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By
B. MEULENBELD

1. Introduction
In the present note we derive properties of the generalized Legendre
functions B™ *(z) and Q7*"(z), introduced by KuIPERs and the author in [1],
for special values of the parameters &, 7 and #. On the crosscut we restrict
2= x to lie in the interval —1 < x<1, and we define:

() {R’"'"(x):%{e*“*‘*P:‘r"(x+0i)+e-*“*”a"""(x—0i>}
7 (1) = Jemim{omhim O n (5 4 04) + 4T QP (x — 0)},

where f(x 4-0¢) means li_rﬂ)f(x +ieg), €>0.
It is wellknown that the associated Legendre functions Ry (z) (R denotes
both P and Q) satisfy the differential equation:
(2) R™(2) =(z3—1)*’”d—"‘;%(z)— (m is an integer = 0),
valid over the whole plane of z with the crosscut, and which gives the con-
nection between R (z) and Ry (2).
In section 2 we shall give an extension of (2), representing a similar relation
between R} *(z) and R ™+ (z).
In section 3 we shall show that R "(z) with k= 4§ (m -#) can be ex-
pressed in terms of incomplete betafunctions.
In [5], 76 RoBIN proved that R,(x) (—1<x<1) with # half an odd
integer can be expressed in terms of the elliptic integrals
in in
Es)=J (1 —stsin?g)tdp and K(s)=[(1—s*sin?¢) tdg.
0 o
In section 4 we prove that this is also true for RY'(x) (k. is half an odd
integer and m is an integer). For the sake of brevity we put

a=k+i(m+n), Pp=k—}m—n), y=k+im—n), O=k—3(m+n).

In section 5 we consider R} *(z), in which one of the four numbers «, 8, , 8
is integral.

Finally in section 6 we derive extensions of CHRISTOFFEL'S summation-
formula.
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2. Extension of formula (1)
In [6], (5) has been shown that if }(#—m) is a positive integer or 0,
we have

mow(, — 2+ )7y + 1) 28 (n—m) A \b(r=m) [z — 1 \im+n) 4 (m+n)
G B™"() (¢e—0)i"r@B+1) (dz) {(z-H) g (z)}’

Starting from the expansion (see [2], (8))
mngy _ €27 L ) Dy 4 1) T'(— m) (z + 1) 4% (z — 1)i»
oF ") = T+ OTE 1) x
XF{—B,y+1;1+m; (1 —2)}
+ 3 I(m) 2+ ) (r— 1) F{—p, B+ 151 — m; (1 — 2)},
and employing the relations (see [9], 2.8):

I'(c) c—1—n(g _ Natb—c—n _ e R R
Tioow ? (1—2) Fla—n,b—mn;c—n;2}

( S (0 — 2o Fla, b e, s 2))

and

d \n ey L@a+n) b+ n) () . .
(_d?) F{a,b;c; 2} = T@T0 et F{a+n,b+n,c+n,z},

it is easily found that Q}"”(z) also satisfies (3), so that we have:
o, (2 DDy + 1) 28—m) iw—m){ 2 —A\EmEn) oy
Ryt (z—13"T(B+ 1) (dZ) (H— 1) R} (z)}
[3(n —m) is an integer =0].
Employing the definitions (1) of the functions for z=x=cos ¢ (0<#<x)
we deduce

M—Meosh L@ (y +1) [ d \k—m) ([ 1 — x \Lim+n) '
R " (cos 9) = sin™ -;-021’(,3 ir 1) ) (27) {( 1+ x) R} WH)}'

3. R»"(z) for k== %(m=xn)
a) For |1 —z| <2, z not lying on the crosscut, we have:

mn 1 (z+1)3" _ oy e
Ftm) = P (2—1)?:"'F{ m,n+41;1 m,?(i z)}.

This series may be summed up by means of the formula
(4) B,(a,b) =a12F{a,1—b;a+1; 2z},

valid for Rea>0 (see [9], (2.5.3)), and where B,(a, b) represents the in-
complete betafunction:

(@, b) = [ (1 — )t as.
0
Thus we find for Rem < 0:

s (z+ 1)47 - 1—z _
Bwen = T e =i "‘)( )B“‘“’( , —n)

eFaimo—m

T I'(—m)

(z — 1)‘"‘ (Z + 1)*" B}(.l—z)(_ m, — n):
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the upper or lower sign being taken in the exponential, according as Im (z)
is positive or negative.
In a similar way we find for Rem < 0:

", n — 2—m _A\dm in i (—
(5)  Piwim @ Tl (z—1)t" (2 +1) B;T}( m,m—+n—+1).

For Rem =0 we transform (5):

B.+1( mm+4n+1)=B(m+n+1, —m)— 2 (m+n+1 —m),

where the second term is meaningful for Re (m+n)> —1.

