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1. One of the most fruitful applications of the Phragmén-Lindelof theorem
occurs in analytic number theory in the discussion of the Riemann zetafunction.
In its most frequently used form the theorem is applied to a half-strip and
to a single function (cf. LANDAU, Vorlesungen iiber Zahlentheorie, vol. 2,
Satz 404, 405, pp. 48—51). This, however, is not quite general enough for
situations encountered e.g. in the theory of character sums and of primes in
arithmetic progressions. We need here estimations which are uniform in several
parameters for an infinite set of L(s, y) or £(s, A)-functions, and the whole
strip must be considered?). It is the purpose of the present paper to provide
a suitable refinement of the Phragmén-Lindelof theorem. The improvement
is achieved through the use of certain subharmonic functions. The applications
in Theorems 3, 4, 5 concern zetafunctions. But already the results about the
I-function in Lemmas 1 to 3 are believed to be new.

2. Basic for our arguments is the following
THEOREM 1. Let a, b, Q, y, 0 be real numbers,

(2.1) —Q<a<b, p=o.

Then there exists an analytic function @ (s)=g(s; Q), depending also on the
parameters a, b, y, 0, which is regular in the strip
S(a, b): a=RE)=bd
and such that _
@2 llslai o e
lp@+it; Q) =] Q+b+1t]°
and that for a<o<b

(2.3) lp(s; Q) =|Q+ [/
where
(2.31) lo)=y .=+ 0 7oL,

*) This research was supported by the United States Air Force under Contract No.
AF 18 (600) — 685, monitored by the Office of Scientific Research.

1) Such a situation is found e.g. in the discussion of the Hecke functions in [6], Hilfs-
satz 15, pp. 363 —365, where, however, a rather crude treatment if sufficient.
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Moreover
(2:32) (s Q) =0(|¢]), [¢] oo
for a certain ¢ >0.
REMARK. Because of (2.1) we have | Q4 s| >0 so that (2.3) implies

(2.33) @(s; Q) #0.

It is essential for our further arguments that we have equality in (2.2) and
that (2.3) holds for all Q with Q+a>o0.

Proor. The case y=4 is trivial since here ¢(s; Q)= (Q+s)”=(Q+s)®
furnishes the solution. Here, and in similar situations later, we take the

principal branch of (Q+s)” in S(a, b), i.e. that one which is real for positive
Q+s. We can now assume y<<9.

We construct a harmonic function % (o, #) in the strip S(a, b) which fulfills
the boundary conditions

(2.4) {“(“:t)=ylogl0+a+itl=%ylog((Q+a)2+t2)
' u(b, ) = dlog | Q + b+ it| = 5 log ((Q +b)*+ £2).

The boundary problem for A#=0 in a strip is solved by a transformation
of the Poission formula for the circle. Let us put

w1 sinmo
(2.51) (o, ")—_5 coshmt —cosmo
Then
1 — t—
o, )= [w(‘bi:;i G 2)AB)dy +
(2.52) .
1 b—o t—y
+5ig [of22 ) B0y

satisfies 4(#)=0 in the interior of S(a, b) with the boundary conditions
(2.53) w(a, t)=A(), wu(b, t)=B()),
=l .

where A(t), B(t) are supposed to be continuous and e =4 [4(¢)|, ¢ -4 | B(1)!
integrable in the interval (— oo, o0). (Cf [2], p. 550.)

Taking
(26)  A@)=ylog|Q+a+it|, B()=0dlog|Q+b+il|,
we have in (2.52) a solution of the boundary problem (2.4).

From (2.51), (2.52) (2.6) it follows by a simple estimation that

(2.7) u(0, 1) =0 (log (2 + |1]))
in the strip S(a, b) uniformly in g, although not in Q.
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Let now v (g, ) be a conjugate harmonic function to « (g, ). Since % (o, #)
in view of the boundary conditions (2.4) is evidently symmetric with respect
to the o-axis, v (o, f) must be constant for =0, and we can normalize v (g, ¢)
through an additive constant so that v(g, 0)=0. We put now

(2.8) @(s; Q) =exp (u(o, t) +iv (o, t))
which is a regular analytic function of s=¢ 44t with the absolute value
(2.81) |@(s; Q)| =expu(s,t).

