differentiable Functions. Oxford University Press, 1966.
16. Nagata, M.: Local Rings. New York: Interscience 1962.
17. Narasimhan, R.: Introduction to the Theory of Analytic Spaces. Lecture Notes 25, Berlin-
Heidelberg-New York: Springer 1966.
18. Nastold, H.-J.: Neuere Methoden in der lokalen Algebra. Manuskript, Miinster, 1966.
19. — Nonarchimedian Function Theory. Acta des Coloquio Int. Sobre Geometria Algebraicz,
Madrid, 1965.
20. Remmert, R.: Algebraische Aspekte in der nichtarchimedischen Analysis. Proceedings of a
Conference on local fields. Berlin-Heidelberg-New York: Springer 1967.
21. — Stein, K.: Uber die wesentlichen Singularititen analytischer Mengen. Math. Ann. 126,
263—306 (1953).
22. Schilling, O.F.G.: Ideal theory on open Riemann surfaces. Bull. Amer. Math. Soc. 52, 945—963
(1946).
23. Serre, . P.: Algébre locale, Multiplicités. Lecture Notes 11, Berlin-Heidelberg-New York:
Springer 1965.

—_

A~

Dr. Klaus Langmann

Mathematisches Institut der Universitit
D-4400 Miinster, Roxeler StraBe 64
Deutschland

(Eingegangen am 14. Juni 1971 )



Math. Z. 124, 169-185 (1972)
© by Springer-Verlag 1972

A Characterization of the Finite Groups PSL(n, g)

KOoKk-WEE PHAN*

The object of this paper is to present a characterization of the simple group
L,(q)(=PSL(n, q)) where n=5 and q is odd, in terms of the centralizer of an
clement of order 2. The cases n<4 and q is odd have already been treated
([4], n=2; [1,2,3], n=3; [10], n=4). Hence these works together with our
result in this paper give characterizations of all L,(g) when g is odd. Similar
characterizations exist for all L,(q) with even g ([8,9], n=4,5; q=2, [14],
n=4, q=2; [12], all other cases).

To state our Main Theorem, let SL(n, q) denote the special linear group of
an n-dimensional vector space V over the finite field F, of order q where q is
odd. Let ¢" be the image in L, (q) of an involution in SL(n, q) whose fixed elements
in ¥ form a subspace of dimension n—2. Denote by H(n, q) the centralizer of ¢’
in L,(q). The following result is proved.

Main Theorem. Let G be a finite group with an involution t whose centralizer
C(t) in G is isomorphic to H(n, q) where n>5 and q is odd. Then G=0(G) C(t)
or G is isomorphic to one of the following groups.

(i) PGL(3,9)x SL(n—2, q);
(i) PSL(3,9)xSL(n—2,q);
(iii) SL(3,q)x SL(n—2, q);
(iv) PSL(3,9)x SL(n—2, q) x Zy;
(V) a non-central extension of PSL(3, q) x SL(n—2, q) by Z;
(vi) an extension of the central product of SL(3, q) and SL(n—2, q) by Z,;

(vii) M, x SL(n—2,3);

(viii) SL(3, 9)\. Z,

(ix) an extension of the central product of two SL(3, q) by a group of order 6;
(x) L,(q).

As usual O(G) denotes the largest normal subgroup of odd order of G;

_lzgiz%enotes the cyclic group of order i and M, is the Mathieu group of order

Exactly which of the possible structures of G occurs depends on the fusion
Pattern of involutions in C(¢). This in turn is determined by g and the greatest
‘ommon divisors d=(n,q—1) and e=(n—2,q—1). There are four types of
fusion of involutions in C(?) and they are given in Theorems A, B, C and D
?fl§ 3,4 and 5. Thus our Main Theorem follows from the fact that the group G
uﬁlls&ypothesm of one of these theorems.

* This work is partially supported by the National Science Foundation Grant GP11342.
? Math. Z, B, 124
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The major portion of the proof is concerned with the analysis of the possible
fusion of involutions in C(¢). Fortunately it can often be accomplished by rather
elementary methods. However in some cases the analysis is quite complex.
Once the fusion pattern of involutions is determined, this leads rapidly to a
construction of a subgroup G, of G with known structure using the theorems
of Brauer [1, 2, 3] in the nonsimple cases and our result [11] in the simple case.
Then it remains to show that G, is in fact G. This is done by proving in essense
that G, is a strongly embedded subgroup.

It is probable that other involutions in L,(g) which are images of involutions
in SL(n, q) may be used in place of ¢’ for this characterization. Our choice of ¢
has the virtue, among other things, that proofs of most lemmas are almost
identical for both odd and even n, thus considerably shorten our paper. It is
of interest to remark that some part of this work is similar to Wong’s charac-
terization of PS,(2n, g) [15] and it is also the case here that the involution ¢
needs not lie in the center of a Sylow 2-subgroup of L, (9).

The notation used is standard. Thus if x,y are elements of a group, x",
[x, y] denote y~* xy and x~' y~' x y respectively and X* denotes y1XyifX
is a subset. If U is a vector space of dimension m over F, where g is odd, an
involution z of SL(m,q) will be called an extremal involution if the fixed
elements of z in U form a subspace of dimension m—2.

§ 1. The Structure of the Centralizer
We shall identify C(t) with H(n,q) (hence t=t" since Z(H(n, q)) has the
unique involution t') and introduce notation for the elements of C(t). The group
C () will also be denoted by the letter H.
First we have a decomposition of the vector space V

v=v-@eV*

where V- is the subspace of elements of I/ mapped by ¢ into its negative and
v+ is the subspace of fixed elements of t in V. Choose bases {v,,v,} and
{v4,0g,-..,v,} of ¥V~ and V' * respectively. Let N, R, T be the sets {1,2,...,n}:
{3,4,...,n} and {1, 2} respectively. If X is any subset of N, let V be the sub-
space spanned by {v;|ie X }. For any subset 4 of R, let A’ be the complementary
set R—A.

Denote by L, where A =R the image in L, (¢) of the subgroup L, generated
by the V,-invariant linear transformations which act as identities on ’V'
and V,.. Similarly if B T, let L, denote the image in L, (q) of the Vj-invarian!
subgroup L, generated by linear transformations which act as identities 00
V;_g and V. For brevity we also use the letters L, M for the groups Ly,
and Ly respectively.

Clearly we have
(1) Ly=1;

(2) L,=SL(A|,gqywhere A TorA<R; andif 4, Barenon-empty subsets of R:
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() L,=Lgif and only if |4|=|B|;
(4) A=Bimplies L,=L;
(
(

wn
~

L,Lgy=L,xLgif AnB=0;
6) (L4, Lp>=SL(|AUB|q)if AnB=*.

Ifi, je N and i< j, let h;; denote the image in L, (g) of the linear transformation
h,, such that
;lij(vk):vk if i+k+); Eij(vi):'lui
and hy;(v)=2"" v; where Z is a primitive element of F,. Thus h;; has order g — 1
and (h;;» contains a unique involution denoted by tij-
For subsets X, Y of N, let X + Y be the symmetric difference X U Y—X N Y.
If A is any subset of even order of N, let

t,=1if A=0;
=the unique involution in Z(L ) if A SR:
(7) =ty5t,, 7l A2T;
=lialaztyiq, ifAnT={1};
=ty3tg,0,3f ANT={2}.

With the above definition of t4, we observe that if X, YS N, then

(8) Ixty=ltyx,y

and ty =ty ifnis even.
IfA={i,j,k, ...} =N, we also write

tijk--- fort, if |A] is even

Lijy... for L, if L, is defined.

Notice that this notation is consistent with the definition of ¢t;; introduced
carlier. We emphasize t, has no meaning unless |4| is even and L, is only
defined if AR or A<T.

Let the center Z(SL(n, g)) of SL(n, q) be <c I where I is the identity trans-
formation and ceF,. Denote the 2-part of ¢ by ¢'. If ¢’ is a square in F,; let
]/E' be a fixed element of F, different from 1 such that (}/c')>=c". Let u be the
'Mage in L, (gq) of the linear transformation 6 with 0(v,)= —]/? v, and
,0(”.')=I/Z' v; for all i41. Note that u is an involution. If ¢’ is a nonsquare and n
Seven, let w be the image in L,g) ot the linear transformation 6 with 6 (v)=v,
dnd 0, )= v, for all i=1,3,...,n—1. Of course the existence of u and w
depends o n, ¢’ and d=(n,q—1) and is mutually exclusive. Here we shall
?ldopt the convention that whenever a statement is made involving u (or w),

18 void if y (or w) does not exist.
12¢
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It is now a simple matter to compute H which is LM {h, ;. Clearly we have

(L,h,3>=GL(2,9);
(M, hy3>=~GL(n—2,q):

[L,M]=1
9) ]
1 if nis odd

LnM=
" {(tu) if nis even

and t=t,,.

We proceed next to determine the conjugate classes of involutions in H.

(1.1) Lemma. (i) Suppose that n is odd. Then an involution in H is conjugate
to t, for some A< N. The involutions ty and ty are conjugate in H if and only if
IXNT|=|YnT|and | X|=|Y|.

(ii) Suppose that n is even and ¢’ is a square in F,. Then an involution of H is
conjugate in H to t, or to ut, for some ASN with |A| £ n/2. The involutions ty
and uty are not conjugate in H for all X, Y in N. If A, B are subsets of N with
|A|, |BI|=n/2, t, and ty are conjugate if and only if either |[A N T|=|BnT| and
|A|=|B| or |AnT|=|Bn T|=0 (modulo 2) and |4|=|B|=n/2.

(iii) Suppose n is even and ¢’ is a nonsquare in F,. Then an involution of H is
conjugate in H to t, if (—¢)"*# 1 and to t, or to w if (—¢)"*=1 where AcN
with |A|<n/2. The involutions w and ty are not conjugate in H for all XeN.
If A, B are subsets of N with |A|,|B|<n/2, then t, is conjugate to tp if and only if
either |AnT|=|BNT| and |4|=|B| or |AnT|=|BNT|=0 (modulo 2) and
|A|=|B|=n/2.

Proof. To prove this lemma, it is more convenient to work with the inverse
image H in GL(n, g) of H(n, ). Let L,,, Ly and h;; have the same meaning a5
before. Suppose a, b are linear transformations such that a(v,)=41,; @ (v)=",
(i%2) and b(v;)=1""v3; b(v)=v; (j*3). Set X, =(L,,,a> and X,={Lg. b
Note that X, ~GL(2,q); X,=GL(n—2,q); [X,, X,]=1 and AcX, X,.

Let z be an involution in H(n, q). We may choose a preimage s=s5; 5, of z
in A where s,e X, and s>=x1 with xe{c’) and I is the identity mapping. Ife
is a non-zero vector of V' *, the subspace U =(v, s, (v)) is (s, )-invariant and we
distinguish two cases:

(1) dimension of U= 1. Then x is necessarily a square and s,(v)= il/;“
where 1/x€F, such that ()/x)* =x and }/x+x.

(2) dimension of U is 2. If x is a square, then U is ¢s,)-reducible and we
can choose a basis of U such that relative to this basis, s, restricted to U cor

responds to
(1/?c

)
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On the other hand if x is a nonsquare, then xe{(c’>—<¢'?)> and U is {(8y0-
irreducible. Relative to the basis {v, s, (v)}, s, restricted to U corresponds to

(i o
1 0/
Since s, has 2 power-order, it follows from Maschke’s theorem that relative to

a suitable basis of V'*, s, restricted to ¥'* corresponds to one of the following
matrices 0 x

10

(—1/51". ) ?g
]/;1"_2_"' ) .

0 x

10

where I; denotes the identity matrix of size i. Because (L, ab) is transitive on
the bases of V' *, there is an ge{Lg,ab) such that g='s, g restricted to V'*
and relative to {v;,v,,...,v,} corresponds to one of the above matrices.
A similar argument shows that s, restricted to ¥~ and relative to a suitable
basis of V'~ corresponds to
1/;5 0 x
( iﬁ) o (1 0)‘
Moreover 2-elements # in GL(2, g) such that 6%=x I, are all conjugate in
SL(2, q). Hence there is g’ L,, such that s8¢’ restricted to ¥~ and relative to
{1,0,} corresponds to one of the above matrices. Thus (s, s,)°%" relative to
{v,0,,...,0,} is represented by
0 x
Vr 10
X 0 x
il/;c or 10
_l/,'c 1

1/;1"—2—:11 0 X

10
Finally it is easy to check that

(x5 )

G %)

's conjugate in SL(2, ) to
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for all i and so

0x
10
0 x
10
0 x
10
is conjugate in L, x Ly to
0y
10
0y
10
(VY
10

modulo <cI for all x, y in {c"y — <" ).
The assertions of the lemma follow by a straight-forward computation.

(1.2) Lemma. Let A be a proper subset of even order in N different from R.
Denote by C, the subgroup C(t,t,)" if |AnT|=1:|A|=n/2: 4>3 and the sub-
group C(t,t,) in all other cases. Denote by D, the subgroup C(t,ut,)” if either
[ANT|=0;: |A|+1=n/2, ¢>3 or [AnT|=2: |A|-1=n/2; >3 and the sub-
group C(t,ut,) in all other cases. Set B=A+ANT and B'=R —B.

Then

i) C,=LLgLy if|AnT|=0or 2:

i) C,=LgLy if[AnT|=1:

i) Dy=LLgLg if|AnT|=1;

iv) Dy,=LgLy if [AnT|=0 or 2.

Proof. Let ieB and jeB if |B|+0. A simple computation shows that
C(t,t)=LLyLg<hyy, hpifl[AnT|=00r2and C(t,1,)=Ly Ly Chygr bz hii?
or Ly<h,,,h,;> (according to whether B+R or B=R) in all cases where
|An T|=1 except when |4|=n/2. In the exceptional case C(t, t)=Lg L <hy»
hys, h;;,zy where z is the image of the linear transformation 6 such that
0(v,)=0,, 0(v3)= =05 0(V)=0p_py35 0(0,_py3)=—0,, m=3,4, nant+2/2
The results for C, follows immediately by computation.

A similar argument holds for D ,.

(1.3) Lemma. Suppose n is even and w exists. Then cuynC (W)“
CL (W) Cyy(w) {W'> where Cy(w) is cyclic of order g+ 1; Cy (W) is isomorphic to
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an extension of SL(n—2/2,4% by a cyclic group of order q+1 and W' is an
involution normalizing C, (w) and C,,(w).

Proof. Let U be a vector space of even dimension m over F,; g an element in
GL(m, q) such that g*=c'I where ¢’ is a non-square. We may regard U as a
vector space of dimension m/2 over F,. by defining

(+Bn)v=0v+pg)

where o, fe F; neF,, with n””=c’ and ve U. An F-linear transformation com-
mutes with g if and only if it is F,-linear. Hence it follows that C= CoLimae(®)
is isomorphic to GL(m/2, ¢*) and hence C ~SL(m, ) is isomorphic to an ex-
tension of SL(m/2, ¢4*) by a cyclic group of order g+ 1.

The result now follows immediately, bearing in mind that when we work
with the inverse image H of H (n, q) in GL(n, g), there exists W' in (H) mapping
by conjugation

0c¢ 0 —¢

10 -1 0
0 ¢ 0 —¢
10 into -1 0

0 ¢ 0 —¢
10 -1 0

§ 2. Non Fusion of Involutions
First we prove a simple proposition due essentially to Wong [15].

(2.1) Proposition. Let X be a group with subgroups X, X,, ..., X,, such that
X=X X,,...,X,: (X, XJ=1if i%j and X;=SL(n;, q) where n,22 and q is
odd. Then X, is uniquely determined by these conditions.

Proof. Let Z(X) be the center of X. Then
X/Z(X)=X, Z(X)/Z(X)x X, Z(X)/Z(X) x - x X,, Z(X)/Z(X)

and X, Z(X)/Z(X)=X,/Z(X ;) 1s isomorphic to L, () and so is an indecompos-
able group with trivial center. By the Krull-Schmidt theorem, the subgroups
X; Z(X)are uniquely determined. Hence X :=(X; Z(X)) are uniquely determined
if g%3. For q=3, X, is the least normal subgroup of X; Z(X) having an index
4 power of 2, therefore X, are also uniquely determined. This completes the
proof,

_IfYisa group and Y=Y,... Y,, a decomposition also satisfying the con-
ditions of (2.1) and 6 is an isomorphism of X on Y, then it follows n=m and 6
Maps X; on the Y, in some order. In particular every automorphism of X per-
Mutes the X, in some order.
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(2.2) Lemma. The involution t is not conjugate to w nor to ut , for any subset
A of N.

Proof. We note first that J = C(t)’ n C(w) is normal in C(t, w). By (1.3), we
see easily that J” is isomorphic to SL(n—2/2, g% and that ¢ is the unique in-
volution in Z(J").

Suppose t is conjugate to w in G. Then there is an inner automorphism 0
mapping C(t, w) into C(f) and w on t. By (1.1) (iii), we may assume that either
t?=w or t*=t, for some A< N. Now the center of a Sylow p-subgroup P of
C(t,t,) has order g, g* or g* where p is the prime dividing g. If this order is 7,
its nonidentity elements lie in at least three conjugate classes in C(t,t,). On
the other hand, the center of a Sylow p-subgroup of C(t, w) has order g* and all
of its nonidentity elements lie in one conjugate class in C(t, w). Hence we must
have t*=w and so C(t,w)’=C(t,w). Since J” is normal in C(t,w), either
(J"P=J"or J"n(J"Y’ = Z(J"). The first case gives rise to a contradiction since
it would imply that ¢ =t. The second case is impossible since C(t, w) has only
one composition factor isomorphic to L, _ 5y, (4%)-

Next suppose that ut, is conjugate to t for some subset 4 of N. Then n is
necessary even and there is an inner automorphism 6 mapping C(t,ut,) into
C(t)andutAont.By(l.l)(ii),wemayassumet"=txort"=utx.SetB=A+AnT,
B=R—B;Y=X+XNT: Y=R-Y. By (1.2), the fact that n is even 26 and
the remark following (2.1), we conclude that t®#t, for any X. Thus t’=uty
and so (D,)’=Dy. It implies that [AnT|=|X N T| (mod?2) and so either
(LLyLy)?=LLy Ly or (Ly Lg)’=Ly Ly.. The first possibility occurs only if
|B|, | B, |Y], |Y’| are all odd. This means I’=L and t’=t, a contradiction. The
other possibility implies that |B|, |B’|, | Y|, |Y’| are all even. So O=(tyty) =
ty ty =t by (2.1), again a contradiction. This completes the proof.

(2.3) Lemma. Let A be a subset of N of even order greater than2 and |ANT| =0
or 2.

i) if n is odd, then t , is not conjugate to t;

ii) if n is even and |[N — A|Z 4, then t 4 is not conjugate to t.

Proof. Assume the contrary. Then there exists an inner automorphism
mapping C(t,t,) into C(t) and t, on t. We may assume that t’=t, by (1.1) and
(2.2). By (2.1) and the assumption that |A| =4, it follows [X N T|=0 or 2. Let
B=A+ANT: B=R—B; Y=X+XANT; Y=R—Y. Thus we must have
(C)=Cyie (LLgLg)=LLyLy.

Suppose n is odd. Then |B'| and | Y'| are odd. Since 6 is induced by element
notin H; we get % = L and t=t. This means that A= B. But Ly =SL(Bl, q)=L
by (2). So |[4|=2, a contradiction to our assumption |4|=4.

Next suppose that n is even. By our assumption on |4| and |N —Al,nz8.
By (2.1) either I%=L or (Ly)’=L. If Ly=L, then t3=t and |B|=2. It follows
that either A=B or B=N — A. Both cases are clearly impossible. If (Lg)'=L:
then (tp)° =(ttg)’=t and |B'|=2. A cannot be equal to B, otherwise we woul
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get (ttp)? =1’ t=t, an impossibility. Therefore A=BU T and B'=N — A, which
is a contradiction to the fact [N —A4|=4.
The next result will prove useful later.

(2.4) Proposition. Let be a subset of R of order 2. If x is an element in G with
t*=t,, then *=L,.

Proof. The result is a consequence of (2.1), (2.2), (2.3) and the normality
of Lin H.

§ 3. Non Simple Cases of Types A and B

An application of Glauberman theorem [6] due to Wong [15] produces
our first nonsimple group.

(3.1) Theorem A. Let G be a finite group with an involution t whose centralizer
C(t) is isomorphic to H (n, q). Suppose that t is not conjugate to another involution
in C(t). Then G=C(t) O(G).

Proof. See Wong [15].

In view of the above result, we shall assume from now on that the involution
t of G satisfies the following condition.

(*) tis conjugate in G to another involution of C(t).
For the rest of this section, we also assume that
(**) t is not conjugate to another involution of C(t).

(32) Lemma. Let A be an even subset of N such that |An T|=1 and |A|<
n—2. Then t is not conjugate to t .

Proof. Suppose there is an xeG with t*=t,. LetieA—T and jeN—AUT.
If1,€C(t,), then t, t;,€C(t,). Since t, is conjugate to ti; in (M, h, >, this
would imply that ¢ is conjugate to another involution in C(t), a contradiction
to (%),

Hencet;;belongsto C(t,)— C(t,). From the structure of H and (2. 1), weeasily
see that an involution a in H— H’, not of the form uty where | X nT|=1, is
conjugate in H to at. We claim that t;; is not conjugate in C(t,) to such ut,.
Assume the contrary then t,;=v* where v is in H and is conjugate to uty in H.
By (2.2), t is not conjugate to t v in G. Thus t,=1"is not conjugate to (tv)* =t t;;
In G. But this is a contradiction since ¢ 4 1s already conjugate to ¢, t;;in H. Thus
We conclude that ¢;; is conjugate to ¢, t,;in C(t,) and so t;; is conjugate to ¢,
and t. This contradicts (x) since t;;€C(t) and t;;#*t.

An immediate consequence of the above lemma is the following.

(3.3) Corollary. Let G be a finite group with an involution t whose centralizer
C(¢) is isomorphic to H (n,q) where n=5 and q is odd. Assume that t satisfies
(*) and (+x), then n is odd. F urthermore, the only conjugate class in H fused with

that of ¢ is the one with representative t,; .
For the rest of this section, n is an odd integer.
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(3.4) Lemma. The centralizer C(M) of M is isomorphic to (i) PGL(3,q);
(i) PSL(3,q): (iii) SL(3,q); (iv) PSL(3,q9)x Z, where gq=4(mod9) or q=7
(mod 9) or g=1 (mod 3) but %1 (mod 9); or (v) M.

The number d=(n,q—1) is 1 except in the case g=1 (mod 3) and C(M)x
PSL(3, q) in which case d=3.

Proof. A simple computation shows that X =C(M)n H is equal to <L, h)
where h=h13% h%33 ... h,_, ,. This group X is isomorphic to GL(2, q)/ Z where
Z< Z(GL(2, g)) (note that n is odd). By (3.3), there exists xe G such that t*=1,
where A={2,3,...,n}. Now C(t,) contains M and M*. By the structure of H,
M =M~*. In particular it follows that L* = C(M).

Since C(t,)n C(M) contains a unique subgroup isomorphic to SL(2,q),
this must be L*. Hence it follows h,, normalizes L* and |[<hy,> N L' is odd.
Thus ¢h,,, [*) contains a 2-subgroup isomorphic to a Sylow 2-subgroup of
GL(2, g)/Z. On the other hand, a Sylow 2-subgroup of C(t)n C(M) contains
the unique involution ¢ in its center; it is thus also a Sylow 2-subgroup of C(M).
From the fact C(M) 2<L, ¥, it follows C(M) has no subgroup of index 2.
We may then apply Brauer theorem [2, 3] to get our result.

(3.5) Lemma. Let Go=MC (M) <h,3>; d=(n,q—1); e=(n—2,q—1). Then
one of the following holds.
i) Go=PGL(3,q)xSL(n—2,q);d=1=e;
ii) Go=PSL(3,q)xSL(n—2,q); d=1 if g£1(mod 3) and d=3, if q=1
(mod 3); e=1;
ili) Go=SL(3,q)xSL(n—2,q);:d=1=e¢;
iv) G,= an extension of the central product of SL(3, q) and SL(n—2, q) by
Zy;d=1;e=3and q=1(mod 3);
V) Go=PSL(3,q)x ZyxSL(n—2,q); d=1=e; g=4 or 7(mod 9) or 4=1
(mod 3) but g£1 (mod 9);
vi) Gy~ a non-central extension of PSL(3,q)xSL(n—2,q) by Zj: d=1.
e=23 and q same as in (v);
vil) Gy=M,, xSL(n—2,3); d=1=e.

Proof. Since h,, normalizes M, it also normalizes C (M) and so G, is a group:
Clearly [G,: M C(M)]=e. Further we observe that C(M)n M < Z(C(M)) and
{hi=1¢y = C(M)n M. The lemma follows from enumerating all possible cascs
of (3.4) satisfying above conditions.

(3.6) Theorem B. Let G be a finite group with an involution t whose centralizer
C(t) is isomorphic to H(n, q) where n=5 and q is odd. Suppose t is conjugate 0
another involution in C(t) but not conjugate to other involutions in C(t)- Then
G=G, of (3.5).

Before proving Theorem B, we state the following well-known facts on di-
hedral groups.
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(3.7) Let ty,t, be nonconjugate involutions of a group X. Denote by Y the
dihedral group {t,,t,>. Then (i) {t; t,» contains a unique involution v which lies
in Z(Y),

(i) there are three conjugate classes of involutions in' Y with representatives
ty 1, and v;

(iii) if 4 is the maximum 2-power divisor of | Y|, then t, v is conjugate in Y to
t, and t, v is conjugate tot, in Y;

(iv) if 8 divides |Y]|, then t, v is conjugate to t, and t, v is conjugate to t, in Y.

Proof of (3.6). We shall show first that C(tt,) =G, for all A=R. We have
Coo(tt )=Cp(ty) Ccopgy(t) Chy3). Let h=hy32Hyg?...h,_, , and S,,S, be
Sylow 2-subgroups of (L, h) and C,,(t,) respectively. Thus S, is either quasi-
dihedral (4= — 1 (mod 4)) or wreathed (g= 1 (mod 4)). In any case the center of
S, contains the unique involution t. Hence it follows that S, S, is a Sylow
2-subgroup of C(tt,) by assumption (xx) and a usual argument.

Suppose that ¢ is conjugate in C(tt,) to another involution in §,, say x.
Then there exists 2-element ge C(tt,) N C(x)— H normalizing Cg (x) S, . Since
Q,(Cy,(x)) is a four-group and no involution in Cg (x)S,—Q(Cs,(x)) is
conjugate to t by (3.3), t*=t x. On the other hand (Cg, (x) S,) =S} and t,€S,.
Therefore 5 eS,. It follows that (tt,)f=txt4=tt,. This implies that
x=t,t4€S,, a contradiction to (xx).

Hence we have shown that ¢ is not conjugate in C(t ) to another involution
in §; §,. By the Glauberman theorem [6], C(tt,)=(C()n C(tt,) O(C(tt,)).
Set K=0(C(tt,)). Then <t,tp)> acts on K where B={2,3,...,n}. Therefore
K= Cy(t) Ckltg) C(tty). The factors all lie in G,. So K=G, and also
Cltt)=G,.

Incidentally we have also shown that t¢, are never conjugate to ty for
A, X =R since C(ty)2C (M) whereas C(tt,)P C(M).

Let xeG and z an involution in M. By (3.7), <t z*) contains a unique in-
volution v and v is conjugate to t or to z. Since ve H, v is conjugate in H to t,
ttyort, for some A< R. The first two cases mean that z*e C(v) and C(v) is in
Gy . The last case is impossible because it would mean that ¢ ¢, is conjugate to t
or to z. This has already been ruled out. So we have z*€ G, and thus z* must
lie in M. It means that x normalizes M and so also normalizes C(M). In parti-
cular t*e C(M). Since C(M) has only one class of involutions, there exists
he C(M) such that x he C(r) which is in G,. Therefore xe G,. The proof is now
complete.

§ 4. Non Simple Cases of Type C
In view of § 3, we can now assume that ¢ is conjugate to another involution
of H’,

(4.1) Lemma. When n=35, either t,; or t,5,5 (but not both) is conjugate to t.
ennz6,t,, is conjugate to t.
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Proof. Because of (2.3), we may choose a suitable xe G such that t*=t, _,
and t;_, ,=t. By (24) and (2.1), *=L,_, ,: L, _, ,=L and x normalizes

n—1,n

L34.A.n—2‘
We claim that t3; is not conjugate to w nor to ut, for any ASN. Set

X=C(t,t,_y n,t23) and Y=X*=C(t,1,_, ,,t3;). Replacing x with a suitable
element in xC(t,t,_, ,), we can suppose that t5;=w or t;3=ut,. The first
case is not possible since it implies that L& Y whereas we know that L=
L, ,sX*=Y If t;;=ut,, then [AnT|=1 and |[An{n—1,n}|=1 because
LsY and L,_, ,$Y On the one hand, we have X'=L, , ,L, , , and on
the other, Y'=LLg L, where B=4A—{1,2,n—1,n} and B'=N—(4u{l,2,
n—1,n}). However |B| and |B'| are both even (since n is even) and yet |{4, ...,
n—2}| is odd. So X'#&Y’, a contradiction.

Hence we may suppose that t3;=t, for some A< N. Again from LY
and L,_, ,¢ Y, we get that [4n{1,2}|=0 or 2 and [An {n—1,n}|=1. Since
X' is isomorphic to a direct product of SL(2,q) and SL(n—5,q) and |4]
is even, we must have |A n (N —{1, 2, n—1, n})| equal to 1 when n is odd and to
1 orn—5whenniseven. Sincet =ty _, when nis even, thus we may assume that
[AN(N—{1,2,n—1,n})|=1 in all cases and still have |4 n{1,2}|=0 or 2 and
|A n{n—1, n}|=1. Replacing x with a suitable element in xL;, ,_, we may
suppose that #3;=t, ,, , or tt,_,, ;. The second case means that
(t23n—l,n)x=tn—2,n—l'

When n= 35, the assertion is clear by (2.3). If n=6, there is nothing to prove
since t,; and t,3,_,, are conjugate. Assume then n=7. Since X'=
Lys.n-2Ly s and Y'=L; Ly, ,_ 5. Therefore (Lys ,_5)*=Lss. . n-3
tiseL,, ,_,and by (2.3), ti, is conjugate in Ly, ,_3 to t,5 when n=8 and
t;s=t5, when n=7. Clearly we may suppose t;s=t,s when n=28 and t}s=13,
when n=7. If y=tt,_, ,_,, then (t,345)"=tt4st, 5 ,_, When n=8 and
(ty345)" =tt345¢ When n="7. Hence by (2.3), t,,5 is not conjugate to t if n+8.
This is a contradiction, since t,34,5~ty3,_3.,_; 0 H and (t3, 5, ,-1)=
t,_,.._, Which is conjugate to .