Since
Byim+n+1, —m) =1 +;(:J:)§(— m
it follows
Pt m(2) = (2 — )™ (z 4+ 1)1* 27" x
I'im+4n+ 1) 1 _
x{ Tn+1)  T'(—m) B;f_T(m‘F’“r’: m)}.

These formulas hold good in the whole plane of z with the crosscut by
analytical continuation.
For z=x=cos®(0<?¥<m) we obtain if Re m<0:

4 (n—m) t int
Bl (cos ) = 20" 0580 B (—m, — ).

For Re m=0 we may use the analytical continuation of the function B,(«, b).
Applying the formula:

za+q (] — z)b—g-1 Bi(a+$.b —p)
B,(a,0)=T(a) I'(b {Ep(a+q+ 1) (b —q) +F(a+p)1’(b—P)}

we find, if p —1<Re(m)<p, p a positive integer:

Bty (cos ) = 28 I'(— n) cos® —- & sin™ L 9 x

=1 . .
(sin 39) — 2(m—4) (cos ,0) 2(n+q+1)
X{Z r—m+q+)I'(—n—y9q

-+

Bsimgo(—m+p, —n—ﬁ)}
F(—m+p)T(—n—p) |’

From [2] (8) we have for [1—z| <2:

i _erimamtn—1 P 4 4 ) T(m + 1) (= m) (24 1) 74" (z — 1)i™
Olimsm (2) = T(n+1)

XF{~",m+1;M+1;%(1—z)}+

X

+ e m I (m) (z+1)*"(z—1)~4"'F{—m, n4+1;1—m; %(1—-2)}.

Because of
F{—a,b;b; —z}=(1+2)°*
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we obtain:

Fl—n,m4+1;m+1;,51—2)}=(24+1)"27".
Furthermore from (4) for Re m<<0:
F{—mn+1;1—m;3(1—2)}=—meT™m 2"z — )" By _,,(—m, —n),
so that for Re m<<0 and z not lying on the crosscut we have:

imo—m—1
O (2) = ertmeT T

(z+ 14" (e — )"

sinm x
I'im+n+1) eFnim P
X{— Twrn T T(—m Dia-a (=™ ")}
and
Q;»(,,;H)(z)=w(z+1)gn(3_mmx

sinm
I'm+n+1) 1 .
=iyt e B (om0}
For Re (m +#n) > —1 we have:
Qimim (2) =" 27" 1 (m+1) (2 +1)4" (z — 1)i" BER(m +n +1, —m).
For z=x=cos¥ (0<? <) we obtain if Re(m+n)>—1:

QFimym (cos9) = 28="=1'(m 4 1) cos” 3P sin" 33 B_1_(m+n+1, —m).
cos? § &

b) For |1-z| <2, z not lying on the crosscut, we have:

. (z + 1)} - A
P_“m+,,)(z) = Tizm i F{1 m,n;, 1—m; = (1 z)}
- —in (5 q)—im
Ta—m C T E=17

and for z=gcos# (0<P<m):

2b(r=m) cog—n LPsin—" 1§

P tnim (cos ) = Ta—m)

For [1+4z| <2, z not lying on the crosscut we have (see [2], (9)):
_— _ gnim 27" —n) (s + 1)m+}n—l (z — 1)—§m
Q—}(m-l-n)( )'— I'(—m—mn+2)

XF{—m—n+1,1——m;—m—n+2; 2 }
1+ 2

X

Hence if Re(m+-n)<<1:

m, _eﬂ‘"‘z"—lI’(1-——n) —4n [y A\—dm — .
Q—}(m+n)(z)_‘ T(—m—n+1) (Z+1) (z 1) B%( m "+1lm)r

and if Rem > 0:
O (2) = €757 2772 - 4) 747 (2 — 1)~ ¢
X{['(m) —&BP—I(M, —m—mn -{—1)}.

I'(—m—n+1) 3F1
Mathematische Zeitschrift. Bd. 75 14
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For z=cos? (0<®#<m) we obtain if Re(m—+n)<<1:

] 28— =11 %) cosmn
Q"_'ﬁ,,,,‘,n)(cosﬁ) = 11(__m_n+_ 1)

1, .
Xcos'”?ﬁsm‘"‘%ﬁB 1 (—m—n+1,m).
cos? 49

c) The expressions for R, _, (2) are easily found by changing # into —#
in the results of @ and &, and usin_g the formulas:

(6) Ry M2) =27 R (2) .