The boundary conditions (2.4) show that (2.2) is satisfied. Also satisfied is
(2.32) because of (2.7).

In order to finish the proof of Theorem 1 we consider the function

(29)  Ulo,t)=(Ao+p)log|Q+o+it| = (Ao +u)log|Q+s|.
We have

3 Q40
(2.91) AU =2) 5
which is easily seen, since U(o, {)=f-g and AU=f-Ag+2(f,g,+1.¢)+g A},
where Ag, Af and f, obviously vanish. We choose now the constants 4 and u
so that Ul(g, f) also satisfies the boundary conditions (2.4) i.e.

Aa+pu=vy, Ab4+u=9
or
(2.92) a=3-7 u= ?’b_ai_

b—a’ b—a

The conditions (2.1) show then that
A>0.
(since we considerhere only y < ),and therefore in virtue of (2.91)and Q +0>0
4U > 0.

In other words, U(g, t) is a subharmonic function in the strip S(a, b). It
has the same boundary values as the harmonic function % (o, t), and therefore

we conclude Ulo, t) < u(o, ?)

in S(a, d). This inequality for the infinite strip S(a, b) is obtained by an
application of the Phragmén-Lindeléf argument to the subharmonic function
D(o,t)=U(g, t) —u(o, ¢) which, in view of (2.7) and (2.9), has the property
D(o,t)=0(|¢t|°), |t|—> oo, in S(a,b). But then it follows from (2.81) that

|@(s; Q)| = expU(o, #).

If we take into account (2.9) and (2.92) we see that this inequality is exactly
(2.3). This concludes the proof of Theorem 1.

3. We use this theorem now to prove the following one, which is of the
Phragmén-Lindel6f type:
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THEOREM 2. Let f(s) be regular analytic in the strip S(a, b) and satisfy for
certain posttive constants c, C

(3.1) |£(s)] < CeMr.

Suppose moreover that

(|fa+it) <A|Q+a+it]
3.2) i . 4
|f(b+it)| = B|Q+ b+
with
(3:31) Q+a>o0,
(3.32) = p.
Then in the strip S (a, b)
b—o o—a
64 1O = (4] @ + 5=+ (B @+ slF)o=.

REMARK. It will be noticed that no constants enter into (3.4) which do
not already appear in the conditions (3.2)

Proor. We consider the function ¢(s; Q) of Theorem 1 with the parameter
values

(3.5) y=—a, O0=-—24§,

which in view of (3.32) satisfy (2.1). Then we form the regular function
(3-6) F(s)=f(s) p(s; Q) E e,

where E and » are so determined that

(3.7) A =Ee?, B =¢"

We see that because of (3.1) and (2.32) an estimate

(3.8) |F(s)] < €

holds with suitable positive ¢, C. Now the conditions (3.2), (3.5), (3.7) give
together with (2.2) the boundary conditions for F(s):

|F(a+1t)| =1, |F(b+1i8)| =1.

The well-known Phragmén-Lindeléf argument, admissible in view of (3.8),
applied on the rectangle a<g=<b, |{|<T, T—oo, shows that

|F(s)| <1
throughout S (a, b). The definition (3.6) of F(s) shows that this means
lfs)=Ee?|os) ™

which because of (2.3), (2.31), (3.5) and (3.7) yields the assertion (3.4) of the
theorem.
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4. The case «<<f can also be treated, but the resulting theorem is less
concise, since a factor M depending on a, b, «, B, Q appears. We obtain here