Let n=8 and suppose that (t,3,5)*=ts,. Choose an ze Cy,(t,g) such that
(ty345) =(ttg7 tysF =tg,.Set x; =xz. Thus x, maps C(t, t;g,t5345) =L3as L1s
onto C(t,t,g,ts7) =Lyz Lyss. Therefore (Ly,sf*=Ly,s. In particular there
exists ge L,, such that x, g centralizes ¢, and hence normalizes C(t3,) N L3as
={Lj,,hys). By the structure of C(f), we see that there is an element
he{L,,, h,s) such that x, g h=x, centralizes {L;,.h,s).

. Let 0 be the image in H(n, q) of the linear transformation which interchanges
v, and v,; v, and vg; v, and v,; vs and ve. Since (L, t,3,5>**°={ L34, las):
C(L,ty3,5)= C(Lss,tys). We observe that L, is normal in C(L, t;345) but
(L345) *°=Lg,g is not normal in C(L,,,t,s) since we have x,€ C(L34rtss)
which maps L, into L,,. This completes the proof. _

For the rest of this section, we shall assume that n=5 and ¢ is conjugate In
Gtotysz,s-

(4.2) Lemma. The centralizer C(M) of M in G is isomorphic to SL(3,9)
Either C(M)M {h,3>=SL(3,q)x SL(3,q); %1 (mod 3) and g#1(mod5) o'
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C(M)M (h,3) is isomorphic to an extension of the central product of two
SL(3,9) by Z5; g=1 (mod 3) and g% 1 (mod 5).

Proof. Let x be an element of G which interchanges ¢ and t,; and maps
t2345 O 34 by conjugation. (See (4.1)) Let L=xL,, x~' and C=<(L, L). Then
C=xLj,sx~" and hence C=SL(3,q). Let y be an element of C which inter-
changes t and t,,,5 by conjugation, therefore y normalizes C(t,t,5,5) which
is M. Hence C<= C(M). The result then follows by Brauer’s theorem [1, 2, 3]
asin (34).

(4.3) Lemma. The group G contains an involution z normalizing G,=
MC(M)<h, 4> and interchanges M and C(M) by conjugation.

Proof. Let x be the element introduced in (4.2). We have already shown that
M*=C(M). Now C(M)*=M*"=M since x*eH and M<aH. Since x inter-
changes t and t, by conjugation, xe N(C(t, t,5)) which is L,, L,s<hy3, h3,>.
In particular, h3,€ G, and so x normalizes G,.

Since x*eH and H<G,, by taking a suitable odd power of x, we may
suppose that x is a 2-element. Let S be a Sylow 2-subgroup of G,<{x) contain-
ing x. Then S=S5, S, (x) where S, is a Sylow 2-subgroup of M containing t
and S,=S}. Therefore x*eS, xS,. Let x’=s,s, where s,€S,. Since x*=
(x~ts; x)(x7' s, x)=s; s,, it follows x~'s x=s, and x~!'s,x=s, since
S,nS,=1. Let z=xs;'. Then z is the involution with the desired properties.

(4.4) Lemma. G contains a subgroup G of index 2 such that G=G (z).

Proof. As in (4.3), let S={z) S, S, be a Sylow 2-subgroup of G, {z) where
§i, S, are the Sylow 2-subgroups of M, C(M) respectively. S; is either quasi-
dihedral or wreathed. In any case Q,(Z(S))=<tt*).

If S were not a Sylow 2-subgroup of G, then there would be a 2-element
8¢G, normalizing S and g?eS. Let K=S§,S,. Clearly [K: KNnK*®]<2. In
particular KN K#2K'=S] x S, and therefore K n K® contains t. Both ¢ and
t* belongs to K n K*. By the structure of G,{z), t and t* are already conjugate
in G, {z). There is an element h in G, <{z) such that t#*=t and hence ge G, (z)
since C(t)c G,,a contradiction.

Suppose that G has no subgroup of index 2. Then by a result of Thompson
(7], z is conjugate to an involution in S, S, i.e. to t or to t *. We have C(z)n
Go<{z)={z) J where J = {x x*| xe M}. If z is conjugate to t, then J is conjugate
to a factor of M. This would then imply that ¢ is conjugate to ¢ t*, a contradic-
tion to (2.3). Suppose next that z is conjugate to ¢ t*. Then there is a 2-element
8eC(2)— C(2) n Go{z) normalizing {z) J where J={(s, s?|s,€S;> and J is
Quasi-dihedral or wreathed. Clearly ({z) J)'=(J) and it follows ge C(tt?), in
contradiction to our choice of g.

By the structure of MC(M)<{z>, C(M)M<G. Since S, S, C(M)M and
§,5,{z) is a Sylow 2-subgroup of G, z¢ G. This completes the proof.

(4.4) Theorem C. Let G be a finite group with an involution t whose centralizer

C(t) is isomorphic to H(n, q) where q is odd. Suppose t is conjugate to another
involution in C(t) and to t,3,5. Then n=>5, and either G is isomorphic to
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SL(3,9)\Z,, (5,q—1)=1=(3,9—1), or G is isomorphic to an extension of the
central product of two SL(3,q) by Z,,(5,q—1)=1and (3,q—1)=3.

Proof. Let G be a subgroup of index 2 in G. Since z¢G, G satisfies the
hypothesis of Theorem B. Hence the result follows from Theorem B since we
already know that C(M)=SL(3, g).

§ 5. The Simple Case

To complete the proof of the Main Theorem, it remains to consider the
following case:

G is a finite group with an involution ¢ whose centralizer C(t) is isomorphic
to H(n, q) where n=5 and g is odd and t,5, t5, are conjugate to ¢ in G.

(5.1) Lemma. Let g be an element in G such that t*=t,; and let L,y=I"
Then the subgroup G, generated by L, and C(t) is isomorphic to L,(q).

Proof. As usual we may choose a suitable g such that t*=t,;:t5;=t and
still L,,=I# by (2.4). It follows that g normalizes C(t, t,3) and thus both L and
L,, centralizes L, .

Next we note that there exists an xe G which interchanges t and ¢, _, , and
maps t,_, ,_; to t,3 by conjugation. (See (4.1).) Hence (L, _; ,_; »)*=<{L, L,
since (L,_, ,)*=Land (L,_, ,_,)*=L,; by (2.4). Therefore (L, L,3>=SL(3, q).

By the structure of C(t), we easily check that if v is an involution in C(1)
such that all involutions in {t, v> are conjugate to t, then <t, v) is conjugate in
C(t)to {t,t,,). It follows that <t,5, t;,> is conjugate to {t, 1,3 in G. Therefore
{L,3,L3,>=SL(3,9) by (2.4) and the fact {L, L,;>=SL(3, q).

By the structure of SL(3, q), C(hy4, t,3) " {L,3, Ly,>=J is a direct product
of two cyclic groups of order g—1 and J < L,; <h3,>. Let hy3=JNL,;. Then
clearly J={H)s,hy,>. Similarly there is an element hj, in L,, such that
CH),, My is abelian of order (g —1)*. We check that L,,,L,s, ..., L,_; ,and
Ry, hy3,hsy, ..., h,_, , satisfy the condition of Theorem 2 of [11]. A compari-
son of the orders of the centralizers show that G, L, (q) for all g+ 3.

For g=3, the proof of the quoted result can be slightly modified to show
that G,/Z(G,) is isomorphic to L,(3). Again it follows that Z(G,)=1 by a
comparison of the orders of the centralizers. This completes the proof.

We proceed next to prove several results with the aim of showing that the
centralizers of a number of involutions all lie in G,,.

(5.2) Lemma. Let S be a 2-subgroup of G, containing a conjugate of t and 5*
be a 2-subgroup of G containing S. Then S*<=G,,.

Proof. We may assume that teS and S*nG,=S. If $*>5, there is an
xeS§*—S normalizing S and so t*¢G,,. Since involutions in G, conjugate 10
in G are already conjugate in G,. This leads to a contradiction since C (t)= Go-

(5.3) Corollary. (i) If v is an involution in G,, then C(1)NG, contains d
Sylow 2-subgroup of C(v).
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(ii) Two involutions in G, are conjugate in G if and only if they are conjugate
in G-

Proof. The first assertion is a consequence of the fact that all conjugate
classes of involutions in G, have representatives in H and the above lemma.
The other assertion follows immediately from above and a comparison of
centralizers of involutions in G,. (See [5].)

(5.4) Lemma. The centralizer C(t,) is contained in G, where |A| is 4.

Proof. When n=6, there is nothing to prove. Assume that n#+6 and
A={1,2,3,4}. Let xeC(t,). t is not conjugate to t,s in C(t,), for otherwise
t,, t4=ts, would be conjugate to t,5 t ,=t,,55 in contradiction to (2.3). Hence
(tt;sy contains a unique involution v in C(t,t}5) and tv is conjugate to t in
G by (3.7). Replacing x with a suitable element in x C(t, t ,), we may assume that
v=tg for some B= N. We distinguish three cases.

(i) B={1,2}.

Then |B+{1,2}|=2 or n—2, since t t, is conjugate to t. Hence |B| =4 since
tg+1. We may suppose that B={1,2,3,4} or {1,2,4,5} or {1,2,5,6}. If
tg=t,,34, then t tz cannot be conjugate to t,5 in C(t,); for otherwise we would
get t,, conjugate to t,5 in C(t ,) which we just ruled out. By (3.7), t;5 tg=(t;,35)"
is conjugate to t} 5, a contradiction to (2.3). If ty=t,, 45, then t;s€ C(t,534,t1245)
< C(ty5) which liesin G,. Then x is in G, and we are done. Finally if tz=1,, 5,
first we note that t is not conjugate to t,, tz in C(t,) if n+8, since otherwise it
would imply that ¢, t, is conjugate to t tz t, which is not possible by (2.3). So
by (3.7),t ty =t is conjugate to 3 s in C(t,) if 4 8. This leads to a contradiction
since t,,5,€ C(Lsg) Whereas t,,3,¢ C(Lys).

Therefore it remains to settle the case n=8 and tz=t,,5,. We have C(t,) N
Go=K, K,<{h,s><z) where K,={L,L,5,L,>; K,=Ls¢,5 and z is an in-
volution which interchanges L and L,g; L,5 and Lg; Ly, and Ls, and inverts
h,s by conjugation. Furthermore involutions in {t,, z) are all conjugate in G.
We claim that C(t,) contains a subgroup C of index 2 with z¢ C. If not, z is
conjugate in C(t,) to an involution v’ in K, K, <h,s> by Thompson’s result
[6;265] and (5.2). We may assume that v'=t,,35 OF t5,5¢. The first possibility
can be dismissed immediately since {t,,t,,3s» contains nonconjugate in-
volutions. The other possibility cannot occur because C(t,,z)n G, and
Clty,t5,56) N G, both contain involutions conjugate to t. Hence G, contains
Sylow 2-subgroups of C(t,,2) and Clt,,t34s) by (5.2) and they are non-
isomorphic. This proves our claim.

For the same reason as in previous case, ¢ 1 is not conjugate to t3s in C(t,).
So ttyis conjugate in C(t,) to t and by (3.7), there exists an element a of order 4
in <t 5. Thus =t5 and hence t**=t,,. There is an geK, such that azg
Centralizes ¢. It follows ae C(t,) — C. But this is a contradiction since ae{t tj 5>
and tx~! ¢, x already lies in C.

() [BA{1,2}|=1.
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Then |B| is necessarily 2 or n—2. In either case we have tg is conjugate to
t and ;€ C(tg) which is in G,. Therefore xe G,,.

(iii) |[Bn{l,2}|=0.
Then n must be even and |B|=n—4. Since ty=ty_z, we are back to (i).
The proof is now complete.

(5.5) Lemma. The centralizer C(t,) is contained in G, for any ASN.

Proof. In view of (5.4), we may assume that n=7; n+8 and |4|=26. Let
A={1,2,...,m}. Let B={m,m+1} if m+(n+2)/2 and B={m+1,m+2} if
m=(n+2)/2. Since tt, is not conjugate to tzt, by (5.2), t is not conjugate to
tpin C(t,). Therefore (¢ 3> contains a unique involution v in G, conjugate to
ty in G,. As in (54), |X|=2, 4 or n—2. In all cases, tz€ C(v) which is in G,.
Then it follows xeG,,.

(5.6) Lemma. Let n=6. Then
(i) Cuty)=G, forall ASN.

(i) CwW)=G,.

Proof. (i) A comparison of the structures of the Sylow 2-subgroups of
C(u, t) and C(u, t,;) shows that t and t,, are not conjugate in C (u). Let xe C(u).
Then {tt%,) contains an involution v in G, and v is conjugate in G to t. Hence
t3,e€ C(v) which is in G,. So x€ G, Similarly C(ut,)< G, for all A= N.

(ii) From the structure of L(q), C(w) N G,=K (z) where K is isomorphic
to a subgroup of order (g+1)/d-|SL(3,4%)| in GL(3,q%)/Z for some Z<
Z(GL(3, ¢%) and z is an involution conjugate to w in G, normalizing K. As in
(5.4), we conclude that C(w) contains a subgroup C of index 2 with z¢ C. Let
C,, C, be members of a chief series of C such that C,/C, involves L;(q%).
Since a Sylow 2-subgroup of C is a direct product of a quasi-dihedral group
with a cyclic group. (Here g= — 1 (mod 4) for the existence of w), it follows that
C,/C,=L;(¢% and a Sylow 2-subgroup of C, must be cyclic. By Burnside’s
theorem, C, has a normal 2-complement O (C,). Apply Brauer Welandt result
[13] to the action of {t,,3) on O(C,). We see easily that 0(C,)<=G,. Since
C/C, cannot involve L(g?) because it has cyclic Sylow 2-subgroup, K< C,
and in particular we have shown that C, = G,. If xe C, then t*e C,. Since ¢ and
t* are already conjugate in C,, it follows as usual that xe G, and also C(w)<= Go-

Finally we are in a position to prove the following theorem and thus to
complete the proof of the Main Theorem.

(5.7) Theorem D. Let G be a finite group with an involution t whose centralizer
C(t) is isomorphic to H(n, q) where n>5 and q is odd. Suppose that t is conjugate
to another involution in C(t) and t,5 is conjugate tot. Then G is isomorphic to L@

Proof. It suffices to show that G=G,. Let z=t,,;, if n+6 and z=u or ¥
if n=6. Since ¢ is not conjugate to z, then there exists an involution ve Go 1
<t z*) for any xeG. By (3.7), v is conjugate to t, for some BS N if n+6 and v1S
conjugate to t; ut, or w if n=6. In all cases C(v)< G, by (5.5) and (5.6). Thus
x€G,. This completes the proof.
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Maximale stabile Punktmengen
und minimale Uberdeckungen
gleichgewichtiger Hypergraphen

GEORG SCHRAGE

Fiir eine Klasse von Hypergraphen wird gezeigt, daBB die Ordnung einer
maximalen Menge nichtbenachbarter Knotenpunkte gleich der Ordnung einer
minimalen Uberdeckung ist. Dieses Ergebnis wurde unabhingig voneinander
von Berge und Las Vergnas [2] und Schrage [4] gefunden. In der vorliegenden
Arbeit werden ein neuer Beweis und einige Folgerungen aus diesem Satz an-
gegeben. Zahlreiche Beispiele, bei denen die Frage nach maximalen Mengen
nichtbenachbarter Punkte oder minimalen Uberdeckungen von Hypergraphen
auftritt, finden sich in [1].

Sei X ={x,, x5...x,} eine endliche Menge und B=(P, i€l) eine Familie
von Teilmengen von X. Das Paar H=(X; *P) heilit H ypergraph® der Ord-
nung n, wenn

1. P40 fir alle ie und

2. |JR=X.

iel
Die Elemente x,, X;...X, heiBen Knotenpunkte des Hypergraphen, die Elemente
von P werden Kanten genannt.

Ein Hypergraph besteht also ebenso wie ein Graph aus Objekten, die als
Knotenpunkte und Kanten bezeichnet werden. Der Unterschied besteht darin,
daB beim Graphen zu jeder Kante hochstens zwei Knotenpunkte gehoren,
wihrend eine solche Einschriinkung fiir die Kanten eines Hypergraphen nicht
gilt. Mit anderen Worten: ein Graph ist ein Hypergraph, bei dem die Ordnung
jeder Kante kleiner oder gleich 2 ist.

Wir wollen zunichst einige aus der Theorie der Graphen geldufige Begriffe

verallgemeinern.

Definition. In H=(X; P) heiBen zwei Knotenpunkte x und y genau d?“"
benachbart, wenn ein Pe P existiert, so daB x, ye P. Zwei Kanten von H heiflen
benachbart, wenn ihr Durchschnitt nicht leer ist.

Wir schreiben xo y, falls x und y benachbart sind und x¢y anderenfalls.

Definition. In H = (X ; 8) heiBt eine Folge der Form (x;, B, X5, B, .- B, Xg+1)
Weg der Linge g, falls

1. x;#x;firi#jund i, j=12...q,

! Synonym wird gelegentlich die Bezeichnung .abstrakter Komplex“ gebraucht.
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2. B#P fiir i+,

3. x4, X, 1€R firk=1,2...q.

Der Weg heif3t elementar, wenn keine Kante des Weges drei Knotenpunkte
des Weges als Elemente enthilt. Ist ¢>1 und gilt X44+1=X;, s0 heiBt der Weg
Kreis der Linge q.

Definition. Sei H=(X; ) und 4 = X. Der Hypergraph H,=(4; B 4) Mmit
B4={Rn A/ReP und P~ A+0} heiBt der durch A erzeugte U nterhypergraph
von H.

Ist B=X—A, so schreiben wir auch H—B=(X-B; B—B) statt
Hy=(4; B,).

Definition. Sei H=(X; P). Eine Menge S X heiBt stabil, wenn fiir zwei
verschiedene Knotenpunkte x, yeS stets gilt x$y. Als Stabilititszahl o(H)

bezeichnen wir die Kardinalzahl einer stabilen Menge von maximaler Ord-

nung, d.h. . .
o(H)=max {4 S/S ist stabil}.

Definition. Sei H=(X; B). Eine Kantenmenge WP heiBt Uberdeckung
von H, wenn X < ( | B. Als Uberdeckungszah! f(H) von H bezeichnen wir die

Kardinalzahl einelr)iel'ljlberdeckung von minimaler Ordnung, d.h.
B(H)=min {4 U/ ist Uberdeckung}.
Ist U={U,,U,...U;} eine Uberdeckung von H=(X: P) und ist U=
{U, (72...(1} mit U= U, und O U,=X, so werden wir gelegentlich auch U

o i=1
als Uberdeckung von H bezeichnen.
Als nichstes wollen wir eine Klasse von Hypergraphen charakterisieren,

die sich als besonders interessant erwiesen hat.
. Definition. Ein Hypergraph H=(X:; ‘B) heiBt gleichgewichtig, wenn in H
kein elementarer Kreis ungerader Lénge existiert.
Lemma. Ist H ein gleichgewichtiger H ypergraph, so ist auch jeder Unter-
hypergraph H 4 gleichgewichtig.
Beweis. Gibt es in H, einen elementaren Kreis u=(x,, BN A4, X5, BN A, ..., x,),
vonungerader Linge, so ist v=(x,, B, x,, B, ..., x;) ein ebensolcher Kreis in H.

Satz 1 (Berge, Las Vergnas, Schrage). Ist H=(X; B) ein gleichgewichtiger
Hypergraph, so ist die Stabilitéitszahl o(H) gleich der Uberdeckungszahl B(H).

‘ Beweis. M(H) bezeichne stets eine maximale stabile Menge von H und
(H) eine minimale Uberdeckung.

‘A"'S der Definition der Zahlen a(H) und f(H) folgt unmittelbar, daB fiir
beliebige Hypergraphen gilt

a(H)=#M(H)= #UH)=p(H).

13+
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Zu zeigen bleibt also: ist H gleichgewichtig, so gilt a(H)2 f(H). Den Beweis
fiihren wir durch vollstandige Induktion nach der Ordnung von X.

Trivialerweise ist die Behauptung richtig fiir #X=1. Wir nehmen an, sie
sei richtig fir #X <n.

Sei H,,1=(X,.1; B, ein gleichgewichtiger Hypergraph mit X, =
{xy, X3..-Xn41} und H,=(X,; B,) der von X,=X,.1—{xp,1} erzeugte Unter-
hypergraph.

a) Sei a(H,,,)=K+1 und «(H,)=K.

Wegen des Lemmas kdnnen wir die Induktionsvoraussetzung anwenden
und es gilt B(H,)=K. Sei P, ., mit X, 41€P. Dann ist A(H, . )=U(H,)UP
eine Uberdeckung von H,, der Ordnung K + 1.

b) Sei a(H,,,)=a(H,)=K.

(i) Es gibt ein PP, ,;, so daB a(H, ., —P)=K —1. Nach Induktionsvor-
aussetzung gilt f(H,,; —P)=K—-1. A(H,,,)=A(H,) U P hat somit die Ord-
nung K.

(i) Fiir alle Pe B, gilt a(H, 44 —P)=a(H,,.1)=K.

Wir zeigen, daB in diesem Fall H,,, nicht gleichgewichtig ist.

Unter obiger Voraussetzung ist B(H,,)=a(H, )+1=K+1 Sei V=
{x/x0 X, und X %X, }. Wir wihlen ve V und C,€%B,,,, so daB x,, veCy.
H,,,—{v} hat nach Induktionsvoraussetzung die Uberdeckungszahl K. Sei
A(H,,, —{¥})={01,Q;...-Qk},und es sei x,,1€Qk. Wir setzen nun C,=0k
Esist a(H,,, — Cy)=0a(H,,;—C3)=K und a(H,, ; — C, — C,)=K~— 1. Daraus
folgt:

A1l. Es gibt ein z;€eC; und eine maximale stabile Knotenpunktmenge
M, (H, ), so daB z,€M,(H,,,) und C, AM,;(H,,1)=9.

A2. Es gibt ein z,€C, und eine maximale stabile Knotenpunktmenge
M,(H, ), so daB z,e M,(H, 1) und C; "M, (H,,1)=0.

Sei A(H,)={Ry,R,...Rg}. Fiir alle i=1,2...K gilt RyU {Xys 1} € Bos1r 42
sonst die Voraussetzung von (i) erfiillt wére. Wir setzen D=C,uC,—{z,2
und betrachten den Hypergraphen H,,; —D=(X,.1—D; Bnis — D). Wegen
A1bzw.A2gilt %M(H,,, —D)=K und somit f(H, ., —D)=K. A(H,.,—D)=
{R;—D,R,—D,...,Rg—Dj} ist also eine Uberdeckung minimaler Ordnung
von H, ., —D. o

Wir konstruieren nun einen Hypergraphen H=(X; ‘B), indem wir Zu
Knotenpunktmenge von H,,,—D zwei Punkte y, und y, hinzunehmen und
die Kantenmenge um {y;, z;} und {y,, 22} erweitern. Es ist also

X=Xn+1—DU {yl’ .VZ} und $=(“Bn+l _D)u{yl’ zl} U{YZﬂzZ}‘

B(H)=UH,,, —D)U{y1, z1} U {y2, 22} liefert eine (nichtminimale)yber’
deckung der Ordnung K +2 von H. Eine minimale Uberdeckung 2 (H) hat.
die Ordnung K+1, da U(H,,,—C;—C)u{y,z}u{yz, 2} eine Uber-
deckung der Ordnung K +1 ist, und weil #M (H)=K+1.
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Sei U(H)={A,,A,... A} und B(H)={B,, B, ... By, ,} mit B,= R, — D fiir
i=1,2...K, Bg,1={y1,z;} und Bg,,={r., z,}. Wir ordnen diesen beiden
Uberdeckungen von H den Graphen G=G(, B)=(E; K) zu, fiir den gilt

1. E={al,a2u.ax+l,bl,bz...bx+2},
2. a‘ObJQA,ﬁBj#:’D,
3. a;¢a;und bi$b; fir i, j=1,2... K +2.

Die Knotenpunkte von G entsprechen also umkehrbar eindeutig den
Elementen von U (H) und B(H), und zwei Knotenpunkte von G sind genau
dann benachbart, wenn die beiden entsprechenden Kanten in H benachbart
sind, und eine der Kanten 2 (H) angehort und die andere B (H).

Sowohl A(H) als auch B(H) enthilt die Kanten {y,,z;} und {y,, z,}.
Sagen wir, es sei Ay =By ={y;, 2} und A,=Bg, ,={y,, z,}. In G sind dann
a; und by, benachbart und ebenfalls a, und by, ,. Wir wollen nun zeigen.
daB a; und a, zu einer Zusammenhangskomponente von G gehoren, und
damit auch ay, a,, by, und by, ,.

Wegen # U(H)< # B(H) gibt es eine Zusammenhangskomponente G von
G mit den Knotenpunkten (a;, ieJ) und (b;, ie L), derart, daB #J < 4 L. Wegen
der Konstruktion des Graphen gilt fiir die entsprechenden Kanten von H:
U B;c U A;.
ieL ieJ

B(H—{y,})=B(H)—{y,, z;} ist eine Uberdeckung von H—{y,} der Ord-
nung K + 1. Wegen A list aber M,(H, ,)u{y,} eine stabile Menge und somit
oH—-{y})=K+ 1. B(H—{y,}) ist also eine Uberdeckung von minimaler
Ordnung, d.h. B(H —{ y1})=K + 1. Nehmen wir nun an, a, und by, gehdrten
nicht zu G, dann wire B(H)—{y,})— (| B) (| 4,) eine Uberdeckung von
- ieL ieJ
H—{y;} von kleinerer Ordnung als K+1 in Widerspruch dazu, daB
B(H—{y,})=K +1. Ebenso zeigt man, daB a, und bx_, zu G gehren.

Wir betrachten nun in G einen kiirzesten Weg von a, nach a,. Es mdgen
dabei die Knotenpunkte a, =a;,, by, a;5, b;,...a;,=a, in dieser Reihenfolge
durchlaufen werden. Jeder dieser Punkte ist in G nur zu den Punkten dieses
Weges benachbart, die ihm auch in der Folge benachbart sind. Daher ent-
spricht diesem Weg in H eine Kantenfolge 4, =A4,,, Bii, Aiy, Biy... A=A,
derart, daB zwei Kanten der Folgen genau dann einen nichtleeren Durchschnitt
haben, wenn sie in der Folge nebeneinander stehen. Daher gibt es in H einen
tlementaren Weg der Form:

zy=Xy, By, X3, Ai2, X3, Bizs ..oy Big_1)s X20-1y=22-
In dieser Folge kann weder By, noch Bg,, auftreten. A, ist namlich die
tinzige Kante von U(H), die mit By ., einen nichtleeren Durchschnitt hat.
Jefies B;y, der Folge ist aber zwei Elementen von 2(H) benachbart. Ebenso
Ze1gt man, daB By, , nicht zu der Folge gehort.

Sei wieder D=C,uC,—{z;,2,} und A(H,)={R,,R,...R} wie oben
definiert. Betrachten wir nun einen Weg

K=(zy=xy, Ry, X3, B, X3, Riz, X4, B...Ry(s_1), X2—1)=122),
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wobei Re®P,,, und A, =R—D. Die Kanten R;, j=1,2...K sind ebenfalls
Elemente von B,,; und wegen der Konstruktion der Bj, j=1,2...K gilt
B;, =R —D. Daher ist p ein elementarer Weg in H, . Fiir alle R, k=1,
2...r—1 gilt x,,;¢R;. Falls auch fiir alle Kanten P des Weges gilt x, ¢P,
$0 ist (Xp41> C1s X1, Rizs X2, By ooy Rigr_1ys X2r—1» €25 Xpy1) €IN elementarer
Kreis von ungerader Linge. Nehmen wir also an, die Bedingung x,,¢F,
i=1,2...r—1 sei nicht erfiillt und / sei der kleinste Index, so daB x, &P,
Dann ist aber (x,.1, Ci,X;, Ri;- X2, B, ..., P, X, 1) €in elementarer Weg un-
gerader Lange.

Wir wollen noch eine naheliegende Verallgemeinerung des Satzes 1 angeben.

Definition. H =(X; B) heiBt im wesentlichen gleic~hge~wichtig, wenn eine
Kantenmenge B ‘13 existiert, so daB fiir alle P ein Pe P existiert mit PcP
und wenn H =(X; ‘P) gleichgewichtig ist.

Falls H im wesentlichen gleichgewichtig ist, gilt offenbar a(H)=o(H) und
B(H)=B(H) und wir erhalten

Satz 2. Ist H=(X; ) im wesentlichen gleichgewichtig, so gilt o(H)=p(H).
Folgende bekannte Sitze ergeben sich in einfacher Weise als Spezialfille
aus Satz 1 bzw. Satz 2.

Satz 3. Sei G ein paarer Graph. Dann ist die maximale Zahl nichtbenachbarter
Knotenpunkte gleich der Kardinalzahl einer G itberdeckenden Kantenmenge
von minimaler Ordnung.

Satz 4 (Konig [3]). Sei G ein paarer Graph. Dann ist die maximale Zahl
nichtbenachbarter Kanten gleich der Kardinalzahl einer Knotenpunktmenge
minimaler Ordnung, die mit jeder Kante einen nichtleeren Durchschnitt hat.

Satz 5 (van der Waerden [5]). In einer Menge X der Ordnung n - k seien zwei
Partitionen K={K;...K,} und 8={L,...L,} gegeben mit %K= 4 L;=k fur
i=1,2...n. Dann gibt es eine Menge Y X, die zugleich Reprisentantenmenge
fiir & und fiir L ist, d.h. fir die gilt #(YNnK;)=#(YnL)=1 firi= 1,2...n.
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Tensorproduktmethoden
bei mehrdimensionaler Interpolation

WERNER HAUSSMANN

In [5] werden Existenz-, Eindeutigkeits- und Darstellungsfragen bei
Tensorprodukten von Interpolationsproblemen behandelt. Als Anwendungen
der dort entwickelten Theorie ergeben sich Aussagen iiber mehrdimensionale
Hermite-Interpolation fiir Polynome aus

M N
HMN={P: P(x, y)= Z Zaij x'y, aijelk}’ (1)

i=0 j=0
wenn zur Interpolation Knotengitter der Gestalt

W={x09""xm}X{YO’-"vyn} (2)

verwendet werden. Die Interpolationsbedingungen, die dabei an jedem Punkt
von W vorgeschrieben werden, ergeben sich aus den Daten zweier eindimen-
sionaler Hermite-Interpolationsprobleme.

Im Anschluf3 an diese Untersuchungen stellen sich fiir die mehrdimensio-
nale Hermite-Interpolation zwei Fragen:

(A) Lassen sich die Interpolationsbedingungen — also partielle Ableitun-
gen, die an den Knoten auszuwerten sind — ,,unregelmiBiger* auf die Inter-
polationsknoten (x,, y,)e W verteilen als beim Tensorprodukt zweier Hermite-
lnterpolationsprobleme, ohne daB Existenz- und Eindeutigkeitsaussagen ver-
lorengehen ?

(B) Kann von der regelmiBigen Verteilung der Knoten (2) abgegangen
und dennoch Existenz und Eindeutigkeit eines Interpolationspolynoms aus
My zu gegebenen Interpolationsdaten gesichert werden?