4. R} (cos 9) if k is half an odd integer and m is an integer
a) In [7] (3) the following recurrence relation is deduced:
) y Bt (a) — (2 + 1) {2k +1) 2+ 2k —2n + 1} X
{ X B (2) +2(0 4 1) B () =0,
valid in the whole z plane including the crosscut (—1<<z<<1). Now we have
for o<d<m:

—% .
P’ (cos ) = PP ~(cos B) = 2y 5 F{— —;— : %; 1; Slnz%‘ﬂ}

COS g
2% . 1
= mcosid E (sm ?0) ’
P (cos ) = B,(cos ) :F{i, LY sin2i0}
2 2 2 2
_ 2 o .1
= ;{ZE(sm ?0) —K (sm 719)} .
From (7) we find for instance:

P%%(cos#) = % P%{(cos¥) + 2!:3—1:_;_32 P27 (cos 9)
__ 2 [E(sin}d) 1 o4
— ;{ wsild T 2 K (sm —2—19)} .

Continuing this processit is clear that if pis an integer the function P}, %(cosd)
can be expressed in terms of E and K functions (for abbrevation we say:
By hy % (cos ) is an E, K function). Applying the recurrence relation [7] (9a):

®) 8(— Bcos® + o+ m—+2) B "(cos ) + 4sin? 19 B> " (cos B) —
— (m+1)y2tcos 3 B2 (cosP) =0

with m=0, we can express B, "% *(cos#) in terms of Fj,217?(cos #) and
Bp=h " (cos ), so that P74 *(cos #) is an E, K function. From the recur-
rence relation [7], 4a:

©) {m {(mz— 1) LS A (2k+1)24+ nﬂ} B " (cos )

1— cos?
= (m+1) a(B+1) ¥ (6+1) B> " (cos #) +-4(m—1) B"***(cos #) = 0
it follows that for integral p and ¢ the function B} 3 *(cos ) is an E, K
function.
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In particular, if p is an even integer =2¢ — 2 the assertion above holds
good for the associated Legendre function 133?,,”:12) (cos ), and thus if p=—4
for P?;(cos ). RoBIN [§], p. 177 proved that P%;(cos#) is an E, K function,
so that applying the recurrence relations:

B+ (cos 9) + 2m cotg # B (cosd) + (k +m) (k — m + 1) B (cos ) =0

and

(B + m) sind B (cos?) — cos® B (cos?) + Bt (cos ) =0
successively, we find that for integral m P”(cos @), P”(cos ¥) and generally
B (cos ¥) (% half an odd integer) is an E, K function.

b) On emplying the relation [8] (11):

7 " (— cosd) =—£;sz3)' L) {cosoc:rz Q% "(cos ) -{—%-nsinaml’,{”’"(cosﬁ)}

we deduce for integral p and ¢:

(— 1)3+1 g 22¢+P+1(— L —¢g)

(10) Q=% (cosd) = I'p+q+9

13}(? 1) —8 (“‘ COS’!?).

Now we have
Q=1 %(cos®) =2m P47} (— cosd) = 5%5 < (cos %ﬁ) ’
0%3(cos #) = — 2E(cos 1) + K (cos 19).

From (7) we derive the recurrence relation:

(p+q+—1)11(p 7 (cos 9) — (pcosﬁ+3;b+4) P% 382 (cos 9) +

COS
+2(p—g+3)Bp T o =0,
therefore from (10):

Q545 (cos ¥) — Sm1,,( p cos® +3p +4) Q53 2 (cos ) +
+ (e —a+2)(p+a+2) 0 (cosd) =o0.

We find for instance if =0, ¢=0:

Q=3 (cosd) = 16{—5(;25———1%’1 — %K (cos—;-ﬁ)}.
With the aid of (10) it is possible to transform the relations (8) and (9) in
recurrence relations between the special Q functions, so that, following the
same argument as in a, Qw, =3 2"(cos ?#) is an E, K function, and further
that for » is an integer and % is half an odd integer Q' (cos ) is an E, K
function.

14*
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5. Rp» ™ (?) with one of the four numbers a, §, y, B integral
a) o s a non-negative integer.

We interchange the parameters and consider the function B~™ ~"(z)
where £ is an integer =0. In this case we have for [1—z| <2:
—m, —n — —in . 5'"
B e = ey (D) (2 — )

xF{k+m+1, —k—mn;14+m; i(1 —z)}
2

{11)
- iy q)Em
_,,(Hm) (24 1) (2 —1)

XF{=k ktmtnt1;14m; sa—a}.
Hence the function (z+41)74* (z—1)~4" B~™ —*(2) is a polynomial in z of
the degree k.

On the crosscut (0<#<<7z) we have:

g —f § (m—n) gin™ 7 i 1
B™ ~(cos B) = 2 IS,}I;_’_*:)COS %0F{—~k, E4+m+4n+1;14m;sin? 719}.