THEOREM 2a. Under the conditions of Theorem 2, except (3.32) to be replaced
by

(4.1) a<p,
we have in the strip S (a, b)
b—o c—a

(4.2) |765)] = M5 (4] Q + s|)5=% (B| @ +s|f) o==,
where

— a+ O\ (b+ Q)8
(43) MQ_MaX((bJrQ)’ (a+@'))'
The factor M, is a monotone decreasing function of Q) and

Proor. This theorem is derived from Theorem 2 by the substitutions
sS'=a4b—s,

o' =g, B =, A'=B, B'=4.
We have again
aso =R()<Z0b,

and o', B’ satisfy condition (3.32) of Theorem 2.
We put
g()=gla+b—s)=/(s).
Then g (s") satisfies the conditions
|g(@+in)| =|#b—it) S 4'|Q+b+it]*
@ +if|=|fa—it) < B|Q+a+itl,

which have not yet the form (3.2), a and b being exchanged on the right side
of the inequalities. We have, however,

45) {lg(a+it)|éA’IQ+a+itl“'-Mo
lg0+it)| < B'|Q+b+it|f- M,
with
. Q+b+itlB | Q+a+it]x
MO”ME"X{‘QHHt *lo+etit }
Now
| Q+b+it Q+b
1§|Q+a+it §_0+a’

so that M, takes the form (4.3). Application of Theorem 2 on g(s’) with
conditions (4.5) now yields in S(a, b)

’

o—a

b—ao -
|86 =M (4| Q + ') o= (B'| Q +5|F) o==
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or
b—o
(4.6) [7(s)] = (B|Q—[—a—}—b_s|ﬁ)b “(A|Q+a+b~—s|)b
=M,(4|0+ s|°‘)bfu_ (B| Q+5|ﬂ)'bl}i'PQ(S)
with
b—ao o—a
_|Q4+a+b—s|rpatbs=a
PO(S)— —W .
But for a<o<b, —oco<<t< oo we have
(LLef 0 LORt e o (G eathuits o (OLUNES (0 by
Q+b) T (Q+b2+2 = (Q +0)2+¢2 (Q+a)2+t2 =\lor
and thus

P < Max J(@FaVIatPize (@b etz
(4.7) Q(S)Zasggb{(Qer) (Q+a) }
< Max/(9+2) (Q+B }
sMax{(G35 ) (o) =M
The inequalities (4.6) and (4.7) together prove (4.2) of Theorem 2a. The
statement (4.4) es evident from the definition of M,.

5. It is fortunate that in the application of our theorems to the theory
of Dirichlet series the situation a=f of Theorem 2 prevails. We need, how-

ever, first some lemmas about I'-quotients, which are simple consequences
of Theorem 2.

LEMMA 1. For Q=0, —=0=} we have
A=t -
(5.1) - 2l s (Fle+1+s))
I’(—Q + ;) | 2
2 T2/ |
RemMARK. Equality holds here for =1, any 0=0, and for o= — with
Q=o.
Proor. Let us put a=—1,b=%and
(g 45
=221,
r(z+3)
which is regular in the strip S(—%, ). We have, because of |I'(s)| =|I"(5)|,
Q 1,1 it
. F(72_+2+4_7) Q 1 it
/e +io] = Q 1 it\ :“2’"—747"'_'5
(5-2) rfZ -+

o= 1+ How i = Howrersl,
and similarly
|[F(0+ i8] =1.



198 HANs RADEMACHER:

With =1, =0 Theorem 2 is applicable with Q-1 instead of Q and yields
(5.1).

For Q=1 this lemma can be sharpened to
LEMMA 2. For Q —3=0, —1=<0=<1 the inequality

F(%J’ 125) 1 i—o
(5.4) —;’T%F—%) §(3|Q+3|)
holds.