Beide Fragen lassen sich positiv beantworten. Eine ,,zu unregelmiBige"
Verteilung der Ableitungsbedingungen und der Interpolationsknoten darf je-
deCh nicht vorliegen. Auf einer Geraden G, = {(x, y): y=c¢, xe R} c R? k6nnen
ndmlich nicht mehr als M +1 von insgesamt (M + 1) - (N + 1) Interpolations-
bedingungen fiir Polynome aus II,,y vorgeschrieben werden. Aber auch dann,
wenn hochstens M + 1 Bedingungen an Punkten einer Geraden G, (ceR) vor-
geschrieben werden, und eine entsprechende Einschrinkung fiir jede Gerade
Hc.= {(x,y): x=c, yeIR} vorausgesetzt wird, sind Existenz und Eindeutigkeit

©l unregelmaBiger Verteilung der Interpolationsknoten nicht gesichert. Soll
Namlich beispielsweise ein Lagrange-Interpolationspolynom aus 11, , durch
Angabe von Interpolationsdaten an den Punkten (—1,0), (0, —1), (1, 1) sowie
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(u,v)elR? bestimmt werden, so ist dieses genau dann eindeutig bestimmt,

wenn u und v nicht die Relation v= 3u+l erfiillen.

u—1

Daraus ergibt sich, daB im Fall der Fragen (A) und (B) nicht ,,zu unregel-
miBige* Forderungen gestellt werden konnen. Das Ziel der vorliegenden
Untersuchungen ist es, einen Schritt zur Beantwortung der Fragen (A) und (B)
zu tun, und zwar nicht speziell fiir die Hermite-Interpolation, sondern im
Rahmen einer allgemeinen Theorie, bei der direkte Summen von Tensor-
produkten linearer Rdume benutzt werden. Dementsprechend fithren wir
direkte Summen gewisser Interpolationsprobleme beziiglich eines weiteren Inter-
polationsproblems ein und zeigen, daB sich auf diese Weise aus eindeutig
16sbaren Interpolationsproblemen neue solche Probleme ergeben. Als Spezial-
fall erhalten wir das Tensorprodukt zweier Interpolationsprobleme. Bei der
Anwendung auf mehrdimensionale Hermite-Interpolation ergibt sich eine
unregelmiBigere Verteilung der Interpolationsknoten und der Interpolations-
bedingungen als in [5]. Dies ist insbesondere fiir Anwendungen von Bedeutung.

In [2] betrachten Ehlich und HauBmann Konvergenz von Interpolations-
prozessen in C[a, b]® C[a, b]. Wir fiihren diese Untersuchungen weiter und
erhalten Ergebnisse iiber Konvergenz von Tensorprodukten gewisser Inter-
polationsprozesse in Tensorprodukten beliebiger linearer normierter Raume.

Unsere Aussagen, die wir fiir den zweidimensionalen Fall beweisen, lassen
sich unschwer auf hohere Dimensionen verallgemeinern.

1. Direkte Summen von Interpolationsproblemen
beziiglich eines Interpolationsproblems

Es sei X ein linearer Raum iiber R und F ein (m+ 1)-dimensionaler Unter-
raum von X. @q, ..., @, seien lineare Funktionale auf F und &, ..., ®,€X *
(algebraischer Dualraum von X) Erweiterungen der ¢, ..., ¢,,. Diese Daten
legen das Interpolationsproblem #?=(X, F; @, ..., ®,,) fest. Nach Davis (1]
gilt:

Genau dann gibt es zu jedem xeX ein eindeutig bestimmtes ueF mit

e, W)=d,(x) O=su=m,

wenn {@q, ..., P..} eine Basis von F* ist.

Wir nennen dann £ eindeutig losbar. Da bei Existenz-, Eindeutigkeits-
und Darstellungsfragen der Grundraum X nicht bekannt zu sein braucht,
schreiben wir bisweilen abgekiirzt (F,@o, ..., o) statt (X,F;®q, ..., P
(vgl. [5]).

Wie in [5] benutzen wir das Symbol [z, ..., z] fiir die lineare Hiille von
Elementen z,, ..., z, eines linearen Raumes Z iiber R. .

Gegeben sei jetzt ein (r+ 1)-dimensionaler linearer Raum F iiber R sowi
die Funktionale ¢,,€ F* (0L 6 <s,0< p<r, mit nichtnegativen ganzen Zahlgn
r, <r). Wir bilden die Interpolationsprobleme ¢, =(F,, 50, ---» @sr,) mit Teil-
riumen F, < F,dim F, =r,+ 1, und den Einschrinkungen §, , = ¢,,| F, (00 =5
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0< p=r,). Weiter sei #=(G, y,, ..., ¥ ein eindeutig 16sbares Interpolations-
problem. Dann existiert die Dualbasis {g, ..., g} von {ys, ..., ¥,}. SchlieB-
lich sei G,=[g,] (0<0=<5).

Definition 1. Unter der direkten Summe der Interpolationsprobleme g,
beziiglich ¢ verstehen wir das Problem

P=(H,(0,,®%,)|H: 0<6<5,05p<r,) mit H= @ F,®G,.
=0

Wir erhalten damit den folgenden Existenz- und Eindeutigkeitssatz:

Satz 1. Das Interpolationsproblem & ist bei eindeutig lésbarem ¢ genau dann
eindeutig losbar, wenn die Interpolationsprobleme g, eindeutig loshar sind
(0=0=9).

Beweis. Die Probleme 4, =(F,, ¢, ..., @,,,) seien simtlich eindeutig 16sbar
(0= 0 =s). Dann sind nach Davis [1] die linearen Funktionale @,,, ..., @,,, € F*
linear unabhingig (06 =s). {f,o,...,/,r} =F, seien die Dualbasen von
{Ps0s s Pgy,} fir 00 <s. Nun gilt: Jso®8,€H (005, 0<p=r,) und es
ist (vgl. Greub [4]) .

dim H*=dimH= ) (r,+1).
c=0
Wir zeigen jetzt die lineare Unabhéngigkeit der Funktionale ¢, Y, (0=0<s,
0<p<r,) auf H. Es sei dazu mit 8, ,eR

w= Z Z ﬂaﬁ"pap@ll’a'
=0 p=0
Gilt w|H =0, so verschwindet w insbesondere auf den Elementen der Menge
{f;,®g,: 050<5,0<p=<r,}. Also erhalten wir fiir le{0,...,s} und
ke{o,...,r,}:

s ro

O=w(f1,®g)= Z Z ﬁap'(Pup(flk)"//a(gl)

=0 p=0
s re

= Z Z ﬂdp ’ 5pk . 5al=ﬂlk-
=0 p=0

Damit ist die lineare Unabhingigkeit gezeigt. Aus Anzahlgriinden ist
{(<P,,,,®t//,)|H :0=0=<s5,0=p=r,} eine Basis von H*. Damit ist das Inter-
polationsproblem

$=( @ E,®G,, (9,,®U,)| H: 0§a§s,0§p§r,)
a=0

eindeutig 13sbar.

Es sei jetzt umgekehrt & eindeutig 16sbar. Wir nehmen an, das Problem
(B, Gros ..., @;,,) sei nicht eindeutig 16sbar fiir ein /€{0, ..., s}. Dann gilt nach
(S, Lemma 1 und 2]:

dim[(¢,,®Y)|H: 0= p=r]=dim[@,o, ..., P, ]=ri<r+1.
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Fiir o1 gilt weiter
dim[(¢,,®@Y,)|H: 0 p=r,]=dim[P,0, - .., or, ] =1 =1+ 1.
Damit ergibt sich aber
i [(p,,®Y.) | H: 0S0.55,08pr,]= X 1< T (1)
o=0 o=

Also bilden die (¢,,®¥,)|H keine Basis von H*, d.h. das Problem ¥=
(H, (¢,,®¥,)|H: 06 <5,0<p<r,) ist nicht eindeutig 16sbar — im Gegen-
satz zur Voraussetzung.

Durch die Spezialisierung £ =(F, ¢, ..., ¢,) fiir alle 0S¢ <s erhalten wir
die Existenz- und Eindeutigkeitsaussage fiir Tensorprodukte von Inter-
polationsproblemen (vgl. [5, Satz 1]).

2. Verallgemeinerte Hermite-Interpolation im IR*

Neben dem zweidimensionalen Polynomraum I7,,y aus (1) bendtigen wir
die eindimensionalen Polynomrdume

My=[1,x,....,xM] und Iy=[1,y,...,y"].

Weiter sei {o, ..., ,} eine Menge von paarweise verschiedenen reellen Zahlen.
Fiir jedes ve{0, ..., n} sei eine nichtnegative ganze Zahl N, gegeben, und es sci

N:= Y (N,+1)—1.
v=0
Mit Hilfe der Funktionale y®e T, die durch

W

= d
l//?: HNBPHP(w}(yv).—_ dyw

P(y,)eR

fir 0<v<n 0<SwZN, festgelegt sind, bilden wir das Interpolationsproblem
H=(My,yy: 0=v=n, 0S0LN).
Zu # seien die folgenden Mengen
Xp={xy,eR:0spsmP} (0=v=n,0=w=N)
mit x‘;;ﬁ#x?p pu#p) und nichtnegativen Zahlen myeZ gegeben. Weiter sei
X,= () X¢. Wir bilden das Knotengitter
w=0

V= oxvx{yv}-

v=0
Zu jedem x¢,€ X sei eine nichtnegative ganze Zahl My, (0<sv<n, 0= <N,
0= u<m?) gegeben, und es gelte:

Y (M¢,+1)—1=:M (unabhingig von v, w).
u=0
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Wir definieren die linearen Funktionale ¢} e IT}:

T

d
@Vs: My>P> P‘”(x‘v"#)=d—xt P(xy,)eR

fir 0Ospus=m?, 0<t=My, sowie 0<v=<n und 0SwZN,. Auf diese Weise
erhalten wir die N Interpolationsprobleme

H =Ty, %5 0S pu<m?,0<t<M2).

Aus den Problemen # und #,°(0<v=<n, 0OSw<N,) 1Bt sich jetzt ein zwei-
dimensionales Interpolationsproblem bilden. Wie in [5] verwenden wir das
Symbol ) oo
D(r,w —
Q 0xF0y® Q

fir partielle Ableitungen eines Polynoms Qe ll,,y; alle diese Ableitungen sind
von der Differentiationsreihenfolge unabhingig. Fiir jeden Punkt
(3> »)EXT X {),}
definieren wir die linearen Funktionale AV el y:
AVi >0 D" Q(xy,, y,)eR
flir0<v=n, 0<wZN,, 0Zu<m?, 0=t=My,. Wir erhalten damit

Definition 2. Unter einem verallgemeinerten Hermite-Interpolationsproblem
in zwei Verédnderlichen verstehen wir das Problem

H=(yy, A7 0Sv=n, 0SSN, 0spusm?, 01 MY,).
Numerieren wir die Interpolationsprobleme
K, ey KGO P, N, L KO, ..., K (3)
durchlaufend von 0, 1, ..., N, und bezeichnen wir mit 2, das o-te dieser Pro-
bleme (0< 6 < N), so ergibt sich

Satz 2. Das zweidimensionale verallgemeinerte Hermite-Interpolationspro-
blem # ist die direkte Summe der Interpolationsprobleme ?, (0<6<N) be-
ziiglich #.

Beweis. Es sei {gr:0=v=n, 0Sw=N,}={g,: 0S0<N} (gemiB der
Numerierung (3)) die Dualbasis von {y/*: 0<v<n, 0Sw=N,}. Dann gilt
mit [g]=G? bzw. [g,]=G,:

n
A

N n Ny
® 1,®G,= & ( @ HM®G?)= ® M, ®0C,,

v=0 \w=0 v=0

A~

NV
W0 G,= @ G gesetzt wird, und damit weiter
=0

=IIy® ( ® Gv) =HM®I_]N=HMN'
v=0
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Wie in [5] ergibt sich die Beziehung
AT =00, @Yy

Damit folgt die Behauptung.

Aus Satz 1 und der eindeutigen Losbarkeit der Interpolationsprobleme
H2(0<v=n,0<w=N,) und # ergibt sich mit dem obigen Ergebnis die

Folgerung. Jedes zweidimensionale verallgemeinerte Hermite-Interpolations-
problem ist eindeutig losbar.

Wir weisen auf einige Spezialfdlle hin:

(i) Wihlen wir m?=m (fiir alle 0<v=<n, 0Sw<N,), so erhalten wir als
Knotenmenge ein (m+ 1, n+ 1)-Gitter im R? (vgl. Ehlich und HauBmann [3]).

Fiir M=m und N =n ergibt sich aus der Folgerung die Eindeutigkeit der
Lagrange-Interpolation auf einem (m+ 1, n+ 1)-Gitter.

(i) Ist m®=m (0=v=n, 0Zw=N,), und gilt fir jedes pe{0, ..., m} x7,=x,
(unabhingig von ve{0,...,n}, we{0, ..., N,}), so erhalten wir das Rechteck-
gitter W (vgl. (2)) als Menge der Interpolationsknoten im R Es ist dann
X,=X?={x,, ..., X} fiiralle 0< v<n,0<w < N,. Mit Hilfe der Interpolations-
funktionale ¢ @ Y = A%y schreiben wir am Punkt (x,,, y,)€ W fiir ein Polynom
Qell,,y die folgenden partiellen Ableitungen vor:

D(O’O)Q, D(O'”Q, s D(O.Nv)Q
D(I’O)Q, D“'”Q, s D(lva)Q

: i Ni
D(MQ... O)Q, D(M%.‘. I)Q, s D(Mvuan)Q'

In diesem Fall kann also eine wesentlich allgemeinere Verteilung der Inter-
polationsbedingungen vorliegen als beim

(iii) Tensorprodukt zweier Hermite-Interpolationsprobleme (vgl. [5])
Diesen Fall erhalten wir fiir m?=m sowie x¢,=x,, M2,=M, und ¢@y;=9,
(jeweils unabhéngig von ve{0, ..., n} und we{0, ..., N,}).

3. Konvergenz bei Tensorprodukten von Interpolationsproblemen

Es seien (X, |- |lx) und (Y, | .|ly) zwei reelle normierte lineare Raume sowie
(m,),>o und (n,),>, zwei Folgen nichtnegativer ganzer Zahlen. (F),»0 und
(G,), > seien zwei Folgen von Unterrdumen von X bzw. Y mit

dimE=m,+1 bzw. dimG,=n+1 (r20).

Durch die linearen Funktionale &(),...,®8%eX* und ¥, ..., ¥QeY”
(r=0,1,2,...) seien zwei Folgen von eindeutig 1sbaren Interpolationspro-

blemen (X E; 00, ... 0), Z=(Y,G,; ¥, ..., ¥Y)
gegeben, die jeweils eine Folge von Interpolationsoperatoren
K, X—>X, L:Y->Y (r20)
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definieren. Sind ¢ =®¢|F, und y"=¥"|G, 0<u<m,, 0<v<n,, r=0) die
Einschrinkungen der betreffenden Funktionale auf F, bzw. G,, und sind
(S, o, 0} und {gf,...,gP} die Dualbasen von {¢¥,..., 0"} bzw.
i, .. 1//,‘,:’} so gilt: Die Operatoren K, bzw. L, lassen sich in der Form

K,: Xax— Z o7 (x)- f\"eF,

ﬁl=0
L: Yay ¥ ¥0(y)-gMeG,
v=0

darstellen. Durch das Tensorprodukt
H®ZL:=(X®Y,FE®G,; &’@Y¥): 0=ps<m, 0sv=n,),

bei dem X®Y durch eine Tensorproduktnorm ||.|ygy (cross-norm, vgl.
Schatten [7] sowie Robertson und Robertson [6]) normiert ist, wird eine
Folge T, von Interpolationsoperatoren gegeben:

T:X®Yaz> ) Y VYV (2)-f"®gVeF®G,.
pu=0 v=0

Damit erhalten wir

Satz 3. Gegeben seien die Folgen %, und &, von eindeutig losbaren Inter-
polationsproblemen mit den Interpolationsoperatoren K, bzw. L,. X,, =X und
Y,c Y seien m- bzw. n-dimensionale Teilrdume von X bzw.Y (m,neN). Gilt dann

lim |x—K, x| x=0 firalle xeX,,,

lim||ly—L,ylly=0 firalle yeY,,
so folgt o
rllrg lz—T, zllxgy=0 fiiralle ze X,,®Y,.
Beweis. Der zu #,® %, gehorige Interpolationsoperator ist
T,=K,®L, (r=0).

Jedes ze X, ® Y, besitzt die Darstellung z= Z x;®y; (x;€X,,, yi€Y,). Aufgrund
der Lmearltat von K,® L, gilt: =

To)=T, zx,@y.-) —K,®L, (f % @) = S K, ()@ L, ().

i=1 =

Hieraus ergibt sich

R
lz— T z|| x gy = _Z(xi®Yi—Kr(xi)®Lr(Yi)) o
R
§._zl{”xi®(}’i (3i) "X®Y+ "( -K (xz))®L (,Vx)”xm'}
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Da

-

xoy €ine Tensorproduktnorm ist, folgt weiter:

R
s .Zl Uxillx - 1ye= Lo (ylly + xi— K, (x5l x - 1L, ()l } -

i=

Nach Voraussetzung gilt fiir 1<i<R
rlfg llx; — K, (x)ll x =.-lln; lyi—L,(y)lly=0,

und damit
1Ly = Myilly+1 fiir r2r

mit geeignetem r,eIN. Damit ergibt sich aber

R R
Y xi®y—T, ( ZM@}G’)

i=1 i=1

=0.

lim [[z— T, z|| ygy = lim
r— oo r— x@,{

Dies war zu zeigen.

Bemerkung. Setzen wir anstelle der Konvergenz von K, bzw. L, auf X,,
bzw. Y, voraus, daf die Interpolationsoperatoren von einer gewissen Ordnung
konvergieren (vgl. Ehlich und HauBmann [2]), so konvergiert 7, auf X, ®?Y,
von derselben Ordnung. Diese Aussage 1Bt sich entsprechend wie Satz3
beweisen.
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On a Class of Normaloid Operators

VASILE I. ISTRATESCU

1. Let H be a Hilbert space and T be a bounded linear operator on H.
We use the following notations and terminology: ¢ (T) for the spectrum of T,
W(T) for the numerical range of T, and cl W(T) for its closure, w(T) for the
numerical radius, i.e.,

w(T)=sup {|A|, Ae W(T)}

|T| for the usual norm of T.

An operator T is called normaloid [6] if |T|=w(T) and T is called
transaloid if for all complex numbers T,=T—AI is normaloid.

The purpose of the present Note is to record some results concerning the
class of transaloid operators.

2. In [1] Berberian raised the following question: If T=UR (the standard
polar decomposition) is an invertible operator such that U is cramped does
it follows that O¢cl W(T)? A unitary operator U is cramped if

o(U)c={e’, 0,<0<0,+mn}.

We need also the notion of bare point. Let F be a compact set in the complex
plane and ZeF. The point A is called bare point if there is a circle through
such that no points of F lie outside this circle.

Our result is

Theorem 1. [f T=UR is an invertible transaloid operator such that U is
cramped then O¢cl W(T).

Proof. For the proof we use the properties of bare points given in [5].
Suppose now that Oecl W(T) and thus 0 is in the convex hull of ¢(T). We find
a sequence {s,} of points in the convex hull of ¢(T) and even more, in the
Convex hull of bare points of cl W(T),

n
L s,=>ta, s,—0,
i=1

n
2. a; are bare points, Y t;=1.
i=1

Itis easy to see that every bare point of cl W(T) is in ¢ (T) and if B, denotes
the set all bare points of cl W(T), our hypothesis implies

alsnnfp{lal}>0.
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Since

and if ¢

we have the following relations

1.
(%)

t”—.——-»O

2.
LA

But a;’s are bare points and thus we find a sequence of vectors such that
Lo Ibqll=1,
2. lim(T—a) xi=0.
It is clear that we have the following relations:
1 m || T =|oy] =lim R X,
2°. lIm{Txi, xy=a;,

3° T—ol=UR-a,]=UR~|z)~|z| (“UJ’l%II)

and thus %GG(U) for all i.

This with (x) implies that 0ecl W(U). Thus [1] Lemma 3, U is not cramped,
which is a contradiction.

The theorem is proved.

Remarks. 1. In the above relation 1° the fact that o is bare point is essential
for its validity.

2. Our proof furnishes a new proof for the case of normal operators since
the proof given in [1] uses normality in an essential way.

3. If u, v denotes elements in H, sin?{u, v) is defined as follows

2
sin?{u, v) =1 _Ku ol
flul® flo)?
and sin<uv)=0if {u, v)=0.
It is known [4] that if N is a normal operator then
[ Nul

sup ———sin{u, Nu) =Ry
lull+o [l
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where Ry is the radius of the smallest circular disc I}, containing ¢(N). In this
section we generalize the result to the case of transaloid operators.

Theorem 2. If T is transaloid operator then

| Tul
a0 |ul

sin{u, Tu) =R,

where Ry is the radius of the smallest circular disc I countaining o (T).

We begin with a simple remark. If «, 8 are distinct bare points of cl W(T)=
conv g(T) (for transaloid operators) then there exist two sequences of unit
vectors {x,}, {y,} such that

L. (T-w)x,-0, (T*-a&)x,-0,
2. (T-p)y,~»0, (T*-Pp)y,—0.
From these relations it is clear that
lim(x,, ,5>=0
which easily follows from the identity

(@=B) X5 Yo» =%, (T* = B) y,> + (@ —T) X, 3,
If z; denotes the center of the above disc I it is easy to see that
zreconv(a(T)NoIy)
(0 denotes the boundary) and thus we find 4,, ..., A,€0(T) such that
1° |4—z =Ry,
2 zp=Ymd, Ym=1, m>0.
i=1 1
From 1°it is clear that 4; are bare points and thus we find {xi}, [|xi| =1such that
L I Txi—2,xi| -0,

2. ||IT*xi—2;xi||—0.
For each i+ j
lim{x}, xi»=0.
Now, it is clear that

1' xn= Zml’x:.ﬂ “xn”=19
i=1

2. |Tx,—zyx,| =Ry, (*)
3. (Tx,mx,y—z,.
But for all complex numbers A, T—AI=T, is normaloid and since for xeH,

lxf =1
ITxI?=|KTx, x)* = Tx—Ax|?—|{Tx, x)—A]?
4 Math. z, B4 124
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and taking A=z, we obtain

[ Tx|? I(Tx,x)IZ}

su - = su Tx—zp > =|{Tx,x)—z

nxngo{ lIx|? [Ix|1* ||x||51{“ =K »=2rl)
<||T— 27l =R2.

From the relations () it is clear that we have in fact equality. The theorem
is proved.

Remark. It is interesting to note that our proof combined with results in [4]
gives the following result (with the above notations) if T is convexoid operator

then
T T 2
sup {u x| _ KTx )| };RT.
[Ix]|*0

(1 flx]*

(An operator T is called convexoid if cl W(T)=conv(c(T)).) We conjecture
that the equality holds also for this class or for the subclass of operators
with G, property, [5].
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On Boolean Extensions of Primal Algebras *

AWAD A. ISKANDER

Boolean extensions of universal algebras were introduced and intensively
studied by Foster ([1, 2, 3]) and others (see €. g. [4, 5] and connected litterature
cited there). Let A be a Boolean algebra and P=(P; F) a finite universal
algebra. Then the Boolean extension of P with A is the set P[ 4] of all functions
afrom Pto A such that a(x) Aax(y)=0ifx, ye Pand x+y and V{x(x): xeP}=1,
together with the family F of operations extended to P[A] in a way similar
to convolution; i.e. let feF be an n-ary operation y,...,a,e A[P] then
fly, ..., a,)=o where

(X(X)= V{al(xl)/\ Aan(xn):f(xl’ ---axn)=xs X1, ""anP}

for all xeP. It is well known (see e.g. [1,2,3, 5]) that the Boolean extension
is always an algebra of the same similarity type and satisfies the same identities
as P.

The aim of the present note is to show that, in case P is primal, P[A] can
be considered as a commutative ring with a closure operator and also with an
induced distributive lattice structure so that many of the properties of P[A]
can be viewed in a natural way.

Proposition 1. The commutative ring Z,, (m>1) ( of residue classes modulo m)
with 1 together with the unary operation ¢ such that c(0)=0 and c(x)=1 if
x*0, is a primal algebra.

Denote this algebra by Z*.

Proof. The algebra is finite and contains m(> 1) elements. It remains to
show that every function is a polynomial. By [6, 7] the algebra is functionally
complete if there is a ternary polynomial t(x, y,z) such that t(x, y,z)=x if
X=y and t(x, y, z)=z if x=+y. This polynomial is

t(x,y,z)=(z—x) c(x—y)+x.
Since every element of Z,, is a multiple of 1 the algebra is primal.

Corollary 1. An algebra (P, F) is primal iff one of the equivalent conditions
a), b) holds.

a) (P, F) is equivalent to Z*, where m=|P|.

b) there is a bijection of Z, onto P which maps the operations of Z¥ onto
Polynomials of (P, F.
\

* This research was supported in part by an N.S.F. Grant through Vanderbilt University.
14s
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This is immediate since any two primal algebras are equivalent iff they
are composed of the same number of elements.

Thus every primal algebra P can be thought of as Z}; with m=|P|.

The ordering 1>2>3>..->m—1>0 turns Z}, into a chain and hence
a distributive lattice with 0 and 1. The operations of join and meet are poly-
nomials in the algebra Z}. Thus, if A is a Boolean algebra, then Z}[A], the
Boolean extension of Z¥ by A, inherits the distributive lattice structure as well
as the ring structure and it satisfies all the identitites satisfied by Z. So Z}[A]
is a commutative ring with 1 of characteristic m and with operation c. It is also
a distributive lattice with 0 and 1; the least element of the lattice is also the
zero of the ring, and the largest element of the lattice is the unit of the ring.
We also have

Proposition 2. Z* [A] satisfies the following identities:

(i) cle(x)=c(x)
(ii) (c(x))*=c(x)
(i) x-(c(x)=x
(iv) c(xvy)=cx)ve(y)=c(x)+cy)—c(x)-c(y)
(v) c(xAy)=cx)ac(y)=c(x)-c(y)
(vi) c(0)=0
(vii) c(1)=1
(viil) (xvy)+(xAy)=x+y
for all x,ye Z%[A].
It is immediate that all these identities are satisfied in Z* and hence in
ZX[A].
Identities (i), (iv), (vi) and (vii) indicate that c is a closure operator on
P[A], viewed as a distributive lattice. ae Z%[A] is said to be closed if c(a)=a

Lemma. The following conditions on an element a of Z;}[A] are equivalent:
1) ais closed (c(a)=a),

2) ais idempotent (a* =a),

3) a has a complement (i.e. there is adeZ[A],ava'=1ana=0).

Proof. Consider the representation of ZX[A] as a subdirect I-th power of
Z* . Each of the conditions 1), 2), 3) is equivalent to the condition that for every
iel, the i-th projection of a is either 0 or 1. This condition is also equivalent
to the condition that a(k)=0 for all ke Z,,, k+0, k+1.

The complement a' of g, if it exists, is (1 —a).
Proposition 3. The set of all closed elements of Z}[A] is a Boolean sublattice

of the lattice ZX[A]; moreover ¢(a)=a(l) is an isomorphism of the 1300113“"
algebra of all closed elements onto A and c is a lattice retraction of ¢~ (A
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Proof. That the set of all closed and hence complemented elements of a
distributive lattice is a Boolean sublattice is well known. Let a, b be closed

$(avb)=(avb)(1)
=V{a@)Ab():ivj=1,i,jeZ,}
=(V {a(1) Ab(j): e Z})V (V {ali) Ab(1): i€ Z,})
=[a()A(V {b(j): je ZH] Vb)) A(V {a): i€ Z,})]
=a(l)vh(l)
¢(a@)=a (1)=a(0)=(a(1)) =(d(@)
(since a is closed iff a(k)=0 for all k%0, k+ 1 and hence a(0)=(a(1))).

The identitites (iv), (v), (vi), (vii) of Proposition 2 imply that c is an endo-
morphism of the lattice ZX [A]; identity (i) shows that it is a retraction.

We will identify A with ¢ ~!(A) by the isomorphism ¢. The following result
is essentially due to Foster.

Proposition 4. Let A, B be Boolean algebras and let h be a homomorphism
of ZX[A] into Z}[B]. Then the restriction h, of h to A is a Boolean homomor-
phism of A into B; moreover (h(a))(k)=h,(a(k)), keZ,,. h is one-to-one iff hy is
one-to-one and h is onto iff hy is onto.

This is clear since h is necessarily a lattice homomorphism which maps
0,1 of ZX[A] onto 0,1 of Z*[B] and hence complemented elements to com-
plemented elements.

Proposition 4 has the categorical consequence that the functors A - ZX[A],
hy—h and Z*[A] - A, h— h, provide the equivalence of the category of all
Boolean algebras and the category of all Boolean extensions of ZX. These
functors preserve monomorphisms, epimorphisms and cartesian products
and hence they preserve injectives, projectives and free products.

Corollary 2. ZX[A] is injective iff the lattice Z}[A] is complete.

This is immediate since ZX[A] is injective iff A is complete and hence iff
Z3[A] (as a lattice) is complete.

Proposition 5. If m is a power of 2 and ZX[A] is free then A is free.

Proof. If Z*[A] has one generator then |Z¥[A]|=m™ and Z}%[A] is the
m-th direct power of Z*. A is then the m-th direct power of 2, i.e. |[4|=2" and
Since m is a power of 2 then A is free.

Since ZX[A]— A preserves free products, Proposition 5 follows for any
set of free generators.

~ Remark. If m=2* and Z*[A] is freely generated by n generators, then A
1s freely generated by kn generators.

The converse of Proposition 5 is not always true. In fact Z[A] is free when-
ever A is free iff m=2.
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Since ZX[A] is a ring, every congruence relation is completely determined
by any of its classes. If 0 is a congruence relation on Z}%[A], then [0] 0=
{x: xe Z}[A], 06 x} is an ideal of Z}[A] (as a ring) which is closed under ,
i.e. ¢([0] 0)=[0] @ such ideals, i.e. ideals of the ring Z*[A], that are closed
under ¢, will be called c-ideals. Every congruence on Z%[A] is determined
completely by a c-ideal and conversely.

Proposition 6. M — M N A=c(M) is an isomorphism of the lattice of all
c-ideals of ZY[A] onto the lattice of all ideals of A.
Proof. Since
xvy=(xvy)-e(xvy)=xvylEvec@)=(xvy)(cx)+ck)—ex)-cl)
md =) el AN =(eAa ) () AcH)=(x AY)- () <),

every c-ideal of Z}X[A] is also an ideal of the lattice Z*[A]. Also since ¢ is a
lattice homomorphism of Z%[A] onto A, it maps ideals of Z}[A] onto ideals
of A. Thus c¢(M) is an ideal of A. But c(M)=M and so M n A =c(M). To show
that c((M)SM n A, let aeM N A. Then a=c(a)ec(M).

That M - M N A is an isomorphism will be obvious once we show that
M=c"'(c(M)). Let xec™'(c(M)). Then there is some yeM such that c(x)=
c(y)eM. Now x=x-c(x)=x-c(y)eM.