This polynomial is related to the Jacobi polynomial B™ " (cos®). Accord-
ing to [10], p. 170 (16) we have:

I?“—m, —n (COS 0) 24 (m—») P}f(:—_:)’:lim"fﬂ cos" 19 P(m n) (COS ,'9) ;

For |1+z| <2 we find from [38] (21) and (11) or from [2], (2):

—m, —n (= Ak + 2+ 1) 27" Iy — 1)}
RO ="FarmrnTmry G HU"E—1"X

F{—k,k+m+n+1;1+n;%(1+z)},

and on the crosscut:

—m, —n _ (=1)AT(k+ n 1) 280n—n)
B (eos9) = TE+m+ )T (n+1)

F —k,k+m+n+1;1+n;cos”i6‘ ;
! 2

14 . .1
” ”m
cos” — ¥ sin 5 9 X

From [2], (7) we have for [1—z| >2:

—, — [\ e—nimoktm (k1) T'(k+n+1) —i# () 4\ —k—fm—1

xF{k+1,k+m+1;2k+m+n+2,1T2z},

which may be written as

T = e O = ) o )

where Q™™ denotes the Jacobi function of the second kind. Using the
definition of Q™™ () on the crosscut:

o (%) = QI ™ (x4 09) + Q" (x — 04)}
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we find for x=cos & (0<d<n):

—n) iam 1
0" (cos 9) = 28m—m (g +I'"(lk++nn+-|-1)|jln 18 cos*id Q;,"" ") (cos d).

b) 6 is a negative integer.
This case may be reduced to that of &, on account of
B () = P2 (2),

and
sinawsiny m Q" (2) = 3me™ ™sin 2k w B™*(2).

c) y is a non-negative inieger.

We interchange the parameters and consider the function F™"(z) where
k is an integer =0. If we replace m by —m and apply formula (6), we may
reduce this case to that of a.

d) B is a non-negative integer.
In the same way as the results in & follow from those in a, the results in
d may be deduced from those in c.

REMARK. Further relations between the generalized Legendre associated
functions and the Jacobi polynomials and Jacobi functions are given by
Kurpers and RoBIN in [4].

6. Extension of CHRISTOFFEL’S summationformula
From [11], (16) with (—m, —=) in stead of (m, n) we have
{2k(k+1) 2k +1) 2+ §(m® — u?) 2k + 1)} B™™ ~"()
=2k(y+1) («+1) Bi? 7" (5) + 2(k +1) S BT ™" (n),
{2k(k+1) E+1) 23+ (m2 — n) 2k + 1)} B " (z,)
=2k(y +1) (@« +1) By 7" (20) +2(k + 1) B BT 7" (29).
Hence if 2==0:

(k+1) 2k +1) (5 — 2) B™™ 7(z) B™™ 7" (29)

=@ +1) @+ 1) AB™ "(n,5) — LS ARTY (a2,

where
ABR™™ "™(zy,29) = BT T"(2) BT™ T"(29) — B™ T (%) B3 T"(29)
Thus

Lo+ 1)y + 1) A —
I'(ﬁ + 1) I"(a + 1) (2k + 1) (zl 23) B (3'1) Pk (zj)
_ Tr+2)I'(«x+2) —m, —n _Ty+)I+1) N

T TE+NTE+1)(R+1) A8 (=1, 2) TAT@®)k AR e, z).
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Hence by giving k the values: }(m+n), L (m+n)+1, ..., m+tn)+p, (pa
non-negative integer) and summing we have:

§(m+n)+p

r r —m, —n —m, —#
=) > FEITEER 2R+ )B M) B )

k=hOntm)
— I'm+p+2)I'm+n+p+2) At (2 2)
Fmtn)+p+ T+ p+1)T(p+ 1) - bimtmtr 31, %),
or, changing the notation:

i
. I'R+m+4n+1)T(k+m+1) —m, —n
2 (2 zz)’;) ThE+r+ DTG L) (2k+m—+n+1) R, (21) X
—m, —n _ F(m+P+2)P(m+”+P+2) —m, —n
XET ) = Aot m+p+ 00+ p+ 0 T(p 1) Jhominite(F2a).
This formula holds good for every z, and z, provided that m and # are not
negative integers.
If in (12) we change m into —m, we have, employing (6):
»
_ I'k—m+n+1)I'(k—m-+1) _ m, n
(13) (21 22)50 Tk+n+1)Tk+1) @k —m 4 n+ 1) () x
", 7 _ I’(—m+75+2)r(—m+”+?+2) m,n
X = = 5+ 0T 540 T 1) A ity

(12) and (13) are generalizations of CHRISTOFFEL’S first summation-formula.

(71, 2o) -
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