REMARK. Equality in (5.3) on both boundaries of S(—1, 1) for all Q=1

Proor. The proof is almost the same as the previous one. Only instead
of (5.2) we write

fa+if=31Q -} —it| =}
which again permits the application of Theorem 2 for Q+a=Q —21>0. For

Q —%=0 formula (5.3) follows by a passage to the limit.
LEMMA 3. For Q=0, —3=<0=1 we have

I'Qg+1—ys) 1-20
(5.4) TR |_|Q-+1+s|
ReEMARK. Equality holds here on the boundaries under the same circum-
stances as in Lemma 1.

Proor. We have again a= —%, b=1. For
re + 1— S)

we find easily
f@+in)=|Q+4+il-|Q —3+il| S| Q+i+itP=|0+1+a+it?
and ;
|Fb+it)| =
Theorem 2 with «=2, §=0 and Q41 instead of Q yields immediately (5.4).

6. We apply our results to some classes of L- and ¢-functions. Let k>1
be an integer and y(») a primitive character modulo k. For ¢>>1 one defines

=

L(s, )= 2

ns
n=1

This function with its analytic continuation is regular in the whole s-plane.
For >0 we have

(6.1) |L(1+n + 2, 2)|

o0

= =L(+7).

On the other hand, L(s, y) satisfies the functlonal equation

(%)—%F(ajs)L(sx 2)=¢Q) (%)_12: F(%)LU —5,7),
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where &(x) is a certain root of unity depending on y and a=0 or 1 so that

x(—1)=(—1"
We have therefore
pff.;.L‘i)
L(s, :l”“"L_z_ L1 —s, 7).
126,21 = () rEe ey |

For —1=<¢=1 we apply on the I-quotient Lemma 1 or 2 according to the
0 or 1 of a. This gives

G
L0l = (2 I s | L — s 7)),
and in particular for 0<n=+%
(6.2) |L( 77+“x|<( )"HM—I—SI"HC (1+17).

From (6.1) and (6.2) we derive then through Theorem 2 the result:

THEOREM 3. For —i< —n<o=<1-+n=3, for all moduli k>1 and all
primitive characters y modulo k the inequality

L6 ol = (AN

2n

holds.
It will be noticed that % and ¢ appear here in the same order of magnitude.

7. The Dedekind zetafunction (g (s) for the algebraic number field K of
degree # is defined for 6>1 as

1 1
9= 3wt = [T
where a runs through all ideals and p through all prime ideals of K. Any
rational prime number $ has the prime ideal decomposition
(B) = P - Pi
N(p,) = p",

eh+-+efi=n.

so that

Therefore we can write

hence
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or, for >0,
(7.1) St +n+ it =C(1+n)"

(which is, of course, a rather crude estimate, since {x (s) has only a pole of first
order at s=1). The function  (s) satisfies after HECKE the functional equation

(4], p- 74)
(7.11) A‘F(%)"F(s)"zx(s) = Al“I’(' - 5)"1‘(1 — ) (1—s),

2

where
(7.12) 4d=2nz"2]/|d],
and 4 is the discriminant of the field K, which has among its conjugates 7

real and 27, complex fields, 7, 4- 27,=n.
We have thus

r 1—8‘ 1
|CK(S)|=A1—-2U ( 2 ) IP“—S) "’ICK(i_S)l

r (; re

and, from Lemmas 1 and 3, for —{<o<1

|CK(S)| g A1—2a(%|1 + Sl)r,(é—a) |1 + S|rz(l—2ai'CK(1 _ s)l
and in particular for 0<n=1, in view of (7.1)
(7.2) |k (—n +it)| S AM2n 2740 |4 — g iy |r+n g (44 )7,

Theorem 2 can be applied only to regular functions. We consider therefore
{k(s) (s—1). From (7.1) and (7.2) we obtain

(7.31) Sk (14748 (g + )] <T(+m)* |1+ (1 47+ i)

and

- |8k (—n+it) (—n+it—1)|

732 n g1 —n(+n) 17 | (1
§5(1+77) Al+2ny +ﬂ)]ﬁ_777|1_77+1t| +1)+

since

|—n+it—1]< }}th—nw‘t\.