If M is a maximal c-ideal of Z*[A] and ae Z} [ A], then M intersects the set
{a,a+1,a+2,...,a+m—1} in precisely one element.

Proposition 7. Let My, M, ..., M, (q<m) be q+1 distinct maximal c-ideals
of ZX[A]. Then there is ac Z}[ A] with the property that a+ ke M, k=0, 1, ...,4.

Proof. Since M; and M; are distinct for distinct i and j and both M; and M;
are maximal, there is b;;e M; b;;¢ M;; the b;; may be chosen closed since xeM;

iff ¢(x)eM;. Put o
b;=n{b,;: all i distinct from j}.

¢(M;) is maximal and hence prime in A. For every i distinct from j b;; does not
belong to c¢(M;). The product of idempotents (closed) is again idempotent
(closed) and hence b;¢c(M)). Hence b;¢ M;. But, as b;;e M;, then b;eM; for

i+j. Put
very i) PU —(m—j)b, and a=d,+dy+-+d,.
d,d,,...,d,e My, hence ae M.

_ Let m, denote the natural homomorphism of Z*[A] onto its quotient by
M,, which is isomorphic to Z}

m(a+k) =Y {m(d): i%k} +m(de+k)
=m(d,+k) (since d;e M, if i+k)
=m((m—k) by +k)

=(m—k)m (b)) +k=(m—k)-1+k=0
ie.at+keM,. k=0,1,2,...,q.
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On Gamma-Type Approximation Operators

DANY LEVIATAN

1. Introduction

Let A denote the space of all complex-valued functions which are measur-
able in (0, c0), bounded in anyinterval [r, R], 0O<r<R< oo, and such that
f(t)=0(e"") as t—0 and f(t)=0(t®) as t — oo for some positive constants a
and b. The Gamma operators were introduced by Miiller [6] in the following
way. With fe A we associate the functions G, f defined by

n+1 ©

G,(f;x)= X fute™=f (i) du, x>0, (1.1)
n! g u
and we observe that for a fixed x, G,(f; x) exists at least for
n2zmax {[a/x]+1, [b]}

([y] denotes the largest integer not exceeding y). It was proved by Miiller [6]
(see also [5]) that for every point of continuity, x, of f(t)

lim G, (f; %)= f (%), (12)

Furthermore if f(t) is continuous in [¢, d], 0<c<d < o0, then (1.2) holds uni-
formly in [c, d].

The kernel u"e™* of G, is obtained from the Laplace kernel e™** by
application n times of the differential operator (—d/dx). It is well known that
for a fixed u the function e™** is a completely monotonic function therefore
one may ask if it is possible to generalize the Gamma approximation operators
and to obtain some of their properties using other completely monotonic or
generalized completely monotonic functions instead of the Laplace kernel.

We shall discuss here two types of Gamma-operators. One will be defined
by means of some convolution kernels and the other will be defined by means
of Studden’s kernels [7]. In both cases approximation properties of the
operators are derived. .

The author wishes to thank Professor W. Meyer-Konig whose questions
and comments during a Colloquium talk the author gave in Stuttgart have
resulted in this article.

2. The Gamma Operators I
Let the sequence {y,}, i=0, satisfy

@ o0 1
0=y <y <:** <y,<-*—>00, 3 1=oo and Y —<o. (21

n=1 /n n=1/n
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Denote for a complex number ¢
ECn=T] (1 o ) =t
v=1 v

where the convergence of the infinite product is guaranteed by (2.1) (see [2]
Ch.I§6.1)and, for 0<f< oo,

1 d+ioo g—ch
2mi; . CEWGY)

It can be shown that for the sequence Ya=n,n20, we have 0 (0, y)=exp(—6e~°

where ¢ is Euler’s constant (see [1] p-495). In this case w(xt,7y) is the Laplace
kernel (after rescaling one or both coordinates). In general, w (6, y) is differen-
tiable infinitely often in 0<6<oo. We associate with it the sequence of functions

0 0 Q. (x,t
Qo(xat)=w(xt’ y), Ql(x’ t)=§90(x’ t)! Qn+1(x9 t)=$ [%],(22)

(0, 7)= 8>0.

nz1, 0O<x,t<oo.
As it turns out

(=1)"Q,(x,)20, n=0,1,2,..., O<x,t<o0.

and therefore, as a function of x, w(xt, 7) is a generalized completely monotonic
function (with respect to the sequence of derivatives defined by (2.2)). In our
first generalization of the Gamma-operators we shall use the kernel w(xt,y)
and the sequence of derivatives (2.2) instead of the Laplace kernel and the
sequence of ordinary derivatives.

Let f(¢) be a bounded function in [0, o) and associate with f the functions
G,(f;7; ») defined by

G,(f;7; x)=

1 00
o j'(—l)"“Q,,H(u, x)uln f (%) du, n=0, (2.3)
where "o

1
}’,,!=yl-~---yn, nz1, y,!=1 and pB.=exp ( Z—), n21, B,=0.
i=1 /i
Our discussion above shows that for the sequence y,=n, n>0, the functions
G,(f;7; x) reduce to those in (L.1) (after rescaling) thus we shall call the
oDe_rators G,: f=G,(f;7;) the Gamma-operators. This is a new setup for
the inversion operators of the convolution transform. For by [1] (1.38)

(_1)x+l 2ol 1 i (ux)—gdc
o Q. (u,x)u _2"1'_:{0 BE. T

e o}

Where E, (¢, y)= I1 ( 1 +—C—) e~¥" and a change of variables u=e" and
X=e’yields v=n+1 ¥
(=

1 Q. x)u*t =G, (v+y—A,). (2.4)
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n

Here G, (¢) is the convolution kernel of [2] §4.1 and 4,= Y .

v=1 YV

G,(f;7:%= [ G,w+y—4,) fle""")dv

. Therefore

= [ Gy(y—u) fle*) du.

Hence a slight modification of [2] Ch. III Th.7.1 yields the following.
Theorem 1. Let f(t) be bounded in (0, o0) and let x>0 be a point of continuity

of f(t). Then ,}g?o G,(f;7; 0)=f(x). (2.5)

Furthermore if f(t) is continuous in [a,b], 0<a<b<co, then (2.5) holds uni-
formly in x€[a, b].

3. The Gamma Operators II

The above discussion brings us to defining Gamma approximation oper-
ators with respect to yet another kernel. Let {w;(t)} (i=0) be an infinite sequence
of functions which are positive on [0, c0). Define the sequence of differential
operators, D;, by

d ¢@)

D; ¢’(t)=7 W)’

=0, 1,2, ... - 3.1)

Studden [7] defined the concept of generalized complete monotonicity with
the operators D, replacing ordinary differentiation. Also under the assumptions
that wy(t)=1 and that there exists a function f(z) on [0, o) such that

(i) 0< f(t)<1, te[0, 00); lim f(t)=0; fof(t)dt< 00 and inf[1— f(£)]>0,
i 0 (3.2
(i) 1-f@O=w;(O=1+f(t), te[0,00), i=12,...,

Studden [7] produced a kernel y(t; x) which as a function of ¢, belongs to
C*[0,0) and is generalized completely monotonic in t, i.e., y(t; x)20
t,xe[0,00) and (—1)"D,_,D,_,... Do¥(t; )20, n=1.2,..., t,xe[0, %)
where the differentiation is with respect to ¢. If we denote

Goy(t; x)=y(t; x) 3.3)
G U(t; x)=(—1FDy_; ... Do¥(t; %), k21,

then it was proved in [7] that
0<G, Y(t; X)Sx*w, (1) e *—2P, k20, (34

where F= [ f(t) dt< 0.
0
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Set Yo (t;x)=1,0<t<x and Yol(t;x)=0, t>x, and for n>1

fn 52
v (t; e jwn(én)jwn_1(én_1) J-W1(cl)d§1 dém O§t§x,

0, t>x.
Then by [7] (3.1)

Yt x)<

(x_;h?'”'_ (3.5)

Repeated integration by parts yields (see [7] (4.12)) for arbitrary x, 0< x < oo,
and n>0,

Yt x)= Z": Yy (t; u)
k=0

Now ¥(0; x)=1, therefore

Gyu;x) . ‘
W+;‘.¢n(t’ U)Gn+1 !/I(U,X)dv, u;tgo.

1= ¥ 00 PYUX) | fy 00006, pinds, uzo.
k=0 Wy (u) 0
Letting u — oo it follows by (3.4) and (3.5) that for each k>0
5 k
0 lim y (0; ) SV X) i @ Fy xk -2 _¢
U— 0 wk(u) U— 0
hence ©
1= [¥(0:0) G,  Y(0;x)dv, 0=<x<oo. (3.6)
0

For the sequence of functions wi(t)=1, i=0,1,2, ... which obviously satisfy
the requirements (3.2), the kernel y(t; x) reduces to the Laplace kernel e—*".

In this case L

lpn(o;u) Gn+1 |//(u;x)= une—ux’

n!

the kernel defining the Gamma-operators. Let us therefore associate with a
bounded function f on (0, c0) the functions L,(f; w; o) defined by

IL(f; w; %)= fa//n(O; u)G,,, w(u;x)f(l) du, n=0,1,2,...
0 u

which are well defined by virtue of (3.6). In fact (3.6) turns out to be
L(;w;x)=1 n=0,1,2,....
We prove the following
Theorem 2. Ler S (t) be bounded in (0, c0) and let 0<x< oo be a point of
Continuity of f(t). Then
}ilgl:.(f; w; x)= f(x). )

Furthermore if f(t) is continuous in [a,b], 0<a<b< oo, then (3.7)- holds uni-
Jormly in [a, ],
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Proof. By (3.6)
3 n
LU w0 = 0= [0 G bl ) | 1 () ~1 0]

and so
IL(f;w;x)—fx)ISw@)+2M | ¥,0;u)G,, ¥ (u; x)du

[2-+]e:

where w(d) is the modulus of continuity of f at x and M =sup|f(t)|. Now
by (3.4) and (3.5)

[ a0 Gy Wl 9 duS "= | (et FY 020 du
j2-+fe

: |£—x|26
% =4

n+1

xn+1

lIA

eSxF 5 vne-xudv
3=z

n!

for some 0<n <4 and all n=n,,. Hence by [5] Hilfssatz 2.3,
im | ,0;) G, ;) du=0,

n— o

n
|——x|ga
u

uniformly in x in any finite interval.
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A Note on Hemi-Primal Algebras

ALDEN F. PIXLEY

Let H be a universal algebra. In [1] Foster defined a function ftH"-H
to be h-conservative if for each congruence relation 6 on H and elements
X;, y; of H for which x;0y;, i=1, ..., n, it follows that f(x,, ..., x,) 0/ (¥, S §
If H is a finite non-trivial algebra H is then defined to be hemi-primal if each
h-conservative f: H"— H is representable by a polynomial. H is linear hemi-
primal provided the congruence lattice of H is a chain. In [1] the following is
established:

Theorem. A linear hemi-primal algebra H is hemi-categorial (i.e.: each
member of the variety generated by H is isomorphic with a subdirect product
of homomorphic images of H ).

In this note we apply the methods of [3] and [4] to provide a major sim-
plification of the proof. Our proof requires the following

Lemma. If H is a linear hemi-primal algebra, there is a polynomial q(x, y,z)

Such that q(x, X, Z)=q(2, X, z):q(z, X, x)=z (1)

are identities of H. Hence 1d(H) are permutable and distributive.!

Proof. Let the congruences of H be 6,=0<0,<---<6,<I. For each i,
let [x]; denote the 6; congruence class containing x. On H, /0, define f, by

(X, VIa, [21)=[2],  if [xDu=D¥]as
=[x], otherwise.
Then f, satisfies (1) on H/#,.
Now assume f; has been defined on H/6,. Define f;_, on H/6,_, by
Jica(IX]i_y, Wlio, [2hi)=[2dicy  if [XDimi=DV]izss
=[x]i-y if [zZ)icy=[xJi-y or [y]ios,
=an arbitrary element in
fi[x)i, [v]i, [2])  otherwise.?
\_
'ie.: each algebra in the variety generated by H has permutable congruence relations and a

distributive congruence lattice. (See [4] where the equivalence of (1) and these conditions is
eStab]ished.)

2 : o
For convenience we are considering the elements of 6; congruence classes to be 6,_, con-
8ruence classes,
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Observe that f; satisfies (1) for all i=0, 1, ..., n. Also, since 6;_, <0,, we have
forall x, y,zand all i>1,

Sica(Dxdizts [vdiois [2)i_0efi(Dx)i, [v)is [23)-2

Now suppose x,y,z,x,),z€eH and for some congruence 0;, x0,x),
y0;y, 26,z Then

Jox, y, 2)€fi(IxT, V1i» [210)e - efi([x];, [¥]:, (210,

and
Jo(x', ¥, 2Vefi([x' ]y, ¥y, [20)e--€fi([x'Ti, V'), [2).

But fi([x)i, ] [20)=fi([x')i, [V']i, [2]). Therefore fo(x, y,2) 6; fo(x',y',2).
Hence f; is h-conservative on H=H/0,, so that there is a polynomial g rep-
resenting f, in H. Hence g satisfies (1). By Lemma 2.3 of [4] it follows that
Id(H) are permutable and distributive.

Proof of Theorem. Let H be hemi-primal and let B satisfy the identities of H.
By Theorem 2.3 of [3] we need only consider the case of finitely generated B.

Hence for some integer k and congruence 0,
B=~F.(H)/0

where F,(H) is the H-free algebra with k free generators. But since H has no
proper subalgebras (see [1]), F(H) is isomorphic with a finite subdirect power
of H. Also by the Lemma, the congruence lattice of B is distributive. The
result then follows by Theorem 2.5 of [2].

Added in Proof. By a slight extension of our present argument one can easily extend the above
lemma and theorem to the more general case where H is any hemi-primal algebra with permutable
congruences and a distributive congruence lattice.

References

1. Foster, A.L.: Congruence relations and functional completeness in universal algebra; structure
theory of hemi-primals I. Math. Z. 113, 293-308 (1970).

2. — Pixley, A.F.: Semi-categorial algebras II. Math. Z. 85, 169-184 (1964).

3. Pixley, A.F.: Functionally complete algebras generating distributive and permutable classes.
Math. Z. 114, 361-372 (1970).

4. — The ternary discriminator function in universal algebra. Math. Ann. 191, 167-180 (1971).

Prof. Alden F. Pixley

Dept. of Mathematics
Harvey Mudd College
Claremont, California 91711
USA

(Received February 19, 1971 )



Math. Z. 124, 215-236 (1972)
© by Springer-Verlag 1972

Kan-Bedingungen und abstrakte Homotopietheorie

Kraus HEINER K AMPS

Einleitung und Uberblick

Wir zeigen in dieser Arbeit, daB einige zentrale Sitze der Homotopie-
theorie, wie etwa der Homotopiesatz fiir h-Faserungen ([4], (7.22)) und ein
Satz von Dold iiber fasernweise Homotopiedquivalenzen ([51, 6.1, [4], (6.21))
von formaler Natur sind und auf Kan-Bedingungen geeigneter semikubischer
Komplexe beruhen. Der einfache geometrische Hintergrund fiir die benstigten
Kan-Bedingungen ist die Tatsache, daB die Vereinigung dreier Seiten des
Einheitsquadrats [0, 1] x [0, 1] im R? Retrakt von [0, 1] x [0, 1] ist, und die
entsprechende Tatsache in der Dimension 3.

Unserem axiomatischen Zugang zur Homotopietheorie liegt der Begriff
des Homotopiesystems (Zylinderfunktor) in einer Kategorie zugrunde, ein
Begriff, der auf Kan [11] zuriickgeht (1.1). Mit seiner Hilfe definieren wir
in 1. die Grundbegriffe der Homotopietheorie, wie z.B. Faserung, h-Fase-
rung, Cofaserung, h-Cofaserung. Die Definitionen in 1. sind konsistent
mit den Definitionen in [10], wo die Grundbegriffe der Homotopietheorie
mit Hilfe des allgemeineren Begriffs des verallgemeinerten Homotopiesystems
in einer Kategorie erklirt werden (s. [10], 6.). Wir konnen daher in dieser
Arbeit auf die Ergebnisse von [10] zuriickgreifen. Im iibrigen verwenden wir
die kategorientheoretische Terminologie wie in [10].

In 2. befassen wir uns mit semikubischen Komplexen und Kan-Bedingungen
fir semikubische Komplexe, in 3. werden Kan-Bedingungen fiir Homotopie-
Systeme definiert. 4. enthilt die Zerlegung eines Morphismus’ in eine Co-
faserung und eine Homotopiedquivalenz, 5. und 6. unsere kategorientheo-
retische Fassung des Homotopiesatzes fiir h-Faserungen (5.4) und des erwihnten
Satzes von Dold (6.1).

In 7. dualisieren wir die Begriffe der Abschnitte 1.und 3. Dual zum Begriff
des Homotopiesystems hat man den Begriff des Cohomotopiesystems in einer
Kategorie. Ein Cohomotopiesystem wird insbesondere immer dann induziert,
Wenn der Zylinderfunktor eines Homotopiesystems einen adjungierten Funktor
h_at. Als Anwendung erhlt man aus dem zu (6.1) dualen Satz bei Vorliegen
¢iner solchen Adjungiertheit einen (6.1) entsprechenden formalen Satz iiber
Homotopiesquivalenzen unter A (7.17).

_In 8 wenden wir unsere Methoden an und beweisen einen formalen Satz
liber das Zusammenkleben (glueing) von Homotopiedquivalenzen (8.2) (vgl.
(13, 7.5, [3], Lemma 1). Dualisierung liefert einen entsprechenden Satz iiber

g;; Co-Zusammenkleben (coglueing) von Homotopiedquivalenzen (8.7) (vgl.
, 1.2),
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Diese Arbeit ist mit Ausnahme von Abschnitt 8 in [8] enthalten. Uber
einen Teil der Ergebnisse wurde bereits in [9] berichtet.
Herrn Professor D. Puppe danke ich fiir zahlreiche wertvolle Anregungen.

1. Homotopiesysteme. Faserungen. Cofaserungen

(1.1) Definition. Ein Homotopiesystem 1=(1, jo,j;,q) in einer Kategorie ¢
besteht aus einem kovarianten Funktor I: € — € (Zylinderfunktor) und drei
natiirlichen Transformationen jg, j; : idg — I, g: I —id¢ mit gj,=qj, =id.

(1.2) Das fiir uns interessanteste Beispiel eines Homotopiesystems ist das
Homotopiesystem T in der Kategorie der topologischen Rédume, dessen
Zylinderfunktor einem Raum X den Zylinder iiber X, d.h. das Produkt
X x[0,1] von X mit dem Einheitsintervall der reellen Zahlen zuordnet und
dessen natiirliche Transformationen j,, j;, ¢ durch die Abbildungen x> (x,0),
x> (x, 1), (x, ) x gegeben sind (xe X, te[0, 1]).

Im folgenden sei € eine Kategorie und I=(1, j,, j;, g) €ein Homotopiesystem
in €. Relativ zu I definieren wir die wichtigsten Begriffe der Homotopietheorie

(vel. [4)).

(1.3) Definition. Sind f,g: X — Y Morphismen von €, so heifit / homotop
zu g (in Zeichen: f ~g), genau wenn ein Morphismus ¢: IX — Y von ¢ existiert
mit ¢o=/ und ¢, =g.

Dabei sei ¢,:=@j,x (v=0,1).

Ein solches ¢ heiBt Homotopie von f nach g (¢: f ~g).

Die Homotopierelation ist i.a. weder symmetrisch noch transitiv, sie ist
aber reflexiv und mit der Komposition von Morphismen vertréglich ([10], 24).

Fiir Objekte B, 4 von € induziert I ferner Relationen in der Kategorie @y der
Objekte iiber B und der Kategorie ¢4 der Objekte unter A.

(14) Definition. Sind p: E— B, p': E'— B Objekte von €, und f,g:p—7
Morphismen iiber B (d.h. p' f=p' g=p), so heiBt f homotop iiber B zu g (f %g),
wenn eine Homotopie ¢: f ~g existiert mit p'@=pgg.

¢ heiBt dann Homotopie iiber B.

(1.5) Definition. Sind i: A— X, i': A— X' Objekte von 4, f,g:i—¥ MAOY'
phismen unter A (d.h. fi=gi=1), dann heiBt f homotop unter A zu g (f>8)
wenn eine Homotopie ¢: f ~g existiert mit i'q,=¢ Ii.

¢ heiBt dann Homotopie unter A.
(1.6) Wenn wir voraussetzen, dal ~ (bzw. %, 4) eine Aquivalenzrelation ist,
konnen wir die Quotientkategorie ([13], 1.3) €h:=%/~ (bzw. €ph:=%s/%
€ h:=¢*/2) bilden. i L

Ein Morphismus f von (€3, €*) heiBt dann h-Aquivalenz (h-Aq:;waler}Z
iiber B, unter A), wenn seine Klasse [f] ([f1s, [f14) in €h(éh,€"h) "
Isomorphismus ist.
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(1.7) Definition. Ein Morphismus p: E— B von ¢ heiBt F aserung (bzw.
h-Faserung), wenn zu jedem kommutativen Diagramm in € der Form

IX—2 B

ein Morphismus @: 1X — E existiert mit (1) pP=¢und (2) f =&, (bzw. f 5 Po).

Man beachte: (1) impliziert p®, = o, =pf; &, und fsind daher Morphismen
iiber B von p f nach p.

(1.8) Definition. Ein Morphismus i: A— X von % heiBt Cofaserung (bzw.
h-Cofaserung), wenn zu jedem kommutativen Diagramm in € der Form

A-—doa 14

¢in Morphismus @: 1X — Y existiert mit (1) ®1i=¢ und (2) f = ®, (bzw. f4 &,).

2. Semikubische Komplexe. Kan-Bedingungen

(21) Definition (vgl. [11]). Ein semikubischer Komplex besteht aus einer Folge
von Mengen Q, (neIN) und drei Familien von Abbildungen

0,,1:: 0,»Q,_, (i,neN,1<i<n) (Seitenoperatoren),

0: 0,0, (,neN,1<j<n+1) (Ausartungsoperatoren),

so daB die folgenden Axiome (A.1)—(A.5) gelten.

(A.1) aoioj=wild, i<j,
A2 b=y,  isj,
(A3) el =C0td, i<y,
(A4 g1 0 =id,,,

(A.5) gal=0_ 8, i>j,

Wobei e=0,1, w=0, 1.
Wir verwenden die folgenden Bezeichnungen:

p:=vig fir peQ,, v=0,1,

l//;=8‘2lll fir IPGQz, i=192y 8=07 1.
15 Math. , B4, 124
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Seien Q, Q' semikubische Komplexe. Eine semikubische Abbildung f: Q— Q'
ist eine Folge von Abbildungen f,: Q,— @,, die mit den Seiten- und Aus-
artungsoperatoren vertauschbar ist.

Wir erhalten so eine Kategorie, die Kategorie der semikubischen Komplexe.
Wir bezeichnen sie im folgenden stets mit %"

Fiir den Rest des Abschnitts sei (n, v, k) ein Tripel natiirlicher Zahlen mit
0<v<Zlund 1Zk=n.

(22) Definition. Eine (n, v, k)-Gleichung y in einem semikubischen Komplex Q
ist eine Familie
(Yile=0,1,i=1,...,n,(5 )*(v, k),

sodaB yieQ,_, und & _, v}, =wiz]vi fiir i< und (s, i), (w, )+, k).
Die Menge der (n, v, k)-Gleichungen in Q bezeichnen wir mit Q, ,, x)-
Y€Qn. v, 1 heiBt losbar, wenn eine Losung A von y existiert, d. h. ein Element

A€Q,, so daB _ '
e A=y firalle (& )#(v, k).

Wir sagen, Q etfiillt die Kan-Bedingung E(n,v,k), wenn jede (n,v,k)
Gleichung in Q l6sbar ist.

Eine (2, 1, 1)-Gleichung y=(y}, y2, y?) und eine Lésung 4 von y kann durch
die folgende Figur veranschaulicht werden:

(o) =(o

>

v A Mia=af

|
o=

(2.3) Wir definieren eine Reihe von Funktoren und natiirlichen Transforma-
tionen.

& bezeichne die Kategorie der Mengen, Q einen semikubischen Komplex.

Fiir neN definieren wir einen kovarianten Funktor G,: ¥ — % (n-Geriis!)
durch G,(Q):=0Q,, G,(f):=f,, wo f eine semikubische Abbildung ist.
. Fiir neN sei {,p: Qo — Q, die Abbildung {;_; oo oo, fallsnzl, und
idg,, falls n=0. Wir erhalten eine natiirliche Transformation ¢,: Go — G-

Wir definieren ferner einen kovarianten Funktor G, , j: X — & G, », k)(Q_)
sei die Menge Q. ,. ) der (n, v, k)-Gleichungen in Q. Ist f: Q — Q' eine semi-
kubische Abbildung, y eine (n, v, k)-Gleichung in Q mit den Komponenten e
(e, )% (v, k), so sei G, ,, () die (n, v, k)-Gleichung in Q' mit den Kom"
ponenten f, _;y..

SchlieBlich erkliiren wir eine natiirliche Transformation {,, v, xy: Go— O v ¥
Ist p€Qy, 50 S€i {y, v, 1 o(®) diejenige (n, v, k)-Gleichung in @, deren K omponen-
ten samtlich {,_;o(¢) sind.
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(24) Definition. Ist Q ein semikubischer Komplex, dann heiBt eine Abbil-
dung A: Q, vy = Q, Ldsungsfunktion, wenn A(y) fiir alle yeQ,,, ,, 4, eine Losung
von 7 ist.

Ist 4 eine Losungsfunktion, die das Diagramm

Q(n, v, k) A > Qn

C(n.v,k:x /:-o
Qo

kommutativ macht, sagen wir, A ist mit Ausartungen vertrdglich.

3. Kan-Bedingungen fiir Homotopiesysteme

Sei % eine Kategorie, I=(1, j,, ji, g) ein Homotopiesystem in %, I induziert
einen 1-kontra-, 2-kovarianten Funktor Q1: €x% - A in die Kategorie der
semikubischen Komplexe.

Durch I°:=idg, I":=1I"-' (n>1) wird zunichst eine Folge von kovarian-
ten Funktoren I": € — € definiert. Fiir i= I,....,n, j=1,...,n+1 erhalten wir
natiirliche Transformationen

0L, Li: "', Il

durch &= I'=1j, I"~ =0, 1), {Js=1" g "+,

(3.1) Definition. Sind X, Y Objekte von %, so erhalten wir einen semikubischen
Komplex Q,(X, Y) durch die Folge von Mengen ¢(I"X, Y), n=0, 1,2, ..., und
die Familien von Abbildungen

ey, idy): €U"X,Y) 6" X,Y), e=0,1, i=1,....n,
C(lax,idy): €U"X,Y)>B(I"*' X,Y), j=1,...,n+1.

Die Axiome (A.1)—(A.5) von (2.1) verifiziert man mit Hilfe von Godement’s
finf Regeln iiber die Zusammensetzung von Funktoren und natiirlichen
Transformationen ([7], S. 269, 270).

Sind f: X'— X, g: Y>> Y’ Morphismen von ¥, so liefert die Folge von
Abbildungen €(I"f,g), n=0,1,2, ..., eine semikubische Abbildung Q,(f; 2):
%X, Y)- 0,(X, Y.

Wir vermerken: GoQy: €x€— & ist der 1-kontra-, 2-kovariante Mor-
phismenfunktor €(—, —).

Wir sind jetzt in der Lage, Kan-Bedingungen fiir Homotopiesysteme zu
definieren.

(32) Definition. Sei (n, v, k) ein Tripel natiirlicher Zahlen mit0<v<1,1<k<n.

2 Homotopiesystem 1 erfiillt die Kan-Bedingung E(n,v, k), wenn fur alle
Objekte x » Y von € der semikubische Komplex Q,(X, Y) die Kan-Bedingung
S(n, v, k) erfiillt (vgl. (2.2)).
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1 erfiillt die Kan-Bedingung NE(n, v, k), wenn eine natiirliche Transforma-
tion A: Gy, v, 101 — G, Qi €x€ > existiert, so daB Ay y, fiir alle Objekte
X, Y von ¥ eine Losungsfunktion ist.

Ist dariiber hinaus jedes Ay y) mit Ausartungen vertriglich (vgl. (2.4)), so
sagen wir, I erfiillt die Kan-Bedingung DNE (n, v, k).

Exfiillt ein Homotopiesystem I bei festgehaltenem n die Kan-Bedingung
E(n, v, k) (NE(n, v, k), DNE(n, v, k)) fiir alle v=0,1, k=1, ...,n, so sagen wir,
1 erfiilit die Kan-Bedingung E(n) (NE (n), DNE (n)).

(3.3) Lemma. Erfiillt das Homotopiesystem 1 die Kan-Bedingung E(2), so ist
die Homotopierelation ~ (vgl. (1.3)) eine Aquivalenzrelation.

Beweis. Symmetrie. Seien f,g: X —>Y Morphismen von %, ¢: 1X — Y eine
Homotopie von f nach g. Dann erhalten wir durch y2:=¢, yb:=77:=fqy eine
(2,1,1)-Gleichung y im semikubischen Komplex Q,(X,Y). Da I die Kan-
Bedingung E (2) erfiillt, existiert eine Losung A€ 6 (1 IX,Y)vony. @ :=A =Ajix
ist dann eine Homotopie von g nach f.

Transitivitit. Gegeben seien Morphismen f, g, h: X — Y und Homotopien
o, IX—> Y, ¢: f~g, ¥: g=h. Dann liefert yei=fqyx, Yor=0, yi:=Vy eine
(2,1, 1)-Gleichung y in Q(X,Y). Da I E(2) erfiillt, kdnnen wir eine Losung
A: IIX — Y von y wihlen. Durch x:=4jix erhalten wir eine Homotopie von
f nach h.

(3.4) Lemma. Erfiillt 1 die Kan-Bedingung NE(2), so existiert eine natiirliche
Transformation r: I — 1 mit r jo=j1, 7 ji =jo-

Beweis. Da 1 NE(2) erfiillt, existiert eine natiirliche Transformation 4:
Gz, 1,101 G2 Q.50 daB Ay ) fiir alle Objekte X, Y von € eine Lésungsfunk-
tion ist. Ist X ein Objekt von %, dann ist yx:=(75, 73s p2) mit yh:=y}:=jox dxs
y2:=id,y eine (2,1,1)-Gleichung in Q;(X, IX). Wir setzen ry:=(Ax, 1) Yx) Jux
und erhalten die gesuchte natiirliche Transformation r.

Wir kehren kurz zu Beispiel (1.2) zuriick. Da die Vereinigung aller (n—1F
dimensionalen Seiten des Wiirfels [0, 1]" bis auf eine Retrakt von [0, 1] 1st
{iberlegt man leicht:

(3.5) Satz. Das in (1.2) definierte Homotopiesystem T in der Kategorie der
topologischen Raume erfillt die Kan-Bedingung DNE(n) fiir alle n.

(3.6) Ist B ein Objekt von %, so induziert das Homotopiesystem I ein Homo-

" topiesystem Iz=(I', jo, j1,q) in der Kategorie %5 der Objekte iiber B. Ist
p: E— B ein Objekt von %5, soseil'p:=qpIp=Pqs: IE — B. Ist f ein Mor
phismus iiber B von p nach p, so ist I f ein Morphismus iiber B von I'p naCh,
I'p'. Wir setzen daher I' f:=1{. Die natiirlichen Transformationen j;: idgs
(e=0,1), g': I'> idg, schlieBlich definieren wir durch j,,:=j.g, 4p* =48> wennl
p: E — B ein Objekt von €j ist.

(3.7) Satz. Erfiillt 1 die Kan-Bedingung DNE (n, v, k), so auch Ig.

Beweis. Wir beschriinken uns auf eine Beweisskizze. Nach Voraussetzuné
existiert eine natiirliche Transformation A: G, y,x @1 — Ga Q1 ¢gx€—5 P
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daB Ay, y fiir alle Objekte X,Y von € eine mit Ausartungen vertrigliche
Losungsfunktion ist. Wir haben eine entsprechende natiirliche Transformation
At G, v, 1) Q1p— G, Q1 € x6p— & zu konstruieren. p: E— B, p: E—B
seien Objekte von €. Man iiberzeugt sich zunichst von den Teilmengenbe-

zichungen , ,
G v, Q1P P) =Gy, vy Qi(E, E),

G, Q1,(p, P)=G, Q\(E, E),
rechnet dann nach

A& E) G, v, 1) Q15 (05 P) =G, Q1 (P, P)

und definiert Ag, ,, als Einschrinkung von A g

Man iiberzeugt sich leicht, daB die von I in €, nach (1.3) induzierte Relation
gerade die Relation 5 aus (1.4) ist. Daher gilt wegen (3.3) und (3.7):

(3.8) Lemma. Erfiillt I die Kan-Bedingung DNE(2), so ist die Relation 5 eine
Aquivalenzrelation.

Bemerkung. (3.6) ist ein Beispiel dafiir, daB der Begriff des Homotopie-
systems den Ubergang zu anderen Kategorien gestattet. So induziert ein
Homotopiesystem in einer Kategorie € u.a. stets ein Homotopiesystem in der
Kategorie der Paare (Morphismenkategorie) und, falls € cokartesische
Quadrate hat, in der Kategorie 6“4 der Objekte unter einem Objekt 4 von .
Im Fall der Kategorie der Paare vererben sich dabei die Kan-Bedingungen
NE(n, v, k) und DNE(n, v, k); im Fall €4 iibertrdgt sich DNE(n, v, k), sofern
der Zylinderfunktor des gegebenen Homotopiesystems cokartesische Qua-
drate erhilt (vgl. [8], 2.).

Wir beschlieBen den Abschnitt mit einem Lemma, das fiir den Beweis des
Homotopiesatzes fiir h-Faserungen benétigt wird (vel (5.5)).

(39) Lemma. € sei eine Kategorie, 1 ein Homotopiesystem in € mit DNE (2).

Ist p: E— B eine h-F aserung, dann it sich jedes kommutative Diagramm der
Form
X—2>E

J

IX——B

durch ¥: 1X S E ergdnzen mit p¥' =y und g ¥ .

Beweis. Wir notieren zuniéchst, daBl 5 wegen der Kan-Bedingung DNE(2)
und (3.8) eine Aquivalenzrelation ist. Da I NE(2) erfiillt, existiert nach (3.4)
tIne natiirliche Transformation r: I — I mit rj, =jy, rj; =jo. Da (Y ry)o = Vi=pg
und da p ejne h-Faserung ist, existiert @: IX — E mit p®=y ry und 85 Po.
DaXE(2) erfiillt, existiert : IIX — B mit

(3'10) Ajorx=Wrxrx,
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(3.11) /ljux:l//s

(3.12) Mjix=¥19x=P84x-

Da p eine h-Faserung ist, existiert wegen (3.10) A: 11X — E mit pA=1 und
Pryz Ajorx- Setze ¥W:=Aj,;x. Wegen (3.11) gilt p¥ =y, wegen (3.12) ist
@:=Alj,y eine Homotopie iiber B. Da nun, wie man leicht nachrechnet,
pozgund o=, gilt g5 ¥

4. Kan-Bedingungen und Cofaserungen

& sei eine Kategorie, I=(1, jo,J;, ) ein Homotopiesystem in €.

Sei X—d ¥

(41) joxl 1"

ein cokartesisches Quadrat in €. (Z, heiBt Abbildungsz ylinder von f.)
Da idyf=fqxjox, existiert genau ein Morphismus p: Z,— Y von ¢ mit

pk=idy und pl=fqy.
Damit ist das Diagramm >
Zy——Y
kommutativ (I, =1j; x).
(4.2) Satz. Erfiillt 1 die Kan-Bedingung E(2) und erhilt der Funktor I co-
kartesische Quadrate, so gilt

(1) kptid,,.

(2) 1, ist eine Cofaserung.

Beweis. (1) Wegen E(2) existiert zundchst ein Morphismus A: I1X f'Zf
von (g mlt lj0’x=j.1jox=quX=k qy 1_/ llnd j’leX= l. Da T COkarteSISChe
‘Quadrate erhilt, existiert wegen der ersten Gleichung genau ein Morphismus
Y:1Z,—Z; mit yIl=2 und Y Ik=kqy. ¥ ist also eine Homotopie unter Y.
Da yok=kpk und Yo /=kpl, wie man leicht nachrechnet, und da (4.1) co-
kartesisch ist, gilt Yo, =k p; entsprechend erhélt man y/; =idz,.

(2) Gegeben seien g: Z, — V, @: IX — V mit gl;=qo. Wegen E(2) existiert
dann ein Morphismus A: I1X — V mit

ljorx=gl, Aljox=gkqylf, Aljix=¢-.

Da I cokartesische Quadrate erhilt, existiert wegen der zweiten Gleichung
genau ein Morphismus @: IZ;— V mit #1/=21 und ®lk=gkqy. Dann gilt



Kan-Bedingungen und abstrakte Homotopietheorie 223

@1l =4ljijx=¢ und ®,=g,da @, I=g! und &, k=gk und da (4.1) cokarte-
sisch ist.

(43) Ist XLy

aJ Jb
X ! _1.—P Y’
ein kommutatives Diagramm in % und ist neben (4.1) ein entsprechendes und

entsprechend bezeichnetes Diagramm fiir f' cokartesisch, so bestimmen die
Gleichungen ck=k'b, cl=I'la eindeutig einen Morphismus c: Z—Z

¢ macht das Diagramm X
71X

Zf-———————>J B Y
c b
Xl
2 X

Z,————Y

"

kommutativ. Daher gilt wegen (4.2):

(44) Satz. Hat € cokartesische Quadrate, erhilt I cokartesische Quadrate und
erfiillt 1 die K an-Bedingung E(2), so lassen sich die Morphismen von € funktoriell
in eine Cofaserung, gefolgt von einer h- Aquivalenz zerlegen.

An Hand der Definitionen beweist man leicht

(4.5) Lemma. Erfiillt 1 E(2), so sind jyy, jix fiir alle Objekte X von € Co-
Jaserungen.
Sei X 5 X+ X %X ein Coproduktdiagramm in 4. j: X+ X —IX

sei der Morphismus mit den Komponenten j,x und ji x.
(4.6) Lemma. Erfiillt 1 E(2) und erhiilt I Coprodukte, so ist j eine Cofaserung.

~Beweis. Sind f:1X Y, ¢: I(X+X)— Y Morphismen mit fj=¢,, so
existiert wegen E(2) @: 11X — Y mit @jo;x=f und ®lj,y=@li, (v=0,1).
Aus der letzten Beziehung folgt ®1j1i,= 1, fir v=0, 1 und daher ®1j=0q,
da I Coprodukte erhilt.

5. Der Homotopiesatz fiir h-Faserungen

~ Sei € eine Kategorie mit kartesischen Quadraten, I ein Homotopiesystem
Inég,

% A— B sei ein Morphismus von €. Wir definieren einen kovarianten
Funktor o*: Cs—6,.
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Zu jedem Objekt p: E— B von %5 wihlen wir ein kartesisches Quadrat

Ea———&—>E

(5.1) p.l lp

A—;—B
und setzen o* p:=p,. p': E'— B sei ein weiteres Objekt von €5,

E—f F

(5.1') p;l lp'

A——B

das zu p' gewihlte kartesische Quadrat. f: p— p’ sei ein Morphismus von €s.
Da p’ fa=ap, und da (5.1) ein kartesisches Quadrat ist, existiert genau ein
Morphismus von € f,: E,— E, mit & f,=f& und p, f,=p,. Wir setzen a*f:=
fora*p—oa*p.

Bemerkung. Die Definition von o* héngt selbstverstindlich von der Aus-
wahl der kartesischen Quadrate ab. Verschiedene Auswahlen ergeben jedoch
dquivalente Funktoren. Daraus folgt:

(1) (idg)* ist dquivalent zu ide,.

(2) (Bo)* ist dquivalent zu o* B*, wo B: B— C ein weiterer Morphismus

von ¥ ist.
(2) beruht auf der Tatsache, daB das Aneinandersetzen von kartesischen
Quadraten wieder ein kartesisches Quadrat liefert ([10], 1.5(a)).

(5.2) Lemma. Sind f, g: p— p' Morphismen von €, so gilt
(fxg)=(@*fxa*g).

Beweis. [10], 4.9.

Wir setzen jetzt voraus, ¥ und = sind Aquivalenzrelationen in @g bzw.

%,. Wegen (5.2) induziert a* einen Funktor der Quotientkategorien Gh— G4
(5.3) Definition. #h sei die volle Unterkategorie von %gh, deren Objekte
die h-Faserungen von € mit Ziel B sind.

Da mit p: E— B auch «*p eine h-Faserung ist (induzierte h-Faserung)

([10], 4.10), induziert o* auch einen Funktor Fgh— F,h. Wit bezeichnen
diesen Funktor ebenfalls mit o*.
(5.4) Satz. (Homotopiesatz fiir h-Faserungen) € sei eine Kategorie mil
kartesischen Quadraten, 1 ein Homotopiesystem in € mit der Kan-Bedir_!glf"g
DNE(2). Sind ay,a,: A— B Morphismen von €, so daf a0y, S0 existiert
eine natiirliche Aquivalenz o} — of: Fgh— F4h.
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Der Beweis von Satz (5.4) erfordert einige Vorbereitungen. Fiir v=0, 1 sei

Ev——“"——>E

(Dv) PvJv jvl’

vB
ein kommutatives Diagramm in €. Da g, =id, ist dann auch

E——»E

Va

kommutativ, d.h. i, ist ein Morphismus iiber B von p, nach g p.

(5.5) Lemma. Erfiillt 1 die Kan-Bedingung DNE(2) und sind (D), (D,) kar-
tesische Quadrate, dann sind iy und i; h- Aquivalenzen iiber B, falls p eine h-
Faserung ist.

Beweis. Wir fiihren den Beweis fiir i,. Da I DNE(2) erfiillt, geniigt das von
lin € induzierte Homotopiesystem I; der Kan-Bedingung E(2) (3.7).

Mit ihrer Hilfe konstruiert man einen Morphismus ¢: I1IB — IB von € mit

(5.6) 989 =4p418>

(5.7) ®jorp=1d;p,

(5.8) @ljop=®j118=Jon4s-

Wegen (5.7) ist das duBere Quadrat des Diagramms
idg

E——=>E

2
’/
fOEJ Oi’ IP

IE—»IB

kommutativ. Da p eine h- Faserung ist, existiert @: IE— E mit p@=¢ I p und
idg e 1150 Wegen (5.6) ist @ eine Homotopie iiber B. Aus (5.8) folgt p®, =jopqpp-

Da (Do) kartesisch ist, existiert daher genau ein Morphismus r: E — E, mit
lgyro=®, und Do To =g . Iy ist ein Morphismus iiber B von gz p nach p,.

Behauptung. r, ist h-invers iiber B zu i.
Beweis (1) io ro = ¢1 cod ¢0 ’;ldE
(2) Zu zeigen blelbt roio 5 idg,. Mit (5.8) rechnet man p® Iio=jog Po 4k,

nach. Da (D) kartesisch ist, existiert daher genau ein Morphismus 7: [Eq— E,
mit iyn=a] io und pom=p,qg,. n ist also eine Homotopie iiber B. Ferner
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gilt fiir v=0,1 iy ,=®, iy und p, 1, = p,. Daraus folgt zunéchst 7, =roio, Zum
andern wegen idg = @, und Lemma (5.2) idEo%no und daher schlieBlich
idg,5 o do-

Der Beweis fiir i; verlduft dhnlich. Man beachte nur, dal man dabei auf
Lemma (3.9) zuriickzugreifen hat.

Beweis von Satz (5.4). Sei ¢: ag~a,. Da (¢ j, )* dquivalent ist zu (j, ,)* ¢*,
koénnen wir annehmen o =(j, ,)* ¢* (v=0, 1).

Sei p: E — Beine h-Faserung. Wir haben dann ein kommutatives Diagramm
mit drei kartesischen Quadraten (0), (1), (2):

E. )
\ E 4

©) | =
agp
E,;
(1) . 2 P
) o
A§ —
\ Lo\_) ,
ofp 1A m —> B
/
b

Nach Lemma (5.5) sind [iy], und [i,], Isomorphismen von €, h. Mit p,:=
[iy17 ' [iol.a: o p— of p erhilt man dann eine natiirliche Aquivalenz zwischen
den Funktoren a} und of. Damit ist Satz (5.4) bewiesen.

Bemerkung. Fassen wir den eben definierten Morphismus , von %, h als
Morphismus von € h auf, p,: E,,— E,,, so gilt in € h die Bezichung

(59) (&1 upy=[80]-

u, ist dabei ein Isomorphismus von € h. Aus (5.9) gewinnt man mit denselben
‘formalen Schliissen wie in [4], (7.30) das folgende Korollar zum Homotopi-
satz fiir h-Faserungen.

(5.10) Satz. Ist € eine Kategorie mit kartesischen Quadraten, 1 ein Homotopie-
system in € mit der Kan-Bedingung DNE(2), so gilt: Ist

Ea—&——rE

A——B
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ein kartesisches Quadrat in €, p eine h-Faserung und o eine h- Aquivalenz, so ist
& eine h- Aquivalenz.

6. h-Faserungen und h-Aquivalenzen iiber B

(6.1) Satz (vgl. [S], 6.1). Sei € eine Kategorie, 1 ein Homotopiesystem in €
mit den Kan-Bedingungen DNE (2) und E (3).

Ist
E—LSE
\ /
4 /p
B

ein_kommutatives Diagramm in €, sind p und p' h-Faserungen und ist f eine
h-Aquivalenz, so ist f, aufgefaBt als Morphismus iiber B, eine h- Aquivalenz
liber B.

Beweis. Wir erinnern zunichst, daB wegen (3.8) ~ und 3 Aquivalenz-
relationen sind. Wir zeigen:

(6.2) Der Morphismus [ 15 von égh hat ein Rechtsinverses.

Satz (6.1) ergibt sich dann nach bekanntem Muster durch zweimalige An-
wendung von (6.2).

Da f eine h-Aquivalenz ist, kénnen wir zunichst f": E— E' wihlen, so
daB ff"~idg. Dann gilt p'f”=pff”~p. Da p’ eine h-Faserung ist, existiert
nach [10], 42 f’: E>E mit f'~f" und p'f'=p. Wir setzen g:=ff" und
erhalten einen Morphismus iiber B g: p — p mit g~id;.

Der wesentliche Schritt besteht nun darin, einen Morphismus iiber Bg’: p—p
mit gg'%id,; zu konstruieren. [ f'g"]; ist dann ndmlich rechtsinvers zu [ ],

in €3 h. Zur Konstruktion von g’ wiihlen wir zunéchst eine Homotopie ¢ von
g nach idg. Dann ist
E— X E

kommutativ. Da p eine h-Faserung ist, existiert y: JE — E mit pyy=p¢ und
V’ogid,;. ¥, ist ein Morphismus iiber B von p nach p. Wir setzen g':=y; und
haben zy zeigen: gg'~idg. Sei { eine Homotopie iiber B von ¥, nach idg. Da
I die Kan-Bedingung NE(2) erfiillt, kénnen wir mit Hilfe einer natiirlichen
T;ansformation A: G, 1,1)Q1— G, Q, der Reihe nach die in den folgenden
Figuren beschriebenen (2,1, 1)-Gleichungen l6sen.
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/idE /g' ) /idE
@ I ' 4 ﬂ/
g4E % ¢ VodE *l v g4E « %0
i | |
24E N\ ¢ .. YT N,
g idg ge

Wir erhalten Morphismen ¢', {’, ®: IE — E, o: IIE — E. Wegen der Natiirlich-
keit von A gilt p'=py'. Wir setzen

yii=pa, Vh:=paedqies Tor=Yi:=)i:=p@'lqg=p¥'lqg

und erhalten eine (3, 1, 1)-Gleichung y. Da 1 E(3) erfiillt, existiert eine Losung
u: I3 E — B von y. Fiir n:=p jyyz: 11E — B gilt dann

(6.3) "%)=7[j01£=P D,
(6.4) M =my=7; =pqg-

Da p eine h-Faserung ist, existiert wegen (6.3) @: I[IE—E mit pfi=n und
D=7 jo - Wegen (6.4) sind @}, 3, 7 Homotopien iiber B. Daher gilt

g8 =B (7)o =(T3)o 3 (A =(T)o 5 (T1)s

= (if)l %‘(7—112)0 = (7_!}))1 5 D, =idg

und somit g g'%idﬁ, was noch zu zeigen war.

7. Cohomotopiesysteme

Wir dualisieren die Definitionen von 1.und 3. Dual zum Begriff des Homo-
topiesystems in einer Kategorie ist der des Cohomotopiesystems.

(7.1) Definition. Ein Cohomotopiesystem in einer Kategorie ¢ ist ein Homo-
topiesystem in der dualen Kategorie °°, d.h. ein Cohomotopiesystem in ¢
ist ein Quadrupel W= (W, po, p;, 5) aus einem kovarianten Funktor W: ¢—¢
ind natiirlichen Transformationen p,,p,: W—idg, s: idg— W mit poS=
p;s=id. .

Sei jetzt W=(W, po, p;,s) ein Cohomotopiesystem in einer Kategori¢ €.
(7.2) Definition (vgl. (1.3)). f,g: X — Y seien Morphismen von €. f hei?t
cohomotop zu g, wenn eine Cohomotopie ¢ von f nach g existiert, d.h. em
Morphismus ¢: X — WY von € mit poy ¢=f und p;y p=g.

(7.3) Definition (vgl. (1.4)). A4 sei ein Objekt von €, i: A—> X, i": A— X' seien
Objekte von €4, f,g: i — i Morphismen unter A. f heiBt cohomotop unter A
zu g, wenn eine Cohomotopie ¢ von f nach g mit ¢ i=sy. i’ existiert.
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(7.4) Definition (vgl. (1.7)). Ein Morphismus i: A — X von % heiBt Co-Faserung
(bzw. Co-h-Faserung), wenn zu jedem kommutativen Diagramm in € der Form

A—2 WY

l"o Y

i

ein Morphismus @: X — WY existiert mit @i=¢ und f=p,y @ (bzw. f co-
homotop unter 4 zu pyy P).

(7.5) Ist B ein Objekt von %, so definiert man dual zu (1.5) in % die Relation
cohomotop idiber B. Dual zu (1.8) erklidrt man die Begriffe Co-Cofaserung und
Co-h-Cofaserung. Dual zu den Begriffen h-Aquivalenz (iiber B, unter A4) hat
man die Begriffe Co-h- Aquivalenz (unter A, iiber B).

(7.6) Dual zu (3.1)! induziert W einen 1-kontra-, 2-kovarianten Funktor
QY: x% — A in der Kategorie der semikubischen Komplexe. Sind X, Y
Objekte von &, so besteht Q¥ (X, Y) aus der Folge von Mengen (X, W"Y),
n=0,1,2,..., und den Familien von Abbildungen €(idy, & ,): €(X, W"Y)—
CX, W1 Y),€(idy, lhy): € (X, W"Y)—>E(X, W' Y), wobei &l: = Wi~ p, W~
Ge=WIi-tsWn+1=J (=0, 1,i=1,...,m, j=1,...,n+1).

Dual zu (3.2) definiert man fiir W die Kan-Bedingungen E (n, v, k), NE (n, v, k),
DNE(n, v, k), E(n), NE (n), DNE (n). Man hat dann die zu den Sitzen von 3.—6.
dualen Sitze. So ist z. B. der folgende Satz dual zu (6.1).

(7.7) Satz. Sei € eine Kategorie, W ein Cohomotopiesystem in € mit den
Kan-Bedingungen DNE (2) und E(3). Ist

/X

S iaac
ein kommutatives Diagramm in €, sind i und i Co-h-Faserungen und ist J eine
Co-h-Aquivalenz, so ist f, aufgefaPt als Morphismus unter A, eine Co-h-Aqui-
valenz unter A.

(7.8) Cohomotopiesysteme treten insbesondere dann auf, wenn der Zylinder-
funktor eines Homotopiesystems einen adjungierten Funktor hat.

Wir erinnern: Sind S: 2 — %, T: € — 2 kovariante Funktoren, so besteht
eine Adjungiertheit (a, f): S— T aus zwei Familien

Uy, x): €Y, X)> DY, TX), By x: DY, TX)—>€(SY, X)
\

! Unter Dualisierung von (3.1) wird Vertauschen der Faktoren in ¢ x € und Ubergang von
€ zu $°° verstanden.
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(X ein Objekt von %, Y ein Objekt von 2) zueinander inverser Abbildungen,
die natiirlich in X und Y sind.

Wir lassen die Indizes an o und f im folgenden weg.

Existiert eine Adjungiertheit (o, f): ST, so heilt T adjungiert zu §,
S coadjungiert zu T.

(79) € sei eine Kategorie, I=(1, j,, j;,q) ein Homotopiesystem in ¥. Zu [
existiere ein adjungierter Funktor W: € — €. Zu einer Adjungiertheit (a, f):
I+ W Kkonstruieren wir ein Cohomotopiesystem 1, in € (vgl. [6], §6).

Die Definitionen p, y:=B(idwx) jywx: WX — X, sx:=a(gy): X > WX (v=0,1,
X ein Objekt von %) liefern nach dem zu [13], V. Proposition (2.1) dualen
Satz natiirliche Transformationen p,, p,: W—id, s: idgy — W, so daB fiir alle
Objekte X, Y von € die Diagramme

¢(IX, Y)-#%(X, WY)

(7.10) fox Pore ;
€(X,Y)
€(X,Y)

(7.11) qs:l

¢(UX,Y) #%(x, wY)

kommutativ sind (v=0, 1). Dabei sei j*,=%(j,x,idy), p,y-=%(idx, p,y), ent-
sprechend g%, sy.. Man rechnet leicht nach: pys=p;s=id. L, :=(W, po» 1,9
ist also ein Cohomotopiesystem in €.

Dual konstruiert man zu einem Cohomotopiesystem W =(W,py,p1,)
in ¢ und einer Adjungiertheit («, f): I— W ein Homotopiesystem W~ in €.

Man rechnet aus (bei gegebener Adjungiertheit)

(7.12) )" =1, (W)y=W.

(7.13) Beispiel. Adjungiert zum Zylinderfunktor des in (1.2) definierten
Homotopiesystems T in der Kategorie der topologischen Rdume ist der
Wegeraumfunktor, der einem Raum X die Menge der Wege in X, versehen mit
der Kompakt-Offen-Topologie zuordnet. Man hat zwischen diesen Funktoren
eine kanonische Adjungiertheit ([4], 4.5). Fiir die nach (7.9) induzierten
natiirlichen Transformationen gilt: p,y ordnet einem Weg in X den Anfangs-
punkt, p,x den Endpunkt zu; sy bildet einen Punkt von X in den konstanten
Weg in diesem Punkt ab.

Wir kehren zu 1, zuriick.



Kan-Bedingungen und abstrakte Homotopietheorie 231

(7.14) Satz. Die Begriffe, die in der folgenden Tabelle in einer Zeile stehen,
sind dquivalent.

beziiglich I beziiglich 1|
homotop cohomotop
homotop unter 4 cohomotop unter A
homotop iiber B cohomotop iiber B
h-Aquivalenz Co-h-Aquivalenz
— unter A, iiber B — unter A, iiber B
Cofaserung Co-Faserung
h-Cofaserung Co-h-Faserung
Faserung Co-Cofaserung
h-Faserung Co-h-Cofaserung

Beweis. Wir beschrinken uns auf die wesentlichen Hinweise. Zu Zeile 1.
Ist ¢ eine Homotopie von f nach g, dann ist a(¢) wegen der Kommutativitit
von (7.10) eine Cohomotopie von f nach g, umgekehrt schlieBt man ent-
sprechend. Die Aquivalenz der Begriffe in der zweiten Zeile ergibt sich aus
der Natiirlichkeit von o und § und der Kommutativitit von (7.11). Wendet
man die zur Aquivalenzaussage der zweiten Zeile duale Aussage auf das
Cohomotopiesystem 1 an, so erhilt man wegen (7.12) die Aquivalenz der
Begriffe in der dritten Zeile. Den Rest iiberlassen wir dem Leser.

Das folgende Lemma stellt Beziechungen zwischen Kan-Bedingungen fiir
lund L her. «" und " mogen aus « bzw. f durch Iteration entstehen.

(7.15) Lemma. Seien X, Y Objekte von €. Fiir e=0,1,i=1,...,n,j=1,...,n+1
haben wir folgende kommutative Diagramme:

CI"X,Y)— @' X, Y) €U"X, Y)—-g‘;—v%(l"“X, Y)

n “"_lJ pn-1 an L‘" an+ll[ﬂn+l

eX, wr Y)Tﬂrx?r’qg(X, wr-ly), €, w" Y)W(g(xa wrtly).

an

In den Zeilen mégen dabei die Seiten- bzw. Ausartungsoperatoren von Qy(X, Y)
bzw. Q'(X, Y) stehen.
‘ Da der Beweis von (7.15) aus einer leichten Rechnung besteht, iibergehen
wir ihn hier.
Aus (7.15) folgert man:

(1.16) Satz. 1 erfiillt die Kan-Bedingung E(n, v, k) genau dann, wenn 1, die
Kan-Bedingung E(n, v, n+1—k) erfiills (0<v<1, 1 <k <n).
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Entsprechende Aussagen gelten fiir die iibrigen Kan-Bedingungen. I erfiillt
also genau dann die Kan-Bedingung E(n), (NE(n), DNE(n)), wenn I E(n)
(NE(n), DNE (n)) erfiillt.

Wir beschlieBen den Abschnitt mit zwei Anwendungen.

(7.17) Satz (vgl. [4], (2.18)). Sei € eine Kategorie, 1 ein Homotopiesystem in €,

das die Kan-Bedingungen DNE(2) und E(3) erfiillt und zu dessen Zylinder-
funktor ein adjungierter Funktor existiert. Ist

A

ein kommutatives Diagramm in 6, sind i und i’ h-Cofaserungen und ist | eine
h-Aquivalenz, so ist f, aufgefaBt als Morphismus unter A, eine h-Aquivalenz
unter A.

Beweis. Man wihlt einen Funktor W:% —% und eine Adjungiertheit
(o, f): IH4 W und wendet Satz (7.7) auf das Cohomotopiesystem I, an. Wegen
(7.14) und (7.16) folgt (7.17).

Abhnlich folgt aus dem zu (5.10) dualen Satz:

(7.18) Satz. Ist € eine Kategorie mit cokartesischen Quadraten, 1 ein Homo-
topiesystem in €, das die Kan-Bedingung DNE (2) erfiillt und dessen Zylinder-
funktor einen adjungierten Funktor hat, so gilt: Ist

A—2 5 4

i i’

S

ein cokartesisches Quadrat in €, i eine h-Cofaserung und o eine h- Aquivalenz,
so ist & eine h- Aquivalenz.

8. Das Zusammenkleben von h-Aquivalenzen

Das wichtigste Hilfsmittel beim Zusammenkleben von h-Aquivalenzen
wird durch das folgende Lemma bereitgestellt.

(8.1) Lemma (vgl. [3], Lemma 2). Sei ¥ eine Kategorie, 1 ein Homotopie-
system in € mit den Kan-Bedingungen DNE(2) und E(3). Sei

Al J1 ’AO‘ J2 AZ

B, —— Bo——B;
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ein kommutatives Diagramm in €, wobei hy, h,, h, h-Aquivalenzen und 15125 815
g, h-Faserungen sind. )

Dann existieren h-Aquivalenzen H,: B, — A, (r=0,1,2) mit SsH,=H,g,
(s=1,2) und Homotopien ¢,:IB,—B,, @,: h.H,~idp (r=0,1,2), so daf
gs(ps:(polgs (S= l’ 2)

Beweis. Im folgenden sei s=1,2. H,: B, — Ag sei h-invers zu h,, d.h.
hoHy~idp, und H, ho~id,,. H;: B,— A, sei h-invers zu h,. Dann gilt
JsHy~H, g;. Da f; eine h-Faserung ist, kénnen wir nach [10], 4.2 H. innerhalb
seiner Homotopieklasse zu H;' mit f, H! = H, g, abdndern. Wihle y: hy H,~

idg . Dann ist -
Bo Bs hsH} Bs

SO

1B, —7— B,
kommutativ. Da g, eine h-Faserung ist, 148t sich das Diagramm durch eine
Diagonale &, ergiinzen, die das rechte untere Dreieck kommutativ, das linke
obere Dreieck kommutativ bis auf Homotopie iiber B, macht. Dann ist
ky:=®,j, 5_eine h-Aquivalenz (!), die das Diagramm

kommutativ macht. Da g, eine h-Faserung ist, existiert nach Satz (6.1) ein
Morphismus iiber B, k.: g, — g, mit k, kogzidg,. Wir setzen jetzt Hy:=H,'k;

und erhalten h-Aquivalenzen mit fiH,=H, g,.

Zu konstruieren bleiben die Homotopien ¢, (r=0, 1, 2). Wir wihlen dazu
Homotopien p,: @,j, 5,520 HY und o,: k,k;~idg,. Da I NE(2) erfiillt, konnen
wir mit Hilfe einer natiirlichen Transformation 4: G, ,;0,— G,Q, die
folgenden (2,1,1)-Gleichungen y, und y, in Q,(B,, B,) bzw. Q,(B,, B,) l6sen:

Os 4B,

DIk

L

]

pslk; hoHogs,,

Wir erhalten Homotopien ¢,: h, H,~idy_(r=0, 1,2). Wendet man g, auf y,
%“’ So ergibt sich dieselbe (2, 1, 1)-Gleichung in Q, (B, B,) wie aus y, durch
orschalten von Ig,. Wegen der Natiirlichkeit von 4 gilt daher g, o, =@, 1g,.