From (7.31), (7.32) we infer now by means of Theorem 2 that in the strip
—n=0=1+7y

|Ck(s) (s —1)| SC(U+n)" 1+ {AIH"z—MH"L}f% |1 +s|"<%+")}%++"zn .

With 1<:—J_r% =3 for O<77§%, and with the meaning of 4 in (7.12) we
obtain thus
THEOREM 4. In the strip —n<o<1-+n, 0<n=1, the Dedekind function

Lk (s) belonging to the algebraic number field K of degree n and discriminant d
satisfies the inequality

(7.4 tx(l =312

1tn=o

(1l (M) e
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We know through E. ARTIN and R. BRAUER [I] that RIEMANN’s ((s)
divides DEDEKIND’S (g (s) in case K is normal over the rational field. We
can use this fact to obtain a sharper version of the previous theorem.

In R. BRAUER’S notation the quotient, which is an entire function, appears
as

(7.5) .*K 5) HL s; 0%

where ¢,>0 and the functions under the product sign are L-functions for
certain congruence characters wy. Let us put

(7.51) 2e=9=4q(K).

Included in (7.5) is, in view of the class field theory, the case of Abelian K,
for which ¢,=1, ¢g=n —1. Moreover, as Prof. RICHARD BRAUER pointed
out to me in a letter of August 10, 1957, the inequality

(7.52) g=n—1
holds also for all normal fields. From (7.5) and (6.1) follows then, for >0
¢ Ltﬂ.ﬂ‘ < =

On the other hand, the functional equation (7.11) of {x (s) together with that
of  (s) furnishes
=5 rn—1
(7.6) k() _ g1-2s a- F( 2 ) (F(1—S)"§If(1_5)
@) F(f) I'(s) ta—s) -~
2

If ,=1 we obtain from Lemmas 1 and 3, for —1<o=<3}

1Ek () | < g1-20 pi—a (1 (n—1) (4—o0) re(t—0) | Ck(1 —5) |
CS)| arrem=o(] {1+ s) |1+ 5] ’cu 9 |

and in particular with 0<g=<

(7.7) |fxl=ntit) !<A1+2nn§+n2 (= G | 5| =D (4 ),

| Cl—=m+i8) | —

From this and (7.53) we obtain just as before by means of Theorem 2 the
estimation

\LKQ
0)

<(|a| (71;2%&)"_1)%-15(1 ol —p=R(E) <147

If ,=0 we write instead of (7.6)

I'(s)

I(s) ;f(_[;f) L=y

Ck(8) _ g1-2s - s(F“_‘S))"_l I'(1—s) F(_:) Cr(1—s)

(et
-en-ra(gaym ol sy
2 2




202 HaANs RADEMACHER:

The application of Lemmas 1 and 2 yields also here exactly (7.7), and (7.8)
can then be established as before.

We have thus:

THEOREM 4a. If K is a normal field over the rational field then in the strip
—N=0=1+4n, 0<n=% the Dedekind function Cy(s) satisfies

@] = [£)] (4] (i’—;,i)”“)igicu )t

For Abelian fields the Theorem 4a is a direct consequence of Theorem 3
because of ¢,=1 and because the discriminant 4 is the product of the con-
ductors &, of the characters w, .

8. The full strength of the uniformity with respect to the parameter Q
which Theorem 2 and Lemma 3 show is established only in their application
to HECKE’s { (s, A)-functions.

Let K be any algebraic number field and | an ideal in K. The Hecke
functions are then defined as

(8:1) ZN =3 INZ R(s)>1,

()

where m runs over all ideals of K, i over all corresponding non-associate
ideal numbers, and A(m)=A4(g) is a ‘“GréBencharacter for ideals modulo §”
defined as

ry+7, . n ﬁ(f’) ap
= o= fiwor 1 ()
g=1 p=r+1
where the a, (p=7,-+1, ..., n) are non-negative integers with the condition

a,-ap;,, =0, and the v, (g=1,...,7,+7,) certain real numbers, whose
definition does not concern us here ([3], p. 30 and [5], p. 343).