82 Satz. (Zusammenkleben von h—Aquivalenzen.) Sei € eine Kategorie mit
C"kartesischen Quadraten, 1 ein Homotopiesystem in €, das die Kan-Bedingungen
' Math. 7 pg 154
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DNE(2) und E(3) erfiillt und dessen Zylinderfunktor einen adjungierten Funktor
hat. In dem kommutativen Diagramm

Ay
f-l g
hy S
Ao
\/Bl A
4
hy / i '
(83) 81 f2 h
B \
(V] A2 >
hy
82
2
B,

seien das obere und untere Quadrat cokartesisch. Dann gilt: Sind f, und g I-
Cofaserungen und hy, hy, hy h- Aquivalenzen, so ist h eine h- Aquivalenz.

Bemerkung. Satz (8.2) verallgemeinert im topologischen Fall [1], 7.5.7 von
abgeschlossenen Cofaserungen auf h-Cofaserungen.

Beweis. 1. Wir nehmen zunichst an, daB auch f; und g, h-Cofaserungen
sind. Wir wihlen einen Funktor W:% —% und eine Adjungiertheit | W,
wenden das zu (8.1) duale Lemma auf das Cohomotopiesystem I an (vel. 79)
und erhalten h-Aquivalenzen H,: B,— A, (r=0, 1, 2) mit

(84) Hig,=fH, (s=12)
sowie Homotopien ¢,: 14, — A, (r=0, 1,2), ¢,: H,h,~id ;, mit
8.5) o 1fi=fp0 (s=1,2).

Da das untere Quadrat von (8.3) cokartesisch ist, existiert wegen (8.4) genau en
Morphismus H: B— A mit Hg,=f/H, (s=1,2). Da I einen adjungierte”
Funktor hat, erhilt I cokartesische Quadrate ([13], I1.12.1%). Daher existier!
wegen (8.5) genau ein Morphismus ¢: [A— 4 mit @1f/=/ ¢; (s=1,2). Mar
rechnet leicht nach ¢: Hh~id,. In (8.3) ersetzen wir jetzt ho, hy, by, b durch
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Hy,,H,H,, H, _v.venden den SchluB noch einmal an und erkennen, daB H und
damit h eine h-Aquivalenz ist.

2. Wir haben uns jetzt noch von der Voraussetzung zu befreien, daB f,
und g, h-Cofaserungen sind. Nach Satz (4.4) kénnen wir ein kommutatives

Diagramm in €
Ag—~*—s A —*— 4,

BN

By—5— B ——B,

wihlen, so daB die obere Zeile f,, die untere Zeile g, ist und u und v h-Aqui-
valenzen, k und | Cofaserungen und dal.l'er h-Cofaserungen sind. Da h, eine
h-Aquivalenz ist, ist dann auch k' eine h-Aquivalenz. In dem Diagramm

A —K 47— 4

RN

Ay——> A —— 4,

seien zunichst k' und a so gewihlt, daB das linke Teilquadrat cokartesisch ist.
W ist dann eindeutig dadurch bestimmt, daB die obere Zeile /1 ist und das
rechte Teilquadrat kommutativ ist. Entsprechend zerlegt man das untere
Quadrat von (8.3) durch Morphismen [, v', b. Da f; eine h-Cofaserung ist, ist
anach dem zu [10], 4.10 dualen Satz eine h-Cofaserung. Ferner ist das rechte
Teilquadrat von (8.6) nach dem zu [10], 1.5(b) dualen Satz cokartesisch. Also
ist u' nach (7.18) eine h-Aquivalenz, entsprechend v'. Durch die Forderungen
WK=Uh, h"a=bh ist eindeutig ein Morphismus h”: A” — B” bestimmt.
Esgilt hu'=v'h". Nach Teil 1 des Beweises ist 4" eine h-Aquivalenz, also auch h.
Das war zu zeigen.

Aus Satz (8.2) folgern wir abschlieBend:

(8.7) Satz (vel. [21, (1.2)). Sei € eine Kategorie mit kartesischen Quadraten,
Lein Homotopiesystem in €, das die Kan-Bedingungen DNE (2) und E(3) erfiillt
und dessen Zylinderfunktor einen adjungierten Funktor hat. Gegeben sei ein

Ommutatives Diagramm (8.3), in dem das obere und das untere Quadrat kartesisch
Sind. Dann gilt: Sind f;, g, h-Faserungen und h, hy, h, h-Aquivalenzen, so ist h,

¢ine h- Aquivalenz.

Beweis. Man wiihlt cinen Funktor W: € —% und eine Adjungiertheit
I4W und wendet den zu (8.2) dualen Satz auf das Cohomotopiesystem I_ an.
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Covering-Avoidance for Saturated Formations
of Solvable Lie Algebras*

ERNEST L. STITZINGER

Hallahan and Overbeck in [8] have shown that if L is a Lie algebra of
nilpotent length at most two, then a subalgebra C of Lis a Cartan subalgebra
of Lif and only if C covers all central chief factors of L and avoids all eccentric
chief factors of L. If L has nilpotent length greater than two, then this result no
longer holds. This then leads to the following question: In a solvable Lie
algebra L do there exist subalgebras which cover all central chief factors of L
and avoid all eccentric chief factors of L? The problem can be stated in a more
general way using the idea of saturated formation defined in [1]. These remarks
bring to mind the §-normalizers of Carter and Hawkes in finite solvable groups
(see [4]). We shall develop the Lie algebra analogues to the §-normalizers.
In so doing, we shall answer the question raised at the beginning of the para-
graph in the affirmative. All Lie algebras considered here are solvable and
finite dimensional.

I thank D.W.Barnes for his substantial contribution to this paper. The
fundamental definitions of §-normal and &-central, along with various of the
results, have been suggested by him.

1. Preliminaries

Recall that a class & of finite dimensional solvable Lie algebras is called
a formation if § satisfies the following:

(1) If LeF and N is an ideal of L, then L/Ne.

(2) If N and M are ideals of Land L/N, L/M e, then L/INNMeg.

Let § be a formation. A subalgebra H of L is called an §-projector (or §-
Subalgebra) if H satisfies the following:

(1) Heg.

(2) I K is a subalgebra of L containing H and K, is an ideal of K such that
K/K,e, then H+ K, =K.

A formation & is called saturated if all solvable Lie algebras have -
Projectors. For properties of all these concepts see [1].

. Throughout this paper, § will denote a saturated formation of solvable
Lie algebras, 9t will be the formation of nilpotent Lie algebras and U the for-
Mation of supersolvable Lie algebras. L will denote a solvable Lie algebra,
\

C ’;This work was partially supported by a grant from the Engineering Foundation of North
arolina,
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N(L) the nil-radical of L and @(L) the Frattini subalgebra of L (®(L) is an
ideal of Lby Lemma 3.4 of [1]). If M is a maximal subalgebra of L, then core, (M)
will be the maximal ideal of L contained in M. A subalgebra H of L is said to
cover the chief factor U/V of L if (H+V)nU=U and said to avoid U/V if
(H+V)n U=V. All formations considered here are non-zero.

Definition. A chief factor U/V of the solvable Lie algebra Lis called §-central
if the split extension of U/V by L/C(U/V)e % and F-eccentric otherwise.

Note that if any extension of U/V by L/C(U/V) is in , then the split
extension is also in § by Lemma 1.16 of [1]. Note that U/V is MN-central if and
only if it is central in the usual sense and is U-central if and only if dim U/V=1.

The question raised in the first paragraph may now be formulated in the
following way. Let & be a saturated formation. If Lis a solvable Lie algebra,
then does L contain subalgebras which cover the &-central chief factors of L
and avoid the rest? This will be answered in the affirmative and then some
properties of members of this class are considered; in particular, their relations
with §-projectors.

Definition. Let M be a maximal subalgebra of L. M is called §-normal in
Lif L/core, (M)e & and §-abnormal otherwise.

Note that L/core, (M) is a primitive Lie algebra in the sense that L/core, (M)
contains a minimal ideal which is its own centralizer. A maximal subalgebra M
of L is M-normal if and only if M is an ideal and is A-normal if and only if M
has codimension one in L.

Lemma 1. A maximal subalgebra M of L is §-normal if and only if it con-
plements an §-central chief factor of L.

Proof. Suppose M is §-normal. Put K =core, (M). Let H/K be the unique
minimal ideal of L/K. Then M complements H/K and L/K is the split extension
of H/K by L/C(H/K). Now L/Ke since M is &-normal.

Suppose M complements an §-central chieffactor H, /K of L. Then H+M= L,
MAH=K.Put C=C(H/K)and D=Mn C. Now D is an ideal of L and any
ideal of L contained in M centralizes H/K, hence D=core,(M). Now L/D
is the split extension of H/K by L/C. Hence L/De and M is -normal.

Lemma 2. Le & if and only if every minimal ideal of L/®(L) is §-central.

Proof. Since Le§ if and only if L/®(L)e§ (Lemma 3.5 of [1]), we may
suppose ®(L)=0. By Theorem 3 of [12], N(L)=N, +--- + N, where each N; 1S
a minimal ideal of L. Let C,= Cy (N). Then N(L)= ) C; by Theorem 3 of [12}

Since ®(L)=0 and N(L) is abelian, N(L) is complemented by a subalgebra,
say B. Let M,=N,+--+N,+--+N,+B for i=1,...,r. Clearly each M; 18
maximal in L. Now M, C,=core, (M) and L/M;n C, is the split extension
of N, by L/C;. Thus L/M;n C,e if and only if N, is §-central Since & 15 2
formation and () (M;n C)=0, Le & if and only if all N; are &-central.
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Corollary. The following are equivalent :

(1) Every chief factor of Lis §-central.

(2) Every maximal subalgebra of Lis F-normal.

(3) Leg.

(@) L/®(L)ed.

Proof. That (1) implies (2) follows from Lemma 1. Suppose that (2) holds.
Then every maximal subalgebra of L= L/®(L) is §-normal and each minimal
ideal of L is complemented by an §-normal maximal subalgebra. Hence each
minimal ideal is §-central and (3) holds by Lemma 2. Now (3) and (4) are
equivalent using Lemma 3.5 of [1]. Assume now that (3) holds and let U/V be
a chief factor of L. Since L/Ve @, the split extension, [* of U/V by L/U is in
& by Lemma 1.16 of [1]. Let M be a complement of U/V in L*. Now core . (M)
=Mn C.(U/V)and L*/core,.(M)is the split extension of U/V by I*/C(U/V)
and is also the split extension of U/V by L/C,(U/V). Since L*/core . (M)e &,
(1) holds.

2. -Normalizers

Definition. Let M be a maximal subalgebra of L. M will be called §-critical
if M is &-abnormal and M + N(L)=L.

Note that if Lis a homomorphic image of Land M < L, then M is §-critical
if M is §-critical.

Definition. A chief factor U/V of L is called §-critical if it is F-eccentric
and all factors below it are either §-central or uncomplemented.

Lemma 3. Let M be a maximal subalgebra of L. Then M is §-critical if and
only if M complements an §-critical chief factor of L.

Proof. The assumptions and assertions are unaffected by passage to L/®(L),
hence we may assume @(L)=0.

Let M be F-critical and set N=N(L). Then N(L)=A,+---+ A, for some
minimal ideals A; of L. Since M £ N, M complements some A;, and this 4, is
clearly §-critical.

Suppose conversely that M complements the §-critical chief factor H/K
of L. Then M is §-abnormal. If K =0, then HSN =N (L) and so M is §-critical.
Suppose K 40 and let A< K be a minimal ideal of L. Let N */A=N(L/A) and
put C=C,(A4). Then N*n C=N. Suppose M is not F-critical. Then M2 N.
By induction, M /A is §-critical in L/A, so that M 2 N*. Thus M complements a
chief factor between N* and N* A C. Since AcK and is complemented, A4 is
-central and therefore L/Ce§. Hence all chief factors of L above C are
-central. But N* /N* n Cand N*+ C/C are operator isomorphic and therefore
all chief factors between N* ~ C and N* are &-central. Hence M complements
an F-central chief factor of L contrary to M being F-abnormal.

Theorem 1. L has an &-critical maximal subalgebra if and only if L¢ §.

l Proof. If Le §, then each maximal subalgebra is §-normal and the result is
Clear,
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Conversely, if L¢§, then L=L/®(L) has an F-eccentric minimal ideal, N,
by Lemma 2. Then N/®(L) is an F-critical chief factor and is evidently comple-
mented by a maximal subalgebra M of L. By Lemma 3, M is -critical.

Definition. Let L be a solvable Lie algebra. An §-normalizer of L will be a
subalgebra H of L such that

(1) there exists a chain H=H,c---c H, ;= Lsuch that H; is an §-critical
maximal subalgebra of H;; and

(2) H has no g-critical maximal subalgebras.

The term F-normalizer is used because of the analogy with the subgroups
of Carter and Hawkes. However, the subalgebras defined here do not appear
to normalize anything in particular.

Corollary. Each solvable Lie algebra has -normalizers and these are in
&. In particular, Le§ if and only if it is an §-normalizer of itself.

Corollary. If Lisa homomorphic image of L and H is an §-normalizer of L,
then H is an §-normalizer of L.

Lemma 4. Let M be a maximal subalgebra of L. Then M contains an §-
normalizer of L if and only if M is §-abnormal in L.

Proof. Suppose M is §-abnormal. If M is §-critical, then trivially M
contains an §-normalizer of L, so suppose M is not §-critical. Then M 2 N(L).
Now M=M/®(L) is F-abnormal in L=L/®(L) and M2N(L)/(L)=N(L).
L has an -eccentric minimal ideal 4 by Lemma 2, JL—J 24 and 4 has a com-
plement V=V/®(L) which is §-critical in L. Since V~L/4, MV is an §-
abnormal maximal subalgebra of V. Now V is §-critical in L and M N V is an
&-abnormal maximal subalgebra of V. By induction M NV contains an §-
normalizer D of V. Now D is also an &-normalizer of L and D= M.

Conversely, suppose D is an §-normalizer of Land D = M. Let K =core, (M).
Then D+K/K is an -normalizer of L/K and D+ K<M L. Therefore
L/K¢8.

Theorem 2. Let K be an §-normalizer of L. Then K covers the §-central chief
factors of L and avoids the §-eccentric chief factors of L.

Proof. We may assume that L¢§. Let A/B be a chief factor of L such that
B=+0. Then K + B/B is an §-normalizer of L/B and the result holds by induction.
Hence we may suppose that A is a minimalideal of L. Let K=K < ---c K, ;=L
be a chain which makes K an §-normalizer of L. Suppose K,+ A= L, hence
K, A=0. Then K avoids A. Since K, is §-abnormal, 4 is §-eccentric and the
result holds in this case.

Suppose that K,+AcL, hence AcK,. Since K,+N(L)=L and C.(4)
DN(L), A is a minimal ideal of K, and is §-central in K, if and only if it i§ &
central in L. Since K is an §-normalizer of K, the result follows by induction-

Corollary. Let K be an §-normalizer of L. Then the dimension of K is the

sum of the dimensions of the §-central chief factors in any given chief se'ries of
L. In particular, if K and J are both §-normalizers of L, then dim K =dim J.
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Note that if U is a U-normalizer of L, then dim U is the number of one-
dimensional factors in any given chief series of L.

In general, if K and J are §-normalizers of L, they need not be conjugate.
Also there exist Lie algebras L which have subalgebras which satisfy the
covering-avoidance property but are not F-normalizers of L. Examples of
these situations appear in the final section of the paper.

This covering-avoidance property may be used to show the next result. For
groups, see Lemma 3.1 of [11].

Corollary. Let D be an §-normalizer of L and H and K be ideals of L. Then
(1) (D+H)n(D+K)=D+(HNK) and
(2) DnH)+(DNnK)=Dn(H+K).

Proof. To show (1) we may assume that H+0, K+=0 and HNK=0. We
use induction on dim L. Let H, be a minimal ideal of L contained in H. Then
since D+ H,/H| is an §-normalizer of L/H,, the induction hypothesis implies
that (D+H/H)n(D+H,+K/H)=D+H,/H, so that (D+H)n(D+K)=
(D+H;)n (D +K). Hence we may suppose that H=H,; that is, H is a minimal
ideal of L. Also we may suppose that K is a minimal ideal of L.

By the covering property of D, we may suppose that H and K are §-eccentric
chief factors of L. Then H + K/K is also an -eccentric chief factor of L, and
hence, by the avoidance property of D, D n(H + K)=0. Suppose xe(D+ H)n
(D+K). Then x=d, + h=d, +k with d,, d,eD, heH and ke K. Then d, —d, =
k—heD n(H+K)=0. Hence h=k and xeD. Therefore (D + H)n (D + K)=D.

Now (2) follows from (1) and the Lie algebra version of Hilfssatz 2.5 of [10].

3. Two Characterizations of &-Projectors

In this section we find two characterizations of §-projectors which will be
of use in the next section.

Lemma 5. The §-projectors K of L can be characterized by the following
conditions:

(1) Keg.
(2) Every link in every maximal chain joining K to L is &-abnormal.

Proof. Induct on dim L. Let D be an §-projector of L and DcsVcUcL
Where ¥ is a maximal subalgebra of U. D is an §-projector of U so thatif U< L,
then ¥ is F-abnormal in U by induction. Hence assume U=L and V is a
maximal subalgebra of L. Let K =core, (V) and H/K be the minimal ideal of
L/K. Suppose V is §-normal in L. Then L/Ke . Therefore L=D+ K by the
definition of D as an &-projector of L. But K+D< V<L, a contradiction.
Hence ¥ is §-abnormalin L.

Conversely, suppose De and that every link in every maximal chain from
Dto L is &-abnormal. Let D= Sc L and S, be an ideal of S such that S/S,e&.
fScL, then D is an &-projector of § by induction, hence S=S, + D. Suppose
So+D=S=L and let M be a maximal subalgebra of L containing S,+ D.



242 E.L. Stitzinger:

Since M2D, M is §-abnormal in L. But L/S,€, hence all maximal sub-
algebras of L/S, are §-normal. Hence M/S, is §-normal in L/S,, so that M
is §-normal in L and we have a contradiction.

Definition. A maximal subalgebra M of L will be called -crucial if

(1) M is §-abnormal in L and

(2) M/core, (M)e®.

Lemma 6. L has an §-crucial maximal subalgebra if and only if L¢F. If L¢§

and C is an §-projector of L, then L has an §-crucial maximal subalgebra which
contains C.

Proof. The result holds if Le . Suppose L¢&. Let C be an F-projector of
L and let M be a maximal subalgebra of L containing C. Put K=core, (M)
and let N/K be the minimal ideal of L/K. Then L/K ¢ since C+ K< McL.
If L/N¢, then by induction, C+ N/N is contained in an &-crucial maximal
subalgebra U/N of L/N and U is §-crucial in L. If L/Ne, then M/K e and
M is E-crucial.

Lemma 7. Let L be a solvable Lie algebra and A be a subalgebra of L. Then
A is an §-projector of L if and only if there exists a chain A= A,c---c A, =L
in which A, is §-crucial in A; _, and A contains no §-crucial subalgebras.

Proof. Suppose the condition holds. Then A€ by Lemma 6. If A= L, then
the result is clear. Suppose A = L. Now A is F-crucial in 4,, hence by Lemma 5,
A is an -projector of A,. If A, =L, then we are done. Suppose 4, = L. Let
K =core,,(A,). Then A;/Ke and 4,/K is F-abnormal in 4,/K so that A4;/K
is an §-projector of 4,/K. Hence, by Lemma 1.8 of [1], 4 is an §-projector of
A,. We may continue this procedure up the chain to see that 4 is an §-projector
of L.

Conversely, suppose A is an §-projector of L. If Le®, then the result
is trivial. If L¢, then, by Lemma 6, there exists an §-abnormal maximal
subalgebra M of L which contains 4 and M/core, (M)e§. A is an §-projector
of M so we may repeat this procedure in M until we reach a subalgebra T of L,
A< Tand Te. Since A is an F-projector of T, A=T and the result holds.

4. F-Projectors and §F-Normalizers

Denote the class of solvable Lie algebras L which have a nilpotent ideal
whose factor is in & by NF.

Theorem 3. If LeN, then the §-projectors coincide with the F-normalizers.

Proof. If Le, then the result is clear. Suppose L¢ §. Then L has an i
abnormal maximal subalgebra M and clearly L=N(L)+M. Hence every
§-abnormal maximal subalgebra of L is §-critical. Also N(L)n M is an ideal
in M and not self-normalizing in N(L), hence N(L)n M is an ideal in L. Then
N(L)n M c=core, (M). Hence Mj/core, (M)e. Therefore each -abnormal
maximal subalgebra of L is §-crucial. Consequently, the &-crucial and &
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critical maximal subalgebras of L coincide. Hence the §-projectors and
¥-normalizers of L coincide using Lemma 7.

We note that if L has nilpotent length at most two and =N, then
Theorem 2, Theorem 3 and the fact that -projectors are precisely Cartan
subalgebras shows that Cartan subalgebras have the cover-avoidance property
shown in [8]. Also, the condition LeM F can not be removed as is seen in the
example in the final section.

Corollary. Let C be an §-projector of L and H, K be ideals of L. Then

(1) (C+H)n(C+K)=C+(HnK) and

(2) (CNH)+(CnK)=Cn(H+K).

Proof. To show (1) we may assume H>0, K50 and Hn K=0. Induct on

dim L. Let H; be a minimal ideal of L contained in H. Then C+ H,/H, is an
&-projector of L/H,, hence the induction hypothesis yields

(C+H)/H,n(C+H,+K/H))=C+H,/H,
so that
(C+H)n(C+H,+K)=C+H,.

Similarly, if K, is a minimal ideal of L contained in K, then

(C+K)n(C+H+K,)=C+K,.
Hence,
(C+H)n(C+K)=(C+H)n(C+K)).

Now H, + K, is an abelian ideal of L and Ce;, hence H, + K, + CeNF. Also,
Cisan E-projector of H, + K, + C. Hence C is an §-normalizer of H, + K, + C.
Therefore, the Corollary to Theorem 2 yields

(C+H)n(C+K)=C+(H,nK,)=C.
Hence,
(C+H)n(C+K)=C.
Therefore (1) holds.

Now (2) follows from (1) and Hilfssatz 2.5 of [10].

Theorem 4. Let LeN§ and H a subalgebra of L which covers all §-central
chief factors of L in some chief series of L. Then H contains an §-normalizer of
L. In particular, if H also avoids the §-eccentric factors in the chief series, then
H is an §-normalizer of L.

Proof. If H=L, then the result is clear. Assume that L¢§ and H<L. Let
M be a maximal subalgebra of L containing H. Since H covers all §-central
factors in the given chief series, M complements an §-eccentric chief factor of
L.Hence M is §-abnormal in L and so M is §-critical since clearly M + N(L)=L.
Now in the given series, M avoids one F-eccentric factor contained in N(L)and
Covers the remaining factors. Let A/B be a chief factor of L covered by M.
Since N(L) centralizes A/B,

M/C,(A/B)y=M/C(A/BynM =M+ C,(4/B)/C.(A/B)=L/C,(A/B)
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and the split extensions of 4/B by L/C, (4/B) and A/B by M/C,,(A/B) are seen
to be isomorphic. Furthermore, A=(4 " M)+ B, hence A/Band AnM/BnM
are operator isomorphic. Hence C,,(4/B)=Cy,(AnM/Bn M) and the split
extensions of A/B by M/C,,(A/B) and AnM/BnM by M/C,(AnM/Bn M)
are also isomorphic. Hence 4 " M/Bn M is a chief factor of M and is F-central
in M if and only if A/B is §-central in L. Therefore H covers all §-central chief
factors of M in the chief series induced in M by the given chief series of L. By
induction H contains an §-normalizer of M. But M is §-critical, hence H
contains an {-normalizer of L. If H also avoids the §-eccentric chief factors
of L, then H has the same dimension as the §-normalizers of L and so must
be one of them.

It is noted that if L has nilpotent length at most two, =9 and H is a
subalgebra of L which has the cover-avoidance property, then the above two
results show that H must be a Cartan subalgebra of L.

Lemma 8. Let LeM, H a subalgebra of L suchthat He§ and L=N(L)+H.
Then N, (H) is contained in some §-projector of L.

Proof. The result is clear if Le§. Suppose L¢& and induct on dim L.
Let N be a minimal ideal of L. Then N+ H/Ne&and N + H/N + N(L/N)=L/N,
hence Ny y(N +H/N) is contained in an §-projector B/N of L/N and this is
of the form N + E/N where E is an §-projector of B and hence of L by Lemma 1.3
of [1]. Therefore N (H)SN,(N+H)=N+E. Suppose N+EcL. Then H
satisfies the hypothesis when considered as a subalgebra of N + E. Then N, (H)
is contained in an §-projector D of N +E by induction. Since N+ E/N is an
&-projector of L/N, D is an -projector of L. Hence we may assume that
L=N+E and L/Ne. Further, we may assume L/Ne for every minimal
ideal N of L, and so need only consider the case where N is the only minimal
ideal of L. But then L is primitive, N=N(L) and H+ N(L)=L implies that H
complements N in L, H=N,(H) and H is an §-projector of L.

Theorem 5. Let K be a subalgebra of L such that L=N(L)+ K. Then every
&-projector of K is of the form K N E where E is an §-projector of L.

Proof. K and L induce isomorphic derivation algebras on each chief factor
of L since N(L)+ K =L and N(L) centralizes each chief factor of L. As in the
proof of Theorem 4, if A/B is a chief factor of L covered by K, then A n K/Bn K
is a chief factor of K, A/B~ANK/BNK,L/C,(A/B)~K/Cx(An K/Bn K) and
the corresponding split extensions are isomorphic.

Suppose LeRF. Then K/KNN(L)~L/N(L)e&. Hence any F-projector
E, of K satisfies (K A N(L))+E, =K. Therefore L=N(L)+E,. By Lemma3$,
E, =K NE for some §-projector E of L. Now K intersects an §-central chief
factor of L which it covers in an §-central chief factor of K. Let 0=N,= N, =
<N, =L be a chief series of L. Then K either covers or avoids any chief factor.
Since E covers the F-central chief factors and avoids the rest, dim (E n K) = sum
of the dimensions of the {-central chief factors in the series which K covers.
But if N/N,_, is one of these, then N, K/N,_, nK is an -central chief factor
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of K.and N;n K/N,_;n K~N/N,_,. Then dim E, is the sum of the dimensions
of the F-central chief factors of K in the chief series induced in K by the given
chief series of L. Hence dim(En K)<dim E, and EnK=E,.

Suppose L¢MNF. Let C be an F-projector of K. Now C+ N(L)/N(L) is an
&-projector of K+ N(L)/N(L)=L/N(L) but is properly contained in L/N(L).
Hence there exists an §-crucial maximal subalgebra M/N (L) which contains
C+N(L)/N(L) and M is an §-crucial maximal subalgebra of L which contains
C+N(L). C is an &-projector of M nK. Since N(M)=2N(L), M=N(M)+
(M nK). By induction on M, there exists an §-projector E of M such that
En(MnK)=C. But M is §-crucial, hence E is an §-projector of L and
EnMnK)=EnK=C.

We are now able to find a relation between F-normalizers and §-projectors.

Lemma 9. Let & and §* be saturated formations. Suppose D is an -normalizer
of L. Then every §*-projector of D is the intersection with D of an §*-projector
of L.

Proof. Join D to L by an §-critical chain and work up applying Theorem 5.

Theorem 6. Each §-normalizer of L is contained in an &-projector of L.

Proof. Follows immediately from Lemma 9.

Lemma 10. Let § and §* be saturated formations such that § < &*, and let
D be an F*-normalizer of L and E be an F-normalizer of D. Then E is an
&-normalizer of L.

Proof. An §*-critical maximal subalgebra is §-critical.

Theorem 7. If U is a W-normalizer of L, then there exists a Cartan sub-
algebra C of L such that U~ C is an N-normalizer of L.

Proof. Let D be a Cartan subalgebra of U. Then D=U n C for some Cartan
subalgebra C of L by Lemma 9. But Ue = N N and therefore the N-projectors
and N-normalizers of U coinside. Therefore D is an N-normalizer of U and
hence D is an M-normalizer of L by Lemma 10.

Lemma 11. Suppose § and §* are saturated formations, that F<F* and
that the §- and F*-projectors of L coincide. Then a chief factor A/B is §-central
if and only if it is F*-central.

Proof. If A/B is §-central, it is trivially §*-central. Let L be a minimal
Counterexample and let 4 be a minimal ideal of L. The §- and F*-projectors
of L/A coincide, so every §*-central factor of L/A is also §-central. Since L is
a counterexample, A is F*-central but not F-central. Since this holds for every
minimal ideal, L has only one minimal ideal. Let C=C,(A4) and let U/A be
an §*-projector of L/A, and so also an §-projector of L/A. Since A is F*-central,
L/Ce@* and therefore C+ U=L. It follows that A is a minimal ideal of U
and the split extension of A4 by L/C is the split extension of A by U/Cy(A).
Thus 4 is F-(respectively §*-)central in L if and only if it is §-(F*-)central in
U. A subalgebra V of U is an F-(F*-)projector of U if and only if it is an -
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(F*-)projector of L. Thus U satisfies the conditions of the lemma and the
result follows by induction unless U= L. Thus we have L/4e < §*. Since 4
is *-central, Le §* and is an §*-projector of L. Therefore L is an §-projector
of L and Le§.

Corollary. If &, &* are saturated formations and the §-, F*-projectors of L
coincide, then a chief factor of L is &-central if and only if it is §*-central.

Proof. Here the & n &*-projectors of L coincide with the §- and F*-
projectors of L. Hence the result follows from Lemma 11 applied to F N F*= &

and Fn F* = F*.

Theorem 8. Suppose the §- and §*-projectors of L coincide. Then the §&- and
&*-normalizers of L coincide.

Proof. By the above Corollary, it is sufficient to show that if L has a chief
series in which the &- and F*-central chief factors coincide, then the §- and
&*-normalizers of L coincide. Suppose then that L is a minimal counter-
example, that D is an §-normalizer of L and that M is an §-critical maximal
subalgebra of L such that D= M. Then M complements an §-eccentric chief
factor in the given series and it must be §*-eccentric also. Hence M is §*-
critical. As in the proof of Theorem 4, the chief series induces a chief series in
M which satisfies the hypothesis. The result can now be completed by induction.

Let MNF be the collection of all solvable Lie algebras L which have a
nilpotent ideal N such that L/NeN§.

Theorem 9. Let LEMNF. Then each F-normalizer of L is contained in
exactly one E-projector of L.

Proof. Let D be an §-normalizer of L and D<E,, E, where E, and E, are
§-projectors of L. Then L/N(L)eNF and E; + N(L)/N(L)=D+ N(L)/N(L)=
E,+N(L)/N(L) by Theorem 3. Therefore E, +N(L)=D+N(L)=E,+N(L)
Hence E,=E,n(D+N(L))=(E,nN(L))+D and E,=(E,nN(L))+D. Let 4
be a minimal ideal of L. By induction A+ E;=A+E,. Now E; and E, are
both §-projectors of A+E, and A+E,/Ae&. By Lemma1.11 of [1], there
exists ae A such that E, =E, (I+ad a). Also 4 is in the center of N(L), hence

E,AN(L)=E,(I+ad a)nN(L)=(E,nN(L)) (I +ad @)= E, " N(L).
Then
: E,=(E,nN(L))+D=(E,nN(L)+D=E,.

The final result of this section is a characterization of -projectors which
is analogous to Theorem A of [9].

Theorem 10. Let E be a subalgebra of L. E is an §-projector of L if and
only if O(E) is maximal in 0(L), subject to the condition of being in §, for every
homomorphism 6 of L.

Proof. The condition is clearly necessary. Suppose then that the condition
holds. Let E* be a subalgebra of L such that O(E*) is maximal subject to the
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condition 0 (E*)e & for every homomorphism 6 of L. We use induction on dim L.
If N is a minimal ideal of L, then the conditions carry over to L/N; hence, by
induction, E*+ N/N is an g-projector of L/N. Let M =E*+ N. Then M/N ~
E*/E*nNeg, hence MeR§. Also N = N(M), hence E* + N(M)=M. Now by
Lemma 8, E* < F for some §-projector F of M. By assumption, E* = F, hence
E* is an §-projector of M. Since E*+ N/N is an §-projector of L/N, E* is an
J-projector of L.

5. Example

In this section we deal with =N and consider the M-normalizers in a
class of Lie algebras which may be thought of as analogues to the 4-groups of
Hall and Taunt. We need some more notation. The derived algebra of L will
be denoted by L and the derived algebra of L by L’. The center of L will be
denoted by Z, (L) and define the upper central series of L inductively by letting
Z,(L) be the subalgebra of L such that Z,(L)/Z,_,(L)~Z,(L/Z,_,(L)). The
terminal member of the upper central series of L will be called the hypercenter
and denoted by H(L).

We shall say that L is an A-Lie algebra if all its nilpotent subalgebras are
abelian. Clearly a subalgebra of an A-Lie algebra is also an A-Lie algebra. Also
this property is preserved under homomorphisms. For let L be an A-Lie algebra
and L/N a homomorphic image of L. Let K/N be a nilpotent subalgebra of
L/N and C be a Cartan subalgebra of K. Then C+ N/N=K/N and since C
must be abelian, K/N is abelian.

If L is a solvable Lie algebra and K is an M-normalizer of L, then, since K
avoids all eccentric chief factors of L, one sees that K is contained in the hyper-
center of its normalizer. Since K covers all central chief factors of L, K contains
H(L). For the same reason, K+ I'=L. If L is an A-Lie algebra, then Z,(L)=H(L).
For by the Jacobi identity [Z,(L), L]1=0. Since L is an A-Lie algebra, K is
abelian and [Z, (L), K]=0 since Z ,(L)sH(L)< K. Hence

[Z,(L), L]=[Z,(L),L+K]=0 and Z,(L)=Z,(L)=H(L).

Theorem 11. Let L be an A-Lie algebra. Then Z,(L)n L =0.

Proof. Let L be a minimal counterexample. Then Z,(L)nL=H=+0. Let
N0 be an ideal of L. Then (L/N) =L +N/N and (Z,(L)+N)/N< Z,(L/N).
Since dim L/N<dimL,CnZ,(Ly=H<N and H is the unique minimal ideal
of L.

. Now L'cL. Suppose L' +0. Then L'= H. Now H=Ln Z,(L) is contained
In the center of L so that HSL'nZ (L) which contradicts the minimality of
L. Hence 1’ =0.

Let C be a Cartan subalgebra of L. Then L= C+L and the Fitting one-
fomponent C, of L with respect to C satisfies C, L. Since L is abelian, C,
S an ideal with abelian factor isomorphic to C. Hence C,=L. Now if
X€LnZ (L), then xeN,(C)=C and xe Cn L =0.
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From this result one sees that the derived algebra of an A-Lie algebra L
avoids all central chief factors. If K is an :M-normalizer of L, then K avoids all
eccentric chief factors. Hence K n L =0. Therefore in an A-Lie algebra, the
N-normalizers are complements of the derived algebra. As will be seen, not
all complements of the derived algebra are M-normalizers.

Let L=(u,v,eg,...,e, ) with multiplication [u,v]=u, [e;, e;]=0,
[e;,ul=e;, , [e;,v]=ie; (subscripts mod p) over a field of characteristic p.
L is verified to be an A4-Lie algebra and ((v)), (u+v)) are M-normalizers of L.
These subalgebras are not conjugate; in fact, there is no automorphism of L
which takes ((v)) into ((# + v)) since their normalizers are of different dimensions.
L has nilpotent length 3 and so ((v)) is contained in a unique Cartan subalgebra
by Theorem 9. It is ((v, e,)).

Now ((v+¢,)) has the cover-avoidance property. However ((v+e¢,)) is not
an N-normalizer of L. For, suppose ((v+e,)) is an N-normalizer of L. Then
((v+ep)) is contained in a maximal critical subalgebra P. Evidently P com-
plements Q=((e,, ..., €,_;)) in L, so that P has dimension 2. Now there must

p—1

exist a vector z=au+bv+ Y «;e;, where a, b, are in the ground field, such
i=0
that P=((z,v+e,)) and [z,v+e,]€P. Hence there exist scalers s and ¢ such
that [v+ey,z]=s(v+ey)+tz. We see that —a=ta, O=s+tbh, 0=s+tay,
—a,+a=ta, and ioq;=to; for i=2,...,p—1. One sees that a=0 and either
t=0 or b=a,. If b=0a,, then z—b(v+e,)e QN P, hence z—b(v+e,)=0 and
dim P=1, a contradiction. If t=0, then s=a;=---=a, ;=0 and therefore
z=bv+aye,. Then (bv+aye,)—b(v+ey)=(0,—b) e €PN Q, hence oy =b. As
we have seen this is a contradiction. Hence (v + e,)) is not an 9t-normalizer of L.

Finally notice that ((v+e,)) is a complement of the derived algebra of L,
but as we have seen, it is not an J-normalizer of L.
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On Gruenberg Resolutions for Augmented Algebras

FRANZ BACHMANN*

Introduction

Let G be a group and 1-K—F—G—1 any free presentation of G.
Using the induced map of group algebras

Z[F1-%Z[G],

Gruenberg [3] found a very useful Z[G]-free resolution of Z. As this resolu-
tion depends only on the kernel of ¢ and the augmentation ideal of Z[F], it
is natural to ask if a Gruenberg resolution exists for augmented k-algebras
(k a commutative ring): Let T—%>R be a surjective morphism of augmented
k-algebras with kernel S. Denote the augmentation ideal of T by JT. Then it
is easy to see that the following is an exact sequence of left R-modules:

G(¢): -+-— SYS™+1 5 "1 JTIS" JT— S~ 1/8"
o> §/S2 > JTIS - JT—2+ R—5 5 k— 0.

Here ¢ is induced by ¢, ¢ is the augmentation of R and all the other arrows
are induced by inclusion. When is G(¢) an R-projective resolution of k!
Knopfmacher in [4] gives a sufficient condition: If both S and J T are projective
T-modules, then G(¢) is an R-projective resolution. However, an example (1.7)
shows that T-projectivity of S and JT is not necessary. In fact, we prove the
following

Theorem. S and JT are T-projective iff

(i) G(¢) is an R-projective resolution of k,

(ii) ¢ is special
where a special morphism fullfills some Bourbaki-condition (1.4) on the S-adic
filtration of S and JT.

In Section 2 we consider the case where S is a principal ideal, generated. by
a non-divisor of zero of T. It turns out that (a) ¢ is special, (b) S is T-projective.
(c) If JT is T-projective, G(¢) is a periodic resolution of k. We conclude our
work with some examples; in particular, if T=k[x] and S=(f) we find 2
periodic resolution of k as a k[x]/( f)-module.

* This work was supported by the Swiss National Science Foundation.
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1. The Gruenberg Sequence

L1 Let k be a commutative ring and T—%- R a surjective morphism of
augmented k-algebras. We denote Ker ¢ by S and the augmentation ideal of
T by JT. Setting S°=T we define ([4]) left R-modules X, n=0) by

X,=S"YJT/IS"JT if n=2m—1,
X, =Sm/sm+1 if n=2m.

The Gruenberg sequence of ¢ is defined as
G(@): =X, > X, > —>X; > Xy—k—0

where X, — k is the augmentation of R, X, — X, is induced by ¢ and X,—X,_
(n>1) is induced by inclusion. R-exactness of the following things shows us
that G(¢) is an exact sequence of left R-modules:

0—S"JT/S"+! — S"/S"+1 . §"/S" JT— 0,
0— 8"+l /S"+ JT— S"JT/S"*+ ' JT— S" JT/S"*+! - 0.

1.2. Remark. The above construction of G(¢) can be generalized: Let
(F,4),5, be a filtration of the ring A such that

() FpbA=A.

(ii) A/F, A is a ring.

Take a left ideal N—A with the “induced” filtration (F,N) such that
F,,1A<F,N (p=0). Then

by A/Fy , A FN/E, \N—F,A/F, A
-++—N/F,N —L> A/F, A— Cok L—0

is an exact sequence of 4/F, A-modules.

1.3. We return to the situation of 1.1. Let M be a left T-module and

8r(M)= @ gr,(M) the graded T-module associated to the S-adic filtration on
20

M. There is a natural R-linear surjective map ([1])
Uy gr(T)@g M/SM — gr(M)

given by multiplication. We denote the n-th component of u,, by uf.
Lemma ([1]). Consider the following statements:
(@) M is left T-flat.
(b) M/SM is left R-flat and Tor! (R, M)=0.
() M/SM is left R-flat and u,, is bijective.

Then we have (a) = (b) = (c).
176 Math. z, Bd. 124
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Proof. The proof of this lemma is well-known: (a) = (b) is trivial. (b) = (c)
follows from the fact that

S"®@M=S"M (n=1)
and the commutativity of the diagram
" @M — S"®rM — S"/S" ' @ M/SM ——0

l | |

0—>S"*'M — "M —— gr,(M)————0.

1.4. Definition. Let T—?»> R be a surjective morphism of augmented
k-algebras. ¢ is called special if

uyr: gt(T)@RJT/S-JT—-gr(JT)
and
ug: gr(T)®gS/S* —> gr(S)
are bijective.

1.5. From 1.3 we know that ¢ is special if JT and S are projective T-modules.
The converse is not true in general; however, if we put stronger conditions on
¢, we can characterize those morphisms ¢ such that JT and S are T-projective:

Theorem. For our morphism ¢ the following statements are equivalent:

(a) JT and S are projective left T-modules.

(b) @ is special and G(¢) is an R-projective resolution of k.

Proof. Let JT and S be T-projective. We show by induction on n that
S"/S"+! is left R-projective, (n=1). For n=1, the assertion follows from
Lemma 1.3. Consider then the isomorphism

S7/Sm+1 571 /5" @ S/S2.

By induction hypothesis and [2] the left hand side is left R-projective. Again
by Lemma 1.3 we have isomorphisms

S"IT/S"+1JT=S"/S" ' @rJT/S - JT.

This proves R-projectivity of S"JT/S"+' JT (n=1).

Assume now (b). We want to show that JT is T-projective. By a result of
Roy [6] it is enough to know that gr(J T) is gr(T)-projective. From (b) it follows
that gr(JT) is R-projective. Therefore, gr(T)®ggr(JT) is gr(T)-projective:
Using the isomorphism

gr(T) ®xer(JT)=(gr(T) ®r(© 5 T)S™ JT)) @er(T)@xJT/S-IT

we conclude that gr(T)®gJT/S-JT=gr(JT) is gr(T)-projective too. The
same idea applies to S. This completes the proof of the theorem.
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1.6. Remark. The statements “¢ is special” and “G(¢) is an R-projective
resolution” are far from being independent. Indeed, if ¢ is special and
S/S*@®JT/SJT is R-projective, G(¢) is R-projective. On the other hand,
projectivity of G(¢) gives us a section of u,, and ug. However, 1.7 shows that
there exist non-special morphisms ¢ such that G(9) is projective.

L7. Example. Take k=Z,, T=Z,,, R=Z,, ¢ the obvious projection. We
have then §=6-Z,,, JT=2-Z,,. So S-JT=52=0 in Z,,. The Gruenberg
sequence looks as follows:

0-8-JT->Z,—2Z,—-0.

This is a Zg-projective resolution of Z, because Z is a semi-simple ring ([2]).
On the other hand, the sequence

0-2-Z2,,52,,-6-Z,,-0

is obviously not Z,,-split; hence, S and JT cannot be T-projective.

2. Principal Ideals

2.1. Let T be an augmented k-algebra and let s be a central non-divisor of
zero of T such that seJT. Then the quotient T/s T is augmented in a natural
way; we are interested in the morphism

T, TisT'
22. Lemma. ¢ is special.

Proof. We claim that the multiplication map
Su ®TS In Sn+l

is a bijection for n>1: An inverse g, for f, is given by g,(s"*! - t)=5"®s- 1. By
the proof of Lemma 1.3 this implies that ug is an isomorphism. A similar
conclusion holds for u,;.

2.3. Lemma. S is T-projective.
Proof. This is trivial: s establishes an isomorphism s T=T.

2.4. Theorem. Let ¢ be as in 2.1 with T/sT=R. Then G(¢) is a periodic
Sequence:

- R®pIT-4>R-4 R JT-%s ... %2, R JT-“ R k—0
Wwhere d, is given by multiplication and d,(r)=r®s (reR).
Moreover, G(¢) is an R-projective resolution of k iff JT is T-projective.

Proof. The second assertion follows from Theorem 1.5 and Lemmas 2.2 and
23. For the first assertion we observe (using again the properties of s)

S"/S"+12 T/S~R
and s
S"JT)S"+ JTZJT)S - JT2R®JT.
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Of course, a, and B, are defined as “cutting away the 5" part”, whereas their
inverses are multiplications by s".

2.5. Corollary. If JT is T-projective, ..dimg k=0 or co.

2.6. Example. Let k be a commutative ring and T=k([x]. Let fek[x] bea
monic polynomial such that there exists a wek with f(w)=0. We augment k[x]
by sending x to w ([5]). Let us write k, for k[x]/(f).

Proposition. A k-projective resolution of k is given by
"'_’kf—‘)k‘r@TJT‘_"kf—"“ '_’kf®TJT’_’kf‘—>k—*0

with maps defined as in 2.4.

Proof. This is an application of Theorem 2.4: JT is generated (as a k[x]-
module) by the non-divisor of zero (x —w). Therefore, JT is T-projective.
Another such resolution was found by Ramanan-Sridharan in [5].

2.7. Almost-example. Take for T the free ring on two symbols x and y,
S=(x y—yx). Therefore, R=k[x, y]. Let now k be a field; then T is a free
ideal ring (e.g. [4]), so G(¢) is a projective resolution. On the other hand we
know ([2]) that dim,, ,k=2. This shows that the assumption “s central”
is essential in the proof of 2.4.
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Note on the Integral Group Ring Problem

ROBERT SANDLING

This note provides new approaches to three known results on the integral
group ring problem, that the integral group ring determines normal abelian
sections, the commutator subgroup of two normal subgroups and the upper
class 2 section. The first two paragraphs give simpler proofs for several results
while the third paragraph introduces a new method of attacking the problem.

Let G and G* be finite groups for which ZG is isomorphic to ZG* as rings
and therefore, as we may assume, as augmented algebras. Glauberman and
Passman [3] show that such an isomorphism ¢ sets up a bijective correspond-
ence * between the normal subgroups of G and those of G*; this is defined by
fve= (ny). Here ny, for any finite group H, denotes the norm element of ZH,
that is, the sum of the elements of H: let I (H) denote the augmentation ideal
of ZH, the annihilator of 5. Since I(N)ZG is the annihilator of Ny in ZG, we
see that I(N*) ZG* =¢(I(N) ZG).

Let H be a subgroup of G and Ta set of coset representatives for H in G,
which contains 1. Since ZG is free abelian on the elements of G, there is a homo-
morphism p from ZG to H/H' defined by sending x in G, expressed as ht, h in
Hand t in T; to the coset of & in H/H'.

The last item of notation to be explained here is that for the subgroup
attached to an ideal J of ZG. The set G 1+J of all elements x in G for which
X—Llis in J is a subgroup of G. The author’s thesis [4] consists largely of the
determination of these subgroups for specific ideals. This study led to the
Present observations on the integral group ring problem. The author thanks
the NSF for its support and the University of Cambridge for its extensive
hospitality.

§1. Abelian Sections

Most of this paragraph is to be found in Whitcomb’s thesis [6]. The mention
of the ZG-module structure is the (slight) innovation here, which makes
Corollary ii available.

_ Let N be a normal subgroup of G. Then N/N' is a left ZG-module by con-
Jugation. Thus,

Lemma 1. The map p from ZG to N/N' induces an isomorphism of left Z.G-
Modules from ,
I(N)ZG/I(N)I(G) to N/N'.

Furthermore, if I(N)I(G)=J <I(N)ZG, the image of J under p is H/N' where
H<Gn1+y.
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Proof. The inverse of p is obtained by sending the coset of n to the coset of
n—1; thus, p is an isomorphism.

The identity x(n'—1)=(xn'x"'n—1)t—(n—1)t, x=nt, shows that p
induces a left ZG-map.

Lastly, if o is in J and o is sent to the coset of n, then (n — 1) —a is in I(N) I(G)
so that nis in H.

Proposition 1. If N and M are normal in G and M is in N and N/M is abelian,
then ¢ induces a ZG-isomorphism between N/M and N*/M*, where N*/M *isa
Z.G-module via ZG* =@ (ZG).

Proof. The map p induces an isomorphism of left ZG-modules from
I(N)ZG/I(N)I(G)+I(M)ZG to N/M.

The same situation prevails for G*. But ¢ carries these ideals to their counter-
parts in ZG* involving N* and M*.

The following corollaries are then immediate, the first because N’ is the
smallest subgroup for which N/N’ is abelian, the second because [N, G] is the
smallest subgroup for which N/[N, G] is a trivial ZG-module.

i) N'*=N*'; thus, G"*=G*™ and the lower derived factors of G and G*
are isomorphic as ZG-modules (see Obayashi [2]).

ii) [N, G]*=[N*, G*]; thus, G,*=G*, and the lower central factors of G
and G* are isomorphic (see Cohn and Livingston [1]).

ili) Z(G; N)*=Z(G*; N*); thus, Z,(G)*=Z,(G*) and the upper central
factors of G and G* are isomorphic (see Passman [3]). Here Z(G; N)/N is the
center of G/N, the largest subgroup of G such that Z(G; N)/N is a trivial
ZG-module.

§ 2. Commutators

The proposition of this paragraph implies most of the above corollaries.
The proposition was established by Passman [3] for nilpotent groups and by
Whitcomb in general. Thruout, N and M are normal subgroups of G. If 4 and B
are subsets of ZG, define the Lie bracket (4, B) as the subgroup of ZG generated
by all (o, B)=af—fa, « in A, B in B.If A and B are ideals, (4, B) need not be an
ideal.

Lemma 2. [N, M]=Gn1+(I(N)ZG, I(M) ZG) ZG.

. Proof. Since I([N, M])ZG is contained in the ideal on the right, we may

assume that [N,M]=1. In this case, we can even show that 1=Gn 1+
I(N)I(M)ZG. To prove this, we may assume that G=NM by the following
principle:

If H is a subgroup of G and J a right ideal of ZH contained in I(H), then
GNn1+JZG=Hn1+J.

With G=NM, A=NnM is central and I(N)I(M) is already an ideal.
It suffices to choose coset representatives for A so that the associated map /
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has I(N)I(M) in its kernel. Let S be a set of representatives for 4 in N and T
a set for A in M, both containing 1; then the set STis an appropriate set of
representatives for 4 in G. Taking sa in N and td in M, we see that p sends
(sa—1)(td—1)toadata-1=1.

Proposition 2. [N, M]*=[N*, M*].

Proof. This follows from the properties of ¢ and the fact that, if J is a two-

sided ideal of ZG and H=Gn1+J, then H is normal in G and H*=G*n
1+o(J).

§ 3. The Class 2 Case

The Lemma in this paragraph is stated without proof. The proof appears
in [5] as a new method of proving the dimension subgroup conjecture for class
2 groups. The proof is laborious and would contribute little in the present
context. Here I" denotes the n-th power of I(G).

Lemma 3. There is an ideal J of ZG, not canonically defined, such that I 213
is isomorphic to the direct sum G'/G, @ J/I>.

This result is analogous to the classic result that I/I* is isomorphic to
G/G'. The author has been unable to decide whether there are further such
results such as J/I* isomorphic to G,/G +@® K/I4, etc.; if so, they would simulta-
neously resolve both the integral group ring problem for nilpotent groups and
the dimension subgroup problem (whether G,=Gn1+17).

Proposition 3. G/G, is isomorphic to G*/G*,.
Proof. The isomorphism of the Lemma is actually one of the form

P/P~J/P@(I(G)ZG+1P)1P

where the latter term is isomorphic to G'/Gj. Since the latter term is invariant
under ¢, we obtain a similar decomposition in ZG*.

Modulo J, I is a nilpotent ideal so that we may form the group of units
1+1/J which is isomorphic under ¢ to the group 14+1(G*)/p(J). Thus, it
suffices to show that G/Gj, is isomorphic to 1+1/J, which is obvious since
P<J shows 1 + 1/J to have class 2 while Lemma 3 and the fact that I/I1? ~ G/G’
show 1+1/J to have the correct order.

This proposition was first proved in G. Higman’s thesis; subsequently,
Passman [3] proved it and it is a consequence of the result of Whitcomb
below. The proof here is unusual in that it finds a section of the group in terms
of a noncanonical ideal. Recently other sections of the group have been found
Canonically in the group ring, particularly for solvable groups:

a) [6] G/G" is isomorphic to the canonical subset G+1(G')ZG modulo
@) 1G).

b) [4]Let N=G,,, the intersection of the lower central series, ipn=GNl+
I°I" where J* is the intersection of the powers of I, N, and S, be Sylow p-sub-
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groups of N and G respectively for all p. Then

im+n=N’ l—l[Np’ qu Sr] l—I[N‘nspa -"9Sp]

where the first product is taken over all triples of distinct primes p, g, r and the
second over all primes p and in which each term contains n copies of S,. The
sections i,/i,, , are determined as 1°/I°*" while the sections iy, , /i, ns1 aT€
determined as ZG-modules as [°+"/I®*"+!, The method for establishing these
results is due to Roseblade and Gruenberg.
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Correction to
“Locally Trivial Outer Automorphisms
of Finite Groups”

Math. Z. 114, 173-179 (1970)

EVEReTT C. DADE

Reinhard Lane has called my attention to an error appearing twice in the
proofs on page 177 of [1]. It concerns a finite group U having a normal Hall
subgroup H, and an automorphism « of U centralizing both H and U/H.
I had assumed that & would then fix a complement to H in U and hence be
trivial. The correct result, as Lane pointed out, is the

Proposition. The automorphisms « of U having the above property are pre-
cisely the inner automorphisms by elements of the center Z(H) of H.

Proof. Obviously all these inner automorphisms have the property.

Suppose xe Aut(U) centralizes both H and U/H. Let V be any comple-
ment to H in U. Then V is also a complement to the normal Hall subgroup
Z(H) in C,(H)V=Z(H) V. Since a centralizes H, it centralizes U/C(H). It
follows that

ZH) V*=[Z(H) V]*=[Cy(H) V]*=Cy(H) V=Z(H) V.

So ¥*is another complement to Z(H) in Z(H) V. Because Z(H) is an abelian
normal Hall subgroup of Z(H) V, there exists oeZ(H) such that V*=V° If
B is the inner automorphism of U determined by ¢, then obviously « B!
centralizes both U/H and H, and fixes V~U /H. So a p~'=1 and a=p, which
proves the proposition.

Because of the above remark of Lane, we must change the proofs in [1]
at two points. From now on, all numbers refer to statements in [1] and we
adopt the notation of that paper.

Proof of Lemma (1.14). The original proof shows that K normalizes L=
NG(CG(K)), and centralizes both the Hall subgroup C(K) of L and the factor
group L/Cg(K). Setting Z=Z(C¢(K)) and using the subscript 1 to indicate
Images in Aut(L), we obtain from the above proposition the inclusion:

K,2Z,.

If Z=1, then K,=Z,=1. If Z+1, then K=K(Z) by Lemma (1.11). We
know from (1.5)~(1.7) that K =[Cy(2C4(2)),, C1(Z)], where C5(ZC4(2)), is
the P-Sylow subgroup of the nilpotent group Cs(ZCg(2)). Obviously Cg4(2)
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centralizes C5(ZC4(2)),- So Cr(Z) acts on C5(ZCg(Z)), as the g-group
C(Z)/Cg(Z)=T*. Since g +p, it follows that [K, C,(Z)] =K. Evidently C(Z)
normalizes K, and hence normalizes L=Ng(Cg(K)). So we can take images
in Aut(L), obtaining:

K1 = [Kp CT(Z)J = [Zp CT(Z)J = [Za CT(Z)]1 =1.
Therefore K, =1 in all cases, and K centralizes L, which proves Lemma (1.14).

Proof of the Theorem. On line 10 of page 177 of [1] the group G is a Fro-
benius group with kernel N, and K(N) centralizes both G/N and N. Since
N is then a Hall subgroup of G, the above proposition implies that K(N)<
Z(N) (everything being already embedded in Aut(G)). This is impossible by
Lemma (1.6), since S/G=S*=+1. The contradiction proves the theorem.
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k-Homogeneous Groups *

WiLLIAM M. KANTOR

1. Introduction

A permutation group is called k-homogeneous if it is transitive on the
k-sets of permuted points.

Theorem 1. Let G be a group k-homogeneous but not k-transitive on a finite
set Q of n points, where n=2k. Then, up to permutation isomorphism, one of the
following holds:

(i) k=2 and GS AI'L(1, q) with n=g=3(mod 4);

(i) k=3 and PSL(2,q)SG=PI'L(2, q), where n—1=q=3 (mod 4);
(iii) k=3 and G=AGL(1,8), ATL(1,8) or AT'L(1,32): or

(iv) k=4 and G=PSL(2,8), PT'L(2,8) or PT'L(2, 32).

Here AI'L(1, g) is the group of mappings x — a x°+b on GF(q), where a=%0
and b are in GF(q) and se Aut GF(q). AGL(1, q) consists of those mappings
with ¢=1. All the groups listed in the theorem are assumed to act in their
usual permutation representations.

We note that, conversely, each of (i)-(iv) produces examples of k-homo-
geneous but not k-transitive groups. Thus, in (i) we need only consider maps
of the form x— a® x+b. Moreover, PSL(2,q), g=3(mod 4), and the groups
in (iii) and (iv) meet our requirements.

This theorem completes results of Livingstone and Wagner [8], who
showed that k must be at most 4. Clearly k> 1. For the case k=2, see [7],
Proposition 3.1. The case k=4 was considered in [6], but there is an error
in the proof. Note that the hypothesis n=>2k is essential, since, for example,
a 2-transitive group of degree n is (n— 2)-homogeneous.

The case k=4 will follow easily from the case k=3. If k=3 and neither
(ii) nor (iii) holds, it is easy to show that 3 ¥|G| and the stabilizer of 2 points
has precisely 3 orbits on the remaining points. However, the deep group-
theoretic results presently known about 3'-groups do not seem to apply to
our situation. Instead of these we use a combinatorial argument, based on
the proof of Gleason’s lemma ([4], Lemma 1.7), in order to employ induction.

Our notation is that of Wielandt [9]. If X is a subset of a permutation
w A(X) is its set of fixed points.

* Research supported in part by NSF Grant GP 9584.
18 Math. 7, Bd. 124
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2. Induction

In order to use induction to prove Theorem 1 when k=3, we will use
somewhat different hypotheses. The result will be an easy consequence of

Theorem 2. Let G be a group 2-transitive on a finite set Q, where n=|Q|> 2.
Assume:

(@) 341Gl; and

(b) If a then G,4 has precisely 3 orbits on Q— {u, B}.
Then n=>5 and |G|=20.

The following result will be used very frequently.

Lemma 1 (Livingstone and Wagner [8], Theorem 3; Bender [1], Lemma 3.3).
Let K be a group transitive on a finite set ®. Let r be a prime and R an r-subgroup
maximal with respect to fixing =2 points. Then N(R)*® is transitive.

Proof of Theorem?2. Let G be a counterexample with n minimal. By (a),
n>>5.

For a=+f let I;(x, ), i=1, 2, 3, be the orbits of G,; on Q— {a, }; this label-
ing is chosen in any way. (These orbits cannot necessarily be labelled so that
I; (o, B8)=1I; (o, B)® for all geG, as some g might interchange « and B and also
interchange two of the orbits I;(x, f).) For each i we have |I(a, f)|>1, as
otherwise by (b) N(G,z)*=# is 2-transitive of degree 3 or 4, contradicting (a).

Let p be a prime such that there is a nontrivial p-group fixing >2 points.
Let P<G,; be such a p-group maximal with respect to fixing >2 points.

Lemma 2. [A(P)| =5, IN(PY*®|=20 and |A(P) " (2 B)l=1, i=1,2,3.

Proof. By Lemma 1, N(P)*® is 2-transitive. Let i=1,2, or 3. If a p-sub-
group of G, fixes >1 point of I;(a, p) it certainly fixes >2 points of Q. Thus,
if A(P)nT;(a, f)+9 then by Lemma 1 N(P),, is transitive on 4(P)n [i(, p).

If A(P) meets all I;(x, B) then (a) and (b) hold for N(P)*”, and the lemma
follows from the minimality of n. Since N(P)4? is not 3-transitive by (a), 4(P)
cannot meet just one I;(a, f).

Suppose that 4(P) meets just two sets I7(a, f). There is a natural 1-1 corre-
spondence between the orbits O of N(P)*® of ordered triples (a, f, y) of distinct
points of 4(P) and the orbits of N(P){” on A(P)—{x, }. If O is such an orbit
then so are O'={(a, B, y)|(B, 7, ®)€0} and 0" ={(«, B, y)I(y, % f)€ O}. Since two
of 0, 0, 0" are the same in our case, N(P) contains a 3-element = 1, which is
not the case.

Lemma 3. No nontrivial element fixes more than 5 points.

Proof. If this is not the case, there is a prime p such that some nontrivial
p-group fixes > 5 points. Choose Q maximal among such p-groups. Set 4= 4(9)
and H=N(Q)*. Let P>Q be as in Lemma 2.

By Lemma 2, |I;(«, f)| =1(mod p), i=1, 2, 3. Thus, for any a*, f*e4, o* +p*,

we have [AnL(e* f*)|=1 (modp), i=1, 2,3. (*)
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If a p-subgroup of G,.;. fixes >1 point of some I;(a*, f*) then it fixes >5
points by Lemma 2. Thus, if |4 ~ F;(«*, f*)|> 1 then Q is maximal among the
p-subgroups of G, fixing >1 point of I;(a*, p*). By Lemma 1, H,. is
transitive on 4N I;(a*, f*), i=1,2,3. In particular, by the minimality of n, H
is not 2-transitive on 4. Frequent use will be made of the fact that, for any
distinct a*, B*e4, H,. 4 has precisely 5 orbits on 4.