From (8.1) and (8.2) follows immediately

(8:3) 1E(s, )| <Ck(0), o>1.
We put with HECKE
E(s, A) =y (A) I'(s, 4) 4°C(s, 4),

where
A =1,
_ 14| N ()
A=
H (aq+s+zv) ﬁ’p(gp+ap+', +s+i%)
i porikl 2 2 )"

Here the a, for g=1, ... 7, which are not explicitly mentioned in (8.2), are
0 or 1 and are determined by the character y belonging to the congruence
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group modulo f in the narrowest sense and induced by the GroBencharacter 4
([3], p- 21). The &(s, A)-functions with primitive A-character modulo f fulfill
a functional equation

E(s, ) =W EUN—s, A),

where W(A) is a certain number of absolute value 1, so that

7y 'F(“q+1—5_il)
IC(S: l)l:A1—2u' l l

g=1
nts (F“P+;P+rz _|_1—s_j_vi?)

2 =
* I 1 ap+ apiy iv 'IC“_S’A)l'
p(_I{TPJ 45+ ,,21’_)

o)
2

p=n+1

If we apply on the first product, where @¢,=0 or 1, the Lemmas 1 and 2, and
on the second product, where (@, a,.,,) are unbounded non-negative integers,
the Lemma 3, we obtain for —{<o=1%

41

265, = A2 T (S 1t+s vl 7%
q=1
rikrs

x I |5 patst 207 0 —52)

p=rit1’

and in particular for s= —»n--1¢, 0=n=1% in virtue of (8.3),

¢ n+ it A= 4 IT (3 1=+ i)™ x
(8.4) o

r1+7s
x I

p=r+1

f"fﬁi;f’f" +1—n+1 (t o+ %,,) }”2'1 Lx(1+m).

We have not prepared a theorem which we could apply here directly as we
could use Theorem 2 in the previous cases. We construct therefore a function
F(s), on which the Phragmén-Lindel6f argument can be applied, out of factors
which are furnished by Theorem 1. This theorem yields functions according
to the given boundary conditions, and we select, with a= —1, b=1+mn the
two functions

@i(s;1) with y=—%—n, 6=0
and

@a(s; Q) with y=—1—29, 6=0

which show, in view of (2.3), the properties
lg(s;1) =1+ 5|40+
|@a(s; Q)| =|Q+ 5|70+

for —p=o=1+4n, Q—n>0.
Mathematische Zeitschrift. Bd. 72 14

(8.5) {
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Then
1 r1+71y
F(S):C(SJ)'H%(S—}—M,I, H (pz(s+ = Paf L aP+aP+Vn) Ee¢ vs
g=1 p=ri+1

where E and » are so determined that

"1y —1-2p
b

Ee™"1— (A = 2)
Ee*ttn) — ,
has because of (8.3) and (8.4) the properties
|F(—n+ 1) <k (1+7)
|F(14+n+it)| <Cx(1+7)
and therefore satisfies after PHRAGMEN and LINDELOF also
|F(s)| =k (1+7)
for —n=R(s)<=1-+1.
From this we infer, valid in the same strip,

1665, D) < (+7) [] lgu(s +ivg; 1] x
q=1

v S g Bt “p+r=
x [] .%(s+ Lo )

p=r,+1

-1
.E71levo,

If we now use (8.5) and take into account also (7.1) we obtain the

THEOREM 5. Let for the field K of degree n, which is among v, real and 27,
vmaginary conjugate fields of discriminant d the Hecke function (s, A) be given
by (8.1) with primitive Grifencharacter A(j) modulo § of (8.2). Then (s, A)
satisfies in the strip —n<oc=1-+n, 0<n=1 the inequality

"1

£t B s+ {170 I I+ sin) x

71+, 7 Up

a, -+ a 1tn—-0
x JI {1+ BT e LS
p=r+1
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