Let xed. By (*¥) H, has a nontrivial orbit @ on 4 —a. Let ped.

We claim that H, fixes no point ed —a. For otherwise, H,;<H,=H,;,
where each of these groups has 5 orbits on 4 and g is an orbit of H,; but not
of H,;. This is clearly impossible.

In particular, H fixes no point de4.

Suppose that H is intransitive on 4. Let A4’ and 4" be (nontrivial) orbits
of Hon 4. Let ’e4" and a”€4". Both 4'—« and 4" —«” are unions of certain
of the 5 orbits of H, - on A. By (¥),|4'—«/| =1 or 2 and |4” —a’|=1o0r2(mod p),
but |[4'—o|=]|4"—a"|=2(mod p) does not occur. We may assume that
|4'|=2(mod p) and H, . is transitive on A’ —¢o’. Then H is 2-transitive on 4.
Let f'ed’—a’. Note that 4"+ {o, f'} since H,. cannot fix the point fed—a.
Thus |4'|>2. Now H,, p has at least one orbit on 4” and hence at most two
orbits on 4’— {o/, f'}. Consequently, H4' is either 3-transitive or a transitive
extension of a rank 3 group. As at the end of the proof of Lemma 2 we obtain
3||H], contradicting (a).

Thus, H is transitive on 4. Recall that each orbit of H4~%is nontrivial. Since
H is not 2-transitive on 4, we can find at least two orbits ®, P of H on 4—a.

Here || and |®'| are >2. For suppose |®|=2. Let x+ded— . By (x),
H,; fixes @ pointwise, so H ;< H, p- Since H,; and H,; have 5 orbits, H,; must
fix 6. Consequently, H, 5= 1, contradicting the fact that |4|> 5.

Both @—f and & are unions of certain of the 5 orbits of H,; on 4. By
(*), |#—p|=1 or 2 and |®'|=1 or 2(mod p). Interchanging ¢ and & we find
that either (i) |®|=|9'|=2(mod p), A=a U P U P, and H, is 2-transitive on &
and @'; or (ii) p=2, |P|=|P'|=1(mod 2), A=qu P U P, and H, has rank 3 on
® and &'.

Note that H is imprimitive on 4. This follows from [9], Theorem 17.7 if
(i) holds. If (i) holds and |®'|>|@| then, since in this case H,; is transitive on
@', @' is an orbit of Hg and hence H, is not maximal in H.

We may thus assume that the global stabilizer K of « U@ in H is transitive.
Then K*“? is either 3-transitive or a transitive extension of a rank 3 group.
Once again, as in the proof of Lemma 2 we obtain 3||K|.

This contradiction proves the lemma.

We can now complete the proof of Theorem 2. Recall that each |L(e, B) > 1.

For i=1,2,3, G,; acts faithfully on I(a f) as a regular or Frobenius
group. To see this, let p be a prime and x€G,; a p-element fixing =2 points
of some I;(a, f). By Lemma 2, x fixes >5 points, so by Lemma 3 x=1.

Thus, G, has a unique normal subgroup A regular on each I;(a, ). Here
4] =(n—2)3.

18+
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If n is even so is ||, and all involutions fix 0 or 2 points. By an elementary
lemma of Hering [5, p.164, (2)], G,; has at most two orbits on Q—{a, p},
contradicting (b).

Thus, n and |4| are odd. Let x=(af)--- be an involution. Then x normal-
izes A.

Suppose that |G, is odd. Then x inverts A. If y*=y then x centralizes
Gap,- Thus, there are |A] involutions (af)---. Counting the pairs consisting
of an involution and one of its 2-cycles shows that the set I of involutions of
G, has |A| elements. Then I U {1} is not a group, since 1+(n—2)/3fn—1. By
Bender’s theorem [2], G has a nontrivial normal subgroup of odd order, and
by the Feit-Thompson Theorem [3] G has a regular normal elementary
abelian subgroup. This contradicts the semiregularity of 4 on Q—{o, B} (It
is not difficult to replace Bender’s theorem in the above argument by Bender’s
generalization of Burnside’s theorem on permutation groups of prime degree
[2], Lemma 2.5, according to which either G, is 2-transitive on I or G,=
N(A4), C).)

Consequently, we may assume that |4(x)|=5. Choose i such that
|[4(x) " Ii(o, B)l > 1.

Since C,(x) is transitive on 4(x) " [;(a, B) ([9], Theorem 11.2), by (a) we
have |C,(x)| =35, that is, 4 (x) = I;(a, f). Write A= C,(x) x [4, x], where x inverts
[4, x].

Let yed(x). Since x normalizes G,;, it centralizes some involution yeG,g,-
Here y inverts A, so that xyeG, centralizes [A4, x]. Since y* )= 4(xy) and
xy is an involution, |[4, x]|=1 or 5, according to whether |[4(xy)|=1 or *1.
Consequently, |4|=5 or 25 and n=17 or 77.

It is easy to eliminate these possibilities by considering the index of the
normalizer of a Sylow 17- or 19-subgroup. Alternatively, note that the point-
wise stabilizer of 4(x) is now a 2-group of order <8. Since this is normalized
by a Sylow 5-subgroup F of C(x) it follows that F< C(x). However, we have
seen that corresponding to each 2-cycle (xff) of x there is a group of order 5
in C(x).4. Thus, F fixes Q—4(x) pointwise, which is ridiculous.

This completes the proof of Theorem 2.

3. Proof of Theorem 1

As already remarked in § 1, we need only consider the cases k=3 and 4.
G is (k—1)-transitive (Livingstone and Wagner [8], Theorem 2(a)).

Let k=3. Let @ be a set of 3 points. The global stabilizer of @ induces a
permutation group on the ordered triples of distinct points of @ each of whose
orbits has the same length 6/f. Here f=2,3 or 6. Each orbit of G of ordered
triples of distinct points has length n(n—1)(n—2)/f. Consequently, if azp
then each orbit of G,z on Q—{«, B} has length (n—2)/f.

Suppose that |G,| is odd. By a result of Bender [1], either (ii) holds or G
is solvable. In the latter case, G has a regular normal elementary abelian sub-
group N of order n=2% By [9], Theorem 10.4, G?~* has a regular normal
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nilpotent subgroup M. Here M acts fixed-point-freely on N and hence is
cyclic. Then |Ngp 4 2)(M)|=(2°—1)d implies that 2¢—2|6d, so that (iii) holds.

We may thus assume that there is an involution of the form (xf)(y)---.
Then f=3, so that 3 ¥|G|. Now Theorem 2 applies, whereas n>2k=6. This
completes the proof when k=3.

Now let k=4. We first show that there is a set @ of 4 points whose global
stabilizer is transitive on @. By Livingstone and Wagner [8], Theorem 3, we
can find a set A4 with |4]=4 whose global stabilizer induces a 3-transitive
group H on 4 such that each nontrivial element of H fixes <3 points of 4.
Certainly 4||H|. If H has an element of order 4 we can find the desired ®.
If [4] £9 our assertion is also clear. Finally, if |4|>9 and if H contains a Klein
group then this Klein group has an orbit of length 4.

It follows that G is transitive on the pairs (x, ®) with xe® and |®|=4.
Then G2~ is 3-homogeneous but not 3-transitive. If G, is as in (ii) or (iii),
then (iv) holds. This completes the proof of Theorem 1.
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Local D-Rings

EBEN MATLIS

An integral domain R is said to have property D, or to be a D-ring, if every
torsion-free R-module of finite rank decomposes into a direct sum of R-modules
of rank one. A local ring is a commutative ring with only one maximal ideal. The
main theorem of this paper will prove that the integral closure of a local D-ring
is a maximal valuation ring.

We have proved elsewhere [7, Th.4] that a Noetherian domain R has
property D if and only if it is a ring of type II; i.e., R is a complete, Noetherian,
local domain of Krull dimension one such that every ideal can be generated
by two elements. Hence there exist Noetherian local D-rings which are not
complete discrete valuation rings. At the end of this paper we will provide an
example of a non-Noetherian local D-ring which is not a maximal valuation
ring.

The proof of the following Lemma is entirely due to Bass, and we will omit
it here (see [1, Prop. 7.5]).

Lemma 1. Let R be a local D-ring. Then every finitely generated ideal of R
can be generated by two elements.

Lemma 2. Let R be a local integral domain with maximal ideal M. Suppose
that every finitely generated ideal of R can be generated by two elements. Then
the following statements are true.

(1) Let x,y,z be elements of Q, the quotient field of R; and let A be the
R-module generated by these elements. Then two of the elements x,y and z
generate A.

(2) If C is an R-submodule of Q, then dimg,, C/MCZ<2.
(3) M~! can be generated by two elements, where M~'={qeQ|gM cR}.

Proof. (1) Since A can be generated by two elements, we have dimgy A/MA
<2. Let X, 7,z be the images of x, y,z in A/MA. Then these elements are a
linearly dependent generating set for A/M A over R/M. Hence we can assume
that x and y generate A/MA. Let B be the R-module generated by x and )-

B+M
Then A=B+MA, and thus M(A/B)=LB-A—=A/B. Therefore, by the

Nakayama Lemma we have 4=B. Thus 4 is generated by x and y.

(2) Suppose that dimpg,y C/MC>2. Then there exist elements X, y, Z in C
such that their images %, 7,z in C/MC are linearly independent over R/M.
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By (1) we can assume that z is a linear combination of x and y. But then %, y, z
are linearly dependent over R/M. This contradiction shows that dimpg
C/MC<2.

(3) If MM ~' =R, then M is a projective ideal of R, and hence a principal
ideal of R, since R is a local ring. But then M~ is also principal. Thus we can
assume that MM ~'=M. Hence by (2) we have dimg,,, M~'/M <2. Therefore,
there exists an element xe M~' such that the images of 1 and x generate
M~'/M. Let B be the R-module generated by 1 and x. Then M~'=B+M =B,
and so M~! can be generated by two elements.

Proposition 1. Let R be an integral domain such that every finitely generated
ideal of R can be generated by two elements. Then the integral closure of R is a
Priifer ring.

Proof. Clearly every finitely generated torsion-free R-module of rank one
is isomorphic to an ideal of R, and can thus be generated by two elements. This
property is obviously inherited by every ring between R and its quotient field.
Thus without loss of generality we can assume that R is an integrally closed
local ring, and we must prove that R is a valuation ring.

Let M be the maximal ideal of R, and let Q be the quotient field of R. Let
V be a valuation ring contained in Q that dominates R; that is R<V and
m(V)nR=M, where m(V) is the maximal ideal of V. We will prove that R=V.

Suppose that R+ V. If every unit of V is contained in R, then ¥=R. Hence
there exists a unit x of ¥V which is not in R. Let A be the R-module generated
by 1, x and x?. By assumption 4 can be generated by two elements. Hence by
Lemma 2, two of the elements 1, x, x> generate A. Since R is integrally closed,
1 and x can not generate A.

In fact, 1 and x? generate 4. For if x and x? generate A, then there exist
elements a and b in R such that 1=ax+bx2. If both a and b are in M, then
le VM =m(V) which is a contradiction. Hence either a or b is not in M. Since 1
and x do not generate 4, we must have be M. Thus a is a unit in R, and we see
that 1 and x? generate A.

Thus we have shown that there exist elements ¢ and d in R such that
x=c+dx? We must have deM, since 1 and x do not generate A. However,
c¢M, since x is a unit in V. But then 1/x is integral over R, and hence 1/xeM.

Therefore, 1 =x - 1 € VM =m(V). This contradiction shows that R=V.
X
Corollary 1. Let R be an integral domain with property D. Then the integral
closure of R is a Priifer ring.

Proof. This is an immediate consequence of Lemmas1 and 3, and [5,
Lemma 6.2].

Proposition 2. Let R be an integral domain such that every finitely generated
ideal of R can be generated by two elements. Let x be an element of the quotient
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field of R that is integral over R. Then there exist elements a,beR such that
2
x*=ax+b.

Proof. We will suppose that x? is not an element of R x+ R and arrive at
a contradiction. Let [ ={reR|r x*e Rx+ R}. Then I is contained in a maximal
ideal M of R. If x* € Ry, x+ Ry, then there exists an element se R — M such that
sx*eRx+R. Since s¢l, we have that x*¢ R, x+R,,. Now every finitely
generated ideal of R, can be generated by two elements and x is integral over
R,;. Thus without loss of generality we can assume that R is a local ring with
maximal ideal M.

Let A be the R-module generated by 1, x, and x*. By Lemma 2, two of these
elements generate 4. Since x’¢ Rx+ R, 1 and x do not generate 4. As in the
proof of Proposition 1, we have in all cases that 1 and x* generate A. Therefore
we have xeM x?>+R. An easy induction proves that for any integer n>0,
x, x2, ..., x"~! are all elements of M x"+R. Since x is integral over R, there
exists an equation of the form

X"=b,_y x"~'+--+b;x+bo,

where b;eR. Thus we have x"e M x"+ R. But this implies that x"e R, and hence
xeR. Thus 1 generates A, and this contradiction shows that x?eR x+R.

Definition. Let R be an integral domain, and 4 an R-module. We denote
the dual of 4 by A*=Homg(4, R). There is a canonical R-homomorphism
@: A— A** given by ¢ (x)(f)=f(x) for all xe A and fe A*. A s called a reflexive
R-module if ¢ is an isomorphism. R is called a completely reflexive ring if
every reduced, torsion-free R-module of finite rank is reflexive.

Theorem 1. Let R be a local D-ring with maximal ideal M. If M is not a
principal ideal of R, and if M ~'+R, then R is a completely reflexive ring.

Proof. Let Q be the quotient field of R, and let K =Q/R. We will first prove
that K is an essential extension of M ~'/R. For this purpose it will be sufficient
to take an R-module A such that R < AcQ, and show that M~!< A. We will
suppose that M~'¢ A4 and arrive at a contradiction. By Lemma 2, M ~!/R
is a simple R-module, and thus we have that A¢ M ~'. Thus there exists an
element ye A such that y¢ M ~*. By Lemma 2 there exists an element xe M -
such that 1 and x generate M ~! as an R-module. Since R c 4, we have x¢ A.

Let B be the R-module generated by 1, x and y. By Lemma 2, two of these
elements generate B. Since x¢ A and y¢ M %, it follows that there exist elements
a, beM such that 1 =ax+by. Now M is not a principal ideal of R, and hence
M~'M =M. Therefore axeM, and by=1—ax is a unit in R. Thus there
exists an element re M such that y=1/r. Since Rr=M, we have M "'cRyc 4.
This contradiction shows that K is an essential extension of M ~/R.

Since M~!/R is a simple R-module, we have M~!/R=~R/M. Thus
K < E(R/M), the injective envelope of R/M. We will prove that K =E(R/M)-
Now every non-zero principal ideal of R is the annihilator of an element of K,
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hence of an element of E(R/M). But E(R/M) is an indecomposable injective
module, and thus every principal ideal of R is meet irreducible by [2, Th. 2.4].

Let 140 be an ideal of R, and consider an extension C of R by I':

0-R->C—-I1-0.

C is a torsion-free R-module of rank two, and R is a D-ring. Thus we have that
C=C,® C,, where Cy, C, are torsion-free R-modules of rank one. Let J; and
J, be the images of C; and C, in I. Then J,+J,=1I and J; nJ,~R. Hence
JynJ, is a principal ideal of R. Since we have shown that principal ideals of R
are irreducible, we can assume that J, = J,. But then I =J,, which proves that
C=C,+R. Since C, has rank one and maps onto I, we must have C, "R=0;
ie, C=C,®R.

Therefore, the previous exact sequence splits, which shows that Extk (I, R)=0.
From this it follows that inj. dimg R=1. Thus K is an injective R-module, and
since K< E(R/M), we have K=E(R/M). Now a local D-ring is complete in
the R-topology by [7, Th. 1]. Thus by [6, Prop. 5.1] R is a completely reflexive
ring.

Remark. As a comment on Theorem 1, we note that if R is a local D-ring
whose maximal ideal is principal, then it follows easily from [6, Th. 5.5] that
R is a completely reflexive ring if and only if R is a maximal valuation ring.

Theorem 2. Let R be a local D-ring, and let F be the integral closure of R.
If R%F, then there exists a ring S such that R&S<F and S is a completely
reflexive local D-ring.

Proof. Let M be the maximal ideal of R, let xe F—R, and let S=R + M x.
By Lemma 1 every finitely generated ideal of R can be generated by two ele-
ments, and thus by Proposition 2, S is a ring. Let N=M+ M x; then N is a
proper ideal of S. The elements of S that are not in N are units in F, and hence
units in S, since F is the integral closure of S. Thus § is a local ring with maximal
ideal N. By [5, Lemma 6.2] S is a local D-ring.

Let T=R+Rx; by Proposition 2, T is a ring. Since x¢S, we have T+S.
Let N* be the inverse of N relative to S; N* ={geQ|qgN =S}, where Q is the
quotient field of R. Since TN=N, we have TcN*, and thus N*+S. If Nisa
principal ideal of S, then there exists an element aeS such that N=Sa. But
then Sa= TN =Ta, and we have S=T. This contradiction shows that N is not
a principal ideal of S. We have verified that S satisfies the hypotheses of Theo-
rem 1, and thus S is a completely reflexive, local D-ring.

Theorem 3. Let R be a local D-ring. Then the integral closure of R is a
maximal valuation ring.

Proof. Let F be the integral closure of R. If F=R, then F is a local ring.
Il F4R, then by Theorem 2, there exists a completely reflexive local ring §
such that R=ScF. By [6, Th. 5.4] every ring extension of S in its quotient
field is a local ring. Thus in all cases F is a local ring.
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By [5, Lemma 6.2] F has property D, and by Proposition 1, F is a Priifer
ring. A local Priifer ring is a valuation ring; hence by [7, Th. 2] F is a maximal
valuation ring.

Corollary 2. Let R be an integral domain with property D. Let F be the integral
closure of R and P a prime ideal of R. Then there is only one prime ideal of F
lying over P.

Proof. Rp is an extension ring of R inside the field of quotients of R, and
hence is a local D-ring by [5, Lemma 6.2]. The integral closure of Rp is Fp. Thus
by Theorem 3, F, is a maximal valuation ring. From this it follows directly
that F has only one prime ideal lying over P.

The following theorem is a partial converse of Theorem 3.

Theorem 4. Let R be a local integral domain with maximal ideal M, and let
F be the integral closure of R. If F is a maximal valuation ring that is generated
as an R-module by two elements, and if MF =F, then R is a local D-ring.

Proof. Since a maximal valuation ring has property D by [7, Th. 2], we
can assume that R+ F. We will prove first that F=M~'. Since MF=M, we
have Fc M1,

Now M is not a principal ideal of R. For if M =Ra, for some aeR, then
Ra=FM=Fa, and hence R=F, which contradicts our assumption. Thus M
is not a principal ideal of R. Since invertible ideals in a local ring are principal
ideals, we have M ~'M =M, and thus M ~! is a ring. Furthermore, since Fc M 7,
and F is a valuation ring, M~ is also a valuation ring.

Let m(F) and m(M~') be the maximal ideals of F and M ~!, respectively.
Then we have m(M ~Y)cm(F). If m(M~')=m(F), then M~'=F, which is our
contention. Hence we will assume that m(M ~!)%m(F), and arrive at a con-
tradiction.

We have M cm(M ') & m(F)< F. Since F can be generated by two elements,
we have dimpg,, F/M <2. Hence the above chain of inequalities shows that
M=m(M~"). Thus M is a prime ideal of F. Let x be an element of m(F) such
that x¢ M. Then x?¢M, and we have ME Fx*S Fx&F. This contradicts
dimpg,, F/M <2 and proves that F=M~".

Since M~ !'~'=M, we have F=F~'-'. Thus F is a reflexive R-module.
Since F can be generated by two elements, we have by [6, Prop. 3.1] that
Extk (F, R)=0. Therefore, from the exact sequence:

where Q is the quotient field of R, and K=Q/R, we obtain the exact sequence
0 - Homg(F, R) » Homgz(F, Q) » Homg (F, K) - 0.

Now Homg(F,R)=F~'=M, and Homg(F,Q)=~Q. Thus Homg(F,K) i
isomorphic to Q/M as an F-module. Therefore, by [3, Th. 9] Homg(F, K) 18
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an injective F-module. Since F is finitely generated over R, it follows from an
unpublished theorem of David Eisenbud that K is an injective R-module.

Since dimg, M~'/M <2, it follows that M~Y/R is a simple R-module.
Thus M~!/R=R/M. Because K is an injective R-module, we then have
E(R/M)<=K, where E(R/M) is the injective envelope of R/M. Therefore R is
a reflexive ring by [5, Th. 2.1].

Now F is a cotorsion F-module by [3, Th.9] and thus F is a cotorsion
R-module by [4, Cor. (p. 575)]. Since F is isomorphic to an ideal of R, it follows
that R is a cotorsion R-module. Thus R is complete in the R-topology. Hence
by [6, Prop. 5.1] R is a completely reflexive ring.

Let A be an indecomposable torsion-free R module of finite rank. We want
to show that rank 4=1. We can assume that A4 is a reduced R-module. Since
R is a completely reflexive ring, we have that 4~ 4**.

Let I be the trace ideal of A; by definition:

I={if,-(x,-)|f,-eA* and x,»eA}.

If =R, there exist elements fe A* and xe 4 such that f(x)=1. Define g:R—> A4
by g(r)=rx for all reR. Then gf'is the identity on R, and hence R x is a direct
summand of 4. Since A is indecomposable, we have A=Rx; and A has rank
one. Thus we can assume that I < M.

We now have F=M~'cI~! Let veF and xeA, and define v xe A** by
(x)(f)=vf(x) for all fe A**. Since I 'IcR, vx is well defined. This makes
A** into an F-module. Since A~ A**, A is a torsion free F-module of finite
rank. Now F has property D by [7, Th.2] and thus 4 is a direct sum of F-
modules of rank one. Therefore A is a direct sum of R-modules of rank one,
and hence rank A=1.

Thus we have proved that R is a local D-ring.

Example. We will now produce an example of a non-Noetherian local
D-ring that is not a maximal valuation ring.

Let k be a field and X an indeterminate over k. Let G be the Abelian group
Z x Z ordered lexicographically (where Z is the group of integers). Let F be the
ring of all formal power series Z b, X% where b, ek, aeG, 2=(0, 0), and the sets

of exponents {a} are well ordered. By [8, Ch.2, Cor. Th. 8] F is a maximal
valuation ring and the maximal ideal N of F is the set of power series with
€xponents o> (0, 0).

Let R be the subset of F consisting of those power series where the term
X®Y has zero coefficient. Then R is a local ring with maximal ideal M consist-
ing of those power series with exponents a>(0, 1). We have FM =M, and F is
generated as an R-module by the two elements 1 =X and X®%, Thus by
Theorem 4, R is a local D-ring. R is not a maximal valuation ring since F is the
integral closure of R, and F=+R. F is a rank two valuation ring, and thus is
not Noetherian. Hence R is not a Noetherian ring.
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Rechtskomplementédre Halbgruppen.
Axiome, Polynome, Kongruenzen

BruUNO BosBacH

0. Einleitung

Eine Halbgruppe S heiBt rechtskomplementir, wenn sie aca S erfiillt und
zu jedem Paar a,b ein eindeutig bestimmtes Element axb besitzt mit der
Eigenschaft

axebS<xe(axbh)S.

Rechtskomplementdre Halbgruppen sind gleichungsdefiniert durch das Axio-
mensystem

(A1) a(axb)=b(bxa),
(A.2) abxc=bx(axc),
(A.3) a(bxb)=a,

wie in [3] gezeigt wurde. Dual zur rechtskomplementiren Halbgruppe ist die
linkskomplementéiire Halbgruppe erklirt. Eine Halbgruppe heiBt komplementr,
wenn sie sowohl rechtskomplementér beziiglich * als auch linkskomplementir
beziiglich : ist und zusitzlich a(a*b)=(b:a) a erfiillt. Die Theorie der (rechts-)
komplementidren Halbgruppen wurde in [2—5] begriindet und entwickelt.
Insbesondere zeigt es sich, daB jede rechtskomplementire Halbgruppe einen
Halbverband bildet bei a<b:<>bea$ mit aub=a(axb) fir alle a, b und ax*a
als Eins.

Als Beispiel einer rechtskomplementiren Halbgruppe sei die Menge der
Ordinalzahlen mit Realisationen von hochstens abzihlbarer Machtigkeit als
Halbgruppe beziiglich der Ordinalzahladdition genannt. Zu den komplemen-
tiren Halbgruppen gehoren u.a. die Boolesche Algebra, der Verbandsgruppen-
kern sowie die Zerlegungshalbgruppe, insbesondere also jede Potenzmenge,
betrachtet beziiglich der Vereinigung, der Bereich der nicht negativen ganzen
Zahlen, betrachtet beziiglich der Addition, sowie der Bereich der natiirlichen
Zahlen, betrachtet beziiglich der Multiplikation.

Ziel dieser Note ist die Beantwortung einiger offener Fragen hinsichtlich
der Grundlegung und in bezug auf die Kongruenzen (rechts-)komplementirer
Halbgruppen, und zwar werden im einzelnen folgende Sitze bewiesen:
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1. Jede Klasse rechtskomplementirer Halbgruppen, die sich mit endlich
vielen Gleichungen beschreiben 1ift, kann auch mit zwei Gleichungen beschrieben
werden.

2. Jede Klasse komplementirer Halbgruppen, die sich mit endlich vielen
Gleichungen beschreiben ldft, kann auch mit einer (einzigen) Gleichung be-
schrieben werden.

3. Die Kongruenzen der rechtskomplementiren Halbgruppe sind 3-vertausch-
bar, nicht aber (2-)vertauschbar.

4. Die Kongruenzen der rechtskomplementiren Halbgruppe bilden einen
distributiven Verband, doch erfiillen sie nicht die Bedingung des Chinesischen
Restsatzes (vgl. [15]), oder in anderer Sprechweise: sie sind 3-distributiv, nicht
aber 2-distributiv.

Analog 4Bt sich zeigen, daB die Kongruenzen der rechtskomplementaren
Halbgruppe 3-modular, jedoch nicht notwendig 2-modular sind, was aller-
dings nach Resultaten aus [6] und [12] mit den oben angegebenen Sitzen
implizit erledigt ist.

Wir runden die Untersuchungen dieser Note ab durch Polynome fiir kom-
plementire Halbgruppen, deren Existenz sich aus den Ergebnissen der Arbeit
[4] ergibt.

Angeregt wurden die nachfolgenden Ausfiihrungen von Herrn Rudolf Wille,
der den Autor in Gesprichen wiederholt iiber Fragestellungen und Resultate
der Universellen Algebra und Verbandstheorie informierte, die z.T. ihren
Niederschlag erst in preprints gefunden hatten. Hierfiir sei Herrn Wille an
dieser Stelle gedankt.

1. Zur Grundlegung der rechtskomplementiiren Halbgruppe

Satz 1. Eine Algebra S(, #) ist genau dann eine rechtskomplementdre Halb-
gruppe, wenn sie den beiden Axiomen geniigt :

(B.1) a(bxb)=a,

(B.2) u(us(abxc)=(bx(axc)((abxc)*u).
Beweis. Wir setzen u=ab=c und erhalten

(1) (A.2) abxc=bx(axc).
Wir setzen b=x*x und erhalten

?) u(ux(axc))=(axc)((a*c)+u),
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womit wir weiter zeigen konnen

3) vxv=(v*v)(a*a)
=(v*v)(a(v*v)*a)
=(u*v)((v*v)*(a*a)) 1)
=(a*a)((a*a)*(v*u)) ?2)
=axa

.=e.

Hiernach folgen sukzessive die Hilfssitze:

) (exa)xe=(exa)x(exe)
=e(exa)*e 1)
=a(axe)xe 2)
=(axe)x(axe) (1)
=e,

(5) exa=(exa)((exa)xe) @)
=e(ex(exa) )
=e(exa),

(6) (exa)xa=e(e*xa)*a ®)
=(exa)x(exa) )
=e,

() exa=(exa)((exa)*a) (6)
=a(ax(exa)
=a(eax*a),

(8) exea=(ea)(e(ea)xea) )
=(ea)(eax(exeaq))
=(ea)(ax(ex(exea))
=(ea)(ax(exea))
=(ea)(eaxeaq)
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(10)

(11)

(12)

(13)

B. Bosbach:

alaxeb)=a(ax(exeb))
=(exeb)((exeb)xa)
=(eb)(ebx*a),

e(bc)=(e(bc))((eb) cx(eb)c)
=(e(bc))(cx(ebx(eb)c))
=(e(bc))(c*(b*(ex(eb) )
=(e(bc))(bcx(ex(eb)c))
=(e(bc))(e(bc)*(eb)c)
=((eb) c)((eb) cxe(bc))
=((eb) ¢)(cx(ebxe(b0)))
((eb) c)(cx(b*(exe(b )
(eb)c)(bex(exe(b o))
(eb)c)(e(be)xe(b o))
(eb)c,

ea=ea(eaxea)
=ea(ax(exea))
=e(a(axea))
=e(ea(eax*a))
=(ee)(a(eaxa))
=e(a(eaxa))
=e(e*a)

=ex*a,

ea=exa
=a(eaxa)
=a((e*a)*a)

=ae

@)

©

(10)

@)
©)
(10)
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(14) axe=(exa)xe 4
=e’

(15) (A.3) a(axb)=a(ax(exb))
=(exb)((exb)*a)
=b(bxa).

Aus Satz 1 ergibt sich fast unmittelbar der folgende

Satz 2. Sei U eine Klasse von Algebren, die sich mit endlich vielen Glei-
chungen vermége der Operationen O, beschreiben liifit. Lassen sich dann die
Axiome (A.1),(A.2),(A.3) beziiglich zweier Operationen 0,, O, oder aber
beziiglich zweier aus den O, abgeleiteter Operationen verifizieren, so ist es
maglich, die Klasse W mit zwei Gleichungen zu charakterisieren.

Beweis. Aus dem Beweis zu Satz 1 folgt:
(16) ab=e<a=e=b,
denn
ab=e=a=exa=abxa=bx(axa)=bxe=e

und
ab=e& a=e=b=eb=ab=e
sowie
(17) a=b<(axb)(bxa)=e,
denn
a=b=axb=e=bxa = (axb)(bxa)=e
und

(axb)(b*a)=e = axb=e=b*a=a=a(axb)=b(bxa)=b

und daraus resultiert, daB jedes endliche System von Gleichungen f,=g,
(v=1, ..., n) komprimiert werden kann zu einer einzigen Gleichung

p=1:1m*gv)(gv*m=e,

wobei diese Identitiit gleichwertig ist mit x*p=e. Daher kénnen wir (B.2)
durch Juxtaposition von v*p spezialisieren zu

(B.2) u(u*(@abxc)=((bx(axc)((@bxc)*u))(vp),

Womit der Beweis abgeschlossen ist, da wir (B.2) aus (B.2') und (B.1) durch
Ersetzung von v mittels p, und p=e fiir u=v=a=b=c=e erhalten.<